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Abstract

In this thesis, we are interested in the stochastic differential equation with
jumps under regime switching.

Firstly, we investigate a continuous-time version of the mean-variance
portfolio selection model with jumps under regime switching. The portfolio
selection proposed and analyzed for a market consisting of one bank account
an d multiple stocks. The random regime switching is assumed to be inde-
pendent of the underlying Brownian motion and jump processes.

Secondly, we consider the problem of pricing contigent claims on a stock
whose price process is modeled by a Lévy process. Since the market is in-
complete and there is not a unique equivalent martingale measure. We study
approaches to pricing options.

Finally, we investigate a continuous-time version Markowitz’s mean-variance
portfolio selection problem which is studied in a market with one bank
account, one stock and proportional transaction costs. This is a singular
stochastic control problem. Via a series of transformations, the problem is

turned into a double obstacle problem.
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Notation

a.s. : Almost surely, or with probability 1.
@ : The empty set.
I, : The indicator function of a set A,
i.e. Ia(z) =1if z € A or otherwise 0.
ACB: ANnB¢=0.
o(C) : The o-algebra generated by C.
B(R™): The Borel o-algebra on R™.
f:A— B: The mapping f from A to B.
R, : [0,00).
R™ : The n-dimensional Euclidean space.
R™*4 :  The space of real n x d matrices.
|z| : The Euclidean norm of a vector z.

A', AT . The transpose of a vector or matrix A.
C(D;R") : The family of continuous R"-valued functions defined
on D.
C™(D;R"™) : The family of continuously m-times differentiable
R"™-valued functions defined on D.
C*Y(D x Ry;R) :  The family of all real-valued functions V(z,t) defined
on D x R, which are continuously twice differentiable

in £ € D and once differentiable in ¢ € R,.



Vet
Vag
L?(; R -

L?([a,b]; R™) :

Ve=VV =WVg, -, Va,) =(g—a‘r’1,--- v%)-

Var = (Varz;Jxn = (520 I

The family of R"-valued random variables X with
E|X|P < oo.

The family of R™-valued F;-adapted processes
{f(t)}ast<o such that [°|f(t)[Pdt < oo as.

Other notations will be explained where they first appear.



Chapter 1

Introduction

1.1 Background

The jump diffusion process has come to play an important role in many
branches of science and industry. In their book [31], Pksendal and Sulem
have studied optimal control, optimal stopping and impulse control for jump
diffusion processes. In mathematical finance theory, many researchers have
developed option pricing theory, for example: Merton [28] was the first to
use the jump processes to describe the stock dynamics, Bardhan and Chao
[1] were amongst the first authors to consider market completeness in a dis-
continuous model. Jump diffusion models have been discussed by Chan [4],
Follmer and Schweizer [11], EI Karoui and Quenez [21], Henderson and Hob-
son [18], and Merculio and Runggaldier [27], to name a few.

On the other hand, regime-switching models have been widely used for
price processes of risky assets. For example, in Jobert and Rogers [20] the op-
timal stopping problem for the perpetual American put has been considered,
and the finite expiry American put and barrier options have been priced. As-

set allocation has been discussed in Elliott and Van der Hoek [9], and Elliott
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and Malcolm [10] have investigated volatility problems. Regime-switching
models with a markov-modulated asset have already been applied to option
pricing in Guo [14, 15, 16] and the references therein. Morerover, Markowitz’s
mean-variance portfolio selection with regime switching has been studied in
Yin and Zhou [36], Zhou and Yin [40] and Zhou and Li [39].

Portfolio selection is an important topic in finance, multi-period mean-
variance portfolio selection has been studied in , for example, Samuelsom
[34], Hakansson [17], and Pliska [33] among others. Continuous-time mean-
variance hedging problems were attacked by Duffie and Richardson [8] and
Schweizer [35] where optimal dynamic strategies were derived, based on the

projection theorem, to hedge contingent claims in incomplete markets.

1.2 Mathematical model of security markets

Definition 1.1 A FEuropean call option gives its holder the right, but not
the obligation, to purchase from the writer a prescribed asset for a prescribed
price at a prescribed time in the future.

The prescribed time in the future is known as the expiry date or the ez-
ercise date or the maturity. The prescribed purchase price is known as the

strike price or the exercise price.

We denote by S(t) the price of a particular stock, S(t) the discounted
price process, and the value process V'(t) the total value of the portfolio, at
time ¢. A contingent claim is a random variable X representing a pay-off at
the maturity time. It is part of a contract that a buyer and a seller agree at

time ¢t = 0.
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1.3 Martingale

Throughout this thesis, we let (©2, F, P) be a complete probability space with
a filtration {F; }o<t<oo, Which satisfies the usual conditions, i.e. it is increasing
and right continuous while F, contains all P-null sets. By a filtration we mean
a family of o-algebras {F;}o<i<oo that is increasing, ie., F, C F; if s <¢. If
(Q, F, P) is a probability space, we set

F={ACQ:3B,C € Fsuch that BC A C C,P(B) = P(O)}.

Then F is a o-algebra and is called the completion of F. If F = F, the
probability space (2, F, P) is said to be complete.

Definition 1.2 Let (S,X) be a measurable space, then the process X is said
to be adapted to the filtration {F;}o<i<oo if the random variable X; : Q@ — T

is a (Ft, Z) measurable function for each t € [0, 00).

Definition 1.3 A real-valued, adapted process X = (Xi)o<t<oo 5 caled a
martingale with respect to the filtration {F:}o<t<oo if

(i) X; € L'(dP); that is, E{|X;|} < oo;

(ii) if s < t, then E{X;|Fs} = X, a.s..

Definition 1.4 A stochastic process X is said to be cadlag if it a.s. has

sample paths which are right continuous, with left limits.

Definition 1.5 Let X(t), Y(t) € R™ be two cddlag semimartingales. The
quadratic covariation of X(-) and Y(-), denoted by [X,Y](-), is the unique

semimartingale such that

XY () = X(0)Y(0) + /0 "X (s)dY () + /0 Y (5 )dX () + [X, V(D).

12



1.4 Brownian motion

Brownian motion is at the heart of most models in practice. Its name comes
from the Scottish botanist Robert Brown who reported it in around 1827.
The paths of a Brownian motion are continuous, almost surely. Moreover,
we may identify w € Q with a continuous function ¢ - W;(w) from [0, c0)
into R™. Thus we may adopt the point of view that Brownian motion is just

the space C([0, 00), R™) equipped with certain probability measures P.

Definition 1.6 Let (2, F, P) be a complete probability space with a filtration
{Fi}iso satisfying usual conditions. A (standard) one-dimensional Brownian
motion is a real-valued continuous F;-adapted process {Wi}i>o with the fol-
lowing properties:

(1) Wy = 0 almost surely;

(2) for 0 < s <t < o0, the increment W, — W, is normally distributed
with mean zero and variance t — s;

(3) for 0 < s <t < 00, the increment W; — W, is independent of {Fs}.

The filtration {F;}o<t<oo is a part of the definition of Brownian motion.
However, we say Brownian motion on a probability space (2, F, P) with-
out filtration. That is, {W;}:>0 is a real-valued continuous process with
properties (1) and (2), but property (3) is replaced by that it has inde-
pendent increments.(We say a Brownian motion {W;};>¢ has independent
increments, if the increments Wy, — W;,_,,1 < ¢ < k are independent, for
0<ty<t; <- <ty <oo.) In this case, define F}¥ = a(W,:0 < s < 1)
for t > 0, i.e. F}V is the o-algebra generated by {W, : 0 < s < t}. We
call {F}"}i>o the natural filtration generated by {W;}. Clearly, {W;} is a
Brownian motion with respect to the natural filtration {F}¥}. Furthermore,

if {F;} is a ”larger” filtration in the sense that .EW C Fi fort > 0, and
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W; — W, is independent of F, whenever 0 < s < t < oo, then {W;} is a

Brownian motion with respect to the filtration {F;}.

1.5 Markov process

An n-dimensional Fi-adapted process X = {X;}:>0 is called a Markov process

if the following Markov property is satisfied: for all 0 < s < t < 0o and
A € B(R™),

P(X(t) € A|lFs) = P(X(t) € A|X(s))-

This is equivalent to the following one: for any bounded Borel measurable

function ¢ : R®* > Rand 0 < s <t < 00,

E(p(X (8)1Fs) = E(p(X())| X (s)).

1.6 Stochastic differential equations

Let (2, F, P) be a complete probability space with a filtration {F;}:>0 sat-
isfying the usual conditions. Let W (t) = (Wy(t), -+, Wn(t))T, t > 0 be an
m-dimensional Brownian motion defined on the space. Let 0 <ty < T < 00.
Let zo € L’j’% (Q;R™), i.e., an Fi,-measurable R"-valued random variable
such that E|zo|?> < oco. Let b: R” X [to, T] = R™ and o : R™ X [tg, T] — R™*™
be both Borel measurable. Consider the n-dimensional stochastic differential

equation of It6 type
dz(t) = b(z(t), t)dt + o(xz(t), t)dW (t)

with initial value z(ty) = zo. By the definition of stochastic differential, this

equation is equivalent to the following stochastic integral equation

z(t) =:1:0+/ b(x(u),u)du+/ o(z(u),u)dW (u).

to to
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Systems in many branches of science and industry are often subject to
various types of noise and uncertainty. For example, let us consider a simple
model of an asset price. Suppose that at time t the asset price is S(t).
Consider a small subsequent time interval dt, during which S(t) changes to
S(t)+dS(t). (We use the notation d- for the small change in any quantity over
this time interval when we intend to consider it as an infinitesimal change.)
By definition, the return per unit of the asset price at time ¢ is dS(t)/S(t).

To understand the modelling more easily, suppose that the asset is a bank
deposit while the bank deposit interest rate is 7. So S(¢) is the balance of
the saving account at time ¢. Thus the return dS(t)/S(t) of the saving at

time ¢ is rdt, that is

ds() _
W = ’I"dt,
or
ds(t)

This ordinary differential equation can be solved exactly to give exponential

growth in the value of the saving, i.e.
S(t) = S(te)e™t ),

where S(to) is the initial deposit of the saving account at time t,.
The most common model decomposes the return dS(t)/S(t) of the asset
price into two parts. First, there is a predictable, deterministic and antici-

pated return on money invested in a risk-free bank. It gives a contribution
bdt

to the return dS/S, where b is a measure of the average rate of growth of the
asset price. In simple model b, which is also known as “drift”, is taken to be

a constant. (In this thesis, b is a function.)

15



Then, the second one is the random change in the asset price in response
to external effects. It is represented by a random sample drawn from a normal

distribution with mean 0 and adds a term
adW (t)

to dS/S. o is a matrix called the volatility, which measures the standard
deviation of the returns. It is taken to be a constant in simple model.( In
this thesis, o is also a function.) Here W (t) is a standard Brownian process.

So, putting these two parts together, we can easily justify the stochastic

differential equation
dS(t)

Sy = b+ odW ),

dS(t) = bS(t)dt + o S(t)dW (),
and

S(t) = S(to) +b /t ' S(wdu+ o / ’ S(w)dW ().
0 to

The formal interpretation of an SDE is given in terms of what constitutes
a solution to the SDE. There are two main definitions of a solution to an
SDE, a strong solution and a weak solution. Both require the existence of
a process S(t) that solves the integral equation version of the SDE. A weak
solution consists of a probability space and a process that satisfies the integral
equation, while a strong solution is a process that satisfies the equation and
is defined on a given probability space.

We will be working on the SDEs under regime switching in this thesis,
dS(t) = b(a(t))S(t)dt + a(a(t))S(t)dW (t),

where the continuous-time stationary Markov chain «a(t) takes value in a

finite state space S = {1,2,...,1}.

16



1.7 SDEs with jumps and It6 formula

Definition 1.7 An adapted process X = (Xi)i>0 with Xo =0 a.s. is a Lévy
process if

(i) X has increments independent of the past; that is X; — X, is indepen-
dent of F,, 0 < s <t < o0; and

(i) X has stationary increments; that is, X; — X, has the same distribu-
tion as X;_s, 0 < s <t < 00, and

(iii) X, is right continuous with left limit (RCLL).

Definition 1.8 A Poisson process N(t) of intensity A > 0 is a Lévy process
taking values in NU O and such that

P[N(t):n]: ()’\:') e—At,n=0’1’2’””

Definition 1.9 Let B be the family of Borel sets U C R whose closure U

does not contain 0. For U € B, we define

N(t,U)=N(t,Uw)= Y Xy(An,).

$:0<s8<t

In other word, N(t,U) is the number of jumps of size An, € U which occur
before or at time t (the differential form of this measure is written N(dt,dz)).

Then the set function
v(U) =E[N(1,U)),

where E = Ep denotes expectation with respect to P, also defines a o-finite

measure on B, is called the Lévy measure of the Poisson process N.

Actually there is a relationship between a Poisson process and a Poisson

random measure as the following:

17



Remark 1.1 For any fiz U € B, let
my(t) == my(t,w) := N(¢,U,w),
then my(t) is a Poisson process with intensity A = v(U) = E[N(1,U)], i.e.

P(ro(t) = m) = O e

,n=0,1,2,....

Let (2, F, P) be a fixed complete probability space. Let N(t,z) be a

Poisson process and denote the compensated Poisson process by
N(dt,dz) = N(dt,dz) — v(dz)dt,

where v is a Poisson point process. We assume that W (t), a(t) and N(dt, dz)

are independent.

Definition 1.10 Let W, be 1-dimensional Brownian motion on (2, F, P).
A (1-dimensional) Ité-Lévy process (or stochastic integral) is a stochastic

process Sy on (2, F, P) of the form
¢ t t .
St = So +/ b(s,w)ds +/ o(s,w)dW, +/ /p(s,w,z)N(ds,dz),
0 0 o JR
so that
t
P[/ o(s,w)’ds < c0,t > 0] = 1.
0

We also assume that W; is Fi-adapted (W is a martingale with respect to
Fi) and

t
P[/ 1b(s,w)|ds < 00, > 0] = 1,
0

P[/ot/Rp(s,w,z)V(dz)ds <oo,t >0]=1.

18



Theorem 1.1 [Dksendal and Sulem (2005)] Let X (t) € R"™ be an Ité-

Lévy process of the form
dX(t) = b(t,w)dt + o(t,w)dW (t) + /R p(t,w, z2)N(dt, dz),
where
N(dt,dz) = N(dt,dz) — v(dz)dt

Let f € CY*(R™) and define Y (t) = f(t,X(t)). Then Y(t) is again an

Jté-Lévy process and
ay (1)

= I x@)dt + 3L 6, X0, W)t + o2, w)aw (1)
+ %az(t,w)g—;(t, X(8))dt
# [U6XE) + plt,2) — 16X ~ 2, X Dottt

+ / (6 X () + pltyw,2)) — £t X (¢))} ¥ (dt, d).

1.8 Esscher transform and minimal relative
entropy martingale measures

The Esscher transform is a time-honored tool in actuarial science. It is also
an efficient technique for valuing derivative securities if the logarithms of the
prices of the primitive securities are governed by certain stochastic processes
with stationary and independent increments.

For a probability density function f(z), let A be a real number such that

M(h) = /oo e f(z)dx

—00
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exists. As a function in z,

ehz T
faim = )

is a probability density, and it is called the Esscher transform (parameter h)
of the original distribution.

Suppose that a probability space (2, F, P) and an increasing family of
sub o-fields of F, F;,0<t < T, are given as usual. A price process is a
Fi-adapted stochastic process S(t) defined on (2, F, P).

We define P(S) as the set of all equivalent S-martingale measures, namely
the set of all probability measures Q ~ P (mutually absolutely continuous).
If the set P(S) is singleton, then the market is said to be complete. If the
set P(S) consist of more than one element, then the market is said to be

incomplete.

Definition 1.11 (minimal entropy martingale measure)[YOSHIO
MIYAHAR 1999] If an equivalent martingale measure P satisfies the fol-

lowing condition
H(P|P) < H(Q|P),VQ € P(5),

then P is called the minimal entropy martingale measure of S(t), where
H(Q|P) is the relative entropy of Q with respect to P, which is given by

the following formula

1Q
1 —
. [roeiGRla, Q<P

00, otherwise.

20



Chapter 2

Portfolio selection of stochastic
differential equation with

jumps under regime switching

Markowitz’s mean-variance portfolio selection with regime switching has been
studied in Yin and Zhou [36], Zhou and Yin [40] and Zhou and Li [39).

Portfolio selection is an important topic in finance, multi-period mean-
variance portfolio selection has been studied in , for example, Samuelsom
[34], Hakansson [17], and Pliska [33] among others. Continuous-time mean-
variance hedging problems were attacked by Duffie and Richardson [8] and
Schweizer [35] where optimal dynamic strategies were derived, based on the
projection theorem, to hedge contingent claims in incomplete markets.

In this chapter, we develop Stochastic Differential Equations under regime
switching with jumps. The jump diffusion process has come to play an im-
portant role in many branches of science and industry. In their book [31],
(Oksendal and Sulem have studied optimal control, optimal stopping and im-

pulse control for jump diffusion processes.
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2.1 SDEs under Regime Switching with Jumps

Throughout this thesis, let (2, F, P) be a fixed complete probability space

on which is defined a standard d-dimensional Brownian motion W(t)
(Wi(t), ..., Wq(t)) and a continuous-time stationary Markov chain a(t) tak-
ing values in a finite state space S = {1,2,...,l}. Let N(¢,z2) be a n-
dimensional Poisson process and denote the compensated Poisson process

by

N(dt,dz) = (Ny(dt,dz), ..., Na(dt,dz,))’
= (Ny1(dt,dz1) — n(dz)dt, . .., No(dt,dz,) — va(dz,)dt), (2.1)

where Nj,j =1,...,n, are independent 1-dimensional Poisson random mea-
sures with characteristic measure v;,j = 1,...,n, coming from n indepen-
dent 1-dimensional Poisson point processes. We assume that W (t), a(t)
and N(dt,dz) are independent. The Markov chain «a(t) has a generator
Q = (gij)ixt given by
Plalt+ A) — jla(t) = i} — { G +0(A) : ifij

14+ giA+o(A) : ifi=j

where A > 0. Here g;; > 0 is the transition rate from ¢ to j if ¢ # j while
Qi = — Z Gij»
J#i

are stationary transition probabilities, and
pi(t) = Pla(t) = jle0) =i),  t20,i=1,2,..,  (22)

Define F; = a{W(s),a(s), N(s,-) : 0 < s < t}. Let |- | denote the Euclidean
norm as well as the matrix trace norm, M’ denote the transpose of any vector
or matrix M. We denote by Li-(O,T;Rm) the set of all R™-valued, measurable

stochastic processes f(t) adapted to {F;}:>0, such that E fOT |f(8)|%dt < +o0.

22



Consider a market in which d + 1 assets are traded continuously. One
of the assets is a bank account whose price Py(t) is subject to the following
ordinary differential equation:

dPy(t) = r(t,a(t))Re(t)dt, te€0,T],
(2.3)
Po(0) = po > 0,
where r(t,7) > 0,1 =1,2,...,1, is given as the interest rates corresponding to
different market modes. The other d assets are stocks whose price processes
P,(t), m=1,2,...,d, satisfy the following system of stochastic differential
equations (SDEs):

(

d
dPr(t) = P(t){bm(t, a(t))dt + 3 0un(t, a(£))dWa(2)

< "‘zn:/ij(t,a(t),Zj)Nj(dtade)}a te o1, @4
j=17R

| Pn(0) =pm >0,.

where for each i = 1,2,...,1, 5: [0,7] x S = R ¢ : [0,T] x S — Réx4,
p:[0,T] x S x R* — R¥*" is the appreciation rate process and o.,(t,4) :=
(om1(t,3),...,0ma(t, 1)) are adapted processes such that the integrals exists.
And each column p(®) of the d x n matrix p = [p;;] depends on z only through

the kth coordinate zy, i.e.,
p(k)(t,’l,z) = p(k)(t>iazk)az = (Zl) cee 7Zn) e R"

Remark 2.1 Generally speaking, one uses non-compensated Poisson pro-
cesses in a jump diffusion model (see Kushner [23]). However, we use com-
pensated Poisson processes in equation (2.4) instead of using non-compensated
Poisson processes, this is because: Firstly, using the relationship (2.1) we can

eastly transform a jump diffusion model driven by non-compensated Poisson
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processes into a jump diffusion model driven by compensated Poisson pro-
cesses; Secondly, using compensated Poisson processes we can keep the Ric-
cati equation (2.29) is similar to that of a diffusion model without a jump

processes, and then H(t,7) in (2.30) has a financial interpretation.

Define the volatility matrix, for each i =1,...,1,

Gl(t’ 'L)
O'(t, ?,) = = (Umn(t) i))dxd) (2‘5)
O’d(t, 'L)
bl (t’ 7')
b(tvi) = € RdXI’
bd(t’ 7’)
and
pl(t, i, Z)
p(t,i,z) = % € R™™,
pd(t; ia Z)
where

pm(t,3,2) = (pmi(t,4,2),- -+, pmn(t,1, 2)).

We assume throughout this thesis that the following non-degeneracy con-

dition
o(t,i)o(t,3) > 0I,Vt € [0,T], and i =1,2,...,1, (2.6)

is satisfied for some § > 0. We also assume that all the functions r(t,1),

b (t,7), Omn(t, 1), pmn(t,1, z) are measurable and uniformly bounded in ¢.
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Suppose that the initial market mode a(0) = 7y. Consider an asset with
an initial wealth o > 0. These initial conditions are fixed throughout the
thesis. Denote by z(t) the total wealth of the assets at time ¢ > 0. As-
suming that the trading of shares takes place continuously and that transac-
tion cost and consumptions are not considered. Suppose the right portfolio
(mo(t), m1(t), - - ,ma(t)) exists, where mo(t) is the money invested in the bond,
and m;(t) is the money invested in the ith stock. Then

d d
z(t) = ) m(t) =Y _m()Pi2),
=0 =0
z(0) = =y,
where 7(t) is the number of bond units bought by the investor, and 7;(t)
is the amount of units for the ith stock. We call z(t) the wealth process
for this investor in the market. Now let us derive intuitively the stochastic
differential equation (SDE) for the wealth process as follows: Suppose the
portfolio is self-financed, i.e. in a short time dt the investor does not put in
or withdraw any money from the market. Let the money z(t) change in the
market due to the market is own performance, i.e. self-finance produces

dz(t) = no(t)dPo(t) + Y _ mi(t)dFi(t).

i=1
Now substituting (2.3) and (2.4) into the above equation, after a simple

calculation we arrive

( d
dz(t) = r(t, a(t))z(t)dt + Z Tm () (b (t, a(t)) — (¢, a(t)))dt

d d
+ T (8) O n(t, (£)) AW (2)
4 m; ; (2.7)
d n

+ Z Z/me(t)pmj(t, a(t), Zj)Nj(dt, dz;),

m=1 j=1

| 2(0) =20 > 0,a(0) = 4,
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where 7(t) = (m1(t),...,n4(t)) which we call a portfolio of the agent. And
7m(t) is the total market value of the agent’s wealth in the mth asset, m =
0,1,...,d, at time .

Setting
B(t,1) := (bi(t,2) — r(t,9),...,ba(t,3) — r(t,1)),i = 1,2,...,1, (2.8)

we can rewrite the wealth equation (2.7) as

/

dz(t) = r(t, a(t))z(t)dt + B(t, a(t))n(t)dt + ' (t)o (¢, a(t))dW (t)
S + /Rn 7' (t)p(t, a(t), z) N(dt, dz), (2.9)

\ .’L‘(O) =Ty > O,CI(O) = 1g.

Definition 2.1 A portfolio n(-) is said to be admissible if w(-) € L%(0,T; R?)
and the SDE (2.9) has a unique solution z(-) corresponding to ©(-). In this

case, we refer to (z(-),n(-)) as an admissible (wealth, portfolio) pair.

Remark 2.2 Most works in the literature define a portfolio, say =(-,1), as

the fractions of wealth allocated to different stocks. That is,

(t) _  m(t) ma(t)
) ( z(t) " z(b) ),t€0,T] (2.10)

With this definition, equation (2.9) can be rewritten as

u(t) = Z

[ dz(t) = 2(t)[r(t, () + B(t, a(t))u(t)]dt
+ z(t)u(t) o(t, a(t))dW (t)
+ /R" z(t)u(t) p(t, a(t), 2) N (dt, dz),

| 2(0) = 7o > 0,(0) =o.

(2.11)

It is well known that this equation has a unique solution ( see [31] p.10,

Theorem 1.19). We can use the similar method in [31, Examplel.15, p8] to
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show positivity of the solution of Eq. (2.11) if the initial wealth z, is positive
and u(t)'p(t,4,2) > —1 (this condition is achievable, for example, if all ele-
ments of a portfolio are positive, and p = 1, then u(t)'p(t,1, z) > 0. Generally
speaking, if u(t) is bounded, there are many p satisfying u(t)'p(¢,,2) > —1.)
A wealth process with possible zero or negative values is sensible at least for
some circumstances. The nonnegativity of wealth process is better imposed
as an additional constraint, rather than as a built-in feature. In our formu-
lation, a portfolio is well defined even if the wealth is zero or negative, and
the nonnegativity of the wealth could be a constraint.

The agent’s objective is to find an admissible portfolio 7(-) among all
the admissible portfolios with expected terminal wealth Ex(T") = ¢ for some
given ¢ € R!, so that the risk measured by the variance of the terminal

wealth
Var z(T) = E[z(T) — Ex(T)]? = E[z(T) — ¢J? (2.12)

is minimized. Finding such a portfolio 7 (-) is referred to as the mean-variance

portfolio selection problem. Specifically, we have the following formulation.

Definition 2.2 The mean-variance portfolio selection is a constrained stochas-
tic optimization problem, parameterized by { € R!:
minimize  Jpv (2o, 40, 7()) = E[z(T) - ¢J* ,
Ez(T) =¢, (2.13)
(z(-),7(")) admissible .

subject to

Moreover, the problem is called feasible if there is at least one portfolio sat-
isfying all the constraints. The problem is called finite if it is feasible and
the infimum of Jasv (o, 40, 7(+)) is finite. Finally, an optimal portfolio to the

above problem, if it ever exists, is called an efficient portfolio corresponding to
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¢, the corresponding ( Var z(T'),¢) € R? and (04(r),¢) € R? are interchange-
ably called an efficient point, where o, (7) denotes the standard deviation of
z(T). The set of all the efficient points is called the efficient frontier.

For more details of mean-variance portfolio selection see [36, 40]. We need
more notations, let A;; be consecutive, left closed, right open intervals of the

real line each having length ~;; such that

Ay = [07 Q12),

A1z = [q12, 12 + qu3),

F1-1 1
Ay = ZQU,ZQU) )
=2 =2
K !
Agy = Z 915, Z q; t+ ¢I21) ,
| j=2 j=2
r !
Dg3 = z Q15 + qa1, Z Qij + g1+ (I23> ,

| j=2 j=2

1 -1 1 1
Ay = [Z Q; + Z fhpzthj + z q2j) .
j=2

J=1,j#2 Jj=2 J=1,j#2
For future use, we cite the generalized It6 lemma (see [26, 2, 31]) as the

following lemma.
Lemma 2.1 Given an d-dimensional process y(-) satisfying
dy(t) = f(t,y(t), a(t))dt + g(t, y(t), a(t))dW (2)
+ [ 2(tu(0),000), 2 @, do),

where f,g and -y satisfy Lipschitz condition with appropriate dimensions,

moreover, each column y*) of the matriz v = [v;;] depends on z only through
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the k" coordinate zy. Let ¢(t,z,7) € C¥2([0,T] x R™ x S;R), we then have
dip(t, y(t), o(2))
= To(t, y(t), a(t))dt + pa(t, (), a(t))' g(¢, y(t), (£))dW (2)

ny / {0t y(8) + 7Pt y(t), a(t), 2), () — o(t, u(8), a(t))} N (dt, dz)
k=1 YR
+ /R (ot 9(8), (0) + hla(t), D) — w(t, y(t), a(t)) uldt, di),

where

To(t, z,1) = @i(t, z,1) + p(t, x,2) (L, 2,7)
I

1 . . : .
+ Etra'ce[g(t’ €T, l)’@zz(t, T, z)g(t, T, ’L)] + Z qij‘»o(t) .’L',j)
Jj=1

+> /R {o(t,y(t) + 7O (2, y (1), a(t), z), a(t)) = (t, y(t), (2))
k=1
- ‘Pm(tu y(t)’ a(t))l7(k) (tw y(t)a a(t)) zk)}Vk(dzk),

where p is a martingale measure,

j - i) ny € Aij
h(i,y) =
{ 0, otherwise

and p(dt,dl) = 7(dt,dl) — p(dl)dt is a martingale measure. And 7(dt,dy)
is a Poisson random measure with intensity dt x p(dy), in which p is the

Lebesgue measure on R.

2.2 Feasibility

Since the problem (2.13) involves a terminal constraint Ez(T") = (, in this

section, we derive conditions under which the problem is at least feasible.
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First of all, the following generalized 1t6 lemma [2] for Markov-modulated
processes is useful.

The associated wealth process z%(-) satisfies

dz%(t) = r(t, a(t))z°(t)dt,
() = (¢, aft))z"() 2.14)
£°(0) = zo > 0, a(0) = 4y,
with its expected terminal wealth
(0 := Ez(T) = EeJo risc(e)dsy (2.15)

Lemma 2.2 Let 9(-,1), i =1,2,...,l, be the solutions to the following sys-
tem of linear ordinary differential equations (ODEs):

l
"/)(t’ 2) = —T(t, 7’)¢(t1 7’) - ZQij¢(t’ .7)1
j=1 (2.16)
Y(T,i)=1,i=1,2,...,L
Then the mean-variance problem (2.13) is feasible for every ¢ € R! if and

only if
0:=E /0 (2, a(t)) B(t, a(t))Pdt > 0. (2.17)

Proof. To prove the “if’ part, construct a family of admissible portfolios

7(-) = Br(-) for B € R! where

n(t) = B(t, a(t)) ¥ (t, a(t)). (2.18)

Assume z#(t) is the solution of (2.9). Let 22(¢) = 29(¢) + By(t), where z°(-)
satisfies (2.14) and y(-) is the solution to the following equation

( dy(t) = [r(t, a(t))y(t) + B(t, a(t))n(t)|dt + =(t) o (t, a(t))dW (t)
{ + / m(t) p(t, a(t), ) N(dt, dz), (2.19)

\ y(0) = 0, a(0) = 4.
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Therefore, problem (2.13) is feasible for every ¢ € R! if there exists 8 € R
such that ( = Ez?(T) = Ez%(T) + BEy(T). Equivalently, (2.13) is feasible
for every ¢ € R if Ey(T') # 0. Applying the generalized It6 formula (Lemma
(2.1)) to (t,z,7) = 9(t, i)z, we have

dlp(t, y(t), a(?))]
= (t, a(t))y(t)dt + 9(t, &) [r(t, a())y(t) + B(t, o(t))m(t))dt

l
+ ) das(t, A)y()dt + m(t) o (8, () dW (1)

+> /R {¥(t,a(®))((t) + n(t) ™ (t, a(t), 2)) — ¥, (t))y(2)
— P(t, a(®)m(t) oM (¢, a(t), 2) }r(d2)dt
+y / {v(t, a®)((t) + 7 (t) P (t, a(t), 2))

k=1YR

—(t, a(t))w(t) p® (t, a(t), 2)} Ni(dt, dzi)
+ /R{Q/J(t,a(o) + h{a(t),1)y(t) — (¢, alt))y(t) }u(dt, dl)

l
= —r(t, a())$(t, a(t))y(t)dt = Y qaers$ (¢, )y (t)dt

Jj=1

+ r(t, a(t)Y(t, a(t)y(t)dt + B(t, a(t))m(t)p(t, a(t))dt

l
+ D das ¥t Dy()dt + 7((¢) o (¢, a(t))dW (2)

j=1

+Z/{¢(t,a(t))y(t)}Nk(dt,dzk)
k=1YR

+ /R {9 (2, a(0) + A(a(t), D)y (t) — ¥(t, a(t))y(2) }u(dt, di)

= B(t,a(t))r(t)¥(t, a(t))dt + 7 (t) o (t, a(t))dW (t)

+k2:1 /R {1(t, a(t))y ()} Ne(dt, dzx)
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+ /R {w(t, @(0) + h(a(t), )y (t) — B(t, at))y(t) bu(dt, dI).

Integrating from 0 to T, taking expectation, and using (2.18), we obtain
T

EY(T) =E [ 9(t,a() Bt al)r(t)e (2:20)
0

T
:El|mnmm3waMWﬁ.

Consequently, Ey(T') # 0 if (2.17) holds.

Conversely, suppose that problem (2.13) is feasible for every ¢ € R'. Then
for each ¢ € R, there is an admissible portfolio 7(-) so that Ex(T") = (. How-
ever, we can always decompose z(t) = z°(t) + y(¢) where y(-) satisfies (2.19).
This leads to Ez%(T) + Ey(T") = ¢. However, Ez%(T") = (° is independent of
m(+); thus it is necessary that there is a 7(-) with Ey(T") # 0. It follows then
from (2.20) that (2.17) is valid.

Theorem 2.1 The mean-variance problem (2.13) is feasible for every ( € R
if and only if

E / " B(t, a(t))Pdt > 0. (2.21)

Proof. By virtue of Lemma (2.2), it suffices to prove that ¥(t,i) > 0,
vVt € [0,T), s = 1,2,...,l. To this end, note that equation (2.16) can be
rewritten as
!
Y(t,i) = [=r(t,1) — qul(t,i) — D qib(t, ),
i (2.22)
W(T,i)=1,i=1,2,...,1.
Treating this as a system of terminal-valued ODEs, a variation-of-constant
formula yields
T . T r] . ¢
P(t, i) = i [r(si)+quilds +/ eJt Ir(ri)+auldr EQij¢(5’j)ds> (2.23)
¢ i
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i=1,2,...1.
Construct a sequence 1) (-,4) (known as the Picard sequence) as follows
PO(t, i) =1,t€[0.T],i=1,2,...,1,

T l
YD (2, ) = el e taslds 4 / elelrrirtaddny 7 gy ® (s, j)ds,
t .
J#i

tel0,7),i=1,2,...,l,k=0,1,....
Noting ¢;; > 0 for all j # 4, we have
p®(t,4) > el red+aslds 5 0 g =0,1, ...

On the other hand, it is well known that 1(¢,7) is the limit of the Picard
sequence () (¢,i) as k — oo [see [19]]. Thus 9(¢,i) > 0. This proves the

desired result.

Corollary 2.1 If (2.21) holds, then for any { € R, an admissible portfolio
that satisfies Ex(T) = ( is given by

¢(=¢°

n(t) = 2

B(t, a(t))y(t, o)), (2.24)
where x° and g are given by (2.15) and (2.17), respectively.

Proof. This is immediate from the proof of the “if” part of Lemma (2.2).

Ez(T)=¢
= 2%(T) + Ey(T).

And
(- (" =Ey(T)
T
—E /0 P(t, a(t)) B(t, alt))n(t)dt
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Then one has

w(t) =

C — CO !

5 Bt a®) ¥t o(t)). (2.25)
Corollary 2.2 IfE fOT |B(t, a(t))|2dt = 0, then any admissible portfolio w(-)
results in Ex(T) = (°.

Proof. This is seen from the proof of the “only if” part of Lemma (2.2).

Ez(T) = Ez°(T) + Ey(T)
= O+ (¢, a(t)) B(t, a(t))n(t)dt
= (°.
Since, E [ | B(t, a(t))[?dt = 0.
Having addressed the issue of feasibility, we proceed with the study of
optimality. The mean-variance problem (2.13) under consideration is a dy-

namic optimization problem with a constraint Ez(T") = (. To handle this

constraint, we apply the Lagrange multiplier technique. Define

(o, 0, 7(); A) + = E{|2(T) — ¢ + 2M\[2(T) - (]} (2.26)
=E[z(T) + A — (> = )2, AER.

Our first goal is to solve the following unconstrained problem parameterized

by the Lagrange multiplier A:

minimize  J(xg, i, 7(-),\) = E[z(T) + X = {]*> = )2,

(%o, 40, 7(+), A) = E[z(T) ] 2.27)
subject to  (z(-),n(-)) admissible .

This turns out to be a Markov-modulated stochastic linear-quadratic optimal

control problem, which will be solved in the next section.
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2.3 Solution to the Unconstrained Problem

In this section we solve the unconstrained problem (2.27). Firstly define

v(t, %) := B(t,1) [a(t,i)a(t,i)' + /Rn p(t,1, z)p(t,i,z)'u(dz)] i B(t,1),

(2.28)
where i =1,2,...,1.
Consider the following two systems of ODEs:
. !
P(t,5) = [v(t, i) — 2r(t,9)]P(t,1) = Y qijP(t,5), 0<t<T,
=1 (2.29)

P(T,i)=1,i=1,2,...,1,
and

l
1(t,0) = r{t, DH(61) = s S 5P DU (1)~ H(Li)), 0 LT,

H(T,{)=1,i=12,...,1,
(2.30)

The existence and uniqueness of solutions to the above two systems of equa-

tions are evident as both are linear with uniformly bounded coefficients.

Proposition 2.1 The solutions of (2.29) and (2.30) must satisfy P(t,7) > 0
and 0 < H(t,i) <1, VvVt € [0,T], ¢ = 1,2,...,l. Moreover, if for a fized i,
r(t,3) > 0, a.e., t € [0,T), then H(t,7) <1, Vt € [0,T).

See the prove in [40].

Theorem 2.2 Problem (2.27) has an optimal feedback control
-1

m(t, z,1) = — [a(t,i)a(t,i)'+/ p(t,1,2)p(t,i,2)v(dz)| B(ti) (2.31)

n

x [z + (A = O)H(t,5)). (2.32)
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Moreover, the corresponding optimal value is

inf .
w(-)wt(;.c;n;zgfrzt%;ble J(.’L'(), 10, 7]'('), A) (233)

= [P(O’ iO)H(O’iO)z + 0 — 1](’\ - C)2
+2[P(0,30) H (0, 40)z0 — {J(A ~ ¢) + P(0,i0)z5 — ¢*,

where
T 1
b:=E /0 Z,qau)jP(t,j)[H (t,5) — H(t,a(t))]dt (2.34)
T L /0 P(t, j)pioi () g [H (t, §) ~ H(2,9)]*dt 2 0,

with the transition probabilities p,;(t) given by (2.2).

Proof. Let 7(-) be any admissible control and z(-) be the corresponding
state trajectory of (2.9). Applying the generalized It formula (Lemma (2.1))

to
p(t,z,i) = P(t,i)[z + (A = Q)H(t,1)]%, (2.35)
we obtain

d{P(t, a(®)a(t) + (A~ OH(t, o))

= P(t,a®)[e(t) + (A — QH(t, a(t)Pdt
+2P(t,a(t))(A = Qle(t) + (A — O H(t, ()] H(t, at))dt
+ 2{r(t, a(t))z(t) + B(t,a(t))n(t)}
x P(t,a(t))[z(t) + (A — () H(t, a(t))]dt
3ty P De(®) + (\ — OH (e, )P

j=1

+ %ZP(t, () (1) [o(t, a(t))o(t, a(t))]r(t)dt
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+ P(t, a(t))m(t)'{ /R Pl alt), et alt), 2)'v(dz)}r(t)dt
+2P(t,a(t))z(t)*n(t) o(t, a(t))dW (t)
+ Z | Plta)2le) + (- OH(E o)t (0,2
+ p(_kl) (t,a(t), 2)*}dN(dt, dz)
+ [ {P(t,a(0) + h(a(). D)z(®) + (A~ OH(t,a(0) + a(t), )T
— P(t,a(®)la(t) + (A= OH(t, a(®)u(dt, d)
= P(t, a(0){n(t)[o(t, a(t))o(t, a(t))
+ [ pltiale), et a(0), (@)
+2n(t) B(t, o) [o(t) + (A = OH(t, a(t)]
ot a®)le() + (A - QH(t, al®)]}dt
+ (=0 2 dati Pt 9){H(t,) — H(t,)dt
+ 2P(t,a(t))z(t)*n(t) o(t, at))dW (t)
+ 2 | Pl o) 2le)+ O - OH (a1 a(0),2)
+ p(_k)(t, a(t), z)2}dN (dt, dz)
+ [ 1P(t,00) + at). De(t) + (A~ OH (6 a(0) + h(a(t), )
— P(t,a(®)la(t) + (A — OH(t, a(®)P}u(dt, di)
= P(t,a(&)[n(t) — 7*(t,2(8), a()] [o(t, a(t))o (t, alt))
+ [ ptt,a(®),)0t,alt),2v(dz)]

x [w(t) — 7*(t, z(t), a(t))]dt

l
+ (A - C)z Z qa(t)jp(taj)[H(ta .7) - H(ta 'i)]zdt

=1
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+ 2P(t,a(t))z(t)*n(t) o (t, a(t))dW (t)
+> / P(t, a(){2le(t) + (A = QH(E, a())])p™ (¢, a(t), 2)
k=1YR
+ p® (¢, at), z)2}dN (dt, dz)
+ /R {P(t,a(0) + h(a(t), )[z(t) + (A = QH (2, @(0) + h(a(t), )N

= P(t,a(t))[z(t) + (A — O H (¢, o(t))]* hu(at, dI),

where 7*(t,z,1) is defined as the right-hand side of (2.31). Integrating the

above from 0 to T and taking expectations, we obtain
E[z(T) + X - ¢]?
= P(O’ io)[:l,‘o + ()\ - C)H(Oa 'L.O)]2 + 0()‘ - C)z
T
+]E/0 P(t,a(t)[x(t) — m*(t, z(t), a(t))]
< lot oot ) + [ o(t,a(0)2)o(t,alt), 2v(ds)]
R™
x [m(t) — 7 (¢, z(t), a(t))]dt.
Consequently,

J(zo, 70, 7(-), A) (2.36)
=E[z(T) + X - (J> - X\
= [P(0,40) H(0,40) + 8 — 1](A — ¢)?
+2[P(0,50)H (0, %0)0 — ¢](A = ¢) + P(0,é0)z5 — ¢*
+E [ PO - (6 20,00
x [o(t, a(t))o(t, a(t)) + /R plt (), 2)p(t, alt), 2)v(dz)]  (237)
x [m(t) — 7*(t, 2(t), a(t))]dt.
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Since P(t,a(t)) > 0 by Proposition (2.1), it follows immediately that the
optimal feedback control is given by (2.31) and the optimal value is given by
(2.33), provided that the corresponding equation (2.9) under the feedback
control (2.31) has a solution. But under (2.31), the system (2.9) is a non-
homogeneous linear SDE with coefficients nodulated by «(t). Since all the
coefficients of this linear equation are uniformly bounded and af(t) is inde-
pendent of W (t), the existence and uniqueness of the solution to the equation
are straightforward based on a standard successive approximation scheme.

Finally, since

T
0:=E [ 3 dutosP(6 DI (t,5) — H(t o)t

J#

and g;; > 0 Vi # j, we must have § > 0. This completes the proof.

2.4 Efficient Frontier

In this section we proceed to derive the efficient frontier for the original

mean-variance problem (2.13).

Theorem 2.3 (Efficient portfolios and efficient frontier) Assume
that (2.21) holds. Then we have

P(0,49)H(0,30)* +6 — 1 < 0. (2.38)

Moreover, the efficient portfolio corresponding to z, as a function of the time

t, the wealth level x, and the market mode i, is

w*(t,z,1) = —[o(t,i)o(t, i) + /ﬂ;ﬂ p(t,i,2)p(t,i,2)v(dz)] "' B(t,i)’ (2.39)
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x [z + (N = O)H(t,5)] (2.40)

where

A* = C - P(0710)H(07 7:0).’130
P(0,i0)H(0,40)2 + 0 — 1

e (2.41)

Furthermore, the optimal value of Var z(T'), among all the wealth processes

z(-) satisfying Ez(T) = ¢, is

Var =*(T) (2.42)
_ P(0,i)H(0,40)? + 6 - P(0,70)H (0, %)
" 1—6— P(0,ig)H(0,ig)? ¢ P(0,40)H(0,i0)2 + 6
P(Oazﬂ)e 2
P(0,40)H(0,10)% + 6"

x0]2

+

Proof. By assumption (2.21) and Theorem 2.1, the mean-variance prob-
lem (2.13) is feasible for any ( € R!'. Moreover, using exactly the same
approach in the proof of the Theorem 2.2, on can show that problem (2.13)
without the constraint Ez(T") = ¢ must have a finite optimal value, hence so
does the problem (2.13). Therefore, (2.13) is finite for any ¢ € R!. Now we

need to prove Jyv (zo, %9, 7(+)) is strictly convex in 7(-). We can easily get

E(2z129) < ]E(z% + a:g)
E(26(1 — k)2172) < E(k(1 — k)23 + £(1 — k)23)
E(k%z? 4+ (1 — k)22 4+ 26(1 — K)2172) < E(k2? 4 (1 — K)23)

E(kz1 + (1 = K)22 = ()? < E(s(21 = €)?) + E((1 - k)(z2 — ¢)?),

where « € [0,1]. So, we obtain
E(kz1 — k¢ + (1 = k)zg — (1 = £)()* < E(k(21 — ¢)*) + E((1 - K)(z2 — ¢)?),
which prove Jury (o, 20, 7(+)) is strictly convex in 7(-).
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Affine space means the complement of points at infinity. It can also
be viewed as a vector space whose operations are limited to those linear
combinations whose coefficients sum to one. Since Jury (2o, 9, 7(+)) is strictly
convex in 7(-) and the constraint function Ex(T) = ( is affine in n(-), we
can apply the well-known duality theorem ( see [25] p.224, Theorem 1) to
conclude that for any ¢ € R!, the optimal value of (2.13) is

su inf J(xo, 10, (), A 2.43
/\Eﬂg w(-) admissible ( 0, %0 ( ) ) ( )
Sma il (Ui n(NF<GES) (244)
> —o0. (2.45)

By Theorem (2.2), infr() admissible J(Z0,%0,7(-),A) is a quadratic function
(2.33) in A — {. It follows from the finiteness of the supremum value of

this quadratic function that
P(0,40)H(0,i0)>+6 -1 <0.
Now if
P(0,i0)H(0,3)* +6 — 1= 0,
then again by Theorem (2.2) and (2.43) we must have
P(0,40)H(0,40)z0 — ¢ =0,

for all ¢( € R, which is a contradiction. This proves (2.38). On the other
hand, in view of (2.43), we maximize the quadratic function (2.33) over A—¢
and conclude that the maximizer is given by (2.41), whereas the maximum
value is given by the right-hand side of (2.42). Finally, the optimal control
(2.39) is obtained by (2.31) with A = A*.
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The efficient frontier (2.42) reveals explicitly the tradeoff between the
mean (return) and variance (risk) at the terminal. Quite contrary to the case
without Markovian jumps [39], the efficient frontier in the present case is no
longer a perfect square (or, equivalently, the efficient frontier in the mean-
standard deviation diagram is no more a straight line). As a consequence,
one is not able to achieve a risk-free investment. This, certainly, is expected
since now the interest rate process is modulated by the Markov chain, and
the interest rate risk cannot be perfectly hedged by any portfolio consisting
of the bank account and stocks [24], because the Markov chain is independent
of the Brownian motion.

Nevertheless, the expression (2.42) does disclose the minimum variance,
namely, the minimum possible terminal variance achievable by an admissible

portfolio, along with the portfolio that attains this minimum variance.
Theorem 2.4 (Minimum Variance) The minimum terminal variance is

P(0,10)0 9
> .
(0, i) H(0, i) +0°° = (2.46)

with the corresponding expected terminal wealth
o = P(0,40)H (0, %) -
™0 P(0,10)H(0,i0)2 + 6 °

*

and the corresponding Lagrange multiplier X},;, = 0. Moreover, the portfolio

Var x5, (T) =

min

(2.47)

that achieves the above minimum variance, as a function of the time t, the

wealth level x and the market mode 1, is
Thin(t, T,7) = —[a(t,i)a(t,z’)'+/ p(t,i,2)p(t,i,2)v(dz)] "' B(t,i) (2.48)
Rn
% [z~ GainH (t,)]. (2.49)

Proof. The conclusions regarding (2.46) and (2.47) are evident in view
of the efficient frontier (2.42). The assertion A};, = 0 can be verified via

min

(2.41) and (2.47).Finally, (2.48) follows from (2.39).
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Theorem 2.5 (Mutual Fund Theorem) Suppose an efficient portfolio
71 (-) is given by (2.39) corresponding to ( = (3 > (min- Then a portfolio
7*(+) is efficient if and only if there is a pu > 0 such that

(1) = (1 - ) (t) + pri (2), 1 € [0, 71, (2.50)
where 7%, (+) is the minimum variance portfolio defined in Theorem 2.4.

Proof. We first prove the “if” part. Since both 7}, (-) and =j(-) are
efficient, by the explicit expression of any efficient portfolio given by (2.4),
m*(t) = (1 — p)wg(-) + pmi(t) must be in the form of (2.4) corresponding to
¢ = (1 — #)min + p¢1 (also noting that z*(-) is linear in 7*(-)). Hence 7*(t)
must be efficient.

Conversely, suppose 7*() is efficient corresponding to a certain ¢ > (min-

Write { = (1 — p){min + #¢1 with some p > 0. Multiplying
Tonin (£)
= —lolt oot o) + [ plt,i,2plt 2 (@) Bt o)
X [‘r:nin(t) - CminH(tv Oz(t))]
by (1 — p), multiplying
1 (1)
= —lo(t,a(t))o(t, at)) + /Rn p(t, i, 2)p(t, i, 2)'v(dz)] " B(t, a(t))
x [z3(¢) + (A — Q) H (2, ()]

by p, and summing them up, we obtain that (1 — )7k, (¢) + pni(t) is repre-
sented by (2.39) with z*(2) = (1-p)25n(t)+421(t) and ¢ = (1—p)Cmin+4Cr-
This leads to (2.50).

43



Since the wealth processes z(-) is with jumps, it is more complicated
when we solve the unconstrained problem (2.27). Firstly, we aim to derive
conditions of feasibility. It is not hard to prove feasibility of the constrained
stochastic optimization problem (2.13), which we get the unconstrained prob-
lem (2.27) from. Then we solve the unconstrained problem (2.27). If we

assume

v(t,3) := B(t,i) [o(t,9)o(t,3)] " B(t,i),i=1,2,...,1,
T, z,5) := — [o(t,9)o(t,3)] " B(t,i) [z + (A — Q) H(t,5)],

we have
() atlirnlnsmbl J(xo’ Yo, 1T( ) ’\)
= [P(0,i0)H(0,4)* + 6 — 1](\ — ¢)?
+2[P(0,30)H (0, 50)@0 — ¢J(A — ¢) + P(0, ig)z3 —
where

= E{ / an(t)JP(t NHEH) - H, (@)t

g + POt [ pltia(t), 2o(t a0, /v(d)}n(0ds).

as [40]. So, we added one item [, p(t,%,2)p(t, i, 2)'v(dz) in optimal feedback
control 7*(¢, z,%) (see (2.27)) to simply the calculation.
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2.5 SDEs under Regime Switching with pure
jumps

Throughout this section, we will discuss SDEs under regime switching with
pure jumps
{
dz(t) = r(t, a(t))z(t)dt + B(t, a(t))w(t)dt + 7' (t)o(t, a(t))dW ()
< +/ 7' (t)p(t, a(t), 2) N(dt, dz),
Rn

z(0) = zo > 0,a(0) = 1.

\
Noting that
N(dt,dz) = N(dt,dz) + v(dz)dt

and using the generalized 1t6 Lemma 2.1, we have the following 1t6 formula.
Lemma 2.3 Given an d-dimensional process y(-) satisfying

dy(t) = f(t,y(8), a(t))dt + g(t, y(t), a(t))dW (t)

+ / Yt y(2), a(t), )N (dt, d2),
R™

where f, g and ~y satisfy Lipschitz condition with appropriate dimensions,
moreover, each column yv%) of the matriz v = [y;;] depends on z only through

the k** coordinate z;. Let o(t,,i) € CY([0,T) x R™ x S;R), we then have

dip(t, y(t), o(t))
= To(t, y(t), a(t))dt + pa(t, y(t), a(t)) g(t, y(t), a(t))dW (t)

+ ; /R {o@t, y(t) +Y® (&, y(2), a(t), 2), a(t)) — ¢(t, y(t), at))} Nk (dt, dzx)

+ /}R ((t, y(t), 2(0) + h(a(t), 1)) — (¢, y(t), a(t))pu(dt, dI),
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where

To(t, z,1) := @it z,7) + e (t, z,1) f(t, 2,7) + Z/R'y(t,y(t),a(t), z)v(dz)

l
1 . . . )
+ Etra’ce[g(ta z, z),(pzz(t7x’ z)g(t7x>7')] + E :qijso(tﬂ .’L‘,j)
J=1

+ / {o(t,y(®) + 7P, y(t), a(t), 1), a(t)) — @(t, y(t), «(2))
k=1 YR
- <Pz(t, y(t)a a(t))IV(k) (tv y(t)v a(t)7 zk)}Vk(dzk),

where p is a martingale measure,
) J—1% ify € Ay

h(i,y) =
0, otherwise

and p(dt,dl) = 5(dt,dl) — p(dl)dt is a martingale measure. And 5(dt,dy)
is a Poisson random measure with intensity dt x u(dy), in which p is the

Lebesgue measure on R.

In this section, we shall formulate our results without proof, however, we
will specify the similar results to that of the corresponding results.
Firstly, we need to check the feasibility of (2.13) as before. Using the

same method in the proof of Theorem 2.2, we obtain

Theorem 2.6 The mean-variance problem (2.13) is feasible for every ( € R
if and only if

E /0 (1B(t, a())2 + /R Bt a(t))p(t,alt), (dz)dt > 0.

Secondly, we will solve the unconstrained problem (2.27). Define

(t,0) : = [B(t,i), + /]Rn p(t,i,z)l/(dz)]’
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[ o2t z)’u(dz)] i

x [B(t,i) + fR _p(t 4, 2)v(dz)],

X [a(t, i)o(t,1) + /

wherei=1,2,...,L.

Consider the following two systems of ODEs:

. l
P(t,i) = [{(t,i) — 2r(t,0)]P(t,5) = Y _ ¢;sP(t,5), 0<t<T,

j=1
P(T,i)=1,i=1,2,...,1,
and
H(t,i) = T(t,i)H(t,i) - ﬁ(t ) Zqijp(t,j)[H(t’j) - H(t7i)], 0<¢<T,
v j=1

H(T,i)=1,i=1,2,...,1,

The existence and uniqueness of solutions to the above two systems of equa-
tions are evident as both are linear with uniformly bounded coefficients. By

the same argument of Theorem 2.3, we have

Theorem 2.7 Problem (2.27) has an optimal feedback control

-1

w*(t, z,1) = — [a(t,i)a(t,i)' + /Rn p(t,1,2)p(t, i, 2) v(dz)
x [B(t, 1) +/ p(t,i, 2)v(d2)][z + (A = ) H(t,4)).
R™

Moreover, the corresponding optimal value is

J ; A\
n(-) admissible (%o, %0, ("), A)

= [ﬁ(O,io)fI(O,z‘O)Z +6—1)(A—¢)?
+2[P(0,40) H(0,0)z0 — (A = €) + P(0, é0)z5 — ¢,
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where

T R N
0:=E [ > auosP6 A5 - A0
) T R N R
=S5 | B, i)piitaslA (¢, 5) — H(t,6)Pdt > o,

i=1 j=1
with the transition probabilities p;y;(t) given by (2.2).

Finally, we proceed to derive the efficient frontier for the original mean-
variance problem. By the same argument of Theorem 2.3 and Theorem 2.4,

we get

Theorem 2.8 (Efficient portfolios and efficient frontier) Assume
that (2.21) holds. Then we have

P(0,i0)H(0,i0)® +6 —1 < 0.

Moreover, the efficient portfolio corresponding to z, as a function of the time
t, the wealth level x, and the market mode 1, is
m*(t,z,1) = —[o(t,i)o(t, 1) + / p(t, i, 2)p(t, 3, 2)'v(dz)] ™"
Rn
< (Bt + [ pltiw(d)la+ (1 = OB ()
Rn
where
* _ C B ﬁ(OﬂO)ﬁ(O’lO)xO

P(0,%)H(0,%)2+ 6 — 1

Furthermore, the optimal value of Var z(T'), among all the wealth processes

z(-) satisfying Ex(T) = ¢, is

e

Var =*(T)
_ _P(0,ig)H(0,i)* +6
1— 6 — P(0,40) H(0,40)2
= ﬁ@,io)ﬂ 2.
P(0,i0)H(0,i0)2 + 0

P(0,40)H (0, %) e

e P(0,i0)H(0,i0)2 + 8
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Theorem 2.9 (Minimum Variance) The minimum terminal variance is

~

Var 3, (T) = = P(,(\)’ o) g >
B(0,10) H(0, io)2 + 0

with the corresponding expected terminal wealth

P(0,10)H (0, %) .
P(0,i0)H(0,i0)2 + 8

Cmin =

*

and the corresponding Lagrange multiplier A%, = 0. Moreover, the portfolio
that achieves the above minimum variance, as a function of the time t, the

wealth level x and the market mode i, is

Toun(t2,1) = ~lo(t:0a(t, i + [ plt,i, (e, 2Yv(d)]

X [Bt,i) + [ pltyi,)v(d)le - GuinH ()]
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Chapter 3

The minimal entropy
martingale measures for SDEs

with jumps

Before describing the model, the reader is referred to Protter [32], Gerber and
Shiu [13]. We consider the problem of pricing contingent claims on a stock
whose price is modeled by Lévy process and Markov Chain. In a market,
there are many equivalent measures that make the discounted price process a
martingale. In other words, such a market is incomplete. So, additional cri-
teria must be used to select an appropriate martingale measure from among
the uncountably many such measures with which to price a contingent claim.
There are many different ways to solve this problem. Moreover, compared to
the large body of work devoted to finding new approaches to option pricing in
incomplete markets, relatively little seems to have been done to compare and
to investigate the relationship between the various approaches. In this chap-
ter, we will discuss the minimal entropy martingale measures and Esscher

transform.
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3.1 Description of the model

Throughout this thesis, let (€2, F,P) be a fixed complete probability space.
The stock price S; is the solution of the stochastic differential equation
dS(t) = S(t-){b(t, a(t))dt + o(t, a(t))dW (¢) (3.1)
+ / p(t,a(t), z)N(dt,dz)},
R

where the coefficients o(¢,1), b(¢,%) and p(t, 1, z) are deterministic continuous
functions, and the continuous-times stationary Markov chain «a(t) takes value
in a finite state space S = {1,2,...,l}.

Assume
dY (t, a(t)) = b(t, a(t))dt + o (t, a(t))dW (¢) (3.2)
+ /Rp(t, a(t), z) N (dt, dz).

Note that, for any measurable function f(t, 2, 7),

S f(s,AY,,5) = /0 t /R f(s,2,)N(dt, dz),

0<s<t

where i € S, S = {1,2,...,1}. Then
dS(t) = S(t-)dY (¢, a(t)).

The solution of this equation is obtained as follows. We take S(t) to be the
stochastic exponential (sometimes called the Doléans-Dade exponential after

its discoverer), which is denoted as Z = (Z(t),t > 0) and defined as

2(0) = exp{Y (t, (1)) — (", Y)(t, a(t))} (3.3)
x [ [1+ AY (s,a(s))]Je2Y (=D,
0<s<t

where Y°(t, a(t)) is the continuous part of Y (¢, a(t)), for each t > 0.
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We will need the following assumption:
inf[AY (¢, a(t)),t > 0] > -1 (as.) .

Proposition 3.1 If Y is a Lévy-type stochastic integral of the form (3.2)

and above assumption holds, then each Z(t) is almost surely finite.

Proof. We must show that the infinite product (3.3) converges almost

surely. We write

I] 1+ AY (s, a(s))]e 2V =D = A(t) + B(t),

0<s<t
where
At) = H [L+ AY (s, a(s))]e_AY(s’a(s))1{|Ay(s,a(s))|2%},
0<s<t
and

_ —AY (s,a(s))
B(t)= ] 1 +AY(s,a(s))]e Lijay(s,a(s)i<i}-

0<s<t

Now, since Y is cadlag, {0 < s < t;|AY (s,a(s))| > 3} < oo (a.s.) [see
p84, [32]], and so A(t) is almost surely a finite product. Using the above

assumption, we have

B(t) = exp{ ) _ {log[l + AY (s, a(s))] = AY (5, a()) L jay (s,a(e)i<i} }-

0<s<t

We now employ Taylor’s Theorem to obtain the inequality
log(1+y) —y < Ky?,
where K > 0, which is valid whenever |y| < 7. Hence
log B(t)
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= | Z {log[l + AY (s, a(s))] — AY (s, a(s)) Hyjay (s.a(s)<2)]

0<s<t

<> |AY (s, @(5)) "1 ay (sa(s))i<i)

0<s<t

< o0

a.s., and we obtain our required result.

Let Z(t) = e2®. From (3.3), we have
d2(t) = b(t, a(t))dt + o(t, a(t))dW (t) + / o(t, o(t), 2) N (dt, dz)
R
- %az(t, a(t))dt + / log(1 + p(t, a(t), 2))N(dt, dz)
R
- /R ot a(2), 2)N(dt, dz)
= (b(t, a(t)) - %az(t, a(t)))dt + a(t, a(t))dW (t)
+/log(1 + p(t, a(t), 2))N(dt, d2)
R
+ /R llog(1 + p(t, a(t), 2)) — p(t, a(t), 2)]v(dz)dt.
Then by It6’s formula, we get

dZ(t) = de?®
= Z(t_){b(t, a(t))dt + o (t, a(t))dW (t)

+ /R llog(1 + plt, a(2), 2)) — plt, a(2), 2)]v(dz)dt}
+ [ fexp{2(-) + log(1 + p(t,o(t), )} — expl ()} N (d, do)
+ [ fexp{2(0-) +10g(1 + plt, a(0), )} ~ exp{Z(t-)}
— log(1+ p(t,a(t), 2)) exp{Z(t-)} }(dz)at
= Z(t_){b(t, a(t))dt + o (t, a(t))dW (£) + /R o(t, olt), 2) N (dt, dz)},
as required.
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Then, we can easily get the solution of (3.1)

3.
S(t) = S(O)exp{/ o(s,a(s))dW (s // s, a(s), 2)N(ds, dz)
+ [ 66, ats) - L22ya
X H 1+/ (s,a(s), z)) AN (ds, dz))

0<s<t

><exp{—Ap(s,a(s),z))AN(ds,dz)}.

From this we see that o{S(u) : u < t} = F; and so a contingent claim I'r
expiring at time 7" may be regarded as a nonnegative Fr-measurable random

variable.

3.2 Equivalent martingale measure and pric-
ing formulas

The riskless rate of interest is given by a deterministic continuous function

r(t,1), and we define the discounted stock price by

3(t) = exp{— /O r(s, a(s))ds} S(2). (3.4)

We begin by characterizing all equivalent martingale measures Q under which
the discounted price process S is a {F;}-martingale. We continue to use
the notation established in the previous section. Expectations under the
canonical measure P will be denoted by Ep[-] while expectation with respect
to any other measure Q will be denoted by Eq][-].

Let P denote the predictable o-algebra on  x R* associated with the
filtration {F;} and let P = P x B, where B is the Borel o-algebra on R. A

function H(t,w,z) which is P-measurable will be called Borel predictable.
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Thus, suppressing the explicit dependence on w, a Borel predictable function
or process H(t,1, z) is one such that the process t - H(t,w, z) is predictable

for fixed z and the function z — H(t,w, z) is Borel-measurable for fixed ¢.

Lemma 3.1 Let G(t,i) and H(t,i,2) be predictable and Borel predictable

processes respectively. Suppose that

IE[/(: G(s,1)%ds] < oo,

and H > 0, H(t,1,0) = 1 for all t > 0. Let h(t,i,2) be another Borel

predictable process such that
/[H(t, i,2) —1— h(t,1,2)]v(dz) < oo.
R
Define a process Z(t) by
Z(t) = exp{/o. G(s,a(s))dW (s) — %/0 G(s,a(s))ds (3.5)
+/0 Ah(s,a(s),z)N(ds,dz)
- / [H(s,a(s),2) — 1 — h(s,a(s), 2)]v(dz)ds}
[0,t) xR

X H H(s,a(s),AY (s,a(s))) exp(—h(s, a(s), AY (s, a(s)))).

0<s<t
Then Z is a nonnegative local martingale with Z(0) = 1 and Z is positive if

and only if H > 0.

Proof. It is clear that Z is nonnegative if and only if H > 0. That Z is a
local martingale is a simple consequence of the It6 formula, the It6 formula

gives
Z(t)=exp{/0 G(s,a(s))dW(s)—/o %G(s,a(s))zds
-+-/0 /RlogH(s,a(s),z)N(ds,dz)
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N /0 t /R llog H(s, a(s), z) + 1 — H(s, a(s), 2)]v(dz)ds}
—14 /0 2. Gls,a(s))dW(s)

_ % /0 2. G(s. als))ds + % /0 7. G(s, a(s))ds

- /[0 ol 0(9),2) =~ ()

+ /0 t /R 2, log H(s, a(s), 2)(dz)ds

n /0 t /R Z,_[H(s,a(s), z) — 1]N(ds, dz)

+ /0 t /R Zo_H(s,a(5),2) — Zs_ — Z,_log H(s, a(s), 2)|v(dz)ds
—1+ /0 2, G(s, a(s))dW (s)

- /[0 AL CROREZCO

+ fo t /R Z,_[H(s, a(s), z) ~ 1]V (ds, dz)

+ /0 t /R Z, [H(s,a(s), z) — 1]v(dz)ds

=1 +/0 Zs_G(s,a(s))dW (s)

¢
+/ /Zs_[H(s,a(s),z) — 1]N(ds, dz).
0o JR
This last expression is a local martingale.
The processes G, H and h can be chosen so that E[Z(¢)] =1 for all ¢, in

which case Z is a martingale.

Theorem 3.1 Define a probability measure Q on Fr, by

dQ
ﬁlfr = Z(T).
Under the condition
b(t,i) — r(t,3) + o(t,0)G(¢, 1) (3.6)
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+ / o(t,i,2)(H(t,1,2z) — )v(dz) = 0,Vi € S,

Ep[Z(T)] =1,
then Q is an equivalent local martingale measure for S(T).
Proof. From (3.4), we have the discount price $(t) of the form
dS(t) = S(t){(b(t, a(t)) — r(t, a(t)))dt + o (t, a(t))dW (t)
+ Ap(t,a(t), z)N(dt,dz)}.

Define

Wa(t) = W(t) - [ Gls,a(s))ds,

vg(dz)dt = H(t, a(t), 2)v(dz)dt,
and
No(dt, dz) = N(dt, dz) — / (H(t, (t), 2) — 1)v(dz)dt.
R

Since W (t) and [y [, N(dt,dz) are P-martingales, we use Itd’s product for-

mula to find

dWoa()Z (1)
= dWo () Z(t-) + Wo(t)dZ(t) + dWo(t)dZ(t)
= dW(8)Z(t.) — G(t, a(t))dtZ(t_)
+ Wolt)Z(t2)[G(t, a(t))dW (¢) + /]R (H(t, a(t), z) — 1)N(dt, dz)]

+ Z(t)[G(t, a(t))dt + dW (2) / (H(t,a(t), z) — 1)N(dt, dz)
R
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—G@ﬁ@ﬂﬁ/“ﬂ@ﬂﬂﬁf—”ﬁ@h&ﬂ
R
Since dW (t) [ (H (t, o(t), 2) — I)N(dt,dz) =0, then

dWo(H)Z (1)
= Z(t.)[1 + Wo(t)G(t, a()|dW (¢)

+ 2(0)Wo(t) - Gt )] [ (H(t a),2) - D, do),
R
is a P-martingale. We derive for any s;, s2 € [0,¢], and s; < sg,

]EQ[WQ(S2)|]:31]
_ Ep[Wq(s2)Z(s2)|Fs,)
EP[Z(SZ’)I]:.n]
_ Walsn)2(s)
Z(32)

= WQ(52)1

therefore, W (t) is a Q-martingale. By the same type of argument NQ (dt,dz)
is also a Q-martingale.
Since AN (dt,dz) = ANg(dt, dz), we have

ﬂ0=ﬂmaﬁla@a@MW@
/ (b(s, a(s)) — r(s,cx(s)) — a—(s—’—(;—(i))—z)ds

// s, a(s), 2)N(ds,dz)}

X H 1+/p(s a(s), z) AN (ds, dz))

xexp{—Ap(s,a(s),z)AN(ds,dz)}
= S(0) exp{/0 o(s,a(s))dWq(s)
o(s,a(s))?

+/0 (b(s, a(s)) + a(s,a(s)G(s,a(s)) — r(s,a(s)) — _’2___)d3
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+

/ p(s, a(s), 2)No(ds, dz)

0

=

+/ p(s,a(s), 2)(H(s,a(s), z) — 1)v(dz)ds}

0

X ( / p(s,a(s), z) ANg(ds, dz))

=

X exp{ / s,a(s), 2)ANg(ds, dz)}.

By the condition (3.6), we obtain
3(t) = S(0) exp{ /0 o (s, a(s))dWo(s) — /0 U(s+(s))2ds
+/ /p(s,a(s),z)NQ(ds,dz)
x [Ja+ / s, a(s), 2)ANg(ds, dz))

0<s<t
><exp{—Ap(s,a(s),z)ANQ(ds,dz)}.

By Lemma 3.1, we can easily get S(t) is a martingale with respect to the

measure Q.

3.3 Pricing by Esscher transform and mini-
mum relative entropy

Gerber and Shiu (1994) proposed pricing contingent claims by Esscher trans-
forms. Let § € R be fixed. The Esscher transform of a Lévy process Y, or
equivalently of its underlying canonical measure P, is defined to be the pro-

cess whose law Qy is given by

1
dP
where 1(6) = —log E[exp(—6Y (1, (1)))] is the Lévy exponent of Y. Since

7 = exp{=0Y (t,a(t)) + t(6)},

the stock price process has time-dependent coefficients in our model, we need
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to consider generalized Esscher transforms of the form

Tlr = exp(= [ 0sa()aY (06 + [ w0Ga@)E} 61

and choose 8(t, a(t)) to satisfy the martingale condition.
Set

H(t, a(t), 2) = exp(—0(t, a(t)p(t, a(2), 2)),
G(t, () = o(t, a(t)8(t, at)).

The martingale condition (3.6) can be used to specify 6 as follows:

o(s,i)%0(s,i) + b(s, 1) — (s, 1) (3.8)
+ /Rp(s,z',z)(exp(—B(s,i)p(s,i,z)) - 1v(dz) =

[To see that this has a unique solution 6 for fixed s and ¢, define
= [z p(2)(exp(—0p(2)) — 1)v(dz) — 0 for § € (—hy,hy), where 0 <
hi, hs < 0o. Then it is easy to check that F' is monotonically decreasing and
F(8) - +o0 as 8 | —h; and F(6) — oo as § 1 he. Hence equations of the
form F(#) = c have a unique solution in (—h1, h).]
For a fixed measure P, the relative entropy I,(Q) of any measure ) with
respect to P is defined to be

I(Q) = /log —dQ = / deP

[Note that I,(Q) > 0 for any Q. If @ is not absolutely continuous with respect
to P, I,(Q) is infinite.] For an equivalent martingale measure Q given by
Theorem 3.1 and the martingale condition (3.6), the relative entropy in terms

of the Q-martingales Wy (t) and Ng(dt, dz) is therefore
1p(Q)
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= Eqllog T215,)
= Eq[log Z(T)|#]
=l [ Glo,ale)aWa(s) +5 [ Gls.a(o)as
+ /0 ’ /R log H(s, a(s), z) Ng(ds, dz)
+ /0 ' /R log H (s, a(s), 2)(H (s, a(s), 2) — 1)(dz)ds
+ /0 i /R llog H(s, a(s), ) + 1 — H(s, a(s), 2)|(dz)ds
= El} [ G, ale)as

+ /0 ' /R [H(s, o(s), 2)(log H(s, a(s), ) — 1) + 1)]p(dz)ds].

The problem of finding the equivalent martingale measure of minimum

relative entropy can be reduced to that of minimizing

]EQ[%G(S,i)z + /R[H(s,i,z)(log H(s,i,2z) — 1) + D)]v(dz)),

for fixed s, subject to (3.6). Then it is clear that the problem can be reduced

to that of minimizing
%G(s,i)2 + /[H(s,i,z)(log H(s,1,2) — 1) + 1)v(dz) (3.9)
R

for each fixed s and w, subject to (3.6). Denote by Q* the measure associated
with the optimal choice of G and H. Then the corresponding optimal value
I* of (3.9) is therefore also deterministic and for other choice of G and H

with associated measure E¢ 4, we have

2G5, + /m (H(s, i, 2)(log H(s,i, ) = 1) + 1)(dz) > I".
Hence

Ec.al C(s, i)’ + /R [H(s,i, 2)(log H(s, i, 2) — 1) + 1](d2)]
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> I

= Eq.[I"].
Now we fix G(t,7) and choose H(t,i,z) to minimize

/R (H{(s,i, z)(log H(s, i, z) — 1) + 1](dz)

subject to (3.6) and then minimize (3.9) (with the optimal H) over G.

Let (s, a(s)) be a continuous function and let
L\ H)
— [[1H(s,a(s),2)1oB H(s,a(s),2) = 1) + Lv(ds)
+ [ Ao, a(ols,a(s),2)(H(s,(5),2) = V().

Thus X is a Lagrange multiplier associated with the constraint (3.6) and L is
the associated Lagrangian. Observe that H — L(\, H) is convex in H > 0,

so to find the optimal H, we require
dL(/\ H+tF)|4=0=0
dt ) t=0 — Y,
for all F. Then, we get

d
=L\ H +tF)]o
= %[A[(H(s,a(s),z) + tF)(log(H (s, a(s),z) +tF) — 1) + 1]v(dz)
+ / A(s, a(s))p(s, a(s), 2)(H(s, a(s), z) + tF — 1)v(dz)]|t=0
R
= /R[F log(H (s, a(s),z) +tF) + A(s, a(s))p(s, a(s), 2) Flv(dz)|i=o
= A[F log H (s, a(s), z) + A(s, a(s))p(s, a(s), 2) Flv(dz)|i=o
=0,
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for all F. We obtain

H(s,i,2) = exp(—A(s,1)p(s, 1, 2)).

The Lagrange multiplier A can be expressed in terms of G (assumed to be

fixed for the moment) via (3.6):
r(s,1) — 0(s,7)G(s,7) — b(s,1)
= [ plovi, ) exp(=X(s, 05 2)) = Do)

Since all the optimization is carried out for fixed s, we temporarily drop the
explicit dependence on s for the sake of clarity. The above equation is then

simply
r(i) — 0())G(5) — b(i) (3.10)
= [ pli2)exp(=AG)pti ) = vld),
Then for fixed i, putting H (3, z) = e 2®2(:2) into (3.9) gives
360F + [ 1 exp(-X()oli, ) (O@Gi ) + Dv(dz),  (311)
R

which we must now minimize over G. We differentiate the above with respect

to G and solve

G(@) + X (G@)) /R (@) p(i, 2)? exp(—=A(3)p(i, 2))v(dz) = 0.

However, differentiating (3.10) shows that

X(G(0)) = o(6)( / (i, 2)? exp(=A(i)p(i, 2))(dz)) ™

Then we get G = o()A(3), for fixed ¢. Since the second derivative of (3.11)
is positive, G(i) = o(i)A(¢) does indeed give the minimum of (3.10).

63



Then we get
Gmin(t) = min(G(7),1 € S),
Hopin(i,2) = min(H (4, 2),i € S),
where
TS IS . . .
mm[iG(z) + A[H(z, z)(log H(i,2) — 1) + 1)v(dz),i € §)
= Gl + /R (Honin iy 2) (108 HoinG, 2) — 1) + 1)/(d2)

Now both G and H are specified in terms of A, and restoring the s and ¢

in (3.10) gives the equation for A(s,1),
o(s,4)2X(s, %) + b(s,1) — 7(s,%)
+ [ plovis2)(exp(=(s,Dp(s,i,2)) = Do(d2)
R
=0,
hence
a(s,1)?A(s,1) + b(s, i) — r(s,4) (3.12)
+ [ plosis2)exp(=As, ol 2)) = Dw(dz) = .
R

Comparing above equation and (3.8), we get 0(s,7) = A(s, ).
As one of the main motivations behind the study of the Esscher transform
presented here is Gerber-Shiu (1994) [[13]], it is interesting to see if similar

results hold for the model of stock price used in that thesis, namely
t
S(t) = S(0) exp{odW (t) + / / pN(dt,dz) + bdt}
0o Jr

for constants o, b and p. We also take r = 0, so that S = S. And the

Esscher transform of Y is exactly the same as before. However, whereas
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for our model the martingale condition used to specify 6 is (3.6), a different

martingale condition applies to the Gerber-Shiu model above. Since
S(t) = S(0) exp{cdW (t) + / t / pN(dt,dz) + bdt}
o Jr
= S(0) exp{odWp(t) + /t pNo(dt,dz) + bdt + o /t G(s,a(s))ds
t 0 0
+ p/O‘ /R(H(s, a(s), z) — Nv(dz)ds}.
By It6’s formula, we get
dS(t) = oS(t)dWq(t) + / pS(t_)dN o (dt, dz)
R
+ S(t-){oG(t,a(t)) + b+ Z;
+ p/(H(t,a(t), z) — Nv(dz)}dt
R
+5(t-) [ (explp) = 1~ p) gt dz)
+5(t) [ (explp) — 1 - p)o(da)a
R
= oS(t-)dWq(t)

o2
2

+ pA(H(t,a(t), z) — 1)v(dz)}dt
+5(t-) [ (exple) — Dg(dt, d2)

+5(t-) [ (ex(p) =1~ puo(da)i.

+ S(t_){eG(t,a(t)) + b+

Hence, in order for S = S to be a martingale under Q, we require
o2
T +o [ (Hta®),2) - Dr(dz)
R
+ /(e” —1—p)H(t,alt), 2)v(dz)
R

=0.

oG(t,at)) +b+
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In terms of @, this translates into
0.2
—of+b+ 5 7t /[(e” —1)e~% — plv(dz) = 0.
R

Turning now to the minimum relative entropy measure, we need to minimize
(3.9) subject to (3.6). Following exactly the same Lagrangian procedure as

before, we get

H = exp(A(1 — €°))
G=o

Then we have
2
— oA+ b+ %

£ __ A(l_'ep) —olv
+ /R (e = 1)e v(d2)
=0.

We see that it is no longer possible to make § = A. But if the Lévy process
only makes very small jumps, its Lévy measure v is concentrated around 0.

Making the approximation
1—ef~ P

for small p. We can obtain that the solution of above equations can be

approximated to some extent by 6 =~ .
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Chapter 4

SDEs with transaction costs

Richardson (1989) is probably the earliest paper that studies a faithful ex-
tension of the Mean-Variance model to the continuous-time setting. Li and
Ng (2000), in a discrete-time setting, developed an embedding technique to
change the originally time-inconsistent MV prblem into a stochastic Linear
Quadratic control problem. The technique was extended by Zhou and Li
(2000), along with a stochastic LQ control approach, to the continuous-time
case.

All the existing works on continuous-time Mean-Variance models have
assumed that there is no transaction cost, leading to results that are ana-
lytically elegant. Portfolio selection subject to transaction costs has been
studied extensively, albeit in the realm of utility maximization. This chapter

aims to analytically solve the MV model with transaction costs.

4.1 Formulation of the problem

Consider a market where 2 assets are traded continuously. One of the assets is

a bank account whose price Py(t) is subject to the following random ordinary
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differential equation:
dPy(t) = r(a(t)) Po(t)dt.

where r(7) > 0,7 = 1,2,...,l, are given as the interest rate process corre-
sponding to different market modes. Another asset is a stock whose price

process P;(t), satisfies the following stochastic differential equations:
dPy(t) = A(t){b(a(?))dt + a(a(t))dW (1)}, t€[0,T],

where foreach ¢ =1,2,...,[,6: S = R, 0 : S — R is adapted process.
We assume that the filtration {F;}icjo,r) is generated by the Brownian
motion and Markov chain. We denote by LZ the set of square integrable

{Ft}tepp,m adapted processes,
L% = {X|The process X = X (t)scjo,mis an {Fi}seo,r-adapted process
such that /OT E[X?(t)]dt < oo}.
and by szT the set of square integrable F;-measurable random variables,

L%, = {X|Xis anFr-measurable random variable such that

fo " BX2()]dt < oo).

There is a self-financing investor with a finite investment horizon [0, T
who invests X () dollars in the bank and Y (¢) dollars in the stock at time ¢.
Any stock transaction incurs a proportional transaction fee, with 8 € [0, o)
and p € [0,1) being the proportions paid when buying and selling the stock,
respectively. Throughout this paper, we assume that 5+ p > 0, which means
transaction costs must be involved. The value process, starting from (z,y)

at t = 0, evolves according to the equations:
t
XN (@) =zt [ r(a() X4 (s)ds = (1+ ALY + (1= W)M()
0

(4.1)
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t

Vo) =y + [ Ba)Y s + [ olaDY MW s) (12

where L(t) and M(t) denote respectively the cumulative stock purchase and
sell up to time ¢. Assume r(¢) > 0, b(7) > 7(3). b = max(b(i)), ¥ = max(r(s))
and & = max(c(i)). Obviously b > 7. Sometimes we simply use X, Y or
XEM yLM instead of X®LM, Y¥LM if there is no ambiguity.

The admissible strategy set A of the investor is defined as follows:

A = {(L, M)|The processes L = {L(t)}scjo,r} and M = {M(t) }+co,1)
are {F:}cjo,7)-adapted, cadlag, nonengative
and nondecreasing, and the processes X >4'M

and Y¥5M are both in L%, for any (z,y) € R?}.

(L, M) is called an admissible strategy, if (L, M) € A. Correspondingly,
(X=LM yvL.M) is called an admissible (bond-stock) process, if (z,y) € R?
and (L, M) € A.

For an admissible process (X=LM Y¥L:M) we define the investor’s net

wealth process by
WXY()=X(t)+ (1 -p)Y@®)r -1 +B8)Y(t)",t€0,T)

Namely, WX:¥(t) is the net worth of the investor’s portfolio at ¢ after the
transaction cost is deducted. The investor’s attainable net wealth set at the

maturity time 7 is defined as

WY = {WXY(T)|[WXY(T) is the net wealth at T of an admissible process

(X,Y) with X(07) =2,Y(07) =y.}.

And during this chapter, we assume T > 3l ln(%f—lﬂ;).
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The investor’s problem is to choose an admissible stategy so as to maxi-
mize the expected utility of terminal wealth

sup Ep*[U(WHY(T))|F).
(L,M)eA

F: is generated by X;;5o and Y;s>o. Here Ef"Y denotes the conditional expec-
tation at time t given that initial endowment X (t) = z, Y (t) = y, and the
utility function

y
U(W)=-W’YL, 0<vy<1l.

By the original Markowitz’s MV portfolio theory, an efficient strategy is
one that is Pareto efficient, which means there does not exist another strategy
that has higher mean and no higher variance, and/or has less variance and
no less mean at the terminal time 7. There could be many efficient strate-
gies, and the terminal means and variances corresponding to all the efficient
strategies form an efficient frontier. We can obtain the efficient frontier from
solving the following variance minimizing problem:

Problem 1,
minimize =~ Var(W),
subject to E[W]=(,W € Wy,
where

(>eTz+(1—peTyt —(1+p)e Ty,

This means the target expected terminal wealth is higher than “all-bond”
strategy. We can obtain the efficient frontier from the above problem. Prob-

lem 1 is equivalent to the following problem.
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Problem 2,
minimize E[W?],
subject to E[W]=(,W e Wg".

4.2 Feasibility

Feasibility issue is important and unique to the MV problem, and will be

discussed in this section. Firstly, we introduce two lemmas.
Lemma 4.1 If W; € Wg,y, W, € L?;.—T and Wy < W), then W € Wg,y'

Proof. By the definition of Wy™, there exists (L, M) € A such that
XLM(O-) =g, YEM(0-) = y and WX"M Y™ (T) = W,. We define

(L(t), t<T,
E(t)=< Wy — W
LT+ —=2—22 ¢=T,
\ ( )+ B+
i ([ M(1), t<T,
M(t) = < Wi — W.
MT)+ —=—=2 t=T.
(MDD + =57
Then (L, M) € A, and
o XMy, t<T,
XL’M(t)—W1+W2 t=T,

YEM () = yLM (1) t € 0, T).

Therefore, W = WX"™Y5% (1) ¢ o,

From [6], we have
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Lemma 4.2 For any (z,y) € R?%, we have

(1) the set W& is conves;

(2) if (zi,5:) € R2, W; € W) i = 1,2, then Wy + W, € W Hoaute),
(3) if 21 < zo and y; < ya, then W) < W),

(4) W(('w—(1+/3)a,y+e) C Wéw,y) and W(()w+(1—u)e,y—e) C Wéx,y) for any o > 0;
(5) W= = oW for any o > 0;

(6) if x4+ (1 — )yt — (L+ By~ > 0, then 0 € W,

Denote
{ = sup{E[W]|W € W™}
By Lemma 4.1, Problem 2 is feasible when
(eD=[eTz+(1-p)eTy" - (1+8)Ty, (]

Now, we need to check whether Problem 2 is feasible when ¢ = ¢, since
Problem 2 is not feasible when ¢ > {. We have f = +o00 and thus Problem
2 is always feasible for any ¢ > €™z + (1 — p)e™Ty* — (1 + B)e™ y~, when
B = p =0 [see Lim and Zhou (2002)].

4.3 Unconstrained Problem and Double Ob-
stacle Problem

We shall utilize the Lagrange multiplier method to remove the constraint
of Problem 2. Let us introduce the following unconstrained problem with
Lagrange multiplier A.

Problem 3 (Unconstrained Problem),
minimize  E[W?] - 2AE[W] - ¢),

subject to W e Wy,
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or equivalently,

Problem 4,
minimize ~ E[(W — \)3,

subject to W € Wy?Y.

Define the value function of Problem 2 as follows:

Vi(z,y;) = E[W?],¢ € D.

inf
WewsV E[W]=¢
The following result, showing the connection between Problem 2 and Problem

4, can be proved by a standard convex analysis argument [6].

Proposition 4.1 Problem 2 and Problem 4 have the following relations.
(1) If W¢ solves Problem 2 with parameter ¢ € D, then there exits A € R
such that W/ also solves Problem 4 with parameter .
(2) Conversely, if Wy solves Problem 4 with parameter A € R, then it

must also solve Problem 2 with parameter { = E[W,].

According to Lemma 4.2, it is easy to see that WY — A = Wy —AeT Ty
Since
Wy — A
, Ae T 0
=W — Wp©
— Ww—le_FT,y
=W )
We consider the following problem instead of Problem 4:
Problem 5,
minimize E[W?],
subject to W € W2,
Consider (4.1) and (4.2) where the initial time 0 is revised to some s €

[0,T), and define W*¥ as the counterpart of Wy where the initial time is
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s and initial bond-stock position is (z,y). We then define the value function

of Problem 5 as
( ; 1y) éWf’y [ ]1( ) >y) [ ) ) X ( )

The following proposition establishes a link between Problem 2 and Problem

5.

Proposition 4.2 If ( € D, then
ilelg(V(O,w - e y) = (A - 0)?) = Va(z,y;¢) - ¢
Proof. Compute
sup(V(0,z — de™™,9) — (A — ()?)
AR

= sup inf EW? - (A —¢)?
AR wewe—Hre Ty

=sup_inf E[W - X)? - (A~¢)?

AeR Wewy'

<su inf EIW = N2 — (X — )2
= ek WeWs Y EW=C [ ) = (A=)l

= su inf E[W?] - ¢2
Ae£WEW§'”,E[W]=c( W=

_ . 21 42
- Wewgl’g’l}l.i[W]=((E[W 1=
=Vi(z,y;¢) - &

Therefore,

sup(V(0,z — Xe™™, ) — (A = ()?)
AeR

< Vi(z,y;¢) — ¢

Since V; is convex and ( is an interior point of D, by convex analysis, there

exists A* € R such that
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For any W € Wy, we have

E[(W - X*)* = (X =)
=EW?] - 2\"(E[W] - ¢) - ¢
> Vi(z, 4 E[W]) — 2X*(EW] - ¢) - ¢?
> Vi(z,y;¢) — ¢*

If follows
sup(V (0,2 — Ae™™,9) — (A = {)?)
A€R
= sup W;Ivl\fg,ylE[(W - A= (=07
> Wél‘}‘fg,,,E[(W - X2 - (X =¢)7

2> ‘/l(x’y7 C) - C27

which yields the desired result.

Therefore, we need only to study the value function V (¢, z, y).

Lemma 4.3 The value function V defined in 4.8 has the following proper-

ties.

(1) For anyt € [0,T), V(t,-,-) is convez and continuous in R?.
(2) For any t € [0,T), V(t,z,y) is nonincreasing in x and y.
(3) Forany o > 0,t € [0,T), we have V(t,z+(1—u)o,y—0) > V(t, z,y),

V(t,e = (1+B)e,y —0) 2 V(t,z,y).

(4) For any 0 > 0, t € [0,T), we have V (¢, o, oy) = *V (t,z,y).
(5) If e+ (1 —p)yt — (1 + By~ >0, then V(t,z,y) =0.

Proof. All the results can be easily proved in term of the definition of V'

and Lemima 4.2.
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We define

¢={(z,y) eR’lz+ (1 — pyy* — (1-B)y~ >0}.

It is well known that the value function V is a viscosity solution (see Theorem

5.2, Chapter 4, Yong and Zhou) to the following HJB equation
min{—¢, — Loy, @y — (1 — p)¢z, (1 + B)ps — vy} =0,

V(t,z,y,1) € [0,T) x § xS,

with the terminal condition

(x+ 1 -py*—1+B8)y )
v

ip(il',y,T,i): a0<7<17

where

N . . .
ACO‘P(SU, ya t> 7’) = _U(z)2y299yy(za ya t’ 1’) + b(z)ycpy(x, y’ ta Z)
2
!

+ T(i).’L‘Lpz(:E, Y, ta l) + Z (Iij(P(x, Y, t7j)'
j=1

Due to the homotheticity of the utility function, we have for any positive

constant &,

o(&x,€y,t,3) = £p(z,y,1,1),0 <y < 1.

It is well known that under the assumption b > 7, short selling is always

suboptimal. Hence, we only need to consider y > 0. Then
] — T .
%%%Lw=¢V%Jﬁﬂ<v<l
So, above HJB equation is turned to

min{—V;, - LV, 7V - (z+1-p)V,,(z+1+B8)V, -7V} =0, inQ,

1
V(Z‘,T,Z) = ;("L‘ +1- “)7,
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where Q = (—(1+ p),00) x [0,7) x S,0 <y < 1, and
LV (z,t,i) = %0’2(1:)"132‘7:,2(:6, t,1)
= (b(i) = r() = o* (&) (1 — 7))aVe(z, 1, 1)
~ 1 5. > :
+3(060) ~ 30°6)(1 )V (@, 1,9)
!
j=1
Further, let
N - .
w(z,t,1) = 5 In(yV(z,t,1)).
Then w(z,t,1) is governed by
1

min{—wt—ﬁzw,(:c-l—l—u)—a—,-wl——(x+1+ﬂ)}=0, in Q,

w(z,T,i) =In(z + 1 — p),
(4.4)

where
Cow(z,t,i) = %Uz(i)xz(wm(w,t,i)
+ ywi(z,t,3)) — (b(3) — 7(5) — (D) (1 — 7))zws(, ¢, )

l
1 1 . .
+ b(3) — 502(1)(1 —7) + E :qij:/e’Y(W(z,t,J)~w(-'c,t,z))‘
Jj=1

Now we relate this equation to a double obstacle problem. Let
v(z,t,1) = we(z,t,1).
Formally we have
3([: w(z,t,1)) = l(72(z')532v (z,t,7)
63: 2 ) Yy - 2 zz\4LH by

= (b() = r(3) = (2 = 1)o* (1)) zva(z, t,9)

7



— (b(8) = r(5) — (1 = 7)o (3))v(z, ¢, 1)
+ vo? (i) (z®v(z, t, 1)vs(, t, 1) + 20%(x, 8,1))

l
+ Z(Iij('l)(x, t’j) - ’U(.T, tai))UO(i’j)

=1

2 L,

where v(t, i, j) = exp{v(w(z, t,j) — w(z,t,7))}.

This inspires us to consider the following double-obstacle problem:

max{min{v; + Lv,(z +1 - p)v—1},(z+ 1+ B)v -1} =0, inQ,

) 1
v(x7T)Z)_ x+1_#7
(4.5)
equivalently,
( 1 1
vt Lo =0, Py I -
1
< S —
<vt+,Cv_0, v 24145’
1
> S —
vt+£v_0, v $+1_“,
1
Ti)=—,
\'U(iL', ’7’) x+1_u
in Q.
We define
SR = {(z,4,i) € O v(z,b,i) = ———}
= {(z,t,1 Tv ”z_x+1—u’
1
BR: ,t,.EQ: ,t,.z_—’
(e, €02 0(at i) = 75}

NT = {(z,t,i) € Q: ——— .
(@i eQ: aTg <v<gq=y

}.
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4.4 Existence and regularity of solution to

problem (4.5)

We aim to prove the existence and regularity of solution to the double obsta-
cle problem. One technical difficulty is that the upper obstacle is infinite on
the boundary z = —(1 — p). To avoid the singularity , we confine ourselves
within Q@ = {z > 2*,0 < t < T}, where z* > —(1 — p) is sufficiently close to

—(1 — p), and the following boundary condition will be imposed on z = z*:

v(z*t,1) = ,t €[0,7T). (4.6)

»*+1—pu
We will see that (4.6) is indeed true because z < z* is contained in SR when

z* < T4 defined in next section.

Proposition 4.3 The double obstacle problem (4.5) has a unique solution
v(x,t) € Wg’l(ﬁN\|x| < 6), forany 6 > 0, 1 < p < oo, where Qy is any

bounded set in 2. Moreover,

v(z,t,1) € C°(NT), (4.7
v(z,t,1) > 0, (4.8)
and
e-C@-r-a-mo2ina-o_L1 gy o
v(0,¢,1) = 1 B
S <t<
155 for0<t<ty,
if b(3) — r(i) — (1 — v)o2(i) > 0, where
=T - 1 1 1+5

bG) — () — (1 —7)o2G)  1—p
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The main difficulty of the proof lies in the degeneracy of operator L at
x = 0. Before providing a proof, we would like to give its sketch. We can deal
with the problem in z* < < 0 and in z > 0 independently in order to avoid
the degeneracy of the operator £ at x = 0, and no boundary value is required
on z = 0. The standard penalty method can be adopted to show the W2!
regularity of solution, and (4.8) can be deduced from maximum principle.

Regarding (4.7), we only need to show the smoothness on {z =0} NNT.

4.5 The proof of Proposition 4.3

We will only confine our attention to 2* < z < 0, and the case of z > 0 is

similar. By transformation z = —e¥ and u(y, t,:) = v(z,,1), (4.5) and (4.6)

become
min{max{—u; — L u,u L hu-— ! }=0
i —e¥+1—p’’ —-ev+1+87 7
: 1 .
<u(y,T,2)=m,—00<y<y,
i) = ——,0<t<T
kU(y )t71’) —ey-+1—ll’0— < )

(4.9)

where y* = In(—z*), and

Lyu(y,4,9) = 50 (u,1,3) = (66) = 76) = G — 1) (enly, )
— (66) = 7(3) — (1 = 7)o*()u(y, 1,9)

— yo?(i)ebu(y, t, i) (uy(y, t,3) + u(y, t, )

!
+ Z Qij(u(y> taj) - u(y’ t, i))’Uo(’i, J)

80



Lemma 4.4 Let u;, i = 1,2, satisfy

(—u- Lu; =0 1 < < 1
woym e ~e¥+ 148 T —ev+1-—p
1
— uir — Lyu; 2 0, ui:—ey—l—l-l-ﬂ
1
) —ui— Lyui <0, ui:—ey+1—ﬂ
u’i(y,T’i) = 'l/)l(y): -0 <y < y*v
1
i *at,' =t—70<t<T7
| Wb = g0
(4.10)

Assume that

(a) i(y*) = WITI—_—”;

(b) ¥i(y) is bounded;

(c) for any N > 0, u;(y,t,1) € Wg’l((—N, y*) x [0,T) x S);
(d) Oyu; is bounded.

If h1(y) = ¥2(y), then ui(y,t,%) > ua(y,t,9).

Proof. Denote
N'__ {(y,t,l) : ul(yvtai) < U2(y,t,i), -0 <Y< y*ao <t< T,’I. € S}

Suppose not. Then A/ must be a nonempty open set, and

1 Uug > 1 in N
—ev+1—p' 0T v+ 144 '

u <
It follows
—Uit — [,yul 2 0, —Ugt — Eyu2 S 0 in N

Let w = u; — us, which satisfies

—w,—L,w >0, inA,

w=0 on G,N,



where 9, is the parabolic boundary of N'. And

,C_y'lf)(y, t’ Z)

= 3B, 69) = (BE) = () — (5 = 1) (0)By(y, )

— (b() = r(3) — (1 — 7)o (i))w(y, t, 1)
- 702(i)ey[u2(y7 t? i)u_)y(y7 ta Z)
+ (uy (¥, 8,9) +ua(y, £,7) + ua(y, £, 1))@ (y, 8, 7))

+ Zq,;j(ﬁl(y,t,j) — w(y,1,))vo(z, 5).

Since w is bounded and all coefficients in the above equation are bounded
as well, applying the maximum principle, we have @ > 0 in N, namely
u; — ug > 0 in A, which contradicts the definition of NV.

Since (—o00, y*) is unbounded, we define a finite domain (— N, y*) x [0, T") X

S with N > 0, namely,

1 1
. _.N _ NoN_ _ Y yoN_ Ly
min{max{—u; — Lyu",u . ,u}’ | +,3} 0,
1
N N\ — -N *
qu (¥ T,9) ol Vv
1 1
N - N .
t,i)) = —/———— -N,t,i) = ———— 0<t< T,
(4.11)
where a boundary condition on y = — N is imposed.

Lemma 4.5 For any N > 0 given, the problem (4.11) has a solutionu™ (y,t,i) €
W2((—=N,y*) x [0,T) x§), 1 < p < 400, and

u >0,
N
|u |W3’1((—1\7,y*)x[0,T)xs) <g
where N < N and ¢ depends only on N but is independent of N. Moreover,
|“§’;V|L°°((~N,y*)x[o,T)xS) <M, (4.12)

82



where M is independent of N.

Proof. Following Friedman (1982), we consider a penalty approximation

of the problem (4.11):
( 1 1

_ . Ne Ne Ne _ Ne _ _____ —  \_
Uy L, + Be(u ———_ey+1+ﬂ)+'ye(u —ey‘f‘l—#) =0,
1
Ne N _ *
q o (y, T,9) T g N<y<y',
1 1
Nef, * N\ — Ne(_ = <
\'U, (yat77’) —Cy.+].—/.b7u ( N,t,’L) _e_N+1_ui0—t<Ta
(4.13)
where
ﬁe(f) <0, "/5(6) >0,
Bs(£)=0if§251 7€(§)=Oiffs_5,
)86(0) = —, (Cl > 0)) 76(0) = Ca, (C2 > O)’
Be(§) > 0, 7:(§) =0,
:(£) <0, 7% (&) >0,

with constants ¢; and ¢, to be chosen later. For any € > 0 given, it is not
hard to show by the fixed point theorem that the above semi-linear problem
has a unique solution uw™*(y,t,i) € W2'((—N,y*) x [0,T) x S).

Next we want to prove

ﬁ <ulVe < ﬁ; in (-N,y*) x [0,T) xS. (4.14)
Let
9(y) = _ey+l1 o
We have
(=2~ £)90) + B.l00) - ———) + (o) - ———)
ot —-e¥+14+p4 —ev+1—p
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= 1-p —(b—r)eY —r—(1-7v)H)(1 -
= Catioppl G-+ (1= 7)o%)(1 - p)]
B+ p

R S (= —y

) +7(0)

l
1 1 . .
_;qij(_ey_'_ 1 —u - —e¥+1 _u)exp{'y[w(w,t,]) —w(:z:,t,z)]}

_ 1-p y —r—(1=~o2)(1 -
= Co i [—(b—r)e? + (b (1=7o*)(1 - p)
B+p

e E ey s e
5 (A =pw*1 - 7)o

) + 'YE(O)

B+ p

+ De + ~:(0).
(z*+1 - p) ﬁ((—ey+1+5)(—ey+l—p)) 7%(0)
When ¢ is sufficiently small, B;( o +§;§‘j — +l—y)) = 0. Take
_ _ (1=p?1—v)o®
ez =7%(0) = (z*+1—p)
Then ﬁ—l_” is a supersolution, and thus
e 1 i (N,y) x [0,T) xS.

T —eV+1-p
In the same way, we can choose

b—r—(1-7)a%Q1+8)
(z*+1+p8)3 '

G = _135(0) =

such that is a subsolution. So, we get (4.14).

1
—eV+1+p
Then, we obtain

1
—ev+1+8

1

— < N —_——

) <0, 0< 7y (uM - )< e

We then deduce from (4.13) that [u™*|y21(_y yxpom)xs)y < € Where c is
independent of ¢ because both ¢, and c; are independent of e. Using W2*

interior estimate, we further have for any N<N ,

N, .
|u |W3’1(<—N,y~=>x[o,T>xS) <¢
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where ¢ depends on N but is independent of € and N.

Due to (4.14), we infer 4] *|,—7 > 0. Differentiating the equation in (4.13)

»E

w.r.t. t, we get an equation that uf’ satisfies. Applying the maximum

principle, we deduce
ule > 0,

which gives u’ > 0 by letting € — 0.
Since the bound of 4"¢ and the C? norm of terminal value are indepen-

dent of N and ¢, we obtain by the W21 interior estimate,

N,
Ju E’Wg'l((—y—l,y)x[o,T)xs;) <M,

for any y < 0, where M is independent of N and e. Applying the imbedding

theorem, we have

|t €| Loo((—y—-14)x[0,T)xs) < M.
Since y is arbitrary, it follows

|u)#| Lo (- Mgy x0Ty x8) < M,

which yields (4.12) by letting € — 0. The proof is complete.

We can get following Lemma from Dai and Yi [7]
Lemma 4.6 The problem (4.9) has a unique solution u(y,t,1),

u(y,t,i) € Wp'(=N,y*) x [0,T) x S), for any N >0,
Uy Z 0)

|uylLoo((~00p*)x(0,T)x8) S M.
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4.6 Characterization of free boundaries

A double obstacle problem usually gives rise to two free boundaries. Firstly,
we will show that each free boundary can be expressed as a single-value func-
tion of time ¢. Then, we will examine the properties of the free boundaries.

Now, we introduce a lemma which will play a critical role in the existence

proof of free boundaries.

Lemma 4.7 Letv(z,t,1) be the solution to the double obstacle problem (4.5).
Then

vy + 02 <0, in Q.

Proof. It is clear that v, +v?> = 0 in BR and SR.. So, the rest is to show
vz +v% < 0 in NT. Denote

p(z,t,1) = ve(x,t,14), p(z,t,3) = v¥(z, t,19).
Then

—p— %azx"’pm +(b—=r—B8-7)0%)zp: + (20 — 2r — (3 — 29)d?)p

= v0?(4zvv, + 2202 + T0vs, +07)
l
+ Z Qij(vx(a:a t,j) - U:c(xa t> i))UO(i’j)
j=1
l
+ 3 a0z, 1,3) — v(z, )70, ),
j=1
and

1 .
— Py — Eazxr"ﬁm +(—r—(2—7)0%)zh, + (26— 2r — (2 — 27)0?)p

= —a*2%0? + v (22%0%v, + 220°)
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+ 3 420w, ,8)(v(a,1,9) = vl 1, 6)voli, ),

in NT. Let H(z,t,1) = vz(x,t,1) +v*(z,t,4) = p(x,t,4) + p(x,t,i). Then

— H, - %HﬁHw +(—r—@B-7)0" —yo’zv)zH,
+ (26— 2r — (3 — 27)0* — 2yo’zv)H

= —(1 = y)o*(zv, +v)?

+ ) gi(va(z, 1, 5) — va(2, £,4))v0(i, 5)

=1

+ > i5(v(, 1) = (7)) yv0(i 1)

i
+ > g20(z, 1,8) (v(x, £, ) — v(, t,7))vo (i, 5)-
=1

We get —(1—7)o?(zv,+v)? < 0, since 0 < v < 1. Then we can find v(z, ¢, i),
which g;; # 0 is small enough, to obtain

- H, — %a%sz +(b—7—(3=19)0® —yo’zv)zH,

+ (26— 2r — (3 — 27)0® — 2yolzv)H

<0.

Obviously H(z,t,7) = 0 on the parabolic boundary of NT. By the max-

imum principle, we have v, + v?> <0, in .

Theorem 4.1 There are two monotonically increasing functions z,(t,) :
[0,T) xS — [—(1 — u),+00) and zy(t,2) : [0,T] xS = [-(1 — p),+00), such
that

SR = {(z,t,7) € Q: z < x,(t),t € [0,T)},i €S,
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and
BR = {(z,t,i) € Q:z > z4(t),t € [0,T)},i € S.
Moreover,
zs(t,1) < zp(t, 1) for allt € [0,T).

Proof. Notice

0 1 1

- — V= - < 2<o.
8as(v x+1+,3) v’+(a:+1+ﬁ)2—vz+v s0

As a consequence, if (z1,t,7) € BR, ie. v(z,t,i) = ac1_+11Tﬁ’ then for any
Zo > X1,
0 < v(zs, t, 1) L uantd) ! 0
v(xy, t,1) — ———— < v(xy,t,i) - ————— =0,
- 2 .’L‘2+1+,3 b $1+1+ﬁ

from which we infer v(z,,¢,17) = i.e. (zq,t,7) € BR. The existence

1
zo+14+8"
of z4(t,¢) (as a single-value function) follows.

We consider ¥(z,t,1) = (z + 1 — u)?v(x,t,1). Notice

SR = {(=z,t,7) € Q: 0(z,t,i) =z +1—pu} and

25~ (@ +1- )
1
x+1—u»

=l +1—pw =1+ (@ +1 - (v +07)

= 2@t 1- -

<0,
since vz +v? < 0. If (21,,1) € SR, ¥(z, t,%) = ﬁ, for any zs < x;, then
0 = v(zy,t,17) < v(zg,t,1) 2 <
1, ¢ .’131+1--/l_ 2,5 .T2+1—/,L_

Then the existence of z,(¢,) follows.
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The monotonicity of z,(t, %) and (¢, i) can be similarly deduced by virtue
of

8 o
V- @+1+N))=Z(v=(z+1-p)=v20

Then we can get z,(t,7) < z4(t,7), since SRNBR = 0.
In finance, z,(¢,¢) and z4(t,?) stand for the optimal selling and buying

boundaries, respectively. We can get their following behaviors from Dai and
Yi [7].

Theorem 4.2 Let z,(t,1) be the optimal selling boundary. Then
(i)

z,(¢,7) < (1 — pw)zp,

uhere 1y() = ~ M0, gng

T, (T, i) £ Jim 7 (2, i) = (1 — u)Trs;

(i)
z4(t,1) =0, when b(i) — r(i) — (1 — v)o%(i) =0,
z(t,7) > 0, when b(i) — r(i) — (1 — 7)o%(3) < 0,
z4(t,1) < 0, when b(i) — r(i) — (1 — v)a(3) > 0;

(iii) z4(t,1) is continuous. Moreover, z4(t,1) € C*([0,T) x S).

We assume T > glors ln(}—“_“—ﬁ), then

Theorem 4.3 Let z,(t,) be the optimal buying boundary. Denote

1, 1+8
- M,

to=T )>O
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Then

()
zp(t,1) > (1 + Bz (i),
where xp (i) = —b(")'rﬁz)__(:('i;’)az(i), and
zp(t,3) = 00, if and only if to <t < T}
(1)
zy(t,3) > 0, when b(3) — r(i) — (1 — v)a*() <0,

and

zp(t,1) > 0 fort € (¢1,T),zp(t1,1) = 0, zp(t,2) < 0 for t € (0,¢,)

when b(i) — 7(3) — (1 — v)o?(i) > 0,

where t = T — g7 10 120

(#43) zp(t,1) is continuous.

4.7 Equivalence

In this section, we will show the equivalence between the double obstacle

problem (4.4) and the original problem (4.5).

Theorem 4.4 Let v(z,t,i) be the solution to the double-obstacle problem
(4.4). Define

T

w(z,t,1) = A(t,7) + In(z(t,9) + 1 — p) + / v(€,t,1)d¢, (4.15)

z4(t,1)
where
A(t, 1)
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_ / ra? + (b() + r(i))(1 - w)z + (5(0) — 302 (L = 7)1 — )
t (z+1—p)?
: 1

i Z B2 wi(e,t,3) — wilz,1,9))

|:z:=:z:s (m)i dr

eXp{’}’('U)(IL', t, .7) - w(x, t, ’L))}

Then w(z,t,1) is the solution to the problem (4.5). Moreover,
w(z,t,3) € CPHOQ\F),

where F' is the intersection of the free boundaries and the line x = 0, i.e.,

F = {(0,¢,7)|zs(t,7) = 0 or zp(¢,3) =0, € [0,T),: € S}.

Remark 4.1 We exclude the set F' on which some partial derivatives of
v(z,t,1) or w(z,t,1) are discontinuous because of the degeneracy of the dif-

ferential operator L or L,. Then
wa Zf b(’l,) - ’I"(’L) - (1 - A/)a2(":) < 0)
F=qz=0, ifb(i)-r()—-Q1-70%0E)=0,
(0,t1)  if b(3) —r(3) — (1 = 7)o’() > 0,

where t; is defined in Theorem (4.3).

Proof. Since v(z,t,i) = ;3= for z < z,(t,1), we can get
w(z,t,1) = A(t,1) + In(z + 1 — p),z < z4(t, 7). (4.16)
So w(z, t,1) satisfies the terminal condition. Therefore, to prove that w(z, t,1)

is the solution to the problem (4.5), it suffices to show

—wy; — Low >0, in SR and BR ,
F= (4.17)

—wy,— Low=0, inNT.
Observe
wg(z,t,1) = v(x,t,19).
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According to the definition of A(t), we claim

—wy — Low =0, on z = z,4(t, ©).

Because of (4.18),

£2w|z=z,(t,i)
1, . .
= —2—02(z)x2(wm(x, t,3) + ywi(z,t,1))

— (b(3) = r(i) — a2())(1 = 7)) zwy(x, t, )

l
Ny 1 N .
+b(3) — Eaz(z)(l —7) + E qij;ev(w(x,t,y) w@t| _, )
j=1

= %02(2')1‘2(%(% t,i) + 7% (2,¢,)) = (b(2) — r(s) — (1 = 7)o*(9))zv(z,t,9)

:

L1 ‘ 1 o

—b() - 5(1 - Yo?@) + Y a; ;ev(w(o’t”) WOy td)
i=1

_ (@23, 1) + (6(3) + r(@) (1 — was(t,4) + (b(E) — 30*(E)(1 — 7)) (1 — p)®
(zs(t,2) +1 — p)?

l
3 gij YO D)z ) :)

j=1
= _A,(t’ 1') = _wt(xs(tv i)’ L 1),
since (4.16).
So, we can easily get
2(—w — Low) <0, in SR
Bx t W) S U, 1n )
4 (—wy — Low) =0, in NT

dz
%(—wt - Low) 20, in BR.

Then we deduce (4.17).
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By Proposition 4.3, v € CY°(2\F) and then w € C*°(Q\F). We will
show w; € C(2\F). According (4.15),

wt(ma t’i)

T

! . xl(t,Z) . . ! . / .
=A'(t 2 - s(,2), 8, 1)z (¢, ,t,1)d
09+ s o= v L) + [ e

max(min(z!xb(t!i))szs (t,9))
-4+ | (€, 1 i)de
T

s(t,1)
pmax(min(z,zy(t,3)),zs(t,1))
= A(L,i) - / Lo(E,t,6)de
zs(t,3)
max(min(z,zp(t,1)),zs(t,1))
— A(t,i) - / dLyw
z4(t,2)

= A'(t,%) + Low|g, (1) — LoW|max(min(e,zs(t,0)),zs (t:0))

= —LoW|max(min(z,zs (t,3)),zs (£,6))1

which implies the continuity of wy(z,t,¢). The proof is complete.
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