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Abstract

This paper is concerned with strong convergence of a tamed theta scheme for neutral
stochastic differential delay equations with one-sided Lipschitz drift. Strong conver-
gence rate is revealed under a global one-sided Lipschitz condition, while for a local
one-sided Lipschitz condition, the tamed theta scheme is modified to ensure the well-
posedness of implicit numerical schemes, then we show the convergence of the numerical
solutions.
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1 Introduction

Numerical analysis plays an important role in studying stochastic differential equations
(SDEs) because most equations can not be solved explicitly. The most commonly used
method for approximating SDEs is the explicit Euler-Maruyama (EM) method. There are a
lot of literature concerning with the explicit EM scheme for all kinds of SDEs, e.g., Hairer et
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al. [1], Maruyama [9], Milstein [10], and Kloeden and Platen [6]. Most of the early works on
explicit EM scheme were about the SDEs with the globally Lipschitz continuous coefficients,
since the explicit EM scheme solutions may not converge in the strong sense to the exact
solutions with one-sided Lipschitz continuous and superlinearly growing drift coefficients.
Moreover, Hutzenthaler et al. [3] pointed out that the absolute moments of the EM scheme
at a finite time could diverge to infinity. In order to cope with these difficulties, Higham et.al
2] studied a split-step backward Euler method for nonlinear SDEs, they showed that the
implicit EM scheme converged if the drift coefficient satisfied a one-sided Lipschitz condition
and the diffusion coefficient was globally Lipschitz. Hutzenthaler et al. [4] proposed a tamed
EM scheme in which the drift term is modified to guarantee the boundness of moments.
Later, Sabanis [11, 12] studied the strong convergence of the tamed EM scheme and extend
the tamed EM scheme to SDEs with superlinearly growing drift and diffusion coefficients,
respectively. Zong et al. [16] proposed a semi-tamed Euler scheme to solve the SDEs with the
drift coefficient equipped with the Lipschitz continuous part and non-Lipschitz continuous
part. Although additional computational effort is needed for implicit analysis, the implicit
EM schemes have been showed better than the explicit EM scheme which converges strongly
to the exact solution of SDEs under non-globally Lipschitz conditions. The implicit EM
methods including the backward EM scheme, the split-step backward EM scheme and the
theta scheme have been extensively studied, for example, Mao and Szpruch [8] studied strong
convergence and almost sure stability of the backward EM scheme and the theta scheme to
SDEs with non-linear and non-Lipschitzian coefficients, to name a few.

Recently, numerical analysis for neutral stochastic differential delay equations (NSDDEs)
has also received a great deal of attention, see e.g., Lan and Yuan [7], Wu and Mao [13],
Zhou [15], Zong et al. [17], Zong and Wu [18], and the references therein. However, the
existing literature are difficult to deal with one-sided Lipschitz and superlinearly drift. To
fill the gap, in this paper, we are going to introduce a tamed theta scheme and discuss the
strong convergence of this scheme for NSDDEs in which the drift coefficients are one-sided
Lipschitz and superlinearly.

The content of our paper is organized as follows. In section 2, we consider NSDDEs with
global one-sided Lipschitz drift, the tamed theta scheme is introduced and strong convergence
is investigated. We reveal that the tamed theta solution converges to the exact solution with
order « (see (B1) below)under the global one-sided Lipschitz and the superlinearly growth
condition. In section 3, the global one-sided Lipschitiz drift is replaced by the local one-sided
Lipschitz drift, under which we show the convergence of the numerical solutions. In order
to guarantee the well-posedness of the implicit tamed scheme, we impose a modified tamed
theta scheme with a truncated skill.

2 Global One-sided Lipschitz Drift

For a fixed positive integer n, let (R™, (-, -),|-|) be an n-dimensional Euclidean space. Denote
R™ ® R? by the set of all n x d matrices endowed with Hilbert-Schmidt norm |[|A|| :=
V/trace(A*A) for every A € R*"®@R?, in which A* is the transpose of A. For a fixed 7 € (0, o0),



which will be referred to as the delay or memory, let € = C([—,0];R™) be all continuous
functions from [—7,0] to R™, equipped with the uniform norm |||« := sup_,<p<o|¢{(#)] for
every ¢ € €. By a filtered probability space, we mean a quadruple (€2, %, {c%f};zo_, P), where
F is a o-algebra on the outcome space €2, IP is a probability measure on the measurable space
(Q,.#), and {F:}i>0 is a filtration of sub-o-algebra of .#, where the usual conditions are
satisfied, i.e., (2, .#,P) is a complete probability space, and .%, contains all P-null sets of .#
and F, = (o, Fs = F. Let {W(t)}1>0 be a d-dimensional Brownian motion defined on
the filtered probability space (2, %, {% }i>0, P).
In this paper, we consider the following NSDDE

(2.1)  d[X(@#)—D(X({t—7))] =b(X(t),X(t —7))dt +o(X(t),X(t —7))dW(t),t >0
with initial data
Xo=¢6={(0): =7 <0 <0} € LY ([-7,0;R"),p > 2,

that is, £ is an .%#p-measurable ¢-valued random variable such that E||£||Z, < oo for p > 2.
Here, D : R® — R", and b : R" x R* — R", ¢ : R®" x R®* — R" ® R? are continuous in
r and y. Fix T' > 7 > 0, assume that 7" and 7 are rational numbers, and the step size
A € (0,1) be fraction of T and 7, so that there exist two positive integers M, m such that
A =T/M = 7/m. Throughout the paper, we shall denote C' by a generic positive constant,
whose value may change from line to line. Further, for any z,y,7,7 € R", we shall assume
that:

(A1) For any s,t € [—7,0] and ¢ > 0, there exists a positive constant K such that
Ell€(s) = E@)I[& < Kils — 1],
(A2) D(0) =0, and there exists a positive constant x € (0,1/2) such that

|D(z) — D(7)| < klz —Z|.
(A3) There exists a positive constant K» such that
(@ = D(y),b(z,y)) V llo(@, y)|I* < Kol + 2" + [y[).
(A4) There exist positive constants [, K3 and K, such that for p > 2

2(x — D(y) — T+ D(@),b(z,y) — b(T. 7)) + (p — V)|lo(z,y) — o(, 9|
< Ks(Jlz =2 + [y — ),
and

b(z,y) — b(Z, Y)| < Ka(1+ || + 7" + Jy|' + [9]") |z — 2| + |y — 7).

Remark 2.1. Due to the existence of implicitness and the neutral term, scopes of A and
in assumption (A2) are given in order to guarantee rationality.



Remark 2.2. If b(z,y) satisfies (A4), then, for any z,y € R", we have

[b(z, y)| < [b(x, y) = b(0,0)] + [b(0,0)| < Ky(1 + |2[' + [y ) (|2 + [y]) + [b(0,0)]
<O fal + 2+ fyl + Ty,
where C'= K4 V |b(0,0)|. If the coefficients satisfy (A2) and (A4), then one has
(p - 1)||O‘(ZE, y) - 0-(57?)”2

< Ks(lz =7 + |y = 9°) + 2lo = D(y) =7+ D@)lIb(z,y) - b(F 7))

<O+l + 17"+l + B (lr = 71° + |y - 7).
Remark 2.3. There are many examples such that the assumptions can be verified. For
example, let

D(y) = —ay, blz,y) =z —2°+ay—d’y’, olx,y) =z +ay,

for ,y € R, where a is a constant such that |a| < 1/2. We can check that assumptions
(A2)-(A4) are satisfied. Since (A2) and (A3) are obvious, we only check (A4) here. By

computation, we have

2(x — D(y) =T + D(@), b(z,y) — b(@, 7)) + (p — Vo (z,y) — o(z,7)|?
=2z +ay—T—ay)(z —*+ay—a’y —T+7° —ay+ ) + (p— 1)(x + ay — T — ay)?
=2[r — T+ aly —y)|[(x — T)(1 — 2° — T — 27)
+aly —y)(1 - a®y? = a*y® — a®yy)) + (p— Dz =T+ aly — 7))
<dlz —7|* + 4’|y — g +2(p = V[(z - 7)* + *(y - 9)°]
<2(p+V)(lz =z + ly = 7%,
and
b(z,y) = b(z,7)| = |z —2° + ay — &’y =T+ T° — ay + @’
=[(z —7)(1 —2* = 7° —a7) + a(y — ) (1 — o®y* — ¥ — a*yp)|
<A+ [z[ + 2]+ |yl + [y)(lz — 2| + |y — 7))

Lemma 2.1. Let (A1)-(A4) hold, the NSDDE (2.1) admits a unique strong global solution
X(t),t €[0,7], and

E ( sup |X<t>|p) <c

0<t<T

for p > 2. One can consult [5] for more details.

2.1 The Tamed Theta Scheme

Now we introduce a tamed theta scheme for (2.1). For k = —m,--- ,0, set y;, = {(kA); For
k=0,1,--- ,M — 1, we form

Yty — D(ytk+1—m> =Y, — D(ytkfm) + 0ba (ytk+1 ) ytk+17m)A

2.2
( ) + (1 - Q)bA(ytk7 ytk—m)A + O-(ytka ytk—m)AWtk’
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where tp, = kA, and AW, = W(tgs1) — W(tx). Here ba : R® x R* — R" is a continu-
ous function and satisfy some conditions given below. Besides, # € [0,1] is an additional
parameter that allows us to control the implicitness of the numerical scheme. Since it is
convenient to work with a continuous extension of a numerical method, we now define the
equivalent continuous form for (2.2). Let Ya(t) = £(¢),t € [—7,0]. For t € [0,T], we define
the corresponding continuous-time tamed theta scheme by

Ya(t) =D(Ya(t — 7)) +£(0) — D(§(—7)) + 9/; ba(Yai(s),Yar(s —7))ds
+(1-190) /0 ba(Ya(s),Ya(s—7))ds + /0 c(Ya(s),Y a(s —7))dW (s),

here Y A (t) is defined by

(2.3) Ya(t) =y, and Yai(t) = w,,, for t€ [t tpr),

thus YA(t—7) = ys,_,,and Yo, (t—7) = Ytrsr_ .- However, this Ya(t) is not F-adapted, it
does not meet the fundamental requirement in the It6 stochastic analysis. To avoid Malliavin
calculus, we use the discrete split-step theta scheme introduced by Zong et al. [17] as follows:
For k = —m,---,—1, set z,, = &(kA). For k =0,1,--- , M — 1, we reformulate the scheme
(2.2) as follows

(2.4) Yt = ‘D(ytkfm) + Rt — ‘D(Ztkfm) + ebﬁ(ytw ytk7m>A7
Rtrrr — D(Ztk+1—m) + Rty D('Ztk—m) + bA(ytk7 ytk—m,)A + U(ytkv ytk—m)AWtk'

This scheme can also be rewritten as

k k
Rtppr — D(Ztk+1—m) = Rty — D(thm) + Z bA(ytw yti—m)A + Z J(ytw yti—m)AV[/ti
i=0 =0
k k
—£(0) — D(E(=7)) = 0ba(£(0), E(=7)) A+ Y balyre, v )A + Y 0 (re vr, ) AW,
=0 =0

In order to simplify the computation, we define the corresponding continuous-time split-
step tamed theta solution Za(t) as follows: For any ¢t € [—7,0), Za(t) = &(t), Za(0) =
£(0) — 0ba(£(0),£(—7)A. For any £ € [0,T),

(2.5)  d[Za(t) = D(Za(t — 7)) = ba(Ya(t), Ya(t = 7))dt + o(Ya(t),Yalt — 7))dW (),

where Y A (t) is defined by (2.3). With the split-step tamed theta scheme (2.4), the continuous
form of the split-step tamed theta solution Zx(t) and the tamed theta solution Y (¢) have
the following relation:

YA(t) — D(YA(t — 7')) — QbA(YA(t), YA(t — T))A = ZA<t) - D(ZA(t — T))



Denote Ya(t) = Ya(t) — D(Ya(t — 7)) — 0ba(Ya(t), Ya(t — 7))A, we can rewrite (2.5) as
(2.6) Ya(t) = Ya(0)+ /0 ba(Ya(s),Y a(s—7))ds+ /0 (Y a(s),Ya(s—7))dW (s),t € [0,T],

where YA (0) = £(0) — D(£(—7)) — 0ba(£(0), £(—7))A. Tt is easy to see Ya(t) coincides with
YaA(t) = DY aA(t—7)) —0ba(Y A(t), Y A(t—7))A at grid points t = kA k=0,1,--- , M —1,
this also means that the continuous-time tamed theta solution Ya(t) coincides with the
discrete-time tamed theta solution Y A (t) at grid points t = kA, k =0,1,--- , M — 1.

We need some assumptions on ba(z,y). We assume that there exists an o € (0,1/2] such
that for any z,y, 7,y € R", the following conditions hold:

(B1) There exist a positive constant K5 > 1 such that

[ba (2, y)| < min(KsA™ (1 + || + |y[), [b(z, y)])-
(B2) There exists a positive constant K3 such that
(x = D(y) =T + D(G), balz,y) = 0a(@.7)) < Ks(le — 7 + |y — 7).
(B3) There exist positive constants [, K4 such that

b, y) — ba(z, )P < KeA™[L+ [af 2D 4 [y|HH0r],

Remark 2.4. With assumptions (B1)-(B3), (2.2) is well defined under some constraints on
time step A. Furthermore, by (A3) and (B2), we have

(2.7) {z = D(y), balz,y)) V [lo(z, I < Kao(1+ |z + [y[*),
where I?Q is a positive constant.

In order to ensure the implicitness of scheme (2.2) is well defined, an additional restriction
is required on time step, i.e. 0AK; < 1, where Ky is defined in (B2) (see [14] for more
details). For 6 € (0,1], denote Ay = ﬁ. Further, in order to guarantee the boundedness
of the p-th moment of numerical solutions, the step size is also required to satisfy 0PA <
617P(277 — kP)/KY for p > 2 where k and Kj are defined in (A2) and (B1). Denote Ay =
6'7(277 — kP) /(0P KY) for 6 € (0,1]. Thus in this section, we set A* € (0, A; A Ay), and let
0 <A < A* for § € (0,1], while for § = 0, we may set A € (0,1).

Remark 2.5. Under conditions (A2)-(A4), the set of sequences of functions which satisfy
(B1)-(B3) are non-empty. For example, let b(z,y),0(z,y) : R x R — R, define

b(z,y)
1+ A¥b(z,y)|

bA(x7y> =
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It is easy to see |ba(z,y)| < |b(z,y)|, and on the other hand, we have

[b(z,y)]
ba(x, :AO‘ <A< KA1 + x| + )
| A( y)| a+|b(l‘ y)| ( | | |y|)

That is, (B1) is verified. We are now going to check (B2), we divide it into two cases. For
b(ﬂ?, y) ’ b(fa y) <0,

<‘T - D<y) — T+ D<y)7bA(‘r7y) - bA(an»
— (0= D) ~ 74 D) - p s~ )

L+ Acb(x,y)] 1+ A*b(Z,7)]
<Kyl — 7l +1y = 7).
For b(z,y) - b(Z,7) > 0,
(x — D(y) =7+ D(¥),ba(x,y) — ba(T,7))
Lo br.y) — b(E.T)
‘< D) =7+ D) i Aafoe, o) (1 + Aol y>r>>
&

A, ) T)] - bl )[BT
+<x‘D(y>‘“D(y>’ (& Aelble, 9)) (1 + A b(z. 7)) >

1 _ _
< Ks(lz - z1” + |y — 7).

Due to Remark 2.2, we see that
[b(x,y) = ba(z, ) < A% [b(z, y)[* < KA [1+ [P 4 [yP0P]

That is to say, (B3) is also satisfied.

2.2 Moment Bounds

In order to prove the main results, we now give some estimates for the numerical solution

Ya(t).
Lemma 2.2. Let (A1)-(A3) and (B1)-(B2) hold. Then it holds that for p > 2,

sup E[YA()PP < C,

0<t<T

where the positive constant C' is independent of A.



Proof. Fora > 0, let [a] be the integer part of a. Applying the It6 formula to [14|Y (¢)|2]%,
we obtain

+ g]E/O [+ [YVa(s)PP]"7 2(Va(s) = D(Yals —7)),0a(Yals), Va(s — 7)))ds

=E[1 + |Ya(0)"]% + Ev(t) + Ea(t) + Es(t),
where Ya(t) = Ya(t) = D(Y a(t—7)) — 0ba(Y A(t), Y A(t—7))A. With (A2), (B1) and (2.7),

we have

Ey() + Ba(t) SCE/O 1+ [Ta ()22 (1 + [V a(s)]2 + [T als — 7)[2)ds
SCE/O [1+ [Ya(s)]]2 + [V a(s)]” + [Ya(s — 7)P]ds

gC’IE/O [[Ya()? + [Ya(s — 7)[P + [0ba (Ya(s), Ya(s — 7)) A
+ Y a(s)[P + [Ya(s = 7)[P]ds

gCIE/O (Ya(s)P + [Yals = T)P+ [Ya(s)]P + |V a(s — 7)P)ds

t
+ C’A(l_a)pE/ (1+ |Ya(s)]P + |Ya(s — 7)|P)ds
0
t
<C+C sup E|Ya(u)|Pds.

0 0<u<s

Furthermore, it is easy to observe that,

+pE/O {0+ [Fal)) = [0+ [Va(9)P)"%"  (Vals) = Ya(s),ba(Va(s), Vals = 7)))ds

=: pEs3;(t) + pEsa(t),

where

Ya(s) = Ya(s) = /LZJA bA(YA(u),YA(u—7'))du+/L JAa(



Due to (B1) and the Young inequality,

S

Eult) = E [ T+ Fae)) [ T a0 Vst = b Va6,V als = 7)) )

xlA

+B [+ WP (E [ oVal. PalummaW)| (Tl Fats =) s

A Fl41a
p=2

<& [ 1+ Fa)) [ 0. Tl )i Fs(o) Vs =7
< 88 [ 11+ P15 s (Va(6). Vs~ )

< CAl- /0 (14 [Pa()P + [Fals — 1)P)ds

+ CAI-2 A=) /0 (14 [PaG)P + [T als — 1)P)ds

t
< C+C/ sup E|Ya(u)[Pds.
0

0<u<s
Applying the It6 formula again, we obtain

[+ [Ya(s)[2]7

+50-20-3) [ 1+ T o(Fa(w). Fatu )P

+(-2) /08[1 + [Ya()?]7 (Ya(u), oY a(u),Ya(u—7)))dW (u).

Thus we have

1+ [Ya(s))=
. _— lz]A ~ ot~ — _
<L+ |YA(0))]F + (p—2) / [+ |Va(u)2]"% (Ya(u), ba(Ya(u), Y alu—7)))du

151a _ b
+ (p—2)(p—3)/0 1+ [Ya(@)]?] = [lo(Ya(w),Yalu—7))|*du

N —

l5la - L
+(p—2) /0 [1+ [Ya()P] = (Ya(u), o(Ya(uw),Yalu—7))dW (u).



Hence,

E32

) <(p— 2)E //JA1+\YA 1252 (Vs (1), b (Vs (), Va (1t — 7))}t

X <YA ( ) bA YA ) YA(S—T))>dS
%p 2)(p—3) //L 1—|—|YA ||0(7A(u),7A(u—T))||2du

X (Va(s) = Va(5),ba(Ta(s), Vals — 7)))ds
-2 1 ?Au 2%}7AU,U?AU,?AU—T dW (u
e >/0/LH'””<”(” (u— 7)) AW ()

x (Ya(s) — Ya(s),ba(Ya(s),Ya(s — 7)))ds

1
(p—2)E5 + 5(19 —2)(p— 3)E320 + (p — 2) E3.

Using (A3) and (B1), the Young inequality, the Holder inequality and the Burkholder-Davis-

10



Gundy (BDG) inequality, we compute
Eyni (1) s E | /L [T TSP (20,0 0) Pt = 7))
([ 1T, Fau ba(Fa(5) (s = ) s
+E / /L T Fa 5 Fa (0,0 (Va(), (7))
«( /L L 7a0). Vatu= )W), bV a(5). (s = ) s
<88 [ [ (1 Fa@f)F b (Vals). Vals - ) duds

”JE/; K/ U AT b (Va0 V(= ) dufoa (Va 5). Vs —T>>l)pl

xla
P

+ }ds

/LS c(Ya(u),Yalu—7))dW (u)

alA

SCAQ‘?’C“E/O (IYa@s)lP + [Ya(s =) + [Ya(s)[P + [Ya(s — 7)P)ds

¢
n CAz:saA(la)pE/ (IYA(S)|P 4+ |Ya(s — 7)P)ds
0

p

e | </L “*'?AW)P]”Z‘W%(?A(s),ms_T>>|2du) s

xlA
D
2

+C’IE/ / 1o(Va(w), Va(u—)|2du ) ds
0 LiJA

¢ t
<C+ C/ sup E|Ya(u)|Pds + C’Ag/ sup E|Ya(u)|Pds
0 0

0<u<s 0<u<s
t

<C+C sup E|Ya(u)|Pds.

0 0<u<s

Using the same techniques in the way to estimate F391(t), we get

t
Esg0(t) < C + C’/ sup E|Ya(u)[Pds.
0

0<u<s

11



Furthermore, by (A3) and (B1), we have
Bt / / T T (Va(w), oV a (), Va(u — 7)))diV (u)
</L JAbA<? ( ) YA(U—T))du bA(YA( ) YA(S—T))>dS
+IE/ /LAJA Lt [Va ()25 (Vs (), 0 (V a (1), Vs (1 — 7))V (w)
</ (Y (u), YA(U—T))dW( ), bA(?A(S),?A(S—T))>dS
[x]A
_]E/ / . 1+ [Pa ()P (Va (), 0(V a (1), Vs (1 — 7))V (w)
< /L 70, T = )i ) bA<?A<s>,?A<s—r>>>ds
<E// [+ [Ya(u)2'7 [lo(Va(u), Valu —))|2dulba(Va(s), Vals — 7))|ds

<CAl- QE/ (Ya(s)lP + [Yals = 1) + [Ya () + [V als = 7)P)ds

0

t
+ OAlaA(la)pE/ (IYA(S)]P + |Ya(s — 7)[P)ds
0

t
§C+C/ sup E|Ya(u)[Pds.
0

0<u<s

By sorting these equations, we conclude that

t
Es(t) < C+ C/ sup E|Ya(u)[Pds.
0

0<u<s

Thus, the estimate of Ey(t) — F3(t) results in

(2.8) sup E|Ya(u)|? < sup E[1 + |YA(U)|2]§ <C + C’/ sup E|Ya(u)[Pds.
0

0<u<t 0<u<t 0<u<s
Since |z — y|P > 2!7P|z|P — |y|P, we have

Ya(t) 22" 7|Ya(t) = D(Ya(t = 7))P = 10ba(Ya(t), Ya(t — 7)AP
=2 PRI YA)” — [D(Ya(t — 7)) — [00a(Ya(t), Ya(t — 7)) A",

This, combining with (A2) and (B1), yields that
Ya@)lP =(2°7% = Ca)[Ya ()P — (2777 + Ca)|Ya(t = 1) = Ca,

12



where Ca = 07 KP37~1A. Consequently,
sup E[Va(u)P < (227% — 227PkP — 205) ! [ sup E[Ya(u)]” + Ca + (2°77x7 + Ca)E|IE|1% | -
0<u<t 0<u<t
This, together with (2.8), implies
t

sup E|Ya(u)|? < C’—i—C’/ sup E|Ya(u)|Pds.

0<u<t 0 0<u<ls
Finally, the desired result is obtained by the Gronwall inequality. [
Lemma 2.3. Let (A1)-(A3), (B1)-(B2) hold. Then, we have, for p > 2

E| sup  sup [Ya(t)—Ya(t)lP| < CA?,

0<k<M—1t,<t<tp41

where C' is a positive constant independent of A.

Proof. From the definition of numerical scheme (2.6), one sees that for ¢ € [tg, tx41),

t

?A(t)—?A(tk):/ bA(?A(s),?A<s—T))ds+/ (Y als),Ya(s—7))dW(s).

Ly 173

By the elementary inequality |a + 0[P < 2P~ (Jal? + |b?),p > 1, we compute

¢ p
E| sup [Ya(t)—Ya(ty)P| <2P7'E| sup / ba(YA(s),Ya(s —7))ds ]
L <t<tpy1 T <t<tp+1 |Jty
¢ - P
+ 277K | sup / d(Ya(s),Ya(s—7))dW(s)| | .
e <t<tpt+1 |Jty

With (A3), (B1), Lemma 2.2, the Holder inequality and the BDG inequality, we derive

E| sup |Ya(t)—Ya(ty)l

U <t<tp41

tet1 _ _
<o [ paPats) Fato ) s

173

L CE U lo(Ta(s), Tals - T))H?dsr

122

tr41 . . g
<CAU-2P | OF [/ (1+ \YA(5)|2 + 1Y a(s — 7)‘2)(151
tr
<CAU=2P L OAZ < CAZ,

Denoting by D(t,t;,) := D(Ya(t — 7)) — D(Ya(ty, — 7)), and ba(t, t;) = ba(Ya(t), Ya(t —
7)) — ba(Ya(tr), Ya(tx — 7)), with (A2), we arrive at,

Va(t) = Ya(ti)[P > 2P [Ya(t) = Ya(te) — D(t t)|” — 0P AP[ba(t, 1)

2.9 ~
( ) 222_2P|YA(t) — YA(tk)lp — 21_plip|YA(t — T) — YA(tk — 7_)|p — QPAPV)A(t, tk)|p.
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Obviously, for 0 <t < t; = A, we have t — 7 < t; — 7 < 0, then we see from (2.9) and
Lemma 2.2 that

E { sup |Ya(t) — YA(to)|p] <CE [ sup |Ya(t) — ?A(toﬂp} + AP < CAE,

0<t<t1 0<t<t1

For t; <t < ty, (2.9) and Lemma 2.2 lead to

[ s, st - vap] <cm [ s ¥ - Tatey]

t <t<to t <t<to
+E sup  |Ya(t) = Ya(tim)[P| + CAG=P
0<t<(ta—m)VO
<CA-L.
Consequently, the induction method yields,
E| sup [|Ya(t)—Ya(ty)|?| <CE | sup \?A(t) — ?A(tkﬂp + CAU—P
tp<t<tpi1 tp<t<tpi1
<CAEL.
The proof is therefore complete. [

2.3 Strong Convergence Rate

The following theorem reveals that the continuous form Ya(¢) of the tamed theta scheme
(2.2) converges strongly to the exact solution X ().

Theorem 2.4. Let (A1)-(A4) and (B1)-(B3) hold, then it holds that for p > 2,

E sup |X(£) = Ya()l" < CA®.

0<t<T

where « is defined in (B1) and C' is a positive constant independent of A. That is, the strong
convergence rate of the tamed theta scheme (2.2) is a.

Proof. Denote I(t) = Ya(t) = D(Ya(t —7)) —0ba(Ya(t), YaA(t— 7)) A= X(t)+ D(X(t — 1)),
then

I(t) =I(0) + /0 [bA(Y A(5), Y A(s — 7)) — b(X(5), X (s — 7))]ds

%:Ab@l@%VMs—ﬂ)—dX@%X@—TWNV@%
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where 1(0) = —0ba(£(0),£(—7))A. An application of the It6 formula yields,
(1) <[1(0 |p+P/ [1(s)[P~*(I(s5),0a(Y a(5), Ya(s — 7)) = b(X(s), X (s — 7)))ds
+ 30— 1 / TP 2oV a5): V(s = 7)) = a(X(5), X(5 = )]s

[ M), 01V al6).Fals = 1) = o(X(6), X(s = ) (s)
<l + >0

where
H(0) = [ 120060, (Va ),V als = 7) ~ BT a(6). Vals = 7)),
= [ 6T a(6): Vals = 7)) = MY (). Vals = )i,
— / 1) 2(1(5),b(¥a (5), Ya (s — 7)) — b(X(s), X(s — 7)))ds.
Hi(t) == p(p — 1) / 1) o(V a(s), Vals — 7)) — o(¥a(s), Ya(s — 7)) [%ds,
Hit) =i 1) | 1) P2l (Va(s), Yals — ) — o(X(s), X (s — 7)) [ds,
) = [ ()P HI(5), (Vs 5), V(s — 7)) — (X (5), X (5 — 7))l (s).
By (A2), (B1), (B3), Lemma 2.2, and the Hélder inequality,

Os<1i;<)tIEH1(u) < C’]E/O |I(s)Pds + C’]E/O bA(Y A(5), Y A(s = 7)) = b(Y A(s), Y a(s — 7)) [Pds
< CE [ [[Va(s) = X(6)1 + [¥as = 7) = X(s = 1)+ A7 b (Va(s). Yals = 7)Plds
+ CA*PE /t(l + [V A () PEDP 4 [V A (s — 7)|2HDPYds

t
<c / sup E|Ya(u) — X (u)[Pds + CAG-2P 4 A0,
0

0<u<s

15



By (A2), (A4), (B1), Lemmas 2.2-2.3, and the Hélder inequality,

sup EHy(u) < CE /0 (s)["ds + CE /0 (T a(s), Vals — 7)) — b(Ya(s), Ya(s — 7))["ds

SCE/(J [[YA(s) = X(8)|P 4+ |[Ya(s —7) — X (s — 7)|P 4+ OPAP|bA(Ya(s), Ya(s — 7))|P]ds

+ CE/O L+ Ya)' +[Vals =) + [Yals)|' + [Yals = 7))
x ([Ya(s) = Ya(s)[ +[Yals = 7) = Ya(s — 7)])"ds

<CE / (IYa(s) = X ()P + |Yals — 7) = X (s — r)[P)ds + CAC=P

i C/o E(L+[Va(s)' + [Vals = 7)' + [Ya(s) + [Yals = 7)[)]2
X [E([Va(s) = Ya(s)l +[Vals = 7) = Ya(s = 7)])*] 2ds

t
SC/ sup E|Ya(u) — X (u)[Pds + CAL=P L CAS,
0

0<u<s
Due to (A2), (B1), (2.7), Lemma 2.2, and the Hélder inequality,
sup EHs(u) + sup EHj5(u)

0<u<t 0<u<t

SCE/O [1(s)P2[[Ya(s) = X(s)]* + [Ya(s — 7) = X(s — 7)[*]ds
+ C’E/O 11(5)|P2|0ba(Ya(5), Ya(s — 7)) A|[b(Ya(s), Ya(s — 7)) — b(X(s), X (s — 7))|ds
SC’E/O [[Ya(s) — X(8)|P 4+ 0P AP|ba(Ya(s), Ya(s — 7)) |F]ds

+0A1aJE/O 1(5)P2(1 4+ [Ya(8)] + [Va(s — 7)) x

L+ Ya()l + [Yals = ) + X () + X (s — 7)) x
(IYa(s) = X(s)[ + [Ya(s = 7) = X(s — 7)[)ds
§C’/ sup E|Ya(u) — X (u)|Pds + CAL=P,

0<u<s

In the same way as the estimate of H;(t) and Hy(t), we arrive at

t
sup EH,(u) < C sup E|Ya(u) — X (u)[Pds + CAL=P L CAS,
0<u<t 0 0<u<s
Since EHg(t) = 0, by sorting H(t) — Hg(t) together, we derive
t
sup E|I(u)|P < C’/ sup E|Ya(u) — X (u)[Pds + CA°P.
0

0<u<t 0<u<s
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By the definition of I(t), we have

[I()[? >2"7P[YA(t) = X (t) = D(Ya(t = 7)) + D(X (t — 7))P — |00a(Ya(t), Ya(t — 7)) AP
> P2Y P YA () — X(8)]P — |D(Ya(t — 7)) — D(X(t — 7))|P] — |0ba(Ya(t), Ya(t — 7))AP,

this, together with (A2), leads to
(L@ =22 YA () = X () — 20 PR Ya(t = 7) = X (t = )" = [0ba(Ya(t), Ya(t — 7)) A",
Taking (B1) and Lemma 2.2 into consideration yields

sup E|Ya(u) — X (u)]P <C sup E|I(u)|’ + COA1=)p

0<u<t 0<u<t

t
<CA*? + C/ sup E|Ya(u) — X (u)|Pds.
0

0<u<s
The desired result follows from the Gronwall inequality. m
Remark 2.6. If we replace (A3) by the following (A3’):

(A3’) There exists a positive constant K5 such that

2(z = D(y), b(z,y)) + (p = Dllo(@,y)|I* < Ka(1+[z]* + [y]),

and add another assumption (B4):

(B4) There exists a positive constant K, such that
2(z = D(y), ba(z,y)) + (p = Doz, 9)|* < Ka(L+ |2f* + [yP),

we can also show that under assumptions (A1)-(A2), (A3’), (A4), (B1)-(B4), the tamed
theta scheme Y () converges strongly to the exact solution X (¢) with order .

3 Local One-sided Lipschitz Drift

In this section, instead of the global one-sided Lipschitz condition (A4), we impose the
following local one-sided Lipschitz condition:

(A5) For every R > 0, there exists a positive constant Lg such that

(x— D(y) =T+ D(y),b(x,y) — b, 7)) V ||o(z,y) — o(z,7)|”
< Lg(le — 2>+ ly — 7%

for all |z| V |y| V|Z| V |y| < R.
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Remark 3.1. The local one-sided Lipschitiz condition is a weaker than the classical local
Lipschitz condition, since if b satisfies the local Lipschitz condition such that,

b(z,y) = b(T,9)|* < Le(lzr = 71> + ly = 7°), [« v [Z| V [y| V [7] < R,
we then have
_ _ 1 2, 1 — V|2

o, 1 _ _ ~ _ _
< Sle =P + S Lall =7 + |y — 5P) < Lalle =3 + Iy — 9%,

DO | —

where L R= max(%, %L r). This implies that the local one-sided Lipschitz condition holds.

On the other hand, if b satisfies the local one-sided Lipschitiz condition, it need not
satisfy the classical local Lipschitz condition. For example, let b(z,y) = 23 — 5 + 1y, because
of x%, b does not satisfy the classical local Lipschitz condition. However, noting that

(x —f)(x% —E%) > 0 for all z,7,
we see that
(@ —T,2° —Vo+y -7+ VT -7)
Sk~ TP + a7+ ) + oo~ 7+ ly— ) — (@~ Tt —7)
<l — TP + 27 +7) + (o~ 7 + |y~ 7P)
<Lg(le —7* + |y — ).l v [7] V [y| v [7] < R,
where Ly = max(%, 3R?). This means that b satisfies the local one-sided Lipschitiz condition.

Remark 3.2. Due to the continuity of b(z,y), for every R > 0, there exists a positive
constant Lg such that

sup  |b(z,y)| < Lg.
2l V]y|<R

Remark 3.3. There are many examples such that the assumptions can be verified. For
example, if we set

1
D(y) = ZCOS% b(z,y) = x — 2° + cosy, o(xz,y) =ysinx + xsiny,

then assumptions (A2)-(A3) and (A5) hold.

Consider the following tamed theta scheme imposed in Section 2:

Yty — D(ytk+1—m> =Y, — D(ytkfm) + 0ba (ytk+1 ) ythrlfm)A
+ (1 - Q)bA(ytm ytk—m)A + O-(ytkv ytk—m)AWtk'
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Generally speaking, for a given y,,, to guarantee a unique solution y;, ., is to assume that
there exists a positive constant L such that

(x — D(y) =T+ D), ba(z,y) — ba(T. 7)) < L(|z — 7> + |y — 7/*)

as in Section 2. Moreover, as shown in Mao and Szpruch [8], this condition is somehow hard
to relax. While in our assumption (A5), the drift coefficient b is local one-sided Lipschitz,
thus in this case, the tamed drift ba is hardly to be global one-sided Lipschitz. That is, we
do not know if the tamed theta scheme (2.2) is well defined under assumptions (A2)-(A3)
and (Ab). In the following, we will provide an improved tamed theta scheme to ensure the
well-posedness of implicit equations.

3.1 The Improved Tamed Theta Scheme

For any R > 0, define a smooth, non-negative function such that

B 1, for [z, [y] <R,
Cr(z,y) = { 0, for |z|or |yl >R+1,

and (r(z,y) < 1for all z,y € R™. It is obvious that (g(z,y) is Lipschitz with some constant
C¢. Now we introduce the improved tamed theta scheme for (2.1). For k = —m,--- 0, set
yr, = E(kA); For k=0,1,--- , M — 1, we form

ytk_H - D(ytk+1_m) = ytk - D(ytk_m) + QBA (ytk_H?ytk+1—m)CR(ytk+1a ytk+1_m>A

(3.1) .
+ (1 - 0>bA (yt;w ytk,m)CR(ytk ) ytk,m)A + U(thv ytk,m)AWtk7

where t;, = kA, and AW,, = W (ty1) — W(t). Here ba : R® x R* — R" is a continu-
ous function. Besides, 6 € [0,1] is an additional parameter that allows us to control the
implicitness of the numerical scheme. Denote

gA('r? y) = I;A(xa y)CR(xa y)a
then, (3.1) can be rewritten as

Ytppr — D(ytkam) =Yy — D(ytkfm) + ebA (ytk+1 ) ytk«rlfm)A

(3.2) Vi
+ (1 - 9>Z)A<ytk7 ytk,m)A + O-(ytka ytk,m)AWtka

which is exactly the form of (2.2). According to (3.2) we define Y a(t), Ya(t), Ya(t), Za(t)
by using the same notation as in Section 2. Instead of constraints on ZA(:B,y), we impose
some assumptions on b (7,y). Assume that there exists an o € (0,1/2] such that for any
z,y, T,y € R", the following conditions hold:

(C1) There exists a positive constant K5 > 1 such that

(a2, y)| < min(FKsA™ (L + J2] + [yl), [b(z, y)]).
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(C2) There exists a positive constant K> such that
(x = D(y),balx,y)) < Kol + |2 + |yP?).
(C3) For any R > 0, there exists a positive constant Mg such that
(v = D(y) =7 + D(@),ba(w.y) = ba(®.7)) < Mr(lz —7[* + |y — 7).
for all |z| V Jy| V |Z| V |7| < R.
(C4) For any R > 0, there exists a positive constant Ng such that

sup |b(z,y) — ba(x,y)|P < NgRA? -0 as A — 0.
|z|[V]y|<R

Lemma 3.1. Let (A2), (C1)-(C4) hold, then by satisfies (C1), (C2), (C4) and the following
(C3):

(C3’) There exists an Mg, such that for all z,y, 7,7 € R®
(& = D(y) =T+ D7), ba(z,y) = ba(@.9)) < Mg, (lz —7* + |y — 7I),
where MRO = MRO + 2CCZR0'

Proof. By the relationship between ba and ba, (C1) and (C2) can be verified easily. Noting
that for |z| V |y| < R, (gr(x,y) = 1, thus we get

sup_{[b(z,y) = baley)| = sup [|bla.y) = bale,y)Cale.y)l]

[zVIy|<R lz|VIy|<R
= sup [|b(z,y) — ba(z,y)l’] < NgpA =0, as A —0,
lz|Vy|<R

then (C4) holds for ba(z,y). Now we are going to check (C3). Divide it into four cases.
Case a: None of ||, lyl, |Z|, || bigger than R+1. In this case, we see 0 < (r(x,y),Cr(T,7) <
1. Rewrite ba with ba, we have

Since 0 < (g(x,y) < 1, thus by (C3),

¢ < Mpii(lz =z + ly — 7).
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Further, noting that (g is Lipschitz with constant C¢ and for [z V [y| < R + 1, we see from
(C1) and Remark 3.2 that [ba(Z,7)| < |b(Z,7)| < Lry1, then (A2) leads to

@2 < 2CcLp(|z =2 + [y — 7).
Combining the estimation of ¢; and ¢o, we get
(x = D(y) =T+ D), ba(w,y) = ba(T, 7)) < (Mpi1 +2CLr)(lz — T + |y — 7).

Case b: One of |z|, |y|, |Z|, |7| bigger than R+1. Assume |z| > R+1 and |y|, |7, |y| < R+1.
In this case, we have (g(z,y) = 0 and 0 < (g(7,7) < 1. Similar to Case a, we have

(x — D(y) — T+ D(G),ba(z,y) — 0a(@. 7)) < 2C:Lpii(lz — T + [y — 7).

Case c: Two of |z],|y|, |z, |y| bigger than R + 1. We divide it into two cases.

i): Both |z|, |y| bigger than R+ 1 or both |Z|, |y| bigger than R+ 1. Consider one of the case
|z|, ly| > R+ 1 while |Z|, |y] < R+ 1. It is obvious that (g(z,y) = 0 and 0 < (r(7,7) < 1.
By taking similar steps as Case a, we can get

(v — D(y) =T+ D(),ba(z,y) — ba(T.7)) < 2CLp(jz — T + |y — 7).

ii): One of |z|, |y| bigger than R + 1 and one of |Z|, |y| bigger than R + 1. Consider the
case of |z| > R+ 1,y < R+ 1,|z| > R+ 1,|y] < R+ 1. Then (gr(x,y) = (r(7,7) = 0 and
<ZL‘ - D(y) — T+ D(y)v bA(xay) - bA(fv ?7)) = 0.
Case d: Three or four of |z|,|y|,|Z|, [y| bigger than R 4+ 1. Since we have (gr(x,y) =
Cr(Z,y) = 0, the result is obvious.
Taking Cases a-d into consideration, there exists an My, such that (C3’) satisfies for all
r,y, T,y € R™.

0

Remark 3.4. Lemma 3.1 shows that with assumptions (C1)-(C3), (3.2) is well defined under
some constraints on time step A. It is worth mentioning that (C3) and (C3’) are merely
used to guarantee the uniqueness of numerical solutions.

Remark 3.5. Under assumptions (A2)-(A3), (A5), we now give an example such that the
set of sequences of functions satisfy (C1)-(C4). Let b(z,y),o(x,y) be one-dimensional and

define )
bA(«T,y) = b('rvy>

L+ Ab(@,y)| + A2 lo (2, y)
for any x,y € R. It is easy to see |ba(z,y)| < |b(z,y)|, and on the other hand, we have
A bz, y)]
A=+ [b(z, y)| + A2l (z, y)|
Furthermore, due to (A3),

(o = D)D) = T e e T < KL+ Lol + o),

ba(z,y)| = < KA < KA1+ [z] + Jy).
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That is to say, (C2) is satisfied. In order to show (C3), we have to divide it into several
cases. Denote by I'(z,y) = 1+ A¥b(z,y)| + AY?|o(z,9)].

Case a: b(x,y) - b(Z,7) < 0. We divide this into four classes.

i): For b(z,y) > 0,b(7,y) <0 and  — D(y) — T+ D(y) > 0,

(x = D(y) =T+ D(F). ba(r,y) — ba(@.7)) = < - D(y) =%+ D(y). fi((xf, -
§<$ — D(y) =T+ D(@), b(z,y) — b7, 7)) < La(jz -7 + |y —7*).
(x,y) > 0,b(7,7) < 0and x — D(y) — T + D(y) < 0, the result is obvious.
111) For b(x,y) < ,b(f y)>0and x — D(y) — T+ D(y) < 0,
— T+ D(y)v bA(*T7 y) - BA<E7@)>
— T+ D(), bz,y) = b)) < La(le =2 + |y = 7).

iv): For b(z,y) < 0,b(Z,y) > 0 and x — D(y) — T + D(y) > 0, the result is also obvious.
Case b: b(x y) - b(Z,y) > 0. We compute

3=
8| =
<=
~— | —
\/

(x — D(y) =T+ D®@),ba(z,y) — ba(Z,7)) = <x _ D(y) -7+ D), b;x Y) — (f,y)>

ERRER)
e AT )ET)] -~ bE Db )]
+{z - D) -7+ 003 D(e. ) (7. 7) )
bla

A2 o(T —b(z.wy
+<$—D(y)—x+p(y), lo(@ ’(?)U;’ (,y)) b( 79)]>
AY2Y(T o(T — ||lo(x,
<x D(y) T D(y), b( 7y%[(||$7(y) ()H )H ( y)||]>

'=q¢1 + 4>+ qs+qy-

Obviously, g, = 0. Noticing that I'(xz,y) > 1,I'(Z,7) > 1 and 0 < % < 1, we then
derive from (A2), (A5) and Remark 3.2 that

G+ 3 < 2Lp(lz =z + |y — 7]%),

and

s . ABE Doz, D~ oty
N AT

<lz =z + Iy = 7" + [b(z, y)lllo(@.7) — o (z,9)|"
<(L+ LeLp)(lz =7 + |y - 91°).
This shows that (C3) is satisfied. Thanks to (A3) and Remark 3.2, we see that

1
4 §§\x -D

_ (b, 9)] + llo (e ) [2)7]b(, o) P
sup |b(x,y) — ba(z,y)P < A?  sup < CA*? — 0,
Lup 1ble,y) = bale,y)l It Al )] + Allo(e )PP

Thus, (C4) is shown.
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Condition (C3’) shows that ba is global one-sided Lipschitz. According to the monotone
operator, the implicit scheme (3.2) is well defined with M g, A < 1. Define As = eﬁlR for
0
6 € (0,1]. Thus in the following section, we set A* € (0, Az A Ay), and let 0 < A < A* for
6 € (0, 1] while for # = 0, we set A € (0, 1).

3.2 Convergence of the Numerical Solutions

We need the following lemma.

Lemma 3.2. Let (A1)-(A3) and (A5) hold, then it holds that

sup E[X(£)["V sup E[YA(t)]" <C,

0<t<T 0<t<T
for p > 2.

Remark 3.6. Through the derivation process of Lemmas 2.2 and 2.3, we see that what
we really used are assumptions (A1)-(A3), (B1) and (2.7) in Lemmas 2.2 and 2.3. In this
section, ba and o satisfy (C1)-(C2), which implies that the corresponding ba and ¢ also
satisfy (B1) and (2.7). Thus, Lemmas 2.2 and 2.3 proposed in Section 2 still hold in this
section.

We now state the main result in this Section.

Theorem 3.3. Let (A1)-(A3), (A5) and (C1)-(C4) hold, then the continuous form Ya(t) of
the tamed theta scheme (3.2) converges strongly to the exact solution X (¢) of (2.1), that is,

lim sup E|X(¢) — Ya(t)]* = 0.

AS0 o<
Proof. Denote e(t) = Ya(t) — X(t), and for any R > 0 define the following stopping time
R =nf{t > 0:|Ya(t)| > R}, pr =inf{t > 0:|X(t)| > R},vr = Tr A pR.
For any n > 0, by the Young inequality,

sup Ele(u)|* = sup E(le(w)|"Liresrpp>ry) + Sup E(le(w)*Lirp<r or ppsry)
0<u<T 0<u<T 0<u<T

21
(3.3) < sup E(le(uAvg)|*Lyysry) + — sup Ele(u)l?

0<u<lT P o<u<T

—2
+7 —P(rr < T or pr <T).

pnr—2

Due to Lemma 2.2,

1 C
< — E|Y, L -
< 75,22, BV < 75,

YA(mR)P
P(rp <T)=E (I{TRST}M>

Rp
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where here and in the following, we emphasize that C' is a positive constant independent of
A, R and ¢, while C'r will be a positive constant depending on R. Similarly, we derive from
Lemma 3.2 that

2C
(34) P(rp < T or pr <T) <P(rp < T) + Ppp < T) < L.
On the other hand, Lemma 2.2 and Lemma 3.2 yield
(3.5) sup Ele(u)|P < 2°7! sup E(|Ya(u)lP + | X (u)]P) < C.

0<u<T 0<u<T

Denote by I(t) = Ya(t) — D(Ya(t — 7)) — GEA(YA(t),YA(t —7)A - X(t) + D(X(t —1)).
Applying the Ito formula,

E[I(T A vg)l = [IO) + 21@/0 T 1(5), DAV a(5), Vals — 7)) — b(X(5), X (5 — 7))}ds
i E/o " lo(Ya(s),Yal(s — 7)) — o(X(s), X(s — 7))|ds

<O +28 [ (T a(s) = DV als = 7)) = X(6) + DX (s - 7),
Y a(5), V(s — 7)) — B(X (), X (s — 7)))ds
+ 2R /OTAVRWA(S) — D(Vals — 7)) — X(5) + D(X(s — 7)),
s (Va(), T als — 7)) — MV a(s), Vals — 7))ds
#28 [ 086 = DB~ 1) = V(o) + DT als = 7),
BT a(5), Vals — 7)) — b(X(s), X(5 — 7))

_ 29AE/0 A (Ya(s), Ya(s — 7)), a(Va(s), Vals — 7)) — b(X(s), X (s — 7)))ds

where 1(0) = —0ba(£(0),£(—7))A. By assumption (A5) and Lemma 2.3,

sup (1(0) + () <Cr [ [Va(s) = X +[Vals = 7) = X5 = 7)lds

(3.6) .
<CRrA + / sup Ele(u A vg)|*ds.
0

0<u<s
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Obviously, due to (C4), Lemma 2.1 and Lemma 2.2,
(3.7) sup |I(u)| < CRA* + CrA*.

0<u<lT

By (A2) and Lemma 2.3, we obtain,

[NIES

s 1150 <C [ (BVA() = Vals)P + Vals = 7) = V(s = 7))
(3.8)  O=u=T 0

(BB (Va(s), Vals = 7)) = b(X(s), X(s = 7)) " ds < CrAb,
Furthermore, by Remark 3.2 and (C1)

(3.9) sup |I4(u)] < CrA.

0<u<T
Due to (3.6)-(3.9), we see
T
(3.10) sup E|I(uAvg)]* < CR/ sup Ele(u A vg)|*’ds + CrRA°.
0<u<T 0 0<u<s
With assumption (A2), one has

sup Ele(u Avg)|> < C sup E[I(uAvg)]?+k sup Ele(uAvg —7)|* + CrA”.
0<u<T 0<u<T 0<u<T

This implies

(3.11) sup Ele(u Avg)|> < C sup E|I(uAvg)|? + CrA%.
0<u<T 0<u<T

Applying the Gronwall inequality, we derive from (3.10) and (3.11) that

(3.12) sup Ele(u A vg)|> < CrA“.
0<u<T

Thus, combining (3.4), (3.5) and (3.12), we see from (3.3) that for any given ¢ > 0, one can
choose 1 small enough such that

2n €
PR}
and then R big enough such that
p—22C €
Y
finally A small enough to satisfy
CrA% < %

Therefore, we arrive at

sup E|Ya(u) — X (u)]* = 0as A — 0,

0<u<T

as required. N
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