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QUASI-INVARIANCE OF COMPLETELY RANDOM MEASURES

HABEEBAT O. IBRAHEEM AND EUGENE LYTVYNOV

ABSTRACT. Let X be a locally compact Polish space. Let K(X) denote the space of
discrete Radon measures on X. Let  be a completely random discrete measure on X,
i.e., p is (the distribution of) a completely random measure on X that is concentrated
on K(X). We consider the multiplicative (current) group Co(X — R4) consisting
of functions on X that take values in Ry = (0,00) and are equal to 1 outside a
compact set. Each element 6 € Co(X — R4) maps K(X) onto itself; more precisely,
0 sends a discrete Radon measure Y, s;0z; to >, 0(s;)s;0z,. Thus, elements of
Co(X — R4) transform the weights of discrete Radon measures. We study conditions
under which the measure p is quasi-invariant under the action of the current group
Co(X — Ry) and consider several classes of examples. We further assume that
X = R? and consider the group of local diffeomorphisms Diffg(X). Elements of this
group also map K(X) onto itself. More precisely, a diffeomorphism ¢ € Diffo(X)
sends a discrete Radon measure >, 50z, to >_;8i0,(z,;)- Thus, diffeomorphisms
from Diffg(X) transform the atoms of discrete Radon measures. We study quasi-
invariance of p under the action of Diffg(X). We finally consider the semidirect
product & := Diffg(X) x Co(X — R4 ) and study conditions of quasi-invariance and
partial quasi-invariance of p under the action of &.

1. INTRODUCTION

Let P be a probability measure on a sample space 2 and let & be a group acting on €.
A fundamental question of the representation theory is whether the probability measure
P is quasi-invariant with respect to this action. The latter means that, for each element
g € 8, the pushforward of P under g, denoted by PY, is equivalent to the measure P, so
that the Radon—Nikodym density % exists and is strictly positive P-a.e. If this holds,
one can construct a unitary representation of the group & in L?(Q, P). To this end, for
each g € &, one defines a unitary operator U, in L?(£2, P) by

Up)() = flg~ )| 2 (@),

Such a representation of & is sometimes called quasi-regular.

In the case where the group & is big, the problem of quasi-invariance of P with respect
to the action of & may be very difficult.

Let us consider an important example of such a construction. Let X = R? and let
dx be the Lebesgue measure on X. Denote by © = I'(X) the space of locally finite
subsets of X (configurations). Let P = m, be the Poisson measure on X with intensity
measure zdx, where z > 0 is a fixed constant. Let & = Diffy(X) be the group of
diffeomorphisms of X which are equal to the identity outside a compact set. Elements
of ¢ € Diffy(X) naturally act on I'(X) by moving each point of the configuration. The
measure 7, appears to be quasi-invariant with respect to the action of Diffy(X). In
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208 HABEEBAT O. IBRAHEEM AND EUGENE LYTVYNOV

particular, for each ¢ € Diffy(X), the Radon—Nikodym derivative is given by

©
dmf

dm,

() = [ Js(2), 7eT(X).

xTeEY

Here J, is the modulus of the determinant of the Jacobian matrix of . As a result, we
construct a unitary representation of Diffo(X) in L?(I'(X), 7).

The problem of representations of the group of diffeomorphisms of a smooth (noncom-
pact) Riemannian manifold X in the L2-space with respect to a Poisson measure is a
classical one. The fundamental paper [28] by Vershik, Gel’fand, and Graev is a standard
reference here.

Let us note that representations of the semidirect product of the additive group
C*(X) and Diffy(X) in L?(I'(X), P) are important for nonrelativistic quantum me-
chanics, see e.g. [10, 11, 12] and the references therein. Here P is a probability measure
on the configuration space I'(X), in particular, P can be a Poisson measure.

The representations of the diffeomorphism group Diffo(X) in the L2-space with re-
spect to a Poisson measure naturally led Albeverio, Kondratiev and Rockner [5, 6] to
defining elements of differential geometry on the configuration space I'(X) (directional
derivative, gradient, tangent space), and developing related analysis on the configuration
space equipped with Poisson measure, or more generally, with a Gibbs measure (the
Laplace operator, the heat semigroup), and studying the corresponding stochastic pro-
cesses (Brownian motions) on the configuration space, see also [18, 23, 7, 19]. Laplace
operators on the differential forms over the configuration space I'(X) equipped with
Poisson measure (and more generally, with a Gibbs measure) were studied by Albeverio,
Daletskii and Lytvynov in [1, 2, 3].

Tsilevich, Vershik, and Yor [27] studied quasi-invariance of the gamma measure with
respect to the action of the multiplicative group Co(X — Ry). This group consists of
functions on X which take values in R} and are equal to 1 outside a compact set. The
gamma measure is a random measure on X; it belongs to the class of measure-valued
Lévy processes. This random measure takes almost surely values in the space K(X) of
discrete Radon measures on X. The latter space consists of Radon measures of the form
Zi 8i0z,, where s; > 0 and J,, is the Dirac measure with mass at z;. Each element
0 € Co(X — R;) maps K(X) onto itself; more precisely, 6 sends the discrete Radon
measure » ; §;0z, to >, 0(5;)si0,,. The (distribution of) the gamma measure appears to
be quasi-invariant under the action of Co(X — R4).

One can naturally define the semidirect product & of the diffeomorphism group
Diffg(X) and Co(X — Ry ). This group consists of all pairs (¢, ) € Diff (X)) x Co(X —
R, ) and it naturally acts on the space of discrete Radon measures, K(X): for each
> i 8i0z, € K(X), its image under the action of (¢, ) is equal to >, 0(¢(2i))5:0p(x,)-
However, it appears that, if the underlying space X is not compact, the gamma mea-
sure is not quasi-invariant with respect to the action of &. Kondratiev, Lytvynov, and
Vershik [21] suggested the notion of partial quasi-invariance and proved that the gamma
measure, and more generally, a class of measure-valued Lévy processes, are partially
quasi-invariant with respect to the action of . The main point of this definition is that,
despite absence of quasi-invariant, one can still derive analysis and geometry on space
K(X) equipped with such a measure. One can again construct a gradient, a tangent
space, and an associated Laplace operator on K(X), see [21]. Markov processes on K(X)
which correspond to these Laplace operators are constructed by Conache, Kondratiev,
and Lytvynov [8].

Measure-valued Lévy processes form a subclass of completely random measures. A
completely random measure [15, 16, 17] is a random measure on X whose values are
independent on mutually disjoint sets. We will actually deal with the important class of
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completely random measures which are discrete Radon measures, i.e., their distribution,
1, is a probability measure on K(X).

The main problem we solve in this paper is: Under which conditions is a completely
random discrete measure p quasi-invariant, or partially quasi-invariant with respect to the
action of &, the semidirect product of the diffeomorphism group Diffy(X) and Co(X —
R4)? Our results here extend the related results of [21]. We also refer to the papers
[20, 4] which discuss quasi-invariance of a compound Poisson process with respect to
the action of the group &, or its generalization where R, is replaced with a Lie group.
Also the results on quasi-invariance of the gamma measure with respect to the action of
Co(X — R, ) were extended to Poisson processes on X x Ry by Lifshifts and Shmileva
[22]. (Note that the problem of quasi-invariance of a completely random discrete measure
is related to the problem of quasi-invariance of the Poisson process on X x R..)

The paper is organized as follows. In Section 2, we recall the main notions related to
completely random measures. We fix a locally compact Polish space X with its Borel
o-algebra B(X). We denote by M(X) the set of all Radon measures on X, and the
Borel g-algebra on M(X) is denoted by B(M(X)). We define a random measure as a
measurable mapping from a probability space that takes values in M(X). Since we are
only interested in the distribution of such a mapping, we agree to call any probability
measure p on (M(X), B(M(X))) a random measure. We define the configuration space
I'(X) as a subset of M(X), and we define a (simple) point process as a random measure
which is concentrated on I'(X'). We further recall the notion of the Poisson point process
7, with intensity measure o. Here o is a non-atomic Radon measure on (X, B(X)). We
discuss the classical result about equivalence of two Poisson point processes, 7, and 7y,
[25, 26, 22]. We also discuss the notion and construction of a completely random measure
[16]. We finally define a completely random discrete measure as a completely random
measure which is concentrated on K(X).

The results of the paper are in Sections 3-5. Here we study quasi-invariance of com-
pletely random discrete measures.

In Section 3, we assume that X is a locally compact Polish space, and we present
sufficient conditions for a completely random discrete measure to be quasi-invariant under
the action of the group Co(X — R;) onto K(X) (transformations of weights of Radon
measures).

Note that, for measure-valued Lévy processes, several conditions of their quasi-invariance
under the action of the group Co(X — R;) onto K(X) were derived in [21]. For a
measure-valued Lévy process, its Lévy measure is a measure on X x R, which is a prod-
uct measure: dm(z,s) = do(x)dv(s), where o is a reference measure on X, while the
Lévy process is determined by the measure v on R . However, for a general completely
random measure, its Lévy measure m does not have anymore the product structure.
This creates technical difficulties when discussing their quasi-invariance. So in Section 3
we overcome these problems and present a number of criteria of the quasi-invariance of
general completely random measures.

We also consider three classes of examples of application of these results. We first
discuss quasi-invariance of a completely random gamma measure. The latter random
measure has the property that its Lévy measure is a measure on X x R, of the form

e—s/oe(x)
dm(z,s) = f(x) —— do(x) ds,

S

where o is a fixed nonatomic Radon measure on X (typically do(z) = dx if X = R?) and
a:X —- Ry and 8: X — [0,00) are measurable functions satisfying certain conditions.
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Next, we consider a class of completely random measures whose Lévy measure is such
that, for small values of s,

dm(z, s) = B(x)(—log s)*® do(z) ds,

where a, 5 : X — R are measurable functions satisfying certain conditions.
And finally, we consider a class of completely random measures whose Lévy measure
is such that, for small values of s,

dm(z, s) = B(z)s' =) do(x) ds,

where o : X — (0,1) and 8 : X — R, are measurable functions satisfying certain
conditions.

In Section 4, we assume that X = R? and we present sufficient conditions for a
completely random discrete measure to be quasi-invariant under the action of the dif-
feomorphism group Diff(X) onto K(X) (transformations of atoms of Radon measures).
We also consider applications of these results to the the three classes of examples we
mentioned above.

Finally, in Section 5, we discuss quasi-invariance and partial quasi-invariance of a
completely random discrete measure under the action of the semidirect product & of
the groups Co(X — R, ) and Diffy(X) onto K(X) (transformations of both weights and
atoms of Radon measures), and we also consider examples.

2. COMPLETELY RANDOM MEASURES

Let X be a locally compact Polish space, and let B(X) denote the Borel o-algebra on
X. A measure 1 on (X, B(X)) is called a Radon measure if n(A) < oo for any compact
A C X. We denote by M(X) the set of all Radon measures on X. One defines the vague
topology on M(X) as the weakest topology on M(X) with respect to which any mapping
of the following form is continuous:

(1) M(X) BHH/den — (fm) eR.

Here f € Cy(X), i.e., f is a continuous function f : X — R with compact support. We
denote by B(M(X)) the Borel o-algebra on M(X).

Remark 1. There is another way of characterization of B(M(X)). We denote by By(X)
the collection of all sets from B(X) which have compact closure. Then one can show (see
e.g. [15]) that B(M(X)) is the minimal o-algebra on M(X) with respect to which every
mapping of the following form is measurable:

M(X) 3 0= n(A) = (xa,m) €R,
for each A € By(X). Here xa denotes the indicator function of A.

Let (2, F, P) be a probability space. A measurable mapping £ : Q — M(X) is called a
random measure. In most cases, we will only be interested in the distribution of a random
measure on M(X). This is why we will often think of a random measure as a probability
measure g on (M(X), B(M(X))). In the latter case, (2, F,P) = (M(X), B(M(X)), 1)
and the mapping & is just the identity.

Next, we will discuss a special subset of the set of random measures known as (simple)
point processes. The configuration space over X is defined by

I'X):={yC X ||yNA| < oo for each compact A C X}.

Here, for a set A, |A| denotes the cardinality of A. Elements v of I'(X) are called
configurations in X. One identifies a configuration v € I'(X) with the measure Zz@ Oy
Here 6, is the Dirac measure with mass at x. Since a configuration v contains a finite
number of points in each compact set, the measure erv d, is Radon. Hence, in the
sense of this identification, we get the inclusion T'(X) C M(X).
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On I'(X) one defines the vague topology as the trace of the vague topology on M(X).
That is, the vague topology on I'(X) is the weakest topology on I'(X) with respect to
which every mapping of the following form is continuous:

(X)o7 (f,7) =) flx)€R,
Trey
where f € Cy(X). One denotes by B(I'(X)) the corresponding Borel o-algebra on I'(X).
One can show that I'(X) € B(M(X)) and B(I'(X)) is the trace o-algebra of B(M(X)) on
I'(X).

Let (2, F, P) be a probability space. A measurable mapping 7 : Q — I'(X) is called a
(simple) point process. In particular, a point process is a random measure. Similarly to
the case of random measures, we will often understand by a point process a probability
measure g on (I'(X), B(T'(X))).

Let o be a Radon measure on (X, B(X)) and let us assume that o is nonatomic, i.e.,
o({z}) =0 for every z € X. A Poisson point process with intensity measure o is defined
as the unique probability measure 7, on I'(X) which has Fourier transform

) /F N ¢ drr () = exp { /X (€@ _ 1)do(x)

for all f € Co(X). See e.g.[17] for further details.

Let p and A be non-atomic Radon measures on X. Then we can construct Poisson
point processes (or Poisson measures) on I'(X) with intensity p and A, respectively,
denoted by m, and m. Now, the following question arises: When are these measures
equivalent, i.e. when is 7, equivalent to 7,7 The theorem below follows from Skorohod’s
result [25], from its extension by Takahashi [26] to the case of a rather general underlying
space, and from Lifshits and Shmileva’s result [22, Theorem 2].

Theorem 2. Let X be a locally compact Polish space. Let p and A be non-atomic Radon
measures on (X,B(X)). The Poisson measures m, and my are equivalent if and only if

(1) p and X are equivalent;
(2) if density ¢ := %, then

(3) /}{(\/5—1)2dA<oo.

In the latter case,

T —exp |- )X\ A+ [ doggda
DN X\A

(4) +/A(log¢¢+1)d)\+/Alog¢d(fy/\)},

where A:={z € X | |1 —¢(z)| < 3}.

Remark 3. As easily seen, if we assume that

(5) o—1e L'(X,N),
then condition (3) holds as well, i.e., (5) implies (3).

As we see from (4), the density g:i has a rather complicated form. This is why we will

not use Theorem 2 in this paper. Instead, we will use the following stronger condition
on ¢ to get a much simpler form of 33:? . The following theorem is taken from Takahashi

[26]. (In fact, Theorem 4 is used to prove Theorem 2 in [26]).

Theorem 4. Let X be a locally compact Polish space. Let p and A be non-atomic Radon

measures on (X,B(X)). Assume A and p are equivalent and denote the density ¢ := j—g.
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Assume that condition (5) holds. Then m, and wx are equivalent and
dm,

(6) (7) = exp [w, log )+ [ (1-0) dx} ,

where |log ¢| € L*(X,dy) for mx-a.a. v € T'(X).

dﬂA

Remark 5. Note that, in formula (6), exp[(v,log$)] = [[,c, ¢(z), where the infinite
product converges.

Let us now recall the definition of a completely random measure, given by King-
man [16]. A completely random measure on X is defined as a random measure £ on X
such that, for any mutually disjoint sets Ay,..., 4, € By(X) (n € N, n > 2), the random
variables (A1), ...,&(A,) are independent.

The following result is obtained by Kingman [16]. Below we will use the notation
]R+ = (0, OO)

Theorem 6. (i) Let {g € M(X) be a nonatomic Radon measure. Let a set {zp}n>1 C X
be at most countable. Let (an)n>1 be a collection of independent, nonnegative-valued
random variables such that

(7) for each A € By(X): &,(A) := i andy, (A) < oo a.s.
n=1
Let m be a measure on X x Ry such that
(8) m({z} xRy) =0 foreach x € X,
and
9) / min{s, 1} dm(x,s) < oo  for each A € By(X)
AxRy

Let N be a Poisson point process on X x Ry with intensity measure m. Assume that N
is independent of the random variables (an)n>1. Define a random measure

& (A) ::/A . s$dN(z,s).

Then &g, &4, & are independent, completely random measures on X. Furthermore, £ =
Ea+ &+ & is a also a completely random measure on X.

(ii) Let € be a completely random measure on X. Then there exist independent, com-
pletely random measures &g, &q, & as in part (1) such that § = &g + £ + &,

Remark 7. (9) is equivalent to
(10) / sdm(z,s) < oo,
Ax(0,1]

(11) / dm(z,s) < oo
Ax[1,4+00)

for each A € By(X).

Remark 8. In fact, Kingman [16] (see also [17]) does not assume that a random measure
takes values in the space of Radon measures. He allows a random measure to take values
in the space of all measures on (X, B(X)) and assumes that, for each A € B(X), {(A) isa
random variable (i.e., a measurable mapping.) In that case, one does not need condition
(7) to hold. However, Daley and Vere-Jones [9, Theorem 6.3.VIII] do assume that a
random measure takes values in the space of Radon measures, but they do not assume
(7). Tt is clear that, without this condition, a measure £, may not be a Radon measure
(even possibly a.s.) So, Theorem 6 is a refinement of [9, Theorem 6.3.VIII].
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In this paper, we will only use part (i) of Theorem 6. For the reader’s convenience
and for our references below, we will now present the proof of part (i) and we will also
discuss in detail the construction of the completely random measure &, cf. [14], Section 3
n [13], and subsection 2.2 in [21].

Proof of part (i) of Theorem 6. Since the measure {; is deterministic, it is trivially a
completely random measure.

Next, we need to prove that £,(A) is a completely random measure. By the definition
of £,(A), for each A € By(X), we have that

:iak(smkm): >
k=1

k>1, xp€A

If sets Ay,..., A, € By(X) are disjoint, then the random variables aj appearing in
each sum &,(A4;) = "5, 4, ea, o ave different, so §,(A1),...,&.(An) are independent
random variables. Furthermore, (7) ensures that &,(A) is a Radon measure a.s. Thus,
&, is a completely random measure.

Now, we need to prove that &, a completely random measure. Consider the product
space X := X x Ry where Ry := (0,+00). We need to make R, a locally compact
Polish space. Consider the bijective mapping R 3 = +— e® € R,.. Its inverse mapping is
the logarithm function In(x). For s1,s2 € Ry, we then take the distance between them
in R, as the usual distance in R between In(s1) and In(sz). Thus,

-(2)]
52

Equipped with this metric, Ry is a locally compact Polish space. Taking the product of

dist(s1,$2) =|Ins; —Insy| =

X and Ry, we obtam a locally compact Polish space X. The Borel o- algebra on X is
denoted by B(X).

Next, on the space X we want to construct a Poisson point process with intensity
measure m. To this end, we should prove that m is a Radon measure on X. It suffices to
prove that, for each A € By(X) and each closed interval [a,b] C Ry, m(A x [a,b]) < 0o
In fact, we will prove that, for each A € By(X) and € > 0,

(12) m(A X [e,00)) < o0.

By (10), for each 0 < € < 1, we have that

1
(13) / dm(z,s) < / 2 dm(z,s) < f/ sdm(s) < +oo.
AxJe] Axe,1] € € JAx(0,1]

Hence, by (11), this implies (12).

By (8), the Radon measure m is nonatomic. Hence, we can construct m,,, the Poisson
measure on (T'(X), B(I'(X))) with intensity measure m.

Let T',(X) denote the set of all pinpointing configurations in X:

Ty(X) = {y € T(X) | if (21, 51), (w2, 52) € 7, (¥1,51) # (v2,52), then 1 # x5}
It is known that
(14) I'y(X) € B(I(X)),

see [14].
By (8) and the explicit construction of Poisson measure in a finite volume (see e.g.
[17]), we conclude that

(15) 7Tm(F;D(X)) =1,

i.e., the Poisson measure 7, is concentrated on the set of pinpointing configurations.
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Now for each v € T,(X) and A € By(X), we define a local mass by

MWa()i= 3 xal@s = [ xal)sdr(e.s) € 0. +ocl.

(z,s)€Y

We then define the set of pinpointing configurations with finite local mass by
LX) = {rve [(X) | 9Ma(y) < oo for each A € Bo(X)}.

Lemma 9. We have Wm(pr(X)) =1.

Proof. Let A € By(X). By condition (10) and the Mecke identity (e.g. [24]),

/r Z XA(Z)X(0,1)(8)s dmpm (v) = /A><(0 ; sdm(z,s) < +oo.

X) (z,s)€v
Hence,
(16) Z xa(x)x11(8)s < +oo  for mp-a.a. v € I'p(X).

(z,s)€v
By condition (11) and construction of the Poisson measure,
[y N (A x (1,400))| < oo for mp-a.a. v € T'p(X).
This implies
(17) Z XA(T)X(1,400)(8)s < +00  for mp-a.a. v € T'p(X).
(x,s)ey

Note that X can be represented as a countable union of compact sets. Hence, the lemma

follows. O

Next, we define on X the set of discrete Radon measures

K(X) := {77 = 8i0s, € M(X) | 5; >0, € X} .
7

Here, §,, is the Dirac measure with mass at x;, the atoms x; are assumed to be distinct
and their total number is at most countable. By convention, the cone K(X) contains the
null mass n = 0, which is represented by the sum over the empty set of indices i. We
denote 7(n) := {x;}, i.e., the set on which the measure 7 is concentrated. For n € K(X)
and x € 7(n), we denote by s, the mass of n at point z, i.e., s, := n({z}). Thus, each
n € K(X) can be written in the form n =3 ., 520

Note that the closure of K(X) in the vague topology coincides with M(X). As shown
in [14], K(X) € B(M(X)). We denote by B(K(X)) the trace o-algebra of B(M(X)) on

K(X).
Let us now construct a bijective mapping
(18) R:Tpp(X) = K(X)

as follows: For each v = {(x;, s;)} € I'py(X), we set

(19) Ry:i=Y_ s, € K(X).

%

By [14, Theorem 6.2], we have

(20) B(K(X)) = {RA| A € B(T,s(X))}.

Hence, both R and R~! are measurable mappings.
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Let &, be the pushforward of m, under R : T (X) — K(X). If Ay,..., A, € By(X)
are mutually disjoint, then v(B1),...,v(B,) are independent random variables under
T if By C A1 X R4, ..., B, C A, x R;. Therefore, the random variables

/f( XA, (z)sdy(z, s),..., /X Xa, (z)sdy(x, s)

are independent under m,,. This implies that n(A41),...,n(A,) are independent under
&-. Thus, &, is a completely random measure.

Trivially, the sum &; + &, + & is a completely random measure as well. Thus, part (i)
Theorem 6 is proven. O

The following result is immediate now.

Corollary 10. Let m be a measure on X x Ry which satisfies (8) and (9). Then there
exists a completely random measure (i, such that p, (K(X)) =1 and which has Fourier
transform

(21) /K(X) "I dpiy, () = exp VX /}R+ (e"sf(") —~ 1) dm(x,s)] ., feCy(X).

The measure m will be called the Lévy measure of the completely random measure fiy, .

Remark 11. Tt is easy to see that (21) remains true if f € By(X), ie., f: X > Risa
measurable bounded function with compact support. In particular, for any A € By(X)
and t € R, we may take f(x) = txa(x). Then by (21)

/K(X) "N dpi,, (n) = exp l/A /R+ (e —1) dm(x,s)] ,

In particular, if m is product measure:
dm(z,s) = do(x)d\(s),

then

/ ¢ dpi (1) = exp
K(X)

U(A)/R (e —1) d)\(s)l .

Thus, in this case the distribution of the random variable n(A4) only depends on o(A).
This is why in such a case, one calls pu,, a measure-valued Lévy processes.

The corollary below follows immediately from Theorem 6 and its proof.

Corollary 12. Let £ be a completely random measure on X. Then there exist a deter-
manistic, nonatomic Radon measure £ and completely random measure &', taking values
a.s. in the space K(X) of discrete Radon measures on X, such that € = &5+ &'.

A completely random measure on X which takes a.s. values in K(X) is called a com-
pletely random discrete measure. In particular, the measure £, from Theorem 6 is a
completely random discrete measure without fixed atoms. Below we will only be inter-
ested in such completely random measures.

3. QUASI—INVARIANCE OF COMPLETELY RANDOM MEASURES WITH RESPECT TO
TRANSFORMATIONS OF WEIGHTS

In this section, we will consider the current group which transforms the weights. Let
o be a fixed Radon non-atomic measure on (X, B(X)).
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3.1. General theory. We define

Co(X - R;):={0: X — Ry | 0 is continuous and

6 = 1 outside a compact set in X }.

Co(X — Ry) is a (commutative) group under the usual point-wise multiplication of
functions. In particular, the identity element in this group is the function which is
identically equal to 1 on X. We call Cy(X — R4) a current group.
We define the action of the group Co(X — R, ) on M(X) (the set of Radon measures)
by
M(X) > n+— 0neM(X) foreach § € Co(X — Ry).

Here 01 denotes the measure on X which has density 6 with respect to the measure 7.
Assume p,, is a completely random measure on X which has Fourier transform (21).
We are interested whether u,, is quasi-invariant with respect to the action of the group
Co(X — R4) on M(X).
Let us assume that

(22) dm(x,s) = ( do(x)ds,

where
(23) for each x € X, either [(xz,s) >0 forall se Ry or I(z,s)=0 forall s € R,.

Below, for a set Y € B(X), we denote by B(Y) the trace o-algebra of B(X) on Y,
i.e., the collection of all A € B(X) satisfying A C Y. We will also denote by By(Y) the
collection of all A € B(X) which satisfy A C Y.

Let

(24) Y ={xeX]|li(z,-) >0}
Then, under (22) and (23), condition (9) becomes

(25) / I(x,s)min{s ™, 1} do(x)ds < +o0o for all A € By(Y).
AXRy

Note also that that condition (8) is now satisfied.
The following theorem and Corollary 15 below are the main result of this section. They
extend Theorem 4 and Corollary 5 in [21], proved for measure-valued Lévy processes.

Theorem 13. Assume (22), (23) and (25) hold. Assume that, for each n € N, there
exists € > 0 such that, for each A € By(Y),

[1(x,rs) —U(z,s)]
(26) /A sup /(076) ds| do(x) < oo.

rE[%,n] o

Then the measure [, i quasi-invariant with respect to all transformations from the
group of currents, Co(X — Ry), i.e., each 0 € Co(X — Ry) maps K(X) into itself, and
ul. is equivalent to pi,. Furthermore, the corresponding density is given by

e e

(Uz,s) = U(z, 07 (x)s))
—&—/Y/]R+ . dsdo(x)|.

n (27), the function appearing under the sign of integral with respect to measure n belongs
to LY(Y,n) for pm-a.a. n € K(X).
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Proof. We divide the proof of this theorem into several steps.
Step 1. Let us first prove that, for each 6 € Cy(X — Ry),

[ LCUR AL

(28) = /X/R i) —l(;c,ﬂ_l(a:)s)| dsdo(z) < cc.

The function € is continuous and takes values in Ry. By the definition of Cp(X — Ry),
there exists a compact set C C X such that 6(x) = 1 for al x ¢ C. The function 0 is
continuous on the compact set C. Hence 6 attains its infimum and supremum on C.
Thus,

inf 0(x) >0, supb(z) < +oo.
zeC zeC

But this implies that, for all y € X,

0 < inf O(z) < 0(y) < sup O(z) < co.
zeX r€X

HenCe, theI‘e eXiStS n e N SuCh tha,t, fOr all xr e X,
X n.
n - -

So, fix this n € N, and choose the corresponding € > 0 as in the formulation of the
theorem. Denote A =CNY, A € By(Y). We have

z, 071 (z)s) — l(z, s z, 07 (z)s) — l(x, s
AXR, Ax(0,€)
|l(z, 0" (x)s) — I(z,5)|
* /AX [e,+00) s da(l‘) o

To prove the finiteness of the first integral, we have, for a fixed z € A,

—1 _ —
/ [1(x, 071 (x)s) l(x,s)|ds < swp / [1(x,rs) l(x,s)\d&
(0,¢) (0,€)

S 7'6[%,71} $

Hence, by (26),
1 .
LA T
Ax(0,€)

S

< / sup / [z, s) = l(x’8)|d8 do(z) < 4o00.
A (0,€)

< re[in] s
For the second integral, we have

[ M e g,
AX[e,+00)

S

= 1 /Ax[g,Jroo) |l($’ 971(1‘)5) - l(l", 3)‘ do‘({;j) ds

€

(29) <1 VAX[ 07 @) dota) ds+/ Iz, ) do(x) ds

€ AX[e,+00)

By (25) the second integral in (29) is finite. Let us consider the first integral

/ I(x, 0~ (x)s) do(x) ds.
Ax[e,+00)
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Let G denote the image of A x [, +00) under the mapping (x,s) — (z,07(x)s). Then,
as L < 6(z) < n, we obtain from (25):

/ I(x, 0~ (x)s) do(x) ds
AX[e,+00)
:/l(x $)0(x) do(z) ds

<n/lacsda ) ds

/ l(z,8)ds < o0.
x[514o0)
Thus,

(30) /A/]R H2,5) = l(:,é'_ (@)s)] ds do(z) < oc.

If x ¢ A, then either 6(x) =1 or I(z,s) = 0 for all s € R;. Hence
Iz, s) —(z,0(x)s) = 0.
Therefore the integral in (30) is equal to

/ / ‘l(x7 S) — l(x,@fl(x)sﬂ dS dO’(l')
X JRy s |
Thus (28) holds.

Step 2. We will now bring the problem of equivalence of the measures j,, and p?, to
the configuration space I',, f(X ).

Recall that the measure p,, was constructed as the pushforward of the Poisson measure
mm under the bijective mapping R, see (18) and (19). Consider the inverse mapping

R IK(X) = Tpp(X),

with
! (Z Si5xi> = {(xi, i)}

As we already know R~! is measurable. Denote by 7¢ the pushforward of p?, under
R~!. Note that

R~ 9R pr( )*)pr(X) and
(31) v =A{(i,50)} = {(@, 0(z:)si) }-

Hence, 7, is the pushforward of the measure 7, under the transformation (31). Thus,
for each f € Co(X x Ry) and v = {(zi,s:)} € Tpp(X),

< IGR’Y Zf‘rza xz z :<f977>7

where f%: X x Ry — R and f%(x,s) = f(x,0(z)s). Hence, the Fourier transform of 7%,

/pr (X) ei(fﬁ) dﬂhzﬁb(,y) N /pr (X) e<f97’y>dﬂ-m <’7)
e[ e 22 s
= exp l// (eif(e) _pyl@. 0 ( UG COL ds].
Ry
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Hence, 7%, is the Poisson measure on T',;(X) with intensity measure

z, 071 (z)s
dm®(z,s) == Uz, 0 (@)s) do(z) ds.
S
Thus, to prove that the measures j,, and u?, are equivalent, it is sufficient to prove
that the measures 7, and 79, are equivalent.
Step 3. By using Theorem 4, we will now show that the measures m,, and 7, are
equivalent.

By (23), both measures m and m? are concentrated on Y x R, are equivalent and

dm? U, 07 (x)s)s Uz, 07 (x)s)
an YT sy T Gy o

We have by (28),
l(z,071(x)s) 1l dm(z. s
Jo [ = ante

S MR St
Y xRy

S do(z) ds < co.

Hence, by Theorem 4, the measures m, and 7rm are equivalent, hence so are u,, and ,ugq.
Also by Theorem 4, for v = {(x4,5:)} € Tp(X),

e e [(on (S o) [ (=) o

o[ S (%W) s

Iz, si)

o ) o o
_eXp[ZIOg< Zi, 6 %Sl )
+/§?(z( §) —i(x,0 ())da(x)dé’},

xl? ’L

S

where Y =Y x R,. From here formula (27) follows. O

Corollary 14. Assume that the condition of Theorem 18 hold. For each 6 € Cyp(X —
R.), we define a unitary operator %y in L*(K(X) — C, i) by

() o) = 107y L),

where the Radon—Nikodym density jﬁ—i’t is given by (27). Then the operators Uy, 0 €
Co(X = Ry), form a unitary representation of the current group Co(X — Ry).
Corollary 15. Assume (22)—(25) are satisfied. Assume that, for some e > 0,

l(z,s) =l1(x,s) +l2(x,8) forzeY,se(0,¢),
where Y is defined by (24). Here, for each fized x € Y, the function ly(x,s) is differen-

tiable in s on (0,¢), and for each n € N and A € By(Y),

(32) / / sup
0,£) u€l,sn]

—ll(x w)| dsdo(z) < oo
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and

(33) /A/(O,e) @ dsdo(z) < 0o

Then condition (26) is satisfied, and so the conclusion of Theorem 13 holds.

Proof. Using that I(z,s) = l1(x, s) + la(z, s), we get
wp [ Mool
(0,€) s

rE[%,n]
< sup / |l1<.’1,‘,’l"8> — ll(xa S)| ds + sup / ‘lz(ﬂ?,’l‘S) B lg(.’L‘,S)‘ ds.
re[%,n] (0,¢) $ TE[%J’L] (0,¢) $

Hence, it suffices to prove that (26) holds for both I(x,s) = I1(z,s) and for I(z,s) =
la(x, s). By Taylor’s formula,
ll(x7u)

(e rs) — b (2, )| = \8 rs — s,

ou

where ug is a point between rs and s, that is for r < 1, ug € (rs,s) and r > 1, ug € (s,75).
Therefore, for r € [%,n], we have uy € [%, sn]. Hence, for r € [%m],

U=Up

2ll(x,u)

l —1 <
[l1(z,7rs) —l1(z,8)| < sup oM

ue[%,sn]

ns.

This implies, by (32),

- |l1(z,7s) — 11 (s, s)] < do(a
/A |J“€[f?n] /(0’6) S d ]d ( )

< / sup / sup
A re[i n} (0,¢) ue[i n]
—n// sup
0,¢) ue

where A € By(Y'). Thus, the statement is proven for [;.
Now, let us prove the statement for 5. For r € [%, n], and A € By(Y),

/ sup / 2, s) = (@, o) ds|do(z)
A (0,e/m) S

TG[%,n]

211(33, U)

5 nds| do(x)

l (z,u)| dsdo(z) < o0,

g/ sup / lz(gjﬂds)dsldo(af)—k/ sup / Mds do(x)
A lre[ta] Oem 8 4 |re[z ] e/m) 8

:/ sup/ 2:9) 4ol 4o // xsdd()
7“6[*77.] (0,¢/n) s (0,e/n) s
<2// l”sdd()

0,€)
3).

3.2. Examples. We will now consider examples of completely random measures which
satisfy the assumptions of Corollary 15.

by (33) O
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3.2.1. Completely random gamma measures. Let us fix two parameters a« > 0 and 5 > 0.
We first consider the function

lz,s) =1(s) = Be =,

so that
(34) dm(z,s) = 85— do(x) ds.
Note that

dm(z, s) = do(z) dA(s),
where

dA(s) = ﬁ% ds.

Following [27], we will call the measure p,, the gamma measure, or the measure-valued
gamma process with parameters o and 3.

Proposition 16. The Laplace transform of the measure p.,, with m given by (34) is

(35) /K o P Dl (1) = exp [—ﬁ /X log(1 + af(2)) do(z)] .

where f: X — R is a bounded measurable function with compact support which satisfies
f@)>—=L forallz e X.

This result is known, see [27], but we will now give a complete proof of it, since we
will later on need it.

Proof. We start with the following known result.

Lemma 17. Foru > —1,
oo L —us __ 1
(36) / e tds=— log(1 + u).
O S
By Lemma 17, for u > é,
0 o—us _ | s X pmsau _q
/ eie_gds:/ T esds
0 s 0 s

(37) = —log (1 + au).

Using the construction of the measure p,, and the Laplace transform of the Poisson
measure, we have

- =B
xp [— = ex flz)s _ a = o
@) [ el pldmn) = e [ Jo [ v Dasaota
By (37), for each x € X,
/ (e_f(x)s — 1) e”a }ds =—log(1+ af(x)).
Ry s

Now, substituting the above result into the right hand side of equation (38), we get (35).
(]

Let A € By(X). By (35), for each t > —1,

[ ewi-tm(a) = e [—5 [ 081 + atxa(e) do@
K(X) X

(39) = (1 + at)Pveld),
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Let us recall that the gamma distribution on R with parameters a and 6 is defined by
Wt
m e o X(0,00) ('LL) dU
The Laplace transform of the gamma distribution is given by
—tu u@—l — 0 1
/Re We @ X(0,00) (1) du = (1 + at)”, t>—a.
Hence, under p,,, the random variable n(A) has gamma distribution with parameters «
and 6 = 8 vol(A).
Now, we will produce a generalization by making the parameters o and 3 to be positive
functions on X. Thus, let us consider measurable functions

a: X =Ry, [B:X—]0,00).

We define .
l(z,s) = B(x)e =@,
so that
%t
(40) dm(z,s) = Bla)e =5 do(z) ds.
s

We denote by Ll (X, o) the space of all measurable functions f : X — R such that, for
cach A € By(X), fxa € L'(X,0), ie., [,|f(z) do(z) < oc.

1
loc

Lemma 18. Assume that the function af belongs to L
given by (40) satisfies (25).

Proof. For each A € By(X), we have

AxR+l(ff78)min{slvl}do(x) ds < /Mh I(z,5) do(x)ds
ZA/OOCﬁ(:v)e‘afw ds do(x)

= /Aﬂ(x) (/000 o) ds) do(x)
:/ a(x)p(z)do(x) < co. O
A
Proposition 19. The Laplace transform of the measure p.,, with m given by (40) is
| el () = exp |~ [ (14 a@)@)sa(a)]
K(X) X

where f: X — R is a bounded, measurable function with compact support which satisfies
a(z)f(x) > =1 for allx € X.

(X,0). Then the measure m

Proof. Analogously to (38), we have

/K(X) exp|—(n, f)]dum(n) = exp [/X /ﬂh (eff(“")s - 1) e~ w® ﬂ(j) ds da(x)] .
By (37),

/R (e—fms - 1) et 9 45— _p(e)log(1 + ale) f(a)),

S
which implies the proposition. (]

Lemma 20. Assume that the functions a8 and (3 belong to Li (X). Then the measure
m satisfies the conditions of Corollary 15.
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Proof. Fix any € > 0. In the notations of Corollary 15, we set 1 = [ and l; = 0. The
function I(z, s) is evidently differentiable in the s variable. Thus, we only have to check
that, for each n € Nand A € By(X), ACY ={y e X | B(y) = 0},

/A/Oﬁ ues[gin] %l(m,u) dsdo(z) < co.
We have
9 _B=)
gate)] = 2
thus
9 Blx) -
ués[lnillin] 6UI(1.,U) O‘(z)e -
We have
RECo—
/A/o a(x)e @n dsdo(x)
= ; igi; (—n)a(z) [e_m - 1} do(z)
<n [ B(z)do(z) < cc.
A
Therefore, (32) holds. O

Remark 21. Obviously, the conditions of Lemma 20 are satisfied when, for example, the
function S is locally integrable, while the function « is locally bounded.

Theorem 22. Let the measure m be given by (40) and assume that the conditions of
Lemma 20 are satisfied. Then, for 6 € Co(X — Ry), the corresponding Radon—Nikodym
6

. d o
derivative of the measure iy, d‘;—m, s given by

m

i) = exp [ [ (1= 0705

Proof. We have

(1) e
. /Y [log (i(x, 07 (2)s.)) — log(I(, 5..))] 5, "din(x)
_ /Y [1og (6(@6”&5(“) ~log (6(m>ea<1”>)] 5 dn(a)

—1 Lsfl €T
= [ 7 @) + s s )
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/Y/Hh (I(z,s) —lix,@‘l(x)s) ds do(z)

and by (37)

B Y
55 1=607" () _ .
= /Yﬁ(x) [/ﬂh (e - " 1>ea<5m>ds] do(z)

= /Yﬁ(x) log <1 - a(x)W) do(x)

— [ Bla)tog(o @) do o)
Y

- [ A 08(0(@)) do(a).
Thus, we have

[ [ G 00 4y o) gtotoioto)

Now, by Theorem 13, the statement follows. O

Remark 23. Note that, for any A € By(X) such that o(4) > 0 and S(z) > 0 for all
x € A, we have m(A x Ry) = 0.

3.2.2. Completely random measures with a Lévy measure of logarithmic type near zero.
Let us consider another example of a quasi-invariant measure. Let Y € B(X). Consider
measurable functions a: Y — Ry and B:Y — R,. Let € € (0,e~!) and we define, for
(x,8) € X x Ry,

B(z)(—logs)~*@) 2 €Y, s€(0,¢),
(41) Uz,s) = ¢ g(z,s), x €Y, s€[e,00),

0, xgY, seRy,
so that on Y x (0, ¢)

— a(z)

(42) dmi(z,s) = Blz) - logj) do(z) ds,
and on Y X [e,00)
(43) dm(z, s) = @ do(z) ds.

Here we assume that the function g(z, s) is strictly positive and satisfies

(44) // 92 s o) <

for all A € By(Y).

Lemma 24. Let B € L{ (Y,0). Then the measure m with the function l(z,s) given by
(41) satisfies (25).

Proof. By (44), we only need to check that, for any A € By(Y)

/ l(z,s)do(z)ds = / B(z)(—logs) @ do(x) ds < +o0.
Ax(0,€]

Ax(0,€]



QUASI-INVARIANCE OF COMPLETELY RANDOM MEASURES 225

But, for all s € (0,e7'], —logs > 1, and since a(x) > 0, (—logs)~*®) < 1. Hence, the
statement trivially follows. O

Proposition 25. Let 3 € L (Y,0). Then the measure m with the function l(x,s) given

loc

by (41) satisfies the conditions of Corollary 15.

Proof. Let us set l1(x,s) = I(z,s) and la(x,s) = 0. It suffices to show that, for each

/ /n Sup
AJO ue[%,sn]

Blz)a(z)(~logu) )

do(x)ds < 0.

0
%l(x,u)

We have

0
%l(x,u) -

Hence, for each s € (0, £),

0 (—logu)~«®)~1
sup |—Il(z,u)| =p(zx)a(x) sup ——W——
u€[2,sn] 8“‘( ) ( ) ( )ue[%,sn] u
1 —a(z)—1
<p@at@) | sw L) swp (~logu)
u€[Z,sn] U u€[Z,sn]
n

= B(z)a(r)

s(—log(sn))a@)+1"

Then we have

€

n 1

/Ada(z)/o dsﬂ(z)a(x)g(_log(sn))a(x)H
loge 1
0 /A do(2)B(z)a(x) / a8 (et

— 00

Blx)
:n/ da(m)w

A
< / B(x) do(z) < oco.
A
Therefore, the conditions of Corollary 15 are satisfied. O
We finish this part with the following observation, which we will use later on.
Proposition 26. (i) Assume that a(x) > 1 for all z € X and
B(x)
————d
/Aa(x) T o(z) < oo,

for each A € Bo(Y'). Then

m(A x R,) = /Adcr(x) /]R+ &:8) 45 < oo,

S

(i) Assume that a(x) <1 for all x € X. Then, for each A € By(Y) with o(A) > 0, we

have
da(m)/ Mcls = 4o0.
R, S

m(A xRy) :/

A
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Proof. For each A € By(Y'), we have

/Ada(x) /O+mdsl(x;8)ds:/4da(x)/oeds I(Z’S) —&—/Ada(m)/jw g(i’s).

By (44) the second integral on the right hand side is finite. Hence, we need to calculate
the first integral on the right hand side.
cd
2) / ds  PB(z)
0 s (—logs)x®)

(i) We have
/Ada(x) /Oeds“xs’s) :/Adcr

————(—loge) @ do(x)

1

)

Bz
S/Aﬁdo(x) < 400.

—~

\
[y

(ii) We have

/Ada(x) /Oﬁdsl(xs’s) :/Ada(x)ﬂ(x) /t:edssal(“?) = +o0.

3.2.3. Completely random measures with a Lévy measure of power type near zero. Let
Y € B(X). Let functions @ : Y — (0,1) and §: Y — R be measurable. Let € € (0,1).
We define for (z,s) € X x Ry

]

B(x)s—@) gz ey, s (0,e),

(45) Uz, s) =4 g(z,s), x €Y, s€[e,00),
0, xgY.

Thus, on Y x (0, ¢),

(46) dm(z,s) = fa((x)) do(z) ds,

and on Y X [€,00)

(47) dm(z, s) = g(i’s) do(z) ds.

Lemma 27. Let the measure m have the function l(xz,s) defined by (45). Let § €
LL (Y,0). Then m satisfies (25).

loc

Proof. For each A € By(Y),

//ﬁ )51 ds do(x /5 ) do(x

By (44), the statement follows. O

Proposition 28. Let the measure m have the function l(x,s) given by (45). Let § €
L _(Y,0). Then the measure m satisfies the conditions of Corollary 15.

loc

Proof. We set l1(z,s) =l(z,s) and l3(z,s) = 0. Then

0 B(x)(1 — a(x))
%l(:c,u) I B
Hence,
T — a(z))n*® x —a(x))n
s[up | —il(x,u) _ s@a Sa(z() ) < A( )(ia(m)( ) .

n
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Hence, for each A € By(Y)

//
<), / o z;;; P o) i

/ 5 —a(x)+1 do-(x)

< n/Aﬁ(x) do(x) < oo.

Therefore, the conditions of Corollary 15 are satisfied. ]

do(z)ds

l(a:,u)

Proposition 29. Let the conditions of Proposition 28 be satisfied.
(i) Assume additionally that ; ﬁ € LL (X,0). Then, for each A € By(Y), we have
m(AxRy) < oo.
(ii) Assume that A € By(Y') and
_B@) do(x) = oo.
al—a(z)

Then m(Ax Ry) =

Proof. Analogously to the proof of Proposition 26, we only need to consider the integral

oz ‘ Sl(xVS) _ 6(.’5) 617a($) o(x
[ doto) [ do(z).

s 41l —a(x)

Noting that
€ S el—a(.’r) S 17

we easily conclude the statement. O

4. QUASI—INVARIANCE OF COMPLETELY RANDOM MEASURES WITH RESPECT TO
TRANSFORMATIONS OF ATOMS

From now on, we will assume that X = R? and o is the Lebesgue measure dz. (More
generally, we could assume that X is a smooth Riemannian manifold and o is a volume
measure on it.)

In this section, we will consider the transformations of the atoms of completely random
measures by the action of the group of diffeomorphisms which are identical outside a
compact set.

4.1. General theory. A diffeormorphism of X = R? is a bijective mapping ¢ : X — X
such that both ¢ and ¢! are infinitely differentiable. We say that a diffeomorphism
¢ has compact support if there exists a compact set A C X such that ¢(x) = z for all
x € A°. We denote by Diffg(X) the set of all diffeomorphisms of X which have compact
support.

It is clear that for any ¢, € Diffy(X), their composition ¢ ot again belongs to
Diff5(X). So we define a group product on Diffy(X) as the composition of two diffeo-
morphisms. The neutral element of this group is the identity mapping e. Note that the
product in this group is non-commutative.

The group Diffg(X) naturally acts on X: for each ¢ € Diffy(X), ¢(z) is the action
of p on z € X. Furthermore, the group Diff((X) naturally acts on M(X), the space of
Radon measures on X. For each ¢ € Diffo(X) and n € M(X), the action of ¢ on 7 is
defined by ¢*n, the pushforward of n under y;

e n(A) =n(e~'A), A€ B(X).
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Clearly ¢*n € M(X).
Let n € K(X),

(48) n=_sibs,.
Then, for ¢ € Diffg(X)
(49) = 56

In particular, ¢*n € K(X), that is the group Diff((X) acts on K(X).

Note that each ¢ € Diffy(X) transforms the atoms of a discrete measure, leaving the
weights without changes.

If p is a probability measure on K(X), there is a natural question whether p is quasi-
invariant with respect to the action of Diffq(X). If this is indeed the case, one gets a
quasi-regular representation of Diffo(X) in L?(K(X), ).

Theorem 30. Let m be a measure on X x Ry which satisfies (8), (9). Let piy, be the
corresponding completely random measure, see Corollary 10. For each ¢ € Diffy(X), we
extend the action of ¢ to X x Ry by setting

(50) X xRy 3 (x,8) = (p(x),s) € X xRy,

which is a smooth diffeomorphism of X x Ry. Let my, := ¢*m be the pushforward of the
measure m under (50). Then i, is quasi-invariant with respect to the action of Diffo(X)
if and only if, for each ¢ € Diffo(X),

o m and m, are equivalent;

2
o/( m—l) dm < oo.
e dm

Proof. In view of (48), (49) and the construction of the measure fi,,, fm is quasi-invariant
with respect to Diffo(X) if and only if the Poisson measure m,, is quasi-invariant under

the following action of Diffy(X) onto I'(X):
(51) v =A{(zi,5:)} = oy = A{(p(z:),5:)},

where ¢ € Diff(X). Note that, for each v € I'(X), ¢7 indeed belongs to I'(X).
Let ¢*m,, be the pushforward of 7, under (51). We claim that
So*ﬂ-m — '/T<p*m = ’/Tm(/,a

i.e., the Poisson measure on I'(X) with intensity measure m,. Indeed, for each f €
Co(X), we have

/ €l<f”y>d(@*ﬂ-m)(7) _ / ei Z(z,s)G’v f(w,s)d(sp*ﬂ_m)(,y)
T, (X) Ty (

X)

_ / ¢ S FE@ D g (0
pr(X)
— exp [/ (6if(w(z),s) — 1) dm(z, S)]
X
(eif(z,s) _ 1) dmg)(m, 8)]

:/ ) ei<f"’>d7rm¢('y).
Tps(X)

S

:exp[

Now the statement of the theorem immediately follows from the Theorem 2. O
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Corollary 31. Let the measure m on X be of the form (22), letl(xz,s) >0 forallz € X
and s € Ry, and let (25) be satisfied for all A € By(X). Let p,, be the corresponding

completely random measure. Then p,, is quasi-invariant with respect to the action of
Diffo(X) if and only if, for each ¢ € Diffo(X),

2
(52) /}2<\/WJ¢(x)—1> @dms

:/ <\/l(gp—1(:c),s)J¢(x)— l(x,s))2idxds<+oo,

X

where Jy,(x) is the modulus of the determinant of the Jacobian matriz of ¢.

Proof. By the definition of m,,, for each A € B(X),

mo(A) = /X xa (@), ) dm(z, s
:/ XA(@(x)7s)deds
x 5

= /XXA(QD(ZE),S) 1(9071(50(1’))),5) de ds

S

[ e =), ) 2 dinle. s
—/Ail(m) Jo(z) dmiz, 5)

Therefore, we have the Radon-Nikodym derivative

dmy, e (2)s)
am (z,5) = W sa(x)-

Therefore, the second condition in Theorem 30 becomes (52). O

(53)

The following result was shown in [21].
Corollary 32. Let m be a measure on X x Ry of the form
dm(z,s) = dx dA(s),

where X\ is a measure on Ry. Further assume that

min{1, s} dA(s) < oco.
Ry

Then piy, is quasi-invariant with respect to the action of Diffo(X) if and only if A\(R1) < oo.
Proof. Note that (8) and (9) are satisfied. In this case,

d
;r:’ (z,5) = Jo ().
Hence,

(54) A(@— ) dmz/x<\/m—1)2dmm+).

1
Since the function (\ [Jo(z) — 1) is smooth and has compact support in X, we have

/X( Jg‘,(x)1>2 < 00.

2
2
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Hence (54) is finite, if and only if, A(R;) < oco. O
The following result generalizes Corollary 32.

Corollary 33. Let m be a measure on X x Ry which satisfies (8). Assume that, for
each ¢ € Diff(X), the measures m and m, are equivalent. Further assume that

(55) m(AxRy) <oo, A€ By(X).

Then p, s quasi-invariant with respect to the action of Diffo(X) and for each ¢ €
Diffo(X), the corresponding Radon—Nikodym density is given by

d,u%( )= dm,,

(56) dpim dm

(z,8z).
z€T(n)

Proof. Note that (55) implies (9). According to Theorem 4, to prove quasi-invariance, it
suffices to prove that, for each ¢ € Diffy(X),

/ ’dm¢ 1‘dm<oo.

Choose A € By(X) such that ¢(x) = x for all x € A°. Then

dm,

dm

/ ’dmw _ 1‘ /
AxR4
d
< / ( Mo 1) dm
AX]R+ dm

= mW(A X RJ,_) + m(A X R+)
=2m(A xRy) < 0.

(x,s) =1, forall (z,5) € A° x Ry.

Hence

dm,

dm

—1’dm

Here id denotes the identity map.
Formula (56) will follow from formula (6) (see also Remark 5) if we show

/ (1— dm@)dmzo.
P dm

Choose again A € By(X) such that ¢ is equal to the identity on A¢. Then, for any
(x,s) € A° x R, we have

dm,,

am &
/ <1—dm¢>dm:/ (1—dm“&>dm):0.
e dm AxR, dm

Corollary 34. Assume that the measure m satisfies (22) with I(x,s) > 0 for all (x,s) €
X x Ry and assume that (55) holds. Then ., is quasi-invariant with respect to the
action of Diffo(X) and for each ¢ € Diffo(X) we have

b4 —z),s
57) Winyy = I N2y )

z€eT(n) l(l‘,Saj)

Proof. Corollary 34 follows from Corollary 33 and (53). O

s)=1.

Hence

O
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Corollary 35. Let the assumptions of Corollary 31 be satisfied. Assume that there exists
an open set A C X, A # 0, such that, for all z € A,

(58) /R Uz, s) ds = oo.

S

Assume that, for each x € A, the limit lir%l(x,s) =: l(z,0) ezists, l(x,0) # 0, and the
s—

function A 5 x — I(z,0) is continuous. Then the measure i, is not quasi-invariant with
respect to the action of Diffy(X).

Proof. Without loss of generality, we may assume that the set A is bounded. Assume
that i, is quasi-invariant with respect to Diffq(X). Then by Corollary 31, for each
diffeomorphism ¢ with support in A, we have

@), ) M),
/A/MW 0 1 ) ) o < o,

Hence, for a.a. z € A,

2

(59) /R+ <\/WJ¢(1:) - 1) l(”s’s) ds < oo.

Note that, for each x € A,

2

: We~'(z),s) Y G CIRY)
(60) llg(l) (\/l(w,s)‘h(x) —1) = <\/Z($70)Jq,(x)—l>

By (58), (59) and (60), for a.a. z € A,
e ),0)

=1
o) Je@ =1
or equivalently, for a.a. z € A,
_ I(z,0)
61 (e~ Y(x),0) = ==
(61) (@0 = 55

By the continuity of the function I(-,0), we get that equality (61) holds, in fact, for all
x € A and all diffeomorphisms ¢ € Diff(X) with support in A.

But equality (61) is impossible. Just choose any z,y € A and any diffeomorphisms
¢, € Diffo(X) with support in A such that, for some x € A, ¢~ !(x) =~ !(x) = y and
Jy(x) # Jy(x). Then

l(y,0) = =1(y,0),
which is a contradiction. O

Corollary 36. Let the assumptions of Corollary 31 be satisfied. Assume that there exists
an open set A C X, A # (), such that, for all x € A,

/ Mds:oo.
R, 9

Assume that there exists a diffeomorphism ¢ € Diffg(X) such that, for all x € A, we

have )
. e (2),9)
B I, 5)

To(@) # 1.

Then the measure ., is not quasi-invariant with respect to the action of Diffo(X).
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Proof. It immediately follows from the assumptions of the corollary that, for this diffeo-
morphism ¢ € Diffo(X), we get
2

o w)s) () )
L?(\/WJW(:C) 1) T drd .

Hence, the condition of Corollary 35 is not satisfied and the measure p,, is not quasi-
invariant with respect to the action of Diff(X). O

4.2. Examples.

4.2.1. Completely random gamma measures. Just as in subsec. 3.2.1, consider the mea-
sure m with

I(w,5) = Blx)e” =,
where o, 3 : X — R,. Assume that the function 3 is continuous and o € L{, (X). This,
in particular implies that af € Llloc(X ), hence the condition of Lemma 18 is satisfied.

Condition (58) is evidently satisfied for each x € X. We also evidently have
I(z,0) = lim B(z)e” @ = B(x).
s—=0

Hence, the conditions of Corollary 35 are satisfied and the measure p,, is not quasi-
invariant with respect to the action of Diffy(X).

4.2.2. Completely random measures with a Lévy measure of logarithmic type near zero.
We consider two cases.

Case 1. Let l(z,s) be given by formula (41) with ¥ = X and «, 8 being continuous
functions. Since 3 € L (X, dz), the condition of Lemma 24 is satisfied.

Let us also assume that a(z) < 1. By Proposition 26, we then get that equation (58)
holds for all z € X.

Let us assume that the function « is not constant. We get
. l(goil(x)vs) _ ﬁ(@il(x)) . a(z)—a(p™ ()
(62) lim Wﬁo(fﬂ) = Jy(x) Wg%(—log s) :
Choose an open set A C X and a diffeomorphism ¢ € Diffy(X) so that, for all x € A,

a(z) > a(p™ ().
Hence,

e (2), 5)
Hence, the condition of Corollary 36 is satisfied and the measure p,, is not quasi-invariant
with respect to the action of Diffo(X).

If the function « is constant, then evidently formula (62) becomes
l -1
tim L @8) 5 0y — @)

s=0  U(z,s)
By Corollary 36, we will conclude that the measure p,, is not quasi-invariant with respect
to the action of Diff((X) if we show that there exist ¢ € Diffo(X) and an open non-empty
set A such that, for all z € A,

B(x)
(63 Jo(r) — ———— #£0.
: ) Bl 1@
Since J, and # are continuous functions, this will follow from the statement that

there exist ¢ € Diffy(X) and x € X such that (63) holds. But for this, we can easily
construct a diffeomorphism ¢ € Diffo(X) such that p(z) = z but J,(x) # 1.
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Case 2. Let l(x, s) be given by formula (41) with ¥ = X. Assume that the conditions
of Proposition 26, (i) are satisfied. In particular a(z) > 1 for all x € X. Then, by

Proposition 26, (i) and Corollary 33, p,, is quasi-invariant with respect to the action of
Diff(X).

4.2.3. Completely random measures with a Lévy measure of power type mear zero. Let
I(z,s) be as in subsec. 3.2.3 with Y = X. If 8 € L] (X,dz) and % € Ll (X, dz).

Then, by Proposition 29 and Corollary 33, u,, is quasi-invariant with respect to the
action of Diff(X).

5. QUASI—INVARIANCE AND PARTIAL QUASI-INVARIANCE WITH RESPECT TO THE
SEMIDIRECT PRODUCT

In this section, we will study quasi-invariance of p,, with respect to the semidirect
product of the groups Co(X — Ry ) and Diff((X).

5.1. Quasi-invariance with respect to the semidirect product. We recall that an
automorphism « of a group (G,-) is a bijective mapping « : G — G such that, for any

91,92 € G, we have a(g; - g2) = alg1) - a(g2).
Following [21], we define the semidirect product of Diffy(X) and Co(X — R;). The

group Diffg(X) acts on Cyp(X — Ry) by automorphisms. More precisely, for each ¢ €
Diffy(X), we may define an automorphism of Cy(X — Ry by

Co(X 2R 30= alp)d =009 ! € Co(X = Ry).
Let & be the Cartesian product of Diff((X) and Cy(X — Ry):
6= lefo(X) X Co(X — R+)

We define a group multiplication on & as follows: for any ¢1 = (p1,61), g2 = (¢2,02) € &,
we set

9192 = (w10 92,01 (02 0 901_1))-
Then & becomes a group. One denotes this group by

& = Diffo(X) X Co(X — R)

and one calls & the semidirect product of Diffo(X) and Co(X — Ry) with respect to a.
The group & naturally acts on M(X), the space of Radon measures on X: for any
g = (p,0) € & and any n € M(X), we define the Radon measure gn by

(64) d(gn)(x) := 0(z)d(p™n)(x).

Here ¢*n is the push-forward of n under ¢. Note that when g = (¢, 0) acts on 7, we first
act on 1) by ¢, i.e., we take ¢©*n, and then we act by 6, i.e., we multiply the measure ¢*n
by 6. Note that each g € & maps K(X) into K(X).

Proposition 37. Let u be a measure on K(X) (or M(X)). The measure p is quasi-
invariant with respect to & if and only if 1 is quasi-invariant with respect to the action
of both groups Diffo(X) and Co(X — Ry). In the latter case, we have, for each g =
(p,0) € &,

dp? ap¥ ., . du?
() = =— (0" n)——(n).

o () o (0="n) m ()

Proof. If p is quasi-invariant with respect to &, then automatically it is quasi-invariant
with respect to the action of Diffg(X) and Co(X — R ), since Diffg(X) and Co(X — Ry)
are subgroups of &. So assume that p is quasi-invariant with respect to Diffy(X) and
Co(X — R4) and let us prove that u is quasi-invariant with respect to &.

(65)
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Let F: M(X) — [0,400] be a measurable function. Let g = (¢,0) € &. We have,
by (64),

/ F(n)du®(n) = / F(gn)du(n)
M(X)

M(X)

= / F(0(¢™n))du(n)
M(X)

(66) - /M o, FlOma (o).

Since p is quasi-invariant with respect to the action of Diffy(X), we continue (66) as
follows:

Since p is quasi-invariant with respect to Co(X — R ), we continue:

dp® oy dp’
= F(n)——(@""n)——m)du(n).
L, FO G070 Gt
The functions % and % are strictly positive on M(X) p-almost everywhere. Let
dp? 1
A= M(X) | —(0 =0
{oem) | %6 o,
dp®
B := eM(X)| —()=0;.
{emx) 1920 o}

As we already said u(B) = 0. But A = 6B. Hence p(A) = 0 because of quasi-invariance
with respect to Co(X — Ry ). Thus

du?
dp
Hence, the probability measures p9 and p are equivalent and (65) holds. (]

_ du?
C 1n>ﬁ<n)>o p-ac.

Theorem 38. Let m satisfy (22) with I(z,s) > 0 for all (x,s) € X, (25), and (55).
Then i, is quasi-invariant with respect to g = (¢,0) € & and the corresponding Radon-
Nikodym derivative is given by

%(n) — H Z(‘)O_ (x),@‘ (l‘)Sw) Jw@)

-1

i, il Iz, 071(z)sy)

-1 l —l(z, 071
X exp [/ log (l(x,@ (x)sw)) s; tdn(x) +/ / (,5) ~ e (2)5)) dsdz|.
X Uz, sz) X JRy s
Proof. By Corollary 34, p.,, is quasi-invariant with respect to Diffo(X) and
dpg, (e~ (2), 54)

(67) =11 =775 Te@).

zeT(n)

In Corollary 15, we set I1(x,s) = 0 and l3(x, s) = l(x, s). Then (32) and (33) are satisfied
and by Theorem 13 and Corollary 15, ., is quasi-invariant with respect to Co(X — R)
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and

(69) jﬁjiw = exp [ [ 1o (W) 7 ()
o / () U0 ]

Now the statement of the theorem follows from Proposition 37, (67) and (68). O

Ezample 39. Let I(x, s) be given by formula (41) with ¥ = X. Assume that the condi-
tions of Proposition 26, (i) are satisfied. In particular a(z) > 1 for all x € X. Then by
Proposition 25 and subsec. 4.2.2, (ii), the measure pu,, is quasi-invariant with respect to
the action of &.

Ezample 40. Let [ be as in subsec. 4.2.3. Then it follows from Proposition 28 subsec. 4.2.3
that he measure p,, is quasi-invariant with respect to the action of &.

5.2. Partial quasi-invariance with respect to the semidirect product. The fol-
lowing definition is taken from [21].

Let (€2, F, P) be a probability space, and let G be a group which acts on Q. We say
that the probability measure P is partially quasi-invariant with respect to transformations
g € G if there exists a filtration (F, )52, such that

e F is the minimal o-algebra on ) which contains all F,,, n € N;

e For each g € G and n € N, there exists k € N such that g maps F,, into Fy;

e For any n € N and g € G, there exists a measurable function Rgn) : Q= [0, +o0]
such that, for each F': Q — [0, o] which is F,,-measurable,

/ F(w)dP9(w) = / F(w)R{ (w)dP(w).
Q

Q
Here P9 is the push-forward of P under g.

Remark 41. If P is quasi-invariant with respect to the action of G, then it is partially

quasi-invariant. In this case, just choose F,, = F and R_g") = ddl;g .

Theorem 42. Assume that the conditions of Theorem 13 are satisfied. Assume that
there exists A € Bo(X) such that m(A x Ry) = +oo. Then the measure p, is partially
quasi-invariance with respect to the action of the group &.

Proof. The Borel o-algebra B(I',¢(X)) may be identified as the minimal o-algebra on
r, f(X ) with respect to which any mapping of the following form is measurable:

(69) T (X) 3y [yNA|, AeBo(X),

see e.g. Section 1.1, in particular Lemma 1.4 in [15]. For each n € N, we denote by

B, (T (X)) the minimal o-algebra on T',;(X) with respect to which each mapping of the
form (69) is measurable with A C [+, 00) x X. Obviously (B, (T'py (X))o, is a filtration
and B(T,(X)) is the minimal g-algebra on T',s(X) which contains all B, (T ;(X)).

Recall (20). Let B,(K(X)) denote the image of B, (I'ys(X)) under the mapping R.
Therefore, (B, (K(X)))52, is a filtration and B(K(X)) is the minimal o-algebra on K(X)
which contains all B, (K(X)).

The following lemma follows immediately from the definition of B, (K(X)).

Lemma 43. A function F is B, (K(X))-measurable if and only if F is B(K(X))-measurable
and for each n =Y, 5;0,, € K(X)

(70) Fi)=F | D siu

i:s,vz%
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Lemma 44. Let g = (¢,0) € &. Let n € N and let k € N be such that

1 1
— < — ] .
(1) k™ n wlél)f(@(x)

Then g maps B, (K(X)) into Br(K(X)).

Proof. Let F : K(X) — [0, 400) be a B,,(K(X))-measurable function. Thus, by Lemma 43,
formula (70) holds. We note that the inverse element of g = (¢, ) in the algebra & is
g = (p71,071 o). Let us the consider the function

(72) K(X)3n~ F(g'n) € ]0,+00).

This function is evidently B(K(X))-measurable. Then, by Lemma 43 and (71), for n =
Zi $i0z, € K(X)7

F(giln) =F <Z 0_1(()0(@_1(1‘1')))81'6(,91(a:i)>
=F <Z G_I(xi)siéw—l(wi)>

=F Z 9_1(1’1‘)52‘(5@—1(%0

0= 1(xs)s; > 1

=F Z 9_1(171')82‘(5%—1(“)

I8 siZ% 0(x;)

=F Z 0_1(xi)5i5¢—1(xi)

i siZ% infzex 6(x)

= F gl(

Hence, by Lemma 43, the function F(g~!-) is By (K(X))-measurable.
Let A € B,(K(X)) and let F = x4. Thus, F is a B,(K(X))-measurable function.
Therefore, F(g=%) = xa(g~!) is a By (K(X))-measurable function. But

Xalg™'n) = Xga(n),
which implies gA € By (K(X)). O

Next, let F' : K(X) — [0,400] be measurable with respect to B, (K(X)). Let g =
(p,0) € 4. Then

/ F(n)dus,(n) = / F(gn)dpm(n)
K(X) K(X)
— [ Ft ()
K(X)

(73) - /K o, FOna, o).
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Let k£ € N be chosen so that

(74) < 1 inf 07! (x).

1

E n zeX

It follows from the proof of this lemma that the function n — F(0n) is By(K(X))-
measurable.

By the construction of the g-algebra By, (T, (X)), this o-algebra can be identified with
the o-algebra B (I‘pf (X X [%, +oo))). More precisely, each set

AeB (r,,f (X x [;7+oo)>>

{’yel“pf(f( |vn (X X [;,—i—oo)) € A}.

Under this identification, the restriction of the Poisson measure 73 on I'y ¢ (X)) to the o-
algebra By (T (X)) = B(T,y (X x [4,400)) coincides with the Poisson measure ),
where m(k) is the restriction of the measure m to X x [1,400).

Note that, for each v € Ty (X X [1,400)) and each A € By(X),

1
N (A X [k,+oo>)
is a finite set. Hence, for each ¢ € Diffg(X), the mapping

(75) Y= Z Ozi,50) > PV = Z O(p(w:),s:)

maps Iy (X % [1, +00)) into Tpy (X x [, +00)). We denote by pif, ., the pushforward
of the Poisson measure 7, ;) under the transformation (75). Thus, we get

/ F(6n) dus,(n) =
K(X)

is identified with the set

F(O(R~))dr?

/F,,f (X>< [%,+oo)) "

(k)(’Y)
_ /  F(B(Ry)) d?, 5, (7)
pr(X)

(76) — [ Fenaug o).
K(X)
By (25), for each A € By(X),

(e L)) <

Hence, by (73), (76), Theorem 13 and Corollary 34,

/ o Pl ) = | Fmdug ()

K(X)

o™ (x), sz
= /K(X) F(6n) H (Spl(x(?;))(]@(x) dﬂm(k) ()

B / E(6n) Mo 20D 52) 5 (0 dpaa()
K(X) Uz, s2)

- (o~ (x),0" (2)0(x)s,)
- /K<X>F(9n) - P) vy U@, 07 1(@)0(2)s,) Jo () dpim (n)
z€T(n):0(x)s,> 1:
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_ W™ (2), 071 (2)50)
. /K(X) o mer(n)l:}c> m {2,071 (x)s0)

X exp [/x log (W) s, tdn(z)
+/X/R+ (l(x’s)_l(:’e_l(x)s)) dsdx]dum(n)

- / F(n)R{™ (n) dpim (n),
K(X)

where
W™ (), 0~ (2)s0)
(M) () = ’
™00 I eei@sm
2€T(N):8:> (:)
Uz, 07 (z)s.)\ _;
X exp [/Xlog (l(m,sx) s, dn(x)
o R ARCLI )
X JR, s

(Recall that k depends on n through (74).) O

Ezxample 45. Let m be as in subsec. 3.2.1 and let the functions af and B belong to
Li _(X). Further assume that B(z) > 0. Then by Theorem 22, Remark 23, and The-

loc
orem 42, the measure u,, is partially quasi-invariant with respect to the action of the

group &. By subsec. 4.2.1, the measure u,, is not quasi-invariant with respect to the
action of Diffo(X), hence it is not quasi-invariant with respect to the action of &.
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