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ABSTRACT: Doubly clamped carbon nanotube (CNT) resonators have received much attention 

due to their large stiffness, low density and small cross-section, making them suitable as highly 

sensitive mass sensors and signal processing units. In this paper, new study on dynamic 

performance of such resonators taking account of the surface effect has been performed and 

interesting findings have been unveiled. It is found that the surface effect causes increased 

resonant frequency, the whirling and chaotic motions to appear at much higher driving forces. 

For the first time, the whirling motions for the centre point of the resonator in Y-Z plane are 

found to display various Lissajous loops under different driving conditions. Based on the 

nonlinear analysis, new application of the resonator on accelerometers has been postulated and 

analyzed. 
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1. Introduction 

   Nanoelectromechanical systems (NEMS) resonators have been investigated by many 

researchers both theoretically and experimentally [1-5] with variety of applications such as in 

ultrasensitive mass sensing [6], and magnetometers [7]. Carbon nanotube (CNT) is one of most 

important candidates to act as NEMS resonator due to its superior mechanical characteristics 

such as low effective mass, large stiffness and high mechanical quality factor [8]. In order to 

produce highly sensitive sensors, analysis of both linear and nonlinear dynamics of CNT 

resonators has been conducted previously. Wu et al. [9] reported the capacitive spring softening 

effect observed in single-walled carbon nanotube (SWCNT) resonators. Li et al. demonstrated 

the sensitivity of resonant frequency shifts by both the tube length and diameter of the CNT 

resonator [9]. Rueckes et al. [11] showed that a suspended CNT can be used as a memory device 

based on its nonlinear pull-in behavior. Very recently, in reference [6], the authors proposed a 

nonlinear optical mass sensor based on a doubly clamped suspended CNT resonator in all-optical 

domain. A CNT resonator used to probe a very small anisotropic magnetic moment carried by 

nano-object in the magnetic hysteresis loop has been reported in [7].  

So far, several research groups have employed the continuum mechanics model, i.e. elastic 

beam model [12] [7] [13] in modeling the dynamics of a NEMS resonator. In reference [14], 

Conley et al. developed a nonlinear elastic beam model for an electrostatically or 

magnetomotively excited nanotube resonator. Based on this model, an analytical criterion for the 

onset of the nonlinear jump phenomena and the nonplanar, whirling motions has been derived. 

Inspired by this work, Chen et al. [15] carried a detailed bifurcation analysis for electrostatically 

driven silicon nanowire resonators and concluded that the extensive chaotic motion is expected 

as the excitation magnitude increases to such an extent. However in that model, the surface effect 
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that should play a significant role in NEMS resonators, especially for a resonator whose 

transverse dimension (i.e. diameter) is smaller than sub-50 nm was neglected. Therefore, it 

naturally leads to a question as to how the surface effect plays its role in determining the 

nonlinear behavior of the NEMS resonators described in [15] [16]. The surface effect, which 

arises from the imbalance between the coordination numbers of the bulk atom and surface atom 

for a nanoscale resonator, has been thoroughly studied, and it is one of key parameters that 

determines the resonance of the nanostructures [12][17]. However, there is a lack of attention of 

studying its impact when resonators are vibrating in nonlinear regime. The nanoresonators 

working in nonlinear regimes have been proven to have high sensitivity in mass detection [18] 

and can be used to improve the measurement precision of resonant frequency [19]. Hence 

investigation of the surface effect of nanoresonator in nonlinear regimes is critically important. 

In this work, we focus on investigating how the surface effect determines the nonlinear behavior 

of a CNT resonator such as jump phenomena, whirling motion and chaotic vibration. 

Numerically, a partial differential equation is used to study the dynamics of a doubly –clamped 

nanotube resonator. It is found that surface effect can effectively change the onset of the 

nonlinear behavior, as well as the dynamical states. The detailed motion of the centre point of the 

resonator in Y-Z plane will also be investigated. An application of the resonator has been 

postulated and analyzed. 

2. Model construction 

The SWCNT resonator can be modeled as a clamped-clamped cylinder that is suspended 

above a trench, as shown in Figure 1. It is vibrating under an alternate electrostatic force applied 

from the bottom electrode. In the model, the initial distance between the bottom electrode and 

nanotube is h. The length, diameter, and wall thickness of the SWCNT are L, d and b 
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respectively. Under the electrostatic driving force, the nanotube oscillates in the similar manner 

as a doubly clamped, one dimensional mechanical beam. The surface effect should be considered 

as the resonator has large surface-to-volume ratio. Euler-Lagrange equation is used to derive the 

dynamical model. First, the initial surface stress can be represented by: s

xxsxx E  ~~
0  , where 0

is the surface stress at zero strain. s

xx~ is the initial surface strain in the relaxed state. Es is surface 

elastic modulus. As shown in Figure 1b, the red arrow represents the surface stress and the blue 

arrow represents bulk stress of the CNT during vibration. The two stresses are described as [20] 

s

xxsxx

t

xx eE ~     (surface)  and s

xxxx

t

xx Ee ~     (bulk). Similar to Young’s modulus E, Es is a 

measure of stiffness of an elastic material surface, which is defined as the ratio of the stress on the surface 

to the strain. It is assumed that the surface stress is linearly proportional to the Green-Lagrangian 
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Assuming xx

s

xx ee  at the surface of the tube, the incremental potential energy 1U which due to 

the internal force over the cross section and the surface effect is obtained by: 
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where C is the circumference. Im and Is are the inertia moment and the surface inertia moment 

respectively. E is the Young’s modulus. The incremental potential energy 2U due to bending 

induced tension and kinetic energy T per unit length of the resonator can be expressed as follows: 
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where  is the density of the CNT. A is the cross-section area. Y(x,t) is the displacement in Y-

direction. Combining equations (2), (3) and (4), we can get the Euler-lagrange equation for the 

beam as: 
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The Lagrangian (La) is obtained as 
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Equation (6) is then substituted into the following equation 
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We can have the dynamical equation in Z-direction considering as 
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Similarly, following the same procedure, we can have the dynamical equation in Y-direction 
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Note that we have added the applied electrostatic force Fe and viscous damping force Ff
{Y,Z}

 into 

equations (8) and (9). If the surface effect in equations (8) and (9) is ignored, they will be the 

same as those used in [14, 15]. In this work, will be used to study the deformations in Z and Y 

direction of the device. In equations (8) and (9), ))2/(16/(4/ 44 bddIm   , ))2/(8/(4/ 33 bddIs  .

)( bdbA  , and bdC  22  . The formulas of the two forces Fe , Ff
{Y,Z}

 have been derived in [15], 
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In equation (10), the applied potential is )cos(   tVVV dacdc , where dcV and acV are dc and ac 

components of the potential with the drive frequency ωd. It should be noted that the vibration in 

Z direction is much smaller compared with the gap h. Thus, we have the approximation in 

equation (10). In equation (11), mTkv kBT /  is the air molecule velocity at Tk, where P and Tk are 

the air pressure and temperature respectively. kB is the Boltzmann constant and m is molecular 

mass of air. In order to study the dynamic behavior of the resonator, we have employed 

Galerkin’s method [21] which assumes that the   )()(, xtztxZ  , )(tz and )(x are the time-

dependent amplitude and deflection eigenmode respectively. The  )2cos(1)3/2()( 21 Lxx    [12] 

is assumed and it satisfies the boundary conditions: 0)()0()()0( ''''  LL  . According to 

the procedure of the Galerkin’s method, we multiply the )(x on both sides of the equation (1) 
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and then integrate it by parts, the following dynamic equations that describe the defection of the 

device in Z and Y direction are obtained.  
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)cos(2)(

222

0

0

222

0





yyzayyy

tFzyzazzz








                 (12) 

where 

))(4/1(3/)()/2( *22**2

0 mm EILPAEIL                  (13) 

in which sssxxmm IEIEIEI  ~)( * and CP xx~*  , )4/( AvPd T  , 4)/2(18/ LE   and 

)))/4(ln(/()/3/2( 2

00 dhhVVAF acdc .  It is clear to see from the equations (8) and (9) that 

the surface effect, represented by Is, Es, xx~ , has changed the bending rigidity EIm into

ssxxm IEEI ~ . Subsequently, the equation (12) derived from equations (8) and (9) has 

displayed an increased resonator frequency, which is expressed as in equation (13). 

3. Calculation and results analysis 

Based on equation (12), we have calculated periodic solutions when the driving voltage is 

low, i.e. Vdc is fixed at 0.5V and Vac is varied in a small interval. Other parameters have been 

taken as: L=100 nm, b=0.066 nm, d=0.548 nm, 1350 kg/m
3
, E=5.5×10

12 
Pa, h=500 nm, 

kB=1.38×10
23

, 12

0 1085.8  and m=5.6×10
-26

 kg [15, 17]. As shown in Figures 2a and 2b, the 

vibration amplitude of the resonator in Z and Y when driving frequency varying in the range of 

0.9ω0 to 1.2ω0 under different driving voltage Vac without considering surface effect (Es = 0,

0~ xx ) has been calculated. It is shown in Figure 2a that the resonator is vibrating periodically 

and the jump behavior at Vac ≈ 0.7 V is observed. As the Vac is increasing, the gap of the jump is 
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getting wider. In Figure 2b, it is seen that the vibration amplitude in Y direction is comparable to 

vibration amplitude in Z until Vac = 1.5 V which means that the whirling motion has appeared 

when the Vac is above 1.5 V. For comparison, the calculated results shown in Figures 2c and 2d 

are counterparts of Figures 2a and 2b taking consideration of the surface effect, where Es = 5.19 

N/m and 05.0~ xx N/m [22] are used. It should be noted that the natural frequency ω0 has 

increased to 4.59×10
10

 Hz due to the surface effect. With the surface effect, the vibration 

amplitudes of the resonator in Z and Y directions have been calculated by sweeping the driving 

frequency in the range of 0.9ω0 to 1.2ω0 under different driving voltage Vac, and results are 

shown in Figures 2c and 2d. In Figure 2c, it is seen that the voltage Vac at which the jump 

behavior occurs has increased to 1.5 V. Also the curves representing the relations between Vac 

and ω get more condensed and sharper than Figure 2a. Likewise, it is noted that vibration 

amplitude in Y direction in Figure 2d is comparable with that in Z direction until the Vac has 

increased to around 3.6 V, which means the emergence of whirling motion considering surface 

effect requires higher driving forces. For illustrating the process as to when and how the whirling 

motions starts, the vibration amplitude in Y direction as the Vac varying in the range of (0.6 V – 

5.6 V) without surface effect and in (0.5 V – 8.1 V) with surface effect have been calculated, and 

results are shown in Figures 3a – 3d. The driving frequency is set as ω = ω0 in the both cases. It 

is seen in Figure 3 that vibration in Y not considering surface effect starts from driving voltage of 

1.3 V and increases sharply until the voltage point of 2.6 V. It then increases with the driving 

voltage at a smaller slope. Similar trend is observed for the case of considering surface effect, 

though the threshold voltage is much higher.   

The extensively chaotic motion in silicon nanowire resonator has been reported in [15]. 

The authors carried a detailed bifurcation analysis and concluded that the nanoscale system can 
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exhibit distinct chaotic state, where the surface effect has not been considered. Herein, for the 

high driving voltage Vac, numerical calculations have been conducted to unveil how the surface 

effect plays its role in determining the nonlinear dynamics. First, the bifurcation diagram has 

been calculated without surface effect and results are shown in Figure 4a. All the parameters are 

taken as the same in above except for Vdc=25 V. It is shown in Figure 4a that the vibration in Z 

direction has gone through different states as the Vac is increasing. When Vac is set in (20 V - 

21.47 V), the vibration is at a single periodic state. This periodic state has changed into multiple 

periodic states when Vac increases to the range of (21.47 V - 22.25 V). As the Vac increases 

further, the vibration in Z direction is back into a single periodic state, and then starts to exhibit 

multiple periodic states until Vac= 24.5 V. Finally, the vibration has reached to chaotic state. For 

the purpose of comparison, the bifurcation of vibration in Z direction as the Vac varied in same 

interval (20 V – 25 V) has been calculated with the surface effect is considered. The result is 

shown in Figure 4b, it is shown that the vibration when surface effect is considered is basically in 

multiple periodic states but there are also some parts in which the vibration is at single periodic 

state. The dynamic performance with surface effect has totally changed under the same driven 

force. For better illustrating the dynamic process of the system when the Vac is in (20 V– 25 V), 

the phase portraits have been plotted in Figure 5. It is shown that the system without surface 

effect goes through a process from periotic to chaotic (Figures 5a – 5e) while the system with 

surface effect stays in periodic state (Figures 5f – 5h). 

 Furthermore, We have calculated the Lyapunov exponents as the function of driving voltage 

Vac of the equation (12). The Lyapunov exponents is defined by:  

0)( ZetZ t                    (14) 
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where 0Z represents initial separation of two trajectories in phase space and )(tZ indicates the 

diverge as the time varying. The result is shown in Figure 6. It should be noted that following 

relation has been employed in the calculation: hzz /'  , hyy /'  , '

1 zz  , dtdzz '

2  , '

1 yy  ,

dtdyy '

2   and tT 0 . It is shown in Figure 6a that the system without surface effect has the 

positive max Lyapunov exponent (MLE) λ1 in the most part of Vac interval (25 V – 30 V), which 

means that system is vibrating in chaotic state. In the calculation, as there are four first order 

ordinary differential equations derived from equation (4), there should be four Lyapunov 

exponents, where λ1 > λ2 > λ3 > λ4. In contrast, in Figure 6b, the system with surface effect is still 

exhibiting periodic vibrations as the λ1 is negative when driving voltage Vac is in the range of (25 

V – 30 V). It is also shown in Figure 6c that λ1 varies from negative to positive at threshold 

voltage of around 25 V. In addition, we calculated the λ1 in a long Vac interval of the system with 

surface effect, and we found that the system will not be chaotic until the Vac has increased to 

about 150 V. This to some extent explains the phenomenon that experimental results shown in 

[23] did not display whirling motions at odds with theoretical prediction [14], in which the 

surface effect was not considered. In reference [14], it mentioned that with increasing driving 

voltages the whirling dynamics is unavoidable.  Moreover, it has been shown in one of previous 

publications [20] that the model considering the initial surface stress has led to a more accurate 

result compared with the one without the surface stress.   

Although the elliptic pattern of the whirling motion for device under certain driving 

conditions has been reported in both the previous articles [14] [15] and this work, detailed 

analysis of the displacement pattern of the middle point of the doubly clamped SWCNT 

resonator has not been reported so far. Herein, calculation based on mathematic model described 

in the previous section has been conducted to unveil the moving trajectory of the central point of 
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the double clamped SWCNT in Y-Z plane, especially when the device is experiencing the 

whirling and chaotic motions. For the device under very low driving voltages, as there is no Y 

displacement, the displacement trajectory is a straight line in Z axis. However as the driving 

voltage increases to the level at which whirling motion occurs, the displacement pattern will 

display complex shapes, just like Lissajous curves formed by a pair of parametric equations. 

According to calculated results, as the driving frequency varies from 1.061 ω0 to 1.075 ω0, Vdc 

and Vac are fixed at 0.5 V and 1.6 V respectively, from the Lissajous pattern depicted in Figure 

7a, the oscillating frequencies in Z and Y are the same. It is shown from the results that the 

whirling trajectories can be categorized into two stable zones, one is centered on the 70
o
 phase 

deference between Z-axis and Y-axis oscillations, and the other is centered on the -70
o
 degree 

phase difference. There is no other intermediate trajectory existing. Increasing the driving 

voltage to 25 V Vdc, while varying Vac from 20.5 V to 21.5 V, Lissajous patterns shown in 

Figures 7b & 7c indicate that the Z-axis oscillation has different frequencies and phases, which is 

ascribed to multiple periodic states of the oscillations. Further increasing the driving voltage, it is 

calculated that the oscillator experiences chaotic motions. As a result, the displacement pattern in 

Y-Z plane displays a filled ellipse shown in Figure 7d, meaning the middle point of the SWCNT 

could be any position within the outline of the ellipse.  

4. Potential Application 

    A novel application in accelerometer based on the whirling motion of the nanotube has been 

proposed. While the SWCNT resonator is vibrating, an external acceleration applied in the Y-Z 

plane will change the amplitude of the vibration, which can be detected by either optical or 

electronic methods. Analysis is conducted to find out the vibrating amplitude change subject to 

external acceleration/force. In the analysis, the driving voltage Vdc=0.5 V and Vac=1.6 V, at 
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which the whirling motion appears. The driving frequency is set at 1.074ω0. Here we only 

consider the system without surface effect when Es = 0, 0~ xx . The changes of the Z and Y 

amplitudes have been calculated as the resonator is under a Z-axis acceleration, Y-axis 

acceleration and Z-Y plane acceleration respectively. The acceleration equivalences fz and fy are 

added to equations (8) and (9), and after conducting the similar derivation procedure as described 

in previous section, the motion equation is 

y

z

fyyzayyy

ftFzyzazzz




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222
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222
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where ],[/32],[ yzyz FFAff   . The peak amplitudes in Z and Y were calculated as the Fz 

and Fy increase in the range of [9.91 µN, 57.83 µN]. The results are shown in Figure 8. In Figure 

8a, when Fy = 0, it is seen that the peak amplitude in Z firstly decreases from 0.24 nm to 0.2
 
nm 

and then increases linearly as the acceleration force Fz increases. In Figure 8b, when Fz=0, it is 

seen that the peak amplitude in Y increases over the whole force range. More calculations have 

been conducted and the result shown in the Figure 8b demonstrates that linearity of the Y- 

amplitude versus acceleration force curve has been improved if the surface stress is included. 

Furthermore, we calculated the case of 0zF and 0yF .i.e. when the acceleration force is neither 

parallel nor perpendicular to the Y- and Z- axis, and the results are shown in Figures 8c and 8d. 

As expected, the Y component of the force is proportional to the amplitude in Y-axis, and 

inversely proportional to the amplitude in Z-axis. Similar observation for Z component of the 

force is shown in the results, except when the Fy is very small, where a notch has been found at 

Fz = 18.2 µN. In terms of the materials of which accelerometers are made, CNT has much higher 

Young’s modulus (TPa) [8] than silicon (~200 GPa) that is used to make the 
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microelectromechanical systems (MEMS) accelerometers. Hence high resonant frequencies can 

be expected using CNT, leading to higher Q (quality) factors. Subsequently the sensitivity will 

be increased and noise density will be reduced. The disadvantage of the proposed CNT 

accelerometer is envisaged mainly from aspects of fabrication and signal processing. 

Quantitative comparison of the above two is hard to make, as the CNT accelerometer is only a 

conceptual design. 

 

Conclusion: It has been found from the numerical calculations that taking account of very small 

surface effect Es = 5.19 Pa (compared with stiffness of the nanotube 5.5 x 10
12

 Pa), the dynamic 

performances of the SWCNT resonator has changed dramatically. The resonant frequency has 

increased to nearly twice of the value without surface effect, and the threshold voltage for the 

whirling motion has increased from 1.4 V to 3.5 V. Detailed analysis of the whirling motions has 

been conducted, and it is found that the moving trajectories of the central point of the SWCNT 

resonator follows Lissajous patterns. The nonlinear motions have also changed significantly due 

to the surface effect from the bifurcation and Lyapunov exponent analysis. The voltage needed to 

drive the resonator into chaotic motions has increased from 25 V to around 150 V. The reported 

findings can be used to explain the previous discrepancies between experiments and theories, 

which will act as a more accurate guidance in designing such resonator devices. A new 

application in accelerometers using this resonator has been reported and the theoretical analysis 

is conducted to build the relation between acceleration forces and peak vibrating amplitudes.   
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Figures: 

 

 

 

 

 

Figure 1a. Schematic diagram of a CNT doubly clamped resonator. Figure 1b, Schematic graph showing 

the surface stress and the bulk stress. 
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Figure 2. Calculated vibration amplitudes in Z and Y directions of the system without surface effect under 

different driving voltage Vac (2a and 2b). Results of the system with surface effect (2c and 2d). 
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Figure 3. Calculated detailed relation between vibration in Y and applied Vac; without surface effect (3a 

and 3b); with surface effect (3c and 3d). 
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Figure 4. Bifurcation diagram of displacement in Z direction of the system withour surface effect in (4a) 

and with surface effect in (4b) under the same driving voltage Vac. 
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Figure 5. Phase portrait (z1 vs. z2)of the system without surface effect in (5a)-(5e) and with surface effect 

in (5f)-(5h) under the different driving voltages. 
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Figure 6. Calculated Lyapunov exponents of the system described by equation (14) without surface effect 

in (6a) and with surface effect in (6b) driven by Vac in the range of 25 V – 30 V. Transition of calculated 

max Lyapunov exponents of the same system without surface effect to positive in (6c) and with surface 

effect in (6d). 
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Figure 7. Displacement patterns in Y-Z plane formed by the middle point of the doubly clamped SWCNT 

resonator under different driving conditions. (a), whiling motions stabilized in two zones; (b), one 

Lissajous pattern formed by periodic motions in Y and Z with frequency and phase differences; (c) 

another Lissajous pattern for the Z and Y motions with frequency and phase differences. (d), 

displacement pattern in Y-Z plane when the device is at chaotic state.  
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Figure 8. The peak amplitude change in Z and Y directions as the acceleration force varies in the range of 

[9.91 µN, 57.83 µN]. (a), Fy=0, Fz is varying, results for with and without the surface stress respectively. 

(b), Fz=0, Fy is varying. (c) & (d), Both Fy and Fz are varying. The arrow in the (c) and (d) indicates the 

increasing direction of Fy, and the step size is approximately 1.65 µN.   
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