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A computational framework for incompressible

electromechanics based on convex multi-variable strain

energies for geometrically exact shell theory

Rogelio Ortigosa1, Antonio J. Gil2

Zienkiewicz Centre for Computational Engineering, College of Engineering
Swansea University, Bay Campus, SA1 8EN, United Kingdom

Abstract

In this paper, a new computational framework for the analysis of incompress-
ible Electro Active Polymer (EAP) shells subjected to large strains and large
electric fields is presented. Two novelties are incorporated in this work. First,
the variational and constitutive frameworks developed by the authors in re-
cent publications [1–4] in the context of three-dimensional electromechanics
are particularised/degenerated to the case of geometrically exact shell theory.
This formulation is computationally very convenient as EAPs are typically
used as thin shell-like components in a vast range of applications. The pro-
posed formulation follows a rotationless description of the kinematics of the
shell, enhanced with extra degrees of freedom corresponding to the thickness
stretch and the hydrostatic pressure, critical for the consideration of incom-
pressibility. Different approaches are investigated for the interpolation of
these extra fields and that of the electric potential across the thickness of the
shell. Crucially, this allows for the simulation of multilayer and composite
materials, which can display a discontinuous strain distribution across their
thickness. As a second novelty, a continuum degenerate approach allows for
the consideration of complex three-dimensional electromechanical constitu-
tive models, as opposed to those defined in terms of the main strain measures
of the shell. More specifically, convex multi-variable (three-dimensional) con-
stitutive models, complying with the ellipticity condition and hence, satisfy-
ing material stability for the entire range of deformations and electric fields,
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are used for the first time in the context of shell theory.

Keywords: material stability, shell, geometrically exact shell theory,
Electro Active Polymers

1. Introduction

Electro Active Polymers (EAPs) belong to a special class of smart ma-
terials with very attractive actuator and energy harvesting capabilities [5].
Piezoelectric polymers and dielectric elastomers are some of the most repre-
sentative examples of this kind of materials. The latter have shown electri-
cally induced area expansions of up to 1980% [6], demonstrating their out-
standing capabilities as soft robots, wing morphing actuators for remotely
controlled micro air vehicles, adaptive optics, balloon catheters and Braille
displays among others [6–10].

In this paper, a computational framework for the simulation of incom-
pressible EAPs using a geometrically exact shell theory in scenarios charac-
terised by large strains and/or large electric fields is presented. A particulari-
sation/degeneration of the variational and constitutive frameworks developed
by the authors in previous publications [1–4] to the case of shells is carried
out. This is motivated by the large number of applications [10] where EAPs
feature as very thin shell-like components, for which this formulation is very
convenient from the computational standpoint.

In the context of geometrically exact shell theory [11–18], some authors
[12, 19] follow an approach where interpolation of the director field (initially
perpendicular to the mid surface of the shell) is preferred over interpola-
tion of rotations. Nonetheless, it is ultimately rotations and not the director
field which are part of the unknowns of the problem. In contrast, we follow
in this paper a completely rotationless approach, similar to that presented
in Reference [13, 20], where the in-extensibility of the director field (which
guarantees that this field follows an orthogonal transformation [12]) is en-
forced as a constraint. Notice however that both approaches are equivalent
at least in the continuum case. This rotationless approach, which complies
with the principle of material frame indifference [21], avoids a well-known
drawback associated with rotation-based formulations. When considering
rotation-based formulations, rotations around the shell normal (known as
drilling rotations) do not introduce any stiffness contribution in this specific
direction and hence, lead to an ill-conditioning of the system. This is typ-
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ically overcome via the addition of an appropriate (drilling) constraint or
penalty term [15, 16].

The proposed shell formulation shares some common features with the
classical Reissner-Mindlin theory. Specifically, sections initially straight in
the reference configuration remain straight after the motion of the shell and
hence, out of plane warping deformations are not considered. Furthermore,
in order to account for the incompressibility of the shell, two additional
unknown fields are included as in Reference [17], namely the pressure and
thickness stretch fields, the latter enhancing the kinematical description of
the classical Reissner-Mindlin theory. Regarding the interpolation across
the thickness of the shell, different strategies are considered in this paper.
Critically, these enable to capture discontinuities of the strain field across
the thickness of the shell, enabling to simulate the response of composite and
multilayered shells.

In the context of large strain elasticity, several authors have used com-
plex three-dimensional constitutive models for the Finite Element analysis
of shells, as opposed to simpler constitutive models (derived from the Saint-
Venant Kirchhoff model) in terms of the main strain measures of the shell.
In particular, Schröder et al. [12] have explored the consideration of complex
polyconvex [22–26] anisotropic constitutive models. This paper explores the
consideration of complex electromechanical three-dimensional constitutive
models to the particular case of a continuum degenerate shell formulation.
More specifically, convex multi-variable electromechanical constitutive mod-
els, satisfying the ellipticity condition and hence, material stability [27–29]
for the entire range of deformations and electric fields, are used for the first
time in the context of shell theory.

The present formulation utilises the algebra based on the tensor cross
product operation pioneered in [30] and reintroduced and exploited for the
first time in [31–34] in the context of solid mechanics. This tensor cross prod-
uct operation is particularly helpful when dealing with convex multi-variable
constitutive laws, where invariants of the co-factor and the determinant of
the deformation feature heavily in the representation of the internal energy
functional.

The paper is organised as follows. Section 2 briefly revises the main
strain measures and their directional derivatives in the three-dimensional
continuum formulation. Furthermore, the Faraday law, the electric field and
the electric potential are introduced in this Section. Section 3 presents the
kinematical description of the proposed shell formulation. Additionally, the
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concept of multi-variable convexity is extended to the context of nonlinear
shell theory. The tangent operators of the (convex multi-variable) inter-
nal energy and the Helmholtz’s energy are also presented in this Section.
Section 4 presents a classical three-field mixed variational principle [4, 35]
used for incompressible three-dimensional electromechanics and its degener-
ation to the particular case of a shell. Section 5 discusses aspects regarding
the Finite Element implementation of the proposed formulation. Section 6
presents some numerical examples to demonstrate the applicability of the for-
mulation and its comparison with well-established continuum formulations.
Finally, Section 7 provides some concluding remarks and a summary of the
key contributions of this paper.

2. Continuum electromechanics

2.1. Continuum kinematics

Consider the three dimensional deformation of a possible EAP from its
initial configuration occupying a volume V , of boundary ∂V , into a final con-
figuration occupying a volume v, of boundary ∂v. The motion of the EAP is
described by a pseudo-time dependent mapping φ which relates a material
particle from the material configuration X to the spatial configuration x
according to x = φ(X, t) (refer to Figure 1). Virtual and incremental vari-
ations of x will be denoted by δu and ∆u, respectively. It will be assumed
that x, δu and ∆u satisfy essential (displacement) boundary conditions on
∂uV . Associated with the mapping x = ϕ(X, t) it is possible to define the
deformation gradient tensor F (or fibre map), the co-factor H (or area map)
and the Jacobian J (or volume map) [22, 31, 34, 36]. These three strain
measures, namely {F ,H , J}, relate differential fibre, area and volume el-
ements, respectively, from the initial (undeformed) to the final (deformed)
configuration, and are defined as [37] (see Figure 1)

F = ∇0x; H =
1

2
F F ; J =

1

3
H : F , (1)

where ∇0 denotes the gradient with respect to material coordinates and
where the application of the tensor cross operation (refer to [30, 31, 34])
to two point tensors A and B yields (A B)iI = EijkEIJKAjJBkK , with E
the third order alternating tensor.
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Figure 1: Deformation mapping of a continuum (EAP) and associated kine-
matics variables: F , H , J .

The first and second directional derivatives of F , H and J with respect
to geometry changes can then be evaluated making use of equation (1) as

DF [δu] = ∇0δu; D2F [δu; ∆u] = 0;

DH [δu] = F ∇0δu; D2H [δu;u] = ∇0δu ∇0∆u;

DJ [δu] = H : ∇0δu; D2J [δu,u] = F : (∇0δu ∇0∆u) .

(2)

2.2. Faraday law and the electric potential

The material electric field E0, related to its spatial counterpart E as
E0 = F TE [38, 39], must satisfy the Faraday law, expressed in its integral
version for a Lagrangian setting as

∮

C
E0 · dX = 0, (3)

where C represents a closed curve embedded in V . Above equation (3), and
its associated local form, namely CURLE0 = 0, enable the introduction of
the (scalar) electric potential field ϕ, related to E0 as

E0 = −∇0ϕ. (4)
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3. Continuum degenerate dielectric elastomer shells

3.1. Shells kinematics

Let us assume that the continuum (EAP) Ω0 described in Section 2.1
can be kinematically described as a shell. This is the case for the majority
of applications of EAPs, where they feature as thin shell-like components.
Let the reference configuration of the shell be characterised by a mid surface
Γ0, parametrised in terms of convective coordinate {ηα, α = 1, 2} as Γ0 ≡
X0. Let the mid-surface Γ0 be perpendicular to the thickness of the shell,
parametrised by the convective coordinate s ∈ [−H/2, H/2] (with H the
total thickness of the shell). Relative to the surface Γ0 it is possible to define
the material covariant vectors {G0

α, α = 1, 2} as

G0
α =

∂X0

∂ηα
. (5)

Attached to every point of the shell Γ0, it is possible to define a material
director field V , perpendicular to the mid-surface Γ0 and defined as

V =
G0

1 ×G0
2

||G0
1 ×G0

2||
. (6)

With these ingredients, the shell reference configuration can be defined
by

X (ηα, s) = X0 (ηα) + X̄(ηα, s); X̄ = sV (ηα), (7)

where X̄(ηα, s) represents the relative position with respect to the mid-
surface of the shell of a point in the reference configuration. Across the
thickness of the shell, i.e. s 6= 0, it is possible to define an additional set of
covariant vectors {Gi, i = 1, 2, 3}3 as

Gα =
∂X

∂ηα
; G3 =

∂X

∂s
, (8)

which, making use of above equation (7), can equivalently be written as

Gα = G0
α + sV ,α; G3 = V . (9)

3Throughout the rest of the paper, Latin indices i range from 1 to 3 and Greek indices
α range from 1 to 2.
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(a) (b)

Figure 2: Kinematics of the shell: (a) Reference and current configura-
tions of the mid surface of the shell describing an EAP. (b) Covariant basis
{G0

1,G
0
2,V } in the mid surface of the shell (s = 0) and covariant basis

{G1,G2,V } at a point characterised by the same convective coordinates
{ηα, α = 1, 2} and s 6= 0, all in the reference configuration.

Associated with the basis {Gi}, it is possible to define a dual contravari-
ant basis {Gi}, such that the reciprocity conditions are satisfied, i.e,

Gi ·Gj = δij. (10)

Similarly, let the current configuration of the shell be characterised by a
mid-surface Γ, parametrised in terms of the convective coordinates as Γ ≡
x0(ηα). Attached to every point of the surface Γ, it is possible to obtain
the spatial director field v via an orthogonal transformation of the material
director field V , ensuring its in-extensibility. Notice that the spatial vector
v does not have to be necessarily perpendicular to the plane Γ. The shell
current configuration can then be defined by

x(ηα, s) = x0 (ηα) + x̄(ηα, s); x̄(ηα, s) = sγ(ηα, s)v (ηα) , (11)

where x̄(ηα, s) represents the relative position with respect to the mid-surface
of a point of the shell in the deformed configuration. Moreover, γ(ηα, s) in
above equation (11) represents the thickness stretch [17], which accounts for
possible deformations across the thickness of the shell. Notice that this extra
field γ might depend not only on the convective coordinates ηα, but also
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upon s. Finally, all these key ingredients enable to obtain the deformation
gradient tensor F (1) associated with the mapping defined in equation (11)
as

F = x0,α ⊗Gα + γv ⊗G3 + sγv,α ⊗Gα + sγ,αv ⊗Gα + sγ,3v ⊗G3, (12)

in terms of the contravariant basis {Gi, i = 1, 2, 3} defined in (10) where

(•),α := ∂(•)(ηα)
∂ηα

and (•),3 := ∂(•)(s)
∂s

.

3.2. Linearisation of the shell kinematics

As stated above (11), for a given value of the coordinate s, the mapping
x(ηα, s) of the shell is completely determined by the set of fields U , defined
as

U = {x0,v, γ}. (13)

Virtual or incremental variations of these fields will be denoted as δU =
{δu0, δv, δγ} and ∆U = {∆u0,∆v,∆γ}, respectively. The first directional
derivative of the deformation gradient tensor F in equation (12) with respect
to virtual variations δU , defined for notational convenience as DF [δU ], is
additively decomposed as

DF [δU ] = DF [δu0, δv, δγ] = DF [δu0] +DF [δv] +DF [δγ], (14)

where each of the three components of DF [δU ] are obtained as

DF [δu0] = δu0,α ⊗Gα;

DF [δv] = γδv ⊗G3 + sγδv,α ⊗Gα + sγ,αδv ⊗Gα + sγ,3δv ⊗G3;

DF [δγ] = δγv ⊗G3 + sδγv,α ⊗Gα + sδγ,αv ⊗Gα + sδγ,3v ⊗G3.

(15)

Careful inspection of each of the terms in above equation (15), enables the
second directional derivative of the deformation gradient tensor F , defined
for notational convenience as D2F [δU ; ∆U ], to be obtained as

D2F [δU ; ∆U ] = D2F [δv; ∆γ] +D2F [δγ; ∆v], (16)

where each of the two terms on the right hand side of equation (16) are
obtained as

D2F [δv; ∆γ] = ∆γδv ⊗G3 + s∆γδv,α ⊗Gα + s∆γ,αδv ⊗Gα + s∆γ,3δv ⊗G3;

D2F [δγ; ∆v] = δγ∆v ⊗G3 + sδγ∆v,α ⊗Gα + sδγ,α∆v ⊗Gα + sδγ,3∆v ⊗G3.
(17)
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Remark 1. It is worth emphasising that the kinematics of the shell, in con-
trast to a standard continuum formulation, introduces additional geometrical
non-linearities, represented by the non-vanishing second directional deriva-
tive of F , i.e. D2F [δU ; ∆U ] 6= 0 (recall that D2F [δu; ∆u] = 0 in (2)b in the
continuum). It is also worth emphasising that the origin of this extra non-
linearity resides in the enrichment of the kinematical description of the shell
(11) via the thickness stretch γ. However, in the classical Reissner-Mindlin
theory, i.e. γ ≡ 1, the second directional derivative of the deformation gra-
dient tensor would vanish, i.e, D2F [δU ; ∆U ] = 0, with U = {x0,v}.

Based on the definition of the co-factorH and the Jacobian J in equations
(1)b and (1)c, respectively, it is then possible to obtain their associated first
and second directional derivatives with respect to virtual and incremental
variations δU and ∆U as

DH [δU ] = F DF [δU ];

D2H [δU ; ∆U ] = DF [δU ] DF [∆U ] + F D2F [δU ; ∆U ] ;

DJ [δU ] = H : DF [δU ];

D2J [δU ; ∆U ] = F : (DF [δU ] DF [∆U ]) +H : D2F [δU ; ∆U ] .

(18)

with DF [δU ] in (14) and (15) (DF [∆U ] would be defined similarly in terms
of the incremental variations {∆u0,∆v,∆γ}) and D2F [δU ; ∆U ] in (16) and
(17).

3.3. Convex multi-variable electroelasticity

One of the main objectives of this paper is the consideration of complex
constitutive models used in (three-dimensional) electromechanics in the de-
generate case of a shell. The authors in References [1–4], have proposed a new
family of materially stable [27–29, 40] electromechanical constitutive models,
denoted as convex multi-variable. The internal energy e, depending upon
the deformation gradient tensor ∇0x and the material electric displacement
field D0, is defined via a convex multi-variable function W as

e (∇0x,D0) = W (F ,H , J,D0,d) ; d = FD0, (19)

where W must be convex with respect to all the arguments in the extended
set V = {F ,H , J,D0,d}. As it is customary for incompressible materials
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[4, 41, 42], the internal energy e can be additively decomposed into isochoric
and volumetric components ê and U , respectively, as

e (∇0x,D0) = ê (∇0x,D0)+U (det∇0x) ; ê (∇0x,D0) = e
(

(det∇0x)−1/3 ∇0x,D0

)
.

(20)
As shown in Reference [4], it is also possible to construct a similar de-

composition to that in (20) in the context of convex multi-variable electro-
mechanics as

W (F ,H , J,D0,d) = Ŵ (F ,H , J,D0,d) + U (J) , (21)

where
Ŵ (F ,H , J,D0,d) = W

(
F̂ , Ĥ , 1,D0, d̂

)
, (22)

with the isochoric components of F and H [37] and the vector d̂ defined as

F̂ = J−1/3F ; Ĥ = J−2/3H ; d̂ = J−1/3d. (23)

3.3.1. Work conjugates. Definition of first Piola-Kirchhoff stress tensor and
material electric field

As shown in Reference [4], the convex multi-variable nature of the internal
energy W (19) enables a one-to-one and invertible relationship between the
elements of the extended set V and its associated set of work conjugates
ΣV = {ΣF ,ΣH ,ΣJ ,ΣD0 ,Σd}, defined as [4]

ΣF =
∂Ŵ

∂F
; ΣH =

∂Ŵ

∂H
; ΣJ = Σ̂J + p; ΣD0 =

∂Ŵ

∂D0

; Σd =
∂Ŵ

∂d
,

(24)

with Σ̂J = ∂Ŵ
∂J

and with the pressure p exclusively related to the volumetric
functional as p = U ′(J). As presented in Reference [4], the first Piola-
Kirchhoff stress tensor, additively decomposed into isochoric and volumetric
contributions as P = P̂ + P p, and the material electric field E0 can be
expressed in terms of the above work conjugates ΣV (24) as

P̂ = ΣF +ΣH F+Σ̂JH+Σd⊗D0; P p = pH ; E0 = ΣD0 +F TΣd.
(25)
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3.3.2. The Helmholtz’s energy functional

As explained in References [1, 4], the convex multi-variable nature of the
internal energy e(∇0x,D0) enables to establish a one-to-one relationship
between the variables D0 and −∇0ϕ. In this case, it is possible to make use
of a partial Legendre transform of the isochoric internal energy ê(∇0x,D0)
which leads to the definition of the isochoric Helmholtz’s energy functional
Φ̂ (∇0x,−∇0ϕ) as

Φ̂ (∇0x,−∇0ϕ) = − sup
D0

{−∇0ϕ ·D0 − ê (∇0x,D0)} . (26)

The Helmholtz’s energy functional Φ (∇0x,−∇0ϕ) can then be defined
additively into its isochoric contribution Φ̂ (∇0x,−∇0ϕ) in (26) and the
purely mechanical volumetric contribution U(det∇0x) as

Φ(∇0x,−∇0ϕ) = Φ̂(∇0x,−∇0ϕ) + U(det∇0x). (27)

Crucially, the definition of a convex multi-variable internal energy as in
equation (19) ensures ab initio the material stability of the Helmholtz’s en-
ergy functional Φ.

3.4. Tangent operators in incompressible electro-elasticity. Continuum de-
generate shell formulation

As shown in Section 3.2, the kinematics of the shell leads to further ge-
ometrical non-linearities with respect to the continuum formulation. As a
result, these extra non-linearities will also be reflected in the tangent oper-
ators of the internal and Helmholtz’s energy functionals, e (20) and Φ (27),
respectively4.

3.4.1. Tangent operator of the internal energy e

The tangent operator of both the isochoric and volumetric components of
the internal energy, ê and U , respectively, can be defined for the continuum

4Refer to [4] for a comparison with the tangent operator of both the internal and
Helmholtz’s energy functionals emerging in the continuum formulation.
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degenerate shell formulation as

D2ê [δU , δD0; ∆U ,∆D0] =
[
DF [δU ] : δD0·

] [ Ĉ QT

Q θ

] [
: DF [∆U ]

∆D0

]

+ P̂ : D2F [δU ; ∆U ];

D2U [δU ; ∆U ] = DF [δU ] : Cp : DF [∆U ] + P v : D2F [δU ; ∆U ],
(28)

with DF [δU ] in (14) and D2F [δU ; ∆U ] in (17), with the deviatoric fourth
order elasticity tensor Ĉ, the volumetric fourth order elasticity tensor Cp, the
third order piezoelectric tensor Q and the inverse of the dielectric tensor θ
(second order tensor) defined as

Ĉ =
∂2ê(∇0x,D0)

∂∇0x∂∇0x
; Cp =

∂2U(det∇0x)

∂∇0x∂∇0x
;

Q =
∂ê(∇0x,D0)

∂D0∂∇0x
; θ =

∂ê(∇0x,D0)

∂D0∂D0

,

(29)

and with the deviatoric and volumetric components of the first Piola-Kirchhoff
stress tensor, P̂ and P v respectively, defined in equation (25). Notice that
these tensors introduce an additional geometrical nonlinearity, represented by
the second terms on the right hand side of both tangent operators in equa-
tion (28), with respect to the tangent operators emerging in the continuum
formulation, presented in Reference [4].

Alternatively, with the help of the tensor cross product operation in Ref-
erences [1, 30, 31], a more physically insightful representation of the tangent
operator (28) is

D2ê [δU , δD0; ∆U ,∆D0] =
[
S?δ
]T

[HŴ ]
[
S?∆
]

+ (ΣH + ΣJF ) : (DF [δU ] DF [∆U ])

+ Σd · (DF [δU ]∆D0 +DF [∆U ]δD0)

+
(
ΣF + ΣH F + Σ̂JH + Σd ⊗D0

)
: D2F [δU ; ∆U ];

D2U [δU ; ∆U ] = U
′′
(J)DJ [δU ]DJ [∆U ] + U

′
(J)F : (DF [δU ] DF [∆U ])

+ U
′
(J)H : D2F [δU ; ∆U ],

(30)
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with

[
S?δ
]T

=
[
DF [δU ] : DH [δU ] : DJ [δU ] δD0· (DF [δU ]D0 + F δD0) ·

]
;

[
S?∆
]

=




: DF [∆U ]
: DH [∆U ]
DJ [∆U ]

∆D0

DF [∆U ]D0 + F∆D0



,

(31)
with DF [δU ], DH [δU ], DJ [δU ] and D2F [δU ; ∆U ] in (14), (18)a, (18)c and
(17), respectively. Moreover, the extended Hessian operator [HŴ ] in above
equation (30) denotes the symmetric positive definite operator containing
the second derivatives of Ŵ (F ,H , J,D0,d), defined as

[HŴ ] =




ŴFF ŴFH ŴFJ ŴFD0 WFd

ŴHF ŴHH ŴHJ ŴHD0 WHd

ŴJF ŴJH ŴJJ ŴJD0 ŴJd

ŴD0F ŴD0H ŴD0J ŴD0D0 ŴD0d

ŴdF ŴdH ŴdJ ŴdD0 Ŵdd




. (32)

Reference [4], Appendix A, shows how to establish the relationships be-

tween the constitutive tensors Ĉ∗, Cp Q and θ and the components of the
Hessian operator [HŴ ] (32) and U

′′
(J).

3.4.2. Tangent operator of the Helmholtz’s energy functional Φ

The tangent operator for the isochoric contribution Φ̂ of the Helmholtz’s
energy functional (refer to equations (26)-(27)) for the continuum degenerate
shell formulation is obtained as

D2Φ̂ [δU , δϕ; ∆U ,∆ϕ] =
[
DF [δU ] : −∇0δϕ·

] [ Ĉ∗ −PT

−P −ε

] [
: DF [∆U ]
−∇0∆ϕ

]

+ P̂ : D2F [δU ; ∆U ],
(33)
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with the constitutive tensors Ĉ?, P and ε defined as

Ĉ? =
∂2Φ̂(∇0x,−∇0ϕ)

∂∇0x∂∇0x
; P = −∂Φ̂(∇0x,−∇0ϕ)

∂ (−∇0ϕ) ∂∇0x
; ε = − ∂ê(∇0x,−∇0ϕ)

∂ (−∇0ϕ) ∂ (−∇0ϕ)
,

(34)
and with the tangent operator for the volumetric component U defined as
in equation (28). Crucially, the deviatoric fourth order elasticity tensor Ĉ?,
the third order piezoelectric tensor P and the second order dielectric tensor
ε can be related to their counterparts Ĉ, Q and θ in equation (29) as shown
in Reference [4], Appendix B.

4. Variational formulation of nearly and incompressible dielectric
elastomer shells

The objective of this Section is to present the variational framework for
the proposed shell formulation. This stems from the following standard three-
field total energy minimisation variational principle [4, 35]

ΠI(x∗, ϕ∗, p∗) = min
x, s.t

x = x0 + x̄,
v · v = 1

sup
ϕ, p





∫

V

Φ̂ (∇0x,−∇0ϕ) dV +

∫

V

p (J − 1) dV −W ext



 ,

(35)
where {x∗, ϕ∗, p∗} denotes the exact solution for the geometry x, the electric
phield ϕ and the pressure field p, respectively, and W ext, the work done by
external contributions, defined as

W ext =

∫

V

f 0 · x dV +

∫

∂V

t0 · x dA+

∫

V

ρ0ϕdV +

∫

∂ω

ω0ϕdA, (36)

where f 0 and t0 represent body and traction forces per unit underformed
volume and area, respectively, and ρ0 and ω0, the electric charge per unit
undeformed volume and area, respectively. Strong enforcement of the kine-
matical constraints of the shell, namely, x = x0 + x̄ (11) and weak enforce-
ment of the holonomic constraints (in-extensibility of the director field, i.e.
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v · v = 1) gives the following six-field mixed variational principle for shells

ΠI
M(Y∗) = min

x0,v, γ
sup
ϕ, p, λ





∫

Γ0

∫

s

Φ̂ (∇0x,−∇0ϕ)
∣∣∣
x = x0 + x̄

dsdΓ0 +

∫

Γ0

∫

s

p (J − 1) dsdΓ0

+

∫

Γ0

∫

s

λ

2
(v · v − 1) dsdΓ0 −W ext| x = x0 + x̄



 ,

(37)
with Y∗ = {x∗0,v∗, γ∗, ϕ∗, p∗, λ∗} denoting the exact solution for the geometry
of the mid surface of the shell x0, the director field v, the thickness stretch
γ, the electric potential ϕ, the pressure field p and the Lagrange multiplier
field λ to the above variational principle ΠI

M (37). The stationary condition
of the functional ΠI

M leads to the following set of weak forms5

DΠI
M [δU ] =

∫

Γ0

∫

s

P : DF [δU ] dsdΓ0 +

∫

Γ0

∫

s

λ(v · δv) dsdΓ0 −DW ext[δU ];

DΠI
M [δϕ] =

∫

Γ0

∫

s

D0 ·∇0δϕ dsdΓ0 −DW ext[δϕ];

DΠI
M [δp] =

∫

Γ0

∫

s

δp (J − 1) dsdΓ0;

DΠI
M [δλ] =

∫

Γ0

∫

s

δλ

2
(v · v − 1) dsdΓ0,

(38)
where DΠI

M [δU ] represents the variational statement of the conservation
of linear momentum, (comprising of DΠI

M [δu0], DΠI
M [δv] and DΠI

M [δγ]),
DΠI

M [δϕ], the weak form of the Gauss law, DΠI
M [δp], the weak enforcement

of the incompressibility constraint and DΠI
M [δλ], the enforcement of the

normality constraint for the director field v. Moreover, P in above equation
(38)a is defined as in equation (25).

An iterative6 Newton-Raphson process is usually preferred to converge

5The expression of the external virtual work DW ext[δu0, δv, δγ] is well known and,
hence, omitted.

6The letter k will indicate iteration number.

15



towards the solution. This is usually achieved by solving a linearised system
for the increments ∆Y = {∆u0,∆v,∆γ,∆ϕ,∆p,∆λ} as

D2ΠI
M(Yk)[δY ; ∆Y ] = −DΠI

M(Yk)[δY ]; Yk+1 = Yk + ∆Y . (39)

In the absence of follower loads, the directional derivatives of DΠI
M [δU ]

(38)a, namely D2ΠI
M [δU ; ∆Y ] (featuring on the left hand side of equation

(39)) are obtained as

D2ΠM [δU ; ∆U ] =

∫

Γ0

∫

s

D2Φ̂[δU ; ∆U ] dsdΓ0 +

∫

Γ0

∫

s

pF : (DF [δU ] DF [∆U ]) dsdΓ0

+

∫

Γ0

∫

s

P : D2F [δU ; ∆U ] dsdΓ0 +

∫

Γ0

∫

s

λ (δv ·∆v) dΓ0ds;

D2ΠI
M [δU ,∆ϕ] =

∫

Γ0

∫

s

D2Φ̂[δU ; ∆ϕ] dsdΓ0;

D2ΠI
M [δU ; ∆p] =

∫

Γ0

∫

s

(H : DF [δU ]) ∆p dsdΓ0;

D2ΠI
M [δU ; ∆λ] =

∫

Γ0

∫

s

∆λ (v · δv) dsdΓ0

(40)
where the components of the tangent operatorD2Φ̂[δU ; ∆U ] andD2Φ̂[δU ; ∆ϕ]
are evaluated using equation (33). The non-vanishing directional derivatives
of DΠI

M [δϕ] (38)b, namely D2ΠI
M [δϕ; ∆Y ] are obtained as

DΠI
M [δϕ; ∆U ] =

∫

Γ0

∫

s

D2Φ̂[δϕ; ∆U ] dsdΓ0;

DΠI
M [δϕ; ∆ϕ] =

∫

Γ0

∫

s

D2Φ̂[δϕ; ∆ϕ] dsdΓ0,

(41)

with the components of the tangent operator D2Φ̂[δϕ; ∆U ] and D2Φ̂[δϕ; ∆ϕ]
evaluated using equation (33). The non-vanishing directional derivatives of
DΠI

M [δp] (38)c, namely D2ΠI
M [δp; ∆Y ] are obtained as

DΠI
M [δp; ∆U ] =

∫

Γ0

∫

s

δp (H : DF [∆U ]) dsdΓ0. (42)
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Finally, the only non-vanishing directional derivative of DΠI
M [δλ] (38)d,

namely D2ΠI
M [δλ; ∆Y ] is obtained as

D2ΠI
M [∆λ; ∆U ] =

∫

Γ0

∫

s

δλ (v ·∆v) dsdΓ0. (43)

Remark 2. The components of the tangent operator D2Φ̂[δU ; ∆U ] (40)a,
D2Φ̂[δU ; ∆ϕ] (40)b, D

2Φ̂[δϕ; ∆U ] (41)a and D2Φ̂[δϕ; ∆ϕ] (41)b depend upon

the constitutive tensors Ĉ?, PT , P and ε in (34), respectively, as stated
in equation (33). These tensors can be related to those emerging from the
deviatoric internal energy, namely Ĉ, QT , Q and θ in equation (29), as
presented in Reference [4], Appendix B. Moreover, the latter constitutive
tensors can be related to the components of the Hessian operator [HŴ ] in
(32), as shown in Reference [4], Appendix A. These recursive relationships
(carried out at every Gauss point of the domain) between the (isochoric)
Helmholtz’s energy Φ̂ and the (isochoric) internal energy Ŵ are necessary
when an explicit definition of the materially stable Helmholtz’s energy Φ̂
cannot be obtained.

Remark 3.
Alternatively to the six-field mixed variational principle in equation (37),

a five-field mixed variational principle for a compressible continuum degen-
erate shell can be obtained as

ΠI
M(YC

∗) = min
x0, v, γ

sup
ϕ, λ





∫

Γ0

∫

s

Φ (∇0x,−∇0ϕ)| x = x0 + x̄ dsdΓ0

+

∫

Γ0

∫

s

λ

2
(v · v − 1) dsdΓ0 −W ext| x = x0 + x̄



 ,

(44)

where Φ accounts both for the isochoric and volumetric components of the
Helmholtz’s energy and with the five unknown fields YC

∗ = {x0,v, γ, ϕ, λ}.

5. Finite Element discretisation

The objective of this Section is to describe relevant aspects regarding the
discretisation of the different fields in the set Y = {x0,v, γ, ϕ, p, λ}, featuring
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in the variational principle ΠI
M in equation (37).

5.1. Interpolation in the plane of the shell
The unknown fields {x0,v} (varying within the mid-surface Γ) are inter-

polated by using a standard Finite Element discretisation, namely

x0(ηα) =

nx0∑

a=1

xa0N
a
x0

(ηα) ; v(ηα) =
nv∑

a=1

vaNa
v (ηα) , (45)

where {xa0,va} represent nodal values (a), {Na
x0

(ηα), Na
v (ηα)} denote their

associated nodal shape functions and {nx0 , nv} the number of nodes in the
discretisation of Γ. To ensure exact enforcement of the in-extensibility con-
straint for the director field v, the unknown field λ is interpolated via a Dirac
delta distribution [13, 20]. The rest of the unknown fields {γ, ϕ, p} (varying
within the mid-surface Γ and also across the thickness s) are interpolated
within the mid-surface Γ first by using a similar discretisation as that in (45)

J (ηα, s) =

nJ∑

a=1

J a(s)Na
J (ηα) ; J = {γ, ϕ, p}, (46)

where J a(s) represents nodal (a) uniparametric functions (of the convective
coordinate s), Na

J (ηα) their associated nodal shape functions and nJ the
number of nodes in the discretisation of Γ.

5.2. Interpolation across the thickness of the shell
The interpolation of the uniparametric functions J a(s) is carried out

via element-wise (e) continuous (or discontinuous) Lagrange polynomial in-
terpolants of degree pJ . When considering continuous (or discontinuous)
interpolants, this will be denoted as Continuum-Based-Continuous (CBC)
(or Continuum-Based-Discontinuous (CBD)) approach, both described as

J a(s) =
ns∑

e=1

pJ+1∑

b=1

J ab
e N

b
J e(s), (47)

where J ab
e represents a degree of freedom, N b

J e(s) its associated shape func-
tion and ns the number of elements in the discretisation of s. In this paper,
the CBC approach has been used for the fields {ϕ, γ, p} and the CBD ap-
proach has been specifically used for the field γ when discontinuous strains
are expected across the thickness. In addition, CBC and CBD approaches
have been compared against a truncated Taylor series expansion, as that in
[43], denoted as Taylor-Expansion (TE) approach.
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5.3. Discretised system of linear equations

Application of the discretisation described in Sections 5.1 and 5.2 to the
stationary conditions in equation (38) of the mixed variational principle ΠI

M

(37) yields

DΠI
M [δY ] =

[
δu0 δv δγ δϕ δp δλ

]
︸ ︷︷ ︸

δYT

[
Ru0 Rv Rγ Rϕ Rp Rλ

]T
︸ ︷︷ ︸

R

,

(48)
where the vector of nodal degrees of freedom Y and the global residual vector
R are defined as

Y =
[
x0 v γ ϕ p λ

]T
; R =

[
Ru0 Rv Rγ Rϕ Rp Rλ

]T
,

(49)
with Ru0 associated with the balance of linear momentum in the plane

of the shell DΠI
M [δu0] (comprised in (38)a), Rv associated with the angu-

lar momentum with respect to the plane of the shell DΠI
M [δv] (comprised

in (38)a), Rγ associated with the balance of linear momentum across the
thickness of the shell DΠI

M [δγ] (comprised in (38)a), Rϕ associated with the
weak statement of the Gauss law (38)b, Rp associated with the incompress-
ibility constraint (38)c and finally, Rλ corresponding to the in-extensibility
condition of the director field v (38)d.

Finally, discretisation of the second directional derivatives in equations
(40)-(43) (also first term on the left hand side of equation (39)) of the mixed
variational principle ΠI

M (37) yields

D2ΠI
M [δY ; ∆Y ] =




δu0

δv
δγ
δϕ
δp
δλ




T

︸ ︷︷ ︸
δYT




Ku0u0 Ku0v Ku0γ Ku0ϕ Ku0p 0
Kvu0 Kvv Kvγ Kvϕ Kvp Kvλ

Kγu0 Kγv Kγγ Kγϕ Kγp 0
Kϕu0 Kϕv Kϕγ Kϕϕ 0 0
Kpu0 Kpv Kpγ 0 Kpp 0

0 Kλv 0 0 0 0




︸ ︷︷ ︸
K




∆u0

∆v
∆γ
∆ϕ
∆p
∆λ




︸ ︷︷ ︸
∆Y

,

(50)
with K the global stiffness matrix. Both equations (48) and (50) enable the
iterative Newton procedure in (39) to be written as the final linear system
of equations and corresponding nodal variable update

K(Yk)∆Y = −R(Yk); Yk+1 = Yk + ∆Y. (51)

19



6. Numerical examples

The objective of this section is to demonstrate the applicability of the
proposed shell formulation via a series of numerical examples, in which convex
multi-variable electromechanical constitutive models, defined in the context
of continuum formulations [1–4], will be considered.

In all the examples, a reconstruction of the continuum associated with
the shell has been carried out at a post-processing level. This reconstruction,
based on the mapping x in equation (11), enables to show results not only
in the mid surface of the shell but also across its thickness.

6.1. Bending actuators

This example considers the actuation device with geometry depicted in
Figure 3. Two configurations are considered for the application of the elec-
trical boundary conditions, denoted as configuration 1 and configuration 2
(refer to Figures 3a and 3b, respectively). In the configuration 1, the appli-
cation of an electric potential of ϕ = 0V at X3 = 0m and a surface electric
charge per unit undeformed area ω0 at X3 = −0.025m leads to a bending-
type deformation around the axis OX2. In the configuration 2, a fixed value
of the electric potential of ϕ = 0V is prescribed at X3 = 0.025m. Then,
equal values of the applied surface electric charge per unit undeformed area
ω0 are applied in the region 0m ≤ X1 ≤ 5m at X3 = −0.025m and in the
region 5m ≤ X1 ≤ 10m at X3 = 0.025m.

The components in the direction OX2 for the displacement of the mid
surface of the shell and the director field are constrained at both X2 = 0m
and X2 = 1m (only variation of the stretch field γ is allowed in this region).
Finally, all the degrees of freedom associated with the displacement of the
mid surface of the shell, the director field (and hence the Lagrange multiplier
λ) and the thickness stretch are completely constrained at X1 = 0m.

An incompressible dielectric elastomer shell is considered in this example.
Its constitutive model is given by the following isochoric internal energy
functional, proposed in Reference [4],

Ŵ = µ1J
−2/3IIF + µ2J

−2IIH +
J−2/3

2ε1

IId +
1

2ε2

IID0

+ µeJ
−4/3

(
II2

F +
2

µ3ε3

IIF IId +
1

µ2
eε

2
e

)
.

(52)
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Electrodes

Dielectric elastomer
Electrodes

Electrodes

(a) (b)

Figure 3: Bending actuator. Electrical boundary conditions for: (a) config-
uration 1 and (b), configuration 2. a = 10m, b = 1m and H = 0.05m.

The material parameters in (52) are related to the shear modulus µ and
dielectric permittivity ε in the reference configuration, as

2µ1 + 3
√

3µ2 + 4µe = µ;
1

ε1

+
1

ε2

+
12

εe
=

1

ε
, (53)

with µ = 9.6× 104 Pa and ε = 4.68ε0, with ε0 = 8, 854× 10−12A2s4kg−1m−3,
the electric permittivity of the vacuum. The electrostriction and electric
saturation of the model can be controlled via the parameters fe and fs [3, 4],
respectively, defined as

fe =
ε1

ε
; fs =

12µe
µ

. (54)

The value of the material parameters chosen for this particular example
are shown in Table 1.

µ1 (Pa) µ2 (Pa) ε1 (N/V 2) (ε2)−1 (V 2/N) fe fs
0.426µ 0.05µ1 4.68ε0 0 1.001 0.1

Table 1: Material properties for example 6.1. Parameters fe and fs defined
in equation (54), respectively.

6.1.1. Results for bending actuator configuration 1 (Figure 3a)

For configuration 1, with material model in (52)-(54) and subjected to
the boundary conditions described above in 6.1, the electricaly induced de-
formation can be observed in Figure 4, where the contour plot distribution
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of the work conjugate component ΣF 11 for two values of the applied electric
charge per unit undeformed area ω0, is displayed. A device comprised of four
shells has been depicted in Figure 4, illustrating the potential application of
these type of materials as gripping devices.

Figure 4: Bending actuator configuration 1. Contour plot of ΣF 11 . Results
for an applied surface electric charge of ω0 = (λ/300)×(3× 10−3) Q/m2 with
λ = 25 (shadowed configuration) and λ = 42. Incompressible model in (52).
Finite Element discretisation of (40×5) elements. CBC approach for {ϕ, p}
and CBD for γ with ns = 4 (47). Number of dofs for {x0,v, ϕ, γ, p, λ} of
{3× 891, 3× 246, 11× 891, 8× 80, 5× 80, 246} (14498 dofs).

The aim of this example is three-fold.
Objective 1: The proposed shell formulation will be benchmarked against a
Hu-Washizu mixed continuum formulation presented in Reference [4]. In this,
the unknowns fields are {x, ϕ,F ,H , J,D0,d,ΣF ,ΣH , Σ̂J ,Σd, p}. The inter-
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polation spaces for the different spaces involved are summarised in Figure 5a.
Furthermore, those fields interpolated discontinuously across elements have
been condensed out following the static condensation procedure described in
Reference [4]. For the shell formulation, the Finite Element spaces chosen
are summarised in Figure 5b.

MŴF
FEM space

{x0, ϕ} P2C

{F ,ΣF } P1D

{H,ΣH} P1D

{J, Σ̂J} P0
{D0, d,Σd} P1D

p P1C

Shell FEM spaces for examples 6.1.1 and 6.1.2
In-plane Across thickness

x0 Q2 -
v Q1 -
γ Q0 CBC: {pγ = 1, ns = 4} / CBD: {pγ = 1, ns = 4}
ϕ Q2 CBC: {pp = 2, ns = 4} / TE: {various p, ns = 1}
p Q0 CBC: {pp = 1, ns = 4}
λ Dirac delta -

(a) (b)

Figure 5: Summary of FEM discretisation spaces for examples 6.1.1 and
6.1.2 used in (a), the MŴF formulation [4] and (b), in the proposed shell
formulation. Notice that the superscripts C and D have been used to indicate
the continuous or discontinuous character of a field, respectively.

Figure 6 shows a comparison of the results rendered by the proposed
shell formulation (using a CBC approach for the interpolation across the
thickness of the variables {ϕ, p} and a CBD approach for γ) against those
obtained with the super enhanced MŴF formulation in [4]. As it can ob-
served, the results from both formulations are remarkably similar not only
in terms of displacements (deformed shape), but also in terms of stress fields.

Objective 2: The second objective is to test the performance of the formula-
tion in scenarios characterised by the presence of discontinuities of the electric
field distribution across the thickness of the shell. This situation is typicall
of: (a) composites, due to the discontinuity of the electrical properties and
(b), practical applications where the electrical discontinuity is induced by the
boundary conditions. This example is concerned with the latter case, where
the placement of one (or various) electrodes within the thickness of the shell
(refer to Figure 3) creates the discontinuity of the electric field. This type of
electrode configuration is typical in multilayer actuator devices in order to
achieve electrically induced bending deformations. In order to counterbal-
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(a)

(b)

Figure 6: Bending actuator configuration 1. Contour plot of σ11 (a) for the
shell formulation and (b) the MŴF, respectively. Incompressible model in
(52). Total number of dofs for shell and continuum formulation ({x, ϕ, p}) of
14498 dofs (refer to Figure 4) and {3 × (8019), 8019, 800} (32876 dofs) (not
including the discontinuous fields, refer to Figure 5a), respectively.
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ance the electrical discontinuity in both scenarios and guarantee continuity
of stresses across the inner electrodes with normal N , namely JP KN = 0,
the deformation gradient tensor F (12) must be discontinuous. Since x0 and
v do not change across the thickness of the shell, the thickness stretch γ
must be discontinuous in order to induce the necessary discontinuity of F .
Hence, the objective is to test the compliance with this jump condition of
the across-thickness electrically induced stress distribution using the CBD
approach for the interpolation of γ.

Figure 7 shows the distribution of the contravariant components of the
Cauchy stress tensor σ̃ in the plane of the shell7. As it can be observed,
there is a reasonable agreement between both the CBD approach and the
MŴF formulation. However, the CBC approach predicts a completely
wrong distribution of stresses across the thickness of the shell. In particular,
the stress component σ̃33, which should be practically zero, adopts values of
the same order of magnitude as the remaining components of the stress.

Interestingly, Figures 7g−l show the purely mechanical and electrical con-
tributions of the (contravariant) Cauchy stress tensor. Notice that the me-
chanical component is defined as σ̃m = σ̃|D0=0 and its purely electrical
counterpart as σ̃e = σ̃ − σ̃m. As expected, the three formulations, namely
the CBC, CBD and MŴF predict a discontinuous distribution for the
electrical component σ̃33

e . Although for illustration purposes, the discrete
distribution of stresses has been plotted via linear interpolation, it is possi-
ble to infer the discontinuity at s = 0, characterised by a sudden change in the
slope of the (continuous) interpolation line. However, the CBC formulation
cannot predict the necesssary discontinuity of the mechanical component σ̃33

m .

Objective 3: The third objective of this example is to test the approach
presented in Reference [43] in the context of piezoelectric beams, denoted
henceforth as Taylor-Expansion (TE) approach, based on a truncated
Taylor series interpolation of the electric potential across the thickness of
the shell, and to compare it against the CBD approach presented in section
5.2.

7The Cauchy stress tensor in the plane of the shell σ̃ is defined in terms of the Cauchy
stress tensor σ as σ = σ̃ijgi ⊗ gj , with the unitary covariant basis in the deformed

configuration g = {g1, g2, g3} defined as gi = ∂x/∂ηi

||∂x/∂ηi|| , 1 ≤ i ≤ 2 and g3 = d, and with
{η1, η2} initially paralell to the axis OX1 and OX2, respectively
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Figure 7: Bending actuator configuration 1. Across-thickness distribution
of (a)-(b)-(c) σ̃11; (d)-(e)-(f) σ̃33; (g)-(h)-(i) σ̃33

m and (j)-(k)-(l) σ̃33
e for (left

column) CBC approach (for γ); (center Column) CBD approach and (right
column) Hu-Washizu continuum formulation. Results for an applied surface
electric charge of ω0 = (λ/300)× (3× 10−3) Q/m2. Incompressible model in
(52). Finite Element discretisations described in Figures 4 and 6.
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Figure 8 shows a comparison of the results using the CBC aproach in
section 5.2 and the TE approach in [43] (for the interpolation of ϕ) using
different orders for the Taylor series expansion pϕ. The components of the
displacement uX1 and uX3 and the pressure field in the mid surface of the
shell at a point located in the reference configuration at X1 = 10m and X2 =
1m for different values of ω0 have been depicted in Figure 8 for the different
interpolation strategies considered. As it can be observed, the results for
both CBC and TE approaches are remarkably similar even for a Taylor
series expansion of order pϕ = 2, which is not capable of accurately capturing
the discontinuity of the electric field across the thickness of the shell.

Figures 8b and 8c show the distribution of the electric potential and elec-
tric field across the thickness of the shell for a point in the reference config-
uration located at X1 = 10m, X2 = 1m (refer to Figure 3a). These results
correspond to a value of the applied electric charge per unit underformed
area of ω0 = 1.5 × 10−4Q/m2 for the different interpolation strategies of
the electric potential across the thickness of the shell described in Figure 8.
Clearly, the CBC approach is capable of capturing the discontinuity associ-
ated to the electric field. Nonetheless, despite the inherent regularity of the
TE approach, this has not been an impediment to obtain remarkably similar
results to those obtained with the CBC approach, as shown in Figure (6).

6.1.2. Results for bending actuator configuration 2 (Figure 3b)

A similar analysis to that presented in Section 6.1.1 is carried out for the
actuation configuration described in Figure 3b. Figure 9 shows the deformed
shape and the contour plot distribution of the work conjugate component
ΣF 11 for different values of the applied electric charge per unit undeformed
area ω0.

Regarding objective 1 (described above), Figure 10 shows a comparison
of the results rendered by the proposed shell formulation and those obtained
with the super enhanced MŴF formulation in [4]. As it can observed,
the results of both formulations are remarkably similar, not only regarding
displacements (the deformed shape), but also stress fields.

Regarding objective 2 and objective 3, the same conclusion as those
obtained in the previous example are obtained and hence, omitted for brevity.

6.2. Helicoidal actuator

In this example, an electro active polymer is considered, whose geometry
in its reference configuration corresponds to that of an helicoide, cylindrically
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Figure 8: Bending actuator configuration 1. (a) Evolution of the uX1 , uX3

components of the displacement and the pressure p in the mid surface of the
shell with the applied electric charge ω0 = λ × (3 × 10−3)Q/m2 at a point
located at X1 = 10m, X2 = 1m. Distribution of electric potential ϕ (b)
and electric field E3 (c) across the thickness of the shell s ⊂ [−0.025, 0.025]
for an applied electric charge ω0 = 1.4 × 10−4Q/m2 in a point located at
X1 = 10m, X2 = 1m CBC for ϕ approach with ns = 4 (47). TE approach
with pϕ = 2, pϕ = 4 and pϕ = 6. CBD approach for γ.28



(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 9: Bending actuator configuration 2. Contour plot of ΣF 11 . Results
for an applied surface electric charge of ω0 = (λ/300) × (3× 10−3) Q/m2

with (a) λ = 7; (b) λ = 14; (c) λ = 21; (d) λ = 28; (e) λ = 35; (f) λ = 42;
(g) λ = 49; (h) λ = 56; (i) λ = 63; (j) λ = 70; (k) λ = 77; (l) λ = 86.
Finite Element discretisation of (40 × 5) elements. CBC approach for ϕ
and CBD for γ with ns = 2 (47). Number of dofs for {x0,v, ϕ, γ, p, λ} of
{3× 891, 3× 246, 11× 891, 8× 80, 5× 80, 246} (14498 dofs).
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(a)

(b)

Figure 10: Bending actuator configuration 2. Contour plot of σ11 (a) for the
shell formulation and (b) the MŴF, respectively. Incompressible model in
(52). Total number of dofs for shell and continuum formulation ({x, ϕ, p}) of
14498 (refer to Figure 9) and {3 × (8019), 8019, 800}=32876 (not including
the discontinuous fields, refer to Table 5a), respectively.
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Figure 11: Helicoidal actuator. Geometry description and electrical bound-
ary conditions.

parametrised as

X1 = r cos(θ); X2 = r sin(θ); X3 =
t

θmax

θ, (55)

with 0.5m ≤ r ≤ 1m, 0 ≤ θ ≤ θmax, θmax = π and t = 2m. The thickness of
the helicoid is H = 0.05m. Regarding the boundary conditions, the degrees
of freedom associated with the displacements of the mid surface of the shell
and the director field d at X3 = 0m are completely constrained. In this case,
the stretch field is allowed to change in this region. An electric charge per
unit undeformed area of +ω0 and −ω0 is applied in both electrodes (refer to
Figure 11).

The constitutive model considered in this example corresponds to an in-
compressible ideal dielectric elastomer with isochoric energy functional Ŵ
described as

Ŵ = µ1J
−2/3IIF + µ2J

−2IIH +
J−2/3

2ε
IId, (56)

where the shear modulus in the reference configuration is related to µ1 and
µ2 as

2µ1 + 3
√

3µ2 = µ, (57)

with µ = 105 Pa. The value of the material parameters chosen for this
particular example are shown in Table 2. The Finite Element spaces chosen
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are summarised in Figure 12. Two objectives will be analysed for this specific
example.

µ1 (Pa) µ2 (Pa) ε (N/V 2)
0.49µ 0.38µ1 4.68ε0

Table 2: Material properties for example 6.2.

FEM spaces for examples 6.2 and 6.3
In-plane Across thickness

x0 Q2 -
v Q1 -
γ Q0 CBC: {pγ = 1, ns = 2}
ϕ Q2 CBC: {pϕ = 2, ns = 2}
p Q0 CBC: {pp = 1, ns = 2}
λ Dirac delta -

Figure 12: Summary of FEM discretisation spaces used in the proposed shell
formulation for examples 6.2 and 6.3.

Objective 1: The first objective of this example is to demonstrate the
applicability of the proposed formulation to scenarios where the reference
configuration of the shell is curved, as that described by the cylindrically
parametrised geometry (in the reference configuration) in equation (55).

Figure 13 shows the contour plot of various stress and electric-like fields
for a fixed value of the applied electric charge ω0. In order to emphasise the
magnituted of the electrically induced strains in the material, the undeformed
configuration (shadowed region) has also been included in Figure 13.
Objective 2: In contrast to the examples in Section 6.1, where displace-
ments were large but deformations were relatively small, the second objective
of this example is to explore the applicability of the proposed formulation in
scenarios characterised by extremely large electrically induced deformations.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 13: Helicoidal actuator. Contour plot of the p for the proposed shell
formulation. Incompressible model in (56). Results obtained for a value of
ω0 = λ × 10−5Q/m2 with (a) λ = 200; (b) λ = 300; (c) λ = 500; (d)
λ = 600; (e) λ = 800; (f) λ = 900; (g) λ = 1100; (h) λ = 1200; (i)
λ = 1300. Finite Element discretisation of 29× 6 elements. CBC approach
for ϕ and γ with ns = 2 (47). Number of dofs for {x0,v, ϕ, γ, p, λ} of
{3 × 767, 3 × 210, 5 × 767, 2 × 174, 2 × 174, 210}. Reference configuration
represented by shadowed region.
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Figure 14 depicts the evolution of the area expansion8 for a point of
the shell in the reference configuration at X1 = −0.75m, X2 = 0m and
X3 = 2m. As a result of the electrically induced buckling, a large area
expansion of 5.7 is obtained in the dielectric elastomer shell.

6.3. Hyperboloid piezoelectric polymer

In this example, the hyperboloid with geometry described in Figure 15,
presented in the context of pure elasticity in Reference [12], has been con-
sidered. The material is transversely anisotropic, with the preferred axis of
anisotropy N tangent to the surface of the hyperboloid as depicted in Figure
15.

The material is compressible, as the majority of piezoelectric polymers.
The internal energy functional is that of a compressible (for compressible
materials, refer to the variational principle in (44), Remark 3) convex multi-
variable constitutive model, proposed in Reference [2], and defined as

Wp = µ1IIF + µ2IIH +
1

2Jε1

IId +
1

2ε2

IID0 + µ3IIm + g(H , J,D0,N ),

(58)
where the vector m and the function g(H , J,D0,N ) in above equation (58)
is defined as,

m =
d√
µ3ε3

+ FN ; g = µ3IIHN − (2µ1 + 4µ2 + 2µ3) ln J +
λ

2
(J − 1)2 − 2

√
µ3

ε3

D0 ·N ,

(59)
where {µ1, µ2, µ3} have units of stress, namely (Pa) and {ε1, ε2, ε3}, of electric
permittivity, namely (N/V 2). The material parameters in above equation
(58) has been chosen according to Table 3.

µ1 (GPa) µ2 (GPa) µ3 (GPa) λ (GPa) ε1 (N/V 2) ε2 (N/V 2) ε3 (N/V 2)
1 1

2
1
2

1 4.68ε0 106ε1 102ε1

Table 3: Material properties for example 6.3.

The objective of this following example is to demonstrate the appli-
cability of the proposed shell formulation to piezoelectric materials, where
deformations can create a distribution of electric field in the material.

8The area expansion has been computed as 1/γ, with γ the thickness stretch.

34



Figure 14: Helicoidal actuator. Evolution of area expansion 1/γ for a point
of the shell in the reference configuration at X1 = −0.75m, X2 = 0m and
X3 = 2m.
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Figure 15: Hyperboloid piezoelectric polymer. Geometry and boundary con-
ditions. t = 12m, D = 9.95m, H = 0.05m and q, a surface load per unit
undeformed area.

Figures 16 displays contour plot of the (mechanically induced) electric
field E3 for different values of the applied surface force q. Finally, Figure
17 shows the contour plot distribution of H22, σ33, p, ϕ, E1 and D03 for a
given value of the applied surface force q.

7. Concluding remarks

This paper has provided a computational approach to formulate incom-
pressible EAPs shells undergoing large strains and large electric field sce-
narios. The proposed formulation, based upon a rotationless kinematical
description of the shell, stems from the variational and constitutive frame-
work proposed by the authors in previous publications [1–4], degenerated in
this paper to the case of a nonlinear shell theory. Moreover, the kinemat-
ics of the shell allows for the possibility of compression and stretch across
the thickness of the shell [17], crucial for the consideration of incompressible
behaviour.

The degeneration of the (convex multi-variable) variational and constitu-
tive framework developed in References [1–4] has enabled the use of complex
convex multi-variable constitutive models complying with material stability
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(a) (b) (c)

(d) (e) (f)

Figure 16: Hyperboloid piezoelectric polymer. Contour plot of the electric
potential ϕ for the proposed shell formulation. Results obtained for a value
of the surface load per unit undeformed area of q = λ×(16×106)Pa, with (a)
λ = 0.0065; (b) λ = 0.0221; (c) λ = 0.0716; (d) λ = 0.25; (e) λ = 0.664; (f)
λ = 1. Constitutive model in (58). Finite Element discretisation of 64 × 27
elements. CBC approach for ϕ and γ with ns = 1 (47). Number of dofs for
{x0,v, ϕ, γ, p, λ} of {3× 7095, 3× 1820, 3× 7095, 1× 1728, 1× 1728, 1820}.
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(a) (b) (c)

(d) (e) (f)

Figure 17: Hyperboloid piezoelectric polymer. Contour plot of the H22, σ33,
p, ϕ, E3 and D03 for the proposed shell formulation. Constitutive model in
(58). Results obtained for a value of q = λ× (16× 106)Pa. Finite Element
discretisation of 64× 27 elements. CBC approach for ϕ and γ with ns = 1
(47). Number of dofs for {x0,v, ϕ, γ, p, λ} of {3×7095, 3×1820, 3×7095, 1×
1728, 1× 1728, 1820}.
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for the entire range of deformations and electric fields, for the first time in
the case of a shell.

Two approaches have been considered for the interpolation of the electric
potential across the thickness of the shell. Specifically, the continuum-
based-continuous (CBC) approach described in Section 5.2 and the Taylor
expansion approach (TE) in [43]. A comparison of the results rendered by
both approaches has been presented. Regarding the interpolation across the
thickness of the shell for the thickness stretch, discontinuity of this field
across elements (CBD approach) is necessary in specific applications such
as those involving composites and multilayered configurations, in order to
capture discontinuous strain field distributions.
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anisotropic polyconvex energy densities, Computer Methods in Applied
Mechanics and Engineering 197 (2008) 1015–1032.

[13] P. Betsch, N. Sänger, On the consistent formulation of torques in a rota-
tionless framework for multibody dynamics, Computers and Structures
127 (2013) 29–38. Special Issue IASS-IACM-2012.

[14] J. Simo, D. Fox, M. Rifai, On a stress resultant geometrically exact shell
model. part ii: The linear theory; computational aspects, Computer
Methods in Applied Mechanics and Engineering 73 (1989) 53–92.

40



[15] K. Wisniewski, E. Turska, Four-node mixed huwashizu shell element
with drilling rotation, International Journal for Numerical Methods in
Engineering 90 (2012) 506–536.

[16] K. Wisniewski, E. Turska, Enhanced allman quadrilateral for finite
drilling rotations, Computer Methods in Applied Mechanics and Engi-
neering 195 (2006) 6086–6109.

[17] D. N. Kim, K. J. Bathe, A 4-node 3d-shell element to model shell
surface tractions and incompressible behavior, Computers & Structures
86 (2008) 2027–2041.

[18] E. N. Dvorkin, K. J. Bathe, A continuum mechanics based four node
shell element for general nonlinear analysis, Engineering Computations
1 (1984) 77–88.

[19] R. Ortigosa, A. J. Gil, J. Bonet, C. Hesch, A computational frame-
work for polyconvex large strain elasticity for geometrically exact beam
theory, Computational Mechanics 57 (2015) 277–303.

[20] M. Roller, P. Betsch, A. Gallrein, J. Linn, An Enhanced Tire Model for
Dynamic Simulation based on Geometrically Exact Shells, Archive of
Mechanical Engineering 63 (2016) 277–295.

[21] S. Eugster, C. Hesch, P. Betsch, Ch. Glocker, Director-based beam finite
elements relying on the geometrically exact beam theory formulated
in skew coordinates, International Journal for Numerical Methods in
Engineering 97 (2014) 111–129.

[22] J. M. Ball, Convexity conditions and existence theorems in nonlinear
elasticity, Archive for Rational Mechanics and Analysis 63 (1976) 337–
403.

[23] J. M. Ball, Energy-minimising configurations in nonlinear elasticity,
Archive for Rational Mechanics and Analysis 63 (1976) 337–403.

[24] J. M. Ball, Geometry, Mechanics and Dynamics, Springer, pp. 3–59.

[25] J. M. Ball, F. Murat, W1,p-quasiconvexity and variational problems for
multiple integrals, Journal of Functional Analysis 58 (1984) 225–253.

41
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The highlights of the paper are as follows, 

 

 

 Particularisation of the convex multi-variable variational and constitutive 

frameworks developed by the authors in the context of three-dimensional 

electromechanics to the case of geometrically exact shell theory. 

 

 Use of a rotationless description of the kinematics of the shell, enhanced with the 

thickness stretch and the hydrostatic pressure fields, critical for the consideration 

of incompressibility. 

 

 Investigation of different approaches for the interpolation across the thickness of 

the shell of the thickness stretch, the hydrostatic pressure and the electric 

potential.  

 

 Consideration for the first time of complex three-dimensional convex multi-

variable constitutive models in the context of geometrically exact shell theory.  

 

 The resulting shell formulation is very convenient from the computational 

standpoint, since the majority of Electro Active Polymer devices are typically 

used as thin shell-like components. 

 

 A series of numerical examples are presented in order to benchmark the proposed 

formulation with respect to robust continuum formulations and in order to test 

the different interpolation strategies across the thickness of the shell. 
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