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Abstract

A generalized analytical approach is presented to derive closed-form formulae for the elas-
tic moduli of hexagonal multiplanar nano-structures. Hexagonal nano-structural forms
are common for various materials. Four different classes of materials (single layer) from a
structural point of view are proposed to demonstrate the validity and prospective appli-
cation of the developed formulae. For example, graphene, an allotrope of carbon, consists
of only carbon atoms to form a honeycomb like hexagonal lattice in a single plane, while
hexagonal boron nitride (hBN) consists of boron and nitrogen atoms to form the hexago-
nal lattice in a single plane. Unlike graphene and hBN, there are plenty of other materials
with hexagonal nano-structures that have the atoms placed in multiple planes such as
stanene (consists of only Sn atoms) and molybdenum disulfide (consists of two different
atoms: Mo and S). The physics based high-fidelity analytical model developed in this ar-
ticle are capable of obtaining the elastic properties in a computationally efficient manner
for wide range of such materials with hexagonal nano-structures that are broadly classified
in four classes from structural viewpoint. Results are provided for materials belonging to
all the four classes, wherein a good agreement between the elastic moduli obtained using
the proposed formulae and available scientific literature is observed.
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1. Introduction

The fascinating properties of graphene has initiated an enormous interest among the
scientific community for exploration of prospective alternative two-dimensional materials
that could possess exciting electronic, optical, thermal, chemical and mechanical char-
acteristics [1-3]. The intense research in quasi-two-dimensional materials started with
feasible isolation of the single layer carbon atoms [4]. Over the last decade the interest in
this quasi-two-dimensional family of materials has expanded from hexagonal boron nitride
(hBN), BCN, graphene oxides to Chalcogenides like MoSy, MoSe; and other two dimen-
sional materials like stanene, silicene, sermanene, phosphorene, borophene etc. [5, 6]. It
is however necessary to study these materials at nano-scale as most of the fascinating
characteristics are in atomic scale and single layer forms [7]. Among different such ma-
terials, as discussed above, hexagonal nano-structure is a very prominent structural form
[2]. The common practises to investigate these materials are first principle studies/ ab-
initio [8-10], molecular dynamics [11] and molecular mechanics [12], which can reproduce
the results of experimental analysis with an expense of economically expensive and time
consuming supercomputing facilities. Analytical models leading to closed form formulae
are presented by many researchers for materials having hexagonal nano-structures such
as graphene [13, 14] and hBN [15]. An informative study is recently reported considering
analytical mechanical characterization of different such hexagonal monoplanar structural
forms [16]. This approach of mechanical property characterization is computationally
very efficient, yet accurate. However, the analytical models for hexagonal nano-structures
developed so far are limited to monoplanar structural forms, where all the atoms stay in
a single plane. Most of the quasi-two-dimensional materials, as discussed above, posses a
structural form where the atoms are found to be placed in multiple planes as shown in
figure 1. From the figure it is quite evident that even though the nano-structure has a
hexagonal top view, two different atoms (indicated by two different colors) are placed in
different planes (three planes can be clearly identified and the top and bottom planes are
symmetric with respect to the mid-plane). Thus there is a strong rationale to develop a
generalized compact analytical model leading to closed-form and high fidelity expressions

for characterizing the mechanical properties of hexagonal multiplanar nano-structures.
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Figure 1: (a) Three dimensional view of multiplanar hexagonal nano-structures along with side views
from two mutually perpendicular directions (b) Top view of multiplanar hexagonal nano-structures

Figure 1 shows a generalized material nano-structure with hexagonal top view, wherein
two different atoms are placed in different planes (such as MoSy). There is a different

class of materials which has same atoms in the hexagonal nano-structure, but placed in



Table 1: Structural-configuration based classification of hexagonal nano-materials

Material Type Structural configuration Descr{ptlon of nano-
materials
P Characteristic property
Class A o o0 Se o ve S0 0 from  structural point of
%0 % % %e e e view: All the constituent
oo .o—o: :o o::o o: :o o_: :o o: atoms are same and they
e oo > . .
S, 00 00 o0 ee se are in a single plane (e.g.
<o NN graphene [4, 13])
(a) Top view
ccaoaaaaaaac
(b) Side view
Characteristic property
Class B :
from  structural point of
view: The constituent
atoms are not same but
they are in a single plane
(e.g. hBN [15, 17], BCN
[18])
(a) Top view
fU3 203 S0 SN SO S SR NS S R
(b) Side view
ve o6 oo Characteristic property
[ =] .
Class C oo :o o: % % frjom structural pomt of
< 2% <SS view: The constituent
e N e e % e atoms are same but they
b ::o :. oo -: :oo (X are in two different planes
% % 00 e o0 oo (e.g. silicene [19, 20]
e® 060 060 00 © 5 ,
(a) Top view germanene [21], phospho-
08999 G 0y 0 85 Cg 8y €5 05 5 rene [22], stanene [20, 23],
(b) Side view borophene [24])
« 4 e e e a Characteristic property
Class D a9 9o90,0,0s from  structural point of
S-S TS view: The constituent
("4"4*4"¢"4" atoms are not same and
4 4 4 4 4 4 . .
CHL LS8 they are in two different
1 020,0,0,0.0 planes (e.g. MoS, [25], WS

(a) Top view

€002 00 2 % 2 M M AN
(b) Side view

[26], MoSe, [27], WSe,y [26],
MoTe, [28])




different planes (such as stanene). Other classes of materials have different atoms in the
hexagonal nano-structure placed in a single plane (such as hBN) and same atom in the
hexagonal nano-structure placed in a single plane (such as graphene). Thus based on
nano-structural configurations, the materials with hexagonal nano-structure (top view)
can be divided into four classes as presented in Table 1. From structural point of view,
the other classes of materials are basically special cases of the materials of Class D. Aim of
the present work is to develop generalized closed form analytical formulae for the elastic
moduli of such hexagonal multiplanar nano-structures that can be applicable for wide
range of materials (Class A to Class D). This paper hereafter is organized as follows:
analytical formulae for the elastic moduli of materials with multiplanar hexagonal nano-
structures are derived in section 2; results and discussion on the proposed analytical
approach is provided in section 3 along with validation of the developed formulae for four
different materials belonging to four different classes (graphene, hBN, stanene and MoS,);

and finally conclusion and perspective of this work is presented in section 4.

2. Elastic properties of hexagonal nano-structures

Generalized closed-form analytical formulae for the elastic moduli of hexagonal multi-
planar nano-structures are developed in this section that is applicable to all the materials
from Class A to Class D (refer to Table 1). The equivalent elastic properties of atomic
bonds are described first, and thereby the closed-form expressions of elastic moduli for
generalized multiplaner hexagonal nano-structures are derived. The approach for ob-
taining the equivalent elastic properties of atomic bonds is well-established in scientific
literature [12, 14, 29|. Therefore, the main contributing of this work lies in the later part
of this section concerning development of analytical formulae for elastic moduli of mul-
tiplanar hexagonal nano-structures. In this context, it can be noted that the mechanics
of honeycomb-like structural form is investigated extensively in micro and macro scales

based on principles of structural mechanics [30-34].

2.1. FEquivalent elastic properties of atomic bonds

In nano-scale investigations concerning atomic level behaviour of materials, the total

inter-atomic potential energy of a system can be expressed as the sum of different indi-
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Figure 2: (a) Top view of hexagonal nano-structures (b) Bond structure in hexagonal nano-materials and
associated energy components (c) Energy component associated with out-of-plane bending (Direction 1
and 2 are indicated in the figure. Direction 3 is perpendicular to the 1-2 plane.)

vidual energy terms related to bonding and non-bonding interactions [12]. Total strain
energy (E) of a nano-structure is the sum of energy contributions from bond stretching
(Es), bending (E3), torsion (E;) and energies associated with non-bonded terms (FE,;)
such as the van der Waals attraction, the core repulsions and the coulombic energy (refer
to figure 2).

E=E,+E,+E +E, (1)

Among all the above mentioned energy components, effect of stretching and bending are
predominant for small deformation of such nano-structures [14, 29]. However, for the
hexagonal nano-structures where the atoms are not in a single plane (materials belonging
to Class C and Class D as per Table 1), the strain energy due to bending has two com-
ponents. Typically the atoms stay in two different planes (/ two symmetric planes with
respect to the middle layer) in such material structures and the total bending energy (E,)

consists of in-plane component (Ep;) and out-of-plane component (Ej,). Thus the total



inter-atomic potential energy (F) can be expressed as
E=FE;+ E,
= ES + Ebi + Ebo (2)
1 2, 1 2, 1 2

where Al, Af and A« denote the bond elongation, change in in-plane and out-of-plane

=—=200
i Al

(2) (®)

Figure 3: (a) Strain energy due to bond stretching (b) Strain energy due to in-plane angle variation (in
1-2 plane) (c) Strain energy due to out-of-plane angle variation (in 1-3 and 2-3 planes)

angle respectively, as shown in figure 3. k. and ky are the force constants associated
with bond stretching and bending respectively. The first term in the above expression of
total inter-atomic potential energy corresponds to strain energy due to stretching (Ej),
while the second and third terms represent the strain energies due to in-plane (Ej;) and
out-of-plane (FE,,) angle variations respectively.

The force constants (k, and kg) of the bonds between two atoms can be expressed in
terms of the member stiffness [35]. According to the standard theory of classical structural
mechanics (refer to figure 4), strain energy of a uniform circular beam with cross-sectional
area A, length [, Young’s modulus F, and second moment of area I, under the application

of a pure axial force N can be expressed as

1 (" N? 1IN’ 1EA
v== | =—dl=-—+ = -"—(Al)? 3
2 /0 EA 2FA 21 (AD) (3)
The strain energies due to pure bending moment M can be written as
1 [*M? 1EI
U=~ [ —dl==-=-(2A¢)* 4
=5 [ Fri- g eae @

Comparing Equation 3 with the expression for strain energy due to stretching (FE;) (refer
E
Equation 2), it can be concluded that K, = - For bending, it is reasonable to assume

that 2A¢ is equivalent to Af and A« for in-plane and out-of-plane angle variations re-
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spectively (refer to figure 4(b)). Thus comparing Equation 4 with the expressions for the
strain energies due to in-plane (Ej;) and out-of-plane (Ej,) angle variations, the following
relation can be obtained: ky = T] On the basis of the established relationship be-
tween molecular mechanics parameters (k, and ky) and structural mechanics parameters
(EA and EI), the effective elastic moduli of multiplanar hexagonal nano-structures are

obtained in the following subsections.

- e W
——1"I% A =Sz A0

2A¢
(a) (b)

Figure 4: (a) A structural element subjected to pure tension (b) A structural element subjected to pure
bending

2.2. Young’s modulus in direction-1 (E;)

One hexagonal unit cell is considered to derive the expression for Young’s moduli of
the entire hexagonal periodic nano-structure as shown in figure 5. Because of structural
symmetry, horizontal deformation of the unit cell can be obtained by analysing the mem-
ber AB only. The total horizontal deformation of the member AB (horizontal deflection
of one end of the member with respect to the other end) under the application of stress
o1 has three components: axial deformation (d,z), bending deformation due to in-plane

loading (dp;) and bending deformation due to out-of-plane loading (dpg.)-

0m11 = Oarr + Ovmi + Obmo

_ Hlcos? 1 cos® « N HPPsin?¢  HIP cos? ¢sin® o (5)
B AE 12E1 12E1
wd? md? )
where A = R I = o and H = o1tl(1 +sinv) cosa. [ and d represent the length and

diameter of the member AB respectively. ¢ is the thickness of single layer of such periodic
structural form. The three parts of Equation 5 are derived by considering the respective
deformation components in direction-1. Figure 5(a) and figure 5(b) show the member AB
using top-view and side-view respectively, wherein the horizontal load H acts at the node

A in the 1-2 plane. Inclination angle of the member AB in the 1-2 plane and 1-3 plane are



¢ and « respectively, as shown in figure 5(e). From figure 5(a) it can be understood that
the horizontal force H has two components: Hsiny (acting in a direction perpendicular
to the member AB in the 1-2 plane) and Hcosy (acting in a direction perpendicular to
the force Hsinty in the 1-2 plane). The Hsinty component will cause a bending deflection
Ap;. The component of Ag; in direction-1 is denoted as d,p; in Equation 5. Using the
standard formula of structural mechanics (bending deflection of one end of a beam with

3
respect to the other end: § =

where L is the length of the beam, P is the applied

12ET°
point load across the beam length [36]) the component d,5; can be expressed as
Hsinl3 HI3sin?y
it = B = =0 P S = o p )

The Hcosy force can be resolved in two different components in the plane perpendicular
to the 1-2 plane. The component Hcosiycosa causes axial deformation of the member
AB, while the other component Hcosysina results in the bending deformation Ay, (as
indicated in figure 5(b)). The horizontal component of Ay, in the 1-2 plane is denoted

as 0y, in the Equation 5. Thus we get

Hcosysinal® HI3cos*sina (7)
12E1 12E1

The horizontal axial deformation component in the 1-2 plane caused by the force Hcosycosa

OpHo = ApoSinacosyy = stnacosy =

is denoted as 0,y in the Equation 5. Thus we get

Hlcos*cos*a

AE

_ Hcosycosal

= 8
5aH AE ( )

coscosa =

Using the relationship between molecular mechanics parameters (k, and ky) and struc-
tural mechanics parameters (EA and ET), form Equation 5, the expression for strain in

direction-1 (due to loading in direction-1) can be written as

S drn

" Tcos 1 cos a (9)
_otl(l1+siny) (12, 5 .o cos? 1 cos? o
— lcos %, (sm 1 + cos” ¢ sin a) + .

On the basis of the basic definition of Young’s modulus (F; = 2), the closed-form
€11

expression for Young’s modulus in direction-1 can be obtained as
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Figure 5: (a) Free body diagram of member AB for in-plane deformation under the application of
horizontal force (b) Free body diagram of member AB for out-of-plane deformation under the application
of horizontal force (c) Free body diagram of member AB for in-plane deformation under the application
of vertical force (d) Free body diagram of member AB for out-of-plane deformation under the application
of vertical force (e) Three dimensional view of a multiplanar hexagonal nanostructure along with top and
side view indicating the in-plane angle (1) and out-of-plane angle («)
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cos
10
cos? 1) cos? a) (10)
k.

E1: )

l
t(1+ sin) (12k9

(sin2 Y + cos? ) sin? a) +
. 0 . :
In the above expression 1) = 90° — 2’ where 6 is the bond angle as shown in figure 5.

2.3. Young’s modulus in direction-2 (Es)

Total vertical deformation of the unit cell under the application of o9 is consisted of
the deformation of member AB (dy;) and member BE (dy5) in direction-2. Deflection of
joint A in direction-2 with respect to joint B has three components: axial deformation
(0411), bending deformation due to in-plane loading (dy11;) and bending deformation due
to out-of-plane loading (dpy10)-

ovi = dav1 + Opvii + Obvio
Vi sin?tcos’a VIPcos?y  VIPsin?1)sin® a (11)

AE 12E1 12E1
where V' = o9tl cos cos a. As the member BE is parallel to the 2-3 plane, deflection of

joint B with respect to the joint E has two components: axial deformation (d,19) and
bending deformation due to out-of-plane loading (dp12,). It can be noted that the force
acting on the member BE is 2V as there are similar unit cells adjacent to the one being
analysed.
Ova = dava + dpv2o
_ 2Vicosa  2VIsin®a

AE * 12E1
Replacing the expressions of V', A, I, AE and EI, the total deformation in direction-2

(12)

can be obtained from Equation 11 and 12 as

dya2 = Oy + Ova
2 2

(0052 ¥ + sin? ¢ sin? a 4 2 sin? a) + s a (sin2 Y+ 2)
12ky k,

= 09tl cos 1) cos « (

11



From Equation 13, the strain in direction-2 (due to loading in direction-2) can be expresses

as
o — Ov22
27 (I+Isiny) cosa (14)
t l2 2
= i‘QJrCSTZZi (12k9 ((3082 Y + sin? ¥ sin? a + 2sin? a) + COZT a (sin2 v+ 2))
On the basis of the basic definition of Young’s modulus (Fy = 2), the closed-form
€22
expression for Young’s modulus in direction-2 can be obtained as
14
B - . e ; (15)
cos®
tcos ) (12k (cos? ) + sin® ¢ sin® a + 2sin’ ) + ’ (sin® ¢ + 2))
0 r

In the above expression v = 90° — g, where 6 is the bond angle as shown in figure 5. Thus
the Young’s moduli of a material with hexagonal nano-structure can be predicted using
the closed-form formulae (Equation 10 and 15) from molecular mechanics parameters (k,
and ky), bond length (1), bond angle (#) and out-of-plane angle («), which are available

in the molecular mechanics literature.

2.4. Poisson’s ratio vio

Poisson’s ratio for the loading direction-1 (142) can be obtained as

Vig = —Eﬁ (16)

€11

where €15 and €17 are the strains in direction-2 and direction-1 respectively due to loading
in direction-1. The expression for €1, is given in Equation 9. Derivation for the expression
of €15 is provided next. The deformation in direction-2 due to loading in direction-1 can be
obtained by considering one hexagonal unit cell as shown in figure 5. Because of structural
symmetry, deformation in direction-2 of the unit cell due to loading in direction-1 can be
obtained by analysing the member AB only. The total deformation in direction-2 of the
member AB (deflection in direction-2 of one end of the member with respect to the other

end) under the application of stress o1 has two components: bending deformation due to

12



in-plane loading (dp141) and bending deformation due to out-of-plane loading (dpyo1)-

dm12 = Opvi1 + Obvor

__Hl3sin@/zcos¢+Hl3sin1/zcos¢sin2a (17)
12E1 12E1
HI?sin 1) cos v cos?
12E1

Using the relationship between molecular mechanics parameter ky and structural me-

chanics parameter E1, form Equation 17, the expression for strain in direction-2 (due to

loading in direction-1) can be written as

0H12
[+ lsine) cos a
_ Hilsinycostcosa
 12ky (1 +sine)

On the basis of the basic definition of v15 as shown in Equation 16, the closed-form

612:(

(18)

expression of Poisson’s ratio for the loading direction-1 can be obtained as

sin 1) cos? ¥ cos? al?

l2 2 2
o (0 cost s a) + L)

Vig =

(19)

12kg (1 + sin 1)) (

0
In the above expression ¢ = 90° — 2 where 6 is the bond angle as shown in figure 5.

2.5. Poisson’s ratio vo

Poisson’s ratio for the loading direction-2 (151) can be obtained as

Vg — —— (20)
€22

where €91 and €99 are the strains in direction-1 and direction-2 respectively due to loading
in direction-2. The expression for €y, is given in Equation 14. Derivation for the expression
of €91 is provided next. The deformation in direction-1 due to loading in direction-2 can be
obtained by considering one hexagonal unit cell as shown in figure 5. Because of structural
symmetry, deformation in direction-1 of the unit cell due to loading in direction-2 can be
obtained by analysing the member AB only. The total deformation in direction-1 of the
member AB (deflection in direction-1 of one end of the member with respect to the other

end) under the application of stress oy has two components: bending deformation due to

13



in-plane loading (dyx42) and bending deformation due to out-of-plane loading (dpg02)-

dm21 = Opmia + ObHo2

_ VPsin¢cost N VI3 sin 1) cos 1 sin® (21)
12E1 12E1
VI3 sin 1 cos 1 cos? a
12E1

Using the relationship between molecular mechanics parameter ky and structural me-

chanics parameter E1, form Equation 21, the expression for strain in direction-1 (due to

loading in direction-2) can be written as

_ OH21

~ lcoscos o

_ Visinycosa
12k,

On the basis of the basic definition of 51 as shown in Equation 20, the closed-form

! (22)

expression of Poisson’s ratio for the loading direction-2 can be obtained as

sin® (1 + sin ) cos? al?

- l2 COS2 [0
12kq (12/<; (cos? ¢ + sin® ¢ sin® a + 2sin’ ) + - (sin® e + 2))
0 T

(23)

0
In the above expression v = 90° — 2 where 6 is the bond angle as shown in figure 5.

2.6. Remark 1: Reciprocal theorem

From the Equation 10, Equation 15, Equation 19 and Equation 23, it can be noticed

that the reciprocal theorem is obeyed for multiplanar hexagonal nanostructures

* 2 5 N\ -1
sin 1 cos 1 cos® ol (m (sin® ¢ + cos? ¢sin® a) + msiﬂ)
6 T

Ehvg = Eyvig =

12 o .o ,2 cos?a , .,
12kgt ok ((3052 1) + sin” ¢ sin” o + 2sin a) + ? (sm U+ 2)
0 r
(24)
The above equation implies that only (any) three of the four elastic moduli E;, Es, v9

and 1, are independent.

2.7. Remark 2: Non-dimensionalization

The physics based analytical formulae developed in this article are capable of providing

an in-depth understanding of the behaviour of multiplanar hexagonal nano-structures.

14



Non-dimesional quantities in physical systems can cater to an insight for wide range
of nano-scale materials. The expressions for the two Young’s moduli (as presented in
Equation 10 and 15) and the two Poisson’s ratios (as presented in Equation 19 and 23)

can be rewritten in terms of non-dimensional parameters as

~ cos 1

E, = 25
! (1 + sin) (/\ (sin2 Y + cos? 1) sin? a) + cos? 1 cos? a) (25)
. 1 + si
E2: ) . 2+Sln1/.} 2 ) (26)
cos ()\ ((:os2 1) + sin” ¢ sin” o + 2sin a) + cos? « (sm Y+ 2))
. sin v cos? ¢ cos? a\
Vg = A ) . 9 (27)
(1 + sin)) ()\ (Sln 1 + cos? 1 sin a) + cos? 1) cos? a)
3 sin® (1 + sin ) cos® a\
Vo1 = D) . 2 D) D) 2 D) (28)
(/\ (cos 1 + sin“ ¢ sin® a + 2 sin a) + cos? (Sln U+ 2))
2
where \ (= — ) is a non-dimensional aspect ratio measure of the bonds that is found

12 ky
to vary in the range of 0.4 to 2.8 for common materials with hexagonal nano-structures.

4 (1\?
It is interesting to notice that A reduces to 3 (a) using the definition of k. and kg,
where [ and d are the bond length and bond diameter respectively. Thus the parameter

. . . ~ Eqt
A is a measure of the aspect ratio of the bonds in hexagonal nano-structure. E; = k:l
T

are non-dimensional representation of the Young’s moduli. 715 (= v19)

and Eg = Eat
and oy (= 1/;1) are the non-dimensional Poisson’s ratios. Thus it is interesting to notice
that the non-dimensional elastic moduli depend on the aspect ratio of the bond, in-plane
angle and out-of-plane angles only. Results are presented in section 3 considering the

non-dimensional quantities for in-depth mechanical characterization of hexagonal nano-

structures.

2.8. Remark 3: Special cases

For the hexagonal nano-structures belonging to Class A and Class B, « = 0. Thus

Equation 10 and 15 for the materials of Class A and Class B reduce to
cos 1

? o, cos? ¢
ok sin® ) + i >

B, = (29)

#(1 + sin ) (

15



By = (30)

102
tCOS@D (15 COSZ@/J + M)
0

However, for regular hexagonal nano-structures (such as graphene), the bond angle (0) is
120°. Thus replacing ¢ = 30°, the Equation 29 and 30 yield to
4/ 3k, kg
k12
t{ —— 49k
(o)

The above expression matches with the formula provided by Shokrieh and Rafiee [14] for

El = EQ - (31)

graphene.
Similarly, for the hexagonal nano-structures belonging to Class A and Class B, the

Poisson’s ratios can be expressed as (substituting a = 0 in Equation 19 and 23)

sin 1) cos? l?
Y12 = 2 cos? ) (32)
12k9 (1 -+ sin 1/1) (12k’9 Sjn2 w + kr )
sin (1 + sin) 2 (33)

Vo1 =
[? (sin2 Y+ 2)
12k 2 -
0 (12]{?9 cos? ) + .

However, for regular hexagonal nano-structures (such as graphene), the bond angle (0) is

120°. Thus replacing ¥ = 30°, the Equation 32 and 33 yield to

1

6%,
1
e

It can be noted that the analytical expressions of Poisson’s ratios, even for graphene-like

(34)

Vig = V21 =

hexagonal structures, are first provided in Equation 34 that can be applicable to the

materials of Class A and Class B.

3. Results and discussion

Four different materials with hexagonal nano-structures are considered (graphene,
hBN, stanene and MoS,) that belong to four different classes as categorized in Table 1.
To validate the analytical formulae of elastic moduli derived in the preceding section, the

results are compared with previous studies reported in scientific literature (experimental,

16



ab-initio, molecular dynamics and molecular mechanics, as available). The proposed ex-
pressions for elastic moduli are generalized in nature and they can be applicable for wide
range of materials with hexagonal nano-structural forms by providing respective struc-
tural parameters as input. Comparative results for the two Young’s moduli are presented
in Table 2 as E; = E; xt and Fy = Ey X t (tensile rigidity), where ¢ is the single layer
thickness [12, 15]. Thus the values of Young’s moduli (E; and E, in TPa) can be ob-
tained by dividing the presented values (E; and E, with unit TPa-nm) by the respective
single layer thickness (¢ in nm). Single layer thickness of the four considered materials
are indicated in the following paragraphs. Comparative results for the two Poisson’s ratio
are presented in Table 3. Good agreement between the results obtained using the derived
closed-form formulae and the results from scientific literature for all the four classes of
material corroborates the validity of the proposed analytical approach.

Graphene belongs to the Class A according to structural configuration, wherein all the
atoms are carbon and they are in a single plane. The molecular mechanics parameters
k. and ky can be obtained from literature using AMBER force filed [37] as k, = 938 kcal
mol 'nm™? = 6.52 x 1077 Nnm~! and ky = 126 kcal mol 'rad=2 = 8.76 x 107! Nnm
rad=2. The out-of-plane angle for graphene is a = 0 and the bond angle is § = 120°
(i.e. ¢ = 30°), while bond length and thickness of single layer graphene can be obtained
from literature as 0.142 nm and 0.34 nm respectively [13]. The value of Young’s moduli
obtained using the proposed expressions are: E; = Fy = 1.0419 TPa, which is quite in
good agreement with available literature [10, 12-14, 38-44]| (refer to Table 2).

Hexagonal boron nitride (hBN) belongs to the Class B according to structural configu-
ration, wherein two different atoms B and N form the material structure but they are in a
single plane. The molecular mechanics parameters k, and ky can be obtained from litera-
ture using DREIDING force model [73] as k, = 4.865x 107" Nnm ™! and ky = 6.952x 10~1°
Nnm rad=2 [17]. The out-of-plane angle for hBN is a = 0 and the bond angle is § = 120°
(i.e. ¢ = 30°), while bond length and thickness of single layer hBN can be obtained
from literature as 0.145 nm and 0.098 nm respectively [15]. The value of tensile rigidity
(Young’s modulus multiplied by thickness) obtained using the proposed expressions are:

E, = F5 = 0.2659 TPa-nm, which are quite in good agreement with available literature
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Table 2: Results for Young’s moduli of single layer materials with four different classes of nano-structure
as described in Table 1 (results are presented as F1 = E; x ¢t and Ey = Es x t, where t is the single layer
thickness of a particular nano-material)

Present Results

Material (TPa-nm) Reference results from literature (E, = Fy) (TPa-nm)
Experimental: 0.34 + 0.034 [38], 0.272-0.306 [39]
Graphene | F1=0.3%42 | Abinitio: 0.350 [40], 0.357 [10], 0.377 [41], 0.364 [42)
(Class A) | [, —0.3542 | Molecular Dynamics: 0.357 [43], 0.343 £0.01 [44]
Molecular Mechanics: 0.354 [14], 0.3604 |12]
Experimental: 0.251+0.015 [45]
LBN E; = 0.2659 Ab initio: 0.271 [40], 0.272 [46]
(Class B) | &, — 0.2659 Molecular Dynamics: 0.236 [47], 0.278 [48]
Molecular Mechanics: 0.269 [49], 0.322 [50]
Experimental: —
gt E, = 0.0545 Ab initio: 0.0528 |51]
anene
(Class C) Ey = 0.0643 Molecular Dynamics: —
Molecular Mechanics: —
Experimental: 0.21140.012 [52], 0.1629+0.0603 [53]
MoS, E, =0.1073 Ab initio: 0.141 [54], 0.262 |55
(Class D) | @, — 0.2141 Molecular Dynamics: 0.150 [56]

Molecular Mechanics: —
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Table 3: Results for Poisson’s ratios of single layer materials with four different classes of nano-structure
as described in Table 1

Material | Present Results Reference results from literature

Experimental: 0.165 [57]

Graphene vig = 0.2942 Ab initio: 0.12-0.16 [58], 0.186 [59], 0.34 [60]

(Class A) |}, —0.2042 | Molecular Dynamics: 0.17 [61], 0.41 [62]

Molecular Mechanics:  0.11-0.12 [63], 0.195 [64],
0.653-0.848 [13], 1.120-1.1441 [65]

Experimental: —

12 = 0.2901 Ab initio: 0.2-0.3 [66], 0.211 [67], 0.2-0.24 [66], 0.13—

hBN
0.16 [68
(Class B) vy = 0.2901 Molecullar Dynamics: —

Molecular Mechanics: 0.384-0.389 [69], 0.400-0.405
169], 0.384-0.389 [69], 0.211 [69], 0.053 [69], 0.2-0.4
[70]

Experimental: —
Stanene v1o = 0.1394 Ab initio: —

(Class C) vy = 0.1645 Molecular Dynamics: —

Molecular Mechanics: —

Experimental: —
MoS, v12 = 0.0690 Ab initio: 0.21 [71]

(Class D) Vo1 = 0.1376 Molecular Dynamics: 0.29 [72]

Molecular Mechanics: —
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[15, 40, 45-47, 49, 50, 74-77| (refer to Table 2).

Stanene belongs to the Class C according to structural configuration, wherein all the
atoms are Sn but they are in two different planes. The molecular mechanics parameters k,
and ky can be obtained from literature as k, = 0.85 x 1077 Nnm ™" and ky = 1.121 x 107°
Nnm rad™? [51, 78]. The out-of-plane angle for stanene is « = 17.5° and the bond
angle is = 109° (i.e. ¢ = 35.5°), while bond length and thickness of single layer
stanene can be obtained from literature as 0.283 nm and 0.086 nm respectively [51, 78—
80]. Published studies concerning the Young’s moduli of stanene is very scarce in scientific
literature. Thus the presented values of Young’s moduli in this paper can serve as future
references. The in-plane stiffness of stanene reported by Modarresi et al. [51] is 0.04 TPa-
nm irrespective of any direction. However, it should be noted that the in-plane stiffness
of a material having hexagonal nano-structure depends on the direction of applied stress
according to its definition. In-plane stiffness of a material can be defined as follows:
F = ETAAL = kAL, where k (= ETA) is the in-plane stiffness. Here L and AL represent
the length of the material along the direction of applied stress and elongation in that
direction respectively. FE denotes the Young’s modulus along the direction of applied
stress. A is the cross-sectional area for applied stress. Thus, considering the unit cell

shown in figure 5, the in-plane stiffness in direction-1 and direction-2 (refer to figure 2 for
directions) can be expressed as: k; = Eit <%> = F (%) and ko = Est (2) = E, (2)
respectively. For stanene the parameters a and b can be calculated from the bond length
and in-plane angle as: @ = 0.61 nm and b = 0.46 nm. The value of Young’s moduli from
the proposed expressions are: E; = 0.3166 TPa and Fy = 0.3736 TPa, thereby the tensile
rigidity (Young’s modulus multiplied by thickness) in the two directions can be obtained
as: Fy = 0.0545 TPa-nm and Fy = 0.0643 TPa-nm. As per the above discussion, the
in-plane stiffness can be obtained from the proposed expressions as: k; = 0.0723 TPa-nm
and ko = 0.0484 TPa-nm. Thus the in-plane stiffness in direction-2 calculated using the
present formulae is quite close to the values provided by Modarresi et al. [51], wherein
the results are reported presumably considering the direction-2 (refer to Table 2).

Molybdenum disulfide (MoSs) belongs to the Class D according to structural config-

uration, wherein two different atoms Mo and S form the material structure and they are
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in two different planes. The molecular mechanics parameters k, and ky can be obtained
from literature as k, = 1.646 x 1077 Nnm™! and ky = 1.677 x 107? Nnm rad 2, while
the out-of-plane angle, bond angle, bond length and thickness of single layer MoS, are
a = 48.15°, 6 = 82.92° (i.e. ¥ = 48.54°), 0.242 nm and 0.6033 nm respectively [25, 81-85].
The value of tensile rigidity (Young’s modulus multiplied by thickness) obtained using the
proposed expressions are: £, = 0.1073 and E, = 0.2141 TPa-nm, which are quite in good
agreement with available literature [52-56, 86] (refer to Table 2).

The results for Poisson’s ratios obtained from the proposed analytical formulae are
provided in Table 3 along with reference values from literature. The reported values
in literature for graphene and hBN show wide range of variability, while the reference
values of Poisson’s ratios for stanene and MoS, are very scarce in the scientific literature.
The results obtained using the proposed formulae agree well with majority of the reported
values for Poisson’s ratios. However, it is noteworthy that for graphene and hBN vy, = vy,
while for stanene and MoSs v15 < v9;. The reciprocal theorem is satisfied perfectly for all
the four classes of materials.

The physics based analytical formulae presented in this article are capable of provid-
ing a thorough insight regarding the behaviour of multiplanar hexagonal nano-structures
representing wide range of materials. Variations of the two non-dimensional Young’s
moduli (E; and F,) and the two Poisson’s ratios with in-plane and out-of-plane angles
(0 and «) for different values of the aspect ratio measure (\) are presented in figure 6
and 7 using the non-dimensional parameters as described in subsection 2.7. The aspect
ratio measure of the bonds (\) varies in the range of 0.4 to 2.8 for common materi-
als with hexagonal nano-structures (specifically in case of the four considered materials:
A = 1.2507,2.495,0.5061, 0.479 for graphene, hBN, stanene and MoS, respectively). It is
observed that the sensitivity of the out-of-plane angle is lesser compared to in-plane angle
for both the non-dimensional Young’s moduli on the basis of the slopes in two perpendicu-
lar directions of the surface plots. Such plots can readily provide the idea about the elastic
moduli of any material with hexagonal nano-structure in a comprehensive manner; exact
values of the elastic moduli can be easily obtained using the proposed computationally

efficient closed-form formulae.
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It is interesting to notice from the presented results that for graphene and hBN,
FE, = E5 and v15 = 11, while for stanene and MoS,, Fy < Es and v15 < v91. In a broader
sense, materials having regular hexagonal nano-structures with § = 120° and a = 0° (
Class A and Class B) have equal value of elastic modulus in two perpendicular directions.
However, for materials belonging to Class C and Class D, the elastic modulus for direction-
2 is more than that of direction-1, even though the difference is not significant. Similar
trend is found to be reported for MoS, by Li [87]. A major contribution of this article
is development of the generalized closed-form formulae for hexagonal nano-structures
having the atoms in multiple planes. Mechanical properties such as Young’s moduli
and Poisson’s ratios are of utmost importance for accessing the viability of their use in
various applications of nanoelectromechanical systems. The formulae for elastic moduli
presented in this article can serve as an efficient reference for any nano-scale material

having hexagonal structural form.

4. Conclusion

Generalized closed-form analytical formulae for the elastic moduli of hexagonal mul-
tiplanar nano-structures are developed in this article. From the nano-structural point of
view, the materails having hexagonal structural forms are categorized in four different
classes. The proposed analytical formulae are applicable to all the classes of material.
Four different materials belonging to the four different classes (graphene, hBN, stanene
and MoS,) are considered to present results based on the analytical approach. Good
agreement in the results obtained from the derived analytical expressions and scientific
literature corroborates the validity of the proposed formulae. The physics based analyti-
cal formulae developed in this article are capable of providing a comprehensive in-depth
insight regarding the behaviour of such multiplanar hexagonal nano-structures. The ef-
fect of variation in in-plane and out-of-plane angles to the elastic moduli of materials are
investigated using the closed-form formulae based on non-dimensional parameters. An
attractive feature of the analytical approach is that it is computationally efficient and
easy to implement, yet yields accurate results. As the proposed formulae are general

in nature and applicable to wide range of materials with hexagonal nano-structures, the
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present article can take a crucial role for characterizing the material properties in future

nano-materials development.
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