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SUMMARY

A result of fatigue testing on a full scale aluminium alloy bridge, which is used by the military 
for temporary crossings, showed an unexpected increase in fracture resistance, compared with 
its plane strain Kk> This increase was due to a combination of low constraint and large stable 
crack extension in the bridge components. Previous work had attributed the increase to the loss 
of constraint alone, but the present work shows stable cracking is equally important.

The effect of stable cracking in the bridge alloy was first examined experimentally in large 
25mm thick 3PB specimens which were analysed numerically using the finite element method. 
The numerical 2-D results provided a concave jR-curve showing that dJR/da rises increasingly 
with crack extension. This increase is associated with the transition from flat to slant fracture in 
the experimental test pieces, due to the loss of plane strain constraint.

Fracture assessment using the R-curve approach showed that long cracks, both in large fracture 
mechanics specimens and the bridge girder, are stable because, although for a given load, G=Jr, 
dG/da<dJR/da. Short cracks in standard Kic test specimens are unstable because dG/da>dJR/da 
when G=Jr. The JR-curve for low constraint geometries should be indexed by the T-stress.

The fatigue crack growth rate for the bridge alloy, taken from different sources, was compared. 
The Paris law index was nearly 4 for large CT and tension specimens, but only about 2 from 
fatigue tests on a full-scale bridge. For a large tension specimen, the corresponding Kic at the 
change in index was delayed from 35 (the plane strain Kic value) to 48MPaVm, because of the 
effect of low constraint. A simple model based on the JR-curve (at initiation) was developed for 
predicting crack extension under high cyclic load (Kmax>Kic), but with limited success.
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NOMENCLATURE
Abbreviations
CT Compact Tension specimen

CCT Centre Cracked Tension specimen

CMOD Crack Month Opening
Displacement

COD Crack Opening Displacement

CTOD Crack Tip Opening Displacement

EPFM Elastic Plastic Fracture Mechanics

FAD Failure Assessment Diagram

Notations
A Crack area

a Half crack length in centre
cracked plates, and the total crack 
length in edge cracks

aeff Effective crack length as
plastically corrected

ao Initial crack length

af Critical crack length

a/W Crack aspect ratio

B Plate thickness

b Remaining ligament size

da, Aa Crack extension

E Young’s modulus

HRR Hutchinson-Rice-Rosengren
singularity field

LEFM Linear Elastic Fracture Mechanics

SSY Small Scale Yielding

2-D Two-dimensional

3-D Three-dimensional

3PB Three Point Bend Specimens

G Elastic energy release rate

Geff Effective G for aeff

Gic Plane strain fracture toughness in
terms of G

J J-integral

Jc Critical J value at fracture instability

Jeff Effective J for aeff

Jic Plane strain fracture toughness in
terms of J

Jmax Maximum J value in fracture testing

Jr Fracture resistance, in terms of J

K Stress intensity factor



Kc Critical K value at fracture
instability

Keff Effective K for aeff

Kmax Maximum K value in fracture
testing

N Numbers of fatigue cycles

n Strain hardening exponent

R Fracture resistance

R-curve Fracture resistance curve

r A distance measured from a
crack tip

ry or rp Plastic zone size

T T-stress

Ua Change in the internal elastic
strain energy

Uo Elastic energy of an uncracked
plate

UY Work required to create new
surface

Uj Displacement in the i direction

W Width of test specimen

Y The geometry factor for K

8 Crack tip opening displacement
(CTOD)

AK The range of stress intensity factor, 
i.e. Kmax-Kmin in a load cycle of a 
fatigue test

Ej Strain in the i direction

ys Surface energy

cJappiied Applied stress

o f Fracture stress

Gfiow Flow stress, i.e. the average of yield
stress and ultimate stress

Oj Stress in the i direction

ore Far field (remote) stress

Ovc Yield stress

v Poisson’s ratio
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CHAPTER 1. THE BACKGROUND OF CHRISTCHURCH BRIDGE

DESIGN FOR DAMAGE TOLERANCE

The Christchurch bridge is a lightweight, transportable bridging utility, see Figure 1.1a, which 

can be rapidly erected over gaps for emergency or military use. The bridge is fabricated from 

welded, high strength aluminium sections, which gives it a very high strength/weight ratio. This 

method of fabrication, when subjected to large live loads, will produce fatigue cracks growing 

from defects produced by the welding operation. In addition, when used by the military, the 

bridge may subject to ballistic damage in a component which can also initiate fatigue cracks. 

Using fracture mechanics analysis, the damage tolerance of the bridge is determined by the size 

and the position of a crack, whose unstable propagation can cause failure of the section. In either 

case, fatigue life (corresponding to fatigue crack growth rate) and critical crack length, are the 

primary concerns in estimating the service life of the bridge. Small scale fracture tests and full 

scale testing of the bridge were conducted early on in order to examine the fracture behaviour of 

the material. A simple fracture assessment scheme was developed with the help of these test 

results. The purpose of the assessment scheme is to provide a measure for determining the 

maximum residual life before a damaged bridge component has to be withdrawn from service. 

However, the failure of a structural component is mostly due to rapid (unstable) crack growth, 

and this will be discussed initially (chapters 4 through 6). In general, fracture prediction is 

determined by the fracture toughness, which is obtained from the results of standard tests. 

Conventional safety measures apply to (civil) structures containing no damage so that the 

strength and stiffness of the structures can withstand any excesses over the design loading. 

These are not sufficient for the design of the Christchurch bridge, as it is subjected to fatigue 

damage.

The service life and the critical crack length for the Christchurch bridge was estimated by 

Webber[l], using the integration of a crack propagation relationship. Assuming an initial surface 

defect depth of 0.0125 mm, and a typical Kic of 41 MPaVm, Webber[l] predicted that the 

residual life of the bridge would be 11500 crossings for the design vehicle, with the crack 

extending to 45mm long by 15mm deep.

Despite the estimation using fracture mechanics and existing data for the material properties, an 

early large scale fatigue test of a single trackway of the bridge conducted by Webber[l] showed
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that the residual life of the bridge, after a crack had developed, went far beyond the prediction 

above. In the fatigue test, the through thickness crack, found in the stem of the tensile T-section 

chord (Figure 1.1), which developed and caused eventual failure of the section, measured 99mm 

at 17000 load cycles (vehicle crossings). The crack grew to a length of over 200mm at 22000 

cycles and failed at 27000 cycles.

A fatigue test[2] of a ballistic damaged single trackway (25.5m long) showed a long service life 

of 24446 load cycles (vehicle crossings). After 21000 cycles the test had proved that the service 

life of the ballistically damaged bridge (which contained seven significant crack growths) was 

far beyond that expected. A 27mm saw cut was made in the flange in order to observe the effect 

under severe damage in the high stress section. The crack grew completely through the flange of 

the section and into the stem, where it grew at an angle to the vertical (the alteration of the crack 

path could be the result of 'Union Jack' bracing connected between the stems of the chord) until 

failure. At this stage, the flange (saw cut) crack was over 200mm long while a stem crack was 

measured at over 80mm. The test stopped after crack growth instability was detected by the 

monitoring system.

Both the results[l][2] from large scale testing showed that the crack lengths at failure are much 

longer than that estimated using elastic fracture mechanics analysis. This led to a study of the 

stress intensity at the crack tip by Henry[3] using elastic-plastic fracture mechanics analysis and 

a two-parameter approach. Henry et al.[4] showed that low constraint specimens and cracked 

bridge sections exhibited negative T-stress parallel to the crack surface, and thus increased the 

critical stress intensity (hence J) at the crack tip. Henry[3] [5] suggested that the crack growth 

instability for the bridge geometry could be predicted by the estimated J and T-stress of a crack. 

Using this method, instability should occur if the computed J and T-stress for a crack are beyond 

the J-T fracture toughness loci, produced by Sumpter[6].

The two-parameter approach for the fracture assessment of the damaged bridge component 

required a Y (the geometry factor in the stress intensity factor, K) solution for a wide range of 

stem and flange cracks. The Y solution were given from the results of 2-D finite element 

analysis by Cheung[7]. The seriousness of the crack tip fields in the stem depended on the 

position of the crack. Hence, three Y solutions were provided for stem cracks depending on the 

crack tip position.
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Despite the advantage of the two-parameter approach, the prolonged service life and the 

tolerance to severe damage by the bridge still did not agree with the prediction using two- 

parameter fracture toughness. Although the result[6] of standard fracture tests showed that short 

cracks failed at initiation, full scale fatigue testsfl][2] produced crack lengths of up to 300mm 

(see above) before any structural instability was observed. Therefore, further study was focused 

on the relationship between crack sizes and geometry (i.e. the structural dimensions). 

Sumpter[6] investigated experimentally the tearing resistance and fracture mode of specimens 

with square and rectangular (b » B ) ligaments. He suggested that plane strain fracture toughness 

(Kic) might be over conservative for components with structural dimensions (b » B ). He noticed 

that the fracture mode changed from flat fracture in specimens with square ligaments to fully 

slant fracture in rectangular ligaments, and this correlated with the increase of energy dissipation 

rate.

Using the experimental results, the stable crack growth of 3PB and CCT specimens were 

simulated numerically, and the resulting resistance curves will be presented in this report. The 

computed J associated with crack extension (Aa) was represented as the fracture resistance, Jr 

(hence KR), of the bridge alloy. Both 3PB and CCT test results showed a rising (concave) R- 

curve, i.e. the resistance JR increased with crack extension. The dJR/da of the R-curve also 

increased with crack extension. Hence, for most of the long cracks in the geometries of interest 

(3PB specimens and bridge girder sections of 25mm thick), the substantial increase in resistance 

improved the structural safety against unstable crack growth. The numerical plane stress R- 

curve (from the large ligament 3PB specimen) has been confirmed experimentally by 

Sumpter[8]. However, a Jc value could not be determined from the data of observed crack 

extension, either in the numerical or the experimental test results.

As shown by Paris et al., the crack growth rate (da/dN) is related to the range of AK 

(=Kmax—Kjnin) by a power law relationship, da/dN=C(AK)m, known as the Paris law, where 

AK=YAaVrca . The material constants, C and m, are determined from experimental results. The 

number of cycles for a crack growing from an initial crack length to a critical length can be 

calculated by integrating the Paris law, provided C, m and Y are known throughout the crack 

propagation. The results of fatigue tests[9] [ 10] [ 11 ] on bridge alloy using different specimens 

and load ratios, shown later in this report, showed a variation of the material constants C and m 

(m varied from 2 to 4) for the Paris law. Butler and Tutty[10] suggested that data from fatigue
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tests of large specimens, which tended to give a low m for the Paris law, was the most 

appropriate for representing the behaviour of large structural member. The result of a recent 

fatigue test[8][ 12] on specimens with large (rectangular) ligaments of bridge alloy by Sumpter 

showed that the change of crack growth rate coincided with Kmax>KiC of the material. Sumpter 

gave C=2.76xlO-08 and m=3.7 from his fatigue test results for the Paris law.

The unloading sequences of an R-curve test, using the unloading compliance method, showed 

that crack extension in subsequent cycles started just prior to achieving the previous maximum 

load, and crack growth arrested when the specimen was unloaded. If the crack extended due to 

excessive K in each load cycle, the amount of crack extension should be related to the amount of 

K in excess of Kr. A simple model, assuming repetitive application of the R-curve approach for 

explaining fatigue crack growth under constant high cyclic load, has been devised for repetitive 

crack growth at Kmax>KR.

A discussion on fracture resistance, i.e. the R-curve of the bridge alloy, and its application to 

fracture assessment, will be presented in chapters 4, 5 and 6 in this report. Different modes of 

failure that were observed in plane stress (b » B ) specimens will be discussed in chapter 7. 

Chapters 8 and 9 will discuss the residual life of the damaged bridge, which is computed using 

fatigue crack growth rate, and the prediction of crack growth rate, using the information from 

the R-curve.
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A side view of three 8m panels.a.

.P*— Stem crack

Flange crack

T-section chord

b. A cross section of a trackway. c. Cracks in the stem and flange
of a tensile T-section chord.

Figure 1.1 The configuration of Christchurch bridge.
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CHAPTER 2. THE FRACTURE MECHANICS APPROACH TO

DESIGN

2.1 History

Griffith[ 13] studied the relationship between fracture stress and flaw size, and published his 

findings in 1920. He formulated a fracture theory based on a simple energy balance. According 

to this theory, the potential energy of a cracked body must be sufficient to overcome the surface 

energy of the material, in order to create new surface, i.e. allow fracture. Griffith’s model 

correctly predicted the relationship between strength and flaw size in glass specimens. The 

Griffith equation only applies to ideally brittle solids. Griffith’s model severely underestimates 

the fracture strength of metals, because it assumes that the fracture resistance comes only from 

the surface energy of the material.

Irwin[14] recognised that for relatively ductile material the energy required to form new crack 

surface is generally insignificant compared to the work of plastic deformation. He extended the 

Griffith approach to metals by including the energy dissipated by local plastic flow. In 1956, 

Irwin[15] developed the energy release rate concept, which is related to the Griffith theory but is 

in a form that is more useful for solving engineering problems. Irwin[16] and Williams[17] were 

among the first to show that the stresses and displacements near the crack tip could be described 

by a single constant that was related to the energy release rate. This crack tip characterising 

parameter is known as the stress intensity factor. The stress intensity approach states that 

fracture occurs when stresses ahead of the crack tip reaches a critical value, i.e. a critical stress 

intensity factor, Kc. Although corrections for small scale plasticity were proposed for 

modification of Griffith’s approach, these analyses were restricted to structures whose global 

behaviour is linear elastic.

Wells[18] attempted to measure Kc values in a number of low- and medium-strength structural 

steels, but he found that these materials were too ductile to be characterised by linear elastic 

fracture mechanics (LEFM). While examining fracture test specimens, Wells noticed that the 

crack faces had moved apart prior to fracture, with plastic deformation blunting an initially 

sharp crack. The degree of crack blunting increased in proportion to the toughness of the
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material. This observation led Wells to propose the opening at the crack tip as a measure of 

fracture toughness. This parameter is known as the crack tip opening displacement (CTOD).

In 1968, Rice[19] showed that a path-independent contour integral, referred to as the J integral, 

represented the energy release rate of nonlinear materials. Idealising plastic deformation as 

nonlinear elastic (deformation analysis), Hutchinson[20][21] and Rice and Rosengren[22] 

related the J integral to crack tip stress fields in nonlinear materials and showed that J can be

viewed as a nonlinear stress intensity parameter as well as an energy release rate. Both

parameters, namely CTOD and J contour integral, describe crack tip conditions in nonlinear 

elastic material or elastic-plastic material (provided no unloading occurs), and each can be used 

as a fracture criterion in elastic-plastic fracture mechanics (EPFM).

LEFM is only valid as long as nonlinear material deformation is confined to a small region 

surrounding the crack tip (small scale yielding, SSY), while EPFM applies to conditions where 

the nonlinear material behaviour becomes significant. However, EPFM is strictly valid only for 

conditions of contained yielding.

2.1.1 The Griffith Approach

For many materials, LEFM is not sufficient to characterise behaviour at the crack tip, and so the 

advanced concepts are necessary for most problems in fracture mechanics. However, all the 

research on fracture mechanics for nonlinear elastic material behaviour is correlated to the 

Griffith energy balance. Thus an understanding of the Griffith approach, which forms the 

fundamentals of LEFM, is essential to the study of advanced fracture mechanics.

Consider a crack of length 2a in a plate of width W (W »2a) subjected to a constant stress with

plane stress conditions prevailing. The Griffith energy balance for an incremental increase in the

crack area, dA, under equilibrium conditions can be expressed in the following way:

dE _ dUa | dUy dF _ Q
dA ~ dA dA dA “

where E = the total energy of an elastic, remotely loaded cracked plate,

Ua = change in the internal elastic strain energy,

UY = the work required to create new surfaces,

F = the work performed by external forces.

7



For the case where no work is done by external forces, the so-called “fixed grip condition”, F=0.

The change in strain energy U a, caused by introducing the crack in the plate, is negative. Thus,

equation (2.8) can be written as:

dUa _ dUy 
dA ”  dA '

Griffith showed that:

Ua= u „ - ^ k ^
E

where Uo is the elastic energy of an uncracked plate, B is the plate thickness and E is Young’s

„. _ _ . dUo .modulus. Since Un is constant,  is zero.
dA

Two surfaces are created when a crack extends, therefore 

Uy=4aBys .

where ys is the surface energy of the material. Thus,

dUa _ 27lOapp]ya
dA~_ E 

dU?and —— =4ys .
dA

In the case of equilibrium conditions oappiy = Of, the fracture stress, and the Griffith energy 

balance is:

^ = 2 Y s -E

Solving for fracture stress gives:

Of =
(2E y^2  

Tta

8



2 . 1.2 The Energy Release Rate

Irwin[15] defined an energy release rate G, which is a measure of the energy available for an

increment of crack extension:

G_ d(F -U a) 
dA

Thus G is the rate of change in potential energy with crack area, and is also called the crack 

driving force. This approach is essentially equivalent to the Griffith model. Hence, the energy 

release rate for a wide plate in plane stress conditions, with a crack length=2a and the change of 

external force=0, is given by:

/"<_ ^ r e a
E ’

and the crack resistance, R, per unit thickness is

R=2(ys+Yp) , where Yp is the plastic work per unit fracture area.

2.1.3 The Stress Intensity Approach

Williams[17] showed that the elastic-stress distribution at the base of a stationary crack could be 

expressed in the form:

Oij=Aij(0)r_w+Bij(0)+Cij(0)rv4+ . .. (2.1)

LEFM is usually based on the assumption that fracture processes occurring close to the crack tip 

are dominated by the leading term in the series, which is singular at the crack tip and embodies 

the stress intensity factor K;

C T ij= -7 = = f i j (0 )
V27tr

In this case, all the stresses tend to infinity at the crack tip, i.e. r=0, and are products of the

geometrical position ( * fjj(Q)) and K, the stress intensity factor. The stress intensity factor is
V 2mr

usually denoted as Ki, Kn and Km according to the type of loading, see Figure 2.1. Mode I 

loading corresponds to a force that is applied normal to the crack plane, and tends to open the 

crack. Mode II is in-plane shear that slides one crack face with respect to the other. Mode III is

9



out-of-plane shear. Table 2.1 shows the equations describing the stress (a) and displacement (u) 

in the singularity dominated zone at the tip of a through crack.

The components of stress, strain and displacement at the crack tip are defined by K. Closed form 

solutions for K have been derived for a number of geometries, for instance, the specimens used 

in fracture tests: three point bending test (3PB); compact tension test(CT), and centre crack 

tensile test (CCP). The K for complex situations are estimated by experiment or numerical 

analysis.

Table 2.1 Components o f stress and displacement o f a crack tip (see Figure 2.2 for details) 

fo r Mode I  and Mode 11 loading in isotropic linear elastic material.

Mode I Mode II

<3xx Ki e n . 0 . 30.r-J— cos—(1 -  sm—sin — ) 
V2jtt 2 2 2

Kn . 0 /o 0 30.— P^=sm- (2 + cos—cos— )
V2m 2 2 2

Gyy k , e „  . e . 36cos—(1 + sm—sin — )
-J2m  2 2 2

K,i . 0 0 30sin—cos—cos—
V27cr 2 2 2

%cy K. . 0 0 30. -sin—cos—cos—  
V27tr 2 2 2

K„ 0 0 . 30.r-tL- cos—(1 -  sm—sm — )
■J2m  2 2 2

Gzz 0 (Plane stress) 

v(oxx+tfyy) (Plane strain)

0 (Plane stress) 

v (cXx+CJyy) (Plane strain)

X̂Zj

ŷz 0 0

Ux 0/1 nKt fr  0 . 2 0s2(1+V)—L _ c o s - ( l - 2v + sm )
E V 2n 2 2 

(Plane strain)

n Kt I r 0 - 2  0 2 2 —k — cos—(1 + sin — vcos —)
E V 271 2 2 2 

(Plane stress)

2( 1+v) ̂ 2- - sin—(2 -  2v + cos 2 —) 
E V 271 2 2

(Plane strain)

0 Ktt I r . 0 2 9 2 0 s 2 — — sm—(2 + cos —+vcos —) 
E V 2ti 2 2 2

(Plane stress)

Uy /«/1 N Kt I r . 0 . 2 0s 2( 1+V) — J — sm—(2 -  2v -  cos - )  
E V 271 2 2

(Plane strain)

n Kt (7 . 0 „  2 e 2 0x2 —k 1— sin —(2 - c o s ----vcos —)
E V 2tc 2 2 2

(Plane stress)

2(1+v) 11J  cos (1 2v sm2 )
E V 2tt 2 2

(Plane strain)

n Ktt I r 0 . 2 ® 2 0 \ —2 —— — cos—( l - 2v -sin  —-i-vcos —) 
E V 27: 2 2 2

(Plane stress)
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In these equations, E is the Young’s modulus, v is Poisson’s ratio and r is the distance from the 

crack tip.

All stress components in a linear elastic body increase in proportion to the remotely applied 

force. The geometry of a finite size specimen has an effect on the crack tip stress field, and so 

the K is modified by a geometry factor:

K=YareVrca

where Y is the geometry factor (or correction factor), o re is the reference stress (generally, the 

remote stress applied at the crack tip level) and a is the half crack length in centre cracked 

plates, and the total crack length in edge cracks.

Recall the energy release rate for a crack in a infinite plate:

c =  d(F -U a) _ 710rea 
dA E

and, in this case, Y = 1, thus;

Ki=are V 7ia .

Combining these two equations shows the relationship between G and K:

K ^G=—— in plane stress constraints,

Kt 2or G= - g — (1 -v  ) in plane strain constraints.

2.1.4 Plastic Zone Size

As a first approximation, yielding in a linear elastic material occurs when Gyy, see Table 2.1, 

along the x-axis is limited to the yield stress (Figure 2.3):

K]
ys'V 2 ^

Solving the equation for r gives

ry(plane stress)
Kt

'ys
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where ry denotes the first order estimate of plastic zone size for small scale yielding, assuming a 

circular plastic zone in plane stress constraint.

In elastic-plastic materials, when yielding occurs, stresses must redistribute in order to satisfy 

equilibrium, because stresses cannot exceed the current yield surface. The plastic zone must 

increase in size in order to transmit all stresses. In elastic perfectly plastic material (i.e. where 

stresses cannot exceed the yield stress), assuming a circular plastic zone shape with diameter rp, 

the force balance for the stresses in the redistributed (plastic) area can be written as

ry ry

° y s rP = J°yydr = J ^ = dr
0 0

Integrating and solving for rp gives

\2
_ _ 1_ 

rp(planestress) —
K
^ys

The result of the plastic zone diameter is twice of that obtained as the first order estimate.

Considering the stresses in terms of principal stresses, the Von Mises yield criterion states that 

yield will occur when

( G i - g 2)2+ (g 2- g 3)2+(G 3- G i ) 2 =  2 a ys2, 

but G3 is either 0  (plane stress) or v (G i+ g 2) (plane strain), and Gi = g 2 along the x-axis, 0 = 0. 

Thus, if the Poisson’s ratio, v = 0.33 ,

Gi =  Gyy ~  3(Jys.

in plane strain conditions. Therefore, the plastic zone size along the x-axis for the plane strain 

condition is

r
y(planestrain) 2k

/  \2 
K, '

3<Tys

At the plate surface, however, there is a state of plane stress where G3=0, and ry is the same as 

the first order estimate, ry(Pianestress), i.e. nine times as large. The ry model for plane strain 

condition must be a considerable underestimate of the overall through-thickness plastic zone 

size in a plate. For this reason the nominal plane strain plastic zone is,

_ J _
^"y(planestrain) ^

^ys
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An effective crack length (Figure 2.4) is defined by Irwira[23] to account for the effect on the K 

by the occurrence of plasticity at the crack tip,

aeff=a+ry

where a is the actual crack length and ry is the plastic zone radius (for either the nominal plane 

strain and the plane stress). The K calculation for elastic-plastic material can be evaluated by 

defining an effective K,

K f̂f= YeffOVeyTUigff ,

where Yeff is the geometry factor corrected for the effecti ve crack length, aeff. Therefore, the a ^  

and Keff are used as plasticity correction factors that allows LEFM calculations to be extended to 

cases of limited plasticity at the crack tip.

2.1.5 The J Integral

Rice’s analysis[19] of a line integral, which he called the integral J, around the tip of a notch in 

the two-dimensional strain field of an elastic or nonlinear (elastic material, has the form of;

J = J(W dy-T i|^ -ds),
r

where W is the strain-energy density which is defined as,
e

W=W(x,y)=W(s)= fcjjdey;
0

T is an arbitrary counter-clockwise path around the notch tip; Tj are the components of the 

traction vector defined according to the outward normal along the contour T; Ui are the 

components of the displacement vector and ds is a length increment along the contour T, Figure 

2.5. The integral applies to a homogeneous body of linear or nonlinear elastic material, which 

has a unique relationship between stress and strain, free o f body forces and subjected to a two- 

dimensional deformation field so that all stresses Gij can be resolved into x and y co-ordinates 

system.

Consider the integral of any closed contour (T*) enclosing an area (A*) at a notch tip (see figure 

2.5) in a two-dimensional field, free of body force. Then

13



r* J v -

Rice[19] showed that the integrand in the above equation vanished identically, and thus

J(W dy-T^-ds) = 0 

r*

for any closed contour r* . The integral of the closed contour is equal to that the sum of each

segment, namely Tj, r 2, and r 4. On the crack surface, Tj = dy =0. Thus the integral of T3 and 

r 4 are zero, and Ji = - J 2 , where Ji and J2 are the integral of contour Ti and T2 respectively. The 

independence of the J integral is hence proven.

For SSY fields, Rice[19] also showed that

in plane strain deformation field,

E

in plane stress conditions, which is the same as the energy release rate in linear elastic material.

Hutchinson[20] [21] and Rice and Rosengren[22] analysed the asymptotic stress and strain fields 

for materials showing a nonlinear stress-strain response such as may be represented by a 

Ramberg-Osgood power law,

where a  is a dimensionless constant, n is the strain hardening exponent and Go and £ 0  are the 

reference stress and strain respectively, which can be the stress and strain at yield. The solution, 

known as the HRR model, for Mode I deformation is regarded as a series expansion in which 

the leading term has the form

and

Evidently J = G for linear elastic materials, but the integral J characterises crack tip stresses and 

strains in nonlinear materials beyond the validity limits of LEFM (Figure 2.6).

£ O , (J .n r n.— = — + a(— ) , for a  > Go,
£ 0  a o a o

r n+lJ 8ij(0,n)
a 'j-a y s  e a  al rc ys'J ysVAJ-n1
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where <5ij(0,n), eij(0,n) and In are tabulated functions of the strain hardening exponent n and 

angle 0. The HRR model is a small geometry change solution and is applied to conditions where 

the effects of crack tip blunting can be neglected.

The integral J has been used as a fracture characterising parameter for nonlinear materials, but 

single-parameter fracture mechanics breaks down in a low constraint geometry. Low constraint 

geometry corresponds to situations where compressive stresses along the crack front reduce the 

crack tip stresses, and this is discussed in section 2.2.

2.1.6 The Crack Tip Opening Displacement

Wells[18] tested structural steels for fracture toughness but failed to obtain valid Kic values. He 

suggested that the fracture toughness of ductile materials could not be characterised by LEFM. 

Wells noticed from the specimens that the crack faces moved apart prior to fracture, i.e. plastic 

deformation blunted an initially sharp crack and he proposed that fracture occurred at a critical 

crack tip opening. The opening displacement uy for Mode I loading is given by (see table 2.1)

_0 Kj I r . 0 2 0 2  0'uv=2—LJ — sin—(2-cos — vcos —). 
y E V 2ti 2 2 2

If plastic deformation occurs at the crack tip, i.e. the effective crack length=a+ry then, uy

becomes one half of the crack tip opening displacement (CTOD). Solving for the displacement

uy at the edge of the first order estimate of plastic zone size, i.e. r=ry,

Uy=4^  - W c - L )
E V2n o ys 2k

2 K? 2 G hence u v =  — =
K  O y g E  71  G y g

Since the crack tip opening displacement (8) is 2uy, 8 is; 

4 G8 =
71  O y S

The actual relationship between CTOD and G (and J for linear elastic materials) depends on 

stress state and strain hardening. A general form of this relationship is written as



where m is a dimensionless constant. Shih[24] provided further evidence that a unique J-CTOD 

relationship applies well beyond the validity limits of LEFM. Shih applied the HRR solution to 

evaluate the displacement at the crack tip in terms of J, so that

where dn is a dimensionless constant and has a strong dependence on the strain exponent. This 

unique relationship between J and CTOD allows CTOD to be a valid crack tip characterising 

parameter for nonlinear material behaviour. The fracture toughness of a nonlinear material can 

be characterised either by a critical value of J or CTOD.

2.1.7 The T-stress

The elastic stress distribution around a crack tip has a second term By(0) , referring to Eq. (2.1), 

which is a constant stress parallel to the crack flank. This stress is geometry dependent, and 

when it is compressive, it affects the formation of the plastic zones in small scale yielding, 

reducing the value of the crack tip opening stress for a given J. The loss of J-dominance is most 

easily observed in shallow cracked test specimens, which give enhanced Jc values at failure[25]. 

The second term in the William’s expansion, which Rice[26] has denoted the T-stress, can be 

used to expand the two-dimensional near tip elastic stress field to;

^ xx  ^ xy K " fx x (6 ) fxy (9 )"
+

"T O'"

<JyX Gyy -Jlnr _ fy x (6 ) fyyO ) 0 O'

The T-stress forms the second parameter of a two-parameter failure locus which can be used to 

predict failure for crack tips with different compressive T-stresses. The magnitude of the T- 

stress is defined through a biaxiality parameter (3, introduced by Leevers and Radon[27]

p= K

The simplest and most direct method of calculating the T-stress involves inspection of the stress 

or displacement fields associated with the crack. The displacements can be written in the form
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KrcoisG

KrsinG

On the crack flanks (0=7i) and the angular functions fj(G) are zero, allowing the biaxiality 

parameter to be determined by direct inspection of the asymptotic displacement ux, given by the 

above equations.

Anderson et. al.[25] and Betegon and Hancock[28] studied the effect of the compressive stresses 

on the J-dominated zone. Sumpter[6] conducted fracture tests on high strength aluminium alloys 

(including the alloy used for the Christchurch fabrication), and indexed the critical values of J 

for different geometries in terms of the T-stress, Figure 2.7.

2.2 Fracture Criteria

Fracture toughness can be characterised by a critical value of a single parameter, namely Kic or 

Jic for the cases of Mode I loading. The single parameter approach is invalid for low constraint 

geometry where negative T-stress affects the stresses in the plastic zone (although the plastic 

zone size must be small compared to all in-plane dimensions for valid Kic and JiC tests). In this 

case, two-parameter fracture mechanics are required, in which T-stresses are used as a constraint 

index for a given geometry. Standard fracture toughness testing of materials requires test 

specimens to be W=2B and 0.45<a/W<0.5, where W is the width, B is the thickness and a is the 

crack length. This configuration maintains a triaxial state of stress near the crack tip, i.e. plane 

strain conditions predominate through the thickness, but plane stress conditions exist on the 

plate surface where there are no stresses normal to the free surface.

However, for structural components of a ductile material whose in-plane dimensions are much 

larger than the thickness, a crack in such geometries can fail by crack tunnelling, leading to fully 

slant crack growth. This type of crack growth can be stable because fracture resistance increases 

with crack extension, and a rising R-curve is obtained. Fracture tests on a material in plane 

strain conditions may provide a flat or falling resistance curve (Figure 2.8a), resulting in a 

critical value of Kic or Jic, whilst a test under plane stress conditions provides a rising resistance 

curve (Figure 2.8b). For a material exhibiting a rising resistance curve, the failure criteria are:
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G > J r 

dG dJRand —  >
da da

where G is the driving force, JR is the resistance in terms of J, and Aa is crack extension.

2.3 Guides from British Standard Institution

The standard procedures for material fracture toughness and resistance curve testing are 

provided by the British Standard Institution (BSI) in BS 7448[29]. The requirements in this 

guide are provided for plane strain fracture toughness testing. Test results that fall below the 

requirements are defined as provisional fracture toughness.

An assessment for structural stability using fracture mechanics approach is documented in BS 

7910[30]. The assessments in this document are in three levels depending on the available data 

and the desired accuracy. The assessments in all three levels are presented as failure assessment 

diagrams (FAD) containing an assessment line. The loading condition is indicated by a load 

ratio (denoted as Sr for level 1 or Lr for levels 2 and 3) of applied stress to the flow stress (in 

level 1) or yield stress (in levels 2 and 3). The fracture instability is determined by a fracture 

ratio (Kr) of the estimated applied Ki to the fracture toughness Kic. The load ratios and fracture 

ratios are the horizontal axis and vertical axis, respectively, of the FAD.

Two methods are provided for assessment in level 1 in cases where the material information is 

limited. The methods require the estimates of applied stress and fracture toughness. One of the 

methods is manual estimation, which does not involve a FAD, but produces an acceptable flaw 

size. The resulting flaw dimension has to be checked as acceptable for plastic collapse 

consideration given in the document. The assessment line for the other method is a rectangle and 

its limits are for Kr = 1/V2 and Sr = 0.8. The former method is provided for calculating the 

maximum allowable flaw size using the fracture toughness, either by the stress intensity factor 

or CTOD method.

There are two methods in level 2 assessment based on a single value of toughness. The fracture 

ratio (Kr) in the first methods (denoted as Level 2A) is a function of the load ratio (Lr);

Kr = (1 -  0.14L,2){0.3 + 0.7exp(-0.65Lr6))
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for Ly ^ Lrraax? und

Kr = 0

for Lr > Lrmax, where L,™  ̂= (5f\0J<5ys, i.e. the ratio of flow stress to yield stress.

The second method (Level 2B) requires a specific stress-strain curve. Level 2B applies to 

materials that exhibit a yield discontinuity in the stress-strain curve. The equations for the 

assessment line are as follows;

Kr = 

Kr = 0

C x  3  ' \ - 0 - 5
E£ref + Lr<*y
LrCv 2Eeref

for Lr < Lrmax, Und

for L r  >  Lrm ax,

where 8ref is the true strain obtained from the uniaxial tensile stress-strain curve at a true stress,

L r<Jy.

For ductile materials which exhibit stable tearing level 3 assessment should be used. There are 

three methods in level 3. Two of the methods in level 3, i.e. Level 3A and 3B, are the same as 

for Level 2A and 2B respectively. Level 3C requires computed elastic and elastic-plastic J 

integral result, i.e. Je and J respectively, to produce a FAD specific to a particular material and 

geometry. The equations for the assessment line are

Kr = (Je/J)1/2 for u  < and

Kr = 0 for Lr > Lnnax>

where Je and J are values corresponding to the same load (same Lr) and Kr is plotted as a 

function of L*.

Calculations of load ratio and fracture ratio for a flaw provide an assessment point. The flaw is 

acceptable where the assessment point is below the assessment line. If a flaw is unacceptable for 

an initial assessment, a higher assessment level can be applied provided that accurate material 

information is available.
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▼

Mode I Mode II Mode III
Opening mode In-plane shear mode Out-of-plane shear mode

Figure 2.1 The three modes of loading.

XX

U y

Figure 2.2 Definition of the co-ordinate axis and crack flank displacement of a sharp 
crack.
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Figure 2.5 An arbitrary contour F and an closed contour T* enclosed an area A*.
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Jc -T/Gys data

o test results on high strength 
aluminium alloy

—  lower boundary (bridge alloy)
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0.07 —  Upper boundary (prototype alloy)

0.06 - 

Jc (MN/m) 0.05 - 

0.04 - 

0.03 -

0.02 -

0.01 -

1 - 0.8 - 0.6 -0.4 - 0.2 0 0.2
T stress/Gys

Figure 2.7 The failure loci of Jc versus T/ays for high strength aluminium 
alloy [6].

G(g3)G, RG, R unstableG(o2)

G(g2)
stable

G(ol) G(ct1)

 ►

Crack length Crack length

a. A flat or falling R-curve. b. A (conventional) rising R-curve.

Figure 2.8 Schematic driving force G (which is not necessarily linear) and R-curve 
diagrams.
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CHAPTER 3. PREVIOUS FRACTURE ASSESSMENT SCHEMES

FOR THE CHRISTCHURCH BRIDGE 

3.1 Summary

Failure assessment using a fracture mechanics approach has been provided for the damaged 

Christchurch bridge at different stages of the bridge design. Firstly, Webber[l] applied fracture 

mechanics to predict a critical size of surface crack, hence the service life. The results were too 

conservative, compared to a full scale bridge test.

Henry et. al.[4] studied constraint effects on CCT and 3PB specimens using numerical and 

experimental results from fracture tests on the bridge alloy. The fracture toughness from 

different geometries were rationalised in terms of the T-stress, so that a fracture toughness loci 

in the form of J versus T was obtained for the material (see Figure 2.7). Henry’s numerical 

result[3] showed that the constraint at crack tips in the bridge girder is generally low, producing 

a negative T-stress. Thus, a two-parameter fracture assessment for the damaged bridge was 

suggested.

Cheung[7] conducted an extensive numerical analysis of the crack tip fields for different crack 

geometries in the bridge girder. Solutions for the estimation of J or K for various crack tip 

positions were produced using the numerical results, so that the stress field at a crack tip for a 

given load could be predicted. Failure assessment for a damaged bridge was performed using the 

estimated J or K for a known crack in conjunction with the J-T toughness loci.

3.2 Predicted Services Life

Webber[l] used the fatigue test results of 9.5mm thick bridge alloy specimens and integrated the 

crack growth relationship to predict a residual life, using a critical stress intensity factor to 

calculate the critical crack size. The prediction assumed that a bridge girder failed by a crack 

grown from a defect in fillet-welded joint. The fatigue test result[9] was presented by a Paris 

Law:
Ark

—  = C(UAK)m 
dN
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where C = 1.7x1 O'11 and 6.9x1 O'12 mm/cycle(Nmm'3/2)-3, on the scatterband limits; 

or C = 1.08x1 O'11 mm/cycle(Nmm'3/2)_3, the average between the scatterband limits, 

m = 3, an approximation for the scatterband trend,

UAK is the effective AK; U=0.4R+0.72 and R is the ratio of max. and min. applied 

stress.

However, the data for the geometry factor (Y) in the stress intensity factor was not available. 

Webber[l] adopted a solution for Y which was obtained from results of a geometrically similar 

steel joint.;

Y _  MsMtMK
O0

Mwhere —-  ? Mt and Mk are correction factors for crack shape, crack depth and shape, and the 
O0

weld toe stress concentration respectively. In this analysis, Webber[l] adopted a linear crack 

front shape relationship 2c=6.71+2.58a (in mm), where 2c is the width of surface crack and a is 

its depth.

Using the crack front shape relationship and a typical value Kic=41MPa'v/m (from material tests 

made at this time), Webber estimated a critical surface crack size of 45mm(long)xl5mm(deep). 

Assuming an initial crack depth of 0.0125 mm, and keeping the same crack front shape, he 

predicted that the service life of the bridge was 11500 crossings for the fatigue design load (a 

stress range of 155 MPa).

However, full scale fatigue tests on structural component showed that long cracks of 100- 

200mm were regularly sustained by the tension chord in the bridge, and cracks of up to 300mm 

were observed. In one particular test, a through thickness crack of 99mm length on one side and 

57mm on the other was found in the girder after 17000 load cycles. The crack extended to over 

200mm and failed at 27000 cycles on the application of the limit load (Figure 3.1). In the test 

report[l], Webber suggested that an accurate stress analysis and K estimation scheme was 

necessary for the fracture assessment scheme. This recommendation led to the subsequent 

numerical analysis of fracture test specimens and cracks in the bridge girder.
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3.3 J-T fracture Toughness Loci

Fracture tests of the bridge alloy, using CCT and 3PB specimens, were conducted 

experimentally and numerically by Sumpter[31][32] and Henry[3] respectively. The results[4] 

showed that constraint effects elevated the fracture toughness, denoted by Jc- These constraints 

were rationalised in terms of the T-stress, thus a J-T fracture toughness loci was established, see 

Figure 2.7.

Henry[3][5] showed that a crack in the stem and a shallow crack in the flange of the bridge are 

low constraint geometries. Henry analysed the crack tip fields for stem cracks (for 

0.089<2a/W<0.187) and flange cracks (0.021<a/W<0.343), using the finite element method. 

The result showed that negative T-stresses existed at the crack front in both stem and flange. 

The negative T-stresses in the stem cracks were higher than in the flange. The stem and flange 

cracks were modelled as stationary cracks in 3-D.

Henry[3] provided a framework for a fracture assessment scheme using the J-T fracture 

toughness loci as the failure criteria. He suggested that the J value for a given geometry can be 

computed using a J-estimation scheme by Lau[33]. The T-stress could also be estimated 

according to the crack geometry. Using this fracture assessment scheme, the instability of a 

given crack geometry subjected to an arbitrary load was determined by whether the estimated J 

and T were within or beyond the lower bound of the fracture toughness loci. When the applied J 

(indexed by the T value) exceeded the lower J-T toughness locus, failure would occur.

3.4 Fracture Assessment for the Christchurch Bridge

A fracture assessment scheme for the Christchurch bridge was provided by Cheung[7] who 

estimated the fracture behaviour of a through thickness crack in the bridge. The inspection 

applies to flange cracks and the lower crack tip of stem cracks where the high tensile stresses are 

more significant for structural failure. The assessment scheme requires the estimation of the 

fracture parameter J and the elastic T-stress for a given crack, after which the estimated J and T 

are checked against the J-T fracture toughness loci in order to assess the stability of the bridge 

containing the crack.
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The J-estimation scheme for evaluating J from elastic parameters Y and ry has the form:

J = 7iays8ys (a + ry)Y2
f  \2 

r̂e
£ys\  J J

where a ys and eys are yield stress and strain;

£re is the reference strain,

Y is the geometry factor, determined by stress analysis,

a+ry is the effective crack length, accounting for the plasticity at the crack tip,

and rv = —  (—4 2 for plane strain, or for plane stress.
3 6K Gys

The T-stress is computed from p, the biaxiality factor, see section 2.1.7.

Henry’s numerical results[3] of Y and p for flange cracks were used for the fracture assessment 

scheme. For stem cracks, an intensive analysis for various crack positions was carried out by 

Cheung[7] in order to study solutions for Y and p for the fracture assessment scheme. Cheung 

used a 2-D finite element model for the analysis of stem cracks, assuming plane strain 

conditions at the mid-plane in the thickness direction, because the computation time for 2-D 

analysis was much less than that for 3-D analysis. Cheung’s 2-D results were calibrated for 

accuracy by comparing them, where possible, to Henry’s 3-D result. For the case of a stem crack 

approaching the flange (crack tip less than 25 mm from the flange, see Figure 3.2 for details) the 

2-D result were not sufficiently accurate for fatigue calculation, and a further 3-D analysis was 

carried out for this thesis (see Appendix A).

The Y solutions for stem cracks are expressed by three polynomial equations depending on the 

position of the crack. The three categories are namely,

stage I: cracks contained entirely within the stem (thickness=25mm);

stage II: cracks penetrating from the stem to the web (thickness= 12.5mm);

stage IE: cracks with the same conditions as stage n  but with a remaining

ligament<25mm from the flange.

The solutions for Y and p in the three stages are shown in Table 3.1.

For flange cracks the critical crack lengths are evaluated for various stress ratios (Jappiied/o>ys 

because the solutions of Y and p for flange cracks are functions of the crack length only. In this
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case, the failure criterion is defined in terms of critical crack length for any arbitrary stress, see 

Figure 3.3.

Table 3.1 The Y and (3 solutions for stem cracks.

Y solutions p solutions

Stage I -0.71 (a/b)2+0.59(a/b)+1.06 2.85(a/b)2-3.15(a/b)-0.14

Stage II 8.48(s/2a)5-20.06(s/2a)4+18.24(s/2a)3

-8.49(s/2a)2+2.53(s/2a)+0.56

22.13(a/b)4- 5 1.53(a/b)3 

+44.74(a/b)2-17.55(a/b)+1.66

Stage III Y(stageii)nx0.049 ln(c/25)+1.005 1.31 (c/25)3-0.75(c/25)2 

-1.27(c/25)-0.15

The simplification used for flange cracks is not appropriate for the estimation of J and T for 

stem cracks, whose variables for the Y and p solutions are strongly dependent on the position of 

the crack. A spreadsheet, which can be set up in a notebook computer, was developed for 

calculating J and T. This computer code requires the input of applied stress in the bottom flange, 

and the lower and upper crack tip levels. It is a tool for the inspector’s convenience.

Cheung[7] suggested that predictions by the fracture assessment scheme may be too 

conservative. For instance, the conditions of a 100mm long crack in the stem can be critical 

according to the assessment scheme, but this crack length is observed to be stable in the bridge 

test. Therefore, the fracture behaviour of the bridge alloy is investigated further for other factors 

that can enhance the fracture resistance.

n N .B . Y(Stage ii) is the estim ate o f  Y  using the solution for stage II. See Figure 3 .2  for notations.
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Figure 3.1 Variation of crack growth in the bridge stem with fatigue cycles[l].

a = Half crack length for
stem cracks, or the 
total crack length for 
flange cracks.

b = Distance from the
crack’s mid-point to 
the top of the bottom 
flange.

W = Flange width.

s = Proportion of the
crack length lay 
within the stem.

Upper 
crack tip

Stem crack

Lower 
crack tip

The ligament, c

Figure 3.2 Details of crack aspect ratio.
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Figure 3.3 Critical crack lengths versus normalised applied stresses for flange 
cracks (computed for applied J=Jc, when Jc is indexed by a given T- 
stress).
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CHAPTER 4. RESISTANCE CURVE DETERMINATION

4.1 Large Scale Fracture Tests on Aluminium Bridge Alloy

Sumpter conducted fracture toughness tests[6] on the production version of the bridge alloy 

using standard (b=B) 3PB specimens (for valid Kic test), with a range of a/W from 0.05 to 0.5. 

A large 3PB and a large CCT specimen (for the same thickness but b » B )  were also tested and 

these produced significant stable crack growth. He used the T-stress as the constraint parameter 

to rationalise the measured Jc for different specimen geometries. He estimated the energy 

dissipation rate (see section 6.2.2) of a specimen from the slope of the plot of absorbed energy 

versus crack extension area. The result showed that it increased from 40kJ/m2 for standard 

(b=B) 3PB specimens to 1000kJ/m2 for the large (b » B ) 3PB specimen. Although there was no 

precise relation between fracture toughness and energy dissipation, this large increase of energy 

dissipation rate would provide adequate resistance against unstable crack growth. He showed 

that the Gc and Jc at failure were 0.19 MN/m and 0.33 MN/m respectively for the large 3PB 

specimen (the test was stopped before instability), but both equalled 0.024MN/m respectively 

for the standard 3PB specimen. He suggested that the high energy dissipation rate guaranteed 

structural safety under all possible loading scenarios short of plastic limit load. He noticed that 

the effect of ligament size was shown as the alteration of the fracture mode, which changed from 

purely flat fracture in the square ligament (b=B) to slant fracture (in the form of shear lips) in 

the rectangular ligament (b » B ) for the same thickness. The shear lips developed and caused the 

flat fracture at the central region of the thickness of the b » B  specimen to taper down, whilst 

flat fracture was dominant in the b=B specimens[6].

The effect of ligament size on the stress/strain conditions ahead of the crack were studied 

numerically using the finite element method. The results showed that the differences of opening 

stress, stress triaxiality, equivalent plastic strain and plastic dissipation at the same J value for 

different sizes of ligament were insignificant except for the plasticity ahead of the crack tip 

which varied between different sizes of the 3PB specimens.

The writer simulated stable crack propagation numerically using the DEBOND facility in 

ABAQUS to provide an R-curve for the bridge alloy. The plasticity, and elastic and plastic 

energy were also computed as outputs from ABAQUS. The computed energy was calculated
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after the load increment within which the crack length had extended, therefore the released 

energy due to crack extension could not be separated from the energy change under increasing 

load. As a result the energy release rate could not be calculated accurately from the numerical 

results, and the J integral was used as the measure of fracture resistance. The numerical result 

showed a ‘concave’ (see section 4.6) JR-curve for the bridge alloy. The dJR/da increased with 

crack extension, i.e. the rate of fracture resistance per unit crack growth was increasing or 

increasing constantly with crack extension. The results showed an invariant concave R-curve for 

specimens with square (b=B) and large (b » B ) ligaments. The form of the R-curve was 

eventually confirmed experimentally by Sumpter[8]. Fracture instability could be predicted by 

comparing the potential energy rate of a cracked body and its fracture resistance, namely the R- 

curve approach. Instability prediction (see Chapter 5) using the R-curve approach shows that 

long cracks with b » B  ligament (in this case, B=25mm) are likely to grow stably under 

substantial load increases, agreeing with the experimental results of Sumpter.

4.2 Near Tip Stress and Strain Fields for Small and Large

Ligaments

The aluminium alloy used for the Christchurch bridge fabrication is very similar to AlZnMg- 

7019. The typical tensile data for the alloy, which were used in the numerical modelling, are 

summarised in Table 4.1 (fatigue data is given in Chapter 9). The true stress versus true strain 

curves, parallel and transverse to the extrusion direction, are shown in Figure 4.1.

Table 4.1 Summary o f tensile data o f the bridge alloy.

E (MPa) N G ys (MPa) t^uts (MPa) ^failure (MPa) ^failure

69000 0.33 391 447 603 0.354

Four 3PB specimens, namely a/W=0.2 (for both b=B and b » B ) , 0.33 and 0.5, and one centre 

cracked tension (CCT) specimen, 2a/W=0.52 and b » B , (see Table 4.2 for details) were 

analysed as stationary cracks using the finite element method. The finite element meshes were 

made for 3-D and 2-D analysis. Each 3PB specimen mesh represents only a quarter of the 

specimen as it is symmetric in the length and thickness directions, while the CCT specimen 

mesh represents one eighth of the specimen as it is symmetric in all directions (length, thickness 

and width). Focused meshes (Figure 4.2), consisting of concentric rings of four sided elements
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(in 2-D meshes) were used around the crack tip. For elastic-plastic analysis, crack tip blunting 

can be modelled as the nodes at the crack tip are not tied.

Figure 4.3 compares the numerical load-displacement data between 2-D and 3-D analyses of the 

four 3PB specimens. The data indicates the global behaviour of each model. The 3-D results of 

all the small ligament specimens, i.e. specimens with a/W=0.33, 0.5 and 0.2 (b=B), lay between 

the results of plane stress and plane strain. For the a/W=0.2 specimen with b » B , where the 

thickness is much smaller than its in-plane dimensions, the 3-D curve was much closer to the 

plane stress analysis. The significance of plane stress and plane strain conditions for the 

numerical modelling of crack extension will be discussed in the next section.

Table 4.2 Details o f the 3PB and CCT specimen.

3PB specimens 
a/W

Uncracked 
ligament, b (mm)

Crack length, a 
(mm)

Span, S (mm) Thickness, B 
(mm)

0.2(b=B) 25 6.25 125 25

0.33 50 25 300 25

0.5 25 25 200 25

0.2(b»B ) 160 40 800 25

CCT specimen 
2a/W
0.52 62.5 67.5 25

The opening stress and stress triaxiality of the numerical results in the vicinity of the crack tip 

were compared for the different 3PB crack geometries. Opening stress is the stress normal to the 

crack growth direction, while stress triaxiality is a measure of constraint, defined as the ratio of 

hydrostatic stress to effective (Von Mises) stress. High stress triaxiality indicates high 

hydrostatic stress, which encourages microvoid growth and coalescence. In deeply cracked 3PB 

specimens, stress triaxiality at the crack tip is high but decreases with increasing distance from 

the crack tip and with the thickness to the free surface, i.e. higher stress triaxiality at the mid­

plane. This results in the tunnelling effect on crack growth and the formation of shear lips 

accompanying the crack propagation. The stress triaxiality between crack geometries were 

compared in order to explain the correlation between fracture mode and the geometry effect, 

because flat and slant fracture respectively were observed in the 3PB specimens with the b=B 

ligament (flat) and the b » B  ligament (slant).
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Figure 4.4 and 4.5 show the opening stress(ayy) and stress triaxiality respectively, at J=16 and 

90kN/m for the four 3PB specimens. These two parameters ahead of the crack tip (plotted 

against nondimensional distance, rays/J) are virtually the same for all four specimens. The same 

conclusion can be drawn for variations across the thickness, Figures 4.6 and 4.7.

Equivalent plastic strain is the total accumulation of plastic strain used to define the yielded 

area. A contour plot of equivalent plastic strain illustrates the plasticity (the plastic zone) of a 

numerical finite element model. Figure 4.8 shows the difference in plasticity at the crack tip (on 

the midplane) between three 3PB specimens, namely a/W=0.5, 0.2 (b=B) and 0.2 (b » B ). The 

plastic zone at the midplane of specimens with a/W=0.5 and 0.2 (b » B ) are almost identical at 

lower J. The plastic zone of the 3PB specimen with a/W=0.2 (b=B) is always larger than that of 

the a/W=0.5 specimen and, at lower J, the a/W=0.2 (b » B ). At a J of about 85kN/m, the 

a/W=0.2 (b » B ) specimen contains a larger plastic zone at the crack tip (on the midplane) than 

that of the a/W=0.2 (b=B) specimen.

Figure 4.9 shows the plastic dissipation, i.e. plastic energy, from the numerical results of the 

three models versus J. Plastic dissipation is defined as the plastic energy dissipated due to non- 

reversible deformation. The plastic energy increases with increasing J. The plastic energy for 

specimens with a/W=0.5 and 0.2 (b » B ) are identical at lower J (J<20kN/m), while it is twice as 

large for the specimen with a/W=0.2 (b=B). The plastic energy for a/W=0.2 (b » B ) specimen 

starts increasing at a higher rate after J exceeds 20kN/m, and is larger than that for a/W=0.2 

(b=B) specimen at J = 34kN/m.

Crack propagation occurs when potential energy change overcomes the fracture resistance. The 

potential energy is the internal strain energy plus external work, while the fracture resistance is 

the sum of surface energy and local plastic dissipation. For elastic-plastic material, the plastic 

energy of a cracked body is always much larger than the surface energy. Figure 4.9 shows that 

the plastic dissipation for a/W =0.2(b»B) increases rapidly at J=20kN/m. This may explain the 

stable crack growth in this specimen because the more rapid increase in plastic work increases 

the fracture resistance.
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4.3 Numerical Analysis of Stable Crack Extension

Stable crack growth in the 3PB specimens with a/W=0.5 and 0.2 (b » B ) and the CCT specimen 

with 2a/W=0.52 (b » B ) was simulated numerically with the ABAQUS’ DEBOND process 

(only available for 2-D meshes). A rectangular finite element mesh at the crack tip region is 

required for incremental crack extension, Figure 4.10. Crack propagation criteria can be 

specified in three ways in ABAQUS, namely critical crack opening displacement, critical stress 

and crack length versus time (which is related to the time period of the analysis). Elements and 

nodes associated with the two potential crack surfaces are specified in pairs which are initially 

contacted, but can be separated using one of the prescribed crack propagation criteria, under the 

DEBOND operation.

The critical crack opening displacement (COD) criterion is typically used for crack propagation 

in ductile materials, and is used in the present case. For this criterion, the user inputs a 

relationship between the COD and the crack extension. A fixed distance, measured from the 

current crack tip, locates the point where the COD is monitored. The crack propagates 

progressively (from one node to another) as a function of the prescribed crack extension and the 

ratio of current (computed) COD to the prescribed COD. In the DEBOND process used in the 

present case, stresses between the two initially contacted elements reduce to zero as a step 

function when the separation begins. The crack extension versus crack mouth opening 

displacement (CMOD) had to be estimated on a trial and error basis, because no experimental 

crack extension data was available at the time of the analysis. The COD was calculated from this 

estimation. The computation proceeded by dividing the DEBOND process into several steps 

which allowed the load versus CMOD curve of the numerical result to match the experimental 

result when satisfactory crack extensions had been selected. Within each load increment there 

were several increments of crack extension. This procedure was very time consuming, but 

provided the required results and a good match between the experimental and numerical load- 

CMOD curves.

Meshes of half of the 3PB specimens and a quarter of the CCT specimen were generated for the

2-D analysis. The three rollers in the 3PB experimental test were also modelled as rigid surfaces, 

which had no deformation when they contacted with the model of the specimen. The roller 

positioned above the crack line loaded the model. The use of applied loads was recommended
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by ABAQUS for accurate evaluation of the work done to the model. The output of each 

increment of crack extension from ABAQUS was calculated after the application of load. In this 

case the released energy due to crack extension could not be separated from the energy change 

under increasing load. Therefore the fracture resistance was studied in terms of a J (or JR, where 

the subscript R indicates values of J on the resistance curve) versus crack extension, Aa .

The experimental fracture testing of the bridge alloy by 3PB specimens used displacement 

control. Crack growth in both a/W=0.5 (b=B) specimens and the a/W=0.2 (b » B ) specimen was 

stable[6], but the load behaviour was different after crack initiation. The load for the a/W=0.5 

specimens stayed constant within ±10% of the maximum load (Figure 4.11), whilst the load for 

the a/W=0.2 (b » B ) 3PB specimen rose with increasing CMOD, Figure 4.12. Both types of load 

behaviour can occur under plane strain and plane stress conditions in the finite element model, 

and the most appropriate constraint must be decided from other factors. For our analyses, 

constraint was decided initially by the load-displacement behaviour of the 3D static crack 

analyses, see Figure 4.3. Where possible, both plane strain and plane stress analyses were 

carried out.

The large CCT specimen was analysed numerically using plane stress constraint, but the 

a/W=0.2 (b » B ) and a/W=0.5 (b=B) 3PB specimens (see Table 4.2 for the dimensions of the 

specimens) were analysed using both plane strain and plane stress constraint. The plane strain 

JR-curve of the a/W=0.2 (b » B ) 3PB specimen was not acceptable (Figure 4.12) because the 

load-CMOD result of the numerical test did not coincide with the experimental record. This was 

also evident before any crack growth, which started at an applied load of 85kN. In addition, the

3-D analysis of this specimen with a stationary crack, Figure 4.3, showed close agreement 

between 3-D and plane stress load-displacement curves.

The crack tip plastic zone size (in terms of equivalent plastic strain) increased gradually with the 

increasing J level, see Figure 4.13 for the plastic zones in the a/W=0.2 (b » B ) 3PB specimen. 

The size was relatively small compared with the in-plane dimensions, Figure 4.13e (the last load 

increment), showing small scale yielding predominated. In this case the plastic zone size is 

about 16mm ahead of the crack tip, Figure 4.13e, where the total crack length is 49mm. 

Plasticity can also be seen on the model in the top left and bottom right comers at the positions 

of the rollers. The stress and strain fields ahead of the growing crack tip are discussed in section

6.4.1.
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The numerical jR-curves of the a/W=0.5 (b=B) 3PB specimen for plane stress and plane strain 

conditions are alike (Figure 4.14). The numerical Jic values (i.e. the value at crack initiation) are 

0.018MN/m for the plane stress result and 0.012MN/m for the plane strain result#, equivalent to 

36.2MPaVm and 30.7MPaVm respectively, i.e. the plane strain result is 15% less than that of 

plane stress. In SSY, the JR values for the plane strain condition is less than plane stress by 10% 

(because G = K i2/ E ’ where E’=E for plane stress and E’=E/(l-v2) for plane strain). The 

experimental load-CMOD curve for this specimen is much closer to the numerical plane strain 

load-CMOD curve (for the initial crack length) than the plane stress curve, Figure 4.11.

The numerical plane stress fracture model of the a/W=0.2 (b » B ) 3PB specimen provides a JR- 

curve up to Aa=8mm (Figure 4.15). Within this crack extension, the JR increases negligibly for 

the first 4mm of crack extension. After that, the J increases gradually with increasing Aa as the 

shear lips develop (which is observed in the experimental specimen).

The numerical plane stress Kic for the a/W=0.5(b=B) and a/W =0.2(b»B) specimens (derived 

from the JR values at crack initiation) are 36.2MPaVm and 33.4MPaVm respectively. These 

values coincide with the plane strain fracture toughness Kic for the bridge alloy of around 

35MPaVm[8], whereas the plane strain JR-curve computation gives a significantly lower value, 

see above.

4.4 JR Curve Fracture Assessment

For materials under elastic behaviour, the driving force (G) defines the change of potential 

energy (Ue) per unit crack growth (dUg/da). The crack propagates in a stable fashion when

G=R

dG ^ dR and —  < —  
da da

but for unstable crack growth;

N .B . The plane strain computation started crack propagation at a load o f  15.5kN , just before the load  
reached its m axim um  value o f  18.1kN.
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dG dR 
da da

where R is the fracture resistance (see Figure 2.8).

For elastic materials, R=2ys where ys is the surface energy of the material. For an elastic-plastic 

material, R=2(ys+yp), where yp, the energy dissipation due to plastic deformation, is typically 

much larger than ys. If the J integral is a measure of the absorbed energy of a growing crack in 

an elastic-plastic material (which is approximately true for SSY), and the crack growth is stable, 

J can be viewed as the fracture resistance, R.

A rising J r  curve shows fracture resistance increasing with crack extension. Ductile materials 

normally exhibit a rising R curve (a conventional rising R curve is a convex curve) because the 

plasticity at the crack tip increases with crack growth. The G also increases with increasing 

crack length, giving a positive value of dG/da (providing the load does not decrease) which is 

the usual case for stable crack growth. For stable crack growth after the maximum load is 

reached (made possible by displacement control), G can reduce with increasing crack length, 

giving a negative dG/da. This is the case of the a/W=0.5 3PB specimen in the experimental 

test[6], where the experimental result showed the crack grew in a stable fashion with the load 

decreasing.

4.5 Jic at Meta-instability (Pop-ln)

Sumpter[6] reported that the initial crack propagation in shallow notched standard 3PB 

specimens, namely a/W<0.3, was unstable while the subsequent crack growth in a/W=0.5 3PB 

specimens (and large ligament specimens) was stable. Although the Jic values for the 

experimental 3PB specimens (with 0.1<a/W<0.5) varied between the different crack geometries, 

the results could be correlated by the T-stress[6], see Figure 2.7 and section 3.3. The T-stresses 

for 0.1<a/W<0.3 specimens were negative, but they were positive for a/W=0.5 specimens, 

which provided the lowest Jic value. The Jic value (or Jo.2Q value obtained from the a/W=0.2 

specimen) obtained experimentally by Sumpter[6] was 0.018MN/m for both a/W=0.5 (b=B) and

N .B . J02 is defined in BS 7448:Part 4 as the fracture resistance at 0 .2m m  crack extension. For a valid JR- 
curve, Jo.2<Jmax (The evaluation o f  Jmax is given in BS 7448:Part 4).
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a/W=0.2 (b » B )  3PB specimens. This also coincided with the typical Kic of 35MPa'v/m[8], see 

section 4.3.

The numerical plane strain KIC of a/W=0.5(b=B) specimen was 30.7MPaVm, see section 4.3. 

The numerical plane strain KiC was lower than the fracture toughness KiC of 35MPaVm, though 

the load-CMOD curve of the numerical plane strain result agreed with that from the fracture 

toughness test.

Figure 4.16 shows that the experimental J r  value at initiation of a b » B  CT specimen was in 

between the values of plane strain and plane stress results, although the experimental J r  curve 

was computed using plane stress constraint. The J value at initiation from the result of fracture 

testing on b » B  CT specimens corresponds closely with the Kic from early plane strain fracture 

toughness test results[8].

Plane strain fracture toughness can be obtained by testing a sufficiently thick plate of alloy. In 

general, the plane strain fracture toughness Gic (or Kic) is restricted to SSY conditions, and is 

determined from the load vs. displacement record of a fracture test at pop-in. The Gic (Kic) 

value is a material property and independent of the specimen dimensions [34], provided that the 

test result fulfils the requirements of the standard fracture toughness test.

It is clear from both experimental and numerical results described above that crack initiation is 

associated with SSY (and therefore plane strain) conditions in the near crack tip region, and that 

different specimen (and hence ligament) sizes do not affect this value. It is, however, affected by 

the degree of in-plane constraint, as indexed by the T-stress. It is not clear why the use of plane 

stress finite element analysis of stable crack growth give the same values of Kic as those 

obtained by plane strain formulae applied to standard test specimens with square ligaments, i.e. 

b=B.

4.6 The Form of the R Curve

The J r  versus Aa curves from both numerical 3PB and CCT test results show a concave R curve 

for the bridge alloy. The higher J at initiation for the CCT test result (a low constraint geometry) 

in Figure 4.17 is correlated to a negative T-stress, which is rationalised by Sumpter in the form
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of Jc versus T-stresses as a constraint index for the material, Figure 2.7. The JR-curve of the 

CCT specimen in Figure 4.17 is a hypothesis which assumes zero T-stress at initiation, see 

section 4.5. As the R curve rises with crack extension, the curves from the CCT and 3PB (b » B ) 

specimens converge, because the effects of in-plane constraint becomes insignificant due to 

increasing amount of slant fracture.

This form of R-curve, i.e. a concave curve, has been confirmed experimentally by Sumpter[8 ] 

(Figure 4.16). He used a compliance unloading technique (which gives a measure of the average 

crack extension) on an a/W=0.23 (b » B ) CT specimen to obtain an R-curve for the material, 

using plane stress calibrations. He used formulae from ASTM standard[35] (which calculates J- 

integral for current crack lengths) to obtain Je and Jp, and hence JR=Je+Jp. He provided an R- 

curve for a crack extension up to 18.5mm (the crack tunnelled, and tapered to a point at 

Aa=l8.5mm with a V-shaped cross-section), at which point the specimen failed by unstable V- 

shaped fracture at 90° to the notch direction. Another fracture test by Sumpter[36] on a a/W=0.5 

(b » B ) CT specimen provided a similar JR-curve for a crack extension of 35mm (Figure 4.18). 

It is noted that the fracture resistance between the LTY and TL orientations are different. The 

former is twice as much as the latter, see Figure 4.18. Only the fracture resistance in the LT 

direction will be discussed and applied to the instability prediction, because in the full scale test 

cracks propagated in this direction, see Figure 3.1. The numerical plane stress R-curve from the 

large ligament 3PB specimen agrees closely with the experimental result from the CT specimen, 

see Figure 4.16. Both 3PB and CT specimens are high constraint geometries.

The concave R-curve for the material is different from a conventional rising R-curve. The dJR/da 

of a conventional curve decreases with crack extension, and the curve probably approaches a 

plateau after the instability occurs at Jc- The dJR/da of the experimental R-curve for this material 

showed no sign of decrease with crack extension, even at failure (Figure 4.16). Therefore, Jc 

values could not be determined from the data over the observed crack extension, although 

further testing would probably show some form of saturation.

N .B . TL is the extrusion direction, w hilst the LT is the direction normal to TL.
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4.7 Plane Stress Crack Propagation

Plane strain fracture toughness tests are aimed at producing a single Kc value, KiC (or Jic) i.e. 

the lowest fracture toughness for instability in the material. The KiC (or JiC) is defined only if the 

specifications for the fracture toughness test are fulfilled, and the test is conducted under 

predominantly plane strain conditions. Fracture toughness Kic is a measure of crack tip opening 

stress at the occurrence of crack propagation. If the crack always propagates at a constant Kic, 

corresponding to an initial applied load, the applied loads for subsequent crack propagation are 

generally lower because K is a function of applied stress and the crack length (see section 2.1.3), 

and usually increases with increasing crack length for most test geometries.

For thin plates, the Jc value rises with decreasing specimen thickness[34][37]. This variation of 

Jc is the result of plastic deformation ahead of the crack front, which allows plane stress 

conditions to prevail through the thickness. In this case the instability is preceded by stable 

crack growth (perhaps, with the appearance of shear lips, but limited in width), and Jc is size 

dependent because it is a measure of the plastic work ahead of the crack tip.

The relationship between the shear lips’ width and fracture resistance has been discussed by 

Kraft[37] and Knott[38] (see Chapter 6 ). In case of shear lips forming along the crack flanks, 

Kraft[37] and Knott[38] predicted J values using the width of the shear lips, assuming a constant 

plastic dissipation energy per unit volume at the crack tip.

4.8 Plane Strain to Plane Stress Transition

The fracture surface of b » B  specimens showed flat fracture at initial crack propagation but the 

crack failed by fully slant fracture. The onset of the shear lips implied that the transition from 

plane strain to plane stress started at the beginning of the crack extension. In addition, the 

numerical result from 3-D analysis of static cracks showed that plane strain conditions existed 

only in the vicinity (about 2mm ahead) of the crack tip. The plane strain conditions rapidly 

decreased from the crack tip so that the conditions were predominantly plane stress beyond 

6 mm from the crack tip, Figure 4.19. In this case neither plane strain nor plane stress analysis of 

crack extension would be appropriate for the calculation of fracture resistance because of the 

change in out-of-plane constraint. After several millimetres of crack growth, the crack is
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subjected to essentially plane stress conditions, and the large specimens (and structure) behave 

like ‘thin-walled’ components.

Both the plane strain and plane stress analyses assume consistency of constraint across the 

thickness, i.e. either 8 3 3 = 0  or 0 3 3 = 0  respectively. In practice, the predominantly plane strain 

conditions increase towards the central region of the thickness while the plane stress conditions 

exist on the plate surface. For the J integral in between the centre of the thickness and the plate 

surface, plane strain analysis could underestimate its value whilst plane stress analysis could 

overestimate it.

It is unfortunate that at the time of study the numerical crack extension analysis could not be 

carried out using a 3-D analysis, and the result was only an approximation from either plane 

strain or plane stress analysis. Figure 4.15 shows that the plane strain and plane stress JR-curves 

for the a/W=0.5 3PB specimen (the results of the a/W=0.2 b » B  specimen were not applicable 

because the plane strain JR-curve of this specimen geometry was invalid) were alike at the onset 

of crack extension. The dJ/da of the plane stress results for the first 4mm of crack extension in 

this specimen was dJ/da=5.2MN/m2 which coincided with the value of 5MN/m2 obtained 

experimentally by Sumpter[6 ] using a plane strain multi-specimen technique. The JR-curve, 

using plane stress calibrations, from fracture testing on a b » B  CT specimen[8 ] produced an 

averaged dJ/da of 5.5MN/m2 for the first 3.5mm crack extension. In addition, the (plane stress) 

JR value at initiation for the CT specimen was in between the values of plane strain and plane 

stress results from numerical JR-curve testing (see section 4.5 and Figure 4.16).

The numerical plane strain result from the 3PB specimen was dJ/da=3.18MN/m2, 39% less than 

that of the plane stress result. The two results diverged with increasing crack extension (Figure 

4.15), as the plane stress JR-curve increased more rapidly with crack growth than the plane strain 

result. For the b » B  and B=25mm specimens tested, it is certain that flat fracture in the central 

region of the thickness tapered down to a point where the crack failed by fully slant fracture, i.e. 

the crack growth was predominantly plane stress after initiation. If the transition from plane 

strain to plane stress conditions occurred gradually during crack extension, the concave JR-curve 

would have been flatter at the onset of the crack extension (Figure 4.20), as obtained in the plane 

strain JR-curve where the flat fracture was dominant at the central region of the thickness.
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For the a/W=0.5 (b=B) 3PB specimen, the numerical plane strain JiC value of 0.012MN/m was 

obtained at an applied load of 15.5kN, where crack growth started. The load subsequently 

increased to a maximum of 18.1kN after 0.7mm of crack extension, giving a J r  value of 

0.018MN/m (equivalent to a K value of 37.3MPaVm). This small (numerical) crack growth, just 

prior to maximum applied load, was necessary for the accurate reproduction of the experimental 

load-CMOD curve, which was the basis of the numerical analysis. However, the increase in 

numerical J values from 0.012MN/m to 0.018MN/m for a crack extension of only 0.7mm could 

be due to crack tip blunting in the test piece, which would relax through thickness constraint. On 

the other hand, the dJ/da of 3.18MN/m2 from the numerical plane strain result was much lower 

than the value of 5MN/m2 obtained by Sumpter[6 ] using a plane strain multi-specimen 

technique. The plane strain conditions enforced a constant (plane strain) plastic zone size 

throughout the thickness at the crack tip in the numerical model, but, experimentally, it was 

clear that some shear lips developed, so that the plasticity increased at the beginning of the crack 

propagation, resulting in an increase of dJ/da. Hence, on this basis, plane stress analysis gave a 

better estimate of the crack tip plastic work in the early stages of crack propagation (Aa<4mm) 

rather than the plane strain conditions, which existed around the crack tip prior to propagation.

4.9 Conclusions

Short cracks in standard (b=B) 3PB specimens failed at initiation, whilst cracks in b » B  

specimens failed after slow crack growth (under increasing load). This discrepancy was 

observed from experimental testing and was examined initially by comparing the stress/strain 

conditions ahead of crack tips in 3PB stationary crack geometries using numerical results. It was 

noticed that the rate of increase in plasticity ahead of the crack tip varied between different sizes 

of the geometries, but other factors remained the same.

Crack extension was analysed numerically in order to produce jR-curves for the bridge alloy, 

and the result provided a concave JR-curve. In general, it seems that a plane stress JR-curve gives 

the best estimate of fracture resistance for the structural components made of 25mm thick 

sections of bridge alloy. The numerical result of crack extension, namely Jic and dJ/da, using 

plane stress analysis agrees closely with experimental results using plane strain calibrations. The 

3-D numerical result of static cracks in 25mm thick plate shows that plane strain conditions exist 

at the crack tip within a short distance (<6mm). Therefore a plane strain Jic (or Kic) is valid as a
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critical J (or K) at initiation, but the value is correlated with the T-stress due to the effects of in­

plane constraint for low constraint geometries. Once crack propagation starts, crack tip plasticity 

effects, which gives rise to the increase in fracture resistance, are best modelled by plane stress 

analysis.
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Figure 4.1 The true stress versus true strain curves for the bridge alloy.

Focused mesh at the crack tipa.

Figure 4.2. Finite element mesh.

b. The crack tip nodes are tied to enhance c. Crack tip opening displacement
the K singularity in LEFM. (for EPFM)
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Figure 4.3 Numerical result of load versus displacement data of 3PB specimens.
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Figure 4.4 Normalised opening stress of 3PB specimens
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Figure 4.7 Stress triaxiality across thickness of 3PB specimens at J=38 KN/m.
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Figure 4.8a Crack tip equivalent plastic strain (on the midplane) plots of 3PB specimen of
a/W=0.5 at given J level.
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Figure 4.8b. Crack tip equivalent plastic strain (on the midplane) plots of 3PB
specimen of a /W = 0 .2 (b»B ) at given J level.
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Figure 4.8c. Crack tip equivalent plastic strain (on the midplane) plots of 3PB
specimen of a/W=0.2(b=B) at given J level.
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Figure 4.10 Mesh configuration (at crack tip) for crack extension analysis.
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CHAPTER 5. APPLICATION OF THE R-CURVE

5.1 Introduction

Crack propagation in a material that has constant fracture resistance is unstable because the 

driving force increases with crack growth, but the material resistance remains constant, see 

Figure 2.8a. In this case the fracture resistance of the material is characterised by a value of K, 

but, the value of K may be modified by any loss of in-plane constraint inherent in the geometry. 

If a thick, high constraint, specimen contains a plastic zone at the crack tip which is 

comparatively small compared to the in-plane dimensions so that plane strain conditions exist in 

the interior of the plate, the fracture resistance is defined as Kic, the plane strain fracture 

toughness. This value implies maximum in-plane constraint.

For a material with a rising R-curve, crack growth with increasing driving force is stable until 

the driving force curve is a tangent to the R-curve, see Figure 2.8b. For a material with a rising 

R-curve, the fracture resistance cannot be characterised with a single toughness value. However, 

the point of tangency depends on the shape of the driving force curve (Figure 2.8), which 

depends on the configuration of the structure. A crack in a thin plate, which is loaded in 

predominately plane stress conditions, produces a steeper R-curve than that a crack in a thick 

plate. If instability occurs during an R-curve test, the R-curve cannot be defined beyond the 

point of ultimate failure.

Materials with rising R-curves can be characterised by a value of K at initiation, corresponding 

to Kic for high constraint geometry. It can be correlated by the T-stress for low constraint 

geometry.

Instability prediction using the R-curve approach is determined by comparing the driving force 

curve and R-curve (see section 4.4). The driving force curve rises with crack extension and 

should reach a point which is tangential with the conventional R-curve (Figure 2.8b), whose 

dJR/da decreases all the time, i.e. it is convex in shape. The point of tangency, where instability 

occurs, depends on the shape of the driving force curve, because the R-curve is a material 

property (although an R-curve in plane stress is steeper than that in plane strain). The R-curve 

for the bridge alloy rises increasingly with crack extension, i.e. it is concave in shape, and
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cannot reach a critical J according to the test results (Figure 4.17). In this case, instability, given 

by a point of tangency, could not be predicted with the current R-curve for the bridge alloy. The 

concave R-curve for the bridge alloy showed that crack growth arrested where the R-curve 

intersected and rose above the driving force curve, see section 5.1.2.

Material tests[6 ][8 ] on bridge alloy showed that shallow crack geometries failed at Kic, while in 

specimens with b » B  ligaments, failure was preceded by stable crack growth. Instability 

prediction for different crack geometries, i.e. different test pieces, is assessed in this section to 

demonstrate the method, i.e. the R-curve approach. Assuming the (experimental) plane stress J r  

curve and its J r  at initiation are independent of the crack tip condition and specimen geometry 

(i.e. ignoring the T-stress effects), the invariant J r  curve is reproduced for all crack geometries. 

The thickness of specimens and the structural components is 25mm, which is also the thickness 

of specimens for JR-curve testing (in chapter 4). Instability of a crack geometry is determined 

graphically by comparing the calculated driving force curve of the geometries and the JR-curve. 

If the driving force curve lies above the R-curve, then instability will occur at Kic, and vice- 

versa. If the two curves cross, then crack stability can be followed by instability, and vice-versa.

The assessments of instability in different crack geometries are produced for 3PB and CT 

specimens. The (elastic) driving force, G, is calculated using the solution in BS 7448:Part 1. 

Each curve represents the driving force at constant load (corresponding either to the load 

necessary to achieve Kic, i.e. at initiation, or the maximum applied load in the experimental 

test[6 ][8 ]) with increasing crack length. The effects of the T-stress on Kic are assessed.

The JR-curve and G curve, both indexed by the T-stress, are then applied to high constraint 3PB 

geometries. The results are illustrated in 3-D and will be discussed in section 5.2. In the case of 

plastic deformation at the crack tip, the driving force G is computed using the effective crack 

length related to the crack tip plastic zone size. A few examples are shown in section 5.3.

5.1.1 Instability Prediction for b<B Ligament Specimens

Figure 5.1 illustrates the application of the J r  curve approach for shallow crack geometry (see 

Table 5.1). The driving force curve is evaluated for constant load with increasing crack length,
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i.e. increasing a/W ratios. An invariant (high constraint) R-curve is produced for each initial 

crack length. In Figure 5.1a G versus crack length is calculated for the maximum applied load 

(53kN). The G at initiation is much larger than the JR (Figure 5.1a). This high G value is 

associated with a negative T-stress which raises Jic. In this case, T/oys= -0.35[15], 

corresponding to Jc=0.03MN/m using the constraint index[6 ], while the computed G is 

0.028MN/m. The application of the T-stress constraint index for the R-curve approach will be 

discussed in section 5.2. The dG/da is larger than dJR/da for crack lengths up to 10mm, where 

the G curve rises up rapidly above the R-curve. This implies that the crack growth is unstable at 

the constraint corrected Kic value, which agrees with the experimental result.

The driving force curve in Figure 5.1b is calculated using the load (19.3kN) that gives the value 

of G at initiation, Gic, for the crack length of a/W=0.5(a=25mm). The driving force curve 

intersects the concave R-curve but does not rise above it for the first 3mm of crack growth. As a 

result, the crack propagates under the applied load but the crack growth is stable under a 

constant load: it possibly arrests if the load is removed. Stable crack growth can only continue 

with increasing specimen’s displacement, but constant or decreasing load, Figure 4.11. 

Instability occurs at a crack length of 40mm where the G curve rises above the R-curve (Figure 

5.1b), which represents the resistance associated with the initial crack length. The result 

coincides with the experimental result that stable crack growth is observed in this geometry, but 

no experimental crack extension data were available. In the experiment the crack extended and 

failed at an applied load of 18kN, equivalent to 0.85% of the plane stress limit load (see section 

4.3), and close to the calculated Gic load of 19.3kN.

Table 5.1 Details o f the 3PB and CT specimen.

3PB specimens 
a/W

Ligament length, 
b (mm)

Crack length, 
a (mm)

Span,
S (mm)

Thickness, 
B (mm)

0 . 1 25 2.5 1 1 0 25

0.5 25 25 2 0 0 25

0.2(b»B ) 160 40 800 25

CT specimen 
a/W
0.23(b»B) 115 35 24.5

The prediction of instability at initiation in the a/W=0.1 3PB specimen coincides with the 

experimental result. For shallow crack geometries the opening stress is affected by compressive
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(negative) T-stress (see section 2.1.7). The T-stress indexes the opening stress for both the J r -  

curve and G curve, hence the instability prediction including constraint effects will be discussed 

in section 5.2.

5.1.2 Estimation of Crack Extension in b » B  Ligament Specimens

The test result of large 3PB and compact tension (CT) with b » B  ligament specimens (see 

Table 5.1 for details) by Sumpter[6 ][8 ] showed that the unstable fracture was preceded by stable 

crack growth. Two driving force curves are produced for each case in order to estimate the 

amount of crack extension.

For the a/W=0.2 (b » B ) 3PB specimen (see Figure 5.2a), the two driving force curves represent 

the applied force at 85kN (corresponding to the J r  at initiation) and at 250kN (the maximum 

applied force in the experimental test[6 ]). The lower G curve in Figure 5.2a shows G = J r  at the 

initiation point of the R-curve, where the crack propagates. However, dG/da<dJR/da so that the 

crack growth is stable. The G curve for the maximum force intersects the R-curve (for the initial 

crack length) at a crack length of 52mm. In this case, the crack extension is 12mm, from 40mm 

to 52mm (see Figure 5.2a), assuming a single R-curve represents the initial crack length and the 

applied force rises from 85kN to 250kN. The experimental test was stopped at the final load of 

247kN. The experimental crack extension was not available for comparison between that and 

the analytical result.

An experimental JR-curve was produced for the bridge alloy using a CT specimen (see Table 5.1 

for specimen details) and a compliance unloading technique. This JR-curve coincided with the 

numerical result (both used plane stress calibrations, see Figure 4.15), and is used throughout 

this chapter. Figure 5.2b shows two driving force curves produced for applied forces of 69kN 

(equivalent to Jr at initiation) and 88kN (as the maximum load of the first load/unloading cycle). 

The lower G curve shows G=Jr where the crack initiates. However, dG/da<dJR/da so that the 

crack growth is stable. The higher G curve represents the applied force increased from 69kN to 

88kN, with which G=Jr at a crack length of 37.5mm (see Figure 5.2b). The further increases of 

crack length under the given load do not cause unstable crack growth, because dG/da<dJR/da.
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The experimental crack extension in the first load/unloading cycle was 3.5mm, while the 

estimate was 2.5mm (from 35mm to 37.5mm), see above.

Using the R-curve approach, instability of a shallow crack in a specimen with b=B ligament 

occurs at G equivalent to J r  at initiation, i.e. at Kic, while stable crack extension in 3PB and CT 

(b » B )  specimens is predicted. The result shows that the high dJR/da of the bridge alloy results 

in stable crack growth in specimens with b » B  ligament.

5.1.3 Estimation of Crack Extension in Bridge Components

Figure 5.3 shows the G curves for a stem crack and a flange crack in the bridge girder. The G 

values are calculated using the solutions by Cheung[7][39]. The G curve for a stem crack, 

assuming the crack grows towards the flange but with its lower crack tip more than 25mm away 

from the flange, is calculated for an applied stress equivalent to 0.43oys (Figure 5.3a). The G 

curve for the stem crack intersects the R-curves, for an initial crack length of 40mm, at a crack 

length of 44.5mm. This implies that the crack grows from 40mm to 44.5mm, under the given 

load, and it arrests where G=R and dG/da<dJR/da (Figure 5.3a). The repetition of the R-curve at 

the initial crack length of 44.5mm, assuming the crack propagates under the same conditions, 

shows that the G curve intersects the R-curve, i.e. G=R and dG/da<dJR/da, at a crack length of 

49mm. The R-curve for the vicinity of the flange is not known, but is perhaps less steep than the 

plane stress R-curve because of the change in cross sections, giving an increase in the out-of­

plane constraint.

Two G curves are produced for flange cracks from 0 to 78mm subjected to applied loads 

equivalent to 0.43ays (solid line) and 0.6ays (broken line) in Figure 5.3b. A 5mm flange crack 

propagates at the JR value at initiation under an applied load equivalent to 0.6ays (broken line), 

assuming a constant JR value at initiation (Figure 5.3b). The crack arrests after initiation because 

dG/da<dJR/da, but the crack growth can resume under increasing load. An R-curve is 

reproduced for a crack length of 60mm. This R-curve intersects the G curve, for a load 

equivalent to 0.43ays (solid line), at a crack length of 74mm (Figure 5.3b), where G=R and 

dG/da<dJR/da. This implies that the crack growth is stable under the applied load at a crack 

length of 74mm. However, the crack is approaching the joint of the stem to the flange which is
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75mm from the edge of the flange. Therefore the R-curve is not so accurate because of the 

change in the out-of-plane constraint.

5.2 Interaction of T-Stresses and R-Curve

Sumpter[6] and Henry[3] showed that cracks in low constraint geometries (namely the CCT and 

shallow cracks in 3PB specimens) contain negative T-stresses. Henry[3] studied the conditions 

at crack tips in 3PB and CCT specimens, and the bridge girder, using the finite element method. 

He showed that negative T-stresses exist at the crack tip. Henry generated solutions using the 

numerical result for calculating the T-stress for the tested geometries. Sumpter[6], using 

experimental results, introduced a constraint index in terms of the T-stress (Figure 2.7), which 

rationalised the geometry effects on Jc for the bridge alloy. According to the index, the increase 

of Jc is four fold, corresponding to the increase of normalised T-stress (T-stress/oys) from 0 to 

-0.8. The constraint effect is shown in the numerical Jr curve for a CCT specimen (Figure 4.16). 

The JR at initiation for the CCT specimen is higher than that for a 3PB specimen, however the 

constraint effect is negated by the increasing crack length, where the two jR-curves from 3PB 

and CCT specimens converge, see Figure 4.16. With the geometry effect, the fracture resistance 

is a function not only of the crack extension, but also the negative T-stress (positive T-stress has 

negligible effect on opening stress, thus no effect on J or K). The R-curve rises corresponding to 

the increase of negative T-stress, Figure 5.4.

Figure 5.4 shows a 3-D diagram of the Jr surface and the (elastic) G curve, both presented in 

conjunction with the T-stresses, assuming the concave JR-curve is raised up evenly by a quantity 

which raises the JR at initiation caused by a negative T-stress (Figure 2.7). This assumption was 

made for simplicity in explaining the raised JR-curve associated with T-stresses. The R-curve 

results from the CCT and 3PB specimens have already shown that the R-curves merge as Aa 

increases (Section 4.3). The lowest Jr values along the axis of ‘T-stress/Yield stress’ in Figure 

5.4a represent the Jr at initiation, which increases with the increasing negative T-stresses. Figure 

5.4a illustrates that Jr depends on Aa and the T-stress (as a result of the constraint effect) and the 

construction of a Jr-T surface. The G curve in Figure 5.4b is hypothetical and assumes a 

decrease in T-stress with increasing crack length, which is often the case. If the G curve stays
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above the Jr-T surface, the crack is unstable, but if  the curve falls below the surface, only stable 

cracking can occur.

The Jr-T surface in Figure 5.5a represents the fracture resistance for a 2.5mm long crack in the 

a/W=0.1 3PB specimen (Table 5.1). The G curve is produced for the 3PB specimen 

configuration, representing the driving force for the maximum load in the experimental test[6]. 

The geometry effect is shown in the G curve at the initial crack length, where the T-stress/ays 

is -0.43 and the G curve rises above the JR-T surface. The geometry effect becomes 

insignificant as the crack length increases. The T-stress/cys is 0 at a/W=0.33, corresponding to a 

crack length of 9mm.

Figure 5.5b shows the JR-T surface and the G curve, representing the resistance and the driving 

force of the maximum applied load for a 25mm crack in the a/W=0.5 3PB specimen (Table 5.1). 

Figure 5.5b shows that the T-stress has no effect on the Jr-T curve for deep cracks (a/W>0.33) 

in 3PB specimens. The applied G is less than JR for the initial crack length, but 3G/3a>3JR/3a 

and the G curve rises above the Jr-T surface at initiation, where the opening stress at the crack 

tip is not affected by the T-stresses. Although the T-stress is always positive in this crack 

geometry and has no effect on the JR-T surface, the G-T curve is shifted with increasing positive 

T-stress so that 3G/3a>3JR/3a, resulting in G>JR. As a result, instability is predicted (Figure 

5.5b) graphically at crack lengths between approximately 27mm and 30mm, which differs from 

the result without the T-stress index, see section 5.1.2 and Figure 5.1b. The G curve rises above 

the Jr-T surface with further increase in crack length, i.e. the increase of a/W ratio.

The above examples show that the interaction of the T-stress with R-curve analysis can be 

important, but this hypothesis needs thorough testing before it is used in practice. More detailed 

information on the Jr-T surface is required from experimental testing.

5.3 Geff for Small Scale Yielding

The G-curves in sections 5.1 and 5.2 were obtained from elastic K values which were calculated 

for the given crack length. In the case of plastic deformation at the crack tip, the driving force G
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is computed for the effective crack size. Small scale yielding is assumed because the finite 

element computation of the JR-curve have only shown this behaviour, Figure 4.7.

Figure 5.6 illustrate instability prediction, using the effective G, Geff, and JR-curve, for 

specimens whose configurations are the same as those in Figures 5.1 and 5.2. In these cases the 

Geff is calculated with respect to aeff, which is a+f(ry), where f(ry) is a function of the Irwin 

plastic zone size (section 2.1.4). The f(ry) is given, to a first approximation, by[40],

where a is the crack length;

F is the applied load;

Fiimit is the limit load with respect to the current ligament width; 

n is the strain hardening exponent;

K is the stress intensity factor with respect to the crack length;

(3 is the factor of plastic zone size, which is 2 for plane stress and 6 for plane strain 

conditions.

The correction factor for the plastic zone size under plane stress conditions is (3=2, assuming 

small scale yielding at the crack tip. Iteration is not necessary when applying the above equation 

to calculate aeff because the equation uses elastic K rather Keff. Although Eq. (5.1) does not have 

a strict theoretical basis, the effective G using aeff correction agreed closely with the elastic- 

plastic finite element calculations for small scale yielding[40].

In Figure 5.6 the instability prediction for the geometries under low loads are similar to those in 

section 5.1, where the G curves are obtained regardless of crack tip plasticity. The difference 

between G and Geff under low loads is marginal because the plasticity, assumed to be small 

scale yielding at the crack tip is insignificant. At high load the Geff curve crosses the JR-curve at 

a crack length larger than that given by the G curve (Figures 5.6c and 5.6d). Although the 

estimated crack extension using Geff is longer than that from the G curve, the crack arrests where 

dGeff/da<dJR/da. However, the rate of dGeff/da is similar to that of dG/da for a given geometry.

f(ry) = ^ \2 [ n + l

hence (5.1)

71



Prediction using both the G and Geff curves suggests that the growth of a long crack in specimen 

with b » B  ligament is safe because dG/da<dJR/da.

In section 4.4 the a/W=0.5 (b=B) 3PB specimen failed at a load close to limit load. In the case of 

a crack tip close to fully plastic conditions, neither the G curve nor the Geff curve is appropriate 

for the instability prediction because of the larger scale yielding.

5.4 Conclusions

The fracture instability of through thickness (25mm) cracks is predicted using the R-curve 

approach, with a concave R-curve determined from experimental test results. The predictions 

agree with the experimental results. Standard 3PB specimens with b=B ligaments fracture in an 

unstable manner (under load control) at a reproducible Kic value, while 3PB and CCT specimen 

with long cracks and b » B  ligament show dG/da<dJR/da, which prevents unstable fracture, and 

increases structural safety.

The approach is also applied to cracks in the bridge girder (also 25mm thick). The results, 

assuming that the form of the concave R-curve is retained at the vicinity of a T-section joint, 

show that crack growth in stem and flange is stable because of the high dJR/da. The result 

coincides with the experimental results from a full scale test of the bridge which showed high 

damage tolerance. In the experimental test, a flange crack grew to the stem before the test was 

stopped. The bridge was subjected to cyclic load, so any stable crack growth might have been 

spread over all the load cycles that exceeded Kic-

The R-curve approach successfully predicts fracture instability. The opening stress is however 

affected by the constraints at the crack tip. The driving force and resistance should be presented 

in conjunction with its (negative) T-stress. In this case the JR-T surface and the G curve should 

be displayed in 3-D. This is not, however, convenient for manual assessments.

In case of plastic deformation at the crack tip, the Geff curve (using aeff) is used for instability 

prediction. The result for crack growth under low load is similar to that using the elastic G 

curve. At high loads the predicted crack extension using Geff is longer than that from the G

72



curve. Predictions using both Geff and G curves suggest that crack growth is stable in specimens 

with b » B  ligament. However, the JR-curve is not reliable for crack tip conditions which are 

close to fully plastic. Although the JR-curve is accepted as a measure of fracture resistance for 

stable crack growth, the validation for JR-curve testing confines the result to small scale yielding 

conditions. The interpretation of the J integral and the validation of the JR-curve for the bridge 

alloy is discussed in next section.
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CHAPTER 6. THE INTERPRETATION OF THE J INTEGRAL FOR

STABLE CRACK GROWTH

6.1 Introduction

Rice[19] showed that the J integral for linear or non-linear elastic material is equivalent to G, i.e. 

the elastic energy release rate. For elastic material, the energy release rate is the rate of change 

in potential energy with crack area, because there is no plastic flow in the cracked body. In 

elastic plastic material, the material around the crack front deforms plastically so that the change 

of potential energy is the result of changes in plastic dissipation, restored elastic energy and the 

work of crack propagation. In this case the change of potential energy is not solely for extending 

the crack length. Rice et al. showed[41] that J can be determined from the load-displacement 

curve of a fracture test. This method, however, measures available energy in the crack tip and 

the result gives no indication of the different components of absorbed energy in the cracked 

body. The physical meaning of J resistance has been studied[42][43][44] in order to determine a 

precise measure for the absorbed energy. As a result, a modified J integral[44] and a dissipative 

J-like term[43][45] has been introduced to provide an accurate measure of tearing resistance 

during the growth of a crack.

Despite the argument about the interpretation of J for elastic plastic material, JR versus da curves 

are commonly used as a measure of fracture toughness. The flow (incremental) theory of 

plasticity is considered a more accurate description of material behaviour, but the deformation 

theory is capable of producing analytical results, like the HRR field theory. In this case, the 

conditions for J controlled crack growth are derived[46] to ensure that, within these conditions, 

the results from both theories are essentially identical.

The interpretation of the J integral and its different modifications for contained plastic 

dissipation will be discussed in next sections. The validity of the JR-curve obtained from the 

fracture tests on the bridge alloy will be examined using currently accepted procedures e.g. BS 

7448:Part 4[47]. Most of these procedures assume plane models, and, in section 4.8, it was 

shown that most of the R-curve, obtained for this study, occurred under plane stress conditions. 

Hence the use of plane models can still provide valid conclusion. One non-plane model is used 

in section 6.3 to assess shear lip development.
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6.2 J Based Resistance Curve

If J is determined from the experimental load-displacement curve of a fracture test on elastic 

material, it is given by,

where u is the loadline displacement, a is the crack length, b is the uncracked ligament size and 

F is the applied force. For elastic plastic material, u can be separated into elastic and plastic 

components, i.e. u=ue+up, hence,

The elastic component on the right hand side in Eq. (6.2) is indeed the elastic energy release 

rate, thus Eq. (6.2) can be written as,

The above equation indicates that J increases with plastic deformation, as observed from the 

current experimental results[8][36], which showed that the formation of shear lips caused the 

flat fracture in the central region to tunnel to a point. It is evident that the rising J r  curve is 

associated with widening shear lips and the increase of plastic zone size.

For crack initiation under plane strain conditions in high constraint geometries, J or G is the 

fracture toughness which is geometry independent as long as the plastic zone size is negligible. 

At the crack front, the material on the specimen side surfaces deforms plastically under

for the results from a load controlled fracture test, while

for the results from a displacement controlled test (see section 2.1.1).

In a fracture test under load control [40], J for unit thickness is given by
F F

(6 .1)

F

(6.2)

(6.3)
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increasing load, because of the plane stress conditions on these surfaces. This plastic flow 

causes the relaxation of stress through the thickness, so that the plastic zone increases in the in­

plane and out-of-plane direction during crack growth. The increase of work done on the cracked 

body dissipates into plastic flow near the surfaces, while some of the energy provides for crack 

propagation at the central region of the thickness, where high constraint remains.

Attempts have been made to identify the dissipative energy and fracture work for growing 

cracks, but this has not yet been successful. Attempts have also been made to correlate rising 

plastic work with the formation of shear lips, but the prediction[37][38][45] is not precise. The 

definition of a J-based dissipation rate[43] and the J prediction using the Krafft model[37] will 

be shown later in this chapter. The modified J integral by Emst[44] for irreversible process in 

plasticity is discussed below.

6.2.1 Modified J integral for Elastic Plastic Material

Rice[19] introduced the J integral based on deformation theory of plasticity because of the 

difficulties of using flow theory for crack growth analysis. In this case the applied force, F, is a 

function of crack length, a, and hence the ligament size, b. Recall that Eq. (6.1), the plastic 

component of J, Jp, for unit thickness, is given by,

Ernst[44] considered the load history of a fracture test, so that Jp is a function of a and loadline 

displacement, hence,

or

Ernst[44] introduced Jm as
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where the second term on the right hand side of the above equations are the plastic component 

of Jm, and the derivative of this term is with respect to up but not the crack length, a. The G is 

the energy release rate for unit thickness according to the current crack length.

The basis of JM is that the work done on a cracked body is a function of crack length, a, and 

loadline displacement, u, so that the elastic strain (recoverable) energy, Ue, is given by,

where G is the energy release rate for unit thickness.

Ernst suggested that the linear elastic strain energy, Ue, regarding the history-dependence of the 

load-displacement record is given by,

For a linear elastic body, ue is the total displacement. For elastic plastic material, total 

displacement contains elastic and plastic component, i.e. u=ue+up. Therefore, the total work 

done is,

hence,

(6.4)

(6.5)
0 0 0 

Combining Eq. (6.4) and Eq. (6.5), Eq. (6.5) can be written as,
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Eq. (6.6) does not define the different parts of the plastic work done, so that the energy of 

fracture is not clearly defined. However, Ernst’s model emphasises the difference of J between 

nonlinear elastic material and elastic plastic material. The difference is that the former is based 

on the current a and u, where the load-displacement path is reversible, whilst the latter is 

calculated by tracing the load-displacement record of the test to the point of interest.

The effects of using Jm, rather than J, for R-curve analysis have been reported. From 

experimental results[48] of steel bend specimens, the differences between J and Jm are less than 

10%, though JM characterised crack growth resistance over a wider range of conditions than J. 

Turner et al.[48] showed that the maximum allowable crack extension for Jm controlled growth 

is 60% of the current uncracked ligament (based on the results using CCT and DEN specimens). 

Ernst[49] demonstrated the consistency of the Jm curve using experimental results from tests on 

steel and aluminium alloys. Ernst[49] also concluded that, for those results, the consistency was 

sustained in bend specimens for crack growth up to 40-50% of the original uncracked ligament.

6.2.2 Energy Dissipation Rate

Turner[43] discussed the dissipative energy and so the meaning of a rising J r  curve. Turner’s JdiS 

model for measuring the tearing resistance is a combined elastic and plastic energy, in which the 

elastic component causes fracture, whilst the plastic component causes damage to the material 

adjacent to the crack, but may or may not contribute directly to fracture.

The various measures of J for different configurations are based on (c.f. Eq. (6.1))

J = rjU/Bb, (6.7)

where rj is a dimensionless constant which relates J to work done per unit area, U is the total 

work done to the cracked body, B is the thickness and b is the size of the original uncracked 

ligament. After initiation, J=Ji+XdJ, where Ji is the toughness at initiation measured in a fracture 

test[43][50]. The second term on the right hand side of this equation is given by [45],

EdJ = ErjdU/Bb +/[d(rjU/Bb)].

Turner et al.[45][50] argued that dJ should be defined for the material in the increment and that 

tearing subsequent to initiation is discontinuous in the macro sense, therefore the second
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function, i.e. the Aa(or Ab) dependent term, in the above equation can be neglected. As a result, 

dJ/da is the multiple of a size-dependent factor and the work rate (cf. Eq. (6.7)),

dU/Bda = (b/rj) (dJ/da), (6.8)

where U is the external work in a cracked body which has elastic and plastic components, i.e. Ue 

and Up respectively.

Turner et al.[45][50] defined the dissipative energy, hence the resistance, dUdiS=d(U -  Fue/2), 

where Fue/2 is the internal elastic strain energy. Since U=Ue+Up where Ue is the sum of initial 

elastic work prior to tearing plus the change of internal elastic strain energy, d(Fue/2), and the 

elastic component of fracture work, RG, then dUe is given by 

dUe = d(Fue/2)+RGBda, 

and dUdis = dUe+dUp-dFue/2 = dUp+RGBda.

Turner[50] argued that the change of the conventional J integral[19], modified J[44] and JdiS (see 

below) are the same; i.e. dJ=dJM=dJdiS if the elastic component in these terms is negligible.

Recalling Eq.(6.1), and rewriting Eq.(6.8) for the energy dissipated in plasticity, Turner et 

al.[43] [45] [50] introduced a dissipation rate as,

dUdis/Bda = dR/da = (bi/r|)(dJdiS/da,) 

where bi is the current ligament size.

Turner et al.[45][50] used dU^s/Bda to present the dissipative work rate per unit crack extension 

for tests on titanium alloy. The results[45] [50] showed that dUdiS/Bda, JdiS and JM curves could 

be unified by using an abscissa of Aa/bo, where b0 is the initial size of the uncracked ligament. 

The plot of dUdis/Bda versus Aa/bo illustrated falling dUdiS/da curves. The test results for 

titanium alloy[50] showed that the use of dUdiS/Bda provided a unique R-curve for a given 

thickness up to Aa = 60%bo, and it was evident that the scatter in the R-curve using J was 

reduced by using JdiS* Tumer[45][50] suggested that there was no J-controlled growth for dJdiS 

versus Aa/bo plots, even for large growth or cases of full plasticity, because the scatter in the test 

data from different specimen sizes were unified by the scaled abscissa, Aa/bo and the use of 

dUdis/da brought the results into a more rational basis.
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6.3 The Relation Between Energy Dissipation and Shear Lips

Stable crack growth accompanying the formation of shear lips has been reported[37][38][48]. 

The effect of shear lips on the tearing resistance is related to the rising jR-curve[38][38][48]. 

Krafft[37] provided an empirical relationship between the growth of shear lips and fracture 

resistance, on the basis of three assumptions,

i. the shear lips were at 45° to the crack plane and the region bounded by these two

lines was a plastic deformation zone;

ii. this plastic zone was subjected to a constant plastic-work density, dWp/dV, for all

thicknesses of shear lips, at any stage of its formation;

iii. the energy to create new surfaces(dWs/dA) was supplied for the surface of flat

fracture in the central region and for the projected surface of slant shear lips, i.e. the 

surface that was the product of the thickness and the extended crack length.

If S was the ratio of the total width of shear lips to the thickness, the total plastic deformation 

zone on the crack flanks was (BS)2/2. An increment of work, dWt, for a growing crack was 

composed of an areal(flat fracture) and volumetric(plastic deformation) components,

da dA dV 2

where = total energy consumption per crack growth is equivalent to J for SSY),
da Bda

= energy consumption per unit cracked area,
dA

dWD
— -  = energy consumption per unit volume, 
dA

B = specimen thickness,

S = the ratio of the total width of the shear lips to the specimen thickness.

Knott[38] suggested that where a specimen failed by square(flat) fracture and slant shear lips, 

the fracture of these two modes were independent. Since S was the ratio of the total width of 

shear lips to the thickness, the proportion of flat fracture in the central region was (1—S) (Figure

6.1). In this case the work done for unit crack extension could be predicted by a solution which 

was based on Krafft[37], but the energy consumption per unit cracked area was a proportion of 

(1-S),
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1 dW dW dWn BS2
1R 4 j r = 7 r ( 1- s ) + ( 6 1 0 )B da dA dV 2

Knott[38] provided the values of 13.5kJm-2 and 145kJm-2 for dWs/dA and (dWp/dV)(B/2) 

respectively, for the fracture test results[37] of 7075-T6 alloy (assuming the specimen thickness 

of 4.5mm). Knott[38] suggested the values of dWs/dA and (dWp/dV)(B/2) as 20kJm-2 and 

200KJm~ 2 respectively, on the basis of constant total shear lips width of 2mm, in order to predict 

the critical energy release rate, which he denoted as Gcrjt, for fracture under mixed mode 

between flat and fully slant. Thus,

Gcri,=200S2+20( 1-S)

where S is defined as before. The prediction agreed closely with experimental results[38]. It was 

noted that Knott[38] assumed that (dWp/dV)(B/2) was constant for all thicknesses(B).

Turner[45] applied this solution to the results of tests on HY130 steel, which showed that dUdiS 

(the energy dissipation defined by Turner, see above) had a strong response from the volumetric 

component, i.e. dWp/dV, with the condition that the width of the shear lips was proportional to 

the initial uncracked ligament size. Tumer[45], however, found that, from the results of tests on 

a titanium alloy, Eq.(6.10) for dUdiS was incomplete, and therefore an extra term was needed to 

account for the plane strain volumetric work. Eq.(6.10) was rewritten as,

dW8/1 dWp BS2 dWp2Jdis = -----(1 —S) + ---   + ---- —bj (6.11)
dls dA dV 2 dV 1

where dWp2 is the plane strain volumetric work, and bj is the current ligament length. Turner

suggested that the third term in Eq.(6.11) is independent of the shear lips width, but proportional

to the current ligament size, b*. However, this solution is restricted to the analysis of test results

in [45], which assume dWs/dA and dWp/dV are independent of thickness.

Previous test results [38] [45] [48] reported that the width of the shear lips reached a maximum of 

between 2 to 3mm. It was also proportional to the initial ligament size, i.e. S/bo=0.2 and 0.4 in 

the tests on titanium alloy and HY130 steel respectively[45].

6.3.1 J Prediction Using Shear Lips Width

Krafft[37] showed that the dWs/dA and dWp/dV could be determined from the plot of G versus 

BS2/2 data from a test. From the results of their tests on 7075-T6 alloy, they found dWs/dA and
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dWp/dV to be 68in.lbs/in2 and 8300in.lbs/in3 (i.e. 0.012MNm/m2 and 57.2MNm/m3) 

respectively.

In the bridge alloy tests, the region of flat fracture tapered from full thickness to a point where 

fully slant fracture occurred, section 4.6. The shape of this tapered section was virtually 

triangular. The projected surface of the shear lip on the crack plane is a simple right-angle 

triangle (see Figure 6.1), so that S (in Eq.(6.9) and (6.10)) at any increment is equivalent to the 

ratio of accumulated crack extension (Aa) to maximum flat crack extension, which was 

18.5mm[36]. Figure 6.2 shows the relationship between JR and BS2/2 from the experimental 

results[36] of the bridge alloy. In this case the dWs/dA and dWp/dV are 0.015MNm/m2 and 

36.7MNm/m3 respectively. There is a small but significant deviation from linearity in the 

experimental results.

The J for the bridge alloy are predicted using Krafft’s model, i.e. Eq.(6.9) of which the 

component for flat fracture is constant, and Knott’s model, Eq.(6.10), with the values of 

dWs/dA, dWp/dV and S shown above, Figure 6.3. The value of dWp/dV for Knott’s model are 

different from that of Krafft’s model, because the value of dWs/dA(l-S) in Knott’s model 

reduces with the decrease of the flat fracture region. Therefore the value of dWp/dV in Eq.(6.10) 

is 37.95MN/m2 (assuming a linear relationship between J r  and BS2/2 in Figure 6.2 at fully slant 

fracture). The difference between the two predictions, as a result of the difference in 

assumptions for dWs/dA, is marginal, and it is evident that the elastic energy is negligible 

compared to the increasing plasticity at the crack tip. The predictions by both models 

underestimate the experimental J. At a crack extension of 7mm, the estimated J is less than the 

experimental J by 15%. The discrepancy is perhaps due to the simplicity of the shear lips shape 

and/or other components of dissipative energy, which is proposed by Turner, and discussed 

previously.

It has been reported[48] that dWp/dV decreases with increasing shear lips width. In a test[48] on 

C-Mn steel specimens with thickness between 13mm to 50mm, the dWp/dV values reached a 

plateau at a shear lip width of 2.3mm or 40% of its maximum width. The test results, for 

specimens with width(W) and thickness(B) less than 100mm, and the ratio of b/B equal to unity 

or above, showed that the shear lip width was proportional to the square root of the ligament 

size(b) but was independent of the specimens thickness(B).
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The dWp/dV from the results of the bridge alloy reduced with the shear lip width, though the 

reduction was marginal (Figure 6.4). The dWp/dV values shown in Figure 6.4 were determined 

from the experimental JR-curve. The shear lip width is estimated assuming the same relation 

with the ratio of instantaneous crack extension to the maximum flat crack extension (see above).

6.4 J-Controlled Growth

Although reports of JM and JdiS applications[45][48][49][50] showed that these approaches for 

measuring tearing resistance were more appropriate than that using conventional J integral, 

which is computed with respect to the crack length at an increment, the Jm and J^s analyses 

demanded experimental data that were not available in the present work. Tumer[43] suggested 

that the JM and Jdis resistance curves could be unified by using the abscissa of Aa/bo. The JR- 

curves in this report were obtained from fracture tests on 3PB (numerical) and CT 

(experimental) specimens (both high constraint geometry) with different ligament, and they 

were identical. In this case unification procedures were not essential. Also, this report showed 

that instability could be predicted graphically using JR-curve analysis, which is based on the 

conventional J-integral. Therefore the investigation of the applicability of Jm and Jdis for growing 

cracks is not of interest in this report. The investigation of J-controlled growth, and hence the 

applicability of the JR-curve, will be presented in the next section.

The J integral suggested by Rice[19] is based on deformation theory of plasticity, which breaks 

down when the elastic plastic material is unloaded or the crack tip plasticity becomes a 

significant fraction of the in-plane dimension. Stationary cracks subjected to monotonic load and 

restricted crack tip plasticity exhibits J characterisation, or J-T characterisation for low- 

constraint geometries [3].

Prior history influences the local stress and strain in elastic plastic materials. Large crack growth 

will produce a region containing elastic unloading behind the crack tip and nonproportional 

plastic loading at the crack tip. It is obvious that the unloading behaviour between the elastic 

plastic material and nonlinear elastic material, to which the J integral applies, are different, and 

this difference violates the assumption of deformation plasticity at the crack tip in the elastic 

plastic materials. Therefore the J characterisation is valid only if the crack growth is within a J-
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dominated zone, so that the stress and strain are proportional to r 1 singularity. As a result, an 

experimental JR curve is valid as long as the conditions of J-controlled crack growth is satisfied.

Hutchinson and Paris[46] suggested that, for small scale yielding, the wake of elastic unloading

and the region of nonproportional plastic loading is of the order Aa, while the size of the

singularity region, R, is some fraction of the plastic zone size in small scale yielding, and some

fraction of the uncracked ligament in fully yielded specimens. The small scale growth requires

Aa «  R. Hutchinson and Paris[46] examined the strain increments using deformation theory

under a simultaneous increase in J and crack length, and showed that in order for the

predominantly proportional loading to exist in the crack tip singularity region, the condition

da dJ //r
— « —  (6. 12)
r J

must be satisfied. Let

_L__ dLU 
D “ da J ’

and Eq.(6.12) can be rewritten as

D «  r.

In addition to the conditions of small scale yielding, where Aa «  R, a region in which plastic 

loading is predominantly proportional and the r-1 singularity is dominant exists when

D «  r «  R. (6.13)

As a result, if Eq.(6.13) is satisfied, the estimates of strain field, using both deformation and 

flow(incremental) theories is identical, and hence J characterisation is valid.

In the foregoing argument, R is some fraction of the uncracked ligament (or other characteristic

distance from the crack tip to a boundary) in fully yielded specimens. Hence, the condition for J-

controlled growth are

b dJ ,co= » 1
J da

together with Aa «  R. In addition[46],

^ f lo w  1 
J ’

where Gfiow is the flow stress. This condition is required for keeping the crack opening 

displacement small compared to the ligament size, b.
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Reports [48] [51] on experimental J-controlled growth have suggested different values for the 

factors Aa and co to indicate a J dominant zone. Gibson et al.[48] gave the values as A a«0.2b 

and co»2.0, while Jones et al.[51] suggested that

A a«0.2b0, c o » l and b(orBj)CTfl"w »  25,

where bafi0W/J is the specimen size requirement and the minimum value of 25 is to ensure plane 

strain conditions for geometry dependence, for HY 100 grade steel.

Similar factors for J-controlled growth are also provided for fracture testing in British[47] and 

ASTM standards[52]. Both of the standards recommend that, for a valid JR-curve, the conditions 

of Aamax=0.1bo and J max=bo(tfys+tfU]t)/40 (or boays/20  in[52]) are required, where Gu]t is the tensile 

strength and bo can be replaced by B, whichever is smaller. Moreover, test specimens have to 

fulfil other requirements including,

0.8< —  <4(—  = 2 is preferred) and 0.45 < —  <0.7 .
B B W

6.4.1 Qualifying The JR-Curve of The Bridge Alloy

The stress and strain fields near the crack tip in thin sections, i.e. of predominantly plane stress 

behaviour, have been studied experimentally[53] and numerically[54]. The experimental 

results[53] coincided with the HRR estimations (see section 2.1.5), whilst the numerical 

results [54] showed that the stress and strain distribution are insensitive to specimen geometry. 

Both of the reports concluded that a J dominant zone existed near the crack tip upon stable crack 

growth in predominantly plane stress conditions.

Anderson[40] used dimensional analysis to show that

°iL
^ys = f«

r \

- T - *
va ysr

(for 0 < r <rj(0))

where rj is the radius of the J-dominated zone. He argues that J characterises the crack tip stress
-iand strain field as long as the product of stresses and strains (the specific work) exhibits a r 

singularity. Also the singularities of the HRR field, namely the r“1/n+1 for stresses and r-n/n+1 for 

strains, are special cases for materials exhibiting a Ramberg-Osgood power law, see section
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2.1.5. However, the J dominance at the crack tip region does not exist under large scale yielding, 

because of the different material behaviour between elastic-plastic materials and materials 

following deformation plasticity, upon which the J integral is based.

The opening stress and equivalent strain near the crack tip from the numerical results of JR-curve 

testing on the bridge alloy (see section 4.2) were compared with that of a stationary crack using 

plane stress analysis. The trend of the distribution for normalised opening stress in a growing 

and stationary crack is identical, Figure 6.5, although the results of the growing crack at 

J=17kN/m is less than that of stationary crack. The rate of decreasing Gyy/ays against rays/J 

changes at about roys/J=45 (in the case of the initiation of the stable crack growth, it occurred 

where ra ys/J=35) which coincides with the plastic zone size. Figure 6.6 and 6.7 show the 

normalised opening stress and equivalent plastic strain ahead of the growing crack. The results 

at the vicinity of the crack tip increase with crack growth, hence the increasing J level, but the 

far field results, where rays/J>10, are converged. However, the opening stress and equivalent 

plastic strain at initiation are less than that of the subsequent growth of the crack. Figure 6.6 is 

evidence that J scales the stress/strain field near the crack tip.

Anderson [40] suggested that in small scale yielding and a J dominant zone, the crack tip stress

field at crack initiation is given by
r \

_ f 1
^ys

EJ _ Aa

o ysr
(6.14)

where 8* is the crack opening displacement(COD) at original crack tip. In this case the JR-curve 

depends on crack extension, i.e. JR=f(Aa). The numerical (plane stress) result of crack 

propagation for JR-curve testing showed a linear relationship between COD and crack 

extension(Aa), Figure 6.8, and the ratio of Aa/8coD for the first 6.2mm crack extension is 26.2. 

Figure 6.9 shows Cy/ays, from the numerical result of the JR-curve test, as a function of 

(EJ/ays2r)(Aa/8coD), where Aa/8coD is obtained from Figure 6.8, which gives the Aa/8coD value 

of 21.1 and 19.8 for crack extensions of 7.7mm and 9.4mm respectively. The (Jij/oys is 

rationalised by (EJ/ays2r)(Aa/8coD) for crack extension from 1.7mm to 6.2mm, Figure 6.9, so 

that the crack growth is in a J dominant zone.

The numerical JR-curve provided tearing resistance data for a crack extension of 10mm, and the 

experimental JR-curve[8], see Figure 4.15, extended this to 18mm, with both showing good
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agreement for Aa up to 10mm. Both analyses used 2-D plane stress representation 

(experimentally by using plane stress formulae) of the stress and strain fields at the crack tip, 

giving rise to a global J value. The details of transition from flat to slant fracture are averaged 

out in these analyses.

The limits of the experimental JR-curve for the bridge alloy needs to be defined. The current 

fracture resistance testing procedures[35][47] require the test specimens to be 0.8<W/B<4 and 

0.45<aAV<0.7. The experimental JR-curves of the bridge alloy using CT specimens with 

a/W=0.23 and 0.5 are identical. The a/W ratio is within the required range. The W/B value of 

both specimens is 6, which falls outside the range specified in [35] and [47]. However, 

specimens as thick as the structural component represent the actual out-of-plane constraint, 

therefore, in terms of similitude, the experimental results are practical. According to [35] and 

[47], the limitation of the condition for J-controlled growth in the geometries tested[8] are given

by,

Aamax=0.1bo, and hence Aamax=12mm, 

and Jmax=BtffioW/20=0.525 MN/m.

From the experimental results, the Jmax is 0.46MN/m at a crack length of 18.5mm (i.e. 

Aamax=0.15bo). In addition, co=10.2 at Jmax which satisfies the recommendation from other 

researchers. It is evident that the experimental JR-curve[8] for a crack extension of 12mm is 

within the requirement for a valid fracture resistance curve to represent stable crack growth.

6.4.2 JR and Geff During Crack Extension

Crack growth in a J dominant zone, i.e. small scale yielding, was shown in the previous section. 

In addition, Figures 4.13 showed the crack tip plastic zone size for the finite element model of a 

3PB specimen. The plastic zone size, in terms of equivalent plastic strain, is only a fraction of 

the total crack length, and that is limited ahead and behind the crack tip, Figure 4.13d and 4.13e.

In fact, the experimental and numerical JR values are close to the energy release rate for an 

effective crack length Geff, as shown below.
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Let G=K2/E*, where E*=E for plane stress conditions and E*=E/(l-v2) for plane strain 

conditions, and K=Ff(a/W)/(BVW)[29], where f(a/W) can be modified for an effective crack 

length, aeff=a+f(ry). The function of f(ry) is defined as[40],

f(rv) =
1 +

n -1  
n + 1

îmit

pTC
K
'yy

(6.15)

which is based on a modified Irwin plastic zone correction (see section 2.1.4), hence

a eff - a + '
1

1 +

n-1  
n + 1

1 K
' ys

x îmit

and Keff=Ff(aeffAV)/(iW W),

where a is the crack length;

F is the applied load;

Fiimit is the limit load with respect to the current ligament size; 

n is the strain hardening exponent;

Keff is the stress intensity factor with respect to the effective crack length; 

p is the factor of plastic zone size, which is 2 for plane stress and 6 for plane strain 

conditions (see section 2.1.4).

Figure 6.10 shows that, for Aa>10mm, the values of Geff, using Eq.(6.15) with p=2 (i.e. 

assuming plane stress conditions at the crack tip), agree closely with the values of the 

experimental JR. Although the actual crack tip field cannot be accurately described by a plane 

model, being neither plane strain nor plane stress, there is evidence of plane stress dominance at 

the crack tip after several millimetres of crack growth (see section 4.8). A plastic zone size (ry) 

using p=2 assumes G y > G ys inside the zone, which is one half of the plastic zone using P=1 (its 

size is denoted by rp in section 2.1.4). For the latter, the stresses at yielding redistribute to 

remain in equilibrium. In general, the increase of an effective crack length is the size of ry, i.e. 

the radius of rp (see section 2.1.4). In this case the value of Geff at A a ^  using p=2 

underestimates the experimental J r  by 15%, Figure 6.10.
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6.5 Discussion

Numerical results show that, at initiation, the normalised opening stress ahead of the growing 

crack tip was less than that of a stationary crack, see Figure 6.5. These lower stress values at the 

growing crack tip reflect the energy released for separation (of elements) in the finite element 

model. The normalised opening stress, as well as the equivalent plastic strain, ahead of the tip 

increased with the growth of the crack (Figures 6.6 and 6.7). The increase in plasticity ahead of 

an advancing crack tip in the experimental tests is observed to be the plastic work absorbed in 

the specimens side surfaces, resulting in shear lips.

The increase of the shear lips width, with the associated increase in plastic deformation, is 

evidence that plasticity ahead of a growing crack becomes a significant part of the fracture 

resistance (for the thickness of 25mm), though the reason for the fully slant fracture in the 

25mm thick specimens of the bridge alloy[8] is not clear. The JR-curve analysis for stable crack 

growth under plane stress conditions is sound, though the analysis was only possible by 2-D 

models in the current study.

6.6 Conclusions

It is shown for the numerical JR-curve that J can scale the normalised opening stress and 

equivalent plastic strain near the tip of a growing crack, and the crack growth is inside a J 

dominant zone. The conditions of the experimental JR-curve for J-controlled growth was 

examined and compared against the recommendations from published standards and reports. It 

is confirmed that, according to published testing procedures[35][47], the numerical and 

experimental JR-curves are valid fracture resistance curves for crack extension of at least 12mm.

Numerical results showed that the plastic deformation at the crack tip was only a fraction of the 

relative dimension. For the range of Aa in the numerical JR-curve, the values of JR agreed closely 

with the estimates of Geff. It is evident that the JR values of the present result are equivalent to 

energy release rates with a plastic zone correction. Therefore the numerical and experimental JR- 

curve for stable crack growth is a plausible representation of the tearing resistance of the bridge 

alloy.
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The variation of Jr with Aa is virtually parabolic, and this fact supports the use of analysis based 

on Krafft’s and Knott’s models. The elastic and plastic work per fracture surface calculated from 

these models are in general agreement with the values quoted by Krafft et al. for an aluminium 

alloy. The result showed that the plastic work rate at the tip of a growing crack is a very 

significant component of the value of the J-integral, and hence the tearing resistance.

The interpretation of J-integral was reviewed, leading to discussion of modifications such as Jm 

and Jdis. The JM, Jdis, and the scaled abscissa Aa/bo were shown by other researchers to be useful 

in scaling the R-curve. These parameters could not be evaluated from the numerical results 

because the evaluation required detailed test records that were not available to the writer. In 

general, fracture resistance can be represented adequately by a JR-curve for small scale yielding.
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Figure 6.1 The projected surface of the shear lips on large tested specimen[8].
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CHAPTER 7. OTHER MODES OF FAILURE IN LARGE TEST

SPECIMENS

7.1 Tests on Large Tension and Compact Tension Specimens

Fracture tests on large specimens, equivalent to structural dimensions, for fatigue or fracture 

were conducted by Sumpter[8]. The results of large CT specimens (W= 150mm, B=24.5mm) 

containing cracks normal to the extrusion direction (LT) showed that cracks favour fracture in 

the extrusion direction (TL). Three out of five tested specimens showed cracks deviated from 

the original notch direction. In addition to the plain specimens, one of the CT specimens 

retained its flange in order to obtain the crack growth rate of a T section. The Ki values for such 

T section were computed numerically using the finite element method. The results are given in 

Appendix B. Unfortunately, during the experimental test the crack turned into the direction 

normal to the original notch direction and failed. The effect of stiffeners on crack growth rate is 

not substantiated by this test. In general, fracture surface showed either single or double shear 

lips, i.e. in the form of either fully slant fracture or V-shaped fracture surface. Only one out of 

five tested specimens failed at a crack length close to the predicted plastic limit load.

Further fracture and fatigue tests on large CT and tension specimens were conducted by 

Sumpter[12][36] to examine the crack propagation and tearing resistance in the LT direction 

(using the CT specimens), and crack growth relationship in a large structural element (using the 

tension specimen).

The results showed that the tearing resistance in the TL direction was well below that in the LT 

direction, although the values of tearing resistance at initiation (in terms of JR) in both 

orientations were the same, Ji~0.016M N/m[8]. The tearing resistances in the two orientations 

began to diverge after between 5 and 10mm of crack extension and, after 20mm of crack 

extension, the JR value of the LT tearing resistance was almost twice as high as that in the TL 

direction.

The fatigue tests on specimens in both orientations produced valuable data. The fatigue crack 

growth rate in both orientations are identical up to Kic, as defined by the Paris Law, 

da/dN=2.76x 10~sAK3'74.

104



It produced a rather high exponent in the Paris law, i.e. m=3.74. The fatigue test results will be 

discussed in chapter 8.

The crack surfaces in all the tested specimens exhibited the formation of shear lips and the 

tendency for the propagating crack to turn into the TL direction. Although most of the tested 

specimens failed below the plastic limit load, a CT specimen with a crack in the LT direction 

failed close to the limit load. These modes of failure in the test of large specimens are discussed 

as follow.

7.2 Failure by Slant Fracture

During fracture and fatigue testing on large CT specimens [8], most specimens failed by slant 

fracture. In general, a crack initiated with flat fracture (in plane strain conditions), but shear lips 

began to develop at the sides of the ligament ahead of the crack. This coincided with the 

(concave) form of the JR-curve, which is almost flat at the earlier on of crack extension, but rises 

increasingly with crack extension (see section 4.7).

Although an exact solution for the transition from flat to slant fracture is not clear, the 

appearance of the crack surface can be related to the principal stresses in plane strain and plane 

stress conditions, Figure 7.1. For a fracture mechanics specimen in plane strain conditions and a 

crack in the plane xz (Figure 7.1a), the principal stresses Gi and G2 are Gy and gx respectively, 

and G3=Gz=v(Gi+G2) with 8 3 =0 . At the vicinity of a crack tip blunted by plastic deformation, i.e. 

a crack with finite tip radius, it is clear that Gi>G3>G2 . Thus the maximum shear stress acts along 

the planes at 45° from the z-axis (Figure 7.1a). As a result, the fracture surfaces are separated 

along the plane of x-axis and retain in the original crack plane.

For the same specimen but in plane stress conditions, Gi>G2>G3 because G3=gz=0. Thus the 

maximum shear stress acts along the planes at 45° from the x-axis (Figure 7.1b). In this case the 

fracture surfaces incline to parallel with the plane of maximum shear stress.

If the plane stress conditions prevail near a crack front, the shear lips widen with crack extension 

and, eventually, cover the entire fracture surface. Ewalds[55] argued that the fracture plane
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rotating from flat to slant in monotonic loading is the result of a change from predominantly 

plane strain to plane stress conditions, while in fatigue, this can be induced by variable 

amplitude loading. In variable amplitude loading, one or more overloads can induce the 

formation of shear lips, but the fracture surface reverts to flat under successive lower cyclic 

loads. Ewalds[55] suggested that the transition from flat to slant fracture can affect the fatigue 

crack growth rates, because the transition affects the amount of crack growth retardation.

A large a/W=0.23 CT specimen was fatigue tested[8] at a constant cyclic load (between 3 to 

30kN), and shear lips began to develop when Kmax=0.66KiC. The value of Kmax increased and 

exceeded Kic as the crack continued to grow. The crack failed by fully slant fracture. As the 

load remained constant, this result suggest that flat-to-slant transition is caused by increasing 

applied Ki. The fatigue crack growth rate, in terms of the Paris law index, from this specimen 

was high compared with other results for the bridge alloy (see section 9.1.4).

7.3 Right-Angle Crack

The fracture test result on large CT specimens showed that cracks subjected to a higher (6.5- 

65kN) cyclic load failed where the crack deviated from the original notch (LT) direction, while 

a crack subjected to a lower (3-30kN) cyclic load failed in the LT direction. The Kmax in all the 

tests exceeded the Kic (35MPaVm) of the material at some point in the test. The result of 

fracture tests for crack propagation in the TL direction showed that the fracture resistance (in 

terms of an R-curve) in the TL direction is about half that in the LT direction (Figure 7.2). The 

djR/da for the TL direction is also lower than that in the LT direction. Sumpter computed the 

rate of change of dissipated energy per unit crack area, D, from the test results. The value of D is 

fairly constant after 16 mm of crack extension: D is 376kJ/m2 for the LT direction and 155kJ/m2 

for the TL direction. Both parameters showed low fracture resistance in the TL direction of the 

material. Sumpter[36] suggested that the deviated crack path was the result of the tendency of 

crack growth towards the weaker orientation.

When the transition from mode I to combined mode I and II occurred in fatigue crack growth at 

low stress intensity levels, the fracture surfaces were faceted, so that the crack path was a series 

of microscopic deviated cracks[55] . Gerberich[56] showed that the Ki values for microscopic
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deviated cracks are lower than those for pure mode I cracks. Ewalds[55] showed that the blunter 

the notch the higher the stress required to initiate fracture and the greater the crack branching.

Table 7.1 Crack lengths o f the three finite element models.

Model Ref. Crack length in the Crack length in the Total crack length

LT direction (mm) TL direction (mm) (mm)

SCI 55 55

RAC1 55 4.45 59.45

RAC2 55 10.45 65.45

The values of Ki and Kn for right-angle cracks were evaluated using the finite element method, 

in order to see if these values could explain the deviation of a LT crack turning into the TL 

direction. Table 7.1 shows the crack length for the finite element models. Elastic plane stress 

analyses were used for the computation because time did not allow plasticity effects to be 

considered. The model SCI in Table 7.1 contained only a straight crack, for comparison with 

standard solutions. Although the elastic material properties are the same in any direction in the 

finite element model, the notations, TL (the weaker orientation) direction for the extrusion 

direction and the LT direction normal to the TL direction, are adopted for convenience.

Values of G, the total strain energy release rate, were computed using the J-integral routine in 

ABAQUS, because J = G for elastic analysis. The stress intensity factor K for pure mode I 

fracture was calculated using equation K i2= E G  (for plane stress conditions). Note that G i  

denotes G for pure mode I. Specimens RAC1 and RAC2 models cracks that turns 90° to the TL 

direction, so that it is subjected to combined mode I and II fracture. Figure 7.3 shows the model 

of a CT specimen containing a right-angle crack. In this case, the stress intensity at the crack tip 

is characterised by Ki and Kn. The Ki and Kn components are calculated using the 

displacements that are normal and parallel, respectively, to the crack flank. The Gi and Gn 

values are then calculated assuming Ki2=EGi, and the total energy release rate is given by 

Gi+n=Gi + Gn, which can be compared with the total value computed by the J-integral routine.

Computed values of G and Ki for specimens RAC1 and RAC2 are compared with the estimated 

Gi and Ki from cracks with the same total crack length in only the LT direction (referenced as
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specimens SC2 and SC3 respectively). These latter values are calculated from a published 

solution [40].

7.3.1 Numerical Results

Table 7.2 shows the numerical results for the different crack geometries. The Ki and Kn are 

normalised by Ko and G by an equivalent Go. The Ko is given as:

âpplied
2B^7Catotai

Table 7.2 Normalised G and Kfor  different crack geometries.

Models

Parameters

SCI SC2 SC3 RAC1 RAC2

G i+ij/ G o 73.8 89.7

G,/G0 198.7 248.3 339.0 49.9 66.2

Ki/Kq 14.1 15.7 18.4 7.1 8.1

G„/Go 0 0 0 27.3 27.5

Kn/Ko 0 0 0 5.2 5.2

The computed Y factor of Ki for specimen SCI is 6.61, which agrees with the value of 6.59 

from a published solution[40]. The sum of Gi and Gn, calculated using the crack opening 

displacement of the numerical result, is larger than the numerical result of Gi+n (calculated via 

the numerical J-integral) by approximately 5%. The latter is considered the most accurate 

estimate, and this value is quoted in Table 7.2.

Table 7.2 shows that Kn is a very significant proportion of the Ki value for the right-angle 

cracks, and the Ki for a right-angle crack is just less than half that of the equivalent straight 

cracks (i.e. SC2 or SC3). Comparing G values instead of K alters these proportions, but there is 

a simple, fixed relation between these two fracture parameters. It was decided to proceed with 

the consideration of instability using G for the following reasons:

a) the experimentally measured fracture resistance is expressed in terms of G;
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b) both modes I and II can be incorporated into the assessment by using the combined G 

value, Gi+n, and instability can be determined by Gappiied and Gc (or Jc), see section 7.3.2.

The Gi component is approximately twice the value of Gn for the right-angle cracks, with the Gi 

component increasing with crack length while the Gn component remains reasonably constant. 

In this case, Gi increases by 30% between specimens RAC1 and RAC2, where the difference in 

crack lengths is 6 mm.

7.3.2 Prediction of Instability in the TL and LT Direction

Table 7.2 shows that, for the given crack length, the normalised G of a crack in the LT direction 

is larger than that of right-angle crack with the crack tip in the TL direction. Instability in either 

TL or LT direction can be determined by comparing the Gappiied (i.e. Gi for specimens SCI, 2 

and 3, and Gi+n for specimens RAC1 and RAC2) and Gc. The comparison between Gappiied and 

Jc is given in Table 7.3.

In this section, the G calibrations in the previous section are used to calculate the Gappiied at the 

peak load of 0.2 MN in the experimental test, where instability occurred. This is done for the 

different crack configurations described above (see the model ref. in the first row of Table 7.3). 

These values are compared with appropriate values of material resistance, Jc, taken from the 

experimental data[36], to see if crack propagation will occur, i.e. Gappiied>Jc-

Choice of the appropriate value of Jc depends on the crack length. For the straight cracks, we 

can use the crack extension from the start of stable cracking to enter the R-curve for the LT 

direction[36], and select the correct Jc for that crack length. For the right-angled cracks, we 

must use the TL R-curve[36], but the choice of crack length is not so clear. In Table 7.3, we 

have shown results for two possible crack extensions: the total crack length, including growth in 

both LT and TL directions, and crack growth in only the TL direction. The latter gives the 

lowest values of Jc, and is probably the most appropriate.
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Table 7 .3  Estimates o f G appiied and Jc for different crack configurations.

Models SCI SC2 SC3 RAC1 RAC2
ri § '-’applied
MN/m

0.28 0.32 0.4 0.095 0.11

Jc+ MN/m 

(estimated 

using total 

crack length)

0.43 0.5 0.62 0.21 0.26

Jc++ MN/m 

(estimated 

using crack 

length only 

in the TL 

direction)

|

1 ,|
1|
|

0.046 0.095

The values of estimated Gappiied in Table 7.3 are rather conservative because they are based on 

elastic calculations, while the experimental Jc values[36] are calculated from a summation of Je 

and Jp. For SCI, Gappiied should just equal Jc (at the end of stable crack growth), but is, in fact, 

significantly lower. This underestimate of Gappiied should apply, in varying degrees, to all cracks. 

Table 7.3 shows that, for the given geometries, the crack growth in the LT direction, i.e. SCI, 2 

and 3, would remain stable because Jc > Gappiied by a consistent amount (approx. 55%). For the 

right-angle cracks, i.e. RAC1 and RAC2, the elastic Gappiied exceeds Jc in the TL direction, 

resulting in instability in that direction.

The numerical result showed that the stress intensity of pure mode I fracture is larger than that 

of combined mode I and U. Although the estimate of applied G for the crack configuration of 

interest could be underestimated, it was larger than the Jc in the TL direction. The instability in 

the TL direction is hence proven.

N .B . A ssum ed m ode I loading for specim ens S C I, 2  and 3; and m ode I and II loading for RAC1 and 
RAC 2.
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7.4 Limit Load Failure

Only one out of three fatigue tests on large CT specimens failed close to limit load, when 

subjected to a low cyclic load (3-30kN). The crack path in this specimen remained more or less 

in the LT direction. The cracks in the other two specimens, subjected to high cyclic load (6.5- 

65kN), failed below their limit loads, and their paths turned 90° into the TL (weaker) direction. 

Fracture test results on specimens with structural dimensions, particularly of the same thickness, 

showed that high fracture resistance retained the structural safety. The R-curve of the material 

increases even after 35 mm of crack extension in the LT (tougher) direction[36], Figure 7.2. 

Sumpter[8][36] provided a criterion based on the fatigue and fracture test results for unstable 

fracture. He concluded[83] that,

‘On an empirical basis, for the data obtained so far, cracks may potentially 

become unstable when their stress intensity exceeds 50 MPaVm, or the cracked 

structure exceeds 60% of its limit load’.

Numerical results of the Y calculation showed that the values of Y reduce as the lower crack tips 

of the stem cracks approaches the flange (see Figure 7.4). Although fracture may not occur by a 

long crack in the bridge girder because of the reduced K, failure may occur due to the limit load. 

Limit load failure in a section results when it reaches net section yielding. As a result, the 

applied stress in the remaining ligament exceeds the flow stress (the average of yield stress and 

ultimate tensile stress). The failure can also be examined by means of applied moment.

The load capacity of a cracked bridge girder was examined using numerical results. Three of the 

most serious crack geometries were examined and the results showed that the limit load was 

reached at about 70% of yield strain. The details of the cracks in the tensile T-section are shown 

in Table 7.4. The force carried by the ligament, and the moment at the cracked section, were 

evaluated for cracks approaching the flange (crack tip to flange distance less than 10 mm). This 

is where the stress intensity is reduced[7], but failure may occur due to excessive plasticity in 

the remaining cross-sectional area. The moment is the product of total force and the distance 

from the neutral axis to the centroid of the cross-sectional area, where the total force acts.
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Table 7.4 Details o f the geometries for limit load determination.

*s/2a 2a (mm) S (mm) C (mm) C/25

0.488 312.5 152.5 10 0.4

0.497 318.046 158.046 4.454 0.178

0.865 182.646 158.046 4.454 0.178

Figures 7.5 shows the numerical results for the force (Fa) on the remaining ligament and 

moment (M a) at the cracked section, which are normalised by limit load (FL) and yield moment 

(M y) respectively. Limit load is the product of the cross-sectional area of the ligament and the 

flow stress, which is the average of yield stress and ultimate tensile stress. Flow stress is usually 

used for calculations which assume work hardening effects. In this case the collapse of a 

remaining ligament is predicted by the normalised load, i.e. Fa/FL=1, see Figure 7.5.

The yield moment, My, is defined as the moment corresponding to first yielding at the bottom of 

the flange of an undamaged bridge girder. The reduction in load capacity of a damaged tensile 

T-section is indicated by the normalised moment, i.e. Ma/My, see Figure 7.5. In Figure 7.5 the 

normalised forces and moments are plotted against the normalised strain, i.e. the ratio of applied 

strain(e) to yield strain(ey).

The results of different parameters corresponding to limit load failure, i.e. Fa/FL=1, are shown 

in Table 7.5. All three damaged T-sections collapse at about e/ey=0.7, due to the limit load 

failure in their remaining ligaments, whilst the load carrying capacity of the three sections is 

reduced by between 30% to 40%. The result shows that the longest crack between the three 

geometries, whose crack tip is very close to the flange, fails at the lowest e/ey level. The shortest 

crack, although its crack tip is as close to the flange as that of the longest crack in this test, can 

sustain a higher strain (and stress).

Table 7.5 Different parameters at limit load failure.

s/2a £ /Ey Fa/FL Ma/My

0.488 0.69 1 0.63

0.497 0.67 1 0.61

0.865 0.77 1 0.72

N.B. See figure 3.2 for notations.
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These results imply that limit load failure may occur at e/ey=70% for a bridge girder containing 

a crack which reduces the cross-sectional area by 30% and where the crack tip is 10 mm or less 

from the flange. This is close to the uncracked load requirement 1] that maximum stress in the 

tensile chord should not exceed 75% of Gys. Taking the limiting factor as Fa/FL=1 still leaves an 

overload margin of 10% (see Figure 7.5). A better margin is obtained by taking Fa/FL=0.9, 

which can, for convenience, be equated to a strain, at first yield, of e/£y=0.6 giving Ma/My=0.55. 

This would appear to correspond to Sumpter’s suggestion, but he used the limit load of the 

actual cracked test specimens at failure for normalisation, corresponding to Fa/Fu=0.6 for the 

cracked bridge structure. His criterion would give a load carrying capacity of only 40% of My 

(see Figure 7.5) with a corresponding chord strain of e/ey=0.4.
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Figure 7.3 Numerical model for RAC1 and RAC2 (see Table 6.1). 
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CHAPTER 8. A REVIEW OF APPROACHES TO DESIGN FOR

FATIGUE 

8.1 Introduction

There are two different approaches to fatigue design: total-life and damage-tolerant. The total- 

life approaches, based on nominally defect-free laboratory specimens, measures the combined 

effect of initiation and propagation. As initiation of cracks is often a much longer phase than the 

propagation phase, this approach effectively focuses on the resistance to fatigue crack initiation. 

In total-life approaches, the result of fatigue tests from uncracked specimens shows the number 

of fatigue cycles to initiate a dominant crack can be as high as 90% of the total fatigue life. In 

this case, the fatigue life assessment is characterised by the cyclic stress or strain range. In 

general, there are two categories in the total-life approach: high cycle fatigue, and high strain 

low cycle fatigue. These depend on the material behaviour under the cyclic load.

The damage-tolerant approach considers the fatigue life of a pre-existing fatigue flaw 

propagating to a critical size, and deals primarily with the resistance to fatigue crack growth. 

The fatigue life is then defined as the number of fatigue cycles to propagate the dominant crack 

from its initial size to some critical dimension. The prediction of crack propagation life using the 

damage-tolerant approach involves empirical crack growth laws based on fracture mechanics. In 

terms of the requirements of fracture mechanics, the damage-tolerant approach is applicable 

under the concept of similitude which implies that the crack tip conditions are uniquely defined 

by a single characterising parameter, e.g. K or J under conditions of small scale yielding.

8.2 Total-Life Approaches to Fatigue Life

The classical approach for estimating fatigue strength or cyclic life of a component using the 

intrinsic fatigue curve is defined by the curve obtained in the laboratory from tests on plain 

specimens, manufactured and polished to a high degree of accuracy, and subjected to completely 

reversed one-dimensional stresses. The intrinsic fatigue curve is a smoothed curve representing 

the fatigue data.
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When loading conditions are such that only elastic strains are evident, the material behaviour is 

represented by Hooke’s law. However, if the loading is such that local yielding occurs in the 

component or structure, the material behaviour is no longer linear. It therefore becomes 

necessary to distinguish between high strain low cycle fatigue (LCF) and high cycle fatigue 

(HCF). The former are usually obtained by testing specimens under conditions of constant strain 

(or deformation) and the latter under conditions of constant load.

8.2.1 High Cycles Fatigue

High cycle fatigue refers to the combinations of stress (by constant load) and cycles during 

which macroscopic plasticity or yielding does not occur. In the stress-life approach to fatigue, 

smooth (unnotched) test specimens are typically machined to provide a waisted (hour-glass) 

cylindrical gage length and fatigue-tested in uniaxial compression-tension or tension-tension 

cyclic loading. A stress amplitude-life (S-N) curve is produced from such experimental results, 

where the stress amplitude, Gamp=(omax-Omin)/2, for fully reversed loading is plotted against the 

number of fatigue cycles to failure, Nf.

If the stress amplitude-life data is drawn on a log-log scale, with the stress amplitude plotted as a 

function of the number of fatigue cycles or load reversals (a constant amplitude fatigue is 

composed of two load reversals) to failure, a linear relationship is commonly observed. The 

resulting expression relating the stress amplitude, in a constant amplitude fatigue test, to the 

number of load reversals to failure 2Nf is

A g = ( < W  ~ Cmin ) = g f (2Nf

where Of is the fatigue strength coefficient (which, to a good approximation, equals the true 

fracture strength, corrected for necking, in a monotonic tension test for most metals) and b is 

known as the fatigue strength exponent.

A typical S-N curve (Figure 8.1) exhibits a plateau which is known as the fatigue limit or 

endurance limit. Below this plateau level the specimen may be cycled indefinitely without 

causing failure. For many high strength steels, aluminium alloys and other materials which do 

not strain-age-harden, the stress amplitude continues to decrease with increasing number of
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cycles. An endurance limit for such cases is defined as the stress amplitude which the specimen 

can support for at least 107 fatigue cycles.

8.2.2 High Strain Low Cycles Fatigue

Low cycle fatigue refers to the combination of strain (or deformation) and number of cycles 

during which considerable macroscopic plasticity occurs. In these circumstance, plastic strain 

energy accumulated each cycle reaches a certain critical value, at which stage a crack may form. 

Subsequent cycling causes the crack to propagate to critical conditions, and unstable fracture 

occurs. The fatigue integrity of a component is defined by the sum of the number of cycles to 

produce an engineering crack, which is typically 0.5mm long, and the subsequent number of 

cycles needed to grow that crack to some critical conditions.

It is usual to express low cycle fatigue data in terms of total strain amplitude, £amp=(£max-£min)/2, 

versus the number of cycles to failure. However, since every value of total strain is made up of 

an elastic component and a plastic component, A£=A£e+A£p, it is possible to express cycle life in 

terms of either the elastic or the plastic strain component.

When the logarithm of the plastic strain amplitude, A£p/2 = (£p max~£p min)/2 was plotted against 

the logarithm of the number of load reversals to failure, 2Nf, a linear relationship resulted for 

metallic materials (Figure 8.2), i.e.

^  = ef (2Nf )c (8.1)

where £f is the fatigue ductility coefficient (which is found experimentally to be approximately 

equal to the true fracture ductility in monotonic tension) and c is the fatigue ductility exponent.

Recalling the expression for the S-N curve in log-log scale:

^  = <Jf (2Nf )b

and noting that

A£e _ Ac _ âmp 
~ T ~  2E " E

where E is the Young’s modulus; it is found that
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~ ~  = ~"(2N f )b (8.2)

Substituting Eqs.(8.1) and (8.2) into A£=A£e+Aep, gives

■ ~ = ' ~ ( 2 N f )b + E f  (2N f)°

In order to examine the implication of ‘short’ and ‘long’ fatigue lives, it is useful to consider a 

transition life, which is defined as the number of reversals to failure (2Nf)t at which the elastic 

and plastic strain amplitude are equal (Figure 8.2), i.e.

A e p _  Aee

or £ f  (2N f )c = - S - ( 2 N f  ) b
E

This can be rewritten as

2Nf=M ^ ) .
a f ,

At short fatigue lives, i.e. below the transition life, plastic strain amplitude is more dominant 

than the elastic strain amplitude and the fatigue life of the material is controlled by ductility. At 

the long fatigue lives, i.e. cycle lives in excess of the transition life, the elastic strain amplitude 

is more significant than the plastic strain amplitude and the fatigue life is dictated by the fracture 

strength.

8.3 Fracture Mechanics (Damage-Tolerant) Approach to Fatigue Design

Fatigue tests on notched specimens can provide information about the number of cycles needed 

to propagate a crack to critical conditions under the given load. If the plastic deformation is 

limited at the crack tip, i.e. in conditions of small scale yielding, so that the elastic stress field at 

the crack tip can be fully described by the elastic singularity, fatigue crack growth in such 

conditions can be characterised by fracture mechanics.

Fatigue of metals by the slow growth of microscopic flaws was first documented in the work of 

Ewing and Humfrey[57] in the early 1900s. However, the mathematical framework for the 

quantitative modelling of fatigue crack growth was not available until the evolution of linear
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elastic fracture mechanics (LEFM) by Irwin[16]. With the advent of the LEFM approach, 

attempts were made to characterise the growth of fatigue cracks also in terms of the stress 

intensity factor. Paris, Gomez and Anderson[58] were the first to suggest that the increment of 

fatigue crack advance per stress cycle, da/dN, could be related to the range of the stress intensity 

factor, AK, during constant amplitude cyclic loading. With the application of fracture mechanics 

concepts to fatigue failure, increasingly more attention was paid to the mechanism of subcritical 

crack growth. Elber[59][60] showed that fatigue cracks could remain closed even when 

subjected to cyclic tensile loads. In the last two decades, various types of crack closure were 

investigated that showed that the fatigue crack growth rate is not only affected by the stress 

intensity factor range, but also by prior loading history and crack size.

8.3.1 Crack Growth Relationship

Consider a crack growing under a constant amplitude cyclic stress intensity, so that a cyclic 

plastic zone forms at the crack tip leaving a plastic wake behind the growing crack. If the plastic 

zone size is so small that the crack tip conditions are defined by elastic stress intensity, then, the 

crack growth (da/dN) can be characterised by the combination of applied stress intensity 

range(AK) and crack length(a), in an expression of the form

da A V AK
dN

Paris et al.[58][61] showed that the fatigue crack growth increment da/dN is related to the stress 

intensity factor range by the power law relationship

—  = C(AK)m 
dN

where C and m are material constants that are determined experimentally. The Paris law 

indicates that the fatigue crack growth rate for any geometry depends only on AK.

Paris’ equation does not describe fully the relationship between da/dN and AK. A log-log plot of 

da/dN versus AK contains three distinct regimes. At the intermediate AK values the curve is 

linear, but the crack growth rate deviates from the linear trend at high and low AK levels. In the 

former case, the crack growth rate accelerates as Kmax approaches Kent, the fracture toughness of 

the material. At the other extreme, da/dN approaches zero at a threshold AK. The Paris law
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applies to fatigue crack growth in the region of intermediate AK, where da/dN is insensitive to 

R, which is defined as

_ l̂ min 
K-max

The enhanced influence of load ratio, R, at high AK levels is a consequence of the critical 

condition that the maximum stress intensity factor value for the fatigue cycle, Kmax, approaches 

the fracture toughness of the material, K^t:

K -  AK , V^max — j _ R crit

Forman[62] proposed the following relationship for AK at intermediate and high levels:

da _ CAKm 
dN _ (l-R )K crit-AK

da CAKm_1or —  = —--------
dN K-crit _ j

Kmax

Thus the crack growth rate becomes infinite as Kmax approaches Kent. Erdogan and 

Roberts [63] [64] expressed the crack growth rate relating to the size of the plastic zone, ahead of 

and in the plane of a propagating crack, by the following equation,
Ha
-^• = C(Kmax)P(AK)1 
dN

where C is a material constant and p and q are numerical exponents.

It is argued[65] that there is a significant difference in fatigue crack propagation rates for plane 

stress and plane strain. Roberts and Kibler[66] modified the Forman equation to incorporate the 

ideas of Erdogan and Roberts relating to the size of the plastic zone. They have proposed a 

relationship which, when simplified for plane extension, gives,

_ CKmax 
dN Kcrjt — Kmax

Although each of above models are applicable for the particular set of conditions for which they 

were derived, they each lack generality and not one of them incorporates the conditions of 

threshold, which defines the AK value below which fatigue crack growth does not occur.
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A number of equations attempt to describe the entire crack growth curve, taking account of both 

the threshold and Kent- For example, Priddle proposed the following empirical relationship:

da J  AK-AK,hre
yn

dN K-crit K m ax

Duggan[65][67] developed a mathematical model based upon the damage which accumulates at 

the crack tip as a result of the irreversible process associated with plasticity. Further, the analysis 

recognises the resistance to fatigue crack propagation caused by prior cyclic loading and the 

possible existence of basic threshold levels. The original model is written as

da
dN

 ̂n ^2a
32

i f  1- - - -
ex ^£fE(Kcrjt Kmax)

1 + AKthre

L\ Kcnt

AK + AKthre
Kcnt AK

/j

(8.3)

where a  is the fatigue ductility exponent; £f is the fatigue ductility coefficient; E is the Young’s 

modulus; Kent is the critical stress intensity factor (fracture toughness); and AKthre is the 

threshold stress intensity range. If AKthre/AK is small compared with unity and AK/Kcnt, which it 

might be for practical values of AK, Eq.(8.3) reduces to (for zero stress ratio)

da
dN ,32

2a 1 
a efFKcrit

AKa

McEvily[68] developed another equation that can be fitted to the entire crack growth curve:
r x

1+ -^ -  = C(AK-AKthre)2 
dN

AK
Kcrit Kmax

The McEvily equation is based on a simple physical model rather than a purely empirical fit.

With the somewhat confusing and even contradictory array of crack growth relationships, it is 

important to be able to select one to meet the needs of the fracture analyst.

In practice, integrating the Paris law will give the number of cycles for crack growth, from its 

initial length to the critical length. This can be complicated because the stress intensity factor, 

K, hence Y, is usually a function of crack length. It may be simplified by assuming a constant 

value for Y during fatigue crack propagation.
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8.3.2 Retardation of Fatigue Crack Growth

Elber[59] noticed an anomaly in the elastic compliance of thin sheets of cracked aluminium 

alloy. At low loads (which were low but greater than zero), the displacement/load compliance 

was close to that of uncracked specimens. At high loads, the gradient of the compliance is less 

steep than was expected from fracture mechanics analysis. Elber believed that the anomaly in 

compliance was due to the contact between crack surfaces (i.e. crack closure) at low loads. 

Crack closure decreased the fatigue crack growth rate by reducing the effective stress intensity 

range.

Consider a growing crack in the presence of a constant amplitude cycle stress intensity. A cyclic 

plastic zone forms at the crack tip, and the growing crack leaves behind a plastic wake. 

Elber[59] argued that crack closure resulted from residual tensile deformation in the plastic 

wake. Elber’s work also brought to light the very dependence of fatigue crack growth rates on 

prior history. Other types of crack closure phenomena have been noticed in other experimental 

observations. For instance the microscopic roughness of the fatigue fracture surface results in 

roughness-induced crack closure. Plasticity-induced crack closure is likely to affect the bridge 

components. Models for this effect, in terms of Keff, will be discussed as follow.

Elber[59] assumed that the portion of the cycle where the crack faces are in contact (below KoP,

the stress intensity at which the crack opens), does not contribute to fatigue crack growth. He

defined an effective stress intensity factor range, AKeff, which is responsible for crack growth, as

A K e f f  =  K m ax- K o p

He also introduced an effective stress intensity ratio for Kmin<Kop:

U _ AKeff _ Kmax -  Kop 
AK K max- K ^ n

When Kmin>Kop, U=l, and closure does not occur.

Elber then proposed a modified Paris law,

-^ =C (A K eff)m = C(UAK)ra 
dN

Assuming the opening stress intensity factor, KoP, is a material constant, i.e. it is independent of 

Kjnin, Kmax and prior history, rewriting Eq.(8.4) in terms of AK and R gives
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u  =  1 - K ° p
1 -R  AK

If there is no intrinsic AKthre for the material and da/dN>0 , the threshold can be inferred by 

setting U=0:

AKthre = Kop(l-R), 

which applies to the range of AK between:

K op(l-R) < AK < Kor
R

Elber measured the closure stress intensity in 2023-T3 aluminium alloy fatigue test (under 

predominantly plane stress conditions) over a AK range of 13 to 40 MPaVm and for variations in 

load ratio (-0.1<R<0.7), obtaining the following empirical relationship:

U = 0.5 + 0.4R

or — ?E- = 0.5 + 0 .1R + 0.4R2

Xvmax

Elber’s equation implies that U depends only on the R ratio.

Shih and Wei[69][70] replotted the experimental data of earlier researchers which showed a 

definite Kmax dependence. Hudak and Davidson[71] performed closure measurements on a 7091 

aluminium alloy and 304 stainless steel over a wide range of loading variables, for both 

materials, obtaining a closure relationship of the form:

U = 1 — (8. 5a)
Kmax

or U = 1 (8.5b)
AK

Substituting Eq.(8.4) into Eq.(8.5) gives:

Kop = Ko(l-R) + KmaxR

K<,p = Ko(l-R) + 7 —jj-1 — K

Thus Ko is the opening stress intensity for R=0. It is also recognised that, in addition to its 

dependence on R, U is strongly influenced by the specimen geometry, the stress state, the stress 

intensity factor range and environment.
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8.3.3 Effective Stress Intensity Factor

Using experimental results[72][73], the R dependence of da/dN versus AK curves can be 

rationalised by presenting da/dN against AKeff, which is the effective stress intensity factor 

range.

As the effective stress intensity factor is the reduced stress intensity factor resulting from the 

effect of plasticity-induced closure, it can be estimated using crack tip plasticity analysis. 

Dugdale’s model[74] for the plastic zone size approximates elastic-plastic behaviour by 

superimposing two elastic solutions: a through crack under remote tension and a through crack 

with closure stresses at the tip. The model is based on a long, slender plastic zone at the crack tip 

in a non-hardening material in plane stress. The stress intensity factor resulting from the closure 

stresses can be expressed:

Kclosure - -2 (5
a + r,

ys- —cos 1
n a +  n

where rp is the long, slender plastic zone ahead of the crack tip. The stress intensity factor due to 

the remote tensile stress, K = a  ̂ 7c(a + rp), must balance with Kci0Sure , be. K+KciOsure=0.

Therefore,

a + rr
=  cos

r  \  
71(5

2(5ys

or sec
jca N

2(5ys
-1 = r,P '

Using Dugdale’s model with a « a ys, and setting the effective crack length equal to a+rp, where rp 

is given by the above equation, gives the effective stress intensity factor as[40]:

K eff - f
i 7iasec

( \  
KG

2 G ys

This is an overestimate, and Burdekin and Stone[75] obtained a more accurate estimate of Keff, 

giving:
l

Keff — ^ys - t - I n s e c  
n

(  "v 
K G

2 G ys
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Budiansky and Hutchinson[76] provided a comprehensive analysis based on Dugdale’s model 

for using AKeff to characterise fatigue crack growth under plasticity-induced crack closure. 

Although their quantitative predictions do not agree with experimental data[71], this model is 

useful for demonstrating qualitatively the effect of plasticity on crack closure.

8.3.4 J Integral for Crack Growth Relationship

The elastic singularity disappears when there is excessive plasticity at the crack tip, and K 

characterisation is no longer valid, but J is still an appropriate fracture parameter under certain 

assumptions. The J integral theory breaks down when the plasticity is significant compared to 

the in-plane dimensions. Although the J integral applies to nonlinear elastic material i.e. 

deformation plasticity is employed which assumes no cyclic loading in the material, Dowling 

and Begley[77] and Lambert et al.[78] successfully correlated AJ and experimental data of 

fatigue crack growth under large scale yielding. In this case, the crack growth relationship was 

expressed as

—  = C(AJ)m, 
dN

where AJ is a contour integral for cyclic loading, but AJ^Jmax-Jinin. If a material deformation is 

characterised by AGjj and Aeij, so that the stresses and strains have initial values Gy1 and ey1 and 

increase to Gij2 and £y2, a contour integral around crack tip can be defined as

AJ = J^(A eyjdy -  AT, ^ - d s

where T  defines the integration path around the crack tip (Figure 2.5), and AT* and Auj are the 

changes in traction and displacement between points 1 and 2. The quantity Q. is analogous to the 

strain energy density:

A £ y

Q(ev )= jAOijdCAeij)
0

The £2 represents the stress work per unit volume performed during loading, rather than the 

stress work in a complete cycle, i.e. the area inside the hysteresis loop (see Figure 8.4). If 

Gij1=£ij1=0, AJ=J. Thus AJ is merely a generalisation of the J integral. If the cyclic stress-strain 

curve forms a closed loop (Figure 8.4) and the loading and unloading branches are symmetric,
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the AJ can be defined from the loading and unloading branch. For a given AKi, assuming small 

scale yielding, AJ is defined as

E

for plane stress conditions.

8.4 Assessing Crack Propagation Life

Since AK=YAg Vrca , the Paris law can be written

-^- = c(yA<W^T
dN v '

The number of cycles for a crack growing from an assumed initial size, ao, to the critical size, af, 

is calculated by integrating the crack growth law, where the applied far field cyclic stresses and 

geometrical factor Y are assumed constant over the crack propagation

" L  i ~ U
J c Y - M - J i - J . "

therefore

N^(m-2)CY4Aa)-^mlao(m-2,/2 “ a /”-2)'2}' ^
It is noticed that for ao«af, the effect of ao on Nf is larger than that of af. If the material constants 

C and m are known or estimated from existing test data for aluminium alloy, Nf can be 

expressed as a function of stress range Ag using Eq.(8.6). In this case, this relationship of Ag 

and Nf can be illustrated in a S -N  curve.

8.5 Design for Fatigue in Aluminium Structures

A guide to the design for fatigue in aluminium alloy is provided in section 7 of BS 8118[79]. 

The fatigue failure criterion uses S-N curves. For variable amplitude loading, the summation of 

all cycles in different stress ranges, using the Miner-Palmgren cumulative law, should not 

exceed unity.
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The classification of details, which depends on the positions of flaws, is given in the document. 

For constant amplitude loading, the number of fatigue cycles to failure is predicted using a S-N 

curve corresponding to the classification of the detail. For variable amplitude loading, the stress 

history at the detail (containing a flaw) is estimated, reduced to an equivalent number of cycles 

(n) for an equivalent constant stress range (fr), and then the predicted number of cycles (N) are 

given by a S-N curve corresponding to the detail. The fatigue design is achieved provided that 

the summation of n/Ni is not greater than unity. In case of Z(ni/Nj)>l, the stress ranges at the 

detail are reduced.

The S-N curve in BS 8118[79] is described by an equation of the form AabN=A, and constants 

A and b provided in the document are computed in such a way to gives 97.5% probability of 

survival. Constants A and b are factors dependent upon material properties and the stress 

concentration due to the geometry. BS 8118 gives values of b of between 3 to 4.6, depending on 

different detail classification, for a range of commercial aluminium alloys, assuming that all 

alloys have similar fatigue behaviour. For a loading spectrum with occasional overload which 

can reduce the value of the non-propagation stress range, a more appropriate but less 

conservative S-N curve could be applied. The modified curve was obtained by altering the 

gradient from 1/b to l/(b+2) at N=5xl06 to 108 cycles.

In the draft of Structural Eurocode 9 [80] part 2 a layout of fatigue design for aluminium 

structures is provided. It has common features with BS 8118, although failure assessment for 

fracture, using the basis of Paris law, is also suggested in cases of structures sustained beyond 

the predicted service life. For simplicity, the line relation of the Paris law is assumed by

da m
—  = A(AK) . 
dN

If AK has the following form AK=YA<rVa, the number of cycles for crack growth from an initial 

length, ao, to the critical length, af, can be obtained by integrating the Paris law, hence

N = ^ “ a"
CAa1"

where n = -(m -2)/2 and C=nAYm for ao to af.
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Figure 8.2 A low cycle fatigue curve and the transition life.
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CHAPTER 9. CRACK GROWTH RELATIONSHIP FOR BRIDGE

ALLOYS

9.1 Aluminium Alloy for Christchurch Bridge Fabrication

The aluminium alloy used for the Christchurch bridge fabrication is similar to 7019 in 

accordance with the international 4-digit classification system. It is one of the medium strength 

7*** series. This heat-treatable alloy contains 4-5% of Zn and 1.0-1.8% of Mg and is readily 

weldable.

Table 9.1 Fatigue crack growth rate for aluminium bridge alloy.
Author Test

Met­
hod

Size of
Specimen
(mm)

R
ratios

Crack
growth
model

Value of m Values of C

Maddox
and
Webber

CCT 162(W)x
9.5(B)

-2  to 
+0.5

da/dN=
C(UAK)m

AKin
N/mm3/2

3 1.08xl0‘ u

Webber 
(used the 
result 
from 
item 1)

CCT 162(W)x
9.5(B)

-2  to 
+0.5

da/dN=
C(AK)m

AKin
MPa's/m

Upper band: 
4.77 
Lower 
band:
3.06

Upper band: 
1.43X10"8 
Lower band: 
3.38X10"7

Butler
and
Tutty

3PB 75(W)x
25(B)

150(W)x
25(B)

da/dN= 
C(AK)m 

AK in 
N/mm3/2

3 to 4 

2.03 to 2.48

2.3 to 
6.16X10"15 
1.6 to 
2.3x10"10

Stow and 
Webber

Cracks in
bridge
prototype

da/dN=

C(AK)m 
AK in 
N/mm372

Flange 
cracks: 2.06 
Stem
cracks: 1.70

Flange
cracks:
3xi (r9 
Stem cracks: 
1.47xl0~7

Sumpter CT:

tens­
ion:

CT:
150(W)x
24.5(B)
tension:
175(W)x
23aver.(B)x
1000(L)

0.1
(CT)
or
0.04
(tens­
ion)

da/dN=

C(AK)m
AKin
MPaVm

3.7414 2.756xl(T8
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Fatigue test results for the material have been reported, although some of the tests were carried 

out on prototype alloys, namely DGFVE 232 and BA 733C, in the early stage of the bridge 

design. The fatigue crack growth rate of the alloy, namely the constants C and m in the Paris 

law, from these test results (see Table 9.1) are discussed in the following section.

9.1.1 Crack Growth Rate of DGFVE 232 alloy

Maddox and Webber[9] studied the fatigue crack growth of DGFVE 232 alloy by fatigue testing 

centre-notched plates with a thickness of 9.5 mm. Tests were carried out with a variety of R

( = < j m i n / G m a x )  values, from -2  to +0.5. Maddox and Webber[9] showed that less scatter occurred

using AKeff=UAK, than presented using only the Paris law and Forman’s equation, see section 

7.3.1. They stated that U as the factor of AK for AKeff was a function of R, and gave 

U=0.4R+0.72 for their test data. Although the value of the exponent (m) for AKeff in the crack 

growth law was not evaluated from the data, they suggested that m=3 was a reasonable value for 

representing the crack growth rate, from which they computed the constant C. The constants C 

were

1.7x 1 O'11 for the upper limit of the scatterband;

6.9xl0'12 for the lower limit of the scatterband;

and 1,08x 1 O'11 for the average.

Webber[l] reported the exponent (m) on AK for the Paris law as: 

da/dN = 1,428x 10'8AK4'771 

da/dN = 3.384x10‘7 AK3'056 

where da/dN was in mm/cycle and AK was in MPaVm, and the knee in the da/dN curve is at 

AK=6.3MPaVm. The evaluation was based on data reported in reference [9].

Butler and Tutty[10] conducted a series of fatigue tests on test specimens taken from rolled plate 

and T boom extrusions of DGFVE 232 alloy. The tests included pin jointed tensile tests, cyclic 

tensile tests on compact tension specimens and beam bending tests. Rolled plate specimens were 

tested mainly in compact tension, while specimens from T boom extrusions were used for beam 

bending tests. Butler and Tutty computed m and C for the Paris law using the data from beam 

bending tests, which tested two types of specimen with depths of 75 mm and 150 mm.
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For specimens 75 mm deep x 25 mm thick, m varied from 2.87 to 3.90 for different gross a max 

and with specimens taken from different positions on the extruded T boom. The average of this 

group was 3.33. The results showed m increasing with increasing Gmax-

For specimens 150 mm deep x 25 mm thick x over 600 mm long extruded rectangular bar, m 

varied from 2.04 to 2.80, while specimens of 150 mm deep rectangular section taken from the T 

boom stem showed that m varied between 1.91 and 2.17. The average was 2.48 for the former 

group and 2.03 for the latter group.

The results showed that the larger beam specimens gave lower values of m. Butler and Tutty 

suggested that the result from the larger specimens was the most appropriate for representing the 

behaviour of the large structural member. They stated that the most realistic mean line for cracks 

growing through the T boom stem in the long transverse grain direction was the crack growth 

law with the exponent m=2.5 on AK, which gave C=1.42xlO'10 at da/dN=0.0045mm/cycle.

9.1.2 Crack Growth Rate of BA 733C Alloy

Richardson[ll] conducted a series of fatigue tests to demonstrate the crack growth and fracture 

behaviour of BA 733C alloy, which contains 4.45% of Zn and 1.38% of Mg. Tests were carried 

out on compact tension and centre-cracked specimens. Specimens had a thickness of 6.5 mm, 

which did not produce a valid evaluation of KiC in BS 7448[29]. Tests were done for various 

values of R and Ag : R varied from 0.1 to 0.5 and gross Gmax varied from 17.95 to 44.42 MN/m2.

Richardson reported that the exponent m on AK for the Paris law varied with R. The m values 

varied from 1.873 to 5.124 on longitudinal specimens and from 1.971 to 4.308 on transverse 

specimens. The crack growth rate was reproduced from the test data in an attempt to investigate 

the effect of different crack growth laws. The results showed that m values were inconsistent 

and, in most cases of test data for the same R values, m increased by over 30% with decreasing 

gross Ag. Although tests were done for various R and Ag, there was no solid conclusion for the 

variation of m due to R and Ag.
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In an attempt to relate the discrepancy of m with the variations in R, the writer represented the 

crack growth data (da/dN) in terms of AKeff, where AKeff=UAK and U=0.4R+0.72 from 

Maddox[9], and [(l-R)KiC-AK](da/dN) versus AK. By applying these conditions the 

scatterband of the crack growth data was reduced only slightly and the scatter in m was 

essentially unchanged.

From further examination of Richardson’s data, the writer found a link between the exponent m 

for the Paris law and R, hence Ag. The linear relationships between m and Ag can be written as: 

m = 6.8846-0.0904(Ag) (9.1)

for the case when R=0.1. This equation was taken for the calculation because it gave the most 

conservative values of m among the data. The constant in Eq.(9.1) is hence correlated with R. 

The relationship between m and R, which has the form: 

m = 15.31R2-13.587R+5.3647 

The value of m is 4.1591 when R=0.1. Since the constant in Eq.(9.1) varies with R, this equation 

can be rewritten as:

m = {2.7255+(15.31R2-13.587R+5.3647)-0.0904(A<t) 

or m = 15.31R2-13.587R-0.0904(Act)+8.09 (9.2)

for 0.1<R<0.5 and AG<60MPa.

Table 9.2 Comparison ofm  between estimation and Richardson’s data

AG=29.61MPa Aa=44.41MPa

R Equation 9.2 Richardson Equation 9.2 Richardson

0.1 4.16 4.207 2.82 2.848

0.2 3.26 3.130 1.92 1.823

0.3 2.67 2.704 1.33 3.05*

0.5 2.4 2.382

Richardson’s data for R=0.3 is inconsistent compared to the trend, as m reduces with 
increasing R.

The estimation of m using equation 9.2 agreed well with Richardson’s data, see Table 9.2, but 

this equation should not be extrapolated outside the limits quoted above.
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9.1.3 Full Scale Fatigue Tests on Christchurch Bridge

Stow[81] reported the crack growth data from fatigue tests which were carried out by Webber 

on panels of the Christchurch bridge which were ballistically damaged. The crack growth data 

was studied using the Paris law.

The calculation of crack growth relationship requires accurate AK values. Because of the 

complex crack shapes generally found on the bridge girder resulting from the ballistic test, only 

data for three fatigue crack (a flange crack and two stem cracks), whose K values could be 

calculated using Henry’s[3] and Cheung’s[7] solutions, were examined. The crack growth 

relationships are shown in Figure 9.1. The values of m for the first two cases were 2.063 and 

1.702 for flange and stem cracks respectively, see Figures 9.1a and 9.1b. These values are lower 

than those quoted by Maddox[9] and Butler[10], see Table 9.1.

The solution of AK for the stem crack was based on the numerical results of a cross-section (for 

the initial design) whose thickness is larger than that in the experimental test. On the other hand, 

the numerical model of the bridge girder did not contain cross-bracing, which is added into the 

latest design. The difference between the configurations might cause an inaccuracy in the 

calculated AK and hence the crack growth rate.

The results for the flange crack, Figure 9.1a, were limited to propagation in the flange only, as K 

solutions were not available for the crack penetrating through the stem.

9.1.4 Crack Growth Rate of Large Test specimens

Sumpter[8][12] conducted a series of fatigue tests to investigate the crack growth rate for 

applied stress above Kic. Four CT specimens and one tension specimen were fatigue tested for 

crack growth rate in the extrusion direction (TL) and in the direction normal to the extrusion 

direction (LT). Published K calculations for the tension specimen were not appropriate for this 

analysis because of its length (1.32 m) and fixed grips loading. The writer carried out a 2-D 

finite element analysis to provide an accurate calculation (see Appendix C.).

137



One of the objectives of the tests was to determine whether the critical crack length is dictated 

by plastic limit load failure. Large CT specimens (i.e. W » B ) were used in the fatigue tests 

because results from plane strain fracture tests (for plane strain fracture toughness) were too 

conservative. In the large specimens, the through thickness constraints ahead of a crack tip 

should be similar to those of structural dimensions. The test results showed that cracks 

sometimes failed by turning to the weaker direction (TL) of the material, see section 6.3. No 

clear link between the critical crack length and limit load failure was observed. The results 

provided fatigue crack growth rate for the transition of crack tip conditions from plane strain to 

plane stress, although the cause of the transition could not be substantiated from the results.

Figure 9.2 shows that the crack growth rate for CT specimens in both orientations rises at 

AK>35MPaVm (the plane strain Kic for the material). The change of the crack growth rate of the 

TL direction is more noticeable than that in the LT direction. No conclusion was drawn for the 

rapid increase of the crack growth rate in the TL direction, but Sumpter[83][84] noticed that the 

fracture surface of the crack growth in the TL direction maintained an element of flat fracture, 

while that in the LT direction was slant. Sumpter[83][84] showed that, at the same load ratio 

(i.e. load to limit load), the driving force in the displacement control (fracture) test was higher 

than that in the load control (fatigue) test, where final failure was unstable.

The crack growth rate of the tension specimen rises at AK>50MPaVm, see Figure 9.3. The 

increase of the growth rate between CT and tension specimens was the result of the elevation of 

Kic in the tension specimen due to the T stress effect[82]. The large tension specimen was a low 

constraint geometry, and finite element computation (see Appendix C) showed that, for a crack 

length of 41mm, the T-stress raised the value of Kic from 35 to 48MPaVm. When 

AK<50MPaVm the crack growth rate in this specimen was slightly lower than the CT specimen, 

but when it exceeded this value, there was a distinct jump in the fatigue crack growth rate. 

Sumpter[12] showed that the test on the large tension specimen reached a higher stress intensity 

(Figure 9.4) before failure than any of the CT specimens in the fatigue test.

Sumpter[83][84] suggested values of C and m for the Paris law based on the fatigue test results 

(excluding the crack growth data for the TL specimen at AK>Kic), the crack growth relationship 

is as follow,

138



da/dN=2.7 6x 10"8(AK)3-7414, 

where da/dN is in mm/cycle and AK is in MPaVm.

9.2 Repetitive Crack Extension Under Excessive Kmax

The relationship between fatigue crack growth rate and fracture mechanics is given by the Paris 

law. Crack growth rate is successfully characterised by the range of stress intensity factors,
9  9either by AK or AJ, where AJ=(Kmax +Kmin -2 K maxKmin)/E. In the case of the Christchurch 

bridge, the tearing resistance increases with crack extension. Using the R-curve approach for 

fracture assessment, the crack grows only if the applied driving force, or G, exceeds the tearing 

resistance corresponding to the crack length.

Fatigue life can be characterised by the number of load cycles, either in high cycle or high 

strain, low cycle, fatigue. Low cycle fatigue, in general, applies to a component where damage 

is detected. Crack growth in low cycle fatigue is perhaps governed by the fracture mechanism,

i.e. void nucleation, void growth and void coalescence, controlled by the tearing resistance. This 

would explain the increase in surface roughness observed by Sumpter for fatigue at high AK 

compared to the smooth surface for low AK[8].

For material exhibiting a rising R-curve, and tested for crack growth in low cycle fatigue, a high 

cyclic load producing K max>KR would be expected to cause the crack to grow continuously until 

Kmax reaches a new value of K R, following the previous crack arrest. Although fatigue cycles of 

constant applied load may not cause K max to exceed the K r where the crack arrested previously, 

continuation of stable crack propagation at K max>KR can be helped by the increased local 

damage produced by cyclic loading.

For repetitive crack growth at Kmax>KR, a simple model is proposed using a cyclic R-curve 

approach (Figure 9.5) to explain fatigue crack growth under constant cyclic load.
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9 .2.1 Estimation of Repetitive Crack Extension

A Jr curve (Figure 9.5) can be defined as 

JRi = f(Aa)

where Jri = the J resistance at i th iteration (Jr=Kr2/E) for AN cycles.

Hence,

jR(i+l) -  JRi = OC(Aa),

Where Jro+i) = the J resistance at i+Aa iteration (AN cycles),

JRi = the J resistance at i th iteration (AN cycles),

a  = the ratio of dJ/da,

Aa = the crack extension.

Replacing JR(i+i) , by applied J, J(i+i), and substituting J=K2/E into the above equation, we can

rewrite it as

Ki+i2 -  Kr 2 = Ea(Aa) for cycles.

For K—Y(TappiiecW(tta),

(̂ appliedY) 7t(aj+Aa) — Krj = Eoi(Aa).

Rearrange the 3rd equation to solve for Aa, gives

■jy' 2 _
Aa = — 1 for AN cycles.

E a-K f/a j

It is unlikely that the full extent of the R-curve is utilised in any cyclic application, only the 

initial stage of the R-curve (Figure 9.5), i.e. dJ/da=oc=5MN/m2[6], is applied to the calculation. 

This model was examined using different values for Kri.

If plane strain conditions are maintained at the crack tip, the crack should propagate at 

Ki>35MN/m372, the plane strain fracture toughness.

However, the concave R-curve of the material illustrates that the tearing resistance increases 

with crack extension. Hence Krj should be a fraction less than the previous Kmax, denoted as 

Kmax(i -i)* The Aa is therefore calculated assuming KRi°cKmax(i -i>* Figure 9.6 shows the results of 

using Kri=Kic and KRi°cKmax(i -l)* Although the model for crack extension is based on excessive
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K at each load cycle, the results in Figure 9.6 implies that the model overestimates the 

incremental crack extension, as the estimated Aa rises above the experimental result. It is 

evident that the calculated Aa represents the crack growth for AN cycles. Different combinations 

of KRiocKmax(i-]) and AN produce crack growth laws that are comparable to the experimental 

result, Figure 9.7. A combination of Krj and AN of the model is not unique because the Kr for 

the model cannot be determined at this stage.

The expression did model the observed fatigue behaviour satisfactorily for cyclic constant 

loading.
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b. A stem crack (measured on the out-side surface), ref. 30 in [82]. 

Figure 9.1 Crack growth rate from a fatigue test on the damaged bridge.
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Figure 9.1 (cont.) Crack growth rate from a fatigue test on the damaged bridge.
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Figure 9.2 Crack growth rate in the LT and TL direction of large ligament CT 
specimens.
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Figure 9.3 Crack growth rate of large ligament CT and tension (LFS1) specimens.

100 T
LFS1

90 - CT3
LO
d£  80 -  
c0

^  70 -

& 60 -  tn
^  50 -
_ c

40 -

CT5

tnind)
» _

-4—*in

(1)
Q.

30 -

20  -

10 -

0 0.2 0.4 0.6 0.8 1

Load / limit load

Figure 9.4 Peak stress intensity and load/limit load for fatigue to failure test on CT 
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Figure 9.5 Diagrammatic representation of cyclic application of R-curve. 
(N.B. J=K2/E is assumed)
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Figure 9.6 Comparison of cyclic R-curve results with experimental fatigue data 
(N.B. the results severely overestimate the experimental data.).
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Figure 9.7 Comparison of cyclic R-curve results with experimental fatigue data. 
(N.B. the cyclic R-curve results are corrected by AN.)
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CHAPTER 10. CONCLUSIONS AND FUTURE WORK

Numerical and experimental[6] [8] [36] tests have been carried out on the fracture and fatigue 

behaviour of the aluminium bridge alloy in order to devise a procedure for assessing the 

reliability of a damaged bridge component. The prolonged service life of the bridge has been 

proved by fatigue tests[l][2] on various bridge prototypes, including one subjected to ballistic 

damage. However, initial fracture mechanics calculations, using data from standard fracture 

tests, indicated that only short cracks should be tolerated, whereas as cracks up to 300mm long 

were observed in the structural tests. Subsequent fracture tests on the aluminium alloy revealed 

that the substantial tearing resistance of the material retards fracture instability in large 

components (but not in small test pieces). Initially, the study looked for differences between the 

3D static crack tip stress and strain fields for small and large 3PB test specimens to explain the 

division between stable and unstable fracture. Only the plastic strains showed any significant 

variation, and did not indicate any clear division in specimen behaviour. Attention was then 

turned to the R-curve concept to explain the difference in behaviour.

The energy for fracture and plastic dissipation cannot be determined accurately from the 

computational results, so the J values associated with crack propagation are used as the measure 

of fracture resistance. The plastic zones at the crack tips are small at the beginning of crack 

growth, allowing the J-integral to be interpreted as a plastically corrected energy release rate. 

Crack propagation can be analysed numerically using only 2-D analysis at present. Examination 

of the numerical load versus displacement diagrams for the large 3PB specimens showed that 

they were very close to the plane stress condition. The dJ/da of the R-curve for the bridge alloy 

increases with increasing Aa. This form of R-curve covers the transition from flat to slant 

fracture (for a thickness of 25mm), which is associated with the onset of plane stress conditions 

near the crack front (there is no reason for the crack plane to change if fully plane strain 

conditions are maintained). The concave R-curve of the bridge alloy, produced by numerical 

analysis, coincides with that of the experimental result, with both analyses assuming plane stress 

conditions. The fracture surface of a large (b » B ) specimen showed flat fracture at the central 

region of the thickness, indicating plane strain conditions in this region. The flat fracture tapered 

down to a point where the specimen failed by fully slant fracture. The experimental Jic and dJ/da 

values (for the first 4mm of crack extension), using plane strain calibration, were close to but 

slightly lower than the numerical plane stress result. In this case the numerical plane stress result
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appeared to be the best approximation for the fracture resistance of the bridge alloy with the 

geometries tested, and hence for the bridge components.

The use of J-based R-curves allows us to calculate fracture parameters from standard LEFM 

procedures with well-established plastic correction factors. The use of a J-integral based R-curve 

is limited when large scale yielding occurs at the crack tip. The discrepancy between J and 

elastic G increases with increasing crack tip plasticity, but it is insignificant under small scale 

yielding. The numerical plane stress results showed that the crack propagation was within a J 

dominant zone. Different modifications of J have been introduced by other researchers in order 

to obtain an accurate measure of energy per unit crack growth, but were not used in this 

investigation because the calculations for a modified J value required accurate experimental 

records which were not available for the numerical analysis.

High and low in-plane constraint effects are observed in the 3PB and CCT specimens 

respectively. Fracture assessment using the R-curve approach shows that instability is not likely 

to occur in long cracks subjected to the design load, but short cracks may fail under high design 

load, as found experimentally in small test pieces. The R-curve approach for fracture assessment 

must be modified for in-plane constraint by T-stress indexing, but this can only be done 

approximately at present. The use of R-curves, indexed by the T-stress to correct for different 

in-plane constraints, provides an adequate predictive tool to explain both the occurrence of 

unstable fracture in small scale test pieces, and the stable fracture observed in large scale test 

pieces and structural components.

The disadvantage of the R-curve concept, as used in the present analysis, is the increased 

complexity of the fracture assessment. In the most commonly used predictions based on stable 

cracking, the dividing line between stable and unstable fracture is given by the applied dG/da 

being greater or less than the initial slope of the resistance curve i.e. dJR/da (with the concurrent 

condition that G=Jr). An additional simplification is to compare the applied J with the Jr after a 

small amount of crack growth, say 1-2 mm. For our application, it is necessary to compare the 

applied G-curve (corrected by the applied T-stress) against the material resistance plotted 

against both T-stress and crack extension in a 3-dimensional diagram, with a suitable margin of 

safety (this problem can be solved numerically, without recourse to 3D diagrams). With further 

investigation, it is highly probable that suitable approximations can be found, similar to those 

already mentioned.
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For certain geometries, such as the T-section stem of the tension chord, it may be sufficient to 

use a Kic value amended by the appropriate T-stress. This should give an effective KiC of at 

least double the fully constrained value i.e. 70 MPaVm, which may never be reached by the 

loading imposed on the bridge (the effective KiC must be exceeded for any fracture, stable or 

unstable, to occur). The extra toughness provided by the R-curve then becomes superfluous. 

This assessment requires critical areas of the bridge to be identified and assessed. Some advice 

on the use of R-curves with FAD’s is given in BS7910.

The complexity of the R-curve analysis is dictated by the concave shape of the curves (most R- 

curves reported in the literature are convex in shape). This shape is caused by the change from 

flat to slant fracture, with the flat fracture tunnelling to a point. This change is associated with 

the loss of plane strain constraint, which starts at the surface once the flat fracture has 

progressed by a small distance (4 mm) through existing plastic zones which allow the loss of 

through-thickness constraint. The large ligaments tested encouraged this plane stress situation to 

dominate the crack tip, so relatively thick (25 mm) specimens eventually produced slant fracture 

behaviour. This change occurred in both R-curve and fatigue specimens. Square ligament test 

pieces produced flat fracture, although not necessarily unstable fracture, as shown by the 3PB 

a/W=0.5 test piece. The numerical plane strain analysis of this latter specimen produced a 

similar but lower R-curve than the plane stress analysis, the latter being identical to the plane 

stress R-curves from the large ligament specimens. It may be sensible to use this ‘plane strain’ 

R-curve as a lower bound in any future analysis, because of uncertainties regarding the plane 

strain to plane stress transition.

From the current work, it is not clear how the fatigue cracks will interact with the material R- 

curve. An attempt was made to predict the crack growth rate for Kmax>Kic, using a cyclic R- 

curve approach, but the model did not give unique results. As final failure will be due to either 

plastic collapse or unstable fracture following fatigue crack growth, this point should be 

clarified.

Failure by plastic collapse can be estimated to a reasonable precision by simply calculating the 

area of material remaining under tension, and using a flow stress as the ultimate failure stress. 

Calculations of damaged bridge components show that, in general, the applied load to remaining
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ligaments reaches its limit load at 70% of yield strain. In this case the failure, if it occurs, is due 

to plastic collapse.

The present study provides important information for the use of the Christchurch bridge. It also 

provides an explanation for the differences in fracture behaviour between test specimens and 

structural components of intermediate thickness, which is 25 mm in this case. The conclusions 

from the present study are itemised as follows:

1. Fracture assessment, using a T-stress indexed fracture toughness alone, underestimates the 

critical crack length in the bridge components.

2. The numerical analyses of tests exhibiting stable crack growth showed a concave R-curve 

for the aluminium bridge alloy. These numerical R-curves were later confirmed by 

experimental results. The form of this rising R-curve coincides with the change to plane 

stress conditions. (The formation of shear lips and crack tunnelling are evidence that plane 

stress conditions are dominant). The observed R-curves did not produce a plateau, where 

the tearing resistance stops increasing with crack extension.

3. Instability with a rising R-curve is defined as G=R and dG/da>dR/da, which gives, for a JR- 

curve, G=Jr and dG/da>dJR. Material with a conventional rising, i.e. a convex, R-curve 

(which has high dR/da at the instability point, followed by decreasing values) fails when 

dG/da=dR/da, i.e. dG/da=dJR/da. The concave JR-curve for the aluminium bridge alloy 

shows that dJR/da increases with Aa. For small ligaments, initial instability leads to final 

fracture. In large ligament specimens, stable cracking follows crack initiation because of 

high dJR/da.

4. It is evident that the difference of JR between 3PB (a high constraint geometry) and CCT (a 

low constraint geometry) specimens at initiation is the result of in-plane constraint. The R- 

curve for high and low constraint geometries converged after 5 mm or so of crack 

extension. The R-curve approach must be corrected by the T-stress when it is applied to the 

bridge component, because the bridge is a low constraint geometry. The Jc value is 

therefore correlated to Aa and T-stresses, and the failure criterion is defined in terms of a 3- 

D failure surface.
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5. Experimental R-curves parallel (TL) and normal (LT) to the extrusion direction were of 

similar form, but the value of JR in the LT direction was larger that in the TL direction.

6. The Geff is computed using a crack length corrected by plastic zone size to predict 

instability for cracks in small scale yielding. Instability prediction comparing JR-curves and 

Geff curves shows a longer crack extension compared with that given by elastic G curves, 

but the difference is insignificant.

7. The Geff (as defined above) is computed and compared with the JR from experimental 

fracture test results. The latter are obtained by using the plastic work from the test record. 

The Geff values agreed with the experimental JR. The result supports that the JR from the 

fracture testing is equivalent to G corrected for the plastic zone size.

8. The result of opening stresses from the numerical (plane stress) crack propagation analysis 

shows J characterisation near the crack tip. The validation, using currently accepted 

procedures, of the JR-curve from experimental testing of the bridge alloy showed that the 

curve is valid for the first 12mm of crack extension.

9. For large specimens approaching structural dimensions, the fracture surface in both fracture 

and fatigue tests was slant at failure. In fact, the experimental results seemed to indicate that 

slant fracture occurs once the applied K exceeds Kic.

10. Limit load failure appeared to have occurred in the fatigue tests on specimens with large 

ligament. For cracks in the bridge components, failure at plastic limit load was investigated 

numerically. Precise solutions of Y (the geometry factor for K) for cracks approaching the 

flange were therefore obtained using numerical results. The numerical result showed that, 

for a long crack that reduces the cross-section area by 30%, and with its lower crack tip 4.5 

mm from the flange, the crack is likely to fail at a limit load lower than the design load 

(67% of G ys or ey).

11. The fatigue crack growth rate, i.e. the exponent m in the Paris law, for the aluminium 

bridge alloy, as measured by different researchers, varies from 2 to 4.7 (see Table 9.1), 

while the values from full scale tests of bridge panels are close to 2. For large ligament
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specimens whose dimensions correspond to structural dimensions, Sumpter showed that the 

exponent m was 3.74 when Kmax > Kic.

12. A simple model was devised using the R-curve at initiation to predict the fatigue crack 

extension under excessive Kmax. The estimate seriously underestimated the fatigue 

mechanism. The model, Aa = (Ki2 -  KRi2)/(E(dJ/da) -  (Kj2/ai)) for AN cycles, produced a fit 

to the experimental fatigue crack growth data that was not unique. Different combinations 

of AN and Krj could give equally valid ‘good fits’.

Future Work

The following recommendations for the study of fracture and fatigue behaviour are made on the

basis of the numerical and experimental work carried out to date.

1. The transition from predominant plane strain to plane stress condition during crack growth 

is due to the loss of out-of-plane constraint. For the 25mm thick section of bridge alloy, this 

transition seems to occur within the first few millimetres of crack extension. The conditions 

for the change in fracture mode during crack growth can be studied numerically using 3-D 

analysis.

2. Both plane strain and plane stress calibrations assume constant stress and strain behaviour 

through the thickness. Both plane strain and plane stress analysis of crack propagation 

cannot provide accurate J values for the condition between these two constraints. A 

hypothetical JR-curve for the bridge alloy with the geometries tested assumes that it is 

similar to the plane stress result but its dJR/da is low at initiation, which is in between the 

plane stress and plane strain result. A 3-D analysis of crack propagation could clarify the 

true J values during the changing fracture mode.

3. The in-plane constraint effect on Jic values has been noted, therefore the T-stress indexing 

is introduced for the elevated Jic of low constraint geometries. As a result the JR-T surface, 

i.e. fracture resistance associated with crack length and T-stresses, has been devised, 

assuming constant elevation at all crack lengths. Numerically, JR-curves of low constraint
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show that the T-stress is significant only at initiation. More information on JR-curves for 

low constraint geometries are required to produce the JR-T surface.

4. The failure assessment diagram (FAD) describes the interaction between fracture and 

collapse. It is noted that cracks in specimens with large ligament grow stably but are likely 

to fail by plastic collapse. Providing the R-curve analysis can be simplified, it is possible 

that the FAD concept, using Jc and limit load, can be applied to the conditions of stable 

crack growth where Jc>Jic-

5. Crack growth in LT specimens with large ligaments tends to propagate from the original 

notch (LT) plane to the TL plane. The experimental and numerical results show that is due 

to the tendency of crack growth towards the weaker orientation. The reason that triggers the 

crack plane to change direction has not been explained. The answer might be found from 

the interaction between mode I and mode II crack growths.

6. From the fatigue testing of the bridge alloy, it seems that different values of the index in the 

Paris law are correlated with the crack geometries and Kmax. There is a difference of m 

values between the results from full scale bridge testing and large specimens. This 

discrepancy should be clarified.

7. A simple model using repetition of the JR-curve for predicting fatigue crack growth rate 

under high load cycles did not give unique results. However, crack extensions can be 

predicted using the driving force and JR curves. Future work on material behaviour under 

cyclic load should investigate this relationship.
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APPENDIX A. Y SOLUTION FOR K CALCULATION (STEM CRACKS)

A1 Objective

2D numerical results showed that Y , hence K, of the lower crack tip in the T-section stem 

reduces with decreasing ligament size as it is less than 25 mm from the flange (see Figure Al). 

This was confirmed by the 3-D result. The Y solution for the ligaments>25mm was obtained 

using 2-D result. However, for the ligament is less than 25mm, the Y solution should be 

modified by f(c/25) (see below).

A2 Summary

For a crack with its uncracked ligament longer than 25mm above the flange, Y (for the lower 

crack tip) is calculated by,

f(s/2a) = 8.4803(s/2a)5-20.056(s/2a)4+a8.243(s/2a)3

-8.4935(s/2a)2+2.5338(s/2a)+0.5639 (Al)

This Y solution is based on 2-D result (Y(2-d solution))-

However, in cases where the ligaments are less than 25mm, the Y solution can be obtained by 

modifying the 2-D solution,

Y(numerical)= Y(2-D solution)̂  f(c/25)

where f(c/25) = 0.0492lln(c/25)+1.0051 (A2)

This solution is based on a 3-D result.
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A3 Details of models

For the cases of ligament > 25mm

s/2a 2a (mm) s (mm) c (mm)

0.1 400 40 125

0.2 200 40 125

0.3 328.3 98.5 66.5

0.5 197 98.5 66.5

0.8 123.1 98.5 66.5

For the cases of ligament < 25mm

s/2a 2a (mm) S (mm) C (mm) C/25

0.462 297.5 137.5 25 1.0

0.471 302.5 142.5 20 0.8

0.480 307.5 147.5 15 0.6

0.488 312.5 152.5 10 0.4

0.497 318.046 158.046 4.454 0.178

0.848 162.1 137.5 25 1.0

0.853 167.1 142.5 20 0.8

0.857 172.1 147.5 15 0.6

0.861 177.1 152.5 10 0.4

0.865 182.646 158.046 4.454 0.178

0.7 215 150.5 12 0.48

0.62 240 149.1 13.4 0.54

0.631 215 135.7 26.8 1.07

0.768 182 139.7 22.8 0.912
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A4 Results

For the cases of ligament > 25mm

Figure A2 shows that the 3-D results agree well with the 2-D Y solution, Eq. (Al). The 

discrepancy between the results of 2-D and 3-D is less than 5%.

For the cases of ligament < 25mm

Figure A3 illustrates the numerical Y (3-D results) versus s/2a. These can be rationalised by 

f(c/25) Eq. (A2), see Figure A4.

Figure A5 illustrates a plot of normalised Y (i.e. Y(numericai resuits)/Y(2-D solutions)) versus c/25. The 

•discrepancy of normalised Y between 2-D and 3-D is less than 5%.

,A5 Conclusions

1. 2-D simplification in the finite element method can be employed for the analysis only when 

the conditions at the crack front are not influenced by the stiffener.

'2. The effect of the stiffener cannot be represented reliably by using 2-D analysis.

!3. The crack tip behaviour is affected by the stiffener when the ligament shape is square, 

which, in this case, is 25x25mm2.

4 . The Y solutions for stem cracks in the bridge girder with ligaments <25mm and >25mm 

were obtained numerically.
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Figure A1 Details of crack aspect ratio.
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Figure A2 Comparison of numerical Y between 2-D and 3-D results.
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APPENDIX B. NUMERICAL RESULTS OF K FOR T-SECTION CT

SPECIMENS 

B1 Summary

Four plane CT test specimens and seven T-section CT test specimens (see Figure B l) were 

modelled using the finite element method. The K is determined from J, which is calculated using 

elastic analysis. The correction factor of K for the T-section specimens, f(a/b), is computed 

using K=f(a/b)F/(W1/2t). Elastic-plastic analysis was performed for assessing the limit load of 

the T-section models.

B2 Modelling

The details of the test specimens are shown in Table B l. As a result of symmetry on planes y 

and z only a quarter of a specimen was modelled, see Figure B 1.

TABLE B1. DETAILS OF SPECIMENS.

Plane CT test specimen (t=24.5mm, W= 152mm and depth= 180mm)

a (mm) 36.5 60.5 91.5 122.5

a/W 0.24 0.4 0.6 0.81

T-section CT test specimen (t=24.5mm, W= 152mm, depth= 180mm, b= 127mm and

width of flange = 175mm)

a (mm) 36.5 60.5 91.5 101.5 106.5 114.4 122.5

a/W 0.24 0.4 0.6 0.67 0.7 0.75 0.8

a/b 0.29 0.48 0.72 0.8 0.84 0.9 0.97

In the test, displacement was applied to two elements at the top of the pin hole. The model 

would be overconstrained when the prescribed displacement was assigned to more elements 

along the hole, because that would restrict the rotation of the pinhole.

The meshes were generated with elements concentrated towards the crack tip, see Figure Blc.

166



B3 Finite Element Results

The stress intensity factor K is calculated using the elastic result, while the elastic-plastic result 

is used for assessing the limit load.

B3.1 The Correction Factor

The stress intensity factor K is calculated using K2=E’J, where E’ is the Young’s modulus for 

plane stress conditions whilst E’=E/(l-v2) for plane strain conditions, and J is the J integral from 

the numerical result. The correction factor of K, f(a/W) for the plane CT specimen is calculated 

using K=f(a/W)F/(W1/2t), where F is the applied force, t is the thickness and W is the width. The 

comparison of f(a/W) between the F.E. result and the solution used in BS 7448, where 

f(a/W)=(2+a/W)(0.886+4.64(a/W)-13.32(a/W)2+14.72(a/W)3-5.6(a/W)4)/(l-a/W )3/2, 

is shown in Figure B2.

Table B2 shows the calculated correction factor, f(a/W), for plane CT test specimens and the T- 

section specimens. The correction factor of K for the T-section specimens (a/W=0.81) reduces 

by one half due to the effect of the stiffener, see Figure B3. For the T-section specimens, the 

correction factor is rationalised by a/b (see Figure Bl for notations), i.e. f(a/b), see Table B2. 

This is the usual way to present results for stiffened specimens in literatures.

TABLE B2. CORRECTION FACTOR OF TESTED SPECIMENS.

Plane CT test specimen

a/W 0.24 0.4 0.6 0.81

f(a/W) 5.15 7.79 14.62 42.8

T-section CT test specimen

a/W 0.24 0.4 0.6 0.67 0.7 0.75 0.81

a/b 0.29 0.48 0.72 0.8 0.84 0.9 0.97

Kt(W)1&
F

i.e.
f(a/W)

4.91 7.41 12.24 14.29 15.9 18.87 21.27

167



Figure B4 shows the correction factor for T-section CT specimens as a function of a/b. The 

solution in Figure B4 applies to 0.48<(a/b)<0.97. For 0.48>(a/b) , or 0.4>a/W, stiffener (the 

flange) has no significant effect to K, see Figure B3.

B3.2 The Limit Load

The load versus load-line displacement data are shown in Figure B5.
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c. The mesh configuration at crack tip.

Figure B 1 Details of the model and mesh configuration.
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Figure B2 The comparison of the correction factor for K between numerical 
results and calculated K from published solution (as shown).
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Figure B3 The comparison of the correction factor for K between T-section CT
specimens (numerical results) and calculated K for plain CT specimens 
from published solution (as shown).
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171



250

200

150

Load KN

100

50

1 1.5 2 2.50 0.5 3 3.5 4
Loadline displacement mm

b. a/W=0.4

160

140

120

100
Load KN

80

60

40

20

3 40 1 2 5 6 7 8 9 10
Loadline displacement mm

c. a/W=0.6

Figure B5 (cont.) A plot of load versus loadline displacement the numerical

results of T-section (CT) specimens.
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APPENDIX C NUMERICAL RESULTS FOR LARGE TENSION

SPECIMEN 

C1 Introduction

A large tension specimen (175(W)xl320(L) mm) of the bridge alloy was tested by Sumpter 

[Cl]. The result showed that there was a sharp increase of the fatigue crack growth rate at a 

crack length of 41mm. The initial notch was 17mm deep, i.e. a/W=0.1. The crack was extended 

to 20mm by cyclic loading, with a peak load of 234kN and AK=15 MPaVm. Thereafter, a higher 

cyclic load between 420 and 16.5kN was applied. The fatigue crack growth data were measured 

at 2mm intervals of crack extension.

The elastic J (Je) and T-stresses for the large tension specimen are computed numerically. The 

numerical results showed that the increase of Y (and hence Je) with crack growth is less than 

that from the standard SENT solution. It also showed that the negative T-stress and Je at the 

crack length of 41mm, where the experimental crack growth rate increased rapidly, closely 

agrees with previous experimental data for the Jc versus T-stress failure locus [C2].

C2 Numerical Results of Je and T-stresses

Table Cl shows the crack lengths used for the finite element models. The crack lengths of the 

finite element models correspond to those quoted in the experiment, assuming a flat and straight 

crack path from the original notch direction. The T-stresses are computed using 2-D elastic 

analysis in plane strain conditions. The elastic material properties are as follow: E=69000MPa 

and Gys=391MPa.

The relationship between T-stress and Ki is defined as,

T . PKi
yfna

where (3 = the biaxiality factor, which can be calculated from the following equation [C3]:

u x = ( l-v 2) - L K Ircos0 (see Figure Cl for notations)
E v a

where ux= the deformation of the cracked surface in the crack growth direction,
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0 = the cylindrical co-ordinate system; 

and v = the Poisson’s ratio.

The Ki is calculated as where 

I EJe

Kll ^ l
Je is the output from ABAQUS. The results for Y and (3 are shown in Table Cl.

TABLE Cl Details and results o f numerical models for the large SENT specimen o f bridge 

alloy.

Finite element 
models

SENT_fl SENT_f2 SENT_f3 SENT_f4 SENT_f5

a/W 0.1 0.18 0.28 0.43 0.5
Crack length 
(mm) 17 31 50 76.2 87

Y 0.645 0.939 1.364 2.096 2.468
p
(biaxiality factor) -0.42 -0.42 -0.39 -0.34 -0.32
T-stress/GyS 
(at peak load) -0.12 -0.13 -0.14 -0.15 -0.16

The comparison of Y and B between the numerical results and published solutions [C3][C4] are 

shown in Figures C2 and C3. The Je for the large tension specimen is less than that of the 

published solution [C4]. This is associated with the restriction of rotation at the clamped ends of 

the test specimen. The p values for the large tension specimen remain negative in the numerical 

test (a/W=0.1 to 0.5). The negative p values of the numerical results are lower than the 

calculated p (published solution) [C3] for short cracks (a/W=0.1 to 0.28), but much high for 

longer cracks. The ratio of T-stress/ays varies from -0.12 to -0.16 for a/W=0.1 to 0.5.

C3 The Jc and T-stress Index

Sumpter showed [Cl] that the fatigue crack growth rate increased sharply after about 5000 

cycles of the high cyclic load (between 420 and 16.5kN). The increase of the crack growth rate 

occurred when the stress intensity range reached 48MPaVm at a crack length of 41mm. In
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fatigue tests of CT specimens, the crack growth rate increased at the critical Kic value. Sumpter 

[Cl] suggested that the Kjc might have been elevated (48MPaVm>35MPaVm) as a result of the 

T-stresses effect.

The estimated Je and T-stress for the 41mm crack length are 0.029MN/m (equivalent to 

Ki=47.1MPaVm) and 52.5MPa respectively, which are calculated from the numerical results. 

These results agree with the previous published data for this alloy [C2], see Figure C4.

C4 Conclusions

The sharp increase in the fatigue crack growth rate of the large tension specimen was observed 

at Kmax>KiC [Cl]. The Je and T-stresses for the large SENT specimen are calculated using the 

finite element method. The numerical results show that the Je for a crack length=41mm, at 

which the fatigue crack growth rate increases sharply, is elevated by the negative T-stress.

The numerical results show that the large tension specimen is a low constraint geometry. The 

ratio of T-stress(at peak load)/ays decreases by 30%, from -0.12 to -0.16, for a/W=0.1 to 0.5.
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Figure C2 Comparison of Y between numerical results and published solution (as 
shown).
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Figure C3 Comparison of b between numerical results and published solution (as 
shown)
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Figure C4 Elevated J and T-stress indexing.
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