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Summary

Introducing an appropriate symbolic calculus for non-classical real-valued sym-
bols, so-called negative definite symbols, W. Hoh succeeded to prove that such
operators generate often Feller semigroups. In a first part of this thesis we extend
this result to complex-valued symbols. Further, using ideas due to H. Kumano-go
in case of classical pseudo-differential operators, we construct a parametrix for the
fundamental solution of the associated evolution equation, and thus arrive at an
approximation for the generated Feller semigroup.

Finally, we use this theory to extend models in financial mathematics based on
Lévy processes. This is done by using the above mentioned results in situations
where parameters in characteristic exponents of Lévy processes are made state-
space dependent. Especially Meixner-type processes are discussed in detail.
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Introduction

In [5] O. Barndorff-Nielsen and S. Levendorskii suggested to use the characteris-
tic exponent of a Lévy process to construct a pseudo-differential operator which
generates a Feller process by making the parameters of the Lévy exponent state
space dependent. This was especially advertised for the Normal Inverse Gaussian
process. The resulting Feller process was then proposed as a ’better’ model for
calculating option prices in finance. We are going to follow these ideas within a
more general framework.

The first chapter starts with some basic definitions and properties of stochastic
processes and Lévy processes. Also a rough overview of examples of Lévy processes
is given. Even though we extend Lévy processes later on, most of the examples
and corresponding theory of this chapter is not necessary in order to follow the
next chapters. It should be seen as possible starting point for further work in the
direction of this thesis.

In chapter 2 we recall some parts of the general theory for pseudo-differential
operators generating Feller semigroups, as presented in [22] by N. Jacob. We will
work with Hoh’s class of symbols S7%¥ (see [18]) which generalises the classical
class ST. Starting with complex valued symbols from S;”"/’ we show that under
additional, but natural conditions the corresponding pseudo-differential operator
can be extended to a generator of a Feller semigroup. We will follow closely the
book [22] of N. Jacob, but note that the theory given therein is only proved for
real valued symbols of S7"¥.

In chapter 3 we show that a result by H. Kumano-go [24] can be used to get
approximations for the semigroup generated by pseudo-differential operators with
symbols of Hoh’s class. In other words, we are going to construct a parametrix for
the heat equation corresponding to a pseudo-differential operator with symbol in
STy,

’ In chapter 4 we show that the theory, which we stated and developed in the
previous chapters, can be used to extend models based on Lévy processes. The gen-
eral framework is that we start with the characteristic exponent of a Lévy process,
say ¥ (§). This exponent depends (in modelling) on some parameters a, b, c, . . ., i.e.
we have Vg5 ... (£). Now we make the parameters state space dependent, that is we



define a symbol by
9(,€) = Ya() b)), (€)

where a, b, c, ... are functions. Then the final step is to show that this symbol is
in Hoh’s class and satisfies some necessary conditions. Hence this implies that the
corresponding pseudo-differential operator can be extended to the generator of a
Feller semigroup. We show this in particular for the Meixner process, which was
recently introduced as a model in Finance by W. Schoutens [29]. Analogously we
give the proof for the Normal Inverse Gaussian process, but note that the result
(without published proof) was already used in [5].



Chapter 1

Preliminaries

In this chapter we very briefly recall how a stochastic process is constructed starting
from a Feller semigroup. We also give the definition of a Lévy process and mention
its basic properties. Afterwards we state some examples of Lévy processes.

1.1 Notations

N, R, C denote the positive integers, the real numbers and the complex numbers,
n € N will always denote the dimension of the spaces we are working in, as in R”.
Ny denotes the positive integers including zero.

For a complex number x € C the real part and imaginary part are denoted by Re z
and Im z, and T denotes the complex conjugate of z. For a,b € R the minimum of
a and b is denoted by a A b and their maximum by a V b.

0" means that we approach 0 in R as a limit from the right.

Function spaces are denoted by A(X;Y), ie. f € A(X;Y) means f: X - Y and
f has certain properties. Often we abbreviate this notation to A(X) or just A if
the spaces are obvious by the context. For example C®°(R"™; C) denotes all arbitray
often differentiable functions from R* to C. C™, m € NU {oco} are m-times con-
tinuously differentiable functions, Cy continuous functions with compact support,
Cs continuous functions vanishing at infinity. We also combine these notations
for C§°, the infinitely often differentiable functions with compact support. S is the
Schwartz space and S’ its topological dual, the space of tempered distributions. B
is the space of Borel measurable functions.

The first derivative of a function f of one variable will be denoted by f’, in gen-
eral f®) k € N denotes the k** derivative of f. For functions of several inde-



pendent variables we use the multiindex notation. That is for « € Nj we have

lo| = a1+ ... +an, ol = a;1! ... o,! and as notation for partial derivatives of a
. la]
function f we use 0°f = &% _.
Oz, t..xq

We say f is similar to g and write f ~ g as £ — ifﬁ — 1 asz — xo.

The domain of an operator A will be denoted by D(A). The identity operator will
be denoted by id .

(.,.)o and ||.||o denotes the LZ2-scalar product and norm, and |.|| denotes the
supremum norm. The Euclidean scalar product is denoted by (z,y) or just as zy.

B is the Borel o-algebra on R. For a stochastic process with initial distribution é,
z € R", we denote the corresponding probability measure and expectation by P*
and E*. Here ¢, denotes the Dirac measure at z € R".

The Fourier transform of a function (or distribution) u is denoted by

€)= Pu)(€) = Fare(u(o) = (273 [ e*Su(a)da,

n

and the Laplace transform is denoted by

L(u)(t) = Lo(u(z)) = /000 e "u(z)dz.

1.2 Stochastic processes - Lévy processes

We start with the definition of a stochastic process.

Definition 1.2.1 (Stochastic process). A stochastic process with state space
(R™, B") and parameter (time) set [0,00) is a quadrupel (2, A, P, (Xt)i>0) where
(Q, A, P) is a probability space and for each t > 0 the mapping X; : Q@ - R is a
random variable.

For fixed w € Q the mapping X,(w) : [0,00) — R*, t = X;(w), is called a path
of the process. In the following we often write (X});>o for a stochastic process and
omit the probability space. In most cases we need to consider families of stochastic
processes parameterised by the state space, i.e. (£, A,P?, (X;)t>0)sern, Where for
each z € R” fixed (2, 4, P%, (X;);>0) is a stochastic process.

For every process we have a family of transition probabilities

P,(z,B) = P(X, € B|X, = z) = P*(X, € B),z € R*,t € [0,00), B € B".

9



In words: P;(z, B) denotes the probability that the process is at time ¢ in B if it
started at time 0 in x. Using the family of transition probabilities we may associate
a family of operators with (X;);>o. For this note that for B € B" the mapping
z — Py(z, B) is measurable and for z € R" fixed the mapping B — P,(z, B) is a
probability measure, i.e. P(.,.) is a Markovian kernel. Hence we may consider on
the bounded Borel functions u the family of operators

Tu(e) = [ u(w)Pi(e,dy) = B (X)),

We will describe shortly that this procedure can be reversed, i.e. starting with
certain families of operators we can construct families of stochastic processes.

An important class of stochastic processes we are interested in are Feller pro-
cesses, i.e. stochastic processes associated with a Feller semigroup.

Definition 1.2.2 (Semigroup, strongly continuous, contraction, positivity
preserving). Let X with norm || - ||x be a Banach space.

A) A family (T;)i>o of bounded linear operators T, : X — X is called semigroup
of operators if

To=id and T,y = T o Ty hold for all s,t > 0.

B) The semigroup (T})s>o ts called strongly continuous if

lim ||Tiu — ullx =0 for allu € X.
t—0

C) The semigroup (T})e>o 15 called contraction semigroup if
IT:|| <1 for allt >0,
where || - || is the operator norm.
D) A linear bounded operator T : X — X is called positivity preserving if

0 < u implies 0 < T'u.

Definition 1.2.3 (Feller semigroup). Let (1})i>0 be a strongly continuous con-
traction semigroup on (Coo(R™;R), ||.|lcc) which is positivity preserving. Then
(T})t>0 18 called Feller semigroup.

10



If (T}) >0 is a Feller semigroup then there exists a unique family of sub-Markovian
kernels (P;)¢>o such that

Ti(@)= [ f0)Pld)

for all ¢ > 0 and all f € Cy(R*) compare [21] (p. 425 and Theorem 4.8.1).
Especially if (T3):>0 is conservative, i.e. Tiu(z) = 1 holds for u(z) = 1 for all
z € R, then the kernels are Markovian and therefore (P;);>o gives rise to a
family of transition probabilities. With these we may construct for each probability
measure p on (R*, B") a projective family of probability measures by defining

P#(B) = / ’ '/XB(mla ) xm)Ptm—tm—l (mm—li d.’L‘m) By (xO’ dl‘l)#(d%)

where J = {t1,...,tn} is a finite subset of [0,00) with ¢; < ... < t,, and B € B™.
Now an application of the Kolmogorov theorem yields the existence of a canonical
process (€2, A, P*, (X})¢>0) associated with the family P}, hence with the Feller
semigroup (73)¢>o.

The process constructed in this way is called Feller process. Formally we have:

Definition 1.2.4 (Feller process). A family of stochastic processes
(8, A, P, (X¢)t>0)zern ts called Feller process if a Feller semigroup is given by

Tif(z) = E*(f (X))
for f € Co(R™; R).

Another important class of stochastic processes are Lévy processes, [6] and [28]
are extensive monographs about this subject.

Definition 1.2.5 (Lévy process). A stochastic process (Xi)i>0 on R* with
Xo =0 a.s. s called Lévy process if it has the following properties:

i) it has independent increments,
ie. formeN 0<t, <t <...<t, the random variables

Xigy Xt; — Xigy - -y Xty — Xty
are independent.

i) it has stationary increments,
1.e. the distribution of X414 — X does not depend on s.

11



iit) it is stochastically continuous,
t.e. foralls>0 ande >0

lim P(| X5 — X,| > €) = 0.

Using these properties we see that for a Lévy process (X);>o the decomposition
X1=XL+(X1—XL)—I—...—I-(X;'Z_—Xm_—x)

implies the exsistence of a function ¢ : R® — C such that
E(eXt) = ¢~

and v is called the characteristic exponent of X;. In fact there is a 1-1 corre-
spondens between characteristic exponents and Lévy processes. Furthermore the
characteristic exponent of a Lévy process is also known as a continuous negative
definite function, see Definition 1.2.8 below.

If the transition probability of a Lévy process admits a density p; with respect
to the Lebesgue measure then we can compute

1 —ix€ —
pi(z) = W/R"e fe™ @ g,

where again 1 is the characteristic exponent of the process.
Some of the properties of a characteristic exponent of a Lévy process are stated
in the following proposition.

Proposition 1.2.6. Let 1y : R* — C be a characteristic exponent of a Lévy process.
Then v has the following properties:

i) Re(y(£)) = (0) =0 for all { € R,

i) (€)= ¢(=¢) for all { € R,
i) 1 is continuous.
For reference see [21] (page 123).

Lemma 1.2.7. Let ¥ : R — R be a Lévy exponent which satisfies 1(0) = 0,
limg_,00 9(€) = 00 and Y'(§) > 0 for € > 0 (ie. v is invertible on the positive real
azis). Then the density of the transition probability of the Lévy process is given by
t sin(zyp~!
) = L (20D
(1.2.1)

2n

t [ T —1(,\\2n+1 —ty
=—/0 Z(—l)nm(#} ()™ e™ dy.

where 1~! denotes the inverse of 1 on (0,00) and we use the convention 0° = 1.

12




Proof. Let z # 0. By the symmetry (Proposition 1.2.6 ii)) of ¥ we get

polz) = — / " rinetv(©) g
21 J_ o

— - | (costat) + isin(-ae)) O ag

[ee]

S —t(§)
o cos(z)e d¢

1 o0
= —/ cos(z€)e ) de.
T Jo
Now we use the substitution rule. But note that since ¥ may not be invertible at

0 we first consider the integral starting from € and let € tend to 0 afterwards. This

is here omitted.
Afterwards we use the Laplace transform with the formula £ (f') (¢) = tL (f) (¢) —

f(07).
pe(z) = %/Ooo cos(zp () (¥ (y)) e dy

[T (s ) g,

™

For z = 0 we get

_l * -1 ! -
== [ Wy ey
_ [T -
—W/O Y y) e dy

and by using the convention 0° = 1 we see that this case is included in the formula
for x # 0. |

13



In the next chapters the notion of continuous negative definite functions plays
a key role.

Definition 1.2.8 (continuous negative definite function). We call ¢ contin-
uous negative definite function if ¢ : R® — C s continuous and for any choice of
k € N and vectors £, ...,6% € R* the matriz

(w(&) + 9@ - w(& - &)

Fl=1,..k

s positive Hermitian.

The name arises from the positive definite functions, which are the Fourier
transforms of measures by Bochner’s theorem. For more details and equivalent
definitions see [21] (section 3.5-3.6). These functions are connected to Lévy pro-
cesses in a very simple way.

Lemma 1.2.9. The characteristic exponent of a Lévy process is a continuous neg-
ative definite function and vice versa, i.e. to every continuous negative definite
function ¢ satisfying ¥(0) = 0 exists a Lévy process X; such that

E(ei€Xt) = e~t9(©,
It is just a different name of the same object.

An important characterisation of continuous negative definite functions, i.e.
characteristic exponents of Lévy processes is the Lévy-Khintchine formula.

Theorem 1.2.10 (Lévy-Khintchine formula). The characteristic ezponent of
a Lévy process on R™ has always the following form

YO =i(m, &)+ 300+ [ 1=+ ile,axuien v(do)
R™\{0}

where m € R™ s called the drift, q is a positive semi-definite quadratic form and
is called the diffusion component. The measure v is defined on R™ \ {0} such that
JA A z?) v(dz) < co. It is called the Lévy measure.

For a proof see [6] or [28].

14




1.3 Some examples of Lévy processes

1.3.1 «-stable processes

A special class of Lévy processes are those with characteristic exponent

PE) =1¢%, 0<a<2

They are called a-stable processes. For 1 < a < 2 the density of the transition
probability is given by the following formula.

Corollary 1.3.1. For the characteristic exponents ¥ (&) = [€|%, 1 < a < 2 we get

pi(z) = %Z(—m (2nx:1)!r(2"; Ly (1.3.1)

Proof. We want to use (1.2.1) and evaluate it by first interchanging integration
and summation and then evaluating the integral (Laplace transform) for every
element of the series. Obviously we have ¢=1(£) = |£ IEli and 1) satisfies the condition
of lemma 1.2.7. Let
1
(z]yl=)

S = 31"

and note that Si(y) — sin(z|y|a) as k — co. Addtionally we have

k 1
z||lyle ) N ik
Se(y)| < —((2|n”i|1))! < sinh(|z||y|7) < ellvl

n=0

For1l < @« <2 and z € R we find that for all € > 0 there exists a M > 0 such that
1
el < prefl for all y € R

i.e. the sequence Sy is dominated by a function for which the Laplace trans-
form exists. Now we apply the dominated convergence theorem and interchange
the integration and the limit. We are left with the Laplace transform of a finite
sum, which is simply the sum of the Laplace transforms and using the formula

L (y*) (t) = T(a+ 1)t=(*D for a > 0, the result follows. ]
This result was known before see for example [32]. But it was not proved in such
a way.

Especially it should be no surprise that we get for a = 2 the Gaussian semi-
group.

15



o = 2: Brownian Motion

Brownian Motion is the only continuous Lévy process (except constant drift), i.e
for almost all fixed w the function X;(w) is continuous in ¢.

It has the characteristic exponent 1 (£) = |£|? and with the corollary above we get
its transition density as

pi(z) = %é(‘l)n(znle)!r(zn; Sy
)
= F(%)ml/ig 2n1+1 “2n(2n —12) 2 (0:)2)”
i ()
1 e

Obviously this is the density of the well known normal distribution with mean 0
and variance 2t.

If we interpret 1 as the symbol of a pseudo-differential operator then the cor-
responding operator is nothing but the Laplace operator (—A). For more details
about pseudo-differential operators see chapter 2.

For a simulation of Brownian Motion see Appendix A.l.

a = 1: Cauchy Process

The Cauchy process has the characteristic exponent ¥ (§) = |£| and its transition
density is given by

For a simulation of the Cauchy process see Appendix A.2.

16



1.3.2 Relativistic Hamiltonian
The symbol corresponding to the relativistic Hamiltonian is given by
Ym() = (EP +m?)? —=m, m2>0.

This is a negative definite function, i.e. can be seen as the characteristic exponent

of a Lévy process.
From example 3.9.18 in [21] (see also [20]) we know that in R" its transition

densities are given by
n n _"L_—*‘l
hum(2) = 22m) 7 F m e (jaf? +2) 7 K (m(al? +)})

where K, is a modified Bessel function of third kind of order v.
Obviously ¥, — Ycauchy for m — 0. Now we want to show that also

him(z) — g¢(z) asm — 0, for all z € R"

holds, where

_nil n+1 t
g(z)=7n""2 T ( ) .
2 (|z|2 _,_152)—"2'i

Lemma 1.3.2. The density h,, of the relativistic Hamiltonian converges for fized
t pointwise to the density of the Cauchy process as m tends to 0.

Proof.
We have for v fixed (Re v > 0) and z — 0 the approximation

K, (2) ~ %r(y) (-;-z) B

compare with 9.6.9. in [1].
Therefore for m — 0 we have

n+ n _ntl
him(z) ~ 2(2m) " m et (|22 +£2) 7 ¢
n+1

1 _(n+1\ (1 , o a1\ %
<37 (%50) (3mar+22)

n 1 _ntl
:n—%r(”; > t(jz|*+t3)" % ™.

Taking now the limit m — 0 gives the result.

17



Actually, due to the series expression of the Bessel function we could get a nicer
proof for even dimension. Let n be even. Using [31] (page 80 equation (12)) we
find

n

e ? Zan,k(Zz)_k (1.3.2)

k=0

o

Kn-{-%(z) = (2%)

for some an, especially an » = 2,/7T (%42).
Using this we get the same result.

18



1.4 Lévy processes used in Finance

This section is a compact survey of Lévy processes which are used in finance.
Typically the corresponding characteristic exponents will depend on some para-
meters, some of which we are going to make state space dependent in later chapters.
Hence we collect some properties and some details of the parameters used in these

processes.

Model

Characteristic exponent

GH (Barndorff-Nielsen)

(generalized hyperbolic)

H (Eberlein)

(hyperbolic)
(A=11in GH)

NIG (Barndorff-Nielsen)
(normal inverse gaussian)

VG (Madan)

(variance gamma)

CGMY
(Carr-Geman-Madan-Yor)

TLF (Matacz)
(truncated Lévy flights)

TLP (%)
(truncated Lévy processes)

Meixner Process
(Schoutens)

. 82K 1(61/a?—pB2 . ]
0(E) = =it (u+ FEREOVEID)  f(es -1~ iga)g(s) da
efz ; roo e—\/2y+a§|1‘| —
9@) = G (o” s v ovam W+ A o)

2 /352K1+1(6\1042—ﬂ2) _ €x _
TP(O - 7’5(.“’ + K1(5\/012—52) ) [(e 1 Zf(E)g(Z‘) dz
Bz o roo e~ V2y+al|z| _
9(=) = G s mmavamrvavay W+ e )

¥(&) = —ipg + 8[y/o? = (B+1i€)? = /o2 — B
$(€) = JIn(l i + 32€)
$() = ~C T(-Y){(M - i&)" - M¥ + (G +1i§)" - G"}
B(E) = miary (€2 + 2 coslavarctan(§)] — %)
$() = ~ipE — e, D(=1)[(Ay +i6) — N

—c_ T(=v)[(=A= +1€)” — (=A-)"]

(&) = —imé + 2d (In cosh(%52) — Incos(2)) .

(*) Boyarchenko and Levendorskii

Table 1.1: Characteristic exponents of Lévy model

19




1.4.1 Generalized hyperbolic distributions

The class of generalized hyperbolic distributions was used by Barndorff-Nielsen [2]
in 1977 for modelling the grain size of wind blown sand. A couple of subclasses
are used in financial mathematics, which we will describe in some of the next
subsections. Most of the following is taken from [12] and [11].

The density of X; of a generalized hyperbolic process is given by:

don (w3 X, @, 5,6,1) = a(A, 0, 8,8) (8 + (z — ) T Ky_s (ay/8 + (z — p)2)ef)

where the normalising constant is
(a? - )
a1 K\ (/o2 — 12)’
and K, denotes the modified Bessel function of third kind. !
The five parameters have the following restrictions and meanings: « > 0 deter-
mines the shape and steepness, 8 : 0 < || < a the skewness and asymmetry,

1 € R the location, § > 0 the scaling and A € R the heaviness of the tails.
In [27] Raible calculated the characteristic function of X; as

¢ (6) = ewer OV — B Kr(0y/o? — (B +id)2)
t, (Mo, B,8,1) K,\ 6\/a2—ﬁ2 (6\/a2 ﬁ+z£ 2)/\t .

He also gives the expectation of X,

a(\ a,8,0) =

p Kx11(C)

V1-p? Ki(¢)

Kyi(¢) , P [KA+2(C) N (KA+1(C))2D

AR AN AG

where ( = §/a? — 2 and p = g
The characteristic exponent is given by
: B K 11(8+y/a? — ﬂ2 /°° " .
=—1 e —1—1i€x)g(x) dx
$(€) = —ig(p+ Kr(oJar =) I §z)g(x)

where the Lévy density is

E(X))=p+6

and its variance

Var(X;) = 62 (

dy + Ae“"'””'x,\zo)

b oo e~ Vtellal
o) =5, o

8v/2y) + Y} (6v2y))
and J,Y are Bessel functions, see [11].

K, (2) =1 [y texp(—32(y +y71)) dy

[E]
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1.4.2 Hyperbolic distributions

The class of hyperbolic distributions was introduced as a model in financial math-
ematics by Eberlein and Keller in 1995 [10].

If we set A = 1 in the generalized hyperbolic model then we get the hyperbolic
model, X; has the density:

_ vo? — B2 _ ) EPAY)
dH(w)—2a5K1(6\/m) exp(—ay/6% + (z — p)? + Bz + p)).

Where we used the identity: Kl( ) =K_1(2) = (5% )2e z,
Again by setting A = 1 in the generahzed ilyperbohc model we obtain the charac-

teristic function of X;

Bo(1,0,8,6) (€) = € (6v/a® = B?)" Ki(6y/o? — (B + i€)? i
t(1,a,8,6,u) Ki( 5\/0,2—52 5\/012 (B +i£)?)t

The expectation of X7 is given by

K1+1(C)

\/1— K1

and its variance

= () 2 (159 5010

where ( = dy/a? — B2 and p = g

The characteristic exponent is

, 862K, (6+/ a2 F)) [ e ,
1/)(6) = —ZE(,U/-l" K1 26\/02_?2_ /_ (ef -1- Z§$)g($) dz

with Lévy density

oo

dy + e~k

b /00 e~V 2+al|z]
g9(z) = —
] w2y (JP(6v/2y) + Y7 (6v/2y))
Its moment generating function for |8 + u| < « is given by

o ST K\ (5 (FT )
Ki(6y/a2 = B2)  \/a?— (B +u)? ’

M(u) =
see [15] for a proof.
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To get a feeling for realistic parameters we state that in [12] Eberlein, Keller
and Prause calculated the parameters in a stock market application as:
e B 4] 1
107.6 | 2.10 | 0.006 | 0.0003
225.0 | -5.80 | 0.0015 | 0.0006

1.4.3 Normal Inverse Gaussian distributions

The Normal Inverse Gaussian distribution was first introduced as a Lévy model
in finance by Barndorff-Nielsen in 1995 [3]. We get this class of distributions by
setting A = —% in the generalized hyperbolic distribution.

For the Normal Inverse Gaussian process (X;);>o the density of X, is given by

Ki(adty/1+ (254)?)

a ]
_ §tva2—b2+b(z—mi
o pm,6(T) = ;T‘e ( )

L+ (55%)?

Where 0 < |b| < a,0 > 0,m € R and K, denotes a modified Bessel function of
third kind.
The characteristic function of X; is given by

$:(§) = ptimé—td[\/a?—(b+i6)*+va b7

Therefore the following definition is justified.

Definition 1.4.1 (Normal Inverse Gaussian exponent). The Normal Inverse
Gaussian exponent is given by

Wnic(€) = —imé + 6[\/a? — (b+ 1€)2 — Va2 — b?]

where 0 < |b| < a,6 > 0,m € R.

In [4] Barndorff-Nielsen gives its Lévy density as

da . Ki(alz

where K is again a modified Bessel function of third kind of order 1. The diffusion
component is 0 and the drift is given by

1
myig = m+ Qi_a/ sinh(bz) K (a|z|) dz.
0
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The parameters for models calculated by Raible [27] (page 104) are in the fol-
lowing range

o B ) 7
min | 133 | -26.4 | 0.000384 | 0.000017
max | 1030 | -2.15 | 0.00378 | 0.000214

1.4.4 Variance gamma process

The variance gamma process was introduced by Madan. The following is taken
from the survey of Geman [15].
This process can be considered as a time changed Brownian motion W

X(t;0,v,0) = 0G(t;v) + cW(G(t; v))

where @ is the drift, o the volatility and G is an increasing gamma process with
variance v. Recall that the probability density of a gamma process with mean ¢
and variance vt is given by
zvle=t
RO
The characteristic function of the variance gamma process is given by

t

] v
$rve(€) = (1 — Q€ + %§2>

therefore the characteristic exponent is

P(€) = %111(1 — v + 5'-;—”8).

The Lévy density can be calculated as
Ce~ Mz
=— >0
k = Tl
Vc(x) {CeIle l x <0

=LlG= /82 dv v 022 oy v
where C' = ;G = —t5+ 5 M= — 5 >

1.4.5 The Carr-Geman-Madan-Yor process

The CGMY process is a generalization of the variance gamma model. Introduced
in [9]. The Lévy density gets the following form:

—Mz
]{; (x) N gfl—_*_y— z>0
VG - ~G|z|
%H_y z <0
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where C > 0,M > 0,G >0,Y < 2,Y ¢ Z are the parameter.
The characteristic function is given by

b1 camy (&) = exp[tC T(=Y){(M — i&)¥ — MY + (G +i€)¥ — G¥}]
and therefore the characteristic exponent is given by:

Y(§) = —C T(=Y){(M —€)" = M" + (G +1i€)" - G"}.

1.4.6 Truncated Lévy process

Boyarchenko and Levendorskii suggested to use Truncated Lévy Processes for op-
tion pricing in [7]. This process is directly constructed via the characteristic expo-
nent. They set: ¢ > 0,A >0

c ln()\:i:i;)—ln Al , ifr=0
oAE) = ) V- O£ v e0)ULY)

—S[(Axi)In(A£i€) —Aln)] ,ifv=1
Then for cx > 0, A_ < 0 < A4, vy € [0,2) we get the characteristic exponent by
(&) = Vs prren) (&) + P ,—as ey (—6)-
In (8] the characteristic exponent for v € (0,1) U (1,2) is given by
$(€) = —ipg — i D (=) [(As +i€)” = Xi] = e T(=p)[(=A- + )" = (=1)"].

This is the same as the CGMY exponent with drift and the constant C is
splited into ¢, c_.

1.4.7 Truncated Lévy Flights

In [25] Truncated Lévy Flights are ”advertised” for financial models. See also [26].
The distribution of a TLF has the following form.

0 z>1
P(z)=qcP(z) —-l<z<lI.
0 z < -l

Where Py, is a a-stable distribution of index 0 < a < 2 and scale factor :
1 [* a
Py (z) = ;/ e~ "9 cos(qx)dg
0
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This distribution is cut off outside I. The following is the characteristic function
of a TLF with smooth (exponential) cutoff ([23]).

2, 1\2
+ )2
¢:(€) = exp{t (Co - cl(i—os(% cos|a arctan(l|§|)]) }
where c; is a scaling parameter and ¢y = %
2

Equivalently Matacz derived ([26] page 156) the following characteristic function.

ct

¢4(&) = eXP{_c_oé(wT/Q)

((52 + 22)% cos|a arctan(%)] — )\"‘) }a# 1.

Therefore we get the characteristic exponent

ca

= W ((452 +A2)% cos[aarctan(%)] _ )\a) .

»(€)

He also calculated (page 149/50) in an example the parameters
a=12c=11 A= 4.

1.4.8 Meixner process

The Meixner process is a Lévy process which was introduced as a model in finance
by Schoutens in [29].

A stochastic process X = {X;,t > 0} is called Meixner process if for all ¢ > 0

and £ € R we have
Cos(g) 2st
E ei{Xt — 2 eimtf,
( ) (cosh(ﬁ—b)>

=i
2
where a > 0, -7 <b<ms>0meR

Equivalently we can characterise the process by its exponent.

Definition 1.4.2 (Meixner exponent). The charactereistic exponent correspond-
ing to the Meizner process is defined as

a€ —ib

Y (€) = —imé + 2s (m cosh( ) —1In cos(g-)) .

It can be shown that the density of X; is given by

_ (2cos(2))* 0 (b(:v - mt)) ‘F (5t+ i(z ;mt))

2

diapmt,s = , (1.4
(apmtsst) (7) 2anl'(2st) a (1.4.1)
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for a proof and more details about the Meixner process see [16], [29] and [30].
Therein some moments of the Meixner Process are calculated:

mean m + as tan(3)
: a’s
variance m

2
3—2cos?(2)
S

third moment | 3 +

The Lévy measure is

exp (%)
dr) = s———2—
v(dz) Sa:sinh(ﬁf) ’

the drift is

b * sinh(%)
Mpeizner = —aS tan(i) + 25[ mdy —-m

and there is no diffusion component.
In modelling by Schoutens [29] used parameter values are

a b S m
0.02982825 | 0.12716244 | 0.57295483 | -0.00112426
0.1277 - 1.8742 2.2603
0.0279 -0.1708 22.0914

For a simulation of the meixner process see Appendix A.3.

1.4.9 Real Meixner Processes

In this section we look at the real part of the Meixner exponent and the properties
of the corresponding distribution. The real part of the Meixner exponent is given
by

Yrem(§) = Re ¥(§) = —2sIncos (g) +sln (cosh2 az_f — sin? g) )

We get the characteristic function
cos?t(2)

— p—t¥Rem(§) —
i) =e (cosh?(%) — sin®(3))st’

The moments of the corresponding distribution can be easily calculated by the
formula

pn = (—1)"FF $(£) le=o,

where i, is the n'® moment. In our case we get:

tn = 0 for n odd,

26




sa2
pz = (=1) x ("%)c—ostz—(gj,

ta?(—3+2cos?(2)—3st)
=(1) x (-D= cosiis%)z 2y

All even moments do exist but the higher ones are more involved.

Theorem 1.4.3. The density of the transition probability of the real Meizner pro-

cess s given by
st

pi(z) = 2mal’(2st)
for b=0 and otherwise (b # 0) b

T
(st +i=)?
D(st+52)|

cos?st( 4“ =< st(st+1)- (st+k—1)
b, 4k *© (z —v)
2k 7 r : 2. 2
X sin (Q)F(Qk) /_oo| (st+1 - e - (k-i-z )¢ dv.

Proof. If its transition density exists then we have for a stochastic process X; the
equation
w . .
/ e py(z) dr = E(e%¥Xt) = ¢,(¢),
—00
where p,; is the density function.
With our definition of the Fourier transform we have

Fe(pua)) = —==61(6)

Therefore we get the density (if existent) as

1

Pt(SC) = EFg—mqﬁt(é)-

In the case b = 0, m = 0 the characteristic exponent 1, is already real and
obviously ¥y = ¥gers. We get the density by equation (1.4.1).
For b # 0 we do not find such a neat expression and we need some auxiliary results.

We know that

/ IT(y + iz) 2" dx = 27T(27) ( ! )

0 2 cosh g
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holds for v > 0, £ € C, —7 < Im £ < m, see [16] and the references given therein.
Therefore we can derive

47
Fe oy (cosh'2" % =

2 )= V2r(27)a

Now we can calculate the density, where * denotes the convolution.

Feoo (64(6))

N
POy +i)P

_r cost(2)
T (cosh?(%) — sin®(2))et

st

V2r cosh?* “—2§
2 st(st41)-... (st+k—1) sin®* 2
* Feg Kl 1,2k o€
k=0 ' cosh™ 3
cos™*(3) 47 9
Z st(st4+1)-...-(st+k—1) . , b 4k
+
* (; A Q) Farrama "t 2l
cos®t(2)4% L st(st+1)-...- (st+k—1)
(27r)21"(2s75)a,2 k!
X sinzk(é) : 4k /oo IT(st + z( ))I Tk +i— )|2 dv
27 T'(2k) a

We used that 0 < %—Z_g < 1 since |b| < m, which implies the convergence of

the series.
In addition we used the formula

= r(r+1)- r+k—1),c
p p
(£7) £

=0

which holds for [p| < 1,7 € R. |
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1.5 Orthogonal polynomials and Lévy processes

In this section we state the relations of Lévy processes and polynomials as presented
by Schoutens and Teugels [30]. This also shows how the Meixner process was first
developed.

Definition 1.5.1 (Lévy-Sheffer system). A set {@Qn(z,t),m >0,meN, ¢t >
0,t € R} of polynomials is called a Lévy-Scheffer system if its generating function
s of the form

ZQm z, t = (f(2))te™® (1.5.1)

where
i) f(2) and u(z) are analytic in a neighborhood of z = 0,
i) u(0)=0, f(0)=1 and u'(0) # 0,

i) ¢(&) = f(T( 7y i the characteristic function of a Lévy process. Here T is
defined as the inverse function of u, i.e. 7(u(z)) = z.

If the above system of polynomials is orthogonal it is called Lévy-Meixner
system. This name is due to the fact that Meixner determined all families of
orthogonal polynomials defined by (1.5.1) with ¢ = 1. The characteristic exponents
of all Lévy processes corresponding to Lévy-Meixner systems are given by

=y a=p .
£+ log (aexp(iaf)—exp(iﬁg)) if 0 ;é o 7& IB ?é 0

_ _ i——lo (1 + iaf) ifa=8+#0

=1 = g

¢(§) 0g¢(§) Zi _ _(1 — exp(~ ZOzf)) ifa£B=0
__§_ ifa=8=0

where af > 0.

By the different choices of o and 5 we get the following correspondence of
certain Lévy processes and families of orthogonal polynomials.
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Lévy-Meixner parameter Polynomial Lévy Process
a=p=0 Hermite Brownian motion
a# =0 Charlier Poisson process
a=F#0 Laguerre Gamma process
0Fa#p#0 Meixner Negative-binomial process

a,B€Re, af >0

0#a, =0

Meixner-Pollaczek

(Pascal process)

Meixner process

Table 1.2: Polynomials and Processes
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Chapter 2

From a pseudo-differential
operator to a Feller semigroup

A pseudo-differential operator has the form

afe, Du=(2m)} [ cia(a, )a(e) de
where @ denotes the Fourier transform of u. The function ¢(z,§) is called the
symbol of the operator. In the following we restrict ourselves to symbols which are
in the second component continuous negative definite functions.

Definition 2.0.2 (continuous negative definite symbol). We call ¢ : R* X
R* — C a continuous negative definite symbol, if q(x,€&) is for any fized z a
continuous negative definite function in its second component.

In order to extend a given pseudo-differential operator to a generator of a Feller
semigroup we want to use the Hille-Yosida-Ray Theorem. But first recall the
definition of a generator of a semigroup.

Definition 2.0.3 (Generator of a Semigroup). Let (T3):>0 be a strongly con-
tinuous semigroup of operators on a Banach space (X, ||.||x). The generator A of
(T3)s>0 is defined by

Tiu—u
Au = lim =
t—0
in the sense of a strong limit with domain

Tiu —

D(A) := {u € X|lim

exists as strong limit » .
t—0

Theorem 2.0.4 (Hille-Yosida-Ray). A linear operator (A, D(A)),
D(A) C Cx(R™;R), on Coo(R™; R) is closable and its closure is the generator of a
Feller semigroup if and only if the three following conditions hold:
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i) D(A) C Co(R™;R) is dense,
i) (A, D(A)) satisfies the positive mazimum principle,
i) the range of (A — A) is dense in Coo(R™; R) for some A > 0.

A proof of this fundamental result can be found in [21].

Note that D(A) denotes the domain of the operator A. Our final aim of this
chapter is to apply this theorem to the operator —g(z, D). Part ) of this the-
orem is just the question of finding a suitable domain. Part i) is satisfied for
every pseudo-differential operator with continuous negative definite symbol, as we
will see shortly. The last part is the hardest problem, which we will solve using
Hoh’s calculus for pseudo-differential operators with continuous negative definite
symbols.

2.1 Positive maximum principle

The positive maximum principle has strong relations to pseudo-differential oper-
ators due to a representation result of Courrége, compare Theorem 4.5.21 in [21].
We will state the results we need without proofs.

Definition 2.1.1 (positive maximum principle). Let A : D(A) — B(R*; R) be
a linear operator, D(A) C B(R™;R). We say that (A, D(A)) satisfies the positive
mazimum principle if for any v € D(A) and some zy € R* the fact u(zy) =
SUp,crn u(x) > 0 implies that Au(zo) < 0.

The space B(R"; R) is the space of the Borel measurable functions from R" to
R
We have for a pseudo-differential operator with a continuous negative definite
symbol on C§° the following theorem.

Theorem 2.1.2. Let ¢ : R* x R* — C be a locally bounded function such that
for any x € R the function q(z,.) : R* — C is a continuous negative definite
function. Define on C§°(R™; R) the operator

—4(z, D)u(z) = —(2m) "2 / e q(z, E)a(€) dE.

Then the operator (—q(z, D), C°(R™; R)) satisfies the positive mazimum principle.

A proof can be found in [21] Theorem 4.5.6.
The domain C§°(R™) turns out to be too small to prove part i) of the Hille-
Yosida-Ray Theorem for the corresponding operator, but we are able to extend
the domain of the operator.

32



Theorem 2.1.3. Let D(A) C Co(R™; R) and suppose that A : D(A) = Coo(R™; R)
is a linear operator. In addition assume that C°(R™; R) C D(A) is an operator
core of A, i.e. to everyu € D(A) there exists a sequence (vk)ken, ¢k € CP(R™; R),
such that

lim ||¢x — ulleo = lim |[|Apr — Aul|eo = 0.

k—o0 k—o0

If Alcge satisfies the positive mazimum principle on C§°(R™;R), then it satisfies
the positive mazimum principle also on D(A).

The proof of this result can be found in [22] Theorem 2.6.1.
Therefore we have that a pseudo-differential operator with continuous negative
definite symbol, for which C§°(R™;R) is an operator core, satisfies the positive
maximum principle on its domain.

2.2 Hoh’s calculus

To satisfy the condition iii) of the Hille-Yosida-Ray Theorem, we need to show that
the range of A\ + ¢(z, D) is dense in C(R™; R) for some A > 0. This is equivalent

to solving the equation
(A+g(z,D))u=f (2.2.1)

for sufficiently many f i.e. all functions f from a dense subset of C (R™; R). Since
this is too hard to be solved directly, we are going to solve the equation in a L2-
sense and then use some regularity results. We follow closely Hoh’s calculus and
the estimates based on it as presented in section 2.4 and 2.5 of [22], see also [18]
and [17].

First we are going to define some function spaces and classes of operators. The
spaces are going to be certain anisotropic Sobolev spaces defined with the help of
a continuous negative definite function. These spaces will be used as a scale for
the domain and range of the operators.

Definition 2.2.1 (space HY*). Let s € R and ¢ : R* — R be a continuous
negative definite function. The space HY»* is defined by

HY(R) :== {u € S'(R"); [Jully,s < 00}
where the norm is
lully,s = 11 +$(D))**u()lo < oo,
and ||.||o denotes the L? norm.

Here S(R™) denotes the Schwartz space and its topological dual space is S'(R™).
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Remark 2.2.2. A) The spaces HY* are Hilbert spaces. In addition, if 1 satisfies

P(€) > col€]™ (2.2.2)

for some ¢y >0, 1o >0 and all &, |€| > R, and if s > % then
HY*(R") < Coo(R™),

in the sense of a continuous embedding.
For a more general result and its proof see Theorem 8.10.12 in [21], note that
the space HY* equals the space Bj , in [21].

B) For any continuous negative definite function and any s € R we know that the
space C°(R") is dense in HYS.
For a proof see Theorem 8.10.8 in [21].

Definition 2.2.3 (class A). We say that a continuous negative definite function
1 : R* — R belongs to the class A if for all o € Ny there exists a constant o > 0
such that

2=p(el)
2

|0g (1 +%(6))] < cpay(1 +%(£))
where p: Ny = No, k — p(k) :==k A 2.
Definition 2.2.4 (symbol class S™¥ and S§"¥). Let m € R and 1 € A. We

call a C®-function ¢ : R* x R* — C a symbol in the class S,',””*”(R”) if for all
o, B € Ny there are constants co g < 0 such that

10208q(2,€)| < cap(l+ (€)™ (2.2.3)

holds for all x € R* and £ € R*. We call m € R the order of the symbol.
If we replace p(|a|) in (2.2.3) by 0 then we say that the symbol is in the class
o (R?).

Definition 2.2.5 (pseudo-differential operator class ¥7»¥(R") and oY (RY)).
Forqe S orqe Sy | resp., we define on S(R™) the pseudo-differential oper-
ator q(z, D) by

o(z, D)u(z) := (2r)~""? / &7q(z, €)a(€) d.

n

The class of these operators is denoted by W7 (R") and UMY (R™) respectively.
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The operator is well defined since the symbol is polynomial bounded in its
second component. Furthermore we can show that any operator of these classes
maps S(R") continuously into itself. For a proof of this see Theorem 2.4.11 in [22].

For convenience we will use the following notation

B(u,v) := (¢(z, D)u, v)o,

g (z, D)u := g(z, D)u + Au

and
B (u,v) := (gr(z, D)u, v)o,

where (.,.)o denotes the L? scalar product.

In order to solve (2.2.1) we will use the Lax-Milgram Theorem, which is stated
here to help the reader understand the purpose of the following estimates. But it
won’t be used before Theorem 2.2.17.

Theorem 2.2.6 (Lax-Milgram). Let B be a sesquilinear form on a complex
Hilbert space (H, (.,.)n). Suppose that

[B(u,v)| < cllullallv]z (2.2.4)

and

|B(u, u)| > vllul% (2.2.5)
hold for all u, v € H with some v > 0. In addition, let | : H — C be a continuous
linear functional. Then there exist unique elements v, w € H such that

l(u) = B(u,v) = B(w, u)
holds for all u € H.

A proof can be found in [13].
Now we want to show (2.2.4) and (2.2.5) for B(u,v) = (q(z, D)u, v)o. Therefor we
need the following estimate.

Theorem 2.2.7. Let ¢ € Sj¥(R*) and let q(z, D) be the corresponding pseudo-
differential operator. For all s € R the operator q(z, D) maps the space H¥"™+5(R")
continuously into the space HY*(R™) and for all u € HY™5(R") we have the
estimate

lg(z, D)ully,s < cllully,mes-

For a proof see Theorem 2.5.4 in [22].
This theorem is already sufficient to show (2.2.4) for the sesquilinear form B as
we will see in Theorem 2.2.14. But first we concentrate on the lower estimate.
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We start with proving a sharp Garding inequality for symbols in S;”’”’. Then we
show a Garding inequality which will imply (2.2.5). In [22] (respectively [18])
this is only proved for real valued symbols, but with a slight variation we can
extend the proofs to a class of complex valued symbols. In order to give proofs we
have to quote some more definitions and theorems of Hoh’s Calculus. The main
elements of this calculus are expressions for the symbols of composed and adjoint
operators (see Theorem 2.2.18), as well as a variant of Friedrichs symmetrisation.
The expressions for the symbols are derived with the help of double symbols and
the corresponding operators.

Definition 2.2.8 (double symbol). Let yp € A and m,m' € R The class
Sgl’ml’w(R") of double symbols of order m and m' consists of all C*®°-functions
q:R*" xR* x R* x R* — C satisfying

020208 05/ q(3, &5/, )] < Capwp (L+HE)F (L +p(¢))F

for all o, 8,0/, 5" € N}
For g € S7"™ ¥ (R") we define on S(R™) the operator

q(z,Dz;z', Dy)
(2m) ‘/// eHe=mNHT g £ o €)a(e) dE' da' dE.

This operator can also be expressed by a so called simplified operator qr(z, D)u
with a corresponding simplified symbol qr(z,§).

For more details about the simplified symbol see [22] Theorem 2.4.17 pp.

Definition 2.2.9 (Friedrichs symmetrisation). Let ¢ € Sy*¥. Its Friedrichs
symmetrization is the double symbol

ar(65,€) 1= [ F(€0ale, OF(E,) d

where
F(£,¢) = (1+%(€) ™ (-1 +v()™*)

and p € A, 7 € C§(R") is a fized non-negative function which is even, supported
in the unit ball and satisfies [, %(€) d€ = 1.

Theorem 2.2.10. For the Friedrichs symmetrization of ¢ € SJ"Y(R*), ¢ € A, we
have the estimate

1

N1+ (E))

—o(8)
2 .

10208 0% qr (&2, €)| < caurpr (1 +P(E (2.2.6)
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In particular qp belongs S7"% (R™) and the simplified symbol gr,1 belongs to STV (R™).
Moreover, if g € SJ»*(R"), then

¢ —gqrr € S; Y (RY)

holds.

A proof can be found in [22] Theorem 2.4.25, but is originally due to W. Hoh
[18].

Remark 2.2.11. The p in (2.2.6) originates from the definition of A.

Theorem 2.2.12. Let q € S[’,n“b(R") with Re q(z,&) > 0 for all z,& € R*. Then
Re (gr(Dq; 2, Dyr)u,u)o > 0 for all u € S(R™).

Proof. This proof is an extension to complex symbols of the proof of Theorem
2.4.28 in [22].
We have

(qF(Dza iL' D )

/ (// e gp(; ', €)(E) o d:c)< Jo() do
_c/n/n/n —t:c€+zzE'/ F(¢,m)q(z',n)

x F(€',n) dna(¢') d¢’ dwv()

= Jo Jo 0 (e eriema) )

X (/ e'EF (&, n)0(&) df) dn dz’.

Therefore
Re (¢r(Dg; 2", Dy )u, u)o

=c [ [ ®eqt,m) ( | e re mate) de')

X (/ e’ EF (&, n)u(§) df) dn dz' > 0.

proves the Theorem. [ |

Now we can prove a sharp Garding inequality.
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Theorem 2.2.13. Let g € SJ»¥(R*) with Re q(z,€) > 0 for all z,§ € R*. Then
there exists a constant K > 0 such that

Re (q(z, D)u,u)q > —K||u[|fb_mz;1

holds for all u € S(R").

Proof. This proof is an extension of the proof given by W. Hoh [18]. We follow
the presentation in [22], Theorem 2.5.5.
From Theorem 2.2.10 we know that ¢ — gpr € Sy° ~L¥(R"), hence by Theorem
2.2.7 the operator q(z, D) — qr(Dy;z', Dyy) maps H¥™ 1*+5(R") continuously into
HY[R), s € R
Moreover, by Theorem 2.2.12 Re (gr(Dy; 2', Dy )u,u)o > 0 holds. This implies
Re (q(z, D)u,u)o = Re (qr(Dy; 2', Dy)u, u)o
+ Re ((¢(z, D) — gr(Dz; 7', Dv))u, u)o
> Re ((1+%(D))™" (¢(z, D)
~ 4r(Ds; @', D)), (1 + (D)) " ),
> _”(Q(xa D) - QF(-Da:; ml’ Dz’))ulld,’_mT—l ||u||¢,ﬂ2_—_1
> Kl

Where we used again Theorem 2.2.7 for the last inequality. [ ]

Now we come back to the sesquilinear form B(u,v) = (¢(z, D)u, v)o.
Theorem 2.2.14. Let ¢ € S7¥(R*) and m > 0.

A) For all u,v € S(R*)
|B(u,v)| < cllully,z[[v]ly,2

holds. Hence the sesquilinear form B has a continuous extension onto H¥'% (R*).

B) If in addition there exists vo > 0 and R > 0 such that

Re q(z,€) 2 (1 +9 (€)™ for |¢] > R (2.2.7)
holds for all x € R* and
lim (§) = oo (2.2.8)

¢l—00

holds, then we have for all u € H¥% (R") the Gdrding inequality

Re B(u,u) 2 2 lull}, 3 = Aollull: (22.9)
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Proof. The proof follows the proof of Theorem 2.5.6 in [22] and is originally due
to W. Hoh [18]. Part A) is identical, but for part B) we need a modification:
For A sufficiently large we have

Re ¢(z,£) + A 2 (1 +$())™>.
Hence the symbol
r(z,€) = a(z, &) + A — %1 + (€)™
satisfies the conditions for Theorem 2.2.13 and we get
Re B(u,u) — ollull},z + Allull} = Re (r(z, D), w)o > ~Kllull} n_s

or
Re B(u,u) > yollully,z — Mulls — Kllull}, nzs-

For m — 1 < 0 we have ||U”,¢,mT—l < ||u||lo which yields
Re B(u,u) 2 yollully,z — (K + N)llulls.

Otherwise for m — 1 > 0 it follows from (2.2.8) that for any £ > 0 we have

m—1

(1+9(€)"T <(1+%(8)? +c

which leads to
lully,mer < ellullyg + cellulo

Taking € = % we arrive at

Yo
Re B(u,u) > EIIUIIi,g — (Kego + N)|lullg.

Remark 2.2.15. The proof above also yields the estimate
Re B(u,u) > 2 llully 5 — Millull?
; =9 @[;,% 1 1/),171_2'2’

since form —1 > 0 we have |[ullo < [|ully =1 and for -1 <m —1 <0 we get with
(2.2.8)

m ]. m—
L<E(1+9(E)? + —(1+ (€)™ .
(This estimate is needed in Theorem 2.2.20.)
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Now we define what we mean by a solution to (2.2.1) and prove the existence
and uniqueness of such a solution.

Definition 2.2.16 (variational solution). Let ¢ € S;»¥(R") and assume that
(2.2.7) and (2.2.8) are satisfied. Then we callu € H¥% (R*) a variational solution

to the equation
oz, D)u=q(z,D)u+ Au=f (2.2.10)

for € R and f € L*(R™) if

B)\(’LL, QO) = ((Pa f)O = (f: 90)0
holds for all p € C§°(R™).

Theorem 2.2.17. Suppose 1 € A satisfies (2.2.8) and q € S[,”"”(R“) satisfies
(2.2.7). Then for all A > Xg, X taken from (2.2.9), there ezists for all f € L*(R")
a unique variational solution u € H¥'% (R*) to (2.2.10).

Proof. This proof is analogously to the proof of Theorem 2.5.12 in [22].

For f € L?(R*) a continuous linear functional on H¥'% (R") is given by ¢ +
(o, f)o, since we have

(0, ol < llellollfllo < 11 fllollolly, -

By part A of Theorem 2.2.14 we know that we can extend B(u,v) = (¢(z, D)u,v)o
onto H¥7 (R") and it satisfies inequality (2.2.4). Part B of Theorem 2.2.14 gives
a the Géarding inequality

Re Ba(u,u) 2 2'llull},p — hollulf

Which implies
Re B(u,u) 2 2[lull} z

for A > Xo. This implies (2.2.5) since |B(u,u)| > Re B(u,u). Hence the conditions
of the Lax-Milgram Theorem 2.2.6 are satisfied and it gives us the existence of a
unique solution. [ |

The final step is to ’increase regularity’ which means that we want to show that
a variational solution u € H¥% already belongs to H¥"™** if f € HY*. Then we
can conclude that gy (z, D)u(z) = f(z) for all z € R", since the solution is unique
and our operator maps H¥"™** to H%* by Theorem 2.2.7.
To proceed, we need the following main result of Hoh’s symbolic calculus as well
as the Friedrichs mollifier, which is a smoothing technique.
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Theorem 2.2.18. Let ¢ € A.

A) Ifq € 57" (RY) and g € STV (R"),
then q,(z, D) o go(z, D) € ¥mi+m2¥,

B) Forg € S7*¥(R") and g, € Sm2¥(R") the symbol q of the operator q(z, D) :=

q1(z, D) o g2(z, D) is given by

Q(II?,E) = q1(-’17,€) ’ q2($)€) + Z agqu(.'lf, g)DI,q2(x,£) + an (1‘,&)
j=1

with g,, € SyHT™ 3 (R,

C) For any q € SJ"¥(R") there ezists ¢* € Sy (R"), such that
(Q(x, D)’U,, U)O = (U,, q*(xa D)v)ﬂ

holds for all u,v € S(R™).

D) For g € S (R™) the symbol of ¢*(z, D) is given by

0"(z,8) = q(z,8) + D _ 0, D0;q(z,€) + a1, (, €)
j=1

with g., € Sg*>% (R™).
A proof can be found in [18] Corollary 3.5, 3.6 and 3.11.

Remark 2.2.19. 1) In Corollary 8.11 in [18] it is stated that (for our case B))
g2 has to come from class S;”"/’ but for the proof given therein it is sufficient

that go € S(;nﬂ/).

i) The number of terms in the expansion and their orders depend on the choice
of p(le]) = || A 2. For p(le]) = |a|Aj (j € N,j > 2) we get expansions up to
order j. This statement corresponds to Remark 3.12 in [18]

i) For pseudo-differential operators ;(D), j = 1,2 with continuous negative
definite symbols of the form 1;(&) (i.e. not x dependent) we have that

- 11(D) o (D) has the symbol 11 (€)1p2(€);

- ¥*(D) has the symbol ¥(£).

In chapter 3 we will see the importance of this remark.
Now we prove a lower bound for the operators.
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Theorem 2.2.20. Let ¢ € S;»¥(R*) and assume (2.2.7) and (2.2.8). Then for
s > —m we have

2
gl
Tl mes < lla(@, D)ullg + cllully, sy

for all u € HYs+m(R"),

Proof. This is a modification of the proof of Theorem 2.5.8 in [22], see also W.
Hoh [18], to suit complex valued symbols.
We set

rs(z,€) == q(z, §)q(z, §)(1 + ¥(¢))*

and observe that
Re r5(z,€) > 5 (1 + (€)™ for [¢] > R.

From Theorem 2.2.18 part D) we know that the leading term in the expansion of
the symbol ¢*(z, ) is given by ¢(z, £). Thus we get

la(z, D)ull},s = ((1 +$(D))2q(x, D)u, (1 +%(D))%q(z, D)u),
= (¢"(z, D)(1 + ¢¥(D))*q(z, D)u, u)o
= Re (rs(z, D)u,u)o + Re (7(z, D)u, u)o

with 7(z,D) € ¥X+™~1¥(Rn) By the same method we used in the proof of
Theorem 2.2.14 A) we get that

[Re (7(z, D), w)ol < clfull? s

Applying Theorem 2.2.14 in the form of Remark 2.2.15 we get

2
y
lla(z, D)ully,s = llellgmrs = cllullg ey = €Ml myey

The following is quoted for completeness from [22] and [18]. The proofs do not
need explicit modifications to suit complex valued symbols.

Definition 2.2.21 (Friedrichs mollifier). Let j : R* — R be defined by

: coel#’-071 1zl < 1
j(z) =
0 Jzl >1
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where c;' = f|m|<1 el=*~0"" gz Now we set fore >0

. —
@) =55
Then the Friedrichs mollifier is given by

~

J.(u)(z) = (G *w)(z) = (273 / eC5(£)a(E) de.

n

Proposition 2.2.22. Let J, be defined as above. For any s > 0 and u € H¥*(R")
we have

J.(u) € [ H"(R") N C®(R")

>0

and
| Jell,s < [luelly,s-

In addition, if for € € (0,9), ¥ > 0, we have for some u € L?(R")
1 Je(@)lly,s < cus
with a constant independent of €, it follows that u € H¥*(R").

For a proof see Proposition 2.3.15 in [22].
In the following [.,.] denotes the commutator, i.e. [A, B] = AB — BA.

Theorem 2.2.23. For s € S7"¥(R") and s € R there is a constant c independent
of e, 0 < e <1, such that

lla(z, D), Jelully,s < ellullymrs—
holds for all u € HY™ 1+5(R").
For a proof see Theorem 2.5.11 in [22].

Theorem 2.2.24. Let v € A satisfying (2.2.8) and q € S;’W(R") satisfying
(2.2.7), m > 1. Then for f € H»*(R"), s > 0, any variational solution u €
H%% (R") to (2.2.10) belongs to H¥™(R").

Proof. This proof is the same as the proof of Theorem 2.5.13 in [22] only the
references have to point to the modified theorems above. n

Therefore we get the regularity and conclude all of the above in the following
theorem.
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Theorem 2.2.25. Let ¢ € A and suppose

»(&) > colé|™

holds for some cy > 0 andrg > 0. If q(x, &) is a continuous negative definite symbol
belonging to S2¥(R") and satisfies

Re g(z,€) > 6(1 +9(£))

for some § > 0 and all £ € R™, |¢| sufficiently large, then —q(z, D) defined on
CP(R™; R) is closable in Coo(R™;R) and its closure is a generator of a Feller
Semigroup.

Proof. The proof is the same as the proof of Theorem 2.6.9 in [22] only the ref-
erences have to point to the modified Theorems above. [ |
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Chapter 3

Approximation of the semigroup

In order to get an approximation for the Feller semigroup generated by ¢ € S/’,””p
we use a result by Kumano-go Chapter 7 §4 in [24]. Therein the result is given for
pseudo-differential operators in the class S;. We show that it is also applicable
to Hoh’s class of operators.

To increase the readability we use in this chapter the notation S;"*“’ instead of

S;”"” (R™).
We approximate the symbol of the semigroup T; = e~*(®P)  using the fact that
this operator gives a solution to the equation

-C;—I: + ¢q(z,D)u = 0.
Formally we have the following initial-value problem:
Lu(t) := % +q(z,D)u= fin (0,7) (T > 0), (3.0.1)
. - . 2 n
ltllrglu(.,t) = up in L*(R"),

for which we are going to construct a fundamental solution.
Definition 3.0.26 (fundamental solution). We call an operator U(t, s; z, D)
defined on L*(R™) x C([0,T)]) a fundamental solution to

2 @,1) + g(a, Dyulz, 1) = 0 (3.0.2)

if for fized s (0 < s<t<T)and g€ L*(R*) x C([0,T))
i) u(z,t) =U(t, s;z, D;)g(z,t) solves (3.0.2),
it) lim U(t,0;z, Dz)g(z,t) = g(x,0).
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We need a little modification to Hoh’s Calculus, which is possible as mentioned
in Remark 2.2.19. We use instead of p(|a|) = |a| A 2 the functions

pillal) = lafAj , for j=1,2

as ’order cutoff’ for the symbol classes.
For the construction we need that our symbol is elliptic.

Definition 3.0.27 (elliptic symbol). We call a symbol q € S;’j‘"” elliptic if there
ezists ¢ > 0 such that

Re g(z,8) > c(1+¥(£))? for all z,& € R™. (3.0.3)

Note that for ¢ € Sg}"/’ and q elliptic it follows that for all a, 8 there exist
constants cq g such that

880gq(z,€)
Re ¢q(z,¢)

Remark 3.0.28. If (3.0.3) is only satisfied for large |€| then there exists a A such
that q + X\ is elliptic. And we can apply the following results to ¢ + )\ instead of
q. Especially for the symbols corresponding to the Meixner-type process and the
Normal Inverse Gaussian-type process we have to use g + 1.

’ < cap(l+ () 2. (3.0.4)

To construct the solution to (3.0.1) we need some estimates. But first note that
S;?*‘” is a Fréchet space with the semi-norms

—m+pl'(lal)}
2

g™ := max sup{|8282q(z,€)|(1 + %(€))

|la+8|<t R2»

with ¢ € Sg;"" and [ € Ny.
We call B C S,’,’;"/’ bounded in S;’;"/’ if

sup{|g|™} < 0o foralll=0,1,...
q€B

and we write u(t) € B™(V) if u is m-times continuously differentiable in the
topology of V' with bounded derivatives.
Furthermore we say that g; converges weakly to ¢ in SZ];"" (k — o0) if {g;} is

bounded in S;’;"” and ¢; — q on every compact subset of R?".

Lemma 3.0.29. Let g € S;»¥ and let (3.0.3) be satisfied. Set
eo(t, s;z, &) = e~ (t=s)a(z:£) (0<s<t<T),
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Q1(t, s T, 6) = Z 3?‘1(3% §)3§eo(t,s;z,§)

|a]=1
and define ey by

(% + g(z, 5)) ei(s, t;z,8) = —qu(t, 8,2, §)

where e1(s,t;x,€)|i=s = 0.

(Note that this is just an inhomogeneous linear differential equation with continuous
coefficients depending on some parameters, therefore e; is well defined.)

Then for all o, B there are constants ca.p,c, g > 0 such that for j = 0,1 we have

(1 + () forj >0,

10208 ¢(t, 5; 7, €)| < s
e ¢ ot — ) (1 +9(€)F " forj+latBl>1.

Proof. There exist A; € R such that
ske™* < A; for all s € RT. (3.0.5)

We have for a sufficiently smooth function w the following formula

!
0%(e*) =ev Z Clak} Ha"‘jw
j=1

al+...+a‘:a
=1,...,]a|

see [21] 14pp. Using the above and (3.0.4) we get

Carp(1+ P (€)) 5"

aaaf ta T, S m—paile ?
160 olt 5, {%ﬁu—$u+¢@» D for oo+ ] > 1

i.e. eo(t,s) € Sg;’/’ and {;% }o<s<i<r is bounded in S;’;"”. In the following we often
write eg or ey(t, s) when we mean ey(t, s; z, €), the same applies for e; and g¢;.
Note that e; is given by

ei(t, s;2,6) = — (/t o, S)d7> eolt, )

eo(T, 3)
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and that

Yo' o Z = B’Yq(m?g)ageo
|aga£<j—;>|=|aga£( B |

A (Z ca(z,&)(t — 5)07q(z, E)) |

l7l=1

=|0; (Z > ( )3”“ z,€)(t — 5)08 9] (x,ﬁ)) I
|7l=1 o' <a

< 3% (&) comaoRe atx, ) - )Re als, 91+ $(6)

[7l=1a'<a

—pa(r+a’D—py(la—a’])
2

< capRe q(z,€)(t — s)Re q(z,€)(1 + ¢(§))_1_PJM

holds. Now we can either estimate (¢ — s)(Re ¢(z, £))%eo only with (3.0.5) or with
(3.0.5) and the fact that Re g € S[,’;’w. This gives us the estimates. |

Remark 3.0.30. The construction and result above yield that e;(t, s) € BY(S, 7).
We also observe that g, € BY(Sg™) and it follows that e;(t, s) € B (Sg"?).

Lemma 3.0.31. Suppose the conditions and definitions of Lemma 3.0.29 hold.
Let
Us(t, s;z, D) :=ey(t, s;z, D) + e1(t, s; z, D)

and
Ry(t,s;z, D) := (c’?t + q(z, D)) Us(t, s; z, D).
Then
Ry(t, s;,€) € BY(Sg>Y) (3.0.6)
and
{M}OSSQST is a bounded set in ng_Q”p. (3.0.7)

t—
Proof. Using Theorem 2.2.18 we get
O'(Q(.'E, D)e()(t’ 8T, D))(Z‘, é-)
= Q(x’ §)€O(ta 5, f)
+ Z ng(:r, 6)8160(t7 ST, 6) + T?,O(ta 5T, E)

[v]=1

(3.0.8)
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and
o (q(IE, D)el(t’ S; T, D)) (:I?, f) = Q(iE, f)el(t’ ST, {) t 721 (ta 83T, 6)’ (309)

where r30(t, 5),72,1(, 5) € S§* ¥, since ¢ € ST and e; € Sy,
It follows that

o (Ry(z,D)) =0 ((2 + q(z, D))(eo(z, D) + €1 (=, D)))

ot
~
Z(a—l-q(:v €))ei + Z 97 q(z, ¢ 37604-27“21
i=0 lyl=1
, ! (3.0.10)

52 (ZL‘ f) 61+Q1+Z7‘2,

1=0
1
= E T2,i,
i=0

which implies (3.0.6). Analogously follows (3.0.7) by using the second estimate of
Lemma 3.0.29. |

The following lemma and its proof are almost identical with Kumano-go [24],
Lemma 4.5.

Lemma 3.0.32. Let m < 2. We use Ry(t,s) of Lemma 3.0.31 to define the se-
quence {W,(t, s;z, D)}32, inductively by

Wi(t, s;z, D) := —Ry(t, s;z, D),

t
W, (t,s;z, D) :=/ Wi(t, s1; 2, D)W, _1(s1, s; 2, D) ds.
Then
l t -1
S Wilt,s) = —Ralt,s) — / Ry(t,7) S Wa(r,s) dr (3.0.11)
v=1 s v=1

holds and for any a, B there exist constants Aap, Ay, 5 such that

(Aas) 222 (1 4 (€)™

(App)” 2 (8 = 8)(1 + 9(€))>m2

|0805W, (¢, 53, €)| < { (3.0.12)
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Proof. Equation (3.0.11) follows from the Definition. Now note that for v > 2 we
have

t S1 Sy—2
Woltss) = [ [ [ s Walsi,50)  Wiloms,) dsues -+ dsadsy,
S S S

with Wi(t,s) € Sg*~>¥ < SJ¥ and {Wt%t:)} is bounded in S2™ %Y. Therefore
we get with Theorem 2.2.18 that Wi (¢, s1)Wi(s1,82) - - - Wi(sy—1,8) € Sg*~>¥ and

{Wl(t’sl)wl(sltfi)mwl(su-lﬂ} is bounded in ng_2’¢, ie.

|3gan(W1(t, s1)Wi(s1, s2) -+ Wi(s,-1,8))(z,§)|

c { (Aras) (1 + ()™ (3.0.13)
T | (Aee) (E =91+ 9(E))Pm

(3.0.12) follows. [

Theorem 3.0.33. Let g € S;»¥ (0 < m < 2) satisfy (3.0.3). Then there exists a
fundamental solution U(t, s;z, D) to (3.0.1). In addition we have:

i) Ut 5;3,€) € BY(Sy¥) N BY(ST™)
ii) The symbol U(t,s;x,€) satisfies U(t, s;z,&) = 1 in Sy¥ weakly (t | s).
ii) Writing U as
U(t,s;z,8) = e (7998 4 po(t s, £),
the symbol ro(t, s; z,€) satisfies
ro(t, s;,€) = 0 in SPetbm2Y yeakly (¢ | s)

and

rol(t, s; z, . ] B
{%}OSSQST is a bounded set in S Y.

Proof. By Lemma 3.0.32 we see that W (¢,s) = > oo, W, (¢, s) converges in the
topology of B(S7*~2¥). Using U,(t, s) of Lemma 3.0.31 we set

t
Ut s) = U(t, s) + / Un(t, P)W (7, s) dr. (3.0.14)
Now we get

LU(t,s) = LUy(t, s) + W(s,t) + /t LUy (t, 7)W (r,s) dr
s (3.0.15)
= Ry(t,s) + W(t,s) +/ Ry(t, 7)W (r,s) dr.
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For [ — oo in (3.0.11) we get
t
W(t,s) = —Ralt, s) — / Ro(t,7)W (r, ) dr.

Putting the two equations above together we get LU(t, s) = 0.
If we write (3.0.14) as

U(t,s) = eot,s) +ei(t,s) + /t Us(t, )W (r,s) dr

and note that

Wit z) € B(Sg*") € BY(Sp™),
e € B?(S;g]_’:p)a
60 e e—(t—s)q(z‘,&),

also recall Remark 3.0.30 and the fact that

{el(t’ 8)} is bounded in S;’]‘"l"/’,
t =5 Jo<sct<r
then ), ii) and 1) follow. [

Finally we get a solution to the initial value problem.

Corollary 3.0.34. Forug € Ly and f € L2(R") x C([0,T]) the solution to (3.0.1)
s given by

u(t) = U(t,0)up + /Ot U(t,7)f(r) dr.
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Chapter 4

Extending some Lévy processes to
Lévy-type processes

In this chapter we show how the previous results can be used to extend a Lévy
process to a new process which is still a Feller process but not anymore a Lévy
process. We call the new process a Lévy-type process.

Recall that a Lévy process (X;):;>o is completely characterised by the equation

E(e€%) = ¢~(©)
where ¢(€) is the characteristic exponent of X;.

In practical modeling, compare with section 1.4, the characteristic exponent
often depends on parameters, i.e.

P(€) = P> (€).

Following the ideas of Barndorff-Nielsen and Levendorskii [5] we can define

Q(Jf,f) = ¢a(w),b(z),c(m),...(€)

for some functions a, b, ¢, . ... We say, the parameters become state space dependent.
For a sufficient choice of the functions a, b, c, ... we may have that ¢ € S>¥. In this
case we can apply the theory from the second chapter to get a Feller semigroup.
The corresponding process is called Lévy-type process. The results of chapter 3
can be used to get an approximation of the transition probability of the Feller
process.

If (Ti)e>0 is a Feller semigroup then we have

Tyu(z) = (e74™D)) u(z) = B (u(X,)).

This equation is essentially the link between semigroups, pseudo-differential oper-
ators and the corresponding process, i.e. between analysis and probability theory.
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In particular we get the transition probability for starting at 0 in  and being at
tin A by
1 ,x€A

pe(z, A) = Tixa(z) where xa(z) = {0 P A

We will apply this framework to two examples: The Meixner process and the
Normal Inverse Gaussian process.

4.1 Meixner-type Processes

In the following we are going to show that the characteristic exponent of the
Meixner process with state space dependent parameters can be used as a symbol
for a generator of a Feller semigroup. This means we want to show that we can
construct an operator corresponding to the Meixner process, which satisfies the
conditions of Theorem 2.2.25.

Recall that the Meixner process has the characteristic exponent

a& — b

Yar(€) = —imé + 2s (ln cosh( ) —In cos(%)) ,

where a > 0,—7 < b < m,s > 0,m € R We will call this the Meixner exponent
and it will be denoted by v,.

We are going to show that this exponent is in the classical symbol class S*.
Recall that S! is defined as the class of all symbols ¢ € C®°(R™ x R") such that
for all o, B € N* there exists ¢, 3 > 0 satisfying

10202q(2, )] < cap(l + [€])*1!

for all z € R™ and £ € R™. For more details see for example section 18 in [19].
In the following we restrict ourselves to one dimension, i.e. n = 1.

Lemma 4.1.1. We have

Re ¥ () = —2sln cos(g) + sIn(cosh? %6 — sin? g)
and
-1 b 0,5
Im 9p (&) = —mé + 2stan™ (— tan B tanh 7)
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Proof. Using

cosh(z + iy) = cos(y) cosh(z) + ¢ sin(y) sinh(z),

| cosh(z + 1y)| = \/cosh2 T —sin’y

and the main branch of the complex logarithm, i.e.
In(z + iy) = In |z + iy| + itan"l(g),
x

the result follows. [ |

Theorem 4.1.2. Let R = 1“78. Then

holds for all € € R, || > R.

Proof. Since —m < b < 7 we have cos(2) € (0, 1] which leads to —2sIncos(2) > 0

and sin” 2 < 1. In addition we know that coshz > Lel*l. Hence we get
1
Re ¢ (§) > sln(Zelasl —1) > %Ié_l

for [¢] > 8,

Proposition 4.1.3. There erxists a constant ¢ > 0 such that

IIm ¢ (§)] < (1 + Re ¥ (§))
for all € € R.
Proof. We have tanhz € (—1,1). Therefore

b b b
— tan 3 tanh a2—§ € (—tan 2 tan 5),
equivalently we have
b b b
tan™'(— tan — tanh g) €(—z,7)

2 2
o4




This leads to
IIm 9 (€)] < |m||§] 4 sb

and with the previous Theorem we get

|m|[In8 +sb if l€| < In8
I < ¢ ng
i v(e)] < {Re en(©) B2 +sb if [¢] > 12

i.e. with ¢ = max{m# + sb, 2!3[} we get

[Im 1ar(§)] < (1 + Re ¥m(§))-
[ |

Now we can show that ), (£) € S'. We are going to split the proof into several
steps.

Proposition 4.1.4. There exists a constant ¢ > 0 such that

[Yam (E)] < e(1+[€]) (4.1.1)
holds for all £ € R.
Proof. We have
Re ¢Y(§) = —2sIn Cos(g) + s1n(cosh? %E — sin? g)

< —2sln cos(g—) + sIn(cosh? %é)

a. a 2
e +e“2§) )

b
=2 2y + 51
slncos(2) sn(( 5

< —2sln cos(g) + sln(e?l) = —251n cos(g) + sal€|.

The result follows with the help of Proposition 4.1.3. |

Lemma 4.1.5. Fory € (—%, %)

V2
tanh )| < ————
|tanh(z + 1y)| < T sin’(y)

holds for all z € R.
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Proof. We have the formula

sinh z cosh z . sinycosy

tanh(z + 1y) = .
( v) cosh’z —sin’y  cosh®?z —sin?y

Additionally we know |sinhz| < coshz and coshz > 1 by which we get

|Re tanh(z + iy)| <

~ 1 —sin®(y)
and
Im tanh )| < ——m——
[Im tanh(z + iy)| < T s’(y)
giving the result. n
It follows immediately that
—ib
()] = | - im + satanh(2-) < o (412

holds.

Lemma 4.1.6. Fory € (—%,%),7 > 0 there exists ¢ > 0 such that
|sech?(z + 4y)| < (1 + |z|)™"
forallz € R
Proof. Note that
cosh(z + iy) = cos ysinhz + isinysinh z.

We fix y € (=%, %). For 7 € R it follows that

| cosh(z + 4y)| = \/cosh2x—sin2y
= y/coshz — |siny|y/coshz + |siny|
> /1 —|siny|Vcoshz
V1—|siny| Lz
>t — " e
V2

> &(1+ |z|),

for a suitable ¢ > 0, since the exponential function growths faster than any power.

Therefore
|sech2(x +ay)| <c(1+ €))7
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holds where ¢ = %2 and r = 27, [ ]

Now it follows for any fixed ¥ € N that

(€)= gatsseat® (%2 ) | <1+ ) 413)

2 2
holds and we can show that 1, is in S!.

Theorem 4.1.7. The Meizner exponent 1y, is in the symbol class S*, i.e. for all
a € Ny there exists ¢, > 0 such that

A7 ()] < call + )
holds for all € € R.
Proof. By (4.1.1), (4.1.2) and (4.1.3) it is clear that the result holds for @ = 0, 1, 2.

For @ = 3 we find
3 1 at . ,b aE . ,b
1(\/[) &) = —§a33 sech? (; — sin? 3 tanh 5 sin2 7]
But this is nothing but

2(6) = ~VhralE1(©),

where ¥ denotes 9y with zero drift (m = 0). By this recursion we get that
the o derivative is a linear combination of the product of powers of 9}, ,(£) and

47(&). Therefore with repeated use of (4.1.2) and (4.1.3) its absolute value is
bounded by c,(1 + |£])1~ for a suitable c,. ]

We have just shown that 15, € S'. Next we look at symbols with state space
dependent parameter.

Definition 4.1.8 (Meixner symbol). The Meizner symbol is defined by

QM(CE,f) = —im(x)f + 2.5‘(:E) <ln Cosh(w) —In cos(@)) ’

with a,b, s,m € C*™ such that for allx € R and all k € Ny
0 <a®(z) < af < o0
and 0 < ay <a(z)
—1 < b <b®(z) <bF <
0 <st®)(z) < sf < o0
and 0 < sy <s(x)

m)(z)] < my

(4.1.4)
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where af,ay,by,s¥,s; and my are real constants. This symbol is denoted by

We are going to show that g, is in S'. The proof splits into several steps. We
already know that for all a € Ny there exists a ¢, > 0 such that

102 que(, €)] < call + €)'

holds for allz € R, £ € R

Proposition 4.1.9. For 8 € Ny there exists co g > 0 such that
102 an (2, €)| < cop(1+ €]

holds for allz € R and £ € R.

Proof. The case 8 = 0 is proved by Theorem 4.1.7.

B =1
3;QM(£E, f) =- zm'(m)f + 23'(23) (ln cosh(w) —1n COS(—b—(;)—))
+ s(z) tan(@)b,(;)
+ 2s(x) temh(a(x)f — ib(z) )(a’(a:)§ 2_ zb’(ﬂb‘))

2

The first part of the right hand side is a Meixner exponent ey (just with different
parameters) and therefore it is estimated by ¢(1 + |€|) with the help of (4.1.1), the
second part is bounded by a constant by the choice of our parameter (and taking
the maximum) and the third part is by Lemma 4.1.5 (and taking the maximum)
also bounded by a constant times 1 + [£].

g =2
821 (2,€) = — im"(2)¢ + 25"(x) (1“ cos(ME 22 1o 003(@0

"))
( )6 2_ zb(x))(a’(a:)§ -

b ()

@ — W),
b(z), b"(z) b(z) b (z)
D)D) | () sec 22 L)
a(z)€ — ib(z), a"(z)§ — ib"(z)
M)y @) ~ ),

a(z)é — ib(az))(a’(x)f 2— i () )2

+ 25'(z) tan(

+ 25'(z) tanh

+ 2s(x) tan(—=

+ 2s(z) tanh(

+ 2s(x) sech?(




The terms in the first three lines can be estimated by c(1 + |£|) using the case
B =1, the term in the next line is less than a constant by taking the maximum
and the following term is again smaller than a constant times 1+|¢| by Lemma 4.1.5
(and taking the maximum). For the last term we use Lemma 4.1.6 to get the result.

For 8 > 3 we can apply a recursion argument:
We have
(sech? z)' = — sech® z tanh 2.

It follows that 92 qys(z, €) is the sum of terms as in the case 8 = 2 plus derivatives
of the form ”sech?(2)2™” but these can be estimated, with the help of Lemma 4.1.6
(and taking the maximum) by a constant. Therefore the result follows. |

Proposition 4.1.10. For all 8 € Ny there exists c; g > 0 such that
6§02 qn (z,€)| < c1p
holds for all z € R and £ € R.

Proof. Recall

8§1qM(:c,£) = —im(z) + s(z)a(z) tanh(L;ib(x)).

For 8 = 0 the result follows by Theorem 4.1.7.

=1

030k (a,€) = — i (z) + #'(x)af) tan (L= 202),

o)t ()
2

o(e)e - ibe), (@)E
5 )( 5 )

+ s(z)a’(z) tanh(

+ s(x)a(z) sech?(

The right hand side is less than a constant if we use Lemma 4.1.5 and 4.1.6 (and
take the maximum).

The higher derivatives contain again terms of the same type and those of the

form ”sech?(z)2"" which are less than a constant by Lemma 4.1.6. [

We finally get
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Theorem 4.1.11. The Meizner symbol qus is in the symbol class S, i.e. for all
a, B € N there exists co g > 0 such that

10 am (2, )] < cap(1 + €))7
holds for all x € R and £ € R.

Proof. For a = 0,1 this holds by Proposition 4.1.9 and 4.1.10.
For oo = 2 we have

a(z)§ — 1b(z)
2 )

Hence by Lemma 4.1.6 and the same argument as in the previous Propositions we

have that for any r € R there exists a constant c; g such that

O qu(z, &) = 2a*(z)s(z) sech?(

1020F an (, )| < cap(1+ [€])"

holds for all § € Ny by .

For o > 3 we use the same recursion argument as in Theorem 4.1.7 and get
the desired result. |

Now it follows that —gp(z, D) can be extended to a generator of a Feller
semigroup.

Theorem 4.1.12. The pseudo-differential operator corresponding to the symbol

qm (2, &) = —im(z)¢ + 2s(x) <lncosh(w) _ lncos(@))

with the restrictions (4.1.4) defined on C§°(R;R) is closable in Coo(R;R) and its
closure is the generator of a Feller semigroup.

Proof. So far all our estimates have been with respect to powers of |.| but this is
not in class A. Therefore we use 1(§) := /1 + {2 —1 which is in A. We have that

%(1 +1E) LT +4(8) < (1+[¢))

holds for all £ and therefore all the estimates above hold also with respect to 7
(with respectively modified constants).
Obviously for ry = 1 there exists a ¢y > 0

Y11(€) > col|™
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holds for all £ € R.
Further gu(z,.) : R — C is a continuous negative definite function by Theorem
1.2.9. We have by Theorem 4.1.11 that

qu(z, &) € Szﬂ'/}"' )

By Theorem 4.1.2 and the parameter restrictions it follows that for some vy > 0 we

have
Re qu(z, &) > v(1 +v(€))

for all z € R and & € R, |¢| sufficiently large.
Hence every condition of Theorem 2.2.25 is satisfied and the result is proved. W

4.2 Real Meixner-type Processes

The pseudo-differential operator corresponding to the real Meixner process is also
the generator of a Feller semigroup.

Theorem 4.2.1. Yrqp(€) is in St and the corresponding pseudo-differential oper-
ator defined on C§°(R;R) is closable in Co(R; R) and its closure is the generator
of a Feller semigroup.

Proof. This is immediately clear by Theorem 4.1.7 and Theorem 4.1.12. We just
have to note that

O ¥ren (€) = Re (8 (€)) for all k € N

and
|IRe z| < |z| for all z € C.

4.3 Normal Inverse Gaussian-type processes

Similar to the Meixner process we can also apply the theory to the Normal In-
verse Gaussian process. Especially we show that the corresponding symbol is in
S!. This has already been implicitly used in [5] by Barndorff-Nielsen and Leven-
dorskii. But we will give some explicit argument for it. Additionally we will show
that the pseudo-differential operator corresponding to the symbol of the Normal
Inverse Gaussian process with state space dependent parameters can be extended
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to a generator of a Feller semigroup.

Recall that the Normal Inverse Gaussian exponent is given by
Ynic(€) = —imé + 6[\/a? — (b+ i€)2 — Va2 — b?]

where 0 < |b] < a,6 >0,m € R.
Now we are going to show that 1n;e¢ € S'. We have the following representations
of the real and imaginary part of ¥yjg:

Re ¥nra(§)
—ié[—\/\/( T B2+ E9)2 1+ (—E2B)? + (a2 — b2 + £2) — Vo — 1)

= 46/ (a2 — b2 + £2)2 + (—£2b)? cos[% tan™! (———_gb )] — Va2 - b2

a2__b2+§2

and

Im ¥nia(§)
= mé 2 sen((~€8)s "2\ /(@ = B+ EF F (B — (@2~ 1+ )
= mf + (5\4/(042 - b? + 52)2 —+ (—fb)z Sin[i tan_l <a2———b§2b-|—_—€5)]

Theorem 4.3.1. For all £ € R with || > 2a

)
Re ¥nie(€) > §|§|

holds.
Proof. Since 0 < |b| < a we find

Re Ynic(§)
f\/\/ B2+ E2)2 + (—£20)2 + (a2 — b2 + £2) — Va? — b

_6£\/‘/§4+4§2b2+§2—\/M]

>6[—\/— Va?|
=i( |€|)|€|
Z§|§|,

62



where the last inequality holds for |£| > 2a. ]

Proposition 4.3.2. There exists a constant ¢ > 0 such that

IIm 9n16(€)] < c(1 + Re ¢nrc(§))
holds for all £ € R.
Proof. We find
IIm Y16 (§)]

<|m5|+16—|w R ) 1 (D)2 — (a2 — B2+ €2).

The previous proposition together with the obvious fact that

V@ B+ @F + (8P - (a* - 82 +€) < Re Ynro(¢)
for £ large enough implies the result. |

Theorem 4.3.3. The Normal Inverse Gaussian exponent ¥nrg @S in the symbol
class S*.

Proof. Recall that
Ynic(§) = —im¢ +8[v/a? — (b+i)? — Va2 — ¥?].
We have for h € Ny the following formula

2
) C h odd
k=1 “h.k h—l+§2k—1) ’
ah a2 — 22 = (a2-22)
z z° = ht2 z2k—2

Zkil ch,k( ) 2)h—1+§2k—2) h even.
a“—z
Now for h odd with z = b + £ we find

b \2k—1

for some constant c, since
|b+ €| = /% + &2

la? — (b + €)% = /(a% — b2 + £2)2 + 4b2¢2 > |b||€]%.
For h even it follows analogous. Therefore the series representation yields the re-
sult. -

and
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Definition 4.3.4 (Normal Inverse Gaussian symbol). The Normal Inverse
Gaussian symbol is given by

anic(2,8) = —im(2)€ + 0(z)[va(z)? — (b(z) +i€)? — v/a(z)

with a,b,6,m € C°(R) satisfying the following restrictions:
forallx e R andl € Ny

0 < |p9(=)| < aY(2) < o
0<69(z) <&
0<(5 (.Z‘) S‘Sl

)

m; <m(z) <myf

(4.3.1)

where a;, 6;, m are real constants.
We denote the symbol by qnic-

Now we can show the following Theorem.

Theorem 4.3.5. The Normal Inverse Gaussian symbol as defined in 4.3.4 is an
element of the symbol class S.

Proof. Using the same idea as in Theorem 4.3.3, we have to show that for all
[ € Ny the inequality

l ( (b(z) + i)~ )
a:c h—14(2k—1)
(a(z)? — (b(z) + i6)2)

holds. Again we just look at the case where h is odd. For | = 0 the inequality is
shown in Theorem 4.3.3. For [ > 0 we need some more work.
By the Leibniz rule we get

(b(z) + 86)*! )
)

3i h—1+(2k—1)
((a(l‘)2 — (b(z) +i£)%) =

_ % (b(x) + )"
"% (l) O (aa)? ~ (b(a) +€)2) =5

And now we apply the following formula for derivatives of the composition of
real and smooth functions u, v, (see [21] 14pp.)

d I d™u(y)
EU(’U(ZL‘)) - Z]l' ]2| . ]h' dym |y=u(z)

() () ()
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where
jo+2j1+...+hjn=1
Jotit...+=m
For the numerator in (4.3.3) we get

oL (b(z) +i)* 1 =D —— -

2k —1)-(2k—2) ... (2k — 1 — m)(b(z) +i§)*""

() () ()

for 2k — 1 > m otherwise it is 0. Therefore we have
|05 (b(z) + €)% < c(1+ [€])*

if |b(z) + €| > 1, i.e. for large £. But we can take a suitable constant such that
the inequality holds for for all £.
For the denominator we use again (4.3.4) to get

85" (a(z)® — (b(x) +i€)®) T

(=) d™  h_14(k—1)
= Z 1.1 il VA )|a(z)2—(b(m)+if)2
gil-gat- o - gpldy

. (3,%(a(ﬂc)2 — (b(z) + i§)2)>" _ (ag(a(x)z — (b(z) + i§)2)>”

1 2!

(Pt =) i)

Now note for j > 1 we get

0 (a(z)® = (b(x) +1€)*) = O(a(x)® — b*(x)) — 2 (z)¢.
Therefore with 4.3.1 and the calculation for the numerator we get

05" (a(@)? — (b(a) +€)°) | 2 [P,
This finally leads us to (4.3.2) and the result follows. [

Analog to Theorem 4.1.12 we have
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Theorem 4.3.6. The pseudo-differential operator corresponding to the symbol

anic(z, &) = —im(2)€ + 6(z)[v/a(x)? — ) +1€)2 — va(z)? — b(z)?]

with the restrictions (4.3.1) defined on C§°(R;R) is closable in Coo(R; R) and its
closure is the generator of a Feller semigroup.

Proof. We have that v, ((§) := /1 + &2 —1isin A and obviously for 7y = 1 there
existsa ¢y >0

Y1(€) > colé]™

holds for all £ € R.
gnic(z,.) : R — C is a continuous negative definite function by Theorem 1.2.9.
We have by Theorem 4.3.5 that

gnic(z,€) € Sﬁ’wl'l-

By Theorem 4.3.1 and the parameter restrictions it follows that for some v > 0 we
have

Re gnig(z,€) > v(1 4 9,(8))

for all z € R and € € R, |¢| sufficiently large.
Hence every condition of Theorem 2.2.25 is satisfied and the result follows. ||

4.4 Further Lévy-type processes

The fundamental properties a continuous negative definite function has to satisfy,
in order to be considered as a defining function for a symbol class, are:

a) ¥(0) =0,
b) Re 9(&) > co|€|™ for large |£| and ¢y, 7o > 0,
¢) |Im ¥(€)| < c1(1 + Re 9(&)) for some ¢; > 0.

Property a) is generally trivial. All exponents listed in the table on page 19
satisfy a). We have shown in Theorem 4.3.1 and Proposition 4.3.2 resp. Theorem
4.1.2 and Proposition 4.1.3 that b) and c¢) hold for the Normal Inverse Gaussian
exponent resp. the Meixner exponent. For the CGMY and therefore also for the
exponent of the Truncated Lévy processes it certainly possible to show b) and ¢) for
a restricted parameter range. The same seems likely for the General Hyperbolic
model and therefore also the Hyperbolic model. The problem in this case is to
estimate the Bessel function.
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For the variance gamma model we have

2
YvG(€) = -Ii—ln(l — V€ + %gz)
a2v 2
= L ipvg + ZLe) + i3 tan? (“—‘—1 L ) '

Therefore for large || we get Re 9(£) ~ cln € and this is not greater than c|¢|™
for any c and r( constant, i.e. the exponent of the variance gamma model does not
satisfy the second condition.
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Appendix A

Path simulation

This section is just to give a further feeling for the behavior of a stochastic process.
The Simulations are done with Mathematica. And the random variables involved
are generated with the help of the Acceptance-Rejection Technique as described
in chapter 3 of [14].
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A .1 Brownian M otion

The transition density is given by

For ¢t = 1 it looks like:

0.05
-4 )

Here are two paths of Brownian motion, which we obtained by simulating Brownian
motion on [0,10] as the sum of independent increments with density p¢{x) and step
size t = 0.01.
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A.2 Cauchy process
The transition density is given by

Pt{x) = -
) me2 T x2

For + = 1 it looks like:

0.05

-4 2

Here are two paths of the Cauchy process, which we obtained by simulating the
Cauchy process on [0,10] as the sum of independent increments with density p«(x)
and step size ¢ = 0.01.

-10
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A.3 Meixner process

The transition density is given by (a= 1, b= f, 5= I, m = —astan |)

PtEZ)A= _(2rc_os(|))2i

, T
2?rr(2t)s r(t + i(x + tan(-)t))

For t = 1 it looks like:

-4 -2

Here are two paths of the Meixner process, which we obtained by simulating the
Meixner process on [0,10] as the sum of independent increments with density p¢{x)
and step size ¢ = 0.01.

71

/# o
1 LIBRARY
V4



Bibliography

[1] Abramowitz, M. and Stegun, I. A. Handbook of Mathematical Functions.
Applied Mahtematics Series 55. National Bureau of Standards, 1966.

[2] Barndorff-Nielsen, O. Infinite divisibility of the hyperbolic and generalized
inverse gaussian distributions. Zeitschrift fir Wahrscheinlichkeitstheorie und
verwandte Gebiete, (38):309-312, 1977.

[3] Barndorft-Nielsen, O. Normal inverse Gaussian processes and the modelling
of stock returns. Reserarch Report 300. Dept. Theor. Statistics, Aarhus Uni-
versity, 1995.

[4] Barndorft-Nielsen, O. Processes of normal inverse gaussian type. Finance and
Stochastics, 2:41-68, 1998.

[5] Barndorff-Nielsen, O. and Levendorskii, S. Feller processes of normal inverse
gaussian type. Quantitative Finance, 1:318-331, 2001.

[6] Bertoin, J. Lévy Processes. Cambridge Tracts in Mathematics 121. Cambridge
University Press, 1996.

[7] Boyarchenko, S. and Levendorskii, S. Option pricing for truncated Lévy pro-
cesses. International Journal of Theoretical and Applied Finance, 3(3):549-
552, 2000.

[8] Boyarchenko, S. and Levendorskii, S. Option pricing and hedging under reg-
ular Lévy processes of exponential type. In Trends in Mathematics. Mathe-
matical Finance, p. 121-130. Birkh&user, 2001.

[9] Carr, P., Geman, H., Madan, D. B., and Yor, M. The fine structure of asset
returns: An empirical investigation. Journal of Business, 75(2), 2002.

[10] Eberlein, E. and Keller, U. Hyperbolic distributions in finance. Bernoulli I,
p. 281-299, 1995.

72



[11] Eberlein, E. Application of generalized hyperbolic Lévy motions to finance.
In Lévy Processes-Theory and Applications, p. 319-336. Birkhauser, 2001.

[12] Eberlein, E., Keller, U., and Prause, K. New insights into smile, mispricing,
and value at risk: The hyperbolic model. Journal Of Business, 71(3), 1998.

[13] Friedman, A. Partial Differential Equations. Robert E. Krieger Publishing
Company, 1976.

[14] Fu, M. C. Simulation of discrete-event systems. Lecture notes for module
BMGT 835 (University of Maryland), 2003.

[15] Geman, H. Pure jump Lévy processes for asset price modelling. Journal of
Banking & Finance, 26:1297-1316, 2002.

[16] Grigelionis, B. Processes of Meixner type. Lithuanian Math. J., 39:33-41,
1999.

[17) Hoh, W. Pseudo differential operators generating Markov processes. Habili-
tationsschrift. Universitat Bielefeld, Bielefeld, 1998.

[18] Hoh, W. A symbolic calculus for pseudo differential operators generating
Feller semigroups. Osaka Journal of Mathematics, 35:789-820, 1998.

[19] Hormander, L. The Analysis of Linear Partial Differential Operators III.
Grundlehren der mathematischen Wissenschaften 274. Springer-Verlag, 1985.

[20] Ichinose, T. Essential selfadjointness of the Weyl quantized relativistic hamil-
tonian. Ann. Inst. Henri Poincaré (Physique théorique), (51):265-298, 1989.

[21] Jacob, N. Pseudo-Differential Operators and Markov Processes, Vol. 1. Fourier
Analysis and Semigroups. Imperial College Press, 2001.

[22] Jacob, N. Pseudo-Differential Operators and Markov Processes, Vol. I1I. Gen-
erators and Their Potential Theory. Imperial College Press, 2002.

[23] Koponen, I. Analytic approach to the problem of convergence of truncated
Lévy flights towards the gaussian stochastic process. Phys. Rev E 52, p. 1197—
1199, 1995.

[24] Kumano-go, H. Pseudo-differential Operators. MIT Press, Cambridge MA,
1974.

[25] Mantegna, R. N. and Stanley, H. E. An Introduchtion To Econophysics -
Correlation and Complexity in Finance. Cambridge University Press, 2000.

73



[26] Matacz, A. Financial modeling and option theory with the truncated Lévy
process. International Journal of Theoretical and Applied Finance, 3(1), 2000.

[27] Raible, S. Lévy Processes in Finance: Theory, Numerics, and Empirical Facts.
PhD thesis, Albert-Ludwigs-Universitat Freiburg, Januar 2000.

[28] Sato, K.-I. Lévy Processes and Infinitely Divisible Distributions. Cambridge
Studies in Advanced Mathematics 68. Cambridge University Press, 1999.

[29] Schoutens, W. The Meixner process: Theory and applications in finance.
February 12, 2002.

[30] Schoutens, W. and Teugels, J. L. Lévy processes, polynomials and martin-
gales. Commun. Statist.-Stochastic Models, 14 (1,2):335-349, 1998.

[31] Watson, G. N. Theory of Bessel Functions. Cambridge University Press, 1962.

[32] Zolotarev, V. M. One-dimensional Stable Distributions, Vol. 65 of Translation
of Mathematical Monographs. AMS, 1986.

74



