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TWISTED REALITY CONDITION FOR DIRAC OPERATORS

TOMASZ BRZEZIŃSKI, NICOLA CICCOLI, LUDWIK DĄBROWSKI, AND ANDRZEJ SITARZ

ABSTRACT. Motivated by examples obtained from conformal deformations of spectral triples
and a spectral triple construction on quantum cones, we propose a new twisted reality condi-
tion for the Dirac operator.

1. INTRODUCTION

In [3] Connes proposed that real spectral triples should be understood as a noncommuta-
tive counterpart of spin manifolds. This proposal was further supported by establishing in
[6] a one-to-one correspondence between classical spin geometries and real spectral triples
for commutative algebras of functions over manifolds. Yet,the number of examples of gen-
uine noncommutative real spectral triples is limited. So far, the list includes finite spectral
triples [14, 18], noncommutative tori [3] and their subalgebras: noncommutative Bieberbach
manifolds [17] and the quantum pillow [2], in some cases witha full classification of in-
equivalent, irreducible and equivariant real spectral triples [19, 24, 17]. All further examples
of so-calledθ-twisted or isospectral deformations [4, 21, 23] are essentially obtained by us-
ing the construction of real spectral triples over the noncommutative torus or over the Moyal
plane [10]. The example of the Podleś standard quantum sphere [7] was the only non-flat case
not obtained as aθ-twist; however, it failed to satisfy some other natural conditions set for
spectral geometries. In fact, with the help of Poisson geometry, it was proved in [12] that if
a noncommutative spectral triple is a deformation of the real spectral triple of functions on a
2-dimensional smooth manifold, then the underlying Riemannian manifold can only be either
the flat torus or the round sphere. On the other hand, some interesting examples, such as the
quantum groupSUq(2) [9] allow for analmost realspectral triple, with a slightly modified
order-one condition, which fails to be exact.

In this note, we propose a modified definition of a real spectral triple, in which only the
reality structure is generalised. Thus in contrast to an interesting recent paper [15] we remain
in the framework ofbona fidespectral triples here. We show that this definition allows for
fluctuations of Dirac operators, which do not change the bimodule of one forms. Finally, we
illustrate the theory with two examples, which motivate theproposed definition.

2. TWISTED REALITY

2.1. Reality twisted by a linear automorphism. Let A be a complex∗-algebra and let
(H, π) be a (left) representation ofA on a complex vector spaceH. A linear automorphism
ν of H defines an algebra automorphism

ν̄ : End(H) → End(H), φ 7→ ν ◦ φ ◦ ν−1.

2010Mathematics Subject Classification.58B34, 58B32, 46L87.
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The inverse of̄ν is φ 7→ ν−1 ◦ φ ◦ ν. Sinceν̄ is an algebra map, the composite

πν : A
π

// End(H)
ν̄

// End(H)

is an algebra map too, and hence it defines a new representation (H, πν) of A. The mapν is
an isomorphism that intertwines(H, π) with (H, πν).

Definition 2.1. Let A be a complex∗-algebra,(H, π) a representation ofA, and letD be a
linear operator onH. Let ν be a linear automorphism ofH, such that there exists an algebra
automorphism̂ν : A → A satisfying

(2.1) π ◦ ν̂ = ν̄ ◦ π = πν .

We say that the triple(A,H,D) admits aν-twisted real structureif there exists an anti-linear
mapJ : H → H such thatJ2 = ǫ id, and, for alla, b ∈ A,

(2.2) [π(a), Jπ(b)J−1] = 0,

(2.3) [D, π(a)]Jν̄2(π(b))J−1 = Jπ(b)J−1[D, π(a)],

(2.4) DJν = ǫ′νJD,

(2.5) νJν = J,

whereǫ, ǫ′ ∈ {+,−}.
If (A,H,D) admits a grading operatorγ : H → H, γ2 = id, [γ, π(a)] = 0, for all a ∈ A,

γD = −Dγ, andν2γ = γν2, then the twisted real structureJ is also required to satisfy

(2.6) γJ = ǫ′′Jγ,

whereǫ′′ is another sign.

This purely algebraic definition of twisted reality is motivated by and aimed at being ap-
plicable to spectral triples. In this caseH is a Hilbert space, andπ is a star representation
of A by bounded operators. The operatorD is assumed to be a (essentially) selfadjoint op-
erator on the dense domainH0 with a compact resolvent, and such that for everya ∈ A the
commutators[D, π(a)] are bounded. The operatorJ is antiunitary. The gradingγ (in case of
an even spectral triple) is self-adjoint. Besides the usualanalytic properties of the data of the
spectral triple, the mapν is then a (essentially) selfadjoint invertible operator defined on the
domain containingH0 and with the requirement that̄ν mapsπ(A) into bounded operators.
More precisely,∀a∈A, νπ(a)ν−1 preservesH0 and is bounded onH0, and so extends to an
element ofB(H). Furthermore (2.4) and (2.5) should be understood as operatorsH0 → H0.
In such a case we shall say that a spectral triple admits aν-twisted real structure, or simply
that it is aν-twisted real spectral triple.

The signsǫ, ǫ′, ǫ′′ determine theKO-dimension modulo 8 in the usual way [3]. Often (2.2)
is called theorder-zero condition, (2.3) is called thetwisted order-one condition, while we
shall refer to (2.4) as to thetwistedǫ′-condition, and to (2.5) as to thetwisted regularity(with
the adjective twisted omitted ifν = id). Note that the twisted order-one condition (2.3) can
be equivalently stated as

(2.7) [D, π(a)]Jπ(ν̂(b))J−1 = Jπ(ν̂−1(b))J−1[D, π(a)].
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Furthemore, the twisted order-one condition can be understood as rightA-linearity as follows.
Given a representationπ of a ∗-algebraA in H, a linear automorphismν of H and an anti-
linear automorphismJ of H, one can define a rightA-module structure onH by

(2.8) h · a := Jν̄(π(a∗))J−1(h) = πJ◦ν(a∗)(h), for all a ∈ A, h ∈ H.

We denoteH with this A-module structure byHJ,ν. Then the first-order condition (2.3)
simply states that, for alla ∈ A, the commutators[D, π(a)] are rightA-linear maps from
HJ,ν2 toHJ,id.

The relation (2.1) between̂ν andν can be also termed as “ν implements an automorphism
ν̂ in the representationπ".

Remark2.2. One can contemplate a more general notion of theν-twisted reality defined as
in Definition 2.1 except the existence ofν̂ satisfying (2.1). Note, however, that if(H, π)
is a faithful representation, thenπ is a monomorphism and henceA is isomorphic toπ(A).
Therefore, if in addition,

(2.9) Im(πν) ⊆ Im(π),

then the restriction of̄ν to π(A) defines a unique automorphism̂ν of the algebraA that
satisfies (2.1). All the examples discussed in Section 3 comewith faithful representations
π and automorphismsν satisfying condition (2.9). Finally, we note in passing that one can
always work with a faithful representation of the algebraA/kerπ.

2.2. Twisted fluctuations. In the setup of Definition 2.1, letΩ1
D be a bimodule of one-forms:

Ω1
D :=

{

∑

i

π(ai)[D, π(bi)], ai, bi ∈ A

}

,

where the indicesi run over a finite set.
The standard fluctuation of a spectral triple(A,H,D) consists of adding to the Dirac op-

eratorD a selfadjoint one-formα ∈ Ω1
D. In the case of a real spectral triple, the fluctuated

Dirac operator,D, becomesD + α + ǫ′JαJ−1, whereα + ǫ′JαJ−1 is selfadjoint. For a
ν-twisted real spectral triple we set the fluctuated Dirac operatorDα to be:

Dα := D + α + ǫ′νJαJ−1ν,

with the requirement thatα + ǫ′νJαJ−1ν is selfadjoint. We shall often use the shorthand
notationα′ = νJαJ−1ν.

Proposition 2.3. If (A,H,D) with J ∈ End(H) is a ν-twisted real spectral triple, then
(A,H,Dα) with (the same)J is also aν-twisted real spectral triple. If(A,H,D) is even
with gradingγ, then (A,H,Dα) is even with (the same) gradingγ. The composition of
twisted fluctuations is a twisted fluctuation.

Proof. As a perturbation ofD by a bounded selfadjoint operator, the fluctuated Dirac oper-
atorDα is selfadjoint, has bounded commutators withπ(a) ∈ A and has compact resolvent.

First, we shall demonstrate that a fluctuation of the fluctuated Dirac operator is also a
fluctuation. In other words, the bimodule of one forms is independent of the choice ofα. Let
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us take anya ∈ A andα ∈ Ω1
D, and compute:

[α′, π(a)] = νJαJ−1νπ(a)− π(a)νJαJ−1ν

= νJαJ−1νπ(a)− ν(ν−1π(a)ν)JαJ−1ν

= νJαJ−1νπ(a)− νπ(ν̂−1(a))JαJ−1ν

= νJαJ−1νπ(a)− νJαJ−1π(ν̂(a))ν

= νJαJ−1νπ(a)− νJαJ−1
(

νπ(a)ν−1
)

ν = 0,

by (2.1), (2.2) and (2.7). Therefore, for anyα ∈ Ω1
D anda ∈ A:

[Dα, π(a)] = [D, π(a)] + [α, π(a)],

but then the last commutator is again a one-form. For this reason, the fluctuated Dirac opera-
torDα does satisfy theν-twisted order-one condition (2.3). The statement about the grading
γ is easily verified.

To finish the proof, it remains only to check thatDα satisfies the compatibility relation
with J (2.4), that is:

DαJν = ǫ′νJDα.

SinceD itself satisfies (2.4), suffices it to check it forα + ǫ′α′:

(α+ ǫ′α′)Jν = αJν + ǫ′νJαJ−1νJν

= αJν + ǫ′νJα

= ǫ′νJ
(

α + ǫ′J−1ν−1αJν
)

= ǫ′νJ (α+ ǫ′α′) .

where we have used (2.5).⊔⊓

3. EXAMPLES

The definitions in Section 2.1 are motivated by two classes ofexamples. The first class
arises from conformally rescaled spectral geometries, which (albeit in a different setting)
were first proposed by Connes and Tretkoff [5] and led to twisted spectral triples. The setting
using spectral triples instead was proposed by Dąbrowski and Sitarz [8] for more general
modifications. It appears, however, that for conformal rescaling the setup is quite robust,
not only keeping most of the properties of spectral geometries (like the Hochschild cycle
condition [22]), but also making the conformally rescaled noncommutative tori into quantum
metric spaces in the sense of Rieffel [16].

The second class of examples comes fromq-deformed geometries, where modular twisting
automorphisms naturally appear and are significant for cyclic cohomology [11] and modular
Fredholm module constructions, as explained for example in[20]. It is worth pointing out that
the operator implementing the reality is intrinsically related to the Tomita-Takesaki operator,
which is usually nontrivial inq-deformed geometry.
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3.1. Conformally transformed Dirac operators. Let us assume that we have a real spectral
triple (A,H,D, J) with reality operatorJ and fixed signsǫ, ǫ′. Let k ∈ π(A) be positive and
invertible such thatk−1 is also bounded, and letk′ := JkJ−1.

Proposition 3.1. If (A,H,D, J) is a real spectral triple, which satisfies order-one condition,
then for:

Dk = k′Dk′, ν(h) = (k−1k′) (h),

the triple (A,H, J,Dk, ν) is a ν-twisted real spectral triple. If furthermore(A,H,D, J) is
even with gradingγ, then(A,H,Dk, J, ν) is even with (the same) gradingγ.

Proof. Sincek andk′ are bounded operators, it is clear thatν̄ maps bounded operators to
bounded operators, and due to (2.2), for alla ∈ A:

ν̄(π(a)) = k−1π(a)k.

Clearly ν̂(a) = (k̃)−1ak̃, wherek̃ ∈ A is such thatπ(k̃) = k, satisfies (2.1).
By the properties of the real spectral triple(A,H,D, J), k′(DomD) ⊂ DomD and the

operatorDk is obviously selfadjoint on the domainDomD, and due to (2.2) has bounded
commutators with arbitrarya ∈ A. Furthermore,Dk has compact resolvent: this is obvious
if D is invertible since thenD−1

k = k−1D−1k−1 andD−1 is compact andk−1 bounded by
assumption. Otherwise, we can employ some invertible bounded perturbation ofD on the
kernel ofD.

We show now thatDk satisfies the twisted order-one condition (2.3):

Jπ(b)J−1[Dk, π(a)] = Jπ(b)J−1JkJ−1[D, π(a)]JkJ−1

= k′[D, π(a)]k′J(k−2π(b)k2)J−1 = [Dk, π(a)] Jν̄
2(π(b))J−1.

Next we check (2.5):
νJν = k−1JkJ−1Jk−1JkJ−1 = J.

Finally, if JD = ǫ′DJ then forDk we have:

JDk = Jk′J−1JDk′ = ǫ′kDJk′ = ǫ′k(k′)−1Dk(k
′)−1kJ,

so that (2.4) is satisfied
νJDk = ǫ′DkJν.

The statement about the gradingγ is easily verified.⊔⊓

Remark3.2. Clearly the KO-dimension of(A,H,Dk, J, ν) is the same as of(A,H,D, J). In
the ‘classical’ case of a manifoldM and (commutative)A = C∞(M) represented in the usual
way onL2-sections of some vector bundle onM with AdJ being the complex conjugation,
the conformal twistsν are always trivial asJkJ−1 = k for a positivek and henceν = id.

Remark3.3.1 Using arguments similar to those in the proof of Proposition3.1, one can show
that if (A,H,D, J, ν) is aν-twisted real spectral triple which satisfies the twisted order-one
condition, then, for allk as in Proposition 3.1 such thatν̄(kk′) = kk′, (A,H,Dk, J, µ) is a
µ-twisted real spectral triple, where

Dk = k′Dk′, µ(h) = k′νk−1 (h).

The gradingγ, if it exists, is again unchanged.

1We thank Tomasz Maszczyk for raising this point.
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3.2. Twisted reality of Dirac operators on quantum cones.The coordinate algebra of the
quantum discO(Dq) is a complex∗-algebra generated byz, subject to the relation

(3.1) z∗z − q2zz∗ = 1− q2,

whereq ∈ (0, 1); see [13].O(Dq) can be understood as aZ-graded algebra

O(Dq) =
⊕

n∈Z

O(Dq)n,

with the degrees given on the generators by|z| = −|z∗| = 1. For anyN > 1, thequantum
coneO(CN

q ) is defined as the∗-algebra generated byy and self-adjointx subject to relations:

(3.2) xy = q2Nyx, yy∗ =

N−1
∏

l=0

(

1− q−2lx
)

, y∗y =

N
∏

l=1

(

1− q2lx
)

;

see [1]. The mapO(CN
q ) → O(Dq) defined on the generators asx 7→ 1 − zz∗, y 7→ zN

provides an identification of the cone with the subalgebra ofO(Dq) consisting of all elements
of degree a multiple ofN , i.e.,

O(CN
q ) ∼=

⊕

n∈Z

O(Dq)nN .

Throughout we will viewO(CN
q ) as a subalgebra ofO(Dq) in this way.

Using theZ-grading ofO(Dq) we define a degree counting algebra automorphism,

ν : O(Dq) → O(Dq), a 7→ q|a|a,

for all homogeneous elements ofO(Dq). Obviously,ν preserves the degrees of homogeneous
elements, and hence restricts to an automorphism ofO(CN

q ). It is also compatible with the
∗-structure in the sense that,

(3.3) ν ◦ ∗ ◦ ν = ∗.

The maps∂−, ∂+ : O(Dq) → O(Dq), defined on generators of the disc algebra by

(3.4) ∂−(z) = z∗, ∂−(z
∗) = 0, ∂+(z) = 0, ∂+(z

∗) = q2z,

extend to the whole ofO(CN
q ) asν2-skew derivations, i.e., by the twisted Leibniz rule,

(3.5) ∂±(ab) = ∂±(a)ν
2(b) + a∂±(b),

for all a, b ∈ O(Dq). As a consequence of (3.4) and (3.5), the maps∂± have degrees±2,
respectively, and sinceν is the degree-counting automorphism,

(3.6) ν ◦ ∂± ◦ ν−1 = q±2 ∂±.

The combination of (3.3), (3.4) and (3.5) also yields

(3.7) ν (∂±(a)
∗) = ν−1 (∂∓(a

∗)) .

Set

H+ =
⊕

n∈Z

O(Dq)nN+1, H− =
⊕

n∈Z

O(Dq)nN−1, H = H+ ⊕H−,
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i.e.,H is the external direct sum of two vector spacesH+ andH−. SinceO(CN
q ) is spanned

by homogeneous elements of degrees that are multiples ofN , andν preserves the degrees,
bothH± and hence alsoH are leftO(CN

q )-modules (representations) by the action

(3.8) π(a)(h±) = ν2(a)h±, for all a ∈ O(CN
q ), h± ∈ H±.

Furthermore,ν restricts to an automorphism of the vector spaceH. Note, however, that since
ν is an automorphism of the graded algebraO(Dq) and the action ofO(CN

q ) is defined by
the multiplication inO(Dq), the induced automorphism̄ν of the (linear) endomorphism ring
takes a particularly simple form onπ(a),

(3.9) ν̄(π(a)) = π(ν(a)), for all a ∈ O(CN
q ),

so thatν̂ satisfying (2.1) is simply the restriction ofν to O(CN
q ). Since∂± have degree±2,

respectively,

(3.10) ∂±(H∓) ⊆ H±,

and the∗-operation reverses degrees, we can define operators

(3.11) D : H → H, (h+, h−) 7→
(

−q−1∂+(h−), q∂−(h+)
)

,

(3.12) J : H → H, (h+, h−) 7→
(

−h∗
−, h

∗
+

)

,

and also the grading operator,

(3.13) γ : H → H, (h+, h−) 7→ (h+,−h−) .

Proposition 3.4. With these definitions,(O(CN
q ), H,D) is an (algebraic) even spectral triple

of KO-dimension two withν-twisted real structureJ and gradingγ.

Proof. The order zero condition (2.2) follows immediately by the definition of J and the
fact that∗ is an anti-algebra involution, the condition (2.5) is a straighforward consequence
of (3.3). Checking the twisted order-one condition (2.3) and twistedǫ′-condition (2.4) is a bit
more involved and uses all the properties (3.3)–(3.9). Specifically, for all h± ∈ H±,

νJD(h±) = q±1ν (∂∓(h±)
∗) = q±1ν−1

(

∂±(h
∗
±)
)

,

by (3.7). On the other hand,

DJν(h±) = ±D
(

ν−1(h∗
±)
)

= q∓1∂±
(

ν−1(h∗
±

)

) = q±1ν−1
(

∂±(h
∗
±)
)

,

where the first equality follows by (3.3) and the third one by (3.6). This proves the twisted
ǫ′-condition (2.4). To prove the twisted order-one condition(2.3) observe that, for alla, b ∈
O(CN

q ) andh± ∈ H±,

[D, π(a)](h±) = ±q±1
(

∂∓
(

ν2(a)h±

)

− ν2(a)∂∓ (h±)
)

= ±q±1∂∓
(

ν2(a)
)

ν2 (h±) = ±q±5ν2 (∂∓(a)h±) ,

by theq-skew-derivation properties (3.5) and (3.6), and

Jπ(b)J−1(h±) = h±ν
2(b)∗ = h±ν

−2(b∗),

by (3.3). In view of the latter and (3.9),

Jν̄2(π(b))J−1(h±) = h±ν
−4(b∗).
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Putting all this together one easily checks thatJ andD satisfy the twisted order-one condition
(2.3). The statement about the gradingγ is easy to see and we haveJ2 = ǫ = −1, ǫ′ = 1,
ǫ” = −1, which corresponds to the KO-dimension 2.⊔⊓

The above construction of the twisted reality structure fora Dirac operator is not particu-
larly specific to the case of quantum cones, but is a special case of a more general situation.
The key role is played by the fact that the module structure isinduced from the multiplication
of a graded∗-algebra which admitsq-skew derivations compatible with the∗-structure.

Let G be a group andA = ⊕g∈GAg be aG-graded∗-algebra, and setB := Ae, wheree is
the neutral element ofG. The grading is assumed to be compatible with the∗-structure in the
sense that, for allg ∈ G,

A∗
g ⊆ Ag−1 ,

so, in particular,B is a∗-subalgebra ofA. LetG+ ⊂ G and set

G− := {g−1 | g ∈ G+}, H± =
⊕

g∈G±

Ag, H = H+ ⊕H−,

i.e., H is the external direct sum of two vector spacesH+ andH−. The definition ofG−

ensures thatH∗
± ⊆ H∓. Let ν be a graded (i.e., degree preserving) algebra automorphismof

A that satisfies (3.3). Let∂± : A → A be linear maps that satisfy (3.5), (3.6), (3.7) and (3.10).
If we viewH as a leftB-module by the multiplication inA or as in (3.8), then the operatorD
defined by (3.11) has the twisted reality structureJ given by (3.12) and the gradingγ given
by (3.13).
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