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Abstract 

The present work describes the application of the generalized porous medium model to 

study heat and fluid flow in healthy and glaucomatous eyes of different subject specimens, 

considering the presence of ocular cavities and porous tissues. The two dimensional 

computational model, implemented into the open-source software OpenFOAM, has been 

verified against benchmark data for mixed convection in domains partially filled with a 

porous medium. The verified model has been employed to simulate the thermo fluid 

dynamic phenomena occurring in the anterior section of four patient-specific human eyes, 

considering the presence of Anterior Chamber (AC), Trabecular Meshwork (TM), 

Schlemm‟s Canal (SC) and Collector Channels (CC). The computational domains of the 

eye are extracted from tomographic images. The dependence of TM porosity and 

permeability on Intraocular Pressure (IOP) has been analysed in detail, and the differences 

between healthy and glaucomatous eye conditions have been highlighted, proving that the 

different physiological conditions of patients have a significant influence on the thermo- 

fluid dynamic phenomena. The influence of different eye positions (supine and standing) 

on thermo-fluid dynamic variables has been also investigated: results are presented in 

terms of velocity, pressure, temperature, friction coefficient and local Nusselt number. The 

results clearly indicate that porosity and permeability of TM are two important parameters 

that affect eye pressure distribution. 

 

Keywords: Generalised porous medium model; Eye modeling; Aqueous humor flow; 

Intraocular Pressure (IOP); Patient oriented; Heat transfer. 
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Nomenclature 

Cf = skin friction coefficient 

cp = specific heat (J/g/K) 

Da = Darcy number 

F = Forchheimer coefficient 

g = gravity (m/s
2
) 

k = thermal conductivity (W/m∙K) 

L = characteristic length (m) 

n = normal direction  

NuL = local Nusselt number 

p = pressure (Pa) 

Pr = Prandtl number 

t = Time (seconds)  

T = Temperature (
o
C) 

u = velocity (m/s) 
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Greek symbols  

α = thermal diffusivity (m
2
/s) 

β = thermal expansion coefficient (1/
 o
C) 

ε = porosity 

κ = permeability (m
2
) 

μ = viscosity (Pa∙s) 

ρ = density (kg/m
3
) 

τw =
 wall shear stress (Pa) 

 

 

Acronyms 

AC = Anterior Chamber 

AH = Aqueous Humor 

CC = Collector Channel 

HE = Healthy Eye  

GE = Glaucomatous Eye 

IOP = Intraocular Pressure 
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SC = Schlemm‟s Canal 

TM = Trabecular Meshwork 

 

Subscripts 

e = effective 

f = fluid 

m = mean 

o = ocular 

ref = reference 

s = solid 

 

1. Introduction 

Glaucoma is a group of eye diseases which may result in loss of vision due to damage of the 

optic nerve. In 2002, among the 37 million of blind individuals worldwide, 12.3% was caused by 

glaucoma. By the year 2020, it is estimated that there will be about 80 million people in the 

world affected by glaucoma. Although different theories exist on its exact etiology, the 

underlying cause is still unclear [1]. The major risk factor for most types of glaucoma is the 

increased IntraOcular Pressure (IOP), that is also the main focus of the curing treatments. IOP is 

a function of Aqueous Humor (AH) production by the ciliary processes of the eye, and its 
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drainage through the trabecular meshwork. AH flows due to pressure differences between 

different areas, undergoing natural circulation, also induced by thermal gradients in ocular 

tissues. AH has a relevant role in maintaining physiological pressure conditions inside the ocular 

cavities, with serious implications on normal eye function. Apart from the function of balancing 

pressure at Anterior Chamber (AC), AH aids in providing nutrients, removing waste and 

transporting drug at the ocular tissues. Its motion is largely affected by the physical 

characteristics of the porous tissues, internal circulation due to mixed convection and outflow 

resistance at conventional pathways [2-4]. 

Numerous works have tried to elucidate the role of the porous characteristics of ocular tissues 

located in the vicinity of iris-cornea on the fluctuations of IOP at AC of an eye [5-16]. The 

majority of AH secreted by the ciliary body enters the AC and flows towards the conventional 

outflow pathway, encountering Trabecular Meshwork (TM), Schlemm‟s Canal (SC), Collector 

Channels (CC) and finally the episcleral venous system. The porous nature of TM, investigated 

by many in vivo and in vitro studies, has been shown to affect AH flow resistance, with a 

significant effect on IOP [5-8]. Experimental studies have been carried out to find the TM 

permeability of perfused human eye, have demonstrated the importance of this property on AH 

flow [9-13]. Moreover, the porosity of these tissues has been proved to influence AH outflow, 

due to the funnelling effect of small pores at the inner wall endothelium of SC that modulates the 

flow resistance at the TM [14-16]. 

Given the difficulties in experimentally analysing AH flow inside ocular cavities and tissues, 

different computational models have been developed for analysing the influence of AH outflow 

on IOP, often taking into account only the TM and not the whole anterior section of the eye [17-

32]. Analytical and numerical models were developed to understand morphological changes at 
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TM due to IOP and its effects on TM permeability values based on Darcy‟s model [17-20]. 

These studies considered the three dimensional TM and obtained an analytical expression 

relating AH flow rate through TM to pressure difference across it, due to TM permeability. Also, 

a 3D numerical study was carried out on TM model with three different layers along with inner 

wall endothelium of SC [21]. This study demonstrated that there are disparities between 

heterogeneous and homogeneous permeability values of TM, with higher AH outflow resistance 

offered by the TM with heterogeneous permeability [21]. Moreover, several numerical heat 

transfer studies have been carried out to model a laser therapy on eyes and reporting the 

temperature distributions in different regions of the eye including AC in the absence of TM 

porous structure [22-24]. Eye models comprising both AC and TM have also been developed, 

demonstrating that porous properties should be taken into account in eye modelling [25-26]. 

These studies mainly focused on the therapeutic effects of drug delivery for glaucoma. In other 

numerical studies, models considering the TM structure were developed to analyse the effects of 

various parameters like viscosity, permeability and flow rate on IOP, without considering the 

porosity effects on IOP in presence of different configurations of human eyes [27-29]. 

The literature survey clearly shows a strong interest of the biomedical engineering community in 

numerical modelling of the anterior section of the eye. Although significant efforts have been 

made, the effects of both porosity and permeability of TM on AH outflow and, consequently, on 

IOP, on subject-specific geometries is still lacking. These parameters play a crucial role on 

pressure management of an eye and thus must be properly analysed using the more available and 

suited comprehensive models, including non-Darcy models. Therefore, a general porous medium 

model that is able to take into account the effects of porosity and permeability and its interaction 
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with porous tissues and free fluid can produce relevant information concerning AH outflow from 

the anterior chamber of an eye and its management of IOP. 

In order to study the effects of TM porous structure on AH outflow and IOP, the authors propose 

here for the first time the use of the Generalised Porous Medium (GPM) model that integrates 

Darcy, Forcheimmer and Brinkmann models in the solution of fluid flow and heat transfer 

through porous media [33-40]. The present approach is particularly useful to reproduce the AH 

temperature and fluid flow distribution inside the anterior section of an eye, as it allows 

modelling fluid cavities, such as the AC, and porous tissues, TM, with one universal model. The 

two dimensional model has been implemented for the first time in the finite volume based 

software, OpenFOAM, and it has been verified for a mixed convection benchmark problem of 

free fluid - porous medium interface. The model is then used for the first time within a patient-

oriented procedure, to solve flow and heat transfer in four different subject-specific eyes, 

extracted from tomographic images of both healthy and glaucomatous patients. In particular, 

among these eyes, the doctors have diagnosed two glaucomatous patients with uveitic glaucoma, 

due to the inflammation at TM cells, increase in AH outflow resistance and consequent increase 

of IOP at AC [41]. Therefore, the authors have focused the present patient-oriented work on the 

study of the effects of TM flow resistance on AH thermo-fluid dynamics and increased IOP.  The 

application of the present model allowed the authors to highlight the sensitivity of heat and mass 

transport phenomena occurring in human eyes to key eye parameters, such as porosity and 

permeability of ocular tissues and, consequently, understand the differences between healthy and 

glaucomatous eyes. From such parameters, flow, pressure and temperature fields within the 

anterior section of the four eyes have been reported. The IOP values measured on these patients 

have been used to calibrate the permeability and porosity values in the numerical simulation to 
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be used in generalised porous medium model. The authors aim at proving that these properties 

drastically affect flow and thermal fields in the AC of eyes and are strongly related to healthy 

and glaucomatous conditions. 

The paper is organized as follows: the next section describes the mathematical model employed; 

the third section presents the numerical implementation within OpenFOAM; the fourth section 

reports the main numerical results obtained for the four eyes considered in this work, and for the 

verification of the procedure. Some conclusions are drawn in the last section.  

 

2. Mathematical model 

The present study uses the Generalised Porous Medium (GPM) model to study AH flow and heat 

transfer inside the anterior segment of an eye and outflow through TM pathways. In order to 

simulate real life problems, tomographic images of eyes from four different patients have been 

processed, and the computational domains have been extracted for the numerical analysis, as 

shown in Figure 1. Healthy conditions of these eyes, based on IOP, have been used to categorise 

the different patients; the first two eyes shown in Figure 1 (a and b) were healthy, while 

clinicians, who co-author this work, classified the third and fourth as Glaucomatous Eyes, 

namely GE1 (Figure 1 (c)) and GE2 (Figure 1 (d)).. The measured IOP values of these four eyes 

were respectively 14.1 mmHg, 16 mmHg, 18.9 mmHg and 27.0 mmHg. The computational 

domain size varies for the four eyes, especially the areas of AC as shown in Figure 1 that were 

measured to be respectively (a) 28.6 mm
2
 (b)24.1 mm

2
 (c) 25.2 mm

2
  (d) 33.2 mm

2
  for the four 

patients.  

The computational domain comprises of Trabecular Meshwork (TM), Schlemm‟s Canal (SC) 

and Collector Channel (CC) as shown in Figure 1. The small segment between lens and iris 
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captured from the scans serves as the inlet for AH secreted by the ciliary body. Collector 

Channels (CC), among the AH outflow pathway, are modelled as outlets for the AH. Table 1 

reports the typical dimensions of the anterior segment of the eye as reported in the available 

literature and the values considered for the present simulations of the first Healthy Eye (HE1) of 

Figure 1. The TM considered in the present model has a width of 70µm and 100µm at the 

anterior and posterior portion, respectively. Moreover, a Schlemm‟s Canal (SC) with a maximum 

height of 125µm, based on the real anatomy of the structure, has been modelled at the top of TM 

[12,42,43]. 

2.1. Governing Equations 

Laminar, incompressible fluid flow has been considered in this work for AH, in order to model 

its velocity and temperature inside the anterior chamber of human eyes by solving the 

Generalised Porous Medium (GPM) model [33-37]. Buoyancy effects have been incorporated 

via the Boussinesq approximation [46], relating density variations to temperature differences in 

cornea, lens and iris, obtaining a mixed convection flow regime. The conservation equations of 

the generalised porous medium model in indicial notation can be written as: 

Mass  

0  i

i

u

x




  

 

(1) 

 

Momentum  
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u g

      
       

           


    



 (2) 
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Boussinesq approximation is employed by treating   ( )ref f refg g T T    ,where refT  is 

taken as the mean temperature between iris and cornea. 

 

 

Energy  

 

      
2

2
1p p p if s f

i i

T T T
c c c u k

t x x

                     
(3) 

  

The effective viscosity, e , is assumed to be equal to AH viscosity. The generalised porous 

medium model (1-3) is very useful in problems where a porous medium interacts with a free 

fluid, such as the present case where ocular cavities are in contact with porous tissues. In fact, the 

model approaches the Navier-Stokes equations when permeability, κ, goes to infinity and 

porosity, ε, approaches unity. However, when permeability assumes a finite value and porosity is 

smaller than one, the model describes heat and fluid flow in porous tissues. Therefore, the 

coupled problem can be easily solved with one set of equations (1-3) by using proper coefficients 

in the fluid and porous domains of the complex problem. According to Kozeny-Carman relation 

[47], porosity has a direct correlation with permeability, based on the Darcy‟s law as given in 

equation (4): 

2 3

2150(1 )

pd 






 

 

(4)

 
where dp is the average pore size. 

 

2.2. Boundary conditions 

AH is secreted by the ciliary body, which is represented in the present model by an inlet section 

in the anterior segment of the eye, between iris and lens, as shown in Figure 1. A nominal 
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volumetric flow rate of 2.5 µL/min is assigned at this inlet section [48,49]. The Schlemm‟s Canal 

(SC) and Collector Channels (CC) are subject to an episcleral venous pressure of 10.5 mm Hg 

[50,51]. Lens, iris and cornea are assumed to be impermeable walls, where no slip boundary 

conditions are imposed. The temperature of the outer surface of cornea is set at 27°C, while the 

temperature of lens and iris are set to normal human body temperature of 37°C [46]. Appropriate 

permeability values, depending on the health condition of human eye, are used for the porous 

tissue that represents the TM. Physical and thermal properties of AH are reported in Table 2. 

 

3. Numerical Implementation  

OpenFOAM (Open Field Operation And Manipulation), a finite volume based software written 

in C++ language, consists in a class of algorithms for solving different flow physics and heat 

transfer problems [53]. The solver implemented in the present work is customized to solve the 

generalised porous medium model for momentum and energy conservation equations (1-3). The 

equations have been modelled in the solver by adding the additional porous medium terms. The 

current study is focussed on steady state, and therefore transient terms are not relevant to this 

work. The problem is solved by using a solver for steady, buoyant, incompressible flows, based 

on the pressure velocity coupled SIMPLE algorithm developed by Patankar [54]. The under-

relaxation parameters for velocity and pressure enhance the stability of the numerical procedure 

[54].  

In order to fully exploit the flexibility of the generalised porous medium model in OpenFOAM, 

different domains were created for porous media and free fluid. In the geometry creation 

directory, cellZones, have been created only for porous domains. The porous terms have been 

incorporated in a C++ file createFile.H, where the solver accesses these terms only while solving 

porous domains. The porosity assumes the value of 1 for the free fluid domains and its value in 
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porous domain is taken from transport properties file. The sequence of operation for the above 

procedure can be described as follows: 

 The momentum equation is discretised in space, and the set of linear equations solved 

implicitly to predict velocity. Since OpenFOAM employs a collocated grid arrangement, 

velocities are calculated and interpolated at the faces of the cell using the guessed pressure 

values and a source term [55]. 

 Energy equation is discretised and solved implicitly to calculate temperature. The effective 

kinematic density derived from Boussinesq approximation is updated based on the new 

temperature distribution. 

 The pressure field is corrected at the cell centres with pressure Poisson equation.  

 The resultant pressure field is employed to calculate the correct velocity. New sets of velocity 

and pressure values are then calculated by using the corrected velocity and pressure values. 

 

4. Results 

This section presents the results obtained by using the present numerical procedure. After 

verification of the code against a benchmark problem available for a mixed convection, flow and 

heat transfer in human eyes models have been studied. In this work, the influence of the 

following parameters/quantities on the IOP has been considered: TM porosity and permeability; 

aqueous humor velocity; skin friction coefficient (Cf); and the local Nusselt number (NuL) at the 

surface of the cornea and iris. The porous structure of the TM has been analysed, as it directly 

influences the velocity field in the AC and, as a consequence, the IOP. Moreover, the local 

Nusselt number (NuL) has also been analysed as it is an indication of heat transfer, that affects 

the AH flow and, therefore, IOP. The skin friction coefficient (Cf) indicates the shear stress due 
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to the velocity gradient at ocular surfaces, calculated using AH velocity at the AC, and thus 

indirectly influences pressure. 

The authors have implemented the GPM model within a 2D approach, since the objective of the 

paper is to demonstrate the importance of taking into account the porous properties of ocular 

tissues for both healthy and glaucomatous eyes and highlight the differences between thermal 

and fluid dynamic quantities in healthy and glaucomatous eyes due to these properties, carrying 

out a comparative analysis. However, the authors have carried out a numerical analysis on a 3D 

eye model of HE1, finding out a maximum difference on the obtained velocity profiles at the 

horizontal section smaller than 5%.Therefore, given (i) the simplicity of the 2D model with 

respect to the 3D one, in particular concerning the reconstruction of the 3D domain and the 

computing time, and (ii) the difficulty in obtaining 3D eye images on the basis of traditional 

medical techniques, the 2D approach could be considered particularly suitable for the present 

comparative analysis.. In the near future, the authors will extend the present two-dimensional 

modeling approach, based on the GPM model, to three-dimensional, focusing on patient-specific 

eyes. Future work will also take into account the integration of ocular drainage devices for 

glaucoma treatment [56] within the present model. 

4.1. Verification: mixed convection in a partial porous vertical channel 

This section reports a comparison between the numerical results obtained by using the present 

model and data available in the literature for a two dimensional benchmark problem of mixed 

convection, i.e. vertical channel partially filled with a porous medium. All the details concerning 

the computational domain and boundary conditions can be found in references [36, 56]. Only 

half of geometry is considered by taking advantage of the symmetry of flow and thermal fields. 

This is an example of fluid-saturated porous medium and free fluid interface problem in which 
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the thickness of the free fluid layer is four times the thickness of the porous matrix. The right 

vertical wall is maintained at a higher temperature of Th=37 
o
C, while the fluid enters the inlet at 

the bottom of the domain with a prescribed velocity of v0=1 m/s and a temperature of Tw=27 
o
C.  

The numerical results obtained with the present OpenFOAM model developed in the present 

work are verified against the data available from the literature by Arpino et al. and Chang et al. 

[36,56]. The parameters considered in the numerical analysis are Da = 10
-3

, Gr = 10
3
, Re=50, Pr= 

0.72 and ɛ=0.8. It should be pointed out that this value of Darcy number is similar to the one 

encountered in eye models for the TM porous tissue, which is generally in the range of 10
-4

 to 

10
-3

. 

The non-dimensional velocity and temperature profiles have been plotted along the flow 

direction, y=0.5 and y=3 in Figure 2. It is clear from this figure that an excellent agreement with 

literature data have been obtained. As seen, velocity values are much smaller in porous medium 

(for x between 0.8 and 1) than in the fluid layer. As expected, steep velocity gradients are 

observed at the interface between porous insert and free fluid but the continuity of temperature is 

maintained. 

 

4.2 Flow and thermal fields in different eye models 

In this section, the results obtained for AH flow and heat transfer in four different eyes are 

reported. The current eye models can be considered as partial porous domains, since the TM is 

modelled as a porous matrix and the AC as a free fluid domain. A grid independence study has 

been carried out. The skin friction coefficient (Cf) and local Nusselt number (NuL) at surface of 

cornea and iris have been analysed. 
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4.2.1 Grid independence study 

Figure 3 shows the computational grid of eye HE1, composed of 46448 triangular elements. This 

mesh has been considered after a mesh sensitivity analysis, in order to ensure the best 

comparison between computational time and accuracy. The average skin friction coefficient, Cf, 

and the average Nusselt number, Nu, along the cornea and iris surfaces have been calculated 

based on numerical results for five different grids, together with the velocity values in different 

points in the cornea as shown in Figure 3. These parameters calculated for the finest grid have 

been taken as reference, in order to calculate the percentage difference with the parameters 

obtained for the four grids. The results are reported in Table 3 and Table 4. The grid with 46448 

triangular elements has been chosen for the simulations, since the percentage difference is 

smaller than 1%. The same approach has been used for the other three eye geometries. 

 

4.2.2 Sensitivity analysis on cornea temperature 

A sensitivity analysis on different corneal temperatures for HE1 has been carried out. Table 5 

shows the maximum velocity values calculated in the AC of HE1 in the supine condition for 

different temperature values of the corneal surface. As seen, the velocity magnitude increases 

inside AC with the decrease of corneal temperature due to the temperature difference between 

surfaces of iris, lens and that of the cornea. 

Ng et al. [44] adopted an ambient temperature of 25
o
C at cornea for the analysis of temperature 

distribution on the AC, observing a maximum AH velocity of 0.0278 mm/s. The disparity 

between the results may be due to several reasons, such as the differences in the model, i.e. the 

absence of TM structure, the differences in computational domain and boundary conditions. In 

the numerical study of Villamarin et al. [29], a maximum AH velocity of 0.08 mm/s was 
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reported at AC with a corneal surface temperature of 35
o
C. Although these results are closer to 

the present results, the difference may be due to disparity in the computational domain, thermal 

boundary conditions and permeability values used between the studies. Given the substantial 

differences between studies, it is important to include a model that is physically sensible and 

physiologically useful. Thus, it is important to take into account the presence of ocular porous 

tissues within a generalised porous medium context. 

 

4.2.3 Effects of TM porosity and permeability on IOP 

The primary resistance for the AH to flow from anterior chamber to collector channels is due to 

TM and therefore the influence of physical properties like permeability and porosity of TM on 

IOP is very important. The porous tissues in the TM have been considered in this present study 

to be isotropic and homogeneous. 

Figure  4 shows the dependence of IOP on the porosity and permeability values implemented in 

the generalised porous medium model by means of numerical simulation. In the present study, 

the pathologies of the eyes GE1 and GE2 are due to uveitic glaucoma conditions that affect the 

physiology of Trabecuar Meshwork pores and consequently increase the IOP at AC. 

According to medical considerations, IOP values above 21 mm Hg usually correspond to 

glaucoma conditions, and IOP values above 18 mm Hg can often be related to glaucoma risk 

conditions. These are general considerations, since this paper has not the aim to investigate the 

different types of glaucoma, but aims at analysing the effects of TM porosity and permeability on 

IOP, by means of numerical modeling the AH thermo-fluid dynamics inside ocular cavities and 

porous tissues. 
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Therefore, in the present work the authors have found, by means of numerical simulations, that 

glaucoma eyes should be characterized by TM permeability smaller than 15 24 10 m , that 

corresponds to porosity values smaller than 0.08. In this study, non-glaucoma control patients 

were considered having IOP values between 9 mm Hg and 18-21 mmHg, with corresponding 

permeability values ranging between 14 28 10 m  and 15 25 10 m  with porosity values greater than 

0.1. It is obvious from Figure  4 that the correct range of IOP is reproduced with the values of 

porosity and permeability considered in this work. Based on the porosity and permeability range, 

the IOP values have been calibrated for the eye models considered in the current study, which 

are discussed in the next subsections. 

 

4.2.4 Aqueous humor velocity   

The AH produced at the ciliary body moves towards the anterior chamber of the eye and 

undergoes a circulation pattern due to density differences caused by the temperature gradient 

within cornea, lens and iris. AH is produced mostly by active secretion by ciliary body and the 

normal human volume flow rate is considered to be 2.4-3 μl/min [48,49]. 

The position of the eye with respect to gravitational direction has a significant influence on the 

AH flow inside the AC. The present study considers both supine and standing positions, and 

Figure 5 to Figure 8 show the velocity vectors and velocity magnitude contours for supine and 

standing positions for the four different eye considered. In the case of supine position, the AH 

flow forms two counter rotating vortices at the core region of the AC. As seen, the AH coming 

from the ciliary body moves towards the mid region of the AC and the corneal region, partly 

flowing towards the iris-cornea angle, while the remaining AH shifts towards iris-lens direction 
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to form vortices. In standing position, a single rotating vortex due to buoyancy effect is formed 

with AH velocity values larger than those calculated for supine position. 

It can also be noticed that the flow in the first healthy eye HE1 has shown a more symmetric 

behaviour compared to HE2, GE1 and GE2 in supine conditions. The asymmetry in the patient 

specific models of HE2, GE1 and GE2 invokes asymmetric AH circular patterns, particularly 

evident in supine position. It is interesting to note that, for supine position, there is a larger 

vortex located at the core region, characterized by higher velocity values with respect to the 

second smaller vortex. The magnitude of AH velocity is different in the four human eyes 

considered and this variability is due to the different IOP and the values of TM porosity and 

permeability. 

The velocity magnitude distributions across horizontal and vertical sections of each eye are 

plotted in Figure 9. It can be noticed that for HE1 and HE2, the velocity profiles are symmetric 

for both supine and standing positions especially in horizontal section, although they have a 

different pattern for supine position due to the different geometries of each eye. It is also 

interesting to note that the velocity values at both horizontal and vertical sections of healthy eyes 

are larger than those corresponding to glaucoma eye models, for both supine and standing 

positions, due to the TM permeability, with a consequent influence on IOP. The higher velocity 

observed in healthy eyes with respect to glaucoma eyes, GE1 and GE2, is due to the lower IOP, 

as described in the next subsection. 

 

4.2.5 IntraOcular Pressure (IOP) 

Low permeability of TM produces high resistance to the AH flow, affecting IOP values. In 

practice, glaucoma is associated with structural changes in TM, characterized by a decrease in 
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permeability and, consequently, an increase in IOP. The TM permeability values chosen for the 

four eyes have been correlated to approximately reproduce the IOP values in numerical 

simulation measured in clinical practice. Figure 10 shows the pressure contours calculated within 

the Anterior Chamber (AC) of all four eyes. The higher the resistance of the TM, the larger the 

pressure drop and, as a consequence, ophthalmologists focus their attention on the study of 

alternative pathways for the AH outflow from AC. In the present study, an IOP of 14.1 mmHg is 

obtained for a TM permeability of 15 25.2 10 m  in the HE1. The IOP values of 16 mmHg , 18.9 

mmHg  and 27 mmHg are obtained for permeability values of 15 24.3 10 m , 15 21.0 10 m and 

16 28.0 10 m  respectively in HE2, GE1 and GE2. The resistance to AH flow through TM for the 

four eyes has been calculated as, respectively: 1.44 mm Hg L minµ , 2.20 mm Hg L minµ , 

3.36 mm Hg L minµ  and 6.60 mm Hg L minµ . 

 

4.2.6 Skin friction coefficient 

As previously described, the velocity field in the AC varies depending on whether the patient is 

in supine or standing position. As noticed from the results, the flow is also heavily influenced by 

the values of porosity and permeability of the TM. This variability of velocity field has 

motivated the authors to analyse the shear stress at ocular surfaces, cornea and iris. The shear 

stress (τw) is calculated based on AH viscosity and velocity gradients on the ocular tissues as 

shown in equation (5). The skin friction coefficient (Cf) is expressed in terms of shear stress at 

the ocular surfaces (cornea, iris), density and mean velocity in the AC of the eye according to 

following: 
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where n is the normal direction to the ocular surface and um is the mean velocity magnitude in 

the AC. 

The curve direction along which the Cf is calculated for the cornea and iris surfaces are shown is 

Figure 11. 

The skin friction coefficient, Cf, is plotted for supine and standing positions in Figure 12 and 

Figure 13 for the cornea and iris surfaces respectively. The vortex patterns generated at the core 

region of AC are due to buoyancy forces that induce higher velocity gradients at the cornea and 

iris surfaces. 

Figure 12 shows the Cf distribution at corneal surface for supine and standing positions. As seen, 

for HE1 (solid red line), Cf values are larger at the regions characterized by the thermally 

induced vortex and at the vicinity of iris-cornea angle (refer to Figure 5 – Figure 8). Lower Cf 

values are observed at the mid-region of corneal surface in supine position, where the AH is 

almost stagnant. Similar trends, with higher Cf values, are observed for HE1 at the iris surfaces 

(Figure 13) in correspondence of the vortex regions and iris-cornea angle. In the case of HE1 in 

standing position, Cf values at cornea and iris surfaces are higher than those considered for 

supine position, due to larger AH velocities at the core regions.  

As noticed in Figure 12 and Figure 13, Cf  values are slightly smaller for HE2 (dashed-dot green 

line) and smaller for GE1 (dashed blue line) and GE2 (dashed dot dot pink line) with respect to 
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HE1, due to the lower AH velocities. It is worthwhile to mention that the glaucoma eyes appears 

to have the lowest Cf values among the eyes considered, suggesting a relation between this 

quantity and glaucomatous status of an eye. 

 

4.2.7 Heat transfer 

The local temperature differences within cornea, iris and lens induces a density difference in AH, 

invoking a hydrostatic pressure difference along the gravitational direction, creating vortices. 

Buoyancy forces play a major role in the enhancement of heat transfer due to the formation of 

vortices. AH at higher temperature flows from iris and lens surfaces towards the lower 

temperature regions of the cornea, inducing temperature gradients at the core regions of AC. 

The heat transfer has been quantified and is calculated in terms of the local Nusselt number, NuL. 

Figure 14 and  Figure 15 present the NuL distribution for cornea and iris along the same direction 

in which skin friction coefficient (Cf) is plotted. The local Nusselt number (NuL) has been 

calculated using the following equation: 

L

o ref

T L
Nu

n T T


 
 

 

 

(7) 

where L is the characteristic length, taken as AC width, n is the normal direction to the ocular 

surfaces (cornea, iris) and T0 is the temperature at cornea and iris. 

The role of buoyancy forces in the enhancement of heat transfer is corroborated through higher 

values of NuL. In case of supine and standing positions of HE1 (Figure 14), there is a gradual 

decrease in NuL from the iris-cornea angle to the regions of vortices (see Figure 5). Beyond this 

point an increase in heat transfer is observed. A higher heat transfer rate is observed at the 

corneal surface, located in the regions near to iris-cornea angle. Due to the close proximity of 
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cornea and iris surfaces, which causes an acceleration of AH, an increase in NuL is observed. The 

NuL values for GE1 (dashed blue line) and GE2 (dashed dot dot pink line) at corneal surface is 

smaller compared to that of HE1 (solid red line) and HE2 (dashed dot green line) due to the 

lower thermal convection. The higher velocity AH vortex patterns are more prominent at the iris 

surfaces for HE1 (Figure 15) than HE2, GE1 and GE2. As a consequence, a significant increase 

in NuL is observed on the surface of the iris for HE1 (solid red line in Figure 15) compared to 

HE2 (dashed dot green line), GE1 (dashed blue line) and GE2 (dashed dot dot pink line). As 

noticed, glaucomatous eyes show a clear distinction in heat transfer from HE1 and HE2 with 

lower NuL values. 

 

5. Conclusions 

In the present work, flow and heat transfer in four subject-specific human eyes have been studied 

by implementing the Generalised Porous Medium (GPM) model, coupled to patient-specific 

scans and measurements. The objective of the paper is to demonstrate the importance of taking 

into account porous properties of ocular tissues for both healthy and glaucomatous eyes, and 

highlight the differences between thermal and fluid dynamic quantities in healthy and 

glaucomatous eyes due to these properties, carrying out a comparative analysis. 

The present results have been obtained with a 2D approach, since the simplicity of 2D models 

directly constructed from actual scans are far simpler than 3D ones, in terms of reconstruction of 

the domain and computing time. For this reasons, the 2D approach has been considered 

particularly suitable for the present comparative analysis. 

The authors have analysed two healthy eyes and two glaucomatous eyes, in order to investigate 

the relevant role of porosity and permeability of Trabecular Meshwork (TM), the primary site of 
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Aqueous Humor (AH) flow resistance, on IntraOcular Pressure (IOP) for different human 

physiological conditions.  

Since the TM tissues are porous in nature, porous properties of TM have been taken into account 

here for the first time by using the GPM model, implemented within the open-source software 

OpenFOAM. The porosity and permeability values, to be used in the simulations, are calibrated 

based on the IOP values measured in a clinical trial for the four human eyes under investigation. 

Both flow and heat transfer results clearly indicate that the quantities of interest calculated in this 

work are substantially different for the glaucomatous eyes when compared to the healthy eyes. 

Due to lower values of TM porosity and permeability in the glaucomatous eyes, higher flow 

resistance, and thus higher IOP, are observed. 

Subject-specificity in the modelling of flow and heat transfer in human eyes should be 

considered, since the physiological conditions of eyes vary from patient to patient. In particular, 

the glaucomatous eyes (GE1 and GE2) exhibit a lower AH velocity magnitude with respect to 

healthy eyes, due to higher IOP, affecting the normal biological function of the eye. Also, the 

near wall quantities, i.e. skin friction coefficient (Cf) and local Nusselt number (NuL) at cornea 

and iris, are influenced by the change in the health condition of the eyes. In the glaucoma eye 

models (GE1 and GE2), these quantities are lower than in the healthy eye models (HE1,HE2). 

The geometric difference of the eye models affect the AH dynamics inside the AC, due to the 

formation of distinctive vortex patterns (in supine position). Furthermore, the variations in 

thermo-fluid dynamic parameters for different eye conditions are noticeable and should be 

included in the understanding and treatment of eye disorders, using curing techniques like drug 

delivery and surgical methods. 
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The results obtained in this work prove the importance of using the generalised porous medium 

model, coupled to a patient-specific approach, to study the role of porous properties of ocular 

tissues in determining glaucomatous and healthy conditions for human eyes. 
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No. 

 

 

Tissue 

Dimension (mm)  

 

Source 

 

 

Present study 

(HE1) 

 

Literature 

1 Cornea thickness 0.58 0.6 Narasimhan [23], Ooi [44] 

2 Anterior Chamber length 10 11.8 Jooybar [45] 

3 Anterior chamber depth 3.2 3.8 Kapinisis [28] 

4 Iris thickness 0.45 0.35 Kapinisis [28] 

5 Pupil length 2.98 3.00 Kapinisis [28] 

Table 1. Dimensions of the anterior segment of the eyes. 
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No. Parameter Value Unit 

1 Density, ρf 998 [29] kg/m
3
 

2 Viscosity, µf 7.5 x 10
-4

 [46]  kg m s  

3 Thermal expansion coefficient, β 3.0 x 10
-4

 [29] 1/K 

4 Thermal conductivity, k 0.58 [52]  W m K  

5 Specific heat, cp 4.2 x 10
3
 [52]  J kg K  

Table 2. Thermal and physical properties of AH.   
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No. 
Elem. 

num. 

Cf 

(Cornea) 

Differ

ence 

(%) 

Cf 

(Iris) 

Differe

nce     

(%) 

Nu 

(Cornea) 

Differ

ence 

(%) 

Nu 

(Iris) 

Differ

ence 

(%) 

1 65,842 0.390 - 0.540 - 6.510 - 10.442 - 

2 46,448 0.388 0.50 0.538 0.37 6.489 0.32 10.439 0.02 

3 41,640 0.387 0.76 0.537 0.55 6.475 0.54 10.433 0.09 

4 38,138 0.386 1.02 0.536 0.74 6.460 0.76 10.431 0.10 

5 31,212 0.381 2.37 0.520 3.70 6.445 0.99 10.420 0.20 

Table 3. Grid independent study on Cf and Nu. 
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No. 
Elem. 

num. 

V1 

(mm/s) 

Differe

nce 

(%) 

V2 

(mm/s) 

Differe

nce     

(%) 

V3 

(mm/s) 

Differ

ence 

(%) 

V4 

(mm/s) 

Differe

nce 

(%) 

1 65,842 0.01528 - 0.05275 - 0.02327 - 0.05948 - 

2 46,448 0.01527 0.072 0.05272 0.055 0.02319 0.335 0.05940 0.134 

3 41,640 0.01512 1.020 0.05228 0.890 0.02296 1.323 0.05939 0.151 

4 38,138 0.01511 1.130 0.05228 0.890 0.02273 2.315 0.05933 0.252 

5 31,212 0.01495 2.140 0.05183 1.734 0.02262 2.805 0.05910 0.638 

Table 4. Grid independent study on velocity. 
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No. Corneal 

temperature 

Maximum velocity  

at  AC 

1 27
o
C 1.20 mm/s 

2 30
o
C 0.70 mm/s 

3 32
o
C 0.50 mm/s 

4 35
o
C 0.15 mm/s 

Table 5. Corneal temperature sensitivity analysis. 
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Figure 1. Computational domains of the AC of human eyes: (a) HE1 (b) HE2 (c) GE1 (d) GE2 
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Figure 2. Non-dimensionalised velocity (left) and temperature (right) profiles at Da = 10
-3

. 
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Figure 3. Computational grid with 46448 triangular elements. 
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Figure  4. IOP at AC with respect to TM porosity (left) and permeability (right). 
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Figure 5. Velocity contours and vectors for HE1 for supine (left) and standing (right) positions 
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Figure 6. Velocity contours and vectors for HE2 for supine (left) and standing (right) positions. 
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Figure 7. Velocity contours and vectors for GE1 for supine (left) and standing (right) positions. 
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Figure 8. Velocity contours and vectors for GE2 for supine (left) and standing (right) positions. 
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Figure 9. Velocity profile along horizontal (left) and vertical (right) section of eye for supine and 

standing positions for different eye models. 
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Figure 10. Pressure contours for (a) HE1 (b) HE2  (c) GE1 (d) GE2. 
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Figure 11. Directions along which the skin friction coefficient is calculated for cornea and iris. 
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Figure 12. Skin friction coefficient, Cf  profile along the cornea surface for supine (left) and 

standing (right) positions for different eye models. 
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Figure 13. Skin friction coefficient, Cf profile along the iris surface for supine (left) and standing   

(right) positions for different eye models. 
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Figure 14. Local Nusselt number, NuL, distribution along the cornea surface for supine (left) and 

standing (right) positions for different eye models. 
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Figure 15. Local Nusselt number, NuL distribution along the iris surface for supine (left) and 

standing (right) positions for different eye models. 

 


