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Abstract

This dissertation is devoted to problems of existence and physical interpreta-
tion of some point processes. In the first part of the dissertation, we introduce
the notion of the correlation measure of a family of commuting Hermitian
operators. Let X be a locally compact, second countable Hausdorff topo-
logical space. We consider a family of commuting Hermitian operators a(A)
indexed by all measurable, relatively compact sets A in X. For such a fam-
ily, we introduce the notion of a correlation measure and prove that, if this
correlation measure exists and satisfies some condition of growth, then there
exists a point process over X having the same correlation measure (in the
sense of the classical theory of point processes). Furthermore, the operators
a(A) can be realised as multiplication operators in the L2-space with respect
to this point process. In particular, our result extends the criterion of ex-
istence of a point process from [6, 15], to the case of the topological space
X, which is a standard underlying space in the theory of point processes. In
the second part of the dissertation, we consider some important applications
of our general results. We discuss particle densities of the quasi-free repre-
sentation of the CAR and CCR, which lead to fermion (determinantal), and
boson (permanental) point processes. We also discuss convolutions of these
particle densities, which lead to point processes whose correlation functions

are given through the Vere-Jones a-determinants.
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Chapter 1

Introduction

This dissertation is devoted to problems of existence and physical interpre-
tation of some point processes.

First we choose an underlying space. Let X be a locally compact, second
countable Hausdorff topological space. (Although in most applications one
can choose X to be the Euclidean space R, it is important to treat the
general case of a topological space.) We denote by I'x the space of all locally
finite sets (configurations) in X. One usually identifies a configuration with
a Radon measure which has atoms at the points of the configuration. Using
this identification, one defines the vague topology on I'x, and thus gets the
Borel o-algebra B(I'x). A point process in X is a probability measure on
(I'x,B(I'x)). From the point of view of classical statistical mechanics, point
processes describe infinite (generally speaking, interacting) particle systems
in continuum.

In the study of point processes, their correlation measures (respectively
correlation functions) play a crucial role. Denote by I'x o the subset of I'x
consisting of all finite configurations in X. Following Lenard {17] and Kon-

dratiev and Kuna [15], we introduce the so-called K-transform as follows:




Let G:T'xo — R, G >0, then we set

(KG)() =) _GC(n),

€y
where n € < denotes that 7 is a finite subset of 4. Furthermore, for an

arbitrary function G : I'x o — R we set

(KG)() == (KGT)(v) = (KG7)(7),

where G := max{G, 0}, G~ := max{—G, 0}, and at least one of the values
(KG*)(v) and (KG™)(y) is finite. Thus, the K-transform maps functions on
the space of finite configurations, I'x g, into functions on the space of (infinite)
configurations, I'x. This map has many nice propertities, in particular, it
maps measurable functions on I'x ¢ into measurable functions on I'x. One
says that a measure p on I'x g is the correlation measure of a point process

w if, for each G : I'xo — R, G > 0, measurable, we have

Gmoldn = | (K& (Muldy). (1.1)

[ Gmetan) = [ (<G (.
Equation (1.1) may be llI;li{egplUqu as x

p=K"p.

Note that the space I'x o has a much simpler structure than I'x, since

I'x o is, in fact, an (infinite) union of finite-dimensional spaces:
o0
Ixo0= U Fﬁ?),
n=0

where Fg?) is the space of all n-point configurations in X. Therefore, a

measure on I'x o is a much simpler object than a measure on I'x.




Let o be a Radon, non-atomic measure on X. One can naturally define
the measure o(dz,)---o(dz,) on I‘g?), and then one defines the Lebesgue—
Poisson measure A on I'x ¢ (with intensity o) as follows:

1
A=¢eg+ Z ;L_!ng?)o'(dxl) o o(dzy).
n=1

Assume that a correlation measure p on I'x o has density x with respect
to the Lebesgue-Poisson measure A\. Then, x(&) = 1 and the restriction
of & to | |, T?) may be identified with a sequence of functions (k)%
where each k™ is a symmetric function on X™ (defined a.e.). The functions
(kM) are called the correlation functions of the point process. (Let us
remark that, although we will initially deal with correlation measures, in any
reasonable application, the point process has correlation functions, i.e., the
correlation measure is absolutely continuous with respect to the Lebesgue-
Poisson measure.)

It was shown by Lenard [17] that, under a very mild assumption on the
correlation measure, it uniquely characterises a point process. Furthermore,
Lenard [17] and Macchi [21] proposed conditions which are sufficient for a
given measure p on ['x g to be the correlation measure of a point process, i.e.,
they gave a solution to the problem of existence of point processes through
a correlation measure.

Kondratiev and Kuna [15] treated the K-transform as an analogue of the

Fourier transform over the configuration space. They defined a x-convolution

of functions on I'x g so that
/C(Gl * Gg) = ’CGl . ’CGQ
If p is the correlation measure of a point processes u, then

/F (G*G)mpldn) = [ K(G*C)(muldy)

T'x




= / (KG)*(n)u(dv) = 0,

Tx

and therefore the measure p is *-positive definite:

/P (G + G)(n)o(dn) > 0. (1.2)

By using the condition of %-positive definiteness (which is weaker than
Lenard’s and Macchi’s conditions), an analogue of the Bochner theorem for
point processes was proved by Kondratiev and Kuna [15], in the case where
X is a smooth Riemannian manifold. A spectral approach to this construc-
tion, together with an important refinement of the local bound satisfied by
a measure p, was proved by Berezansky et al. [6].

We should stress that, in both papers [15] and [6], the assumption that X
be a smooth Riemannian manifold was crucial, due to the use of the Minlos
theorem in [15], and the projection spectral theorem in [6].

The main difficulty about the existence of a point process through the
results of [15, 6] is that, given a measure p on I'x ¢ which is to be shown to
be a correlation measure, it is very hard to check that p indeed satisfies the
condition of *-positive definiteness (1.2).

So, the main idea of the present work is to start with a special family of
commuting Hermitian operators, rather than with a measure p.

In the first part of this dissertation we introduce the notion of the cor-
relation measure of a family of commuting Hermitian operators. It should
be stressed that not every family of commuting Hermitian operators pos-
sesses the correlation measure. However, if a family of such operator does
possess a correlation measure p, then under a weak additional assumption,
this measure p is the correlation measure of a point process. It appears in
our approach that p automatically satisfies the condition of x-positive defi-

niteness.




It may appear that we have formally replaced the hard problem of check-
ing the condition of x-positivity by the hard problem of proving that a given
family of commuting Hermitian operators possesses a correlation measure.
But we show in the second part of this dissertation that this is not always
so, and that there are families of commuting Hermitian operators for which
the existence of correlation measure is physically motivated. So, what one
really needs to do in this case is to show that the heuristic physical arguing
may be given a rigorous mathematical meaning.

The dissertation is organised as follows. In Chapter 2 we present some
preliminaries from functional analysis which are used in the work. In Chapter
3, we discuss in detail the spaces of infinite and finite configurations, the K-
transform, correlation measures, and *-convolution. We also recall Lenard’s
results on the uniqueness and existence of point processes.

In Chapter 4, we discuss a general theorem on the existence of a point
process through a family of commuting Hermitian operators. More precisely,
we consider a family of commuting Hermitian operators A = (a(A))aesy(x)
indexed by all measurable, relatively compact sets A in X. We define a
class S of “simple” functions on 'y and introduce (corresponding to \A)

Hermitian operators (Q(G))ges so that
(Q(G1 % G2) = Q(G1)Q(Ga).

We fix a vector 2, and assume that there exists a measure p on I'x o such
that
(Q(G)Q, Q) = G(n) p(dn).

Tx,0

We then call p the correlation measure of the family .A. We have

/r (G * G)o(dn) = (Q(G+ G)2, Q)

10



= (Q(G)QG), Q)
= (Q(G)92, Q(G)Q) = 0,

so that the medsure p is x-positive definite. We prove that, if the family A
possesses a correlation measure that satisfies some condition of growth, then
there exists a point process p, whose correlation measure is p. Furthermore,
the operators a(A) can be realised as multiplication operators in L?(T'x, u).
Thus, 1 can be thought of as the spectral measure of the family A [5]. As
a corollary, we extend the criterion of existence of a point process proved
in [15, 6] to the case of a general topological space X, which is a standard
underlying space in the theory of point processes (see e.g. [14]).

In Chapter 5, we consider an important application of the result from
Chapter 4. This application has its origin in mathematicai physics.

Recall that the nonrelativistic quantum mechanics of many identical par-
ticles may be described by means of a field ¥(z), z € RY, satisfying éither

canonical commutation relations (CCR) and describing bosons:

[¥(z), ¥(¥)]- = [¥"(z), ¥*(y)]- = O,
(" (z), ¥(y)]- = é(z — y)1, (1.3)

or satisfying canonical anticommutation relations (CAR) and describing fermions:

[¥(z), ¥(y)]+ = [¥*(z), ¥*()]+ =0,
(U™ (), ¥(y)]+ = (= — y)1, (1.4)
Here, [A, B]z = AB F BA is the commutator (anticommmutator respec-
tively). The statictics of the system is thus determined by the algebra which

is to be represented.

In the formulation of nonrelativistic quantum mechanics in terms of par-

11



ticle densities and currents, one defines

a(z) : = U*(z)¥(z),
J(z): = (20) 7 (T*(z) V() — (VI*(z))¥(z)). (1.5)

Using CCR or CAR, one can formally compute the commutation relations
satisfied by the smeared operators a(f) = [p.dz f(z)a(z) and J(v) :=
Jgadzv(z) - J(z). These turn out to be

[a(f1),a(f2)]- =0,
[a(f), J(v)]- = da(v- V),
[J(v1), J(v2)]- = —iJ(v1 - Vvg — vy - V), (1.6)

independently of whether one starts with CCR or CAR.

Thus, in a nonrelativistic current theory, the statistics of particles is not
determined by a choice of algebra, but instead may be determined by a choice
of a representation of the algebra, see e.g. [8, 12, 13] and the references
therein.

It follows from (1.6) that the operators a(f) form a family of commuting
Hermitian operators. Note also that one can consider a more general case
of field operators ¥(z), where x € X with X being a topological space
as above. Then the CCR, respectively CAR, may be easily generalised, and
again the particle densities a(z) := U*(z)¥(x) lead to a family of commuting

Hermitian operators

a(A) :=/Aa(x)0(d:v), A € By(X).

Let G™ be a function from S such that G™(n) = 0 if the number of
points in the configuration 7 is not n. Then one can heuristically prove that

oy =1 / o(dm) - o(dz) G ({zn, ., o))

"l

12




X U (zn) -+ U (21)¥(21) - - U(zy). (1.7)

The product
U (zn) - U (21)¥(z1) - U (2n)

is usually called a normal product. Thus, by (1.7), the family (a(A))aesy(x)
has a correlation measure and the corresponding correlation functions are

given by

n(")(xl, con @) = (U (zn) - U (21)¥(z1) - - U(2,,), ),
= [ @(z1) -+ U(zn) Q.

To the best of our knowledge, heuristic arguments of such kind were first
given by Menikoff in [22], see also [23].

So, in Section 5.1, we mathematically realise this idea in the case of
fermion (determinantal), and boson (permanental) point processes. These
processes were introduced by Girard [11], Menikoff [23], and Macchi [21],
and have been actively studied during the past years, see e.g. {10, 27, 25, 28]
and the references therein.

So, we start with a quasi-free representation of the CAR (CCR respec-
tively), see e.g. [1, 2, 9]. Such a representation is completely characterised
by a linear, bounded, Hermitian operator K in L?(X, o) which satisfies
0 < K <1 in the fermion case, and K > 0 in the boson case. In the
case where X = R? and K is a convolution operator, it has been already
shown by Lytvynov in [19] that the corresponding particle density has a
fermion (boson, respectively) point process as its spectral measure.

We treat the most general case of the space X and the operator K.
The latter operator is only assumed to be locally of trace class, which is

a necessary assumption for finite correlations. The main mathematical (as
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well as physical) challenge here is to show that all heuristic arguments coming
from physics indeed have a precise mathematical meaning. We observe that
K automatically appears to be an integral operator, and furthermore, with
our approach, we do not even have to additionally discuss the problem of
the choice of a version of the kernel k(z,y) of the operator K, compare with
[27, Lemma 1] and [10, Lemma A4]. Thus, we, in particular, show that any
fermion process corresponding to a Hermitian operator K can be thought
of as the spectral measure of the family of operators which represent the
particle density of a quasi-free representation of the CAR. Though all our
results hold in the case where the operator K acts in the complex Hilbert
space L?(X — C, o), for simplicity of presentation we only deal with the
case where K acts in the real space L%(X, o).

Finally in Section 5.2, we consider an [-fold convolution (I > 2) of particle
densities U*(z)¥(z) from Section 5.1. The corresponding smeared opera-
tors (a)(A))aesy(x) form a family of commuting Hermitian operators. The
corresponding correlation functions are represented through the Vere—Jones
a-determinants, which generalise usual determinants and permanents. Thus,
the family (a®”(A))aeso(x) is shown to satisfy the assumptions of our main
theorem of Chapter 4 and leads to a corresponding point process. These
processes appear to be from the class of point processes discussed by Shirai
and Takahashi in [25]. Recall also that it was shown by Tamura and Ito
in [28, 29] that, in the case X = RY, the point processes derived in Section
5.2 describe para-fermions (para-bosons respectively), where the number of
convolution, [, corresponds to the order of these particles.

The main results of this dissertation are published in {20].

14




Chapter 2

Some preliminaries from

functional analysis

In this chapter, we will briefly recall some definitions and results of Functional

Analysis which we will need in our work. For details, we refer e.g. to [5, 7].

2.1 Bounded operators

For any Hilbert spaces H; and H», we denote by B(Hy, Hz) the set of all
bounded linear operators from H; into H,. As usual we denote B(H) :=
B(H, H).

We will always assume that all the Hilbert spaces we consider are sepa-
rable, i.e., they possess a countable dense subset. Also, if it is not explicitly
stated, we will deal with complex Hilbert spaces.

Integral operators: Let (X, A, o) be a measure space with o-finite measure
0. An operator K € B(L*(X — C,0)) is called an integral operator if there

exists a measurable function & : X2 — C such that

(KF)@) = [ KoiWoldy), f e X - Co)

X

15




The function k(z,y) is called the kernel of the operator K.
Hilbert—Schmidt operators: An operator T' € B(H) is a Hilbert—Schmidt

operator if there exists an orthonormal basis {e,}3°; of H such that

Z | Ten|® < oo. (2.1)
n=1

In the latter case, the inequality (2.1) holds for any orthonormal basis {e, }32,
in H and furthermore, the value 3 o> . ||Te,||? is independent of the choice
of an orthonormal basis {e, }22;.

For T € B(H), let T* denote the adjoint operator of 7. Then, T is a
Hilbert—-Schmidt operator if and only if 7 is a Hilbert—-Schmidt operator

and - -
S olTenll> =D T fall?
n=1 n=1

for any orthonormal bases {e,}32; and {f,}32, of H.
In the case where H = L?(X — C, 0), an operator K is Hilbert-Schmidt
if and only if K is an integral operator and k € L?*(X? — C, 0c®?), where k

is the kernel of K. In fact, one has

S [Teallagro) = / / Ik(z, )P0 (dz)o(dy)
n=1 X JX

for any orthonormal basis {e,}32 of L*(X — C, o).

An operator T' € B(H) is called a trace class operator if it can be rep-
resented as T' = ) ,_, AxBy, where n € N and Ay,...,Aq, By,..., B, are
Hilbert—Schmidt operators. If T is a trace class operator and {e,}2, is an
orthonormal basis in H, then the series > -, (Ten, €n) g converges absolutely
and its value, called the trace of the operator T', is independent of the choice

of orthonormal basis.

16



2.2 Bochner integration

Let (X, A, 0) be a measure space with a o-finite measure. We want to define

an integral [, f(z)o(dz), where f: X — F and F is a Banach space.
Bochner’s idea of construction of such an integral was to generalise the

construction of the Lebesgue integral, i.e., the case where FE is either R or C.

A function f: X — E is called simple if

1@ =3 cexan (@), (2.2
k=1
where ¢, € E, Aq,..., A, € A mutually disjoint, and
max{o(A1),...,0(An)} < 0.

Then .
IF@) = lleellxac (@)
k=1

is a simple, real-valued function on X.

A function f : X — F is called strongly measurable if there exists a

sequence of simple functions, (f,)32,, such that
i fal) = f@)] =0 o-ace. 23)

For a simple function f : X — E of the form (2.2), the Bochner integral
is defined by

/ f(z)o(dz) = cha(Ak).
X k=1

Next, let f be an arbitrary strongly measurable function and let (f,)32,
be a sequence of simple functions satisfying (2.3). Then ||f, — f]| is & non-

negative measurable function on X, and so the integral

/X 1nle) = ()]0 (da)

17




is well-defined. Assume that

J 1) = f@)lotds) =0 a5 n— oo
Then, one can show that the sequence < Ix fn(a:)a(d:r;)):o=1 is a Cauchy se-
quence in E. Therefore, it has a limiting element in E.
We then say that f is Bochner-integrable and [, f(x)o(dz) is the Bochner
integral of f. |
One can show that [, f(z)o(dz) does not depend on the choice of ap-

proximating sequence. In fact, the following theorem holds, see e.g. [7].

Theorem 2.1 A strongly measurable function f : X — E is Bochner-

integrable if and only if [, ||f(z)]lo(dz) < oo.

2.3 Unbounded operators

The aim of this section is to recall the reader some notions connected with
unbounded operators. Let us note that we do not aim to recall all the defi-
nitions and constructions we are using, but we rather refer to textbooks on
functional analysis, like e.g. [7]. So let H be a Hilbert space. A linear opera-
tor A with domain D(A), usually denoted by (A4, D(A)), is called symmetric
if, for any f,g € D(A)

(Af,9)u = (f, Ag)n.

If additionally, the domain D(A) is dense in H, the operator A is called
Hermitian.

If (A, D(A)) is a linear operator with dense domain D(A) in H, then we
define D(A*) as the set of those g € H for which there exists g* € H such
that

(Af,9)u = (f,9")u, forall f e D(A).

18



In this case we call D(A*) the domain of the adjoint operator A* and we set
A'g=g".

An operator (A, D(A)) is called self-adjoint if (A, D(A)) = (A*, D(A*)),
i.e., the operator A coincides with its adjoint.

For an operator (A, D(A)), the set
Fa={(f,Af)| feDA)}CHxH

is called the graph of the operator A.

If I'4 is a closed subset of H x H, then the operator A is called closed.
If this is not the case, then one may take the closure C4of T4 in H x H.
However, I'4 may happen not to be a graph of a linear operator, i.e., there
may exist vectors (f,g1) and (f,g2) in I'4 such that g; # g,. If this is not
the case, i.e., if ['4 is a graph of a linear operator, then we call (4, D(A)) a
closable operator and the corresponding operator defined by I'4 is called the
closure of (A4, D(A)), denoted by (A4, D(A)).

One may show that any Hermitian operator is closable. However, the
closure of such an operator is not necessarily a self-adjoint operator.

If this closure is self-adjoint, then we say that (A, D(A)) is an essentially
self-adjoint operator.

In applications we are mostly given not self-adjoint operators, but Her-
mitian operators. Then, if one is able to prove that such an operator is
essentially self-adjoint, then, by closing the operator (A, D(A)), one derives

a self-adjoint operator.

Theorem 2.2 (Nelson’s analytic vector criterion) Let (A, D(A)) be a
Hermitian operator in H. A wvector f € D(A) is called analytic (for A) if,
for eachn € N, f € D(A"), and

o0

S S lAT < o0

n=1

19



for some t > 0. If there is a subset ® C D(A) such that D is dense in H
and each f € D is analytic for A, then the operator (A, D(A)) is essentially
self-adjoint.

Let (X,.A) be a measurable space. A mapping
A>a~— E(a) € B(H)
is called a resolution of the identity if the following conditions are satisfied:

e For each a € A, E(a) is an orthogonal projection in H.

o If {@,}%,, an € A, n € N, o, are mutually disjoint, then for each
feH
E(Uan)f= E(an)f,

n=1 n=1

where the series converges in H.

It follows from the definition of resolution of the identity that for any

vectors f,g € H, the mapping
A>ar (E(a)f,9)n

is a signed measure on (X, .A).
To any self-adjoint operator (A, D(A)), there corresponds a unique reso-

lution of the identity over (R, B(R)) such that
A= /R NAE(N). | (2.4)
The equality (2.4) should be understood as follows:
D) = {f € H| | ¥dEWS,f)n < o0} (25)

20



and for any f € D(A) and g € H

(Af, g)n = /R AAEN)f, ). (2.6)

Furthermore, the inverse statement holds. If E is a resolution of the identity
over (R, B(R)), then E determines a self-adjoint operator in H through the
formulas (2.5) and (2.6). _

Formulas (2.4)—(2.6) are called the spectral decomposition of a self-adjoint
operator (in fact, the resolution of the identity is concentrated on the spec-
trum of A). Using the spectral decomposition (2.5) and (2.6), one easily
defines a function of the operator A, f(A), through the formula

£y = [ 0B

(which has a natural meaning through smearing).
Let us now briefly discuss the commutation of linear operators. In the
case where A; and A, are bounded linear operators, their commutation is

defined straightforward:
AjAsf = AyAf foreach f € H.

However, in the case where A; and A, are unbounded operators, the operators
A1A; or AyA; may only be well-defined at zero. So, in the case where A,
and A, are additionally self-adjoint operators, one defines their commutation
through the commutation of their resolutions of the identity. So we say that
self-adjoint operators (A;, D(A;)) and (As, D(A2)) commute in the sense
of their resolutions of the identity if, for any ai, a; € B(R), the operators
Ei(a;) and E(ap) commute, where E;, and Es, denote the resolution of the
identity of A;, and A,, respectively.

The following theorem (see [5]) allows one to check that two given self-
adjoint operators indeed commute in the sense of their resolutions of the

identity.
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Theorem 2.3 Let (A1, D(A1)), (A, D(A2)) be two Hermitian operators in
H. Let ® be a dense linear subset of H such that © C D(A;) N D(A,),
AD CD, AD CD and Ay, Ay commute on D in the usual sense:

AlAQf = AzAlf fO?” all f €D.

Assume that each vector in ® is analytic for both operators A, and Ay. Then
the operators (Ay, D(A1)) and (Az, D(A3)) are essentially self-adjoint and
their closures (A;, D(A;)) and (A3, D(A3)) commute in the sense of their

resolutions of the identity.

Let us now consider n self-adjoint operators (A;, D(A;)),. .., (An, D(AR))
in H and let us assume that these operators commute in the sense of their
resolutions of the identity. Denote by FE; the resolution of identity of the
operator (A;, D(A;)). One can construct the joint resolution of the identity of
these operators as a resolution of the identity on (R™, B(R™)). This resolution

of the identity denoted by F, is defined as
E((Il X Qg X+ X an) = E]_(Ol]_)Ez(Olg) v En(an), a1y, ..,0p € B(R),

and then one uniquely extends this to a resolution of the identity on (R", B(R"))
(just as in the case of product-measures).

Then we have, for each i € {1,...,n},
D(A) = {f € H: [ NdENS, )i < 0o}
]Rn

and
A= / X dE()N),
i.e., for any f € D(A;) and g € H

(Asf g = [ Md(EOS, 0}
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Chapter 3

Configuration spaces

3.1 The space of finite configurations

Let X be a locally compact, second countable Hausdorff topological space.
This means that every point in X has a compact neighbourhood, that X
has a countable base and that distinct points may be separated by disjoint
neighbourhoods. It is known that X is then a Polish space, i.e., there exists a
metrization p of X such that, in this metric, X becomes a complete separable
metric space (see e.g. [26]).

A set B C X is said to be topologically bounded, or relatively compact if
its closure B is compact. Note that, if we fix a metric p in X which generates
its topology, an open ball B(z,r) with centre at z € X and radius r > 0
need not be bounded. However, for each fixed z € X, one can always find
€ > 0 small enough such that the open ball B(z, ¢) is bounded.

We denote by B(X') the Borel o-algebra in X, and by By(X) the collection
of all bounded sets from B(X).
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We define the space of finite multiple configurations in X as follows:

f‘X,O = I_I Fg?)

n€Ng

Here, Ng =0,1,2,..., f‘g?) = {2}, f‘g?) is the factor space X™/S,, where S,

is the group of all permutations of {1,2,...,n}, which naturally acts on X™:
§(a:1,...,mn) = ($€(1),...,$£(n)), EES,. (31)
We denote by [z1,...,z,] the equivalence class in f‘g?) corresponding to

(xl,...,xn) e X"

Let B(Fg?) ) denote the image of the Borel o-algebra B(X™) under the

mapping
X" 3 (z1,...,Zp) & [Z1,...,Zn) € I‘E,?)

Then, the real-valued measurable functions on f‘g?) may be identified with the
real-valued Bgym(X™)-measurable functions on X". Here, Beym(X") denotes
the o-algebra of all sets in B(X™) which are symmetric, i.e., which remain
invariant under the action (3.1).

We define a o-algebra B(I'xo) on I'xo, so that the trace o-algebra of
B(Tx,) on each f‘g?) coincides with B(f‘g?)) for n € N, and {@} € B(T'x,0).

Next, we introduce the space of finite configurations in X, denoted by

I'x 0. By definition, I'x ¢ is the subset of I X,0, given by

Txo:= | | T¥,
TLENO
where I‘gg) = f‘g?) and for n € N, I‘g?) consists of all [z1,...,2,] € f‘g?) such
that zi,...,z, are different points in X. Thus, each element [zy,...,Z,] €

Fg?) can be identified with the set {z1,...,z,}. We denote by B(Fg?)) the

trace o-algebra of B(I‘g?)) on Fg?). Let also B(I'x,0) be the trace o-algebra of
B(f‘X,()) on FX,O-
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Completely analogously, for any A € By(X), we define I'p = f‘A,o and
Ta :=Tayp as well as the corresponding o-algebras B(I"»), B(Ta), BI™),
B, neN.

Let o be a Radon non-atomic measure on (X, B(X)). Recall that a Radon
measure is characterised by the property that o(A) < oo for each A € By(X),
and “non-atomic” means that o({z}) = 0 for each z € X.

Then we can construct the measure 0®® on (X™ B(X™)). Since o is

non-atomic, we have

where
D, = {(z1,...,2n) € X" : z; =1z; forsomei# j}.
So, we consider ¢®" as a measure on (X™, B(X™)), where X" := X™\D,.
Next, we restrict this measure to the o-algebra Bsym(X' "), consisting of
all symmetric set in B(X"). Therefore, we can identify 0® with a measure
on (T, BLY)).
We now define the Lebesgue—Poisson measure A, on (I'x,0, B(I'x,)) as

follows:
A({2}) =1,

and

Informally, we may write
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3.2 The space of infinite configurations

The configuration space 'y over X is defined as
Fx:={yCX:|yNA| < oo foreach A € By(X)}.

Herz, |A| denotes the cardinality of a set A. We identify each v € I'x with

the Radon measure

Y= ng

TEY
where €, is the Dirac measure with mass at . Thus, 'y becomes a subset

of M x—the space of all (non-negative) Radon measures on (X, B(X)).
The space Mx is usually endowed with the vague topology, i.e., the
weekest topology with respect to which all mappings of the form

My 30— (o, f) :=/fdaeR, feCo(X),

become continuous. Here, Cy(X) denotes the set of all continuous functions
on X with compact support.

So, we endow I'x with relative topology as a subset of Mx. Hence,
the vague topology on I'x is the weakest topology with respect to which all
mapping of the form

Lx3ym (1f) = [ fenlds) = X @) €R, £ € ColX)
X zey
become continuous. We denote by B(I'x) the Borel o-algebra on I'y.
There is another way of introducing a o-algebra on I'x. Denote by A the

smallest g-algebra on I'x with respect to which all mappings of the form
Px 37— (A)=[yNAl, A€ By(X),

are measurable. It can be proved (see e.g. [14]) that A coincides with B(T'x).
A probability measure p on (I'x, B(I'x)) is called a point process (in X).
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Let A € By(X). We call a set A C I'x local with respect to A if there

exis:s a set A C I's (the space of finite configurations in A) such that
A={yeTlx:yNA¢c A4}. (3.2)

We denote by Ba(T'x) the o-algebra of sets from B(I'x) which are local with
respect to A. By identifying a local set A as in (3.2) with the set A, we may
idertify the o-algebra Ba(I'x) with a o-algebra in I'a. It is not hard to see
(cf. [14]) that the latter o-algebra in I'a is, in fact, B(I'a). Thus, we have
identified the o-algebras Ba(I'x) and B(T'a).

3.3 K-transform and correlation measure

Following [15, 16, 17], we now introduce the following mapping between func-

tions on I'x o and functions on I'x.

Let G : T'xo — [0, +0oc], we define a function KG : T'x — [0, 400] by

(KG) () =) G(@), veTx, (33)

ney
where n € 7y denotes that 7 is a finite subset of .
By [15], if G is a B(I'x 0)-measurable function, then KG is I'x-measurable.
We call KG the K-transform of G.
In what follows, we will also need the K-transform of functions of an
arbitrary sign. So, if G : I'x — R and if (KG*)(y) < oo and (KG7)(v) <
00, then we set

(KG)(v) = (KG")(7) = (KG)(7)-

Here, as usual we denoted

Gt = max{0,G}, G~ = max{0,-G}.
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Using the K-transform, we will now introduce the notion of a correlation
measure of a point process.

Let p be a probability measure on (I'x, B(I'x)). We define a measure p,
on (I'x,0,B(I'x)) as follows: for each A € B(I'x), we set

pu(A) = | (Kla)(7)u(dv),
Ix

where 14 denotes the indicator of the set A. One easily checks that p,
is, indeed, a measure, and therefore, for any B(I'x)-measurable function
G : I'x,0 — [0, 4+00], we have

G(n)pu(dn) = / (KG) () u(d). (3.4)

Cx,0 I'x

We call p, the correlation measure of u. As we have just seen any point
process has a correlation measure.

It follows from the definition of the correlation measure that, if G €
LY(Tx0,dpy), then KG is p-a.s. well-defined, KG € L*(T'x, 1), and
Gnleu(an) = [ (KG)u(an),

I'x,0 I'x

Next, recall the definition of the Lebesgue—Poisson measure A,. Assume

that p, is absolutely continuous with respect to A,. We denote by

() = dpu(n)

Do (7)’ n € I'xo.

Denote

KL") =K, [T%, neN

We can identify nft") with a function on X™ which is Bsym(X ")-measurable.
Usually, m(t") is considered as a symmetric function on X”. The functions
nﬁn) , n € N, are called the correlation functions of p.

Note that, unlike the correlation measure, the correlation functions may,

generally speaking, not exist.
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Since a point process is a probability measure on an “infinite- dimensional
space” and the correlation measure is defined on a union of finite-dimensional
spaces, it is clear that one has tried to study point processes through their
correlation measures.

So a natural problem appears: given a measure p on I'x g, whether there
exists a point process having p as its correlation measure (existence problem)
and if such a point process exists, whether it is unique (uniqueness problem).

A very satisfactory solution of the uniqueness problem was given by

Lenard in [18].

Theorem 3.1 Let p, be the correlation measure of a probability measure u

on (Cx,B(I'x)). For each A € By(X), denote

1
mﬁzzmﬂﬁm keN.

Then, if the series
oo

Z(mkA+j)_1/k

k=0
diverges for each A € By(X) and each j € Ny, then the measure u is a unique

point process which has p, as its correlation measure.

Remark 3.1 We note the condition of Theorem 3.1 is satisfied if, for each
A€ BO(X ),
p(T™) < ¢™n! forall m € N,

where ¢ =ca > 0.
A solution of the existence problem was also given by Lenard in [17).

Theorem 3.2 Let p is a measure on (I'xo,B(I'x,0)). We suppose that for
each A € Bo(X) andn € N



We also assume that
p({2}) =1,

and the following positivity condition holds:
For each measurable G : T'x o — R which is bounded and vanishes outside

a set U, FX) for some N € N and A € By(X), and such that
(KG)(y) 2 0, forall v € I'y,

we have

G(n)dp(n) > 0.

T'x,0

Then there exist a probability measure p on (x,B(I'x)) which has p as

its correlation measure.

Another solution of the existence problem, which is, in fact, quite analo-
gous to Theorem 3.2, was given by Macchi in [21].

A third way of finding sufficient conditions for existence was proposed by
Kondratiev and Kuna in [15] and extended by Berezansky et al. [6].

This approach uses the so-called x-convolution, which we will now discuss.

3.4 *-convolution and existence of point pro-
cesses

A x-convolution is a convolution of two functions on the space of finite con-
figurations whose KC-transform becomes the product of the K-transforms of

the given functions, i.e.,

}C(Gl * Gz) = }CGl . ’CGz (35)
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So, let us find an explicit form of x-convolution. We have:

(KG)(7)(KG) (v ( Y Gi(m > ( > G2(772)>

mey N12€Y

= Z Z G1(m)Ga(n2)

ne€y mcCy,n2CymUn=n

- Z ( Z G1(m Ung)Ga(n2 U 773))

n€Y * (m,m2,m3)EP3(n)

where P3(n) denotes the set of all ordered partitions of 7 into three parts.
Thus, we define

(Gi#Go)m)= Y,  GilmUn)Ga(mp Ums), (3.6)

(m,m2,m3)EP3(n)

and we indeed have (3.5).
If p is the correlation measure of a point process u, then by (3.3) and
(3.5)
.. (@ Gmetan = | (G ule)

and therefore p is x-positive definite:

/F (G % Ga)(m)pldn) > 0.

Theorem 3.3 ([6]) Let X be a connected, oriented C*° Riemannian man-
ifold. Let p be a measure on (FX,O,B(I‘X‘O)) which satisfy the following as-

sumptions
L p(rY) =1
2. For each A € By(X), there ezists a constant Ca > 0 such that

p()y < €2, forallneN
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3. Every compact A C X can be covered by a finite union of open sets
Ay, ..., Ak, k € N, which have compact closures and satisfy the esti-

mate
p(Fgl)) <(2+¢)™, foralli=1,2,...,kand n €N,
where € = g(A) > 0

4. *-Positive definiteness: For each G which is bounded and vanishes out-

side a set JN, T for some N € N and A € Bo(X), we have

[ @eeametan 2o

Then, there exists a point process p on (F X B(Fx)) which has p as its cor-

relation measure.
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Chapter 4

Correlation measure of a family
of commuting Hermitian

operators

The aim of this chapter is to introduce the notion of a correlation measure of
a family of commuting Hermitian operators and to show that this measure
is concentrated on the space of finite configurations.

For measurable functions fi,..., f, : X — R, we denote by f1<§) @ fn
the symmetric tensor product of fi,..., f.. Since fi®---Qf, is Bsym(X™)-
measurable, we may consider f;® - ®f, as a measurable function on I‘g?)

For a function G : I'xo — R, we denote by G the restriction of G to
1*3?’. Let S denote the set of all real-valued functions on f‘x,o which satisfy
the following condition: for each G € S, there is an N € N such that G™ =0
for all n > N and for each n € {1,..., N}, G™ is a finite linear combination
of the functions of the form xa,® - ®xa,., where Ay, ..., A, € By(X) and
x4 denotes the indicator of a set A. Note that, by the polarisation identity,

in the above definition it suffices to take functions of the form x%", where
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A € By(X). It is clear that the set S is sufficiently large, in the sense that
S is an algebra under multiplication, and functions from S separate any two
configurations in T’ X0

Let F' be either a real, or complex Hilbert space and let D be a linear
subset of F. Let (a(A))
that:

AcBo(X) be a family of Hermitian operators in F' such

e for each A € By(X), Dom (a(A)) = D and a(A) maps D into itself;
e for any Aj, Ay € Bo(X), a(A1)a(Az) = a(Az)a(A,);

e for any mutually disjoint Aj, Ay € By(X), we have: a(A; U A,) =
a(Al) + G,(AQ).

It follows from the definition of the KC-transform (see Section 2.3) that,
for each v € I'x and A € By(X), K(xa)(7) = v(4), and that

n+1
IC(XA1®"'®XAn+l)( = n+1 [Z’Y XA1®"'®>2A:‘®

n+1

v ®XAn+1)(7) - Z Z ’C((XAiﬁAj)®XA1®) T ®XA1®
i=1 j=1,..,n+1, j#i

BB Bran) )], (4.1
where Ay, ..., Ans1 € Bo(X), n € N and xa denotes the absense of xa.
Indeed, let us fix a function ¢ : X — R which is bounded and has compact
support. Then, we have:

K@) = (De@) D @) ele)

TEY {z1,-Tn}CY

=(n+1) > o@) - o(@ar)

Y (Pa)e@) el + el@)et @) - plen)

{z1,...,.zn}Cy
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et gl el )

= (n + DK (7) + K ((¢?) @ ®" V) (7).

Therefore, using the polarisation identity, we conclude that, for any func-

tions ¢1,...,¢n41 : X — R which are bounded and have compact support
n+1 ’

1 e - - -~ o~ ~~
Z(‘Pi, ’)’)IC(%@ QP 10Y; QY4 1® - - ®<Pn+1) (")
i=1

n+1

n+l
— n = o~ ~ L o~
HRCI > > K((%%)@gm@ - ®P®

i=1 j=1,...,n+1,j#i
85,8 Bown ) )

where ¢; denotes the absense of ;. From here (4.1) follows.

Our aim will be to realise the operators a(A) as operators of multiplica-
tion by y(A) in some L?-space L?(T, u). Therefore, if we want to have oper-
ators Q(xa,®- - - ®xa,) in our initial Hilbert space F', which will be later on
realised as operators of multiplication by K(xa,® - ®xa,)(7), then these

operators must satisfy the following recurrence relation:

n+1
o~ —~ 1 ~ ~ . -~ ~
Q(XA1® T ®XAn+1) = (T——}—l—)i [Z a(Ai)Q(XAl @ ®XA1‘® e ®XAn+1)
i=1
n+1

- Z Z V Q((XAiﬂAJ')@XAl@ e ®>2Ai® Tt ®>2Aj® e ®XA,1+1) )

i=1 j=1,..,n+1, j#i

Aq,... ,An+1 € B()(X), n €N,
Qxa) = a(d), A € Bo(X). (4.2)

Denote by = the function on f‘X'g given by 2@ := 1, =™ .= 0, n € N.
Let

Q=) =1. (4.3)
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We then uniquely define Q(G) for each G € S, so that
Q(a1G1 + 01Gs) = 019(G1) + a2Q(G3), a1,a2 €R, G1,G, € S.
Lemma 4.1 For any G1,Gq € S, we have
Q(G1)Q(G2) = Q(G, * Gy). (4.4)

Proof. By linearity, it suffices to prove (4.4) in the case where G; = x37,
GZ = X%r;v AI)AQ € BO(X)v m,n & N.
Setting Ay = --- = A, = A in (4.2), we have:

Qxa®™) = —— (a(A)QUE") ~ nQ(E&"), neN,
Q(xa) = a(A),

Therefore, for each k € N, there exists a polynomial px(z) on R, of order k,

such that, for each A € By(X), we have
Q(xZ*) = p(a(A)).
Therefore, for fixed Ay, Ay € By(X), we get
QMR L(EY) = pm(a(A1))pa(a(A2)).

Denote

AIZAl\Ag, BlelﬂAg, Cleg\Al,

so that the sets A, B and C are mutually disjoint and Ay = AU B, Ay =
B UC. Hence



Hence,
QXX QXR,) = pm(a(A) + a(B)) pr(a(B) + a(C))
= Qm+n (a'(A)’ a(B)’ a(C’)) (45)

Here g¢min(-,-,*) is a polynomial on R? of order m + n, given by

Gm+n(Z, Y, 2) = P (Z + y) Py + 2).

Next, by (4.1), we get

1
n+1

KOE™)() = ——= (AAKGEM () — nEOEI (),

and so
’C(ng)(”)’) = pk(7a)-

Therefore, analogously to the above,

KOEMMEGED) () = gmn(V(A), 7(B),7(C))-

Using the definition (3.6) of the x-convolution and formula (4.1) we con-
clude that there exists a polynomial ¢ n(-,-,-) on R®, of degree m + n, such

that
KT * x&2) (1) = Gman(7(A),7(B), 7(C)).
Since
KOE™MNEOED () = K& *x20) (7),

we have that, for all v € T,

Am+n (’Y(A)’ 7(B)v 'Y(C)) = q~m+n (7(/4)’ ’Y(B)v ’Y(C)) .

Since both polynomials ¢,y and G+, are characterized by a finite number
of coefficient and since y(A), v(B) and (C) may take an arbitrary value

from Ny = N U {0}, the polynomials gy, +n and Gmn coincide.

37



On the other hand, we evidently have that

Q™ * x87) = Gmin(a(A), a(B),a(C)).

Hence
Q(XET * X&7) = gmin(a(4),a(B),a(C)),
and by (4.5)
QHXEMOKEY = Q&7 *x%7). O
We fix any Q € D with ||Q2||r = 1. We assume that there exists a (non-
negative) measure p on (Fx,o, BO(I‘X,O)) such that, for all G € S,
- G(n) p(dn) = ((G), Q) (4.6)
Then, by analogy with (3.4), we call p the correlation measure of the family

of commuting Hermitian operators (a(A)) (with respect to the vector

Q).

Now, we additionally assume that p satisfies:

AeBo(X)

(LB) Local bound: for each A € By(X), there exists Ca > 0 such that

T < CE, neN,

(n

where I‘A) ={n € Fg?) | n ¢ A}. Furthermore, for any sequence
{An}nEN € Bo(X) such that A, | @ (1e A1 DAy D Az D -+ and

Mooy Ap = @), we have Cp, — 0 as n — oo.

Theorem 4.1 Assume that a family (a(A)) of commuting Hermitian

AeBo(X)
operators possesses a correlation measure which satisfies (LB). For each G €
S denote Q(G) := Q(G)Q, and let § denote the Hilbert space obtained as
the closure of the set & := {Q(G) | G € S8} in F. For each A € By(X),

consider a(A) as an operator in § with domain &. Then, the operators
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a(A) are essentially self-adjoint and their closures, a(A), commute in the.
sense of their resolutions of the identity. Furthermore, there exists a unique
probability measure p on (FX,B(FX)) whose correlation measure is p, the
mapping

63 Q(G) = (ZIQ(&) (1) := ) _G(n) € L*(T, p)

n€y

is well-defined and extends to a unitary operator T : § — L*(T, u) such that,
under Z, a(A) goes over into the operator of multiplication by v(A), i.e.,

Dom(Za(A)I™") = {f € L*(T, n) : ¥(A)f(v) € L*(T, )}

and

(Za(A)Z7 )(7) = v(A)f(7),  f € Dom(Za(A)Z™).

Remark 4.1 Note that any probability measure u on (I'x,B(I'x)) has a
correlation measure. On the other hand, not every family (a(A))aesq(x)
of commuting Hermitian operators possesses a correlation measure. Theo-
rem 4.1 essentially shows that, if a family (a(A))aes,(x) Possesses a correla-
tion measure, then the joint spectrum of this family is concentrated on the

configuration space I'x.
Proof of Theorem 4.1. Consider the bilinear form

S X S ) (Gl,Gz) — bp(Gl, Gz) = / (Gl * Gz)('ﬂ) p(d'l’]) (47)

I'x,0

By (4.4) and (4.6), for each G € S,

b,(G,G) = (Q(G+ G)Q, M)
= (Q(G)Q, QG))F > 0.



Denote by S the factorization of S consisting of factor-classes
C={G'eS:b(G-G,G-G)=0}, GeS.

Define a Hilbert space H, as the closure of S in the norm generated by the
scalar product

(G, 62)7{,, = b,(G1, Ga). (4.8)

Using (4.4) and (4.6), we see that

(G1, Ga)n, = (Q(G1), Q(Ga))r, (4.9)

so that we have the unitary isomorphism U : § — M, defined through
UQ(G) =G for G € 8.
For each A € By(X), we define an operator A in H, as the image of the

operator a(A) under U. Hence, Dom(Ax) = S and since
a(A)Q(G) = Qxa)(G) = Qxa*xG)2=Q(xa*G), GEeS,

we get:

ApG = xaxG, GE€S. (4.10)

We will now show that the operators (Aa)aes,(x) (hence also the oper-
ators (a(A))aeso(x)) are essentially self-adjoint, and their closures commute

in the sense of their resolutions of the identity.
Lemma 4.2 Each G € 8 is an analytic vector for any Aa, A € Bo(X).
Proof. For any G,,G, € S, we have by (4.9), Lemma 4.1, and (4.5),

(G1,Ga)n, = (Q(G1), Q(G2)) »
= (Q(G1)9, Q(G2)Q) .
= (Q(G1)Q(G2)2, ),
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= (Q(G1*G2)2,9),
_ /F (G * Ga)(n)p(dn).

Hence, by (4.10), we get, for each G € S, k € N, A € By(X),

1AKGI2, = 2 * G2,
=/F< 4 G)  (x2 * G)(n)p(dn)

= [ (@ xmplan). (4.11)

Since any finite linear combination of analytic vectors of a given operator
is again an analytic vector of this operator, it suffices to prove that, for any
A, A" € By(X) and any n € Ny, XQAD’,1 is an analytic vector for Aa, i.e.,

oo
Z ”AAXA |+, < oo, for some t>0
k=0

Denote A = AUA'. Then, by (4.11)
1/2
145X, = ([ s X motam)
Tx,0
1/2
<([ oarreximean).  (412)
Tx,0
®n)*2 *2k

Using the definition of *-convolution, we see that the function (x7")*** X}

is a finite linear combination (with non-negative coefficients) of the indicator

functions x%*,i =0, 1,...,2n + 2k. Since, by the (LB)

/ X&(n)p(dn) = oY) < CL,
I'x,o

we have from (4.12)

' N 1/2
145, < ([ g e maam) ", @)
X,0
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where we have set

ALY = Ci (4.14)
Note that we understand the expression on the right hand side of (4.13) as
if we integrate with respect to some measure g satisfying (4.14). In what

follows, we will assume that Cy > 1 (otherwise set Cy = 1).

Next, using the definition of x-convolution we have:

X xa = 6+ DXV +ixg

Therefore,
[ o sxmitan < ((+00r+d) [ @it
| < Ca(2i+1) /F xoxﬁi(n)ﬁ(dn)
< 2CA(i+1) - X5 () (dn). (4.15)

Hence, by (4.15), we get
[ 6@y matdn) = [ (0@ x6™) e xalmiatan
Tx,0 I'x,0

< 2CA(2n + 2K) / (225 X327 () pldn)

T'x,0

= 20s(2n+20) [ (&)™) xa i)
X,0
< 20A(2n + 2k)2C (2n + 2k — 1) /F (™) % X332 b(dn)
X,0

<< (200)%(2n +2k)(2n + 2k — 1) -+ (2n + 1) %

[ ognyatan

I'x,0

- o )2!’“)! a,

where

a= /F G
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Hence,

1/2
IARXE 17, < (2Ca)* ((Qrzz;nf,k)') Ve (4.16)

For each n € N, we have:

(2n)!'=1-2-3-4---(2n—1)-2n
<2:2:4-4---2n-2n
=(2-4..-2n)?
= (2"n!)?, (4.17)

which implies by (4.16)
1A X30 |5, < (2CA)*((20))) 727 (n + B)!Vay,

and so

[o¢]

> nAAxA I, < (20)) Wznfz 40“ (k +n)!

k=0

= ((2n)) V2" va Z(mt)k(k +1)(k+2)-- (k+n).

k=0
(4.18)

For each t € (0, (4Cx)™ 1), we have

1/k
((40At)k(/c +1)(k+2) - (k+ n))

= 4Cxt(k+ D)YVRE+2)VE ... (k+n)V* 5 4C\t <1 as k— o0

since (k+4)Y/*¥ — 1 as k — oo for each fixed 7. Therefore, for 0 < t < (4Cy)7?,
the series (4.18) converges. O

By Theorem 3.2 and Lemma 4.2, for each A € By(X), the closure of Ax,
denote by A, is a self-adjoint operator in H, and for any Ay, As € By(X),
the operators Aa, and Aa, commute in the sense of their resolutions of the

identity.
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We will now construct a consistent family of probability measure. For
each A € By(X), denote by Ea the resolution of the identity of Ax. By the
proved above, for any A;, Ay € By(X), the resolutions of the identity Ea,
and Ex, commute.

So, according to Chapter 2, for any Aq,..., A, € Bo(X) we can construct

the joint resolution of the identity
En,.,..A, = FEar X -+ X Ea,. (4.19)
Recall the definition of the function = on I’ x,0- Then
Vot () = (Bay,tn()E ), (4.20)
is a probability measure on (R™, B(R™)). Furthermore, it is clear that
{vay..a, | A1, ..., An € Bo(X), n €N} (4.21)

is a consistent family of probability measures.

Next, let us show that there exists a point process on X whose “finite-
dimensional distributions” are given through (4.21). First, we will prove this
result locally.

For any A € By(X), denote
I'a:= {?7 € FX‘() | n C A},

and let B(I'a) be the trace o-algebra of B(I'x ) on Ta.
Let us introduce an analogue of the operator X (see Section 2.3) on I'a.
So, we define a mapping K, which transforms the set of all (complex-valued)

functions on I'a into itself, as follows:

(KaG)(n) = ZG(@, n € la. (4.22)

£Cn
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We evidently have:

(Ka(G1*G2))(n) = (KaG1)(n)(KaG2)(n) (4.23)

(G1 * G2 being given by (3.6)). The inverse of K, is then given by
(K2'G)(m) = Y (~1)™IG(E), neTa (424)
£Cn
(the latter being a well-known result, see e.g. [15], which can be checked by
direct calculations).

To find the pre-image, under Ka, of an exponential function, we define,

for any f: A — C, a function Expu(f,-):Ta — C by

Expa(f, @) =1,
Expa(fi{z1,. .- Tn}) i =f(z1) - f(zn), {z1,...,2n} €Ta, nEN.

By (4.24), for any ¢ : A — C, we have:

(K2 expl(,))) (n) = Expa(e? —1,m), 7€ Ta, (4.25)

Where (90’ T’) = ern (p(x)
Let A € By(X) be so small that

1

<_7
Ca 16+0

§>0 (4.26)

(see (LB)). We define a set function on B(I'a) by

uA(4) = / (Cxixa)mpl(dn), A € B(Ta). (4.27)
Since
doi=2" ifipl =mn, (4.28)
£Cn
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(LB) and (4.26) imply that u® is a signed measure of finite variation. Indeed

the full variation of 4® on I'n may be estimate as follows

o0 271
A r g E .
Ip’ ( A)l e (16 + 6)71 < 00

Next, we will show that u? is, in fact, a probability measure on (I'a, B(I'a)).
Let Aq,...,A, € By(X) be subsets of A, n € N, and for simplicity of
notations we assume that these sets are mutually disjoint. Then, by (4.25)

and (4.27), for any (y1,...,ys) € R",
L(yi, -, Yn) :=/ exp [(i(y1xa, + + YnXan)sm)] u®(dn)
Ta

=/ EXpA ((eiy1 - 1)XA1 +oot (eiyn - l)XAn’n)p(dn)’
Ta
(4.29)

where we used the evident formula

n

gxayttimxen 1 = 3 (e xa,

1

i=1

(recall that the sets A; are mutually disjoint). Note also that

|efvixartotiynXan 1| 2,
and SO by (426)

[ Expaenactsmien 1 npptan) < 3 (555 ) < o0

n=0
Lemma 4.3 The function L : R® — C is positive definite in the sense of

the Fourier analysis on R™.

Proof. Fix any v1,...,ym € R™, yp = (y,(cl),...,y,(c")), k=1,...,m, and
fix any ¢y,...,cn € C. We have to prove that

m
Z ekl L(yx —u) 2 0.
k=1
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For each k € {1,...,m}, denote

ok =y"xa; + -+ xan-

Then, by (4.29),

m m
Z e Lye — i) = Z Ckc_l/ Expa <eXP [i((yls:) Uy )X+
k=1 Ta

k=1

40 = 37 e)) ~ 1) ol

> ad / EXpA expli(ox — @1)] — l,n)p(dn)

!l=

m
> CkCZ/ e — 1)
Ta

=1

X
—

o

+ (7 = 1) + (€% — 1) = 1),n) p(dn). (4.30)
By [15, Lemma 5.3], we have:

Expa (€7 = 1) + (€7 = 1)+ (e — 1)(e™ = 1),n)

= Epr(eiV’k - ]-’ 77) * Epr(e—W’l - 1) 77)

Hence, we continue (4.30) as follows:

m
= > [ Bxpa(e® — Ln)« Bxpa (e = 1m)o(dn)
r

k=1 A
=D ad / Exp, (€% — 1,7m) x Expa (e — 1,7)p(dn)
k=1 T'a
— [ (X aBwate —1m) * (3 aBxpalen - 1) plan). (431)
Ta k=1 =1

We know that, for each G € S, we have:
[ =G matan >0
Tx,0
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Denote by Sc the complexification of S, i.e., all functions of the form G;+iGs,
where G1,Gy € S. Then, for each G = G; + 1G5 € S¢, we have

| ©xOmetdn = [ ((€1+iGx (G~ G )motan)
= [ (@xeom + G cam)
(G * Ga)n) +i(Grw G1)) p(dn)
= [ (©xenm + @+ G
G+ G)la) + (G G2)(m)) pldn)
-/ (€56 + (@2 o)) o) > 0.
In particular, for each G € S¢ 'with support in [, we have:
| @+ &ymotan 20

Let "
G = Eck Exp, (9% — 1,7).

k=1
This function, of course, does not belong to Sc¢, however, its restriction to

each I‘g‘), denoted by G™, does. Therefore, for each N € N,

/r (( i G™) x (ﬁG(n)) )me(dn) > o.

Thus, to prove the lemma, it suffices to show that

/F((ZG(”’ ZGW) pldn) = | (GxG)n)p(dn).  (4.32)

Ta

It is clear that for each fixed n € I'a, we have:

((écm Zc(n ) — (G B)(n)

48



if N > |n|. So, we only need to find an integrable function which dominates

all ’ (( SN G« (TN Gm) )(n)

. To this end, we note that

e — 1] < 2,

and so

| Expa (6% — 1,m)| < 2. (4.33)

Since

Z 1= Z 1)2 = (2M)2 = g,

(m.,m2.m3)€P3(n) mcn
by (4.33), we have

’((ZGW) «(>_6m) )(n)‘ < (S Jexl)* (224!
= (Z lck|)216|77|
Setting ~
F(n) = (Y lexl)™16", neTa,

k=1

we get
‘ ()« (3o am) )(n)’ < F(n)
Finally, by (4.26), we get:
| Pt < oo

Hence, by the dominated convergence theorem, we get (4.32). O
By Lemma 4.3, L is the Fourier transform of a probability measure on

R™. Therefore, under the mapping

Ta 37 (n(A1),...,n(Aq)) € RY,
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the image of the signed measure u® is a probability measure on (R*, B(R™)),

which we denote by “21,..., A, We also observe that the sets

{neTxol(n(Ar),...,n(An)) € Bn},
Bn EB(Rn), Al,...,An eBo(X), AI UUAn C A, nEN,
(4.34)

generate the o-algebra B(['a). Hence, u® is a probability measure on
(I‘A, B(FA)).
Next, we will prove that for any A;,..., A, € By(X) such that

A1UUAnCA, HEN,

we have

VAL.rBn = Ay An (4.35)

Using (4.7), (4.8), (4.10), (4.19),(4.20), (4.23), (4.24) and Section 3.2, for any
yM, ... y® € R* k € N, we have:

k
./ H(SE, y(i))Rn dl/Al,---,An (‘T)
" i=1
k ' o
= [ @Ok d(Bs,- an@E )
: n im1 HP

k n
=/ H (ijy](i))d(EAl X oo X Ea (21,...,%n)

j=1

w
[
N’
iy
©

ji=1 j=1
n n
= [ (0 xa,) e (o ufxa) <= Emlolan)
Jj=1 j=1




- [, (Sfxe) + (S, weten
= [ (e ok (v, ahston
- [ Gopnsn) (S et

= [ () (St o

- / (@2) (0 D)k}, (@) (4:36)
By (4.15) and (4.17)

‘ /F Z% XAJ - (iyj(.%)mj)(n)p(dn)‘
S/F (Zly )|XAj)*"’*(zn:|yg(-2k)|XA,-)(n)p(dn)

<(H||y,.||m) /XO(ZXA,)*‘Z“ (dn)
<( Huy,um) L. ar®mdcn)

=n2’“(1:[||yillmax) / XA () p(dn)

n( H I35l ) (2C2)(2)!

=1

N

= (2Can)*(2k)! (H”yz lmaX>

(4Can)™ (k)? (H Il )

where || - ||max denotes the maximum norm on R". Therefore, we have

k
l/Rn H(x’y(i))ﬂ%" dva,,..., An(z)’
i=1
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- ‘ / ] f[(w,y“))w duﬁl,m’An(x)‘
< (4Can)* (k) (H”yz“ma.X) (4.37)

Since va,,..a, and pR, A are probability measures on (R", B(R")),
since these measures have the same moments (see (4.36)), and since these
moments satisfy estimate (4.37), we conclude from the theorem on unique-
ness of the solution of a moment problem (e.g. [5, Chapter 5, Theorem 2.1
and Remark 3]), that the measures va, _a, and p2 ...A, coincide, i.e., (4.35)
holds.

Next, let A’ € By(X) be such that A’ C A. It is clear that I'ar € B(T'a)

and B(T'a/) coincides with the trace o-algebra of B(I'a) on I'as. Then it

.....

follows from the above that u is the restriction of u® to B(Las).
Now, we will show that there exists a random measure M on X such that,
for any Ay, ..., A, € By(X), n € N, the distribution of (M(A,),..., M(A,))

,,,,, A, (see e.g. [14] for details on random measures).
Lemma 4.4 i) For any Ay,..., A, € Bo(X), n €N,
VA2, ([0, +00)") = 1.
ii) For any disjoint Ay, As € Bo(X),

Varanawa: ({(@,9,2) ER® |z +y=12}) =1

iii) Let A, € Bo(X), n € N, be such that A, | @. Then va, weakly

converges to €g.

Proof. i) By (LB), for any = € X, there exists an open neighbourhood of z,
denoted by A(z), such that A(z) € Bo(X) and Ca(q) < 1/(164-5). Therefore,
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for any A € By(X), there exist mutually disjoint sets A1,..., A, € Bo(X),
m € N, such that A = A U---UA,, Ca, £ 1/(1646),i=1,...,m. (We
have used the definition of a compact set: from any open covering of the set
one can choose a finite covering of the set).

For each i = 1,...,m, denote
Ci={z=(z1....,Zm) ER™: z; > 0}.
Then, using the definition of va, . a,., we have
Vas,..am(Ci) = va, ([0, +00)) =1, i=1,...,m.

Since

we therefore get

Since A = A;U---UA,, and A4,...,A,, are mutually disjoint, we have
Ap=Ap + +Ap,-
Hence, by Lemma 4.2, for each B € B(R), we have
Ea(B)= [ xa(ort e +am)dBo, pn(@rr. . )
Therefore,
va(B) = /m xB(T1 4+ Tm)dVA;,. AL (T ).
In particular,
va ([0, +00)) = / Xo,400) (T1 + *+* + Tm) VA, A (T1, - Tim)

m
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=/ dvay,..a,(T1, .., Zm) = 1.
[0,+00)m :
ii) Since A; and A, are disjoint,
AA]UAZ = AAl + AAg'
Therefore, by Lemma. 4.2, we have, for any B € B(R),

EA1UA2 (B) = / XB(:L‘I + m?)dEAl,Az(xla $2)'
]RZ

Therefore, for any C € B(R3),

Enyn80,0008,(C) = / xc (1, T2, 1 + 22)dEA, a, (21, T2),

]R3
and so
VAL, A0,0.u8,(C) = /2 xc(Z1, T2, T1 + T2)dva, A, (21, T2).
R
Setting
C={(z,y,2) €eR: z+y=2z}
we get

VAL, Az,0104, (C) :/ dVAl,Az(xlva) = L
R2

iii) Let f : R — R be continuous and bounded. We need to prove that

/R f(@)dva, (z) — /R f(z)deo(z) = £(0).

By (LB), without loss, we may assume that Ca, < 1/(16 + 6). Then,

each va, is concentrated on the set Ny. Assume that

vaA,(N)—=0 as n— oo.

Then since va, (N) + va,({0}) = 1, we also conclude that va, ({0}) — 1 as

n — 00. Therefore, since f is bounded
/ F@dvs, (@) = va,({ONFO) + [ f@)dva, (@) = 7(0)
R N
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So, it suffices to prove (4.38). But va, is the distribution of the random

variable
La, 21— n(As)

under p®1. Hence

va, ) = [ (@) )
Ta,
For each fixed n € T'a,
n(A,) -0 as n — oo,

and so

XN(n(An)) —0 as n— oo.

Hence, by the dominated convergence theorem,

/F sen (1(B)) 12 (d) — 0,

which proves (4.38). O

Now, by Lemma 4.4 and [14, Theorem 5.4}, there exists a random measure
M on X such that, for any Aj,..., A, € By(X), n € N, the distribution of
(M(Al), . ,M(An)) is va,,..A.- In fact, the random measure M is concen-
trated on I'x. Indeed, we already know that, for any x € X, there exists an
open neighbourhood of z, denoted by A(z), such that A(z) € By(X) and the
restriction of M to A(z) is concentrated on 'a¢;). Since X is Polish, there
exist a countable sequence of compact sets A, in X such that X = Joo; Ay,
Now, using the definition of a compact set, we easily see that the restriction
of M to each A, is concentrated on I's,, and so M is concentrated on I'.

Letting 1 denote the distribution of M on I'y, we obtain a unique prob-
ability measure on (I'x, B(I'x)) whose “finite-dimensional distributions” are

given through the measures (4.21).
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Lemma 4.5 For any G1,G, € S,

/FXO(Gl*Gg)() /FX(ZGl )(ZGQ ) &), (439)

ney n€y

Proof. Let A € By(X) be such that (4.26) is satisfied. As usual, we
identify B(I'a) as a sub-o-algebra of B(I'xo). Then, for any G;,G; € S

which, restricted to I'x, are B(I'a)-measurable, we have:

/F (G1 % Ga)(n) p(dn)
=./1“ (G1 % G2)(n)p(dn)
_ / (KaG1)(n)(KaGa)(n) w2 (dn)

/rx (Z Giln ) ( > G2(77)> p(d). (4.40)

n€y ney

We will now need the following lemma.

Lemma 4.6 Fiz anye > 0. Then, any G € S can be represented as

k
G=> G,
j=1
where k € N, each G; belongs to S, and restricted to I'x o is B(I'a,)-measurable
with Aj € Bo(X), CAj S 3

Proof. It suffices to prove the result of the lemma in the case where
G = x§", A € By(X). Using the definition of a compact set and (LB), we
see that there exist mutually disjoint open sets Ay, ..., An € Bo(X) such
that A;U---UAp=Aand Ca, <2, i=1,...,m. Then

XR" = (xa, + +xa,)*"
Therefore, x&" is a finite linear combination of functions of the form
Xg";l ®X®12 ® ®X®Zm
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Whereil,iz,...,imE{O,...,n},i1+---+im:n,

Evidently, this function is B(I', )-measurable, where « is the union of those

sets A; from A,, ..., Ap, for which the correspondents coefficient i; # 0. So,
o is a union of maximum n sets from the collection Ay,...,A,,. Therefore,
€
Co<n—==¢c.
n

Indeed, to prove this estimate, and so to complete the proof of the lemma,

we only need to show that, for disjoint A;, Ay € By(X),
Caua, < Ca, +Ca,.

But

n

= () (F0005)

m=0

so that

3

p(F(Anl)UAz) < P(Fgr:) N F(n m))

zn: (p ) + (T ™))

For each G € &8, choosing G; = G and G, = = in (4.39), we get

p(dn) = / p(dy).
Tx,0 Ix ney

Hence p is the correlation measure of u. By Theorem 2.1 and Remark 2.1,

we have that u is the unique measure on (I'x,B(I'x)) whose correlation
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measure is p. (In fact, the uniqueness can also be derived directly from the

above arguments.)

Finally, we prove the statement of the theorem concerning the operator

Z. Define the mapping

858w (KO =3 6. (4.41)

nEY
Then, by (4.39), K extends to an isometry of H, into L*(T, u). Furthermore,
it is clear that the image of K is dense in L%(T', u), and so K is a unitary
operator.

For each A € By(X),
K(xa*G)(7) = v(A)KG)(v), GeS, veTlkx.

Therefore, Ax goes over, under K, into the operator of multiplication by
v(A). Recalling the unitary isomorphism U : § — H,, under which each

operator a(A) goes over into the operator Ap, we finish the proof. O

It is clear that any correlation measure p satisfies the following condition:
(N) Normalization: p(Fg?)) =1
As we discussed in Introduction, any correlation measure p also satisfies:

(PD) x-positive definiteness: For each G € S:
/ (G *G)(n) p(dn) > 0.
I'x,.0

We now conclude the following criterion of existence of a point process,

which generalises [15, Theorem 6.5] and [6, Theorem 2].

Corollary 4.1 Let p be a measure on (I'x,0, B(T'x,0)) satisfying (N), (PD),
and (LB). Then, there exists a unique probability measure on (I'x,B(T'x))

which has p as correlation measure.

o8



Proof. Consider the bilinear form (4.7). Then, by (PD), we have for
each G € S,
b,(G,G) = 0.

Denote by S the factorization of S consisting of factor-classes
G={G'e€S:b,(G-G,G-G)=0}, GeS.

Define a Hilbert space H, as the closure of S in the norm generated by the

scalar product,

(G1,Ga)n, = b,(G1,Go).

For each A € By(X), define an operator A in H, by
ArGi=xa*G, CG€S. (4.42)
For any G,,G> € 8§, we have

by(xa %G1, Gs) = f (xa * Ga) * Ga(n)o(dn)

To

= G * (xa * G2)p(dn)
To

= bo(G1, xa * Ga).

Therefore, by [5, Chapter 5, Section 5, subsection 2], we see that the definition
(4.42) makes sense, i.e., the factor class m is independent of the choice
of a representative of the factor-class of G.

Now, in order to prove the corollary, one just need to follow the lines if

the proof of the Theorem 4.1. [
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Chapter 5

Particle densities in quasi-free
representations of the CAR
and CCR

5.1 Fermion and boson point processes

Let X be a topological space as in Chapter 3. Let ¢ be a non-atomic Radon
measure on (X, B(X)). We denote by H the real space L?(X,0). Let K be
a linear, bounded, symmetric operator in H which satisfies 0 < K < 1.

Let us recall the construction of the quasi-free representation of the CAR
corresponding to the operator K [3].

Denote K := VK and K, := /1 — K. For a real separable Hilbert space
H, we denote by AF(H) the antisymmetric Fock space over H:

AF(H) := é AF® (H).

n=0

Here, AFO(H) := R and for n € N AF™(H) := H""n!, where A stands

for antisymmetric tensor product and n! is a normalizing factor, so that, for
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any f™ € AF™(H),

”f(n)”i\}'(n)(’}-{) = ”f(n)”gr{/m nl.

We denote by AFg,(H) the subset of AF(H) consisting of all elements f =
(fm)e, € AF(H) for which f™ = 0, n > N, for some N € N. We
endow AFs,(H) with the topology of the topological direct sum of the spaces
AF®™(H). Thus, the convergence in AFs,(H) means uniform boundedness
and coordinate-wise convergence.

For g € H, we denote by ®(g) and ®*(g) the annihilation and creation
operators in AJF(H), respectively. These are linear continuous operators in

AFsn(H) defined through the formulas

O(g)hy A+ Ahn =D (=) (g, hi)ha Av - Ay AR Ahigy Ao A hy,

i=1

®*(g)hi A+--ANhp:=gAhy A+ Ahp,

where hy,...,h, € H.
We now set ‘H := H, ® H,, where H; and H, are two copies of H. For

f € H, we denote
(pl(f) = (I)(.fao)a (I>2(f) = q)(Oa f)>
and analogously ®7(f), i = 1,2. We set, for each f € H,

U(f) :=Bo(Kaf) + I(KLS),
U*(f) :=D5(Kaf) + P1(K1f). (5.1)

The operators {¥(f), U*(f) | f € H} satisfy the CAR:

(), ¥+ = [¥*(f), ¥*(9)]+ =0,
[0 (), ¥(9)+ = (f,9)wl, f,9€H, (5.2)
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where [A, B]; := AB + BA. This representation of the CAR is called quasi-

free. The so-called n-point functions of this representation have the structure

(T (fn) - '_ U (f1)¥(91) - - - U(gm)2 Q) ax(ry = Onm det[(K fi, g5)m]i =1
(5.3)
Here, QO := (1,0,0,...) is the vacuum vector in AF(H).
In what follows, we will assume that, for each A € By(X), the operator

PAK Py is of trace class. Here, Po denotes the operator of multiplication by

Xa-
For an integral operator I in H, we will denote by N (I) the kernel of I.

For each A € By(X),
PAKl(PAKI)* = PAKPA.

Therefore, the operator PoK; is of Hilbert—-Schmidt class. Hence, PAK) is
an integral operator, whose kernel N (PpK;) belongs to L?(X?2,02). This

implies that K is an integral operator, whose kernel satisfies
/ / N(KD)(z,y) 0(dz) o(dy) < o0, A €Bo(X).  (5.4)
aJx

Note also that the kernel V'(K;) is symmetric.

Thus, K is an integral operator, whose kernel is given by
k(,9) = N(K)(o9) = | N, DN () 2,0) o)
By (5.4), for any A € By(X), we get:
[ #anotdn) = [ [ MED@ONED2) oldy) o(dz)
A AJx
=/ / N (K)(z,y)? o(dz) o(dy) < oco.
AJx

Note that the kernel N'(K;)(z,y) is defined up to a set of c®2-measure 0 in
X2, but the value [ k(z,z)o(dz) is independent of the choice of a version

of N(Kjy).
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~ Let us now derive the particle density corresponding to the quasi-free
representation of the CAR. For a fixed z € X, we define the function s , :
X — R by
ma(y) = N(Ki)(z,y), yeEX.

By (5.4),
sz € L*(X,0) foro-aa.zeX. (5.5)

Then, for each f € H, we have:

@1(K1f)=/X‘7(d$)f(x)q’1(%1,:c), ‘I);(Klf)=/X‘7(di’5)f($)‘1)1(%1,x)-

(5.6)
These equalities are to be understood through the corresponding bilinear
forms. For example, the first equality means that, for any g1, ..., gn+1, 1, - -,
hn, € H,

(‘191(K1f)91 Ao ANy i A A hn)Af(H)

- / o(dz) f(2)(®1(501,2)91 A+ A Gnar, hi Ave s Aba) 4
X

Next, for each £ € X and any hy,...,h, € H, we set

Co(taz)ha A A= 3 (=1)F (EhP) (@)hy Av - ARy Ao A,

=1

(Here and below, we use the notation h; = (hgl), hE”).)

Remark 5.1 Heuristically, s ,(y) = N(K2)(z,y) and ®3(sr5,) is the cor-

responding annihilation operator.

Then, analogously to (5.6), we get:

o(d2) f(2)®Bs(020),  D3(Kaf) = / o (dz) f (2)@}(3022).

X

®a(Kaf) = [

X
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Note that the second equality in (5.7) means that, for any
gla"'>gn)h17"'7hn+l € H1

(@3(K2f)gr A+ A G bt A+ A ki) s

= AO’(d:C)f(.’IZ) (91 N Gn, q)2(%2,z)h1 ARRRRA hn+l)Af(H)

(compare with e.g. [24, Section X.7]).
By (5.1), (5.6), and (5.7), we get the following heuristic operators, for
each z € X:

U(z) = ®2(500,0) + 1 (501,2),
U*(z) = @3 (s2,2) + 1(201,2)- (5.8)

Therefore, the particle density at point z € X is heuristically given by
a(z) = U*(z)¥(z) = (3(s02.2) + D1 (301,2)) (2 (322) + D1 (51.2))-

Thus, for each A € By(X), we need to rigorously define an operator

o(A) = /A o(dz)a(z)

=/AU(dx)@E(%z,z)@I(ﬂl,z)+/A0(d55)‘1’1(%1,m)‘1’2(%2,z)

+ /A o (dz) B (3000 Ba(362.0) + A o (dz) By (5010) B} (era). (5.9)

In fact, it is not hard to see that each of the four integrals in (5.9) deter-
mines a linear continuous operator in AFg,(H) through the corresponding
bilinear form. Indeed, for any g1,...,9n,h1,..., Ant2 € H,

(/ U(dm)@;(ﬂz’x)‘b*(ﬂl’z)gl VANCERIVAY On, h1 VANCEEAVAN h,n+2>
A AF(H)

= / U(dfﬂ)(‘b*(%l,z)gl Ao N Gn, Pa(se20)hy Ao A hn+2)Af(H)
A
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n+2

- /A o(dr)(n+ DS (~1)* (Kh®) ()

i=1

X (%l,z/\gl/\"'/\grlnhd/\"'/\Bi/\"'/\hn+2)n/\(n+1)

n! S (—1xea G (Roh® | PAK ) g
i,7€{1,...n+2}, i}

X (A Agnyha Ao ARG A~ ARy Ao ARnga)pee (5.10)
Since PaK; is of Hilbert—Schmidt class, so is Ko PaK;. Therefore,
(KR, PAthS-l))H = (N(KoPaK1)2,1, hi ® hj)yee.

Here, N (K3PaK1)2 1 is the element of the space H®? which belongs to its sub-
space H; ® Hy and coincides in it with N (K,PaK1). Let also N (K3 PaK1)3,
denote the orthogonal projection of N (KyPaK))2,1 onto H"2. Hence, we con-

tinue (5.10) as follows:

= (N(KQPAK]_)Q’I A agi N A Gn, h] VAEERIAN h,n+2) (511)

AF(H)”

Thus, [, 0(dz)®}(s62,.)®}(501,2) identifies the operator of creation by
N(K>PaKy)3,, which we denote by a® (N (K2PaK1)3,):

at (N (K2PaK1)g )i A  Agn = N(KoPAK )31 AgL A A ga

Clearly, [, 0(dz)®,(5612)P2(s05,2) identifies (the restriction to AF g, (H)
of) the adjoint operator of a* (N (K2PaK1)3,), i.e., the annihilation operator
by N(KzPAKl)Q,II

CL—(N(KQPAKl)Q’l)hl AR /\hn = n(n— 1)(N(K2PAK1)2,1, hl ARER: /\hn)'ﬂ®2’
(5.12)

where the scalar product is taken in the first two “variables”. Therefore,

a_(N(KgPAKI)Q’l)hl FANCRIRAN hn
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= Y (L1t (W(KyPaKy), b @ AV,
i,j=1,...,n,i#j
Xhl/\.../\ﬁi/\.../\hj/\---/\hn.

Next, for any ¢1,...,8n,h1,...,hn € H,

( [ @5 00) 20000000 A+ At A A hn>
A AF(H)

= / O'(dSL‘) (@2(%2,];)_91 VANCERIAY In, q)z(%z‘z)hl TARKEIAY hn).Af('H)
A

= Z (—1)i+j(K2PAK29i(2),h§-2))H(n——1)!

i,j=1,..,n

X (A ANGAANgpyhi A ARy A Ahg)pa-n.  (5.13)

For any linear continuous operator A on H, we define the second quanti-

zation of A, denoted by dI'(A), as the linear continuous operator on AFg,(H)

given by
dr(A) | AFO(H) =0,
dl'(A) | AFM(H) = AQ1® - ®1+10AR1® - - ®1
++1® - -®1®A4, neN.
Then, we continue (5.13) as follows;
= (AT ® (Ko PAK)) gL A+ Agn, la Ao A i)y
Therefore, [, o(dz)®3(s2,5)P2(s2,5) identifies the operator dI' (0@ (K2 PaKs)).

Analogously, [, o(dz)®;(36,)®]}(s1,.) identifies the operator
[ T2l o)1 = dr(is Py @),
A
Summing up, we see that, for each A € By(X), the operator a(A) is given

by
a(A) = a¥ (N (K2 PaK1)31) + a~ (M (K2 PaK1)y:)
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A
Lemma 5.1 The operators a(A), A € By(X), commute on AFg,(H).

Remark 5.2 Let us first give a heuristic proof of Lemma 5.1. The operators

U*(z), ¥(z), z € X, satisfy the CAR:

[¥(z), ¥(y)]+ = [¥*(z), T*(y)]+ =0,
[¥*(z), ¥(y)]+ = 6(z,9)1, =z,y € X, (5.15)

where
| 8@ @) oldn)ods) = [ f@a@)oldz).

Therefore, for any z,y € X,

a(z)a(y) = ¥*(z)¥(z)¥* (y)¥(y)
=~ (2) V" (y) ¥ (2)¥(y) + 6(z,y)¥"(z)¥(z)
=~ (y) V" (2)¥(y)¥(z) + 6(z,y) V" (z)¥(z)
= U (y)¥(y)¥*(2)¥(z)

= a(y)a(z). (5.16)
Proof of Lemma 5.1. For any Aq, Ay € By(X), we trivially have:

at (N (K2Pa, K1)31)a™ (N (K2 Pa, K1)31)
= ot (N (K2 Pa, K1)51)a" (N (K2Pa, K1)3,1)- (5.17)

Next, we evaluate

dF((KlPAIKl) ea())/\/(szzlr(l)g1 = (1 ® K1 Pa, K1)N (K3 Pa,K1)21)",
- (5.18)

where A denotes antisymmetrization. For any u; € H; and uy € H,, we get:

(1 ® K1 Pa, K1)N (K3 P, K1)21, s ® U1) 0
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= (N(KQPA2K1)2,1,U2 ® KlPAlKlul)H®z

= (UQ, KQPAzKIK].PAIKlul)H
= ('U,Q, K2PA2KPA1KIU‘1)H'

Therefore, (1 ® K;Pa, K1)N(K2Pa,K1)21 is the kernel of the operator

Ky Pa,K Pp, K realized as the element of Hy ® H;. We denote it by
N (K3Pa,KPa,K1)s,. Therefore, by (5.18),

dT (K1 Pa, K1)N (K2 Pa, K1)}y = N (K2 Pa, K Pa, K1) (5.19)
Analogously, we get, for any u; € H;, us € Hy,

((K2Pa, K2 @ )N (K2Pa,K1)21,u2 ® U1) 4,60
= (’U,z, KZPAl (1 - K)PA2K1u1)H7

and hence,
dr (0@ (KyPa, K2) )N (KoPay K13y = N(KaPa, (1= K)Pay )3y (5.20)
By (5.19) and (5.20), a straightforward calculation shows that

dT((— K1 Pa, K1) @ (K2Pa, K2))at (N (K2Pa,K1)5 1)
+ at (N (K2 Pa, K1)3,)d0((— K1Pa, K1) © (K2 Pa, K3))
= dI'((—K1Pa, K1) ® (K2 Pp, K>))a® (N (K2Pa, K1)341)
+ at (N (K2 Pa, K1)51)T((—K1Pa, K1) © (K2 Pa, K3)). (5.21)

Next, by (5.12), we have:

a~ (N (Ko Pa, K1 )5 1)at (N (Ko Pa, K15 )k A v+ A b
= (W (K2Pa, K1), N (K2 Pa, K1) o2l + at (Ag)a™ (A1) ha A A by

n
_Zhl/\.,./\hi_l
i=1
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" (/ / N(KZPAZ’KI)(:Ea ')hql)(y)N(KéPAlKl)(m’ y) U(d:E) U(dy)
# [ NPs KM @N (oo, o) o) o(d) a(dw)
Ahigi A+ A b, (5.22)

For any u € H,

(//Nmmml WUMm&K%wNWMWM>
///NmmMquﬁmmmax%wM@
o(dz) o(dy) o(dz)
= [ ott) [ ol@) KO @utz) [ odn) M Pay ) (212)
N (K3Pa, K:1)(z,y)
= [ otan) [ ode) b WA (K Pas(1 = K)Pa K1) (2,0)

= (K1Pa,(1 — K)Pa, Kih{P ) .

H

Therefore,

/ / N(KaPay K1) (2, ) ()N (K2 Pa, K1) (2, 9) o(dz) o (dy)

= K1 Pa,(1 — K)Pa, K101, (5.23)
Analogously

[ M Pa, )P 0N (P, K0 . ) o) o)

= KoPa, KPa, Koh?. (5.24)
By (5.22)—(5.24),
a—(N(szAlKl)9,1)a+(N(K2PA2K1)Q,1)h1 Ao Ahy
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= ((N(K2PA1K1),N(KgPAzKl))H®21 + a+(A2)a_(A1))hl A+ ANh,
— dT((K1Pa,(1 — K)Pa, K1) ® (K2Pa, K Pa, K)). (5.25)

Using (5.25), we conclude that

a" (N (KaPa, K1)31)a” (N (K2Pa, K1)31)
+a” (N(KQPAIKl);\’l)a-i-(N(KQPAZKl)Ql)
+ dI'((— K1 Pa, K1) @ (Ko Pa, K2))dU((— K1 Pa, K1) @ (K3 Pa, K5))
= a* (N (K2Pa, K1)51)a” (N (K2Pa, K1)3,)
+a” (N(KgPAzKl)é\,l)a+(N(I{2PA1Kl)é\'l)
+dI'((—K1Pa, K1) @ (KQPA2K2))dF((—K1PAIK1) @ (K3 Pa, K>)).
(5.26)

By (5.17), (5.21), (5.26) and the equalities obtained by taking the adjoint

operators in (5.17), (5.21), we conclude the statement of the lemma. O

We will now show that the family (a(A))aes,(x) has a correlation measure

p with respect to the vacuum vector 2.

Remark 5.3 We will first make heuristic calculations. We will write, for

any Aj ..., A, € By(X),

Qxa,® - ®xa,) = %/A o(dzy) - / o(dzy,) :a(z1) - - a(zn):.

Then, the recursion relation (4.2) takes the form:

a(xy) e a(Tpgr): = ! {Za(wi):a(xl)'-~d(xi)~-a(a:n+1):

n+1

_Z Z 5(xi’xj):a(xl)'"d(xi)"'a(xn+1)3], n €N,

i=1 j=1,..,n+1, j#i

:a(z): = a(z), (5.27)




Using (5.27) and the CAR (5.15), it is easy to show by induction that
a(zy) - alzy): = U (zy) - - U (21)¥(z1) - - - U(z0).
Hence, by (5.8),
‘a(21) - a(zn): Q= V(zn) - U (21) 21 (301,00) - - PT501,0, )2 (5.28)

Thus, :a(z;) - - - a(zy): is the Wick product of the operators a(z), ..., a(z,),

i.e., one first takes the formal product
a(z1) - a(zn) = W (z1)¥(z1) - - U (2) ¥(2n),

and then one rearranges the right hand side, so that one first has all the
operators U*(z;),...,¥*(z,) and then all the operators ¥(z1),..., ¥(zn).

From here

Ga(z1) -+ - a(zn): Q, Q) ax(n)
= ((I)l(}fl,:cn) v Ql(%l,zl)@‘{(%l,m]) e @:(%an)ﬂ, Q).AJ:('H)
= ||st1,2, Av e+ Aserg, ||Fan

= det[k(zi, 75)]; j=1»
which is the n-th correlation function.

We will now show that the calculations in Remark 5.3 can be given a
rigorous meaning. Taking into account (5.28), let us make sense out of the

following operators:

T(Ay,..., )

= /na(dxn) \P*(x")</An_la(dxn—l)‘l’*(xn—1)(---

- ( /A 1 a(dxl)\ll*(xl)q)’{(m,zl)) --~<I>’f(z1,xn*1)><1>’{(%l-,xn),
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Ay Dy € Bo(X), n > 2. (5.29)

For Hilbert spaces 3; and §),, we denote by £($)1, $2) the space of linear
continuous operators from $; into ;. We also denote by L£(AFg,(H)) the
space of all linear continuous operators acting in AFg,(H).

Let A € By(X) and let Ry, € L(H"*,H""). Analogously to (5.10),
(5.11), we conclude that the integral

/A o (dz) B (50.0) Ren®’ (561.0) (5.30)

identifies, though the corresponding bilinear form, the operator in

L(HA*=D HAP41)) which is given by

/ o(dz) 4 (302.5) Ron®: (51.0) F& D i= Py (1® (RienPi))
A
(N(KZPAK1)2,1 X f(k_l)),f(k—l) = HA(k_l),

Here, P; denotes the orthogonal projection of H®* onto H":.

Next, using (5.4) and Theorem 2.1, we easily conclude that the integral
/ 0(dz) @1 (361.2) Ren® (010) (5.31)
A

identifies an operator in L£L(HA*~1 HA™=D) even in the sense of Bochner

integration.

Hence, for each R € L{AF5n(H)), the integrals (5.30) and (5.31), in which
Ry, is replaced by R, identify operators in £L(AFg,(H)). So, by induction,
the operator (5.29) is well defined.

Lemma 5.2 For eachn € N and any Ay, ..., A, € Bo(X), we have:

PO 1
Q(xa,®: - ®xa,) = ~ T(Ay,...,A,)Q.
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Proof. We first state that, for any A;, Ay € Bo(X) and any R € L(AFgn(H)),

we have
a(Ay) A o(dz) \I/*(;c)R@’{(zLx)=/A o(dz) ¥*(z)a(A1) RO (5a1,2)
+ /A _oldn) U (@)RO]a). (532)

Intuitively, equality (5.32) follows from the CAR (5.15). Indeed,

a(Al)/ o(dz) U*(z)R®] (311,2)
Az
- [ 0@ ¥ @) [ o)y @)Reita,)
Ay Ag
- / o(dz) / o (dy)¥* (2)¥(2)¥* (y) RE; (501,)
A AV
_ - /A 7(dz) | o(dy) V@)V (1)U (z) RE{(341,)
" /AmAz o(dz) V" (z) R® (51,4)
_ / o(dz) / o (dy) " () V" (2)¥(2) RD} (541,)
A Az
-i—/AlnAz o(dz)V*(z) R®] (511,2)
-/ ol ) /. o(da) ¥ (2)¥(z)) R34
i /AmAz o(dz)U*(z) RP(71,0)
N / o(dy)¥*(y)a(A1) RPI (501 4) +/ o (dz)¥*(z) RP](51,0)-
A, A1NA,
In fact, a rigorous proof of (5.32) can be carried out analogously to the
proof of Lemma, 5.1. Indeed, let us fix an arbitrary orthonormal basis (e,)2 ,

of L?(X,0). Then, by continuity, it is easy to see that it suffices to prove
(5.32) in the case where R € L(H"*, H"") and

Reil/\e,'z/\---/\e,-k=eh/\el2/\---/\eln
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forsome 1 <4 <iy<---<ipy<ooandsomel <l <lh<- <l < o0,

and
Rej, Nejy, Ao~ Nej, =0
for any 1 < j; < j2 < --- < jik < 0o such that (ji,jo, ..., jk) # (i1, %2, - - -, k).
Then, for any hy, ho,..., hx_1 € H,
RO (s12)ha A Al

=Rz Ahg Ao Nhgy

= (g AN A Ahy_t e Aeig A Neg )R ey Avo- Ny,

= (s AR A ANhev e Ney Ao~ Ney) ey Aey A+ Aey,.
Now, the rest of calculations follows on complete analogy with the proof of
Lemma 5.1. Thus, (5.32) is proven.

Next, analogously to the above, we see that, for any A;.A, € Byo(X) and
any R € L(AFg, (H)), we have:

/A1 a(dz)\ll*(x)(/AzG(dy)\Il*(y)R@’l‘(%l,y))@;(xl’x)
= /A Za(dy)qx*(y)( /A a(dz)qf*(z))R@;(m,m))@’{(m,y).

(The above equality is heuristically clear and follows from the CAR). There-
fore, for any Aj,...,A, € Bo(X) and each i € {1,2,...,n — 1},

T(Ala A?) e 7An) = T(Ah cee )Ai—h AH—I) Ai7A’i+2> EICN) An)

From here it follows that the operator 7(Ay,...,A,) does not depend on
the order of the sets Ay, ..., A, € By(X).
Next, for each A € By(X), we have by (5.8),

Qxa)f2 = a(A)Q
/Aa(dw)\l'*(sc)\ll(m)fl
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= Ao(dz)w*(x)(Qz(%2,x) + @1(50,2))Q2

_ / o (dz) U (2)0% (561.0)02
A

= T(A).

Thus, by (4.2), to prove the lemma, it suffices to show that, for each n € N,
, and any Aj,...,Apq € Bo(X), we have:

n+1

Z(G(Ai)T(Ala ‘e ,Ai, Ceey An+1)
i=1

_ Z T(A,-nAj,Al,...,A,-,,..,Aj,...,AnH))

J=111n+17‘77€z

= (n+1)T(Ag,..., Anyr).

So, it suffices to prove that, for each 7 € {1,...,n}

a(Ai)T(AI,. .. ,Ai, .. ~aAn+l)
— ) T(ANALAL L AL A Be)

J=1,emtl, i

=T(Ar, ..., Anpr). (5.33)

Since the operators 7 (-) do not depend on the order of the sets which index
them, (5.33) is equivalent to

n+1
a(ANT(Dgy . Ang1)2 = Y T (D, Ay,

j=2
AjNAL Ajar, ... Ang1)Q2
—T(Ay ... A1)

Now, by (5.32), we have:

a(A)T(Dg, . D)= Y T(Dg, .., By,




AN AY Djrt, . D)2

_ o(Ay) /A 0 (dns ) U (@ns1)T (s -, A)B (310, )2
n+1

n+1
= T(Ag, . 851, AN AL Ajpay o, Bp)Q
j=2

— [ oldma)¥ () (AT (B, ., 80)) 0 12,11)0
Ans1

+ / o (de) U (2)T (As,y . . ., An)®" (361.2)02
ANAR41

n+1l

- ZT(Az, o D, A N AL A, B
=2

= / 0(dZTp41)V* (Tnt1) (a(Al)T(Az, - >An))q);(%l,xn+l)Q
N

= T (Dgy o Ay, A N AL Ay, AR

=2

= [ ot ) ([ odzv@maia)

n

T(Bgs s An ) (1) ) 2 (101)2

[ otman) V) ( [ o)V @ T A
An+1 AlnAﬂ,
@}(561.) ) B} (31,2009

=D T(Asye o, 81,8, N AL Ay, Ag)Q
j=2

= /An IO'(d.’I/'n+1)\I[*($n+l)</ 0(dzn)¥*(zn)a(A1)

n

T(A27 sy An—l)qy;(%l,xn))‘I)I(%lﬂ’nﬂ)ﬂ

n—1
= T (D, A, A N AL g, -, A)Q

=2

—= [ ol ¥ ) [ otdzyw e (-

n
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(/Al a(dxl)\ll*(xl)@}‘(zl_zl)) . ")q);("fl,mn))q”{(m,zn“)ﬂ

=T(Ayy. .., Ap)Q. O

Lemma 5.3 The family of operators (a(A))aes,(x) has a correlation mea-

sure p with respect to S, and the restriction of p to (Fg?),B(FS?))) is given

by
n 1 n
P )(dazl, codxy) = | det[k(z:, 7)1} =, 0(dz1) - - - 0 (dizn) (5.34)
(recall that we have identified B(I"P) with Boym(X™), and B('Y) c BIP)).

Proof. By (5.29) and Lemma 5.2, for each n € N and any A4,...,A, €
By(X), we have

(Q(xa,® - ®Xan): ).army

-+(/ o(ds) <1>1(z1,zn>( L a(da:n-1>q>1(z1,xn_l>(---

: < /A | o(dz,) @l(zl,m)@‘{(m,m)) . "I’T("l»mn—l)) 002 Q)

AF(H)

(note that all the integrals involving ®%(se,,,) vanish). Therefore,

(Q(xa,®: - Bxa,) Q) arm

= [ otam) - [ otmlpan o nm i (6:39)
An A

=-1—' a(dxn)'--/ o(dz) detlk(z:, z;)]7 =1 (5.36)
n Ja, Ay ’

Note that, by (5.35), the right hand side of (5.34) indeed defines a measure.

Hence, the statement of the lemma follows from (5.36) O

Lemma 5.4 The correlation measure given in (5.34) satisfies (LB).
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Proof. For each A € By(X) and n € N, we evidently have

o) < ([ sl otan))
-([/ N(Kn(x,y)%(da:)a(dy))n,

from where the statement follows. O

By Lemmas 5.1, 5.3, 5.4 and Theorem 4.1, we get

Theorem 5.1 For the family (a(A))aes,(x) defined by (5.14), the statement

of Theorem 4.1 holds with the correlation measure given by (5.34).

Let us now briefly mention the boson case. About the operator K we
make the same assumptions as in the fermion case, apart from the assump-
tion that K < 1. We set K; := VK (just as above) and K, := (1 + K)1/2.
We then essentially repeat the fermion case, using however the symmetric
Fock space SF(H) instead of the antysymmetric Fock space AF(H). The
operators ¥(f), U*(f) (see (5.1)) now satisfy the CCR (use the commutator
[A, B]- := AB — BA instead of the anticommutator in (5.2)). The counter-
part of formulas (5.35), (5.36) reads as folllows:

(Q(xa,® -+ Bxan) Q) army
o~ -~ 2
=/ U(dmn)"'/ o(dz1) || 71,6:® - - - ®361,8, || ym
An A

= % N U(dxn)"'/Al o(dz,) per[k(z;, ;)i j=1,..n o0(dZ1) - - - 0(dTr).

Thus the corresponding correlation measure is given by (5.34) in which the

determinant is replaced by the permanent:

per[k(:cizj ij=1,. = Z Hk -'L'nxa('z)

eS8, i=1
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5.2 Fermion-like and boson-like particle den-
sities

Let the operators K, K, K, be as in the fermion part of Section 5. Let
l € N, [ > 2, and we now take 2! copies of the Hilbert space H = L%(X, 0):
Hi;and Hy;, i =1,...,1. We denote H® := @'_, (Hy; ® Hy,).

For each i € {1,2,...,1}, let us consider the following heuristic operators,

for each z € X,

U,(z) = ®o(522) + P1001i2),
Ui (z) = ®300m,2) + P1(s21i2),

where 371 ; 4, 362, are the corresponding elements of Hy; @ Hj;.

Define, for each z € X,

a®(z) = Z Ui (z)T;(z).

Thus, we consider the I-fold convolution of particle densities ¥*(z)¥(z).

Then, for each A € By(X), we set

a(l)(A)=/a(l)(x)a(dz).
A
If we denote

o(8) = [ W@W(e)o(dn)
then

l
a®(A)=>"al(A).

Each of the operators az(l) (A) is clearly well defined and Hermitian in AF(H®),
and hence so is the operator a(?(A).
Next, for each ¢ € {1,2,...,1} and for any A;, A, € B@(X), the opera-

tors al’ (A;) and a§”(A2) commute, and hence so do the operators a”(A;)

1
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and a®(A,). Hence, (a®(A)) Aeso(x) 1S @ family of commuting Hermitian
operators in AF(HW).

Completely analogously to the proof of Lemma 5.2, we get, for eachn € N
and any Ay, ..., A, € By(X),

Q(xa;® - ®xa, ) = Q(xa,®  ®xa,) = o

/ 0(dzn) 7, (@) ( /A o) ¥, () ( )
. (/m o(dz;) \Ilfl(h)fb’{(%l,il,xl)) ...><I>1‘(z1,in_l,xn_l)) Bt (e 0 ).

1 in=1

1 l l

1

Hence, analogously to the proof of Lemma 5.3, we have

- %Z - zl: (/n a(dmn)él(%l,in,zn)</An_l o (dzn—1)P1(501in1 001)

(- . /A (dxn@l<m,i1,zl><b’;m,il,zl>) ) .)qff(m,@-n_,,x,._l))
X @I(%l,in,xn)ﬂ, Q)

l l
-y 3 / o(dzn) - / 0(d21) 31500 A+ A 5 [y

=1  ip=1 Ag

Hence, the correlation measure p is given through
p(") (dzy,...,dzs)

g

Analogously to Lemma 5.4, we conclude that the correlation measure

given in (5.37) satisfies (LB).

l l
Z e Z [5¢1,iy,20 Ao A %l,in,:cn||?H(l))/\n>0-(dx1) —-o(dzy). (5.37)

i1=1 in=1

Following [30] and [25], we introduce the notion of a-determinant. So
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let o € R be fixed. For a square matrix A = (a)7;-;, we define its a-

determinant as follows:

deto A = Z an v Half(' (5.38)

£€8n

Here v(€) denotes the number of cycles in €. Since for each £ € S,
(=1)" = sign(¢), (5.39)

det_;A is the usual determinant det A, whereas det;A is clearly the usual

permanent per A.

Lemma 5.5 For any x1,...,z, € X, we have

l l
1
Z e Z ”J{Ul'zl FARERWAN MY in,Tn ||?H(l))An = Hdet_l/l [lk(.’l),, :L'J)] ?,j:l'

i1=1 in=1

Proof. By (5.38) and (5.39), we have

=1

Tl Z (_ _> nk(‘”l’xﬁ(l)) - k(Zn, Te(n))

{GSn

1
—d et_1/1 [lk(xz, xJ)] iim

~ Z - ”(5)l"(5)k(x1,:v5(1))-"k(xn»xf(n))
EESn

== Z sign(€)1"Ok(zy, zey) -+ - k(Tn, Temy)- (5.40)
EeSn

On the other hand,

>

i1=1

MN

590,60,00 A+ A 52100 20 G gryn
1

I
e 5 (%1,i1,x1 Ao N3 ans P,z N A “l,in,xn)(H(D)'\n
1 in=1

!
. E (i1 ® @ iy Hliinzs N7 A M zn ) (HO)An

in=1

I
M- .
3

s
oy
Il

'M~

-
=
Il

-
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1 { l
= n— Z Z Z lgn (zl’ilvzl ® e ® %lyin,xn’ %lyig(l),xfl ®

i1=1

€5n
® %(n):mc(n))

l l

= ' E s1gn )E E (%l,il,zl’%Li((l)»z{(l)) 0
: : H
i1=1 in=1

§ESH

. (J’f]’in,z’n: %lvis(n),l‘g(n) ) HD

1 .
= ol Z Slgn(f) Z e Z 511,15(1)k(-'131, 335(1)) e 5in,i¢(n)k(xn7$§(n))

£ES, i1—l in=1
LD IECIO IR SRR
£€Sn t1=1 in=1
X k(z1, Teqr)) -+ K(ZTns Teen)) (5.41)

Comparing (5.40) and (5.41), we see that, in order to prove the lemma,
we need to prove that, for any fixed € € S,

v
Z Z‘s’lﬂsm ' 1nﬂg<n> =1"©, (5.42)

So, let us prove (5.42). Let £ € S, be fixed and denote m := v(§).
The cycles of € divide the set {1,2,...,n} into m disjoint subsets, which we

denote by

{ul’ s ,uj1}’ {uj1+17 s ’uj1+]'2}) {uj1+j2+la cee auj1+jz+j3}>

N {u]'1+...+jm_l+1, e ,un}.

Then
Oirigqry " " Oimiginy
= 6(7’"1 =ty = 0 T )5(Zuj1+1 = lujg =0T 2“3'1+J'2)
v 5(zujl+"'+jm—l = Zuj1+"'+jm—1+l == Z‘Uzn)’
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where, for some condition A, §(A) is equal to 1 if condition A is satisfied and

0 otherwise. Therefore
l

!
Z o Z Oisyigqy " * Oimsigeny

i1=1 in=1
l
= E cee E 5(7’11.1 =y, =0 = 7’“]'1 )‘5(2%’1“ = Zuj1+2 == Zuj1+j2)
1:1:1 ’anl
.. -J(Zujl+<--+jm—l = Wyt T T tun)
i l l
— E E [ E 1
iu1=l iuj1+1=1 i'“'j1+...+jm_l+1=l
=[" 0O

Thus, we have proved the following theorem (compare with [25]).

Theorem 5.2 For the family (a(l) (A)) ), the statement of Theorem 4.1

AeBo(X
holds with the correlation measure given by

1
p(n)(d:vl, ooy dxy) = — det_y/ [lk(m,—,zj)]zjzl.

Let us show that the measure derived in Theorem 5.2, which we denote by
p®, is indeed an I-fold convolution of fermion measure y with kernel k(z, y).
We will give a direct proof of this result using correlation functions and
without appealing to the formula of the Laplace transform of this measure
given in [25].

Let us first consider a probability measure x on (I', B(I')) whose correla-

tion measure p satisfies (LB) and such that

1
oW (dzy, ..., dz,) = —n—’fs(”)(:cl, .y Tp)o(dzy) - o(dzy),

(recall that x(™ are called correlation functions of ). The I-fold convolution

of wu is defined by
WA = [ xaln U U wldm) - la),
r
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where A € B(T'). (It is easy to see that u* is well-defined). Let us find the
correlation functions of u*. Let ¢ € Co(X). Then

[ X et

{z1,...,zn}Cy

- /n > O™y, ..., Tn)u(dy1) - - - p(dy)

{z150sZn } 11U Uy

- = >

k]t;_i-,kl:ol,—?,ln {zl ..... Tk }C’Y] {l‘k1+1 ..... Ty +kg }C’yz
> 0= (21, .., Ta)u(d) - - pldm)

{Zhy 4otk g +15ZTn}CA

- v / S T )uldn)

k1,....k=0,..., {&1,0Th; YN

X / Z (P®k2 (xk1+1a v ’xk1+k2)u(d’)’2) v

{zkl-(-l 1111 rk1+k2}C‘72

S e @k Tu(dn)

F{Zk1+ +’°t 1L Zn}CN

. / O (g1, .z K (1, T )0 (d2r) - - 0 (dThy)
kl xkl

K1yeoky=0,.0m
k14 +k¢—n
1
k k
X T <P® 2(:1:}€1+1’ o ’xkl-l-kz)h:( 2)(xk1+17 s ’xk1+k2)
kz sz

U(dv’ck1+1) e U(d$k1+kz)

k k
X P <P® ‘($k1+---+k¢_1+1,---,l‘n)ﬁ( ')($k1+~-+k,_1+1, .oy Tp)
10 J Xk

0 (dTy 4 thy_1+1) - 0(dTn)

1 n! k
= — ©®™(z1,...,Tn) E —— _k®) (g, 3
n! n k1|k’2’k)l'
TJX k1,...,k1=0,...,n
ki++ki=n

I{(kz)(.’llk1+1, Ce ,iL‘kl.ch) v K(kl)($k1+...+kl_l+1, ey Q?n)) O'(diL']_) e o(dmn)
Therefore, the correlation functions of the measure u*, which we denote
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by nf}fg, are given by

K;(Ig(xly e ,ﬂ:n)
n!
= (k1)
B Z ﬁ(ﬁ: (‘Tl)---,l'kl)
k1,...,k;=0,....n kl.k2. kl-
k1+‘“+kl=n
g K:(kz)(xkl-‘-l, o ,Ikl+k2) o K'(kl)(zk1+"'+kt-1+17 ces ,xn)) ) (543)

where (-)™~, as above, denotes the symmetrization of a function.

Since the correlation functions k™ are symmetric functions, we may treat
the sequence of correlation functions (k™)X (where x® = 1) as a function
kon I'x o (compare with Chapter 3). Then, formula (5.43) takes the following

form

kem) = D K(m)a(m) - (m), (5.44)

(m.m2,-\m)EPI(n)
where P(n) denotes the set of all ordered partition of # into ! parts (again

compare with Chapter 3).

Proposition 5.1 Let u®) be the probability measure on (Ux,B(I'x)) which
U

has correlation function given by

n

R/(Z‘)) (@1, ..,%,) =det_yy [lk(wi’xj)]i,jzl‘

Then uD is the I-fold convolution of fermion point processes u corresponding

to the kernel k(z,y) as in Section 5.1.

Proof. By (5.40), we have

(n)
u®

(@1, ,zn) = Y sign(OOr(zy, zeq) - - - £(Tn, Temy)- (5:45)
§ESR

On the other hand, by (5.44),

K

K (@1, Tn) = > o ()5 (112) -+ 6 (1),

(mmz,e-m)EPI({Z1,05%n})
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|
|

where
ra{y, o um}) = D (D™ Ok(y1, ye) - - - £ (Y, Yemy).
£€Sm

Therefore,

@ @) = Y () TON(()) A3, Tew) - £(Tn, Tgen),
EESm

K

(5.46)
where, form € {0,1,2,...}, N;(m) denotes the number of all possible ordered

partitions of a set consisting of m elements into [ parts. Thus,

Nl(m) = Z 1

(m.m2,-.., nm)epl({zl ----- -Tm})

= 2 (klk:. . k,)

k1,...,k;=0,...,n
ki++ki=m
L

Hence, by (5.46)

K (@1, 30) = D sign()POn(z, zgn) - - 6(@n, Tem)- (547)

€€S,,

Comparing (5.47) with (5.45), we conclude from Theorem 3.1 (see also Re-
mark 3.1) that the proposition is proven. [
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