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Abstract. For any N > 2 and o = (aq,- -+ ,an+1) € (0,00)V 1 let u((xN) be the

corresponding Dirichlet distribution on AMY) = {z = (2;)1<;<n € [0,1]V : [z]; ==
> i<ien i < 1}. We prove the Poincaré inequality

1 N
pO < e [ {1 Tol) X 0007 o) +
n=1

AN+1

for f € CY(AM)), and show that the constant —— is sharp. Consequently, the

QN1
(N) (N)

associated diffusion process on AW converges to g’ in L?(us ) at the expo-
nentially rate ayy1. The whole spectrum of the generator is also characterized.
Moreover, the sharp Poincaré inequality is extended to the infinite-dimensional
setting, and the spectral gap of the corresponding discrete model is derived.
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1. Introduction

Let N denote the set of natural numbers. For N € Nand any a = (a1, -+, an+1)
€ (0,00)N*1 the Dirichlet distribution u&Y) with parameter « is a probability

measure on the set
AN = {;v = (@i)1<icn € [0,V ¢ Jzf; < 1}

with the density function

r .
p(xi, - on) = (|a|1)F : (1 — |z|y)on+—1 H et re AW
ngiSN-i-l (a) 1<i<N

where |z|1 == >, .oy |2i] for 2 € RY. Obviously, u((lN) corresponds to the distri-

bution

/1((1N+1) (dxv dy) = /J'(N) (dx)51*|90|1 (dy)

[0}

on the space
VO = f(eg) € 0,1V gt fafy =1}

The Dirichlet distribution and its infinite-dimensional generalization arise nat-
urally in Bayesian inference as conjugate priors for categorical distribution and
infinite non-parametric discrete distributions respectively. They also arise in pop-
ulation genetics describing the distribution of allelic frequencies (see for instance
Connor and Mosimann, 1969; Johnson, 1960; Mosimann, 1962). In particular, for
a population with N + 1 allelic types, z;(1 < i < N + 1) stands for the relative
frequency of the i-th allele among N + 1 ones.

The Dirichlet distribution possesses many nice properties. We will use the fol-

lowing partition (or aggregation) property of [L&NH) for a € (0,00)N*1. Let
(X1,...,Xn+1) have law [L&NH), let A1, As, ..., Apy1 be a partition of the set

{1,2,...,N + 1}, and set
V=Y X, 8= a, j=1,...k+1

reA; reA;

Then (Y1, ..., Yi41) has law ﬁgﬂ_l) with parameters 3 := (B1,. .., Bxr1) € (0, 00)F L.
We would also like to recall the neutral property of the Dirichlet distribution. For

(X1, -+, Xn) having law ugN), we define
X;
Ui=X1, U, = , 2<i<N.
L= A - X —..—x,, -='=
Then U; is a beta random variable with parameters (o, @11 + ... + ay41) and
Ui, ..., Uy are independent. This leads to the following representation of the ran-
(N).

dom variable with law pg

N
(X1, Xay .., Xn) = (Ul,Ug(l ~U),....Un J] - Ui)).
i=1
A well known construction of the Dirichlet distribution is through a Pélya urn
scheme (cf. Blackwell and MacQueen, 1973). More specifically, consider an urn
containing N +1 balls of different colors labelled by 1,2, ..., N+1. The initial mass
of the i-colored ball is «;. Balls are drawn from the urn sequentially. The chance of a
particular colored ball being selected is proportional to the total mass of that colored
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balls inside the urn. After each selection, the ball is returned with an additional
ball of same color and mass one. The relative weight of different colored balls inside
the urn will eventually converge to a Dirichlet vector (X1, Xa,..., Xn41)-

Several diffusion processes have been proposed and studied where the stationary
distribution is the Dirichlet distribution.

Exploring the property of right neutrality, a GEM diffusion is introduced in
Feng and Wang (2007) and studied further in Feng and Wang (2016). This is
a reversible diffusion with Dirichlet distribution as the reversible measure. The
infinite-dimensional generalization of the model is also reversible and the reversible
measure is the GEM distribution (see Ewens (2004)).

The most studied diffusion model is the Wright-Fisher diffusion (see Epstein and
Mazzeo, 2010; Miclo, 2003a,b; Stannat, 2000). This is a diffusion approximation
to the Wright-Fisher Markov chain model in population genetics. The Markov
chain models the evolution of a population of individuals of finite number of dif-
ferent types. The evolution is driven by mutation (deterministic component) and
genetic drift or random sampling (random component). Each individual follows
a deterministic path of mutation. The random sampling involves the exchange of
types of any pair of individuals in the population. The involvement of every pair in
the sampling process resulted in a lot of randomness in the system. The diffusion
arises as the population size increases while the mutation and sampling rates are
scaled appropriately. It is reversible with respect to the Dirichlet distribution. Ex-
ploring the exchangeable structure embedded in the system, one is able to obtain
the Infinite-dimensional generalizations of this model including the infinitely-many-
neutral-alleles model (Ethier and Kurtz, 1981) and the Fleming-Viot process with
parent independent mutation (Fleming and Viot, 1979; Ethier and Kurtz, 1993).

In this paper, we focus on a diffusion process introduced in Jacobsen (2001,
(2.44)) (see also Bakosi and Ristorcelli, 2013), which solves the following SDE on
A

Xm(t) = {ai(l—|X(t)|)—o<N+1Xi(t)}dt+\/2(1 - |X(t)|1)Xz(t) dBl(t), 1 S ) S N,
(1.1)
where B(t) := (Bi(t),- -, Bn(t)) is the d-dimensional Brownian motion.

The evolution in this model also contains a deterministic component and a ran-
dom component. For N = 1, the model is the same as the Wright-Fisher diffusion.
For N > 2, the deterministic part is very similar to the mutation in the Wright-
Fisher model. But the random sampling does not involve all individual pairs.
Instead each sampling is between one individual and one fixed individual. This
clearly reduces the randomness in the system. But it will turn out that the model
possesses many features of the Wright-Fisher diffusion.

More specifically, we will show that the Markov semigroup P? associated to (1.1)

is symmetric in L? (M&N)); that is,

/ FLO) gdp ) = / LM, fge CCERY)  (12)
ADN) AN)
holds for

L((xN)(:E) = Z (Jin(l - |!E|1)(9721 + {Oén(l - |{E|1) - 04N+1='En}6n>

1<n<N
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being the generator of P?, where 9, := %. So, (LgN), C2(AWN))) is closable in

L2(N&N)) and its closure (L&N), D(L,)) is a negative definite self-adjoint operator.
Moreover, since

N
LM (fg)(x) = (FLY g+ gL (@) + 201 = [21) Y 2n{(0nf)(0ng)} (@),

n=1

(1.2) implies the integration by parts formula

N
_ /A L gu = /A N = |x|1);xn{(anf)(anm}(x)}ugm( az)

= EM(f,9), f.geC*HAWM).

(1.3)

Therefore, (£, C2(AM)) is closable in L2(u$Y)) whose closure (€Y, D(EXM))
is a symmetric Dirichlet form on L2(ug¢N)), and it is easy to see that this Dirichlet
form is associated to the Markov semigroup P;*.

Finally, the spectral gap of L((XN) is characterized as
gap(LEV)) = inf {EM(f, 1)+ | € DEM) ™ (f) = 0,60(£2) = 1}.

It is known that when N = 1 we have gap(LgN)) = a1 +ag, see e.g. Stannat (2000).
So, in the following we only consider N > 2.

Let K be the set of elements of the form k := (k1, ko, ..., kv, krt1) € Z:_H, where
re€Zy and 0 <k < kg < -+ <k < kyy1. Define mappings K, D : K — [0,00) as
follows: Yk := (K1, ko, ooy ki k1) € K,

K(k) = 2(/€1 + - kr) +ra+kyiant,
D(k):= > C(N,k)+ > {C(N,1+1) = C(N,)}.

1<i<r 1<I<krp1—1,1¢{k1,k2,....kr }
Then our first result provides a complete characterization of the spectrum A for
—L&N), in particular, the spectral gap is given.
Theorem 1.1. Let N > 2. Then P{ is symmetric in LQ(M((XN)) and the spectrum
of —LgN) 18
A= {K(K)[D(K)] : k € K},

where A\[m] means that \ is an eigenvalue having multiplicity m. Consequently,

gap(L((lN)) =an+1, so that PP converge to ,u((lN) exponentially fast in LQ(;L&N)) :

HPta - /J’gzN)HLz(#((XN)) < e_aN+1t, t> 07

and the sharp Poincaré inequality for (EéN),D(c‘:(gN))) is

1

AN +1

uiM (F2) < ENf L), FeDEM),uM(f) =0.
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Remark 1.1. (1) One may wonder if there holds stronger functional inequalities or
not, for instance, the log-Sobolev inequality, or more generally the super Poincaré
inequality introduced in Wang (2000a). When N = 1, it is easy to see that when
ay,an > % and o + ag > %, the Bakry and Em(l) (1984) criterion holds so that
the log-Sobolev inequality is valid. Indeed, Stannat (2000, Lemma 2.7) has proved

the following log-Sobolev inequality for N =1 and any aq,as > 0:

320

(12 2\
po (f ng)_oq/\ag

/0 (1 - 2)f'(2)u) (), f € CL(0,1).

This result was extended in Feng and Wang (2007) to the infinite-dimensional GEM

distribution on
Aoo::{xe()l le_l}

However, for the present model the log-Sobolev inequality is unknown for N > 2.

On the other hand, since the spectrum of L((XN) is discrete due to Theorem 1.1, by

Wang (2000b, Theorem 3.1), the super Poincaré inequality
uSO () <€) + BRSO (F)?, 1> 0,f € DE)

holds for some f : (0,00) — (0, 00). But in the moment we do not have any estimate
on the rate function 5. Note that the log-Sobolev inequality holds if and only if
B(r) in the super Poincaré inequality satisfies 8(r) < e~r"" for some constant ¢ > 0
and small » > 0, see Wang (2000a, Corollary 3.3).

(2) The operator L&N) we considered is a special case of the following general
operator on R} x R™ investigated in Epstein and Mazzeo (2013):

n n m m
L=) auzidl + > wwjayde, +> Y wbudly, + Y, cudyy, +V
i=1

1<i#j<n i=1 j=1 k,i=1

where (a;;) and (ck) are symmetric matrices, V' is a vector field. Integral type
Hélder/derivative estimates in both time and space variables are presented in Ep-
stein and Mazzeo (2013) for the heat kernel.

Next, we extend Theorem 1.1 to the infinite-dimensional setting. Consider the
infinite-dimensional simplex

Al = {IE[O 1N |3:|1_sz§1}

which is equipped with the L!-metric |z — y|;. Let a € (0,00)Y with |al; =
Zfil a; < oo, and let ao > 0 which refers to ay41 in the finite-dimensional
case as N — oo. Let

04(") — (041,"' Oy 1aza17a00) () oo)nJrl n>1.

i>n

Then for any n > 1,

pin(de) o= u) (e, - dan) [ do(das)
1=n—+1
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is a probability measure on A(°®®). We will prove that when n — oo these measures
converges weakly to a probability measure ;L((fg)m on A(®) which is the infinite-
dimensional generalization of Dirichlet distribution with parameters (o, tso)-

The following result extends Theorem 1.1 to the infinite-dimensional setting, for

which we introduce the class of CP-cylindrical functions for p > 1:
FCP = {A(OO) Sz = (i)iz1— f(z1, - ,2n): n>1,f € CP(R")}.

Theorem 1.2. Let a € (0,00)N with |a|; < co and let an > 0.

(1) The sequence {u&”Lw In>1 converges weakly to a probability measure ugfi)oo on
Al)

(2) The form

ngg)m(fa g) = /A( ) {(1 —|z}1) an(anf)ang}(x)ugi‘g}m (dz), f,g€ FC*
* n=1
is closable in LQ(;L&OZ)OO) whose closure is a symmetric Dirichlet form. The

generator (L((l OZ)OO,D(L&OZ)OO)) of the Dirichlet form satisfies FC? C D(L((l a)m)
and

L) g Z(mn1—|x| )02 f( )+{an(l—|x|1)—aooxn}8nf(:1:)),fe]-"Cz.

(3) The generator L((l,a)w has spectral gap gap(Lg a)oo) = Q. Consequently, the

associated Markov semigroup Pf°> converges to ugfi)oo exponentially fast in

L2(uS2) -

||Pta;0¢oo _ —amt7 t 2 0,

i oy ) <@
and the sharp Poincaré inequality is

1
A (1) < —EGL(1.0), FeFCHulR (f) =0.

o0

Finally, the next result shows that the diffusion process generated by L((f%)m is
the weak limit of the Lgf?lm—diffusion process as n — 0o, where

£ =3 {fo (1= 0 0) — om0+ 2(1- Y )2 ).
= i=1 i=

For any z € A(®) and T > 0, let ngn% be the distribution of the diffusion process

generated by L((ln()lm with initial point z(™) := (wl, - 1,Zj>n ) Embedding

A into A(>®) by setting z; = 0 for z € A™ and i > n + 1, we regard P( T as
a probability measure on Qr := C([0,7T]; Ax) equipped with the uniform norm
[€1l1,00 := supsefo, 7y [€(E)]1-

Theorem 1.3. For anyz € A and T > 0, P( T) converges weakly to a probability

measure PI(?;) on Q. Moreover, P( T) solves the martingale problem of L((l a)w for

any f € FC?, the coordinate process X (t)(w) := w(t) and the natural filtration
Fi:=0(ws: s €0,t]),

X)) / L&) F(X(s))ds, te[0.7]
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is a martingale under ngi);).

The spectral gap of LgN) is obtained in Section 2 by a straightforward calculation
linking the gap to the eigenvalue of a matrix. Exploring this link further, we are
able to identify the whole spectrum of L&N) and to prove Theorem 1.1 in Section 3 .
Even though the spectral gap of L((XN) can be obtained as part of the whole spectrum,
we present the separate proof in Section 2 due to its own interests. The proofs of
Theorems 1.2 and 1.3 are presented in Section 4. Finally, to better understand the
biological context of the study, we introduce in Section 5 a discrete model involving
immigration, emigration and sampling, which approximates the diffusion process
solving (1.1).

2. The spectral gap of L&N)

We first prove (1.2) which implies the symmetry of P in LQ(ugN)). Since smooth
functions on A®Y) are uniformly approximated by polynomials up to second order
derivatives, it suffices to consider f,g € Ps, the set of all polynomials on AGY),
Let

A = 2,1 — |z]1)0% + {an(l = |z)1) — ans120 }On, 1 <n < N.
Then (1.2) follows from

/A<N>( H xfi)Ag")( H xgi)/‘ch)(dx) (2.1)

1<i<N 1<i<N
i i N
= [ CIT ) (I ot)usan
A M i 1<i<N
for p;,q; € Z4,1 <i < N. Letting py+1 = gn+1 =0and C = 191;(:1'1)F(m)’ and
simply denote xy41 = 1 — |z|1, we have
i i N
[ CIT a)ae (T o) an)
AN Ry gicn 1<i<N
= C/ ( H Ifrl‘qw'-l-ai—l)xinJranflA((ln)Ianx
AN My i< N1
= an{(qn + oy, — 1)/ H I,;.DithIiJraifl)xN+1xﬁn+qyl+an—2dI
AN M i< N1
— xpr‘rql'-‘rai—l)dx
N /A (-

1<i<N+1
_ Can HlSi;ﬁnSN-‘,—l I'(a; + pi + q:)
F(ElgigN—i-l(ai +pi + i)

X ((qn + oy — 1)F(QN+1 + 1)F(pn + dn + oy — 1)

—anpil(any)T(pn + g0 + Ozn)>

CT(an+1+ 1) [[iciznensa Dloi +pi + @)
- T =7 — - _ _ D Gn L (Pn + qn + an — 1),
(ZlgigNH(o% +pi + i)
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where the last step is due to the identity I'(s + 1) = sI'(s), s > 0. Since the result
is symmetric in (pyn, gn), it implies (2.1).

For any d € N, let Py be the space of all polynomials in P, whose total degrees
are less than or equal to d. Let Py g = {f € Py : (N)(f) = 0}. It is well known
that Pa := Ug>1Py is dense in C} (A N)), so that Py o0 := Ug>1P0,q is dense in

Do == {f € DEM) : u{M(f) = 0}

under the Sobolev norm || f||1,2 := \/MSN)(fQ) + &gN)(f, f).

To characterize the gap(L&N)), we decompose the spectrum of L) in terms of

the degree of polynomials. Obviously, every Py 4 is an invariant space of L&N). Let
Ql = P()J and

Qd—{fE'Pod /L (fg)—OforaHQE'Pd 1} d> 2.
Then, by the symmetry of La in LQ(N& )), every Qg is an invariant space of L&N)
as well. Thus, letting 74 : Poo — Pg be the orthogonal projection with respect to

the inner product in L?(u (N)) we have

LN raf =7gLMf d>1,f € Poo. (2.2)
Therefore, to characterize the spectrum of L((XN) it suffices to consider that of
LgN)|Qi, the restriction of L&N) on Q;, for every i > 1.

Let d > 2. To characterize the spectrum of L&N)|Qd, let

Kd:{k:(k1,~-~, ezl Zk_d}

1<i<N

For any k € Kg, let 2% = H1<1<N:1: Then

Qd—{ Z crz® — maq Z e ci= ck)keKdER } (2.3)

keK, keEKq
We define the K4 x Kg-matrix My by letting
do‘NJrl_"ZlSngN(kn_"o‘n_l)knv if k= k/,
Ma(k, k') = § (kn + an)(kn + 1), ifk=k+e,—emn,1<n#m<N,

0, otherwise,

where {e,}1<n<n is the canonical orthonormal basis on RY. We first identify
eigenvalues of L,(NN)|Q , with those of M.

Lemma 2.1. For any d > 2, X\ is an eigenvalue of —L&N)|Qd if and only if it is

an eigenvalue of My. Consequently, —L((yN)|Qd > (dant1)lg,, where Ig, is the
identity operator on Qg.

Proof: (1) Let A be an eigenvalue of — L™ on Q4. By (2.3) and (2.2), there exists
0 # ¢ € R¥a such that

Z ck(LgN):vk —mg_1Ly, (N) g k =\ Z ex( [ ) (2.4)
kEK4 kEK,
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Obviously,

LMab = " (2002 + 00,2
1<n<N

_—( Z xn:rm@%xk—l— Z xmananxk—koqv“ Z xnﬁnxk>

1<n,m<N 1<n,m<N 1<n<N

= —< Z kn(kn — 1)xk76"+em + Z apkpaFentem 4 AN+1 Z knxk>

n,m<N 1<n,m<N 1<n<N
= _< Z kn(kn _ 1)xk78n+em + Z anknxkferﬁrem + daN_ka)_
1<n,m<N 1<n,m<N
By the change of variables k¥’ := k — e,, + €,,, we obtain

g CL g ankyxkentem

keK, 1<n,m<N

= Z Ck Z Qpkplentem 4 Z CL Z ki ”

keKy 1<n#m<N keKy 1<n<N
/ k' k

= E E Cht tey—en On (K +en —em)(n)z” + E Cr. E onknt

keK4 1<n#m<N keK, 1<n<N

k k

= E E an (kn 4 1)Chte, —e,, " + E E ankncr”.

keK4 1<n#m<N keK41<n<N

Similarly,

Z Ck Z k(K — 1)zk—enten

keK, 1<n,m<N
= Z Z kn(kn + 1)ck+en,emxk + Z CL Z kn(kn — l)xk.
keKy 1<n#m<N keKy 1<n<N
Combining these together leads to
Z e LV 2k = Z Ck Z (20,02 4 6,0,)2" — Z My(k, K Yepa®. (2.5)
keEK, keKy 1<n<N k,k'€Kq4
Substituting this into (2.4), we arrive at
Z (Myc)pzh = A Z et 4+ pa_1(z)
kEKq kEKq

for some pgy—1 € Py_1. Therefore, Myc = Ac, i.e. A is an eigenvalue of Mj.
(2) On the other hand, if X is an eigenvalue of My, then there exists ¢ € R¥\ {0}
such that Mgc = Ac. Let

flx) = Z crr® — gy Z crz®.
keKy keKy
It follows from Mgc = Ac and (2.5) that
LV f =Par— A
holds for some pg—1 € Py_1. Since f € Q4 which is orthogonal to Py_1, this and
(2.2) implies
LV f =1 =mg )L f = =M1 —7a1)f = =\f.



10 S. Feng, L. Miclo and F.-Y. Wang

So, A is an eigenvalue of L&N) on 9.
(N)

(3) Finally, since eigenvalues of —Lg
values of My := M, — danyilx,x K, is larger than or equal to —day4+1. On the
other hand, from the definition of M, we see that M, does not depend on an41.
So, letting a1 J 0 and noting that My > 0, we conclude that eigenvalues of ]\Zfd
are non-negative. Therefore, eigenvalues of My are larger than or equal to day 1.

are nonnegative, (2) implies that eigen-

Combining this with (1) we obtain —L&N>|Qd > (dayy1)lo,. O
Proposition 2.2. For N > 2, gap(L((yN)) = anii1

Proof: By Lemma 2.1, it suffices to prove that the smallest eigenvalue of L |Q1
is any1. To this end, we take 0; = (0;;)1<j<n € RV(1 <i < N — 1) such that

N N
Z@ikak = 0, Z@ikejkak = 5ij; 1 S i,j S N —1.
k=1 k=1
So, {0:}Y ! is a basis of RV~1. Let
N
j=1

N - N
« ~
x) = E xp———, a:=la)1 —ani1 = E Q.
ol
k=1 k=1

We intend to prove that {u;}1<i<n is an orthogonal basis of Q1 with respect to
the inner product (f, g)((lN) = (N) (f9) = [am fgdua ), and L&N)uN = —|ajiun
while LgN)ui = —apn41u; for 1 < 47 < N — 1. Thus, the smallest eigenvalue of

N .
— LY )|Q1 is any1-
It is easy to see that

M@l(ai+1)
i (i) ::/ wanl"(da) = @t
AN)

P(lali +DT(q) — ali”

()= Ot D) et Dy oy,
L(lali +2)T(as)  |afi(Jals +1)
I'a)I'a; + DI + 1 i . )
,Ug‘N)(xiij): (a) (a+ ) (aj+ )7 Q0 1§’L7£]§N—1.

C(lali +2)()l(a;)  afi(jah +1)
Then

uEY) (ui) Zemak 0, 1<i<N-1

(u) Z
|a|1 |a|1

So, {uih1<i<n C Q1. Moreover, for 1<i#j<N-1,
1
(N)(ayiw) ) — =~ 0..0. 1 0..0.
Ko (wiug) ERCTES) ( g iklirar(ar +1) + g ikbjiakog

1<k<N 1<k#I<N

:W{( Z ekak) Z O + Z eikejkak}:Q

1<k<N 1<I<KN 1<k<N
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and for any 1 <i< N —1,

N(N uzuN Z 91]/14 x]xk
1<k,j<N
! Zﬁa(a—i—l)-ﬁ- L Z Oijo 0
lah(lals +1) Sz, 77 |Oé|1(|04|1+1) wisen
1
= Oiioap + ——— 000, = 0.
ahan 70, 2, e T ey 7,2 O

Since {6;}Y7" is a basis of RV ~!, we have
dim span{u; : 1 <i<n—-1} =N —1 = dim Q;.

In conclusion, {u;}1<i<n is an orthogonal basis of Q.
Finally, we have

N
L((XN)’U%(.I) = Z(O[jINJrl — OAN+1IJ‘)9U = —ON+4+1U;, 1 S 7 S N — 1,
j=1
and
N
LM uy(z) = (ejzn41 — aniz;) = —|ah ng + Za] = —|afiun ().
j=1
Therefore, the proof is finished. O

3. Proof of Theorem 1.1: the whole spectrum of L((XN)

For d € Z, let Hq be the space of homogeneous polynomials of total degree d

in the variables x1, ..., zx. Denote by 74 the natural projection from Py, to Ha
which only keeps the d-homogeneous part of a polynomial. Let f/((lN) (7a L )|H 4
be the restriction of the operator ﬁdL&N) to Hq and —A4 denote its spectrum, seen
as a multi-set (namely with multiplicities). From the above considerations, the

spectrum A of —L&N) is equal to Ugez, Aq, as a multi-set. We can write
F(N F(N (N
L) = =1 W) —ann L),

where L( :Hg = Hq_1 and L( : Ha — Hq are respectively the restriction to
Ha of the operators

1<n<N tsnsN

under the projection 4. The crucial point of the previous decomposition is that
ZALS\;) = dly,. Denote by A4 the spectrum of | - |1 d, we thus have

Ay = /N\d +danyi.

Note that Ay = Ao = {0}. The next result enables to compute by iteration ]Xd for
allde Z,.
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Proposition 3.1. Let a = Zfil o;. For any d € Z4, we have
Agi1 = (2d+a+ Ag) U{O[C(N,d+1) — C(N,d)]},

where {0[l]} is the multi-set with 0 repeated | times, for | € Zy (more generally [I]
will stand for the multiplicity 1), and where C(N,d) is the dimension of Hq, namely

C(N,d) = (d“j_l).

Proof: Consider A € Ay and let ¢ € Hqyq be an associated eigenvector (non-
zero). We have
(N
| : |1L((1)d)+190 = )\<P

Since fo d)+1<p € Hg, there are two possibilities: either A =0, or ¢ = |- |19 for some

P € Hy such that
LY 1hw) = M. (3.1)
We consider the latter situation, since the former case leads to the multi-set
{0[C(N,d+ 1) — C(N,d)]}.
We compute at point = that

L) ) = [eh LM+ L] +2 Y 2,000

1<n<N
=i LN +v > an+2 Y 20,0 (3.2)
1<n<N 1<n<N

=z i L)W + (@ + 2d)y.

So, it follows from (3.1) that A — & — 2d is an eigenvalue of the operator | - |1Lofvd)7

namely belongs to Ag. Thus,
Agi1 C (2d+ &+ Ag) U{O[C(N,d + 1) — C(N, d)]}.

On the other hand, if \' € Aq then |- [1L")¥ = X9 for some 0 # ¢ € H4. Then
(3.2) implies

EM (- h) = [ h I + (a4 2d)yw = (X + & + 2d)op.

Therefore, N + & + 2d € Ad+1; that is, Ad+1 D (2d+a+ Ad). Then the proof is
finished. O

Proof of Theorem 1.1: The previous arguments amount to an iterative construction
of the eigenvectors: for any d € Z,, let Fy be the set of eigenvectors of | - |1Lg\2

and G4 be the kernel of i/;Nd) Then we have

Vd € Zy, Far1=Gar1U (|- 1 Fa).

Indeed, in the above proof, functions ¢ € ]:'d+1 of the form | - |19 with ¢ € F. are
associated to eigenvalues of the form & + 2d + A\, where A € A4. From Lemma 2.1,
we know that A > 0, so that & + 2d + A > 0 and ¢ does not belong to the kernel

of Ld]i)l Conversely, we have seen that all the other eigenvectors belong to the

kernel of Lgl]i)l Thus we get the following characterization of the kernel of E(N)' it
)

consists exactly into the eigenvectors of L( .4 Which don’t admit |- |1 as a factor.
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Note that F, is also the set of eigenvectors of LS\Q. To get the eigenvectors of

our initial operator L,(NN), we construct by iteration on d € Z the following subsets
Fa of Pg. First we take Fo := Fo = Po. Next, if F4 has been constructed, then for
any f € Fg41, there exists a unique gf € Pg such that f + g5 is orthogonal to Py

in A%(u1). Then we define

Farr:={f+gr: [ € Far}-

The set of eigenvectors of L((yN) is Ugez, Fa-

From Proposition 3.1, K : K — A is surjective. It is truly one-to-one, if and only

if 1, @ and a1 are independent when R is seen as a vector space over Q. Let us

call this situation generical over the choice of the parameters a := (an)1<n<nN+1-
Moreover, the multiplicity of an eigenvalue A € A is given by

Z D(k)
ek

Therefore, A = {K (k)[D(k)] : k € K}. O

4. Proofs of Theorems 1.2 and 1.3

To prove the first assertion let W be the L'-Wasserstein distance induced by
p(z,y) == |z —yl1 on P(A )), the set of all probability measures on A(>). That
is, for any p,v € P(A),

W(uv) = inf / & — ylur(da, dy),
TeC(p,v) J Aloe) x Ale0)

where C(u,v) is the set of all couplings for p and v; i.e. m € C(u,v) if and only if
it is a probability measure on A(®) x A(*®) guch that
m(dz x A)) = p(dz), (AL x dy) = v(dy).

It is well known that the metric W is complete and induces the weak topology on
P(A)) see e.g. Chen (1992, Theorems 5.4 and 5.6). So, for the proof of Theorem

1.2 we only need to show that {ug’%m }n>1 is W-Cauchy sequence.

Proof of Theorem 1.2: Let L{&} denote the law of a random variable &.

(1) To prove that {u&n?ym tn>1 is a W-Cauchy sequence, we use the partition
property of the Dirichlet distribution mentioned in Section 1. For any n > m

v

1, let (X 1(n) Xfli)l) have law ,u(ﬁj)l). By the partition property, ﬁfﬁ:ﬁl)
c{(xy", Xfé’)pZ? n X XY S0,
m) — S X xm —cf{(x™ ... xm)
H o om) m=— 172 /Lam) { n }

Thus,

i = e{ (7 X2 S X 00

(n) E{(XY‘)’...,Xr(ln),()v(),...)}.

Mo,
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Then, by the definition of W and noting that |a|; < oo, we have

n

limsup sup W(u&’jlozoo,uggoo)§211msup sup Z E|Xi(n)|

m—oo n>m+1 m—oo n>m+1

1=m-+1
257
< lim sup @ -0
m—oo Qoo + ||04||1

Therefore, {ug’%m }n>1 is a W-Cauchy sequence and the proof of the first assertion
is finished.
(2) Tt suffices to prove

&) (f,9) = —/A( )(fL&?Z)mg)du&fi?w, f,9 € FC2. (4.1)

For any f,g € FC?, there exist m € N and f,,, g € C?(R™) such that
f(.’I]) = fm(xh e 71:777,)7 g((E) = gm(xla e ,.’I]m), HARS A(OO)

So, by the definition of MSTLOO and using (1.3), we have

_ /A (Oo)(fLS?i)g)du&’?Lw = /A . {(1_ |x|1>;xi(8i f)(aig)}duggm. (4.2)

Since MSTLOO — ugﬁ)oo weakly, and it is easy to see that

lim sup [7L0,0 ~ L9l (2) = 0,

N0 peAleo
(1= o) @i @0) - (1- L) S @uf)0u0)] =0,

by letting n — oo in (4.2) we prove (4.1).
(3) Finally, as was shown in (2) that the desired Poincaré inequality follows by
(Tzl) on A then letting n — co. So, gap(Lng)oo) > Qloo-

[e3%

lim sup
n—oo :EGA(OO)

applying Theorem 1.1 to
On the other hand, let

u(r) = asry — e, x € A,

We have
L) u(z) = {a1(1 —|z)1) — acor1 faz — {a2(1 — |]1) — asoz2 f
= —au(z), for z € AL,
This implies gap(Lt(,Zi)oo) < @oo- In conclusion, we have gap(Lt(,Zi)oo) = Qoo O

Proof of Theorem 1.3: (a) For the first assertion, we only need to prove that
{Pé"%}nzl is a Cauchy sequence with respect to the L'-Wasserstein distance

Wr(P,P'):= inf — ||y oo TI(dE, dn).
wPPy= it [l i an

To this end, for any n > m > 2, we construct a coupling of ngn% and PX;) as

follows.
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Firstly, let (Xi(n)(t))1<z<n solve the following SDE with Xén) =z(");

ax (1) =[as(1 = XD W) - e X" (1)] at

/201 — XXM (1) dBi(t), 1<i <n—1;

dx (1) = [ i aj (1= X" (0)h) — O‘OOXfln)(t)} d "

/201 — 2 @)X (1) dB,(1), < [0,T],

where (B;(t)1<i<n are independent one-dimensional Brownian motions. Then Pw("r}
is the distribution of (X (™ (t))tepo,1)-
Next, let

XMt = xM () for 1<i<m—1, and X{V(0) = S X" (0), t€0,7T).

j=mn
Then X ™) (0) = 2(™) and by (4.3),

ax @) =[ai(1 = X)) - 0w X 0)]

+\/21—|xm) )X™ () dB;(t), 1 <i<m—1;

ax(m ) = Z a; (1= X)) = as XG0 (1)t

j=m

/201 = 2 (0)]) X5 (1) d B (t), ¢ € [0,T],

where dB,,(t) := ﬁ S \/Xi(n)(t) dB;(t) is a one-dimensional Brownian
motion independent of (B;(t))1<i<m—1. Therefore, (X (™ (t))ic(o,r) has law PX’%).
Now, by (4.4) and the definition of Wr, we have

Wr (P, P <E sup |X(t) — XM (1)), =E sup Z XMy, (4.5
t€[0,T] te[OT]J 1

Let Z(t) = Y01 X\ (t). By (4.3) we have

o0

az(y < (Y )i+ S sl @)X (0 dBy(@)

Jj=m+1 Jj=m+1

So,

20 Y i)t Y / Vs(1 = 1X0(5)]1) X ) dBy )

j=14+m Jj=m+1
= Z(t), tel0,T].
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Since Z(t) > 0, Z(t) is a nonnegative submartingale. Then by Kolmogorov’s in-
equality,

_ 1. 1 &
JP( sup Z(t) > /\) < P( sup Z(t) > /\) <SEZ(T) =< Y (¢j+a,T), A>0.
t€(0,T] te(0,1] A AL
Since Z(t) < 1, this implies
1 oo
E sup Z(t)g)\—i-IP’( sup Z(t)z)\)g)\—i—— Z (xj +a;T), X>0.
t€[0,T t€(0,T] A j=m+1

Taking A = \/Z;imﬂ(:vj + «;T), and combining with (4.5), we obtain

oo

lim sup WT(ngTlT)ang?) <2 lim Z (z; + o;T) = 0.

m—o0 m—o0
n>m+1 j=m+1

Therefore, the first assertion is proved.
(b) Let f € FC?. We have f(x) = f(x1, -+ ,%m) for some m > 1 and f €
C?(AU™). For the coordinate process X (t), define

M™(t) = f(X(1) - /Ot L) f(X(s))ds, n>m,te[0,T].

Then (Mt("))te[O)T] is a PénT)—martingale; that is, for any 0 < s < t < T, and any
bounded Lipschitz continuous function g on 7 measurable with respect to Fs,

| M @@t = [ e @gl)ar. (4.6)
Qr Qr

(

We intend to prove the same equality for P;;)

and

M) (t) = f(X(t))—/tL(oo) f(X(s))ds, t €[0,T].

O, 000

0

By an approximation argument, we may and do assume that f € C} (A™), In this
case, M (™ (t) is bounded and Lipschitz on Q7 uniformly in n > m and ¢ € [0, 7].
Since g is bounded and Lipschitz on Qp as well, there exists a constant C' > 0 such
that

(M@ (2)g)(€) = (M@ g) )| < Cllé = nllre, n=m &€ Qr,te0,T].

Therefore,

] MO Bgar()- [ M<"><t>gdP£°;’] < CWr(Pp Py, nzmit € [0,T),
Qr ’ Qr ' ' '

Combining this with (4.6), lim,_ec Wr (P9, P3)) = 0, limy, oo M = M)
and noting that {M™g},>,, are uniformly bounded, we conclude that

(MO (1) — M) (5)] gdP.)

’ Qr

~ lm ‘/ [M(n)(t)_M(n)(s)]gdPI(O;)‘
n—o00 Qp ’
< 2C'lim sup WT(PJET?, ngj);)) =0.

n—oo
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Then the proof is finished. O

5. A Discrete Model

For any N > 1, M > N + 1, consider a population of M individuals of N + 1
different types. Divide the population into two groups: group I of types 1,..., NV
and group II of type N 4 1. Focusing on group I and treat group II as outsiders or
external sources. Initially the number of type i individuals is m;,i=1,..., N + 1.
The group I evolves as follows: a type ¢ individual independent of all others will
wait for an exponential time at rate ay 41 and at the end of the waiting emigrates
to the outside becoming type N + 1; an outsider will independently wait for an
exponential time with rate o;; and immigrate to group I becoming type ¢; in addition
to emigration and immigration, each couple between a type I and a type II waits
for an exponential time with rate 2 and when the clock rings, either the group
I individual moves out becoming an outsider or the group II individual moves in
becoming the type of the selected individual in group I.

Let X (t) = M~Y(Mi(t),...,My(t)) denote the relative frequencies of individ-
uals of different types in group I among the whole population at time ¢. For

€ (0,00)V*1 ) we construct X (¢) as a multivariate Markov chain with generator

A{af(‘r)
= MZ {OZNJrlIi [f(:c - %) - f(x)} +a;(1 - |x|1){f(x+ %) — f(a:)]}
+M2_ZN:(1 - |$|1)33i{ (33 - —) + f( MZ) - 2f(x)}, fec?(A)

forx € Agé[v) = {:1: € ZN |x]1 = Efvzl r; < 1}, where e; is the unit vector in the
ith direction. Letting M —ooand z =y € AN one gets Ag&v)af( ) —> L&N)f(y).
We will see that the finite Markov chain generated by A ., on A ) is reversible

with respect to the probability measure /ng,?l:

(N) lans1]m—jz) 1 [l ae, AN
/J’]Wa() Z{M1—|$| }|H szl’ € M >

where [a],, := [/ (@ + i) for a > 0 and m > 1, [a]o := 1, and

Z:= 3 v 11)ar(—jaly) T [vi)aza,
eal (M= |z])} 25 (Mag)!

is the normalization. Moreover, for N > 2, .A(N) has the same spectral gap an11
(V).
as Lg

Theorem 5.1. Let N > 2. The Markov chain generated by A ., 18 irreducible and

reversible with respect to ug\/[ )a Moreover, AM ., has spectral gap an41 in L? (,ug\gv?l)
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Proof: (a) Denote y; = £ for 1 <4 < N. For any z,y € Ag\ijv), let

Mziany1 + M2x;(1 — |z, ify=o—-7,1<i<N;
Qoy = ;M1 —|z|1) + M22;(1 — |z}1), ify=2+7,1<i<N;
0, otherwise.

We have
AN r@ = S a{f@) - f@)}, ze Al

N
yEAEM)

Since g,y > 0 when z,y € Ag\z{{v) with y = x+; for 1 < ¢ < N, and Ag\z{{v) is

connected by the edges x — = £ v;, we see that the Markov chain is irreducible.

Next, it is well known that AS\ZVL is symmetric in L? (ugé[vgl) if and only if

N N N
P (@) ey = 1550 W) ayar w,y €AY, (5.1)
To verify this condition, we only need to consider the following two situations.
(al) y = x 4+ ; for some 1 <4 < N. In this case we have M|z|; < M — 1, and

by the definition of uf)),,

N
paa ) M(1 = |z)1)(as + Maz;)  uy

iy () C(anp + MO =) - DMz +1) g’

(a2) y = x — ~; for some 1 < ¢ < N. In this case we have Mz; > 1, and by the
e (N)
definition of i) 7,
(N)( )
luMoz ) o (OAN+1—|—M(1—|I|1))MI1 _ Qzxy

W0 @) MO Tal) + DM =T+ 00 e

In conclusion, (5.1) holds and thus, AE\ZVL is symmetric in L? (;Lgé[vgl)

(b) For any d € Z,, consider again P, the space of all polynomials (in N
variables) whose total degree is less than or equal to d. For any f € Py and
1<i< N,z f(zx—v)—f(z) and x — f(z+~;)— f(z) are polynomials belonging
to Pg—1, while z — f(z—v;)+ f(xz+7;) —2f(x) is a polynomial belonging to Py_s.
From the definition of A' M, 21, it follows that Py is preserved by A . As in Section
2, we consider for d € Z,

@ =A{f €Pan L) ¢ piralfal = 0.¥g € Pas)
(with the convention Qy = Py). Note that for d large enough, Q4 = {0}, neverthe-

less, we still have
NM a @ Qq
deZy

and the Qg are orthogonal. Furthermore by symmetry of A%[VL in L2 (ug\yl) each
of the Qg is preserved by A . Thus it is sufficient to study the spectral decompo-

sitions of the restrictions of A( ., to the Q4. But this is exactly the same analysis
as in Section 2, because there we only used the highest monomials. Indeed, note
that for all f € Qgand 1 <i< N,

v o =)~ S (@) + 21D

;= flr+y) — flo) -
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are polynomials belonging to Py—_2, and

02 f(z
v flo =) + fo 4 ) - 20 () - 2D
belong to P4_3, where we set P, = {0} if ¥ < 0. Thus, for any polynomial f € Qg,
the polynomials AS\JJL f and L((IN) f have the same highest order term (i.e. the term
of degree d), so that these two operators have the same spectral gap.
O

Finally, we show that MS\ZVL converges weakly to u((lN) as M — oc.

Proposition 5.2. Under the topology on AN) induced by [ -1, NE\?L converges

weakly to u((lN) as M — oo.

Proof: Tt suffices to prove that NE\ZVL (f)— u((lN)(f) for any polynomial f. We first

consider pu(f) =0, i.e. f € Pyq for some d > 1. Since L(()[N)|poyd is bounded with
: _ (N)

eigenvalues not larger than —any1, Lo

g € Poy,q such that f = LgN)g. Noting that

Jim AN, g~ ZMg)e0 =0, u{ (AN L9) =0,

is invertible on Py 4. So, there exists

we obtain
: (N) ey — 1 (N) (7 () N 1 (N) (A(N) vy
i g (O = Hm gy (Le 7 g)l = Hm (pg v (A 39)] = 0.

That is, limy;— 00 u({v) (f)= ugN)(f) holds for any polynomial f with u(f) =0. In

[e3%

general, if u(f) # 0, by letting f = f — u(f) we obtain
— 1 (N Ay — 1 (N) _
0= lm po ()= lm g5 (f) = p(f)-

Then the proof is finished. O
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