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Abstract
The current paper has investigated a newly developed re-bar system by implementing uncertainty models to optimise its
geometry. The study of the design parameters of this re-bar system has been carried out utilising a novel uncertainty model that
has been developed at Swansea University. The importance of this invention comes from the fact that the whole process of
optimisation has been automated by linking ANSYSWorkbench toMATLAB via the in-house written code, Despite the fact that
in the past, ANSYS APDL was linked to MATLAB, however, the APDL was very limited to only simple geometries and
boundary conditions unlike the Workbench which can simulate complex features. These shortfalls have been overcome by
automating the process of optimisation, identifying the key influential parameters and the possibility to carry out a huge number
of trials. Moreover, the tools that have been developed can pave the way for robust optimisation of this proposed structure. The
uncertainty in the design parameters of this re-bar system is of a paramount importance in order to optimise the bond strength
between the newly developed rebar and the concrete matrix as well as to fully understand the behaviour of the proposed system
under pull-out conditions. The interface between the rebar and the concrete matrix was considered as a ‘cohesive zone’ whereby
the interfacial area is studied as a function of the bonding strength.

Keywords Robust design . Rebar systems . Bond strength . Concrete . Uncertainty . ANSYS .MATLAB

1 Introduction

For an optimal design of reinforced concrete structures, effi-
cient and reliable transfer of stresses between the reinforcement
and the concrete is required. The transfer of such stresses from
the reinforcement to the surrounding concrete takes place once
the reinforcement deforms. In other words, after the initial slip
of the bar, the stresses are transferred by bearing friction, as
shown in Fig. 1. The transfer of the axial force from the rein-
forcing steel bars to the surroundings matrix is facilitated by the
development of tangential stresses along the interfacial area and
these are the necessary bond stress to hold the components

together. This means that the bond strength is dependent on
the interaction between the steel bar and the surrounding ma-
trix. Moreover, it depends on the mechanical properties of the
concrete, volume of concrete around the bars, the surface con-
dition of the bar alongside the geometry of the bar. Moreover, it
relies on the diameter of the bars alongside the loading age
(ACI Committee 2016). The design of conventional bar sys-
tems includes ‘ribs’ of certain size and shape. These ribs play a
key role in the transfer of stresses between the reinforcement
and the surrounding matrix. For instance, for plain bars, the
failure occurs due to the loss of adhesion between the bars
and the cement paste. This means that the failure stress is pro-
portional to the interface area between the two constituents. On
the other hand, when ribs are used, strength in the slipping is
due, mainly, to the strength that the concrete offers to the pres-
sures exercised on it by the ribs. This means that the chemical
adhesion has a less importance in this case when compared to
the mechanical interaction between the ribs and the surround-
ing matrix (Barbosa et al. 2008).

Overall, the plain systems rely on the adhesion as well as
friction whereas those are of less importance in deformed bars
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with ribs wherein the effect of mechanical interlocking and
shear along the interfacial area are of utmost importance.
The surface roughness and the closely spaced ribs produce
great interlocking with good bearing effects. In the same con-
text, the stress parallel to the bar is termed as the ‘bond stress’
whereas that perpendicular to the contact surface is called the
‘radial stress’. There has been an extensive research on the
effect of the resultant stress of the combined bond stress and
the radial stress in such structures. It has been revealed that
changing the stresses in the parallel and transverse directions
has resulted in the formation of primary and secondary cracks
in the concrete adjacent to the bar, Fig. 2, (Kabir and Islam
2014).

It is possible to increase the bond between the bar and the
concrete by increasing the surface area of the bar whereby a
larger bonding strength is obtained. This requires re-shaping
the currently employed standard bars in such a way that pro-
vides increased bond strength. Many research studies have
concentrated on the shape of the rebar system as well as the
aspect ratio of the steel with respect to the cross sectional
dimension. The addition of some features such as the dovetail

design that provides an increased lateral surface area is the
main scope of the Co-tropic rebar systems. This dovetail de-
sign is not a material dependent. In other words, it can be
applied to other materials that can be extruded and drawn to
size. The shape of this rebar system contains multiple re-
entrant dovetail-shaped grooves in which the open end of
the groove is narrower than the closed end of the groove.
This modification of the shape has increased the surface area
by 1.9 times the conventional solid round rebars of an equiv-
alent diameter (Thomas 2011). This modern design of the Co-
tropic rebar system provides an ‘interlocking’ feature that
makes use of the positive Poisson’s ratio contraction when
the rebar is subjected to tensile loading. When the rebar is
under tensile loads, only the tops of ridges or surface of the
fibres will debond while the sides of the dovetail grooves
contract inwards and squeeze the concrete within the groove,
as shown in Fig. 3a) and Fig. 3b). This action provides an
improved bonding strength in contrast to the conventional
systems whereby the stretching of the solid round bar can
result in an interfacial separation from the matrix Fig. 3c)
and Fig. 3d), (Thomas 2011).

The main scope of the current paper is to explore the sen-
sitivity of the various parameters in the newly developed rebar
system. That is, the performance of the bonding strength be-
tween the rebar system and the surrounding matrix is influ-
enced bymany parameters such as the outer radius of the rebar
system, the groove radius, the distance between the centre of
the rebar shape to the centre of the cutout shape, the radius of
the edges alongside the angle from one edge to the successive
edge within the same groove. This exercise will employ un-
certainty studies using an innovative model that has been de-
veloped at Swansea University. In this regard, it has become

Fig. 1 A deformed bar during the transfer of forces from the
reinforcement to the surrounding concrete (ACI Committee 2016)

Fig. 2 (a) Force components
parallel and perpendicular to the
steel concrete interface (b) Shear
stress distribution in XYplane of
concrete (Kabir & Islam 2014)
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possible to link ANSYS Workbench via MATLAB using an
in-house written code that has been examined and provided
precise results. Yet, this paper presents the first publication in a
series of future publications utilising this novel method which
can open new eras of collaborative research in future. The
advantage of this developed routine is that it allows the user
to enter as many input parameters as required whereby the
code will automatically operate the ANSYS, run the model,
get the results and feedback to obtain other results. This means
that any parameter, such as the outer radius in the newly de-
veloped rebar system, can be chosen as a set of random values
within a defined range from which the bond strength, for in-
stance, of the structure can be evaluated. This allows the pos-
sibility of choosing the most sensitive parameters alongside
the values that provide the optimum bond strength. This will
reduce the time, cost and number of trials to choose the opti-
mum design parameters alongside the use of mathematical
tools such as the Meta-models in conjunction with this code
for efficient uncertainty analysis.

2 The employed parameters in the design

The material properties of the modelled concrete and
steel have been obtained from literature studies
(Shafaie et al. 2009) as summarised in Table 1. These
mechanical properties will be employed in the analysis
of the pull-out test from which comparisons between the
experimental and the simulated results can be obtained.
Once the simulated results are shown to approximate

the experimental results by changing certain parameters
in the model, it can thereafter be described as being
‘validated’ for similar applications.

The experimental results carried out elsewhere (Shafaie et
al. 2009) on standard steel bars bonded to concrete structure
under pull-out conditions were utilised in this paper in order to
verify and validate the generated model that will be applied to
the Co-tropic rebar system. In the same study of Shafaie et al.,
a steel bar of 12 mm diameter with a cross sectional area of
113mm2 has been tested. The steel bar was contained within a
90 mm high cylindrical concrete structure of 60 mm diameter
with an anchorage depth of 60 mm. The obtained results will
be compared with those obtained for the Co-tropic rebar sys-
tem such that optimisation and uncertainty studies can there-
after be carried out.

Fig. 3 A comparison between the
Co-tropic dovetail-shaped system
and the conventional rebar
system: (a) the Co-tropic rebar
with no load, (b) the Co-tropic
rebar stretched, (c) the
conventional rebar with no load,
and (d) the conventional rebar
stretched (Thomas 2011)

Table 1 A summary of the materials properties utilisied in the current
study (Shafaie et al. 2009)

Material Properties Values (kg/cm2)

Concrete compressive strength 300

Concrete tensile strength 30

Concrete E modulus 273,664

Concrete Poisson’s coefficient 0.2

Steel E modulus 2,100,000

Steel yield stress 3000

Steel Poisson’s coefficient 0.3
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3 The ANSYS model

The ANSYS 16.2 Workbench finite element (FE) package
was used to carry out the modeling. The applied load was
iterated step by step using the Newton-Raphson method. In
this paper, SOLID185 has been used for the modeling of
the steel bar and concrete. It has been defined by eight
nodes having three degrees of freedom at each node and
translations in the nodal x, y, and z directions. The element
has plasticity, hyperelasticity, stress stiffening, creep, large
deflection and large strain capabilities. It also has mixed
formulation capability for simulating deformations of nearly
incompressible elastoplastic materials and fully incompress-
ible hyperelastic materials (Mahmoud 2016). At the inter-
face of the steel rebar and the concrete, interface elements
have been employed whereby the steel rebar surface is
treated as the “target” surface and simulated using element
TARGE170 while the concrete surface is treated as the
“contact” surface and simulated by element CONTA174.
The target elements and contact elements must be set to

the same real constant number. These elements are able to
simulate the existence of pressure between them when there
is either a contact or separation between them. The two
material contacts also take into account the cohesion be-
tween the involved parameters (ANSYS Inc. 2012). Such
elements allow the separation of the bonded contact to
simulate the delamination of the interface. Moreover, they
are considered higher order elements that are able to pro-
vide more accurate results for quadrilateral mesh and can
tolerate irregular shapes without much loss of accuracy.
The Pure Penalty Method (penetration and no sliding)
(Doyle 2012; ANSYS 2010; You 2013) has been used in
the tangential direction while using the conditions of the
Lagrange Multiplier method which involves sliding with
no penetration according to (ANSYS 2010):

Ftangential ¼ K tangential : X sliding

Where Ftangential is the tangential force between the sur-
faces, Ktangential is the tangential stiffness between the

Fig. 4 The simulation results of the standard rebar and the Co-tropic rebar systems carried out at Swansea University compared to the experimental pull-
out test results conducted elsewhere (Shafaie et al. 2009) on standard bar systems

Fig. 5 The meshing of the Co-
tropic rebar system with fine
mesh nearby the region of interest
while a coarser mesh is employed
for the farther regions from the
cohesive zone area
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surfaces and Χsliding is the sliding distance as a result of the
applied force. The value of Χsliding is ideally zero for stick-
ing conditions, however, some slip is allowed in our case.
This will require chattering control parameters as well as a
maximum allowable elastic slip (ELSI) parameter (i.e.
Ktangential), (Doan 2013). In addition to the above boundary
conditions, the ‘cohesive zone material’ model has been
used to model the delamination process of the interface
(i.e. debonding). The adhesion properties of the utilised
adhesive were entered via the ‘cohesive zone material mod-
el’ with ‘bi-linear’ behaviour mode and these were allocat-
ed for the contact elements of the model. To define a bi-
linear material’s behaviour of adhesion, the separation dis-
tance and the constant properties of the adhesive material,
the TBDATA command in ANSYS was used. In this case,
the properties of the concrete have been defined by the user
(ANSYS 2009; ANSYS 2012).

4 The robust design and uncertainty analsyis

Research studies by Bryne and Taguchi and colleagues repre-
sent the first efforts in developing robust designs. They have
introduced methods to minimise the effect of uncontrollable
parameters during the design stage (Bryne 1987; Taguchi
1989). Further studies by Ross and colleagues employed the
Taguchi loss function to make the design more tolerable to
model variations (Ross 1995). Other researchers proposed

methods to reduce the variations in input parameters to obtain
designs with lower sensitivities to design parameters
(Ramakrishnan 1991). They have suggested a method for ro-
bust design with the Taguchi loss function as the object that is
subjected to the model constraints. This allows the constant
and variable sensitivities from controllable and uncontrollable
parameters to be reduced using non-linear analysis. On the
other hand, Padulo has investigated two main approaches for
robust optimization in which the parameters are stochastic.
The purpose of uncertainty in this case was to identify the
uncertainties in input and output of a system or simulation tool
(Padulo 2008). In structural analysis, it has become essential
to determine the relationship between the various parameters
with respect to the component geometry, the applied load, the
material properties, and the contour conditions. In general, the
main sources of uncertainty are associated with the properties
of the adhesive, the geometry, material, load direction along-
side many other factors (Neto and Rosa 2008). Other scholars
have extended the use of uncertainty models on various ma-
terials and structures which has facilitated the design and op-
timisation exercise of structures (Wang and Al 2018a), (Wang
and Al 2018b), (Wang and Al 2017a), (Wang and Al 2017b).

In this paper, the shape of the bar has been explored for the
analysis. Various parameters have been investigated after
which the most sensitive ones have been considered. In this
context, 1000 random runs of the chosen parameters have
been carried out from the space of input parameters. The

Fig. 6 The parameters of interest
in the Co-tropic rebar system that
have been investigated

Fig. 7 The process of adding constraints to the geometry of the Co-tropic
design while changing the design parameters Fig. 8 The definition of R1 in the Co-tropic rebar system
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utilisation of 1000 trials was based on the fact that beyond this
number the results would make no significant improvement as
they have already converged at around the 1000th trial. The
Monte Carlo simulation approach has been employed to ob-
tain the corresponding 1000 outputs which represent the bond-
ing strength of the structure. Afterwards, the Kernel probabil-
ity distribution function has been estimated from the sample
data using the Kernel Smoothing density function in
MATLAB (R2013b). Regions of the acceptable output bond-
ing strength were defined such that the bonding strength in
those regions is desired for the design. The new advancement
in the current paper is the creation of an automated script file
that allows the designer to modify the parameters of complex
geometries without the need to work with the ANSYS envi-
ronment. That is to say, the MATLAB and ANSYS work-
bench interact with each other and the parameters are modified
following this approach. This allows more flexibility to deal
with complex geometries since this was, in the past, only
restricted to simple designs.The framework for robust design
proposed and employed by the same authors on carbon fibre
composite materials bonded to aluminium connectors has re-
cently been published elsewhere (Aldoumani et al. 2016). The
code can be used for any future collaborative work on any
engineering application that involves uncertainties in the de-
sign, manufacturing and operating conditions.

5 Results and discussion

5.1 The validity of the employed model

The model has first been validated under pull-out conditions
using experimental data from literature studies (Shafaie et al.
2009). In the study of Shafaie et al., the numerical investiga-
tions were conducted using the finite element software
ANSYS and have used a detailed model in 3D mode with
and without the bond-slip effects. A cohesive layer was

employed to simulate the bond behaviour. Since the ribs were
simulated, the mesh size close to the rib in the steel bar, con-
crete and cohesion layer was small enough to accurately de-
scribe the deformation and stress gradients. However, the re-
maining parts of the geometry contained a coarser mesh size
in order to reduce the computational costs. The obtained re-
sults in their study have shown a significant consistency be-
tween the experimental data and the analytical simulations in
terms of the trend of the bond behaviour. However, there was a
slight reduction of about 10% in the bond strength in the
calculated results when compared to the actual measurements.
Even though, the simulation results were quite promising de-
spite the small variation in the bond strength. On the other
hand, when the standard rebar system, i.e. with ribs, was sim-
ulated at Swansea University using the same parameters
employed elsewhere (Shafaie et al. 2009) under pull-out con-
ditions, the results were extremely identical to those obtained
experimentally by Shafaie et al., Fig. 4, with less than 2%
error between the experimental data and the model developed
during this study. This means that the employed model in the
present study proved to be more precise than those employed
in the other research studies. This has provided more

Fig. 9 An illustration of: (a) The
definition of R2 in the Co-tropic
rebar system and, (b) The effect of
altering R2 on the overall
geometry when constraints are
added

Fig. 10 The effect of modifying R2 on the bond strength of the Co-tropic
rebar system
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confidence in the model that will be applied to the Co-tropic
rebar system. The results of the simulation using this model on
the Co-tropic rebar have revealed that this novel system pro-
vides a higher strength in excess of 40–70% when compared
to the conventional rebar system. In other words, the new
geometry provided by the Co-tropic system has a direct influ-
ence on the bond strength to the concrete and hence the overall
performance of the reinforced concrete.

5.2 The investigated parameters in the co-troipc rebar
system

In order to obtain precise results from the simulation, the mesh
size varied from the interface area to the outer regions of the
structures. In other words, a very fine mesh was created for the
Co-tropic rebar, interfacial area and the surrounding matrix
nearby the rebar region. Away from this region, the mesh size
was increased in order to reduce the time required to complete
the analysis. The fine mesh will ensure that the cohesive zone
region which is of utmost interest will provide very precise
results when such a fine mesh is employed. At the outer re-
gions, the deformation and analysis is of less importance
hence the mesh has been coarser, Fig. 5.

A parameterisation process has been employed such that
each parameter in the geometry is studied separately in order
to determine the most significant parameters that affect the
bonding strength of the rebar and the concrete. The parameters
that were studied in the current project are R1, R2, R3, R4 and
α as shown in Fig. 6. This method also allows the shape to be
optimised in order to obtain the highest bond strength at the
interface between the rebar and the surrounding concrete ma-
trix. The definition of each parameter will shortly be covered
in the current paper.

In order to obtain consistent results under all simulation
conditions, the geometry has been constrained such that under
any variation in any of the parameters, the shape of the rebar
remains the same. This was possible using the CAD software
in order to maintain a similar geometry for all simulations

while the parameters are altered. The reason for the use of this
constraint is that when the parameters were altered at the ini-
tial trials, the shape of the rebar has completely beenmodified,
i.e. becomes completely different from the dovetail design.
This would have been unacceptable since it does not help with
the scope of the current paper as well as will not provide an
optimisation of the parameters under investigation. The axes
of constrains for the dovetail rebar system are shown in Fig. 7.

5.3 The sensitivity study of the parameters

The outer radius R1, shown in Fig. 8, is the distance from the
centre of the rebar to the tangent of the outer surface. This
parameter has a direct influence on the cross sectional area
of the bar in addition to having an effect on the outer interfa-
cial surface area which represents the boundary between the
rebar and the concrete. The larger the outer surface area the
better the bonding strength between the rebar and the sur-
rounding matrix. For instance, when R1 was taken as
8.0 mm, the cross sectional area of the rebar was 113.0 mm2

in comparison to 312.0 mm2 when R1 was taken as 12.0 mm.
In other words, it is clear that any increase in R1 will always
increase the bonding strength due to the increased outer

Fig. 11 (a) the definition of R3 in
the Co-tropic rebar system and,
(b) the effect of altering R3 on the
overall geometry when
constraints are added

Fig. 12 The effect of modifying R3 on the bond strength of the Co-tropic
rebar system
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surface area and hence the interfacial bond. For this reason,
the variation of R1 was not considered in the analysis since it
only provides basic information that can be easily drawn with-
out the need for any further simulation.

On the other hand, the parameter R2 is the groove radius
which represents the radius of the cut-out groove, Fig. 9a). In
Fig. 9b), the effect of adding constraints to the geometry of the
rebar system can be more clearly seen. In this figure, it can be
seen even though the value of R2 has been altered, the geom-
etry of the rebar system is maintained which is a great advan-
tage in the current optimisation exercise.

The range of R2 within which the study was carried
out was between 2.0–3.0 mm in order to not significantly
increase the cross sectional area of the rebar system. The
influence of changing R2 can be seen in Fig. 10, wherein
the light-blue coloured text presents information about
the point which represents the original shape of a cross
sectional area of 113.0 mm2 whereas the black coloured
text is related to that calculated when R2 was taken as
2.11 mm with a cross sectional area of 88.87 mm2. In
terms of bond strength, the reduction of R2 has resulted
in a reduction in the interfacial bond strength which is
undesirable. This means that the gripping effect continu-
ously decreases when R2 is decreased. Overall, when
looking at the whole graph, it can be seen that the effect
of reducing R2 has a minimal effect on the bond
strength. In other words, the value of the bond strength
is not significantly sensitive to the change in R2 which
makes this parameter of less interest in the current anal-
ysis. The chosen range between 2.0–3.0 mm ensures that
the ‘butterfly’ shape of the rebar remains the same as
beyond this range the geometry will be modified which
is undesirable.

On the other hand, the distance R3 is defined in Fig. 11 (a)
as the distance between the centre of the rebar to the centre of
the cut-out groove. The effect of constraints is shown in
Fig. 11 (b) wherein the alteration of R3 affects the various
parameters; however, the overall shape of the Co-tropic rebar
is maintained.

The influence of R3 on the overall bond strength is
summarised in Fig. 12. It is evident that any decrease in R3
results in a significant decrease in the cross sectional area with
a minimal decrease in the bond strength, i.e. the gripping
effect. This means that the reduction of R3 leads to a reduction
in the interfacial area between the rebar and the surrounding
matrix and therefore provides a reduced bonding strength of
the structure.This makes this parameter of less interest as it
does not significantly affect the overall bond strength of the
rebar system. It is worthwhile mentioning that the original
shape in Fig. 12 is that with an area of 113.0 mm2 (i.e. the
black coloured measurement).

The radius R4, Fig. 13 (a), is defined as the radius of the
edges and this has also been studied in order to investigate the
effect of the shape of the edge shape on the overall bond
strength. This parameter represents the ‘grips’ of the rebar that
penetrate into the concrete matrix preventing it from excessive
sliding. It is expected that the sharper the edges the better the
capability of the rebar to grip into the concrete. This is due to
the fact that the sharper the edges the smaller the area at the
edge point and hence the higher the concentrated stress onto
the concrete. The effect of modifying R4 is summarised in
Fig. 13 (b) wherein it is evident that any decrease in R4 will

Fig. 13 (a) the definition of R4 in
the Co-tropic rebar system and,
(b) the effect of altering R4 on the
overall geometry when
constraints are added

Fig. 14 The effect of modifying R4 on the bond strength of the Co-tropic
rebar system
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result in sharper edges. In this figure, the original shape is the
light blue coloured dovetail of a cross sectional area of
113.0 mm2 whereas that which has been modified with sharp-
er edges, i.e. smaller R4, is plotted in black. The modification
of R4 has caused a slight modification to the overall rebar
design; however, the basic geometry of the dovetail is main-
tained due to the applied constraints.

The relation between R4 and the bond strength is
summarised in Fig. 14. The bond strength is significantly in-
fluenced by the change in R4 when looking at the initial ge-
ometry of 113.0 mm2. It can be seen that the decrease in R4
leads to a significant improvement in terms of the bond
strength reaching a value of 13.8 MPa. Similarly, the increase
in R4 starting from the initial geometry has also resulted in an
increase of the bond strength reaching a value of 13.5 MPa.
This means that this parameter can improve the bond strength
without causing an excessive increase/decrease in the cross
sectional area as can be seen in the three circled trials in
Fig. 14. This makes this parameter worth investigating in
terms of uncertainty and robust design as will be shown later
in the current study.

The final parameter that has been investigated is the
angle from one edge to the successive edge within the
same groove and this is termed as ‘α’ as shown in
Fig. 15 (a). This angle defines the amount by which
the groove closes around the concrete. The ‘closing’
effect of the grooves can be understood in Fig. 15 (b)
wherein the increase in the groove angle α brings the
edges closer to one another, e.g. the black geometry in
Fig. 15 (b) has an angle α = 41o when compared to the
original geometry in blue of an angle value α = 20o.

On the other hand, the sensitivity study of the feature angle
α is shown in Fig. 16 by plotting the bond strength against this
parameter. It is apparent that with increasing the angle α, the
gripping effect also increases as indicated by the trend line, i.e.
dashed line, leading to an increase in the bond strength. This
effect takes place whilst the cross sectional area remains al-
most constant which is a great advantage to maintain the same

geometry. Yet, the limitation of this parameter is that the cen-
tral part of the bar becomes significantly thinner when increas-
ing the value ofαwhich will result in an increased stress at the
central part of the rebar. This means that the bar itself might
fail at a much lower stress than anticipated. Despite the fact
that this might be the case, the scope of this paper is to inves-
tigate the overall bond strength and not the mechanical prop-
erties of the rebar which might be another topic for future
studies. The change in α has resulted in a significant improve-
ment of the bond strength and therefore, this parameter will be
considered for further exploration in the current work.

5.4 The uncertainty and optimisation of the chosen
parameters

The uncertainty exercise was carried out by maintaining
the original values of R1, R2 and R3 as 8, 2.41 and
4.78 mm, respectively, obtained when the original area
is 113mm2. The range of variations for the uncertain
parameters, i.e. R4 and α, utilised in the current analy-
sis is shown in Fig. 14 and Fig. 16 . From the proba-
bility distribution, Fig. 17 it is clear that more than one

Fig. 15 (a) the definition of α in
the Co-tropic rebar system and,
(b) the effect of altering α on the
overall geometry when
constraints are added

Fig. 16 The effect of modifying the feature angle α on the bond strength
of the Co-tropic rebar system
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third of the examined samples have shown a bonding
strength of about 12 MPa exceeding that found in the
literature for the conventional rebar systems of 10 MPa
(Shafaie et al. 2009). This means that the employed
model in this report agrees well with that of the con-
ventional systems and provides satisfactory results. On
the other hand, the change in R4 and α have also pro-
vided very strong bond strength reaching a value of
around 15 MPa which is very desirable. For the purpose
of uncertainty and optimization, the acceptable level in
the current investigation was taken above 15 MPa. This
will reduce the number of samples that provide an ac-
ceptable level of bonding strength as well as provide
the best bond performance which is higher than that
obtained by standard rebar systems.

When plotting R4 against the bonding strength, Fig. 18, it
can be seen that the highest bonding strength is observed at R4

values of 0.1–0.4 and 1.0–1.2 mm (circled). Moreover, when
plotting the angle α against the bonding strength, Fig. 19, it
can clearly be seen that the optimum strength is attained at
angles between 50 – 70o.

In order to obtain a clear understanding of these re-
sults, a combined 3D plot was created as shown in
Fig. 20. It has been observed that the best bonding
strength was obtained at an angle of 60o. From a mate-
rials point of view in terms of cost saving, the value of
R4 between 1.0–1.2 mm has resulted in a reduced cross
sectional area of 105.15 mm2 when compared to the
original area of 113mm2 or to the area 123.54mm2

when R4 was 0.1–0.4 mm. This means that the values
of R4 that will be considered will be those between
1.0–1.2 mm. This reduces the problem of optimisation
and makes it simple to run the robust analysis as it will
be discussed later.

Fig. 17 The probability
distribution of the samples

Fig. 18 The radius R4 against the
bonding strength (C.A. means the
Cross-sectional Area)
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5.5 The meta-model design optimisation

The Meta-model-based design optimisation is becoming in-
creasingly popular in the industrial practice for optimisation of
complex engineering problems, especially to reduce the bur-
den of computationally expensive simulations. The idea be-
hind the Meta-model-based design optimisation is to build a
surrogate model (or a meta-model) from a reduced number of
simulation runs and subsequently use the model for optimisa-
tion purposes (Gano et al. 2006). The surrogate model, i.e. y =
f(x1, x2…, xn), approximates the relationship between the de-
sign variables, i.e. x1, x2…, xn, and the output variable, y. This
method can speed up the design optimisation process since the
function evaluations of the surrogate model are less expensive
to execute when compared to deterministic simulations. The
simplest type of ‘Response Surface’ is a linear model in which
the functional relationship f(x1, x2…, xn) is assumed to be a
linear function of the design variables. Linear models can be
extended to polynomial response surface models wherein the
response surface is a polynomial function of the design

variables. In either way, the linear or higher order response
surface (polynomials) can be obtained using the ‘Ordinary
Least Squared’ approach by minimising the sum of the
squared distances of a given data points from the surface. In
this case, the surrogate modelling utilising the least squared
approach assumes that all errors are normally distributed with
given mean and variance. This assumption is often too strin-
gent in real-world problems.

One of the most popular methods that falls under the Meta-
model approaches is the Kriging (or Gaussian process inter-
polation). This is considered a surrogate model that is able to
approximate the deterministic noise-free data and has proven
to provide high level optimisation results alongside design
space exploration, visualisation, prototyping and sensitivity
analyses (Booker et al. 1999). The Kriging approach is an
interpolation technique which differs from the conventional
least squares approach as its model goes through each calcu-
lated point. With the Kriging method, it is possible to describe
the uncertainty of the interpolation outside the given points
(Ulaganathan et al. 2015). The widespread adoption of the
Kriging method is due to the ability to approximate complex
response functions (Martin and Simpson 2005) and less re-
strictive assumptions, compared to the least square method, on
distribution of residual errors.

5.5.1 The ordinary kriging model

The Kriging method has been pre-fixed with different names
depending on the form of the regression function, f(x). For
instance, the simple Kriging method assumes that f(x) is a
known constant, i.e. f(x) = 0. On the other hand, the ordinary
Kriging approach assumes that f(x) is constant but unknown,
i.e. f(x) =α0. For more complex processes, trend functions
might be linear or quadratic polynomials. In this regard, the
universal Kriging treats the trend function as a multi-variate
polynomial such that:

f xð Þ ¼ ∑
i¼1

p
αibi xð Þ

Where bi(x) = b1(x), b2(x),…, bp(x), are the basis functions
(e.g. the power base for a polynomial) and αi = (α1, α2…
αp) denote the coefficients. The idea is that the regression
function captures the largest variance in the data (the general
trend) and then the Gaussian Process interpolates the resid-
uals. In fact, the regression function f(x) is actually the mean
of the broader Gaussian Process Y.

5.5.2 The blind kriging model

One of the most widely used Kriging approaches is the Blind
Kriging method. In this approach, the trend function f(x) is
unknown and is hard to choose for a given problem. Some

Fig. 19 The angle α against the bonding strength

Fig. 20 A combined 3D of the radius R4, α and the bond strength
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feature selectionmethods sometimes offer the possibility to iden-
tify the most plausible interactions occurring in the data (Guyon
& Elisseeff, 2003). The Blind Kriging is used to efficiently de-
termine the basis functions, or features, that capture the most
variance in the sample data. In this respect, a set of candidate
functions is considered fromwhich to choose for the problem. In
the ideal case the sample data is almost fully represented by the
chosen trend function and the stochastic process Z(x) has little or
no influence. The idea is to select new features to be incorporated
in the regression function of this Kriging model, taking into
account features that are already a part of the regression function
of the model. The whole set of candidate functions that is used to
fit the data in a linear model are given by:

g xð Þ ¼ ∑
i¼1

p
αibi xð Þ þ ∑

i¼1

t
βici xð Þ

where t is the number of candidate functions. The first part of this
equation is the regression function of Kriging and, hence, the
coefficients α have already been determined independently of
β = (β1,…,βt). The estimation of β provides a relevance score
of the candidate features. A frequentist estimation of β (e.g.,
least-squares solution) would be a straightforward approach to
rank the features (e.g. the least-squares solution) would be a
straightforward approach to rank the features.

5.5.3 The co-kriging model

The Co-Kriging, a special case of multi-task or multi-
output Gaussian Processes, exploits the correlation be-
tween fine and coarse model data to enhance the predic-
tive accuracy (Kennedy & O’Hagan, 2000). Generally,
creating a Co-Kriging model can be interpreted as con-
structing two Kriging models in sequence: a first Kriging
model of 100 samples (the coarse data) followed by a
second Kriging model constructed on the residuals of
the 1000 samples (fine and coarse data). This is a useful
technique since it uses a small set of samples to predict
the long-term properties. This will be useful to save time
and cost in relation to the required data since it is able to
predict the overall behaviour within and outside the given
range of properties.

These methods, i.e. the Ordinary, Blind and Co- Kriging
will be employed in the current study to provide a comparative
study of all techniques so as to capture the optimum regions of
bond strength in the given case study. The purpose is to val-
idate the obtained data as well as to provide the optimum and
robust design of the parameters. These methods can be used to
find the surrogate model that approximates the solution to the
problem since it employs less stringent assumptions about the

Fig. 21 (a) The Blind Kriging response surface, (b) The contour plot of the bonding strength, (c) The variance plot

Fig. 22 (a) The Ordinary Kriging response surface, (b) The contour plot of the bonding strength, (c) The variance plot
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residual errors and they are able to model complex systems.
These models were built using the Design and Analysis of
Computer Experiments (DACE) software toolbox (Couckuyt
et al., 2013). The model DACE software package is a freely
available toolbox which preforms both calculations of the
Kriging function and parameters optimisation. The Meta-
model found using the various Kriging methods can then be
used to identify the optimal regions of the bond strength.
Subsequently, a global optimum zone can be found by apply-
ing the same methodology to the optimal regions.

5.6 The results of the various kriging applied
to the re-bar system

The obtained results from the Blind, Ordinary and Co-
Kriging are shown in Fig. 21, Fig. 22 and Fig. 23, respec-
tively. The ‘Mean Squared Error’ of the Leave-out cross
validation was chosen to evaluate the quality of the fit as
well as the predictive capability of the technique. The
Blind Kriging results, Fig. 21 (a), have provided a very
good fit capability of the data with two optimum regions
observed characterised by a dome-like response surface.
These two optimum regions can be viewed more clearly
in the contour plot of the response surface, Fig. 21 (b),
wherein the highest bond strength is obtained, i.e.
14 MPa, at a groove angle between 50-70o and R4 range
of 1–1.2 and 0–0.2 mm. In the variance plot, Fig. 21 (c),
it can be seen that there is no variance between the actual
data set and the predicted response surface which proves
the high quality of the Blind Kriging method. On the

other hand, the results of the Ordinary Kriging, Fig. 22
show slightly different results. Despite the fact that the
surface response plot, shown in.

Figure 22 (a), indicates a similar trend and provides
similar optimum regions with groove angles between 50
and 70o and R4 values of 1–1.2 and 0–0.3 mm, Fig. 22
(b), it was unable to capture all the actual data set when
compared to the Blind Kriging approach. The Blind
Kriging provided a wider range for the optimum bond
strength of 14 MPa when compared to the Ordinary
Kriging. Moreover, the variance plot shows higher vari-
ance values especially at the corners, Fig. 22 (c), where
the two optimum regions are located. This shows the in-
ferior predictability as well as the low robustness obtained
when this method was employed. When the Co-Kriging
method was utilised, the poorest quality of the fitting was
observed as shown in the response surface, Fig. 23 (a). It
can be clearly seen that most of the points were not cap-
tured by the model along with a less robustness, i.e. range
of the highest bond strength, obtained, Fig. 23 (b).
Moreover, a huge amount of variance is observed when
the variance contour plot was generated, Fig. 23 (c), al-
most in all regions

Overall, it can be seen that the Blind Kriging has pro-
vided the best method to fit the data as well as interpolate
the various gaps in the data set. Moreover, when the Mean
Squared error analysis of the Leave-Out Cross Validation
was employed, the error was the least for the Blind
Kriging followed by the Ordinary Kriging and finally
the Co-Kriging, Table 2.

Fig. 23 (a) The Co-Kriging response surface, (b) The contour plot of the bonding strength, (c) The variance plot

Table 2 The associated errors for
the Ordinary, Blind and the Co-
Kriging methods using the Mean
Squared error analysis of the
Leave-Out Cross Validation

A Summary of the Associated Errors in all Methods

Ordinary Kriging Method Blind Kriging Method Co-Kriging Method

200.0034 × 10−4 0.0039 × 10−4 6430.4812 × 10−4
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5.7 The optimum and robust Design of the Rebar
System

From the above analysis, the Blind Kriging proved to be able to
provide the optimum and robust design of parameters for the
groove angle α and the edge radius R4 relative to the bond
strength of the re-bar system. The two optimum regions of
the response surface for the Blind Kriging, Fig. 21 (a), will be
analysed at a closer level. Each region will be analysed indi-
vidually so as to obtain the best set of parameters that provide
the optimum and robust design. The first optimum region that
is located nearer to the left-hand side of Fig. 21 is magnified
and re-constructed here as shown in Fig. 24 (a). In order to
show the excellent fit of this method, a further 100 samples
were generated and projected onto the response surface. The
contour plot, Fig. 24 (b), show the robust and optimum param-
eters located between R4 values of 0.2 and 0.25 and groove
angle a between 67 and 70o. The variance is mostly negligible
as can be seen in the variance contour plot, Fig. 24 (c).

On the other hand, when the right-hand optimum region of
Fig. 21 was magnified and re-constructed, as shown in
Fig. 25, a further 100 samples were regenerated and projected

onto the response surface. It is apparent that the response
surface has captured all the projected data with very high
accuracy (errors of magnitude 0.000039%), Fig. 25 (a). In
the contour plot, Fig. 25 (b), it is evident that the optimum
and robust design is located at R4 values between 1.0 and 1.1
along with groove angles between 61 and 70o. The variance
contours, Fig. 25 (c), show a minimal amount of variance for
the fit which is desirable for the robust design.

6 Conclusions

The Co-tropic rebar system has been investigated in terms
of the optimum and robust design of the various parameters
involved in its geometry. The sensitivity studies of the sys-
tem have shown that the system is most sensitive to two
parameters, namely: the groove angle α and the edge radius
R4. These two parameters were thoroughly studied using
uncertainty models and robust design analyses. The new
advancement in the current study is the employment of a
novel approach that links the ANSYS Workbench with
MATLAB to generate thousands of data that have a normal

Fig. 24 The optimum left-hand side region of Fig. 74 obtained by the Blind Kriging: (a) The response surface, (b) The contour plot, (c) The variance plot

Fig. 25 The optimum right-hand side region of Fig. 23 (a) obtained by the BlindKriging: (a) The response surface, (b) The contour plot, (c) The variance
plot
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distribution (using the Latin hypercube method). The best
combination of α and R4 that has provided the maximum
bond strength of 14 MPa with the concrete was identified.
In order to better understand and validate the obtained re-
sults, the Kriging method was utilised to create the response
surface. This approach has provided the robust design in 3D
combination between the bond strength, α and R4. It has
been observed that the best groove angle α lies in the region
between 60o and 70o with edge radii of either 0.2–0.25 or
1.0–1.1 mm. This analysis was a very useful exercise that
has employed the various uncertainty and robust design
technique in order to optimise such a structure. This ap-
proach can be applied to any engineering application in
order to save time and cost associated with such simula-
tions. The predictive capability of the methods were
assessed and compared against each other to increase the
level of confidence in the obtained results.
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