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Preface

The connection between geometric spaces and commutative algebras is very intimate. In
algebraic geometry, geometric problems are transferred into algebraic ones by considering
the functions on a space. Moving a geometric space into the realm of algebra in this way
(here by geometric space we mean a locally compact Hausdorff topological space) results
in a special type of algebra termed a commutative C*-algebra. From such an algebra, up
to some isomorphisms, it has been shown how a classical space can be reconstructed, via
what is called the Gelfand-transform. Thus establishing a one-to-one correspondence be-
tween isomorphism classes of commutative C*-algebras and homeomorphism classes of
geometric spaces. Much of the theory of geometric spaces has been shown to have an ana-
logue in the theory of commutative C*-algebras. Moreover, much of this dual theory has
been shown to extend to non-commutative C*-algebras. In view of the one-to-one corre-
spondence we have already mentioned, these non-commutative C*-algebras can be readily
thought of as a generalization of geometric space. Proceeding along these lines, the the-
ory non-commutative geometry envisaged by Connes [19] has been highly successful, and
many of the tools developed for this theory have been found to be useful when transferred
back into the classical setting. One aspect of this theory which has been of interest to
mathematical physicists is what happens to principal bundles in the move to this algebraic
setting. Proceeding by concentrating on algebraic structure and removing some of the finer
detail, a notion of what is termed a quantum principal bundle has been developed, that
has the algebraic properties required of a sensible dual to a classical principal bundle. Re-
markably, this notion coincided with an object, termed a Hopf-Galois extension, that had
already been studied under the auspices of the theory of Hopf algebras (see [18] and [29]).

In this thesis we investigate further generalizations which can be made from the start-
ing point of Hopf-Galois extensions. From a mathematical physics point of view, such
generalizations have been required to accommodate certain classes of examples. In the
development of these more general objects, new mathematical structures called entwining
structures were discovered by Brzeziniski and Majid [10]. In order to analyze these objects,
it has proved fruitful to associate what are called corings to these objects. The theory of
corings also predates non-commutative geometry, and was initiated by Sweedler in [37].
The main subject of this thesis is to develop the theory which is dual to that of corings,
and then use this to provide structure theorems for what are called weak coalgebra-Galois
extensions. We proceed as follows

Chapter 1 Quantum principal bundles or Hopf-Galois extensions are introduced. En-
twining structures are then defined, and using this definition generalizations of quantum
principal bundles are described. The category of modules for an entwining structure is

vil
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defined and shown to be a generalizations of certain module categories appearing in the
theory of Hopf algebras. C-Galois extensions and A-Galois coextension are introduced,
and it is shown how to recover entwining structures from these objects. Finally an outline
of the theory of quasi-finite comodules is given.

Chapter 2 An outline of the theory of A-corings and their comodules is described, in-
cluding Galois theory. It is shown how to associate an A-coring to an entwining structure.
Weak entwining structures and weak C-Galois extensions are then introduced, and it is
shown how to associate a weak entwining structure to a weak C-Galois extension. Fol-
lowing joint work with T. Brzeziniski and A. P. Wrightson [13], a notion of invertibility
for weak entwining structures is introduced, and the consequences of the definition for
associated A-corings and modules are explored.

Chapter 3 Following joint work with T. Brzezinski [12], an outline of the theory of C-
rings and their modules is described, and the associated Galois theory developed. It is then
shown how some of this theory extends to certain firm comodules of firm coalgebras. A
Galois connection for matrix C-rings is given. It is shown how a C-ring can be associated
to a weak entwining structure and necessary and sufficient conditions for a C-ring to be of
entwined type are given. The implications of invertibility of a weak entwining structure for
associated C-rings and modules are explored.

Chapter 4 Brings together structure theorems from [12] and [13]. Using the techniques
developed in proceeding chapters, these structure theorems for A-Galois coextensions and
C-Galois coextensions are proved. It is shown that some existing theorems can be seen as
corollaries of these structure theorems.



Chapter 1

Introduction

In this chapter, after agreeing on notation and terminology, we introduce the abstract con-
cepts that will be expanded upon within this thesis.

1.1 Generalities

In this section we describe the basic notation and terminology that will be be used through-
out this thesis. In what follows k will be a commutative ring, although within some other
sections of this thesis it will be a field.

Tensor Products The unadorned tensor product ® will denote the tenor product over the
base ring k. When the tensor product is over an algebra A it will be denoted ®.
A

Identity map For any k-module M, M : M — M will denote the identity map.

Algebras Algebras will always be associative and unital. For a k-algebra A we denote
the

e product Uy :AQA — A, a®d — ad,

e unitls:k— A, k> kly.

We simply write i or 1 in cases where the algebra is clear from the context. We define the
opposite algebra of A, written A%, to be the same as A as a k-module but with the product

Haor : AP AP — AP, a®d — uy(d ®a).

Note that 14 is a unit in A°?.

Coalgebras Coalgebras will always be coassociative but not always counital, non couni-
tal coalgebras will be identified as such. For a (counital) k-coalgebra C we adopt the
Sweedler-Heyneman notation for the coproduct, and denote the

e coproduct Ac:C—CQC, cr Y ®cp,

1



2 CHAPTER 1. INTRODUCTION

e counitec: C — k.

We simply write A or € in cases where the coalgebra is clear from the context. Since the
coproduct A will always be coassociative, for all ¢ € C, we write

Ao(ARC)(c) =A0(CRA)(c) =Y c)®cp) ®cq),

and follow the same pattern in cases where A is combined with itself more times.

Modules Let A be an algebra. Then for any right A-module module M and left A-module
N we usually denote the

e right A-actionon M by pyy . MQA - M, mQ®awr— ma,

o left A-actionon Nby yp :AQN — N, a®n— an.
Occasionally, when more clarity is useful we denote the

e right A-actionon M by pyy : MRA —-M, m®a— m-a,

o left A-actionon Nby yp :AQN — N, a®n—a-n.

Comodules Let C be a coalgebra, that is not necessarily counital. Then for any right
C-comodule M and left C-module N, we adopt the Sweedler-Heyneman notation for the
coactions, and denote

e right C-coaction on M by p™ :M - M®C, m— Lmy ®my),

e left C-coactionon Nby ¥p : N = C®N, nw—Yn_;®np.
Since the coaction p™ will always be coassociative, for all m € M, we write

(M @A) op¥(m) = (p" ®C) 0 p¥ (m) = Y mjg) @ mpy; @ myy

and follow the same pattern in cases where A and p™ are combined with each other more
times. We adopt the symmetric convention for left C-comodules.

Cotensor product For any right C-module M and left C-comodule N. The cotensor
product is defined as the equalizer

pMeN

MRCRN .

MON - MeN
MepN
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Categories of modules and comodules For any k-algebra A and k-coalgebra C (not nec-
essarily counital), we write

e M; or Vect, (when £ is a field), for the category with objects that are k-modules and
morphisms Hom(—, —) which are k-linear maps.

e My, for the category with objects that are right A-modules and morphisms
Hom_4(—,—) which are right A-linear maps.

e MC, for the category with objects that are right C-comodules and morphisms
Hom~C(—, —) which are right C-colinear maps. In cases where C is not counital,
right C-comodules do not necessarily satisfy any counitality condition.

e 4MC, for the category with objects that are both right C-comodules and left A-
modules, for which the left A-action is a right C-colinear map, or equivalently the
right C-coaction is left A-linear. In either case we require that

pYoup =(up®C)o(AcpM).
The morphisms in this category will be right C-colinear left A-linear maps.

Symmetrically, we define 4M, M and My, in the obvious way.

Dual modules For any M € M4 we denote the dual left A-module Hom_4(M,A) by M*.
Similarly for any N € 4M we denote the dual right A-module Hom, _(N,A) by *N.

Notions of projectivity Let A be a k-algebra and C be a k-coalgebra then we say that

e M € M€ is a projective C-comodule provided that, for any surjective map of right
C-comodules 7 : M’ — M" and any right C-comodule map f : M — M", there exists
a right C-comodule map g : M — M’ such that 7og = f. Or equivalently, in the
language of category theory, for any epimorphism 7 : M’ — M" in M€, the mapping
of sets

Hom (M, ) : Hom~“(M,M’) — Hom (M ,M"),  frmof
is surjective.

o M € My is a C-equivariantly projective right A-module provided that, for any epi-
morphism 7 : M’ — M" in “My, which splits in M, and morphism f: M — M" in
CMy, there exists a morphism g : M — M" in My, such that 7o g = f. Or equiva-
lently, the map pp : M ® A — M is a split epimorphism in “My.

o M € My is a k-relatively projective right A-module provided that, for any epimor-
phism 7 : M’ — M" in My, which splits in Mg, and morphism f : M — M", there
exists a morphism g : M — M’ in M, such that Tog = f. Or equivalently, any
epimorphism 7 : N — M in M, which splits in My, splits in M.

Note that the list of equivalent conditions given above is not exhaustive. Similarly we
define left handed versions of these notions.
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Notions of injectivity The notions of injectivity we shall use, are those which are dual
to those we have explained for projectivity.

The convolution product Let C be a k-coalgebra and A be a k-algebra. Then it possible
to define a product on Hom(C,A) by defining, for all f,g € Hom;(C,A) and c € C,

(f*g)(c) = flcuy)gle)-

This product is termed the convolution product. Note that with this product Homy(C,A) is
an algebra, termed the convolution algebra, with unit element 14 o gc.

Bialgebras and Hopf algebras Let H be a k-module that is both a k-algebra and a k-
coalgebra. Then we shall say that H is a k-bialgebra provided the uy and 1y, are comulti-
plicative, and Ay and €y are multiplicative. If moreover, the identity map H has an inverse
S in the convolution algebra Hom,(H,H ), then we shall say that H is a Hopf algebra with
antipode S.

Comodule algebras and module coalgebras Let A be a k-algebra, B be a k-bialgebra
and C be a k-coalgebra. Then we shall say that A is a right B-comodule algebra provided,
A € M2 and the coaction is a multiplicative map, where A ® B has the tensor product algebra
structure. Similarly we shall say that C is a right B-module coalgebra provided, C € Mp
and the action is a comultiplicative map, where C ® B has the tensor product coalgebra
structure. Similarly we can define left landed versions.

1.2 Entwining structures

1.2.1 Origins in quantum group bundles

Entwining structures where first introduced in [10] in order to broaden the following defi-
nition:

Definition 1.2.1. P = P(B,H) is a quantum principal bundle with universal differential
calculus, structure quantum group H and base B or a Hopf-Galois extension if and only if:

1. H is a Hopf algebra.

2. Pis aright H-comodule algebra.

3. B=P°H .= {uePlpP(u)=u®1}.

4. canp: P®pP — P®H, canp=(u®H)o(P®pF)is a bijection.

This notion of a Hopf-Galois extension, in this form, was introduced in [29], and built
upon an earlier definition given in [18]. This object can be thought of as the object dual to
a principal bundle as defined in ordinary differential geometry (cf. [34]). The differential
geometric meaning of a Hopf-Galois extension was further explored in [11], where the
theory of connections was developed. Importantly from this standpoint it can be shown
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that the universal n-forms on P, defined as Q"P := {w € P+l viel,..,n, o=
0} where y; denotes the multiplication in P acting on the i and i + 1 factors in P& 1,
admit a right H-coaction. Not to loose this geometric meaning it was critical that any
useful generalization should also have this property. Also, in order to include specific
examples it was desirable that the conditions on the structure quantum group H should be
relaxed in order to accommodate generic coalgebras. With these considerations in mind
a generalization of a quantum principal bundle with universal differential calculus was
proposed as follows.

Definition 1.2.2. A coalgebra C and an algebra P are entwined if there exists a map y :
C® P — P®C such that the following diagram commutes:

CRP®P CRCRP
Cou W
C
ver CoP oY
C®1 %
PRC®P C v P CRPRC
18C P®eC
uec %
PRPRC PRCRC )

The map vy is referred to as the entwining map.

Let n be a positive integer, for 1 <i <nlet ; ;1.1 symbolize the entwining map applied
to the i and i + 1 legs of P®~! @ C® P® P®"~'~! then the following Proposition, taken
from [10], defines a generalization of a quantum principal bundle.

Proposition 1.2.3. Let C, P be entwined by . For every group-like element e € C we have
the following:

1. For any positive n, P®" is a right C-comodule with the coaction p” = Vi ntl O
Vn—1,0...0Y120(Mc®P®"), where iz : k — C,a — Qle.

2. The coaction p* ®" restricts to a coaction on Q"P.
3 M=P°C={ucp:pP(u) =u®e} is a subalgebra of P.
4. The k-linear map canp : PQP — PQC, uQ®pv+— uy(e®v) is well-defined. If canp
B
is a bijection we say that we have a y-principal bundle P(M,C, vy, e).

Proof. See [10, Proposition 2.2]. O

In the following example, again taken from [10], we see that this notion is indeed a
generalization of a quantum principal bundle.
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Example 1.2.4. Let H be a Hopf algebra and P be a right H-comodule algebra. The
k-linear map y : H® P — P ®H defined by y(h® p) = ¥ pjo) ® hp|;) entwines H and
P. Therefore with this choice of y, P(M,H) a quantum principal bundle with universal
differential calculus can be seen as a y-principal bundle P(M,H, y, 1).

Proof. See [10, Example 2.3]. O

Remark 1.2.5. Just as for Hopf algebras the diagram which must be satisfied for an en-
twined algebra and coalgebra is formally self-dual, in that by swapping up with A¢, 1p
with & and P with C, you arrive back at the initial diagram. This allows proposition 1.2.3
to be dualized as follows.

Proposition 1.2.6. Let C, P be entwined by vy : CQP — P®C. For every algebra character
K : P — k we have the following:

1. For any positive integer n, C®" is a right P-module with the action pcsn := (kK ®
P®) oy 20230...0 Yyl

2. The action pcen maps AL(C) to itself.

3. The subspace Iy = span{cu — cx(u)|c € C,u € P} is a coideal. Hence D =C/I is a
coalgebra. Denote the corresponding canonical surjection by mti : C — D.

4. Thereisamap B:CQP — CIEIC defined by B(c®u) = Y c(1) ® c(p)u, where C is

viewed as a (D, D)-bicomodule via the map my : C — D. If B is a bijection we say
that C(D, P, y,x) is a dual y-principal bundle.

Proof. See [10, Proposition 2.6]. O

1.2.2 Conventions

Beyond the original situation for which they were intended, an entwined pair of a coalgebra
and an algebra was found to have a lot of algebraic structure. As such, these objects have
been studied in their own right. We now consider triples (4,C, y) consisting of an algebra
A, coalgebra C and some map . Depending on the properties of y we make the following
definitions.

Definition 1.2.7. If C and A are entwined with entwining map y as in Definition 1.2.2
(with P = A) we say that (A,C, V) is a right-right entwining structure. Writing, for all
acAandc€C, y(c®a) =Y yaq ®c® this means that

Y (ab)a®c® =Y agbs ®c, (1.1)
o a,ﬁ
Y aaec(c®) =Y ec(c)a, (1.2)
a [04
Y aa®Ac(c®) =} agp ®c)f ®cp)%, (1.3)
[ a’ﬁ

Zla®ca=l®c. (1.4)
a
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The category of right-right entwining structures Ej is defined to have objects which are
entwining structures and morphisms which are pairs (f,g) : (A,C, y) — (A',C’, y') con-
sisting of an algebra map f: A — A’ and a coalgebra map g : C — C’ such that

(feg)oy = VYo(g®f). (1.5)

Definition 1.2.8. If C and A are entwined with entwining map ¥ : AQC — C®A as in
Definition 1.2.2 but with y-arrows reversed we say that (A,C, y) is a left-left entwining
structure. Writing, foralla € A and c € C, y(a®c) = ¥ ce ® aF this means that

ZCE(X) ab ZCEF Qal bE, (1.6)
Z ec(cg)a =Za8c c), (1.7)
E E
; =EZ (1 E®C(2F®a ) (1.8)
Yce®lf=col. (1.9)
E

The category of left-left entwining structures is denoted by T E.

Interestingly if (A,C,y) is a right-right entwining structure with invertible v then
(A,C,y~!) is a left-left entwining structure. In the case when W is invertible the triple
(A,C, ) is called an invertible entwining structure. Similarly one can define the notions
of left-right and right-left entwining structures, for which the corresponding categories are
denoted ,E°® and °E, respectively. We refer to [17] for more details about all possible
conventions and definitions of categories of entwining structures.

1.2.3 Unification of modules

In the study of Hopf algebras many different categories of associated modules have ap-
peared. These include Hopf modules [36], relative Hopf modules [21] [39] and Yetter-
Drinfeld modules [42] [31]. In order to obtain a better understanding of these modules it
has proved profitable to bring the theory of these modules together by considering them
each as part of a more general category of modules. Such a unifying category of modules
was proposed, independently in papers by Doi [22] and Koppinen [28], as follows.

Definition 1.2.9. A right-right Doi-Koppinen structure is a triple (H,A,C) where H is
bialgebra, A a right H-comodule algebra and C a right H-module coalgebra. The category
of modules corresponding to such a triple, denoted M(H)§ , has objects which are right C-
comodules with a right A-action satisfying the compatibility condition, that for all m € M
anda €A,

pM(ma) = Zm[o]a[o]ébm[]]a[l], (1.10)

where pM(m) = Y mjg @ m;) € M ® H and p*(a) = Y a ®aj;) € A® H, and morphism
which are right A-linear and right C-colinear maps. Objects of this category are called
unifying or Doi-Koppinen Hopf-modules.
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Similarly one can define left-right, right-left and left-left Doi-Koppinen structures and

their corresponding categories of modules, denoted \M(H)¢, “M(H )4 and {M(H) respec-
tively.
Remark 1.2.10. For any right-right Doi-Koppinen structure (H,A,C) the map y : C® A —
AQ®C defined yy(c®a) = Y. ajp) ® cayy) gives a corresponding right-right entwining struc-
ture (A,C,yy). In this way one sees that right-right entwining structures are at least as
general as right-right Doi-Koppinen structures. Under the assumption that A is finitely
generated and projective as a k-module it has been shown in [41] that every right-right
entwining structure can be generated in this way. However for general algebras and coal-
gebras this is not true and an example of an entwining structure not arising from a Doi-
Koppinen structure was provided in [32]. Hence in some sense entwining structures can be
thought of as a generalization of bialgebras.

Just as a category of modules can be associated to a Doi-Koppinen structure, one can
associate a category of modules to an entwining structure, as described in [7], as follows.

Definition 1.2.11. For a right-right entwining structure (A,C, y) the category of right-
right entwined modules, denoted M(y)§, has objects M which are right C-comodules with
a right A-action satisfying the compatibility condition, for allm € M anda € A

pM(ma) = Y mgaq@my*, (1.11)
a

and morphisms which are right A-linear and right C-colinear maps.

Similarly for left-right, right-left and left-left entwining structures one can define their
corresponding categories of entwined modules, denoted sM(¥)¢, “M(y)a and {M(y)
respectively. In the notation of Remark 1.2.10 it is easy to see that M(H)$ = M(yn)§
hence entwined modules are a generalization of unifying Hopf-modules. Many results
about unifying Hopf-modules generalize into this broader setting.

1.2.4 Coalgebra extensions and algebra coextensions of Galois type

Just as a quantum principle bundle with universal differential calculus P(B,H) can be de-
scribed as an Hopf-Galois extension, in this section we mention how a principal y-bundle
and dual principal y-bundle, can equally be viewed as certain types of algebra extension
and coalgebra coextension respectively. In particular following [9] we mention how the
entwining map can be recovered from these (co)extensions.

Definition 1.2.12. Let C be a coalgebra and A be an algebra that is also a right C-comodule.

Then
B:=A%C = {b c A|p*(ba) = bp*(a),Va € A},

is a subalgebra of A, which is termed the subalgebra of (right) coinvariants. We say that
B C Ais a(right) coalgebra-Galois extension (or C-Galois extension) provided that the left
A-linear right C-colinear map

canA:A%A —A®C, cany :=(u®C)o(A<§>pA),

is bijective.
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Now for such an extension there is the following result.

Theorem 1.2.13. Let B C A be a C-Galois extension. Then there exists a unique map
v :C®A — AQC emwining C with A and such that A € M(y)§ with the structure maps
U and pA. This entwining map is referred to as the canonical entwining map associated to
the C-Galois extension B C A.

Proof. For a C-Galois extension define
y:CRA—-ARC, l//(c®a):canA((can;l(l®c))a),
see [9, Theorem 2.7] for detailed proof. O
Dually there is the following.

Definition 1.2.14. Let A be an algebra and C be a coalgebra that is also a right A-module.
Then the space

I:= span{Z(ca)(l)a((ca)(z)) - Zc(l)a(c(z)aﬂa c€A,ceC,ae Homk(C, k)}

is a coideal of C (see [9, Lemma 3.2] for a proof of this). Now B := C/I is a coalgebra
and we say C —» B is an (right) algebra-Galois coextension (or an A-Galois coextension)
provided that the left A-linear right C-colinear map

p:Co®A—COC, B:=(C®pc)o(Ac®A)
is bijective.
In the algebra-Galois coextension case there is a dual result.

Theorem 1.2.15. Let C — B be an A-Galois coextension. Then there exists a unique map
v :CR®A — A®C entwining C with A and such that C € M(y)S with the structure maps
Ac and pc. This entwining map is referred to as the canonical entwining map associated
to the A-Galois coextension C — B.

Proof. For an A-Galois coextension define

V:CRA—ARC,  y(c®a)=Y ((ec®A)oB ™ (cu)®(cp)a) ) ® (ca)a),

see [9, Theorem 3.5] for detailed proof. O

1.3 Dual notions of finitely-generated and projective for
comodules

In this section we recall the dual notions of finitely-generated and projective for comodules.
Following [14, Section 12] and [38] we also review further constructions which can be
made from comodules satisfying such notions, in particular those which will be used in
subsequent chapters. Throughout this section we work over a field .
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Definition 1.3.1. A right C-comodule M is said to be quasi-finite, provided that the functor
—®M : Vect;, — MC has a left adjoint. If such a functor exists it is denoted by hc(M, —) :
MC — Vect, and called the co-hom functor.

Example 1.3.2. Since Hom¢(M,V ® C) ~ Hom (M, V) it is clear that the forgetful func-
tor M€ — Vect, is the left adjoint of — ® C : Vect, — MC, so C is quasi-finite as a right
C-comodule.

Remark 1.3.3. Suppose that M is a quasi-finite right C-comodule, N is a right C-comodule
and V is a vector space over k. Let

Quv : Homy(hc(M,N),V) — Hom ¢ (N,V @ M),

denote the functorial isomorphism required by Definition 1.3.1. Given any map
f € Hom™¢(N,V ® M) let u € Homy (hc(M,N), V) be the unique map such that Qy v («) =
f. Now recall that Qu v can be expressed in terms of the corresponding unit of adjunction,
on: N — he(M,N)®M, in this case as Qy v (1) = (4 ® M) o @n. Hence it is clear that any
right C-colinear map f : N — V ® M can be factorized as a composition

N2 heM,N) oM L2 v oM,

for a unique choice of k-linear map u : he(M,N) — V.

Remark 1.3.4. By the previous remark any right C-comodule map f : N — L induces a map
he(M, f) : he(M,N) — hc(M,L) determined uniquely by the condition

@rof = (hc(M,f)@M)o on.

Since the result of applying the co-hom functor to a map f : N — L produces a map satis-
fying this condition, this notation is justified, i.e. the result of applying the co-hom functor
to a map f results in the map hc(M, f).

Proposition 1.3.5. Suppose that M is a quasi-finite right C-comodule, N is a right C-
comodule and V is a vector space over k. Then the map

Yyn :hc(M,VQN) > V&hc(M,N),
determined uniquely by the condition
Ve on=(Yvy®M)opyen,
is an isomorphism.

Proof. See [40, Proposition 3.2]. O

Corollary 1.3.6. The maps ¥Y_ _ defined above are the natural transformations for an
isomorphism of functors

he(M, - ® =)~ - @hc(M, -).




1.3. QUASI-FINITE COMODULES 11

Proof. To sce that these are natural transformations in the first component, we need to
check that, for all vector spaces V and W, and k-linear maps f : V — W, the diagram

hc(M,f®N
- >

he(M,V @N) )+ he(M,W ®N)
llPV,N l‘*’w,/v
V @ he(M,N) L2MN) o he(M,N),

is commutative. To check this observe

(Pwnohc(M,fON))@M)opygy = (FPwnOM)o@weno(f®N)
(W®@n)o(fON)
(f®hc(M,N)®M)o (V@ on)
(f®hc(M,N)@M)o (Pyn®M)oQyen
= (((f®hc(M,N))o¥yN) ®M)o Pvan

Il

By multiple use of the defining properties of W_ y and hc(M, f ® N). Hence the commu-
tativity follows by the universal mapping property observed in Remark 1.3.3. A similar
calculation shows these transformations are natural in the second component. O

Proposition 1.3.7. Let M be a quasi-finite right C-comodule. Suppose that N is a (F,C)-
bicomodule then hc(M,N) is a left F-comodule with heM:N)p :=Wr y o hc(M,Vp).

Proof. To see this coaction is coassociative observe that the diagram

he(MNp) Yrn

hC(MvN) F®hC(MaN)

th(MxNP)

h , N
he(M,F @ N) =<0 (M, FRF®N) AF@HC(M.N)
lq‘F,N

F®hc(M,N)

WF@F@hC(M,N),

he(M,F ®N)

th(M,AF@W)

N
Mg @ he(M,F ®N)

is commutative. The commutativity of the top left quadrilateral in the diagram follows
from the coassociative of ¥ p and the commutativity of the other two quadrilaterals follows
since W_ _ is natural in either component, as shown in Corollary 1.3.6. To see that the
triangle is commutative observe that, by the defining property of ¥_ _,

(Yrern®M)Prorgn = FOF @@y
= FQ((¥rn®M)oQrgn)
(F WYrN ®M)o (F ® ¢ren)
= (FOY¥Yrn®M)o(Prren ®M)o Preren
= ((F®W¥rn)o¥rren) ®M)o OrgFran-
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Now reading around the edges of the diagram exhibits the coassociativity. By making
similar observations it is possible to show that the diagram

hc(MNp)
————

hc(M,N) hc(M,F ®N)

F®hc(M,N)

hc(M,er®N)

hc(MN) Er®hc(M,N)

hc(M,N)

is commutative, and reading around the edges of this demonstrates that the left coaction is
counital. O

Proposition 1.3.8. Let M be a (D,C)-bicomodule such that M is quasi-finite as a right
C-comodule. Suppose N is a right C-comodule then hc(M,N) is a right D-comodule with
coaction phc(M.N) uniquely determined by the condition

(hc(M,N)®" p)o oy = (p"MM ® M) 0 .
Proof. The map p"cM:N) is coassociative since

((p" MM @D)optMMeM)ogy = (p"MM@DeM)o(p"™N @M)o gy
(p"MN) @ D@ M) o (he(M,N)®Mp)o gy
(hc(M,N)®@D®"p)o (p"™M @ M)o gy
(hc(M,N)®@D&"p) o (hc(M,N)®"p)o gy

= (hc(M,N)®Ap@M)o (hc(M,N)®"p)o oy
(he
((

(M,N)®Ap @M) o (p" ™M) & M) o @y
(hc(M,N)® Ap) 0 p"cMN)y @ M) o gy

These equalities follow by multiple use of the defining property of p”c(:¥) and the coasso-

ciativity of ¥ p. Now by the adjointness it is clear that p*c (M) is coassociative. Similarly

((he(M,N) @ éep) 0 p" ™M @ M) 0 oy
= (he(M,N)®€ep®@M) o (p"<™MN) @ M) o gy
= (hc(M,N)®ep®M)o (hc(M,N)®Yp)o @y
= (h¢(M,N)®@M)o ¢y,

by the defining property of p/c(™:C) and the counitality of ¥p. Therefore, by the adjoint-
ness it is clear the p"c™:C) is counital. O

Remark 1.3.9. If M is a (D, C) bicomodule which is quasi-finite as a right C-comodule, then
the previous propositions allow the co-hom functor to be viewed as a functor hAc(M,—) :
M€ — MP.

Proposition 1.3.10. Let M be a (D, C)-bicomodule such that M is quasi-finite as a right C-
comodule. Suppose that N is an (F,C)-bicomodule. Then hc(M,N) is an (F,D)-bicomodule
with the coactions given in the previous propositions.
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Proof. First observe the diagram

N
N P F®N

F®
l(pN l“’F@N\
he(M Np)oMm

hc(M,N)®M —————hc(M,FQN)QM T F®hc(M,N)®M,

is clearly commutative and so @y is left F-colinear. Now compute

(((*™Mp ® D)o p"e™N)) @ M) 0 gy

_ (hc(M1N)p®D®M)o(phC(M’N)®M)o(pN
= (*MNpRDeM)o (hc(M,N)®¥p)o gy
= (F®hc(M,N)®"p)o (*<MNpgM)o gy
= (F®hc(M,N)®Mp)o(F®ey)o™p

= (Fep"MNgM)o(Fegy)oMp

= (FopMN gm)o("®™Npgom)o gy
= ((F@p"tM)ohcMMp) @ i) o gy.

This follows by making multiple use of the defining property of the map p”c(™-V) and the
left F-colinearity of ¢y. Now by the universal mapping property mentioned in Remark
1.3.3 the previous computation shows that the coactions must be compatible. O

Proposition 1.3.11. Suppose M is quasi-finite as a right C-comodule. For each right C-
comodule N, the map 8y : hc(M,N) — N E]hc(M ,C) uniquely determined by the condition

(5}\/ ®M) oQN = (Nl%) (pc) OpN,
has the following properties.

1. If N is a (D,C)-bicomodule then Oy is left D-colinear with the left D-coaction de-
scribed in Proposition 1.3.7.

2. If M is a (D,C)-bicomodule then Oy is right D-colinear with the right D-coaction
described in Proposition 1.3.8.

Proof. This is a straight forward calculation and is left to the reader. O

The observation made in Remark 1.3.9 can be further developed to give an alternative
definition of quasi-finite for bicomodules as follows.

Theorem 1.3.12. Suppose that M is a (D,C)-bicomodule, then M is quasi-finite as a right
C-comodule if and only if the functor — %}M : MP — MC has a left adjoint, moreover this

left adjoint will be given by the co-hom functor.
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Proof. See [38, Proposition 1.10]. O

Another instance in which the co-hom functor corresponding to M, a quasi-finite right
C-comodule, returns an object with additional structure to that of a vector space occurs
when the co-hom functor is applied to M itself. In this case E := hc(M,M) can be given a
coalgebra structure by defining Ag and &g to be the unique maps satisfying

(E@(PM)O(pM‘—'(AE@M)O(pM, (EE®M)O(pM=M.

That this produces a coalgebra structure can be checked in a similar way to which p#c(:C)
is shown to be coaction in proposition 1.3.8 (a full proof of this can be found in [14,
Subsection 12.9]).

Definition 1.3.13. Suppose M is quasi-finite as a right C-comodule then E := h¢o(M, M)
with the coalgebra structure defined by the above maps, is called the coendomorphism
coalgebra of M .

Proposition 1.3.14. Let M be a quasi-finite right C-comodule and set E = hc(M,M) to be
the coendomorphism coalgebra of M. Then M is an (E,C)-bicomodule, with left coaction
given by the unit of adjunction @y : M — hc(M,M) @ M. Furthermore if M is also a
(D,C)-bicomodule, then there exists an unique coalgebra map ©t : E — D such that the left
D-coaction is equal to (T @ M) o @uy.

Proof. From the defining properties of the coendomorphism coalgebra it is clear that
¢y - M — E ®M will be a left coaction and by the definition of @y this map must be right
C-colinear. Hence M is an (E,C)-bicomodule with this left coaction. Now suppose M is
also a (D, C)-bicomodule. By the universal mapping property of Remark 1.3.3,Mp : M —
D ® M can be factorized by the composition

MPLEeM M, DoM,
for a unique choice of k-linear map 7 : E — D. Now observe

((Apom)@M)opy = (AD®M)oMp

= (Dg"p)o"p
(D&Mp)o(T@M)oou
(r®Mp)oon
(T ((T®M)o@n))o ou
= (T@T®M)o(E®¢u)oPu
(T®TOM)o(Ar ®M)o gy
((r@m)oAE) ®M) o @y.

Il

Where the equalities follow by the coassociativity of ¥ p and the defining characteristics of
the maps 7w and Ar. Hence the map 7 as defined above is comultiplicative. Similarly it is
clear that

((epom)@M)o gy = (ep®M)oMp =M = (ee ® M) 0 gy,

hence the map 7 is also counital. O
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Definition 1.3.15. A right C-comodule M is called an injector if the tensor functor — QM :
Vect, — MC respects injective objects.

Proposition 1.3.16. If M is quasi-finite as a right C-comodule then M is an injector if and
only if the co-hom functor is exact.

Proof.  Suppose V is an injective object in Vect, and hc(M,—) is exact. Since V
is an injective object the contravariant functor Homy(—,V) is exact. Now observe this
implies that the composition Hom(hc(M,—),V) is exact and so by the adjointness iso-
morphism Hom~¢(—,V ® M) must also be exact. Therefore V ® M is an injective object
in MC. Conversely suppose that the tensor functor — ® M : Vect, — MC respects injec-
tive objects. Since hc(M,—) is a left adjoint it is right exact, so it is only necessary to
check that hc(M, —) preserves monomorphisms. Let f: N — L be a monomorphism and
set g = hc(M, f). Now by the adjointness for all V € Vect, there is a commutative diagram

~

Hom (hc(M,L),V) Hom™¢(L,V ®M)
lHomk(g,V) lHom'C (f,VeM)

Hom(hc(M,N),V) Hom C(N,V®M).

~

All categories of modules over rings have an injective cogenerator, and so in particular
such a diagram exists for V an injective cogenerator in Vect,. With this choice of V and the
assumption that the tensor functor preserves injective objects Hom~¢(—,V ® M) is exact
and so Hom~€(f,V ® M) is a surjection. By the diagram this means that Hom,(g,V) is
surjective. Now since V was chosen to be a cogenerator this implies that g = hc(M, f) is a
monomorphism. Therefore the co-hom functor is exact. O

Remark 1.3.17. Suppose M is a (D,C)-bicomodule which is quasi-finite as a right C-
comodule. By the the previous proposition saying that M is an injector as a right C-
comodule is equivalent to saying that the functor hc(M,—) : M® — Vect; is exact. In
view of Theorem 1.3.12 in this situation it is just as well to view the co-hom functor as
he(M,—) : M€ — MP. Now hc(M,~) : M — Vect, is exact if and only if hc(M,—) :
MC — MP is exact. By a similar method to that used in the previous proposition it is
possible to show that Ac(M,—) : M® — MP is exact if and only if —OM: MP — MC¢

preserves injective objects. Hence the following statements are equivalent

1. M is an injector as a right C-comodule.
2. hc(M, =) : M€ — Veet, is exact.

3. —OM : MP — MC preserves injective objects.
D

4. he(M,-) : M¢ — MP is exact.

Proposition 1.3.18. Suppose M is a quasi-finite injector as a right C-comodule. Then the
map Oy (as defined in Proposition 1.3.11) is an isomorphism for every right C-comodule
N. Moreover these isomorphisms are natural transformations, and hence form an isomor-

phism of functors
hc(M, —) >~ — %]hc(M,C),
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where hc(M,C) has the left coaction described in Proposition 1.3.7.

Proof. By the assumptions the co-hom functor preserves injective maps hence the
rows of the following diagram are exact

he(N,pV hc(M,N®Ac)
0 ——= he(M,N) — 2P0 _p (MN®C) he(M,N®C®C)

he(MpV&C)
lSN 1WN,C l‘PNxc,c

N®hc(M,C)p
0—NOhc(M,C) N&hc(M,C) N®C®hc(M,C),

pNec

where the maps W are isomorphisms as defined in Proposition 1.3.5. Now a few straight
forward calculations show that this diagram is commutative and since the maps W are
isomorphisms so is the map &y. For all right C-comodule maps f : N — L, the diagram

hC(va)

hc(M,N) hc(M, L)

I I
fOhc(M,C

)
NOhe(M,C) ~€ """ LOAc(M,C),

is commutative since
((BLohc(M,f))@M)oon = (@M)oq@Lof
= (LOgc)optof
= (LOgc)o (FOC)op"
= (fOhc(M,C)@M)o (NOgc)op®
((FDhc(M,C))o by) M) o g

The above equalities follow by the repeated use of the defining characteristics of the maps
6 and he(M, f), and the right C-colinearity of f. Hence the result follows by the universal
mapping property of Remark 1.3.3. O

This completes our introduction to the theory of quasi-finite injectors. In chapter 3 we
will return to the results we have mentioned here to study a special class of quasi-finite
comodules.



Chapter 2

Corings and weak entwining structures

2.1 Corings

2.1.1 Introduction

The concept of a coring is a generalization of a coalgebra. It is an interesting structure
as many results which can be proven for coalgebras over commutative rings hold in this
more general setting. Also the concept of a coring unifies many other algebraic structures.
Finally there are situations in which one is drawn to consider such a structure, for example
in investigating ring extensions. In fact it was in this context in which corings were first
seriously studied as algebraic objects, see [37].

Definition 2.1.1. An A-coring is an (A,A)-bimodule € together with two (A,A)-bimodule
maps & : € — A and Ag : € — €Q® € which render the diagrams
A

Ag¢ CRC A¢ cRc
Ael lC?Ac ‘A\ le,g@@
CRE___43C gRERe CRC__ %% g
A A A A ’

commutative. The map &g is referred to as the counit and map A¢ as the coproduct. A
morphism of A-corings is a map f : € — D satisfying

(f‘?f)OA@:A@Of, Epof =¢

Example 2.1.2. To any algebra map f : B — A it is possible to associate an A-coring as
follows. First define € = A ® A where A is viewed as a (B, B)-bimodule via the map f and
B

view € as an (A,A)-bimodule in the obvious way. Then set

Ag: C—CECRC, a®d —a®1®1Qd
A B B A B

Eg:C—A, a®d — ad.
B

An A-coring arising in this way is called a Sweedler A-coring (see [37]).

17
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Generalizing these most fundamental examples of A-corings, are the following type of
A-corings introduced in [23].

Example 2.1.3. Given a (B,A)-bimodule M that is finitely generated and projective as a
right A-module, set M* := Hom 4(M,A) to be the dual (A, B)-module. Then letting {e; €
M, e} € M*};c; be some choice of finite dual basis of M, it is possible to define an A-coring
structure on the (A,A)-bimodule M* %M by setting

Aoy :M* QM > M QMAM* @M,  ¢@m— )Y ¢®e@e] ®m,
B B B A B i€l
SM*%MZM*%M—)A, ¢ @mr ¢(m).

An A-coring arising in this way is called a comatrix A-coring. It is shown in [23] that for
such an A-coring the coproduct is independent of the choice of finite dual basis.

The notion of comodules for a coalgebra can be generalized to A-coring as follows.

Definition 2.1.4. A comodule for an A-coring is a pair (M,p™) where M is a right A-
module and pM : M — M ® € is a map of right A-modules satisfying
A

(P @C)op™ = (M@Ac)op",  (MBee)op™ =M.

The map p™ is referred to as a right €-coaction and just as for comodules the above con-
ditions are referred to as coassociativity and counitality. The category of all such objects
with morphisms f : M — N that are right A-linear and right €-colinear (in the sense that
(f%@) opM = p% o f) is denoted MY.

Example 2.1.5. Suppose M is aright €-comodule that is finitely generated and projective
as a right A-module. Then a left €-module structure can be defined on M* = Hom_4 (M, €)
by the composition of maps

M* — Hom_,(M,C) - €CQ M*,
A

described for some choice of dual basis {e; € M, e} € M*}.¢; as follows
g (g®€) o pM = Y gleip)ei e,
A iel A
where p¥ (¢;) = Y.eij) ® eify]. See [14, Subsection 19.14] for a more detailed account of
A

these constructions. It will also be useful to note that there is a natural isomorphism be-
tween End~%(M) and End®~ (M*) which we shall denote by I'ys : End~¢(M) — End®~ (M*).
For a choice of dual basis {e; € M,e} € M*}c;, s € End~%(M), & € M*, t € End®~(M")
andmeM

Tu()(€) = YL E(s(e))ef =Eos, Ty (r)(m) = L.(1)(m) = Yet(el)(m). (2.1)

iel iel iel

In this way one views M* as aright End~%(M)-module with the action Es =y (s)(€) =

Eos.
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We shall now highlight the unifying power of the theory of A-corings by showing how
concepts relating to entwining structures can be viewed as special cases of the theory of
A-corings. This was first noticed by Takeuchi, and was the main cause of the recent resur-
gence of interest in corings.

Proposition 2.1.6. For an entwining structure (A,C, y) it is possible to define an A-coring
structure on € := A ®C as follows. First view € as an (A,A)-bimodule by setting a- (a' ®
c)-a":=ad y(c®d") and then define Ag : € > CRE~ARCKXC, A¢:=A®Ac and
& = A®¢c. Conversely if the the maps above define an A-coring structure on A C
then (A,C,y) must be an entwining structure. Furthermore under this correspondence
M =M(y)§.

Proof. See [4, Proposition 2.2). O

2.1.2 Galois corings and comodules

With the previous proposition in mind it is possible to define a special type of A-coring
which generalizes A-corings which are constructed in the way described in Proposition
2.1.6, from the canonical entwining structure associated to a C-Galois extension B C A.
These constructions first appeared in [4]. As background to these constructions we will first
investigate how the notion of a grouplike element in coalgebra generalizes to A-corings.
This idea was originally developed by Sweedler in [37].

Definition 2.1.7. An element g of an A-coring € is said to be grouplike if Ac(g) = g (% g
and €(g) = 1.

For such elements there is the following result [37, Proposition 1.9].

Proposition 2.1.8. Letr € be the Sweedler A-coring associated to an extension ¢ : B — A
then

(a) 1®1 is grouplike element of C.
B

(b) Let D be some other A-coring and let Gy (D) denote the set of grouplike elements,
8, in D satisfying ¢(b)g = g¢(b) for all elements of B. For each g € Gy(D) there
exists a unique A-coring map § : € — D such that {(1 %9 1) = g. Conversely for each

A-coring map & : € — D, the element & (1 %) 1) € Gy(D).

Also as regards the comodules of an A-coring we have the following correspondence

Proposition 2.1.9. For any A-coring €, there is a one to one correspondence between right
€ coactions on A and grouplike elements in C.

Proof. The correspondence goes as follows: given aright €-coaction on A, the element
p%(1) is grouplike. Conversely given a grouplike element g € €, set p4(a) := 1 ® ga. See
A

[4, Lemma 5.1] for details. O
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Now given an entwining y that arises from a C-Galois extension B C A, let © denote
the associated A-coring. Since A € M(y)§ = M? there is a distinguished grouplike ele-
ment g € D. Furthermore letting ¢ : B — A be the canonical inclusion of the coinvariant
subalgebra we obtain that g € G4(D). So by Proposition 2.1.8 for the Sweedler coring €
associated to ¢ there is a unique coring map £ : € — D such that &(1 % 1) = g. In this

situation it turns out that £ is an isomorphism. Removing the requirement that D arises in
this way one arrives at the following entwining free definition.

Definition 2.1.10. Let € be an A-coring with a grouplike element g and define B := A°°® =
{b € Albg = gb}. € is said to be Galois (with respect to g) if the map £ :A®A — €
B

uniquely defined by the condition (1 ® 1) = g is an isomorphism of A-corings.
A

By the considerations already mentioned the A-coring arising from a C-Galois exten-
sion via the canonical entwining is a Galois coring. Furthermore the converse is true. This
is described in the following example from [4].

Example 2.1.11. Let (A,C, y) be a (right-right) entwining structure and let € = A ® C be
the associated A-coring. Then € is a Galois coring if and only if (A,C, y) is the canonical
entwining structure of a C-Galois extension.

Continuing this chain of generalizations, in order to obtain further insight into Galois
corings it has proved productive to study special types of comodules of an A-coring. This
approach started in [23] and was further investigated in [5].

Definition 2.1.12. Let € be an A-coring, M € M and set S := End~¢(M). Then M is said
to be a Galois (right) comodule provided that it is finitely generated and projective as a
right A-module, and the evaluation map

¢c:Hom “(M,Q)@M — €, f@m=f(m),

is an isomorphism of right €-comodules, where € is viewed as a right €-comodule in the
obvious way via its coproduct.

The map ¢ above can been seen to have its origins as the counit of the pair of adjoint
functors (— ® M,Hom™%(M, —)), for which the counit is the evaluation map and unit is
S

given by the map x — [x — x ® m|. Equivalently such comodules can be defined in a way
which is easily seen to generalize Galois A-corings. First observe that M as described
above is an (S,A)-bimodule and Hom~¢(M,€) ~ M*. Studying the situation in this way
one observes it is possible to make the following equivalent definition.

Definition 2.1.13. Let € be an A-coring, M € M€ and set S := End~¢(M). Suppose M is
finitely generated projective as a right A-module then M is (S,A)-bimodule and M* @ M
S

can be viewed as a comatrix A-coring as described in Example 2.1.3. Now there is a natural
A-coring map
canM:M*%)M—»C, §®m»—>2§(m[0])m[1]

M is a Galois comodule if this map is an isomorphism.
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Remark 2.1.14. Now with this definition it will be useful to observe that in the special
case when M = A that the corresponding comatrix A-coring is precisely the Sweedler A-
coring of the inclusion of the subalgebra of coinvariants A°°®, To see this, first note that
each f € End~%(A) is right A-linear and therefore uniquely determined by its value at 1.
Then note that any right A-linear map g : A — A uniquely determined by the condition
that g(1) = b is right €-colinear if and only if b € A°°%, It is then easily seen that A°°® is
isomorphic to § = End~%(A). In view of this, it is clear that A is a Galois €-comodule if
and only if € is a Galois A-coring.

The main properties of such comodules are described in the following theorem first
stated in [23, Theorem 3.2].

Theorem 2.1.15. (The Galois comodule structure theorem) Let € be an A-coring and let
M be a right C€-comodule which is finitely generated projective as a right A-module. Set
S = End~%(M).
(a) The following are equivalent:
(1) M is Galois comodule which is flat as a left S-module.
(2) Cis a flat left A-module and M is a generator in ME.

(3) € is flat left A-module and, for any N € MY, the counit of adjunction @y :
Hom~¢(M,N)® M — N is an isomorphism of right €-comodules.
S

(b) The following are equivalent:
(1) M is a Galois comodule which is faithfully flat as a left S-module.
(2) € is a flat left A-module and M is a projective generator in M,

(3) Cisaflatleft A-module and Hom‘Q(M y—) " M¢ — My is an equivalence with
inverse — @M : Mg — MC,
S

Proof. See [14, Subsections 18.23 and 18.27]. O

We have already seen how it is possible to associate an A-coring to a C-Galois ex-
tension, how Galois A-corings generalize such an object and then continuing the chain of
generalization introduced Galois comodules. Now as a model for non-commutative prin-
cipal bundles, a particular type of C-Galois extension termed a principal C-extension has
been introduced in [6]. This notion generalizes that of a faithfully flat Hopf-Galois exten-
sion with a bijective antipode and is a mild generalization in that it enjoys many of the same
nice properties. Making a chain of generalizations for these principal C-extensions, as has
already been demonstrated for C-Galois extensions, one can arrive at a special class of Ga-
lois comodules. These comodules generalize faithfully flat Hopf-Galois extensions with
bijective antipode, yet still admit a theorem similar to what is referred to as Schneider’s
Theorem 1, as stated in [34]. We first recall Schneider’s result.

Theorem 2.1.16. Let H be a Hopf algebra over a field. Assume the antipode of H is
bijective and B C A is a H-Galois extension. Then the following are equivalent:

(a) (1) Aisinjective as a right H-comodule;
(2) cang :A®A - A®H, a®ad — Y ad' (g ®ay is surjective.
B
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(b) Mg > M M— M%)A, is an equivalence.
(c) gM — .M M — A %M, is an equivalence.
(d) (1) Ais faithfully flat as a left B-module;

(2) cany is an isomorphism.
(e) (1) Alis faithfully flat as a right B-module;

(2) cang is an isomorphism.

Now this result can be generalized as follows. For completeness we provide a proof
for algebras over a commutative ring. For algebras over a field this is precisely [5, Theo-
rem 4.4].

Theorem 2.1.17. Let € be an A-coring and M a right €-comodule that is finitely generated
and projective as a right A-module. Let § = End=%(M). Suppose that:

(a) the map
X :S®M — Hom®™ (M*,M*®M),  bSm— & — E ob(—)®m],

is an isomorphism of left S-modules;

(b) the map
cany  M'®M — €, E@mis Y E(myg))myy),

is a split epimorphism of left €-comodules.

Then M is a Galois comodule and M is a k-relatively projective left S-module (meaning that
any S-module epimorphism N — M that splits as an k-module map splits as a S-module

map).

Proof. First observe that Hom®~ (M*, &) ~ *(M*) ~ M, where the first isomorphism
is an example of a Hom-tensor relation for left €-comodules (see [14, Subsection 18.27])
explicitly, for general L,N € M and X € 4M,

Homc'(N,&?X) — Homu_(N,X),  fr (€ §>X) of.

The second of the isomorphisms, M ~ *(M*), is given by, for each m € M, evaluating
elements of M* at m. This produces a natural map M — Homy_ (Hom_4(M,A),A) which
must be by bijective since M is finitely generated projective. Now in view of assumption
(b) € is a direct summand of M* ® M, by the isomorphism in (a) and the isomorphism
described above, this then means that Hom®~ (M*, €) ~ M is a direct summand of the left S-
module Hom®~ (M*,M*®M) ~ S®M. Now observe that S ® M is a k-relatively projective
left S-module, since given any N € M and left S-module epimorphism f: N — SQ® M,
with a k-linear splitting V¥, it is easily verified that v : S® M — N given by the formula
V(s®m) =sV(1 ®m), is a left S-linear splitting of f. Therefore, since SQM is a k-relatively
projective left S-module, so is M.
For the adjoint pair of functors

M ®—:sM— ™, Hom® (M*,-):*M — M,
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the counit of the adjunction
Prrrem - M* §>Hom¢- (M*,M*®@M) — M*®M,  m*Qf— f(m*)
s
can be factored as the following composition of maps

My~
M* §Hom¢—(M*,M* QM) ——— M*QSOM S M* @M.
S

Hence Qy+gp is an isomorphism. Using the naturality of @ it is possible to produce a
diagram

M* ® Hom®~ (", M*&M) P 5w M*®M
M‘?Home‘(M‘,C'ﬁlM) Gany
M ® Hom®~ (M*, ). fe ¢

Where the upward pointing arrows are sections of M*®sHom®~ (M*,cany) and cany re-
spectively. The existence of these maps is guaranteed by assumption (b). Since Pp-gm
is an isomorphism, the map @ is bijective (it is a k-linear isomorphism). Using the iden-
tifications Hom®~ (M*,&) ~ M and M* ~ Hom~%(M, €) there is a k-linear isomorphism
M*®sHom®™ (M*, &) ~ Hom~%(M,€)®sM, and using this isomorphism we can construct
a commutative diagram

M*?Home"(M*,QZ) Pe ¢

Hom~¢(M, ) ?M

from which we can deduce that since (¢ is bijective, so is @¢. Therefore since @¢ is a
bijective morphism in M€, it must an isomorphism of right €-comodules, so we conclude
that M is a Galois right €-comodule. O

In the case of algebras over a field, which is of primary interest, to non-commutative
geometry for example, the special class of Galois comodules which satisfy the assertions
of Theorem 2.1.17 is described as follows.

Definition 2.1.18. A Galois (right) comodule M is called a principal comodule provided
M is projective as a left S := End~%(M) module.

This definition is equally valid for algebras over a commutative ring, and it is possible
to obtain a generalized version of [5, Theorem 4.4]. We are able to realize such a result as
corollary of the previous theorem as follows.
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Corollary 2.1.19. Let € be an A-coring and M a right €-comodule that is finitely generated
and projective as a right A-module. Let S = End=%(M). Suppose that:

(a) M is a projective k-module;
(b) the map
cany - M*QM — €, §®m|—>25(m[0])mm,
is a split epimorphism of left €-comodules.
Then M is a principal comodule.

Proof. It is well known that for any left A-module N which if finitely generated
projective and k-module V the map

0 :Endsa_(N)®V — Homa_(N,NQV), Qi t(—)®v,

is a k-isomorphism. The inverse of O can be described in terms of a choice of dual ba-
sis {e; € N,*e; € *N}ies of 4N as follows, for all f € Homs_(N,N®V), writing f(n) =
LfmVefmP eNeV

07'(f) =Y "ei(—)f () ® f(en)?!

iel

We now consider such a map 8 with V = M and N = M*. By the definition of @ it is
clear that it maps elements of End®~ (M*) ® M to left €-colinear maps. We shall now show
that, going in the other direction, 8~ will map left ¢-colinear maps into End®~ (M*) @ M.
Since M is a projective k-module it must also be flat as a k-module, hence we are able to
check if € ® m is an element of End®~ (M*) ® M as follows. First define a map

6 :Endy_(M*) — Homy_(M*,CQ M),
A

by
8(&)(x) ==Y xy §§(x[01) =Y (@)1 ® CEHNINE

Where }.x[_1) ®x[o) is the result of applying the left €-coaction on x € M”, as described in
A

Example 2.1.5. With this definition & € End®*~(M*) C End4_(M*) if and only if & €
ker(8). By the flatness of M ker(6 ® M) = ker(6) ® M. Hence to check 0~!(f) €
End®~ (M*) ® M all that is required is to verify that (6 ® M) o 8~ !(f) = 0. For any left
C-colinear map f : M* — M* ® M and x € M*, we can compute

ey ®07 (Hlxg) = Yoy ® eilxp)f(e) @ fle)?

iet
= Yxy®fCelxg)e) ! ® f(ei(xg))e)?
icl
= Y x1® f (o) @ f ().
ict

= YoMy )l e fe?.
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Where the second equality follows by the left A-linearity of f, the third by the properties
of a dual basis and the last equality by the assumption that f is left €-colinear. Likewise

MpeM)oo7 (f)(x) = Y (eilx)f(e)!)y® (eix)f(e)!)g ® f(e)?

iel

= Z(f(*ei(x)ei)m)[—l] ® (f(*ei(x)ei)m)[ol ® f(*ei(x)e;)?

i€l
= Y oW el fx)P.
So (6 ®@M) o 08~ !(f) =0. Now it clear that  restricts to a k-isomorphism End®~ (M*) ®
M ~ Hom®~ (M*,M* ® M). Now using the isomorphism
Ty : S =End~%(M) — End®~ (M*),
as described in (2.1), we can construct is a chain of isomorphisms

TuEM, End® (M*) @ M & Hom®~ (M* M* ® M)

SQM ——
s@m—[E— Eos]@m— [E— Eos(—)@m]

This is precisely condition (a) of Theorem 2.1.17. Now since M satisfies the conditions
of this theorem M is a Galois comodule and M is a k-relatively projective left S-module.
Since M is a k-relatively projective left S module and M is a projective k-module, M is a
projective S-module, hence a principal comodule as required. O

2.2 Weak entwining structures

2.2.1 Motivation

In certain topics in mathematical physics, for example in the theory of operator algebras
and monoidal categories, it has been useful to consider an algebraic structure which is a
generalization of a bialgebra. Following [3] and [30] the axioms for this object are as
follows.

Definition 2.2.1. A weak k-bialgebra H is a k-module with a k-algebra structure (1, 1) and
a k-coalgebra structure (A, €), such that A is a multiplicative map and

A1) =Y 11®1lun® 1y =Y 11)® Lunle) ® L2 (2.2)
g(hkl) =Y e(hk())e(kayl) = Y e(hke)) (k(l)l) (2.3)
forall h,k,l € H. Here A(1) = L 1(y®1 () =L 117 ® 1 (2.

When considering such a structure it becomes natural to consider certain projections
H — H, since these maps will feature a lot in what what follows we label them as follows.

=Y e(uh)ly, T ()=Ye(lphln,
f(h) =Y e(hl)ly, T (k)= YL e(hly)lp)

Firstly using these projections one can give sensible conditions for an antipode.
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Definition 2.2.2. A weak Hopf algebra is a weak k-bialgebra with a k-linear map S : H —
H, called the antipode, such that, for all h € H,

Y hyS(hy) =105 (R), Y S(h))he)S(h)) =S(h), Y S(hq))hg) =TI (k).

With this definition the antipode is both an anti-algebra and an anti-coalgebra map.
Furthermore it satisfies .
M =Mfos, MR=Mos, (2.4)
and
Solll =MRos,  SoMf=TIIlos. (2.5)

With mind to generalize Doi-Koppinen structures to the case where the auxiliary bialgebra
is replaced with a weak bialgebra, notions of (co)module (co)algebras for weak bialgebras
were developed in [2]. Such objects were defined as follows.

Definition 2.2.3. Given a weak bialgebra H, a right H-comodule algebra is a k-algebra A
with a right H coaction p# : A — A®H, such that for all a,b € A,

p*(ab) = p*(a)p* (b), (2.6)

and

Y a0 ® T (ap) = Y 1ga® 1y @27

Given the multiplicativity of p# (2.6), as was noticed in [2, Definition 2.1] and [15,
Proposition 4.10], there are numerous equivalent ways in which to state the condition (2.7).
We list these for future reference.

P*(1) =Y 1 ® 111y ® (2, (2.8)
PP =Yg ® gl ®le), 2.9)
Y a0 ®TT (a) = Yalg @1y, (2.10)
Y 1 @I (1) = p(1), @.11)

Y g @ (1) = p(1). (2.12)

Dually one considers the following

Definition 2.2.4. A right H-module coalgebra is defined as a coalgebra C and a right H-
module such that, for all 4,k € H and c € C,

Ac(ch) =Y cayhy®c)h2), (2.13)

and
ec(chk) =) ec(ch(z))en (hyk). (2.14)

Again with this dual definition given that Ac satisfies the comultiplicative condition
2.13 there are several equivalent statements which can replace 2.14, see [15, Proposi-
tion 4.12] for details. Left H-comodule algebras and left H-module coalgebras can be
defined in a similar way.
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Definition 2.2.5. A weak right-right Doi-Koppinen structure is a triple (H,A,C) where H
is a weak k-bialgebra, A a right H-comodule algebra and C a right H-module coalgebra.
The category of modules corresponding to such a triple, denoted M(H)§ , has objects
which are right C-comodules with a right A-action satisfying the compatibility condition

p(ma) =} mygja ®myap, (2.15)

and morphisms which are right A-linear and right C-colinear maps. Objects of this category
are called weak Doi-Koppinen Hopf-modules.

Similarly one can define left-right, right-left and left-left weak Doi-Koppinen structures
and their corresponding categories of modules, denoted sM(H )¢, “M(H), and {M(H)
respectively.

Now a reasonable question to ask is whether it is possible to relax the axioms of an
entwining structure in order replace the auxiliary weak k-bialgebra in a weak right-right
Doi-Koppinen structure, in a similar way to what had been done in the non-weak case.
This question was resolved in [15] where a more general type of entwining was introduced
as follows.

Definition 2.2.6. A triple (A,C, yg) consisting of a k-algebra A, k-coalgebra C and k-linear
map Y :C®A — A®C is called a (right-right) weak entwining structure provided the map
W satisfies the conditions encoded in the following commutative diagram.

CRARA

C®C C®A®A——»C®A~¥%C®C®A ARC®A
WR‘XJAl lC®WR

CRIRC ARCR®A VR CRARC AQERA
A®Wkl lWR®C

CRARC A®A®C———>A®C A®C®C

M@YCN/

ARCRC

Writing, for all a € A and c € C, Yr(c®a) = Lqaa ®c%, Yr(c®a) = Ygag ®ch etc.,
these conditions can be expressed as

Z(ab)a ®c* = ): agbp ®c*P, (2.16)
Zaagc a)_zsc )aa, (2.17)
Zaa ®Ac(ca) = Eaap ®c(1 ﬁ ®c)% (2.18)

}:1a®c —Zec Ma®c(). (2.19)
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Modules over right-right weak entwining structures are defined with the same compat-
ibility as in the non-weak case. We use the same notation for the category of comodules
weak entwining structures, i.e. M(y)§. Also as in in the non-weak case these conditions
are self dual, in the sense they are invariant under the operation which replaces A with C,
&c with 1 and A with u.

Definition 2.2.7. A triple (A, C, y) consisting of a k-algebra A, k-coalgebra C and k-linear
map Y : A®C — C®A is called a (left-left) weak entwining structure provided the map
y satisfies the conditions encoded in the diagram obtained from the diagram in Definition
2.2.6, by reversing the yg arrows and replacing yg with y;. Writing, for all a € A and
ce€C y(a®c)=Ypce®df, yi(a®c) = Lrcr ®aF etc., these conditions can be
expressed as

Y ce®(ab)® =Y cer ®a"b", (2.20)
E E,F
Y ec(ce)a® =Y aec(ce)1®, (2.21)
E E
ZAC(CE)@’“E = 20(1)5 & c)F ®atF, (2.22)
E E.F
Y ee®1F =Y cqy®ec(cpr)l”. (2.23)
E E

Modules over left-left weak entwining structures are defined with the same compatibil-
ity as in the non-weak case. Similarly one is able to define (left-right) and (right-left) weak
entwining structures and their associated categories of modules.

Remark 2.2.8. Just as in the non-weak case for any weak right-right Doi-Koppinen struc-
ture (H,A,C) one is able to give a corresponding right-right entwining structure (A,C, W)
where yy(c®a) = Y. ajo ®cayy). Furthermore the modules associated to these correspond-

ing structures are the same, i.e. MAC(H ) =M(yy)§.

2.2.2 Generalizing results from non-weak case

With the axioms for a weak entwining structure in place, we now investigate how it is
possible to generalize some of the results for non-weak entwining structures to weak en-
twining structures. We start by showing how it is possible to associated an A-coring to a
weak entwining structure. This result builds upon the first part of Proposition 2.1.6 and
first appeared in [4, Proposition 2.3].

Proposition 2.2.9. Let (A,C, yr) be a right-right weak entwining structure. Define the
map
PR:A®RC - AQC, PrR:=(URC)o(CRYR)o(ARC®1),

and the set
C:=Impgr= {Za,-la ®cy | Za,@)ci €EAQC}.

i,o i

Then pg is a projection, i.e. pgro pr = pgr, and
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(1) € is an (A,A)-bimodule with the left action a' (L yalg ®c*) =Y dalqg ®c* and

the right action (Lqd'lq ®c%)a=Y,pa'1ga5® OB =y dagc®.

(2) Cisan A-coring with counit €s = (A ® &c)|c and coproduct, forall a € A, ¢ € C,

A@(Zala ®Ca) = Zala ®Ca(1) % 1®Ca(2).
04 [04

(3) M(yg)§ =M<
Similarly for a left-left weak entwining structure there is another version of this propo-
sition.
Proposition 2.2.10. Let (A,C, ) be a left-left weak entwining structure. Define the map
pL:CRA—C®RA, p.=(Cou)o(yr®A)o(10CQA),

and the set . . o
D:=Imp,={) gk ® 1£4° | Y d®d eCoA}.
i,E i

Then py is a projection, i.e. py o pp = pr, and
(1) D is an (A,A)-bimodule with the left action a(Lgce®1Ed") = L pcer®al 15d
and the right action (Lg ce®1%a'Ya =Yg ce®1Eda.

(2) © is an A-coring with counit €5 = (€c ® A)|p and coproduct, for all a € A, ¢ € C,

A'D(ZCE ® lEa) = ZCE(I) ®1 %C(Z)E ®1£aq.
E E

(3) $M(y) =M.

Recall we have already seen that it is possible to associate an entwining structure to
a C-Galois extension B C A. Is there some more general type of extension to which it is
possible to associate a weak entwining structure?

Definition 2.2.11. Let C be a coalgebra and A algebra that is also a right C-comodule.
Then let
B:={bcA|p*(ba) =bp*(a),Va € A},

denote the subalgebra of (right) coinvariants. We say that B C A is a (right) weak coalgebra-
Galois extension (or weak C-Galois extension) provided that the left A-linear right C-
colinear map

canA:A%)A —AQC, cany := ([.1®C)0(A<§p/‘),

is a split monomorphism in the category 4MC, that is to say there exists some morphism
X :A®C — A®A in 4MC such that y ocany = A ®A.
B B

Now for such an extension there is the following result
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Theorem 2.2.12. Let B C A be a weak C-Galois extension. Then there exists a unique
right-right weak entwining structure (A,C, W) such that A € M(yg)§ with the canonical
right A action (multiplication in A) and the predetermined right C-coaction. This weak
entwining structure is referred to as the canonical weak entwining structure associated to
the weak C-Galois extension B C A.

Proof. Let x be the map which splits cany and set

T:C——>A<§>A, 7:=%(1®c),

to be what we will refer to as the weak translation map. Then the map

Vr:C®A—-ARC, VR ::canAo(A%u)o(‘c@A),

is the weak entwining map with the required properties. See [14, Subsection 37.9] for more
details. O

Proposition 2.2.13. Let € be an A-coring associated to a right-right weak entwining struc-
ture, (A,C, yR), and g € € be a grouplike element. Then € is a Galois A-coring with respect
to g if and only if cany : A %A — C®A is injective and € C Im(cany ), where the right C-

coaction on A used in the computation of cany is that induced by g via Proposition 2.1.9
and Theorem 2.2.9.

Proof. By Proposition 2.1.9 for the grouplike element g, there is a corresponding
right €-coaction on A, p%(a) = 1 ® ga, and in turn by Theorem 2.2.9 a corresponding right
A

C-coaction on A, p# = ga, for which A € M(WR)S. Clearly with these choices of coactions
A®C ={beA|bg=gb}={beA|p*(b)=bp*(1)} =A%C,

Therefore, setting B := A°°® = A°C the unique A-coring map & : A %A — € determined by
the condition £ (1 ® 1) = g (see Lemma 2.1.8) must be identically equal to cany : A %)A —
B

A®C, since
cang(a®d’) =ap?(d') = agd = E(a®a).

Hence the result follows. O

Proposition 2.2.14. The A-coring associated to the weak entwining structure in Theorem
2.2.12 is a Galois A-coring. Conversely, if the A-coring associated to a weak entwining
(A,C, wRr) is a Galois A-coring, then A is a weak C-Galois extension.

Proof. Suppose (A,C, yg) is as in Theorem 2.2.12 then cany is clearly injective and
since A € M(yg)§, p€(1) € € is grouplike. Furthermore by the definition of g it is
clear that Im(yg) C Im(cany) and so since cang is left A-linear all elements alq ® ¢* €
Im(cany). Hence € C Im(cany) and € is Galois with respect to p¢(1) € €. Conversely,
suppose € is an A-coring associated to an entwining structure and that € is Galois with
respect to g. By the characterization of such a coring given in proposition 2.2.13 must have
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that € C Im(can, ) and the map cany is injective. Also note that from the proof of 2.2.13 it
is clear that in fact Im(cans) = €. Hence the corestriction Tang : A ® A — € is invertible.
B

Since can, is a morphism in 4MC it is clear that m;‘ must also be a morphism in this
category. Now observe that pg : A®C — € is also morphism in ;M. That it is left A-linear
is clear. To see it is right C-colinear observe that

ptopr(a®c) = ;ala®ca(1)®c“(2)
= Lalap@cn) @ey”
B ;alaﬁs(c(z)“)‘m(l)ﬁ@qs)
= Lalatlen @) ®cnn) O

= Lala®c()*®cp).
[0

By use of relations (2.18) and (2.19). Having made these considerations it is clear that the
composition can;1 opr:A®C — A®A splits cany in the required way. Hence A is a weak
B

coalgebra-Galois extension, O

2.3 Invertible weak entwining structures

With the notion of a weak-entwining structures in place, we now investigate what it should
mean for a weak entwining structure to be invertible. We do this with mind to generalize
results which require invertibility of an entwining structure in their assumptions in partic-
ular, [5, Theorem 4.6]. First observe this is a non-trivial problem since the obvious choice,
requiring the entwining map to be bijective, leads to something unsatisfactory.

Propesition 2.3.1. If (A,C, yR) is a right-right weak entwining structure such that yg is
bijective then (A,C, Wg) must be a right-right entwining structure.

Proof. Let yg ' A®C — C®A be the k-linear inverse of Wg, which must exist since
W is assumed to be bijective. Using the convention of writing vy Na®c)=Ygce ®af
we immediately have that for alla € A and c € C,

an5®aa5=c®a, ZaEa@)cEa:a@c.
o.E o.E

Combining these with the relation (2.16) it is clear that, for all a,b € A and ¢ € C,

Z (anE)a ®cgr%* = Z aFabEﬂ ®cEpaB =ab®c.
o,EF o,.E.F

So applying v I'to the above we obtain, for all a,b € A and ¢ € C,

Y cer®a’ b = Y ce® (ab)E.
EF E
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With this knowledge, for any a € A and ¢ € C, we can perform the computation

Za1a®c°‘ = ZwRowgl(ala®c“)
o o
= Y wr(c®er ®a"145)
a
= ZIIIR(C}?@aF):a@C.
F

Setting a = 1 in the above it is clear that }, 14 ® ¢* = 1 ® ¢. Furthermore this observation
can be combined with relation (2.17) to compute that

;aas(c"‘) = ;s(c“)aa =¢(c)a.

Hence (A, C, yg) is a right-right entwining structure. O

Hence in the case of weak entwining structures a weaker notion of invertibility is re-
quired. We propose

Definition 2.3.2. An invertible weak entwining structure is a quadruple (A,C, yg, y.) such
that

(a) (A,C,yg) is aright-right weak entwining structure and (A,C, y ) is a left-left weak
entwining structure;

(b) WroyL =prand Y oYg=pr.

Initially when we proposed the definition in [13] we required a third condition, that for
allceC
Y e(ce)1 =) 1q6(c%). (2.24)
E a

However it was subsequently observed in [1] that in fact this is a consequence of the other
assumptions. For completeness we recall the proof of this.

Proposition 2.3.3. For an invertible weak entwining structure (A,C, W, Y1) equation (2.24)
holds for all c € C.

Proof. To see this equation is always satisfied take any ¢ € C and compute
Ze(C(I)a)lae(C(z)E)lE = Z laE(CaE)lE
a,E o,E
o,E

= ZE(CE)IE.
E

Where the first equality follows by relation (2.19), the second by (2.21) and the last equality
since Y o Wr(c®1) = pr(c®1) =Yg cr ®1£. However it is also possible to simplify the
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expression as
Z&'(C(l)a)laE(C‘(z)E)lE = ZS(CEa)lalE
o,E o,E
= ZS(CEa)lEa
o,E
= ZS(Ca)la.
o

Where the first equality follows by relation (2.23), the second by (2.17) and the last equality
since Yro Y (1®c) = pr(1®c) =Yy 1q ®c®. O

As motivation for the definition of an invertible weak entwining structure the follow-
ing observations were made. In the non-weak case the right-right entwining structure
corresponding to a Doi-Koppinen structure (H,A,C), where H is a Hopf algebra with
invertible antipode is invertible. To see this recall that the associated entwining map
Vi :C®A — A®C is given by y(c®a) = Lajg ® cayy), with the knowledge that the
antipode S of H is invertible it is possible to define an inverse for this map

v tAQC—C®4, a®cr ). cS 'ay®@aq. (2.25)

In the weak case one could expect the right-right entwining structure corresponding to a
weak Doi-Koppinen structure (H,A,C), where H is a weak Hopf algebra with invertible
antipode, to be invertible in a weaker sense. This is demonstrated in the following.

Proposition 2.3.4. Let (H,A,C) be a right-right weak Doi-Koppinen structure such that H
is a weak Hopf algebra with an invertible antipode S. Then (A,C, Wg, Y1) is an invertible
entwining structure where g is the associated right-right weak entwining map, i.e. Yr(c®
a)=Yap ®cay) and Y. : AQC — C®A is defined as y (a®c) = YS! (aq)) ®ayg)-

Proof. We first need to establish that (A,C, y; ) is a left-left weak entwining structure.
Rather than checking the necessary relations directly we shall do this by showing that in
fact y; is the natural left-left weak entwining structure associated to some left-left weak
Doi-Koppinen structure (H,A,C). We define such as structure as follows. Firstly define
H := H°P, the opposite algebra to H. Agreeing to write & for element an element & € H
but viewed in H, there is a natural choice of left H-module structure on C given by

hc = ch,

for all ¢ € C. Moreover this left H-action is comultiplicative since the given right H-action
on C is comultiplicative and the comultiplication in H is the same as in H. Explicitly one
computes

Ac(}—lc) Ac(ch) = ZC h(l ®cpyhz) = zh(l c1) ®h(y) 2)CR) = Zh ])®h(2 (2)-

Also observe that, forallce Cand k,h € H,

ec(khc) = ec(chk) =) ec(ch))en(hayk) = Y en (kh(y))ec(hz)c),
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and so C is a left H-module coalgebra. Next as a candidate for a left H coaction on A
consider a k-linear map

A:A— HQ®A, aHZS_la[I](@a[O].

That this defines a coaction follows immediately from the fact that S and therefore S~}
is an anti-coalgebra map. That A is a multiplicative map can easily be seen by using the
multiplicativity of the right H-coaction on A and the fact that S~! must be an anti-algebra
map. Finally by virtue of equations (2.5) and (2.12) we can compute

LIS )@l = LS I (1) @ g = . 1y @ L,

which can be seen as a left-handed version of condition 2.11. Hence A is a left H-comodule
algebra and (H,A,C) is left-left weak Doi-Koppinen structure for which the associated
entwining Y& must be equal to Y, since

Vi(a®c) =Y apc®ap =} 5™ ap Dag) = yr(a®c).

Hence (A, C, y1) must be a left-left weak entwining structure.

To complete the proof we now show that yg and y;, are compatible, in the sense of
part (b) of Definition 2.3.2. First with these choices of entwining maps the corresponding
projections can be written explicitly as

pr(@®c) = Zallo] ®clyy, pL(c®a) = ZCS_l 1 ®1ga.

Now to verify the required compatibility first take any a € A and ¢ € C and compute

Yo WR(C®0) = Yy Za[o] ®ca[1]) = an{l S an(1) ®a[0]
= LS apSap @) @ag = LS I (ap) @ag)
= ZcS 1®1ga=pLlc®a).
Where the third equality holds since S and therefore S~! are anti-algebra maps. The fourth
equality then follows by one of the defining characteristics of a weak Hopf algebra. The
fifth equality follows since A is a right H-comodule coalgebra and therefore condition (2.7)
holds. It now only remains to show that the compositions of the entwining maps in the other

order yields the required result. Before performing this calculation it will first be useful to
note that, forall h € H,

STIR(h) =TIH(S~'h) = Y e(hl )10 = IT" (h). (2.26)

This follows by the properties of the antipode stated in (2.4) and (2.5). Now take any a € A
and ¢ € C and compute
yrovi(a®c) = wr(} S lay ®ap) = Za[O] ®cS™ ape )a[l]
= Lag @S (Sapyn)ap)@) = Lag ®S™ T (ap)
= Yag @l (ay) = Ll ®cly = prla®c)
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Again the third equality holds since S and therefore S~! are anti-algebra maps and the
fourth equality then follows by one of the defining characteristics of a weak Hopf algebra.
The fifth equality follows by the computation (2.26). Finally the sixth equality follows be-
cause A is a right H-comodule algebra and therefore (2.10) holds. Therefore (A,C, Wr, V1)
must be an invertible weak entwining structure. O

In particular restricting this to the case of weak Doi Koppinen structures of the form
(H,A,H) we obtain

Corollary 2.3.5. Let H be a weak Hopf algebra with an invertible antipode S and let A
be a right H-comodule algebra. Then (A,H,yr, Y1) is an invertible entwining structure
where Y is the associated right-right weak entwining map, i.e. Yr(h®a) = ¥ ajg ® hayy),
and

VL AQH — HR®A, a®h»—>ZhS_la[1]®a[O].

Before continuing it will be useful to point out an obvious consequence of Definition
2.3.2.

Lemma 2.3.6. Let (A,C, Wg, Y1) be an invertible weak entwining structure. Then:
(1) YropL = Vg,
(2) YLopr= VL
Proof. For (1) first observe
PRO I//R(C®a) = Z agle ®CaB = Zaa ®Ca,
a.p o

by the use of relation (2.16). So by the conditions (b) of definition 2.3.2

YrOPL=YROVYLO YR = PRO YR = YR.
Part (2) of the this Lemma can be shown in a similar way. O

We now investigate what an invertible weak entwining structure means for the A-
corings which can be associated to its constituent weak entwining maps.

Proposition 2.3.7. Let (A,C, g, L) be an invertible weak entwining structure and let
¢ =Im pg and D = Im p;, be the corresponding A-corings. Then the restrictions of the
entwining maps

vy :C—-D, Yr: D —-C

are inverse isomorphisms of A-corings.

Proof.  First observe that it does make sense to restrict the targets of Yk and Y in
this way since from the conditions (b) of Definition 2.3.2 it is apparent that Imyg C €
and Imy;, C D. Moreover, since the maps pg and p; are projections these conditions
immediately imply that the given restrictions of yg and Y, are inverse isomorphisms of
k-modules. Now we demonstrate that Wy is a morphism of A-corings, starting by showing
that it is (A,A)-bilinear. Firstly observe that, by Lemma 2.3.6, foralla € A and c € C,

vr() ce®1%a) = yro pL(c®a) = Yr(c®a) =) aqa ®c.
E o
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We can also compute that

ZCE(X)IE E(la ®c*)a= Z lgag ®coP = Zaa ®c%,
o a,pB

by using relation (2.16) in the last step. Therefore we conclude that g is a right A-module
map. We can also compute that, for alla € A and ¢ € C,

vr(} a(ce®1F)) = Wr( Y cer®a™1%) = Yr(} ce®a®) = prla®c) Zala®c ,
E EF E

where the second equality follows be the relation (2.20) and the third equality by the con-
ditions (b) of Definition 2.3.2. Also using these conditions we can compute

ayR ZCE(X)IE) =apr(1®c) Zala ®c?.

Therefore, since we have shown that yg is right A-linear, we conclude that yy is a left
A-module map. This completes the proof that yg is an (A,A)-bimodule map.

Next we aim to show that yg respects the counit. To do this take any c€ C and a € A
and make the computation

ee(Yr(Ler®150) = Y aaec(c®) =Y latc(c®)a
E o a
= zec(cE)lEa = &D(ECE ®1£a).
E E
Where the first equality holds by Lemma 2.3.6 and the definition of &¢. The second equality
then follows by the relation (2.17) and the third by Proposition 2.3.3. The final equality
follows immediately from the definition of €5. Hence yg is a counital map.

Finally we show that yg is comultiplicative. Again start by taking ¢ € C and a € A and
first computing that

Ago !VR(;CE ®1%a) = Ae(;aa ®c%) = ;aa @c% 1y ®c% (),
by using Lemma 2.3.6 and the definition of coproduct in €. On the other hand,
(Wr ® yr)odp(Y ce®1%a) = Y wr(ceq)®1) ® Wr(ce@) ®1%a)
E E
= 2 WR(C(])E ®1)® IVR(C(z)p ® IEFa)
EF A
= Y wrlcqye®1F) ® Yir(c) ®a)
E
= Z lg ®C(1)a ®ag ®C(2)ﬁ
o A
= Z laaﬁ},@c(l)aY?l@c(z)ﬁ

a.By
= Y as®c%) ® 1®c%o) =Ae() aa ®c%).
a o
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Where the first equality follows by the definition of the coproduct in € and the second by
the relation (2.22). The third equality follows by the bimodule structure of © and the fact
that yg is an (A,A)-bimodule map. Next part (b) of Definition 2.3.2 is applied, noting that
LPr(1®cq)) ®cp) = Lo la ®c)® ®c(p). The fifth and sixth equalities follow by the
applications of relations (2.16) and (2.18). The final equality is just the definition of the
comultiplication in €. Thus yg is a morphism of A-corings. Similarly one can demonstrate
that yy is also an A-coring map. O

In the case of invertible entwining structures it was shown in [7, Section 6] that if A €
M(y) thenA € SM(y~!). Similarly in the weak case we can use the previous proposition
to show

Corollary 2.3.8. Let (A,C, g, V1) be an invertible weak entwining structure. If A €
M(yR)S, then A € M(y) with the coaction

4p(a) = (Y alg® 1)

Proof.  Suppose that A € M(yg)§, then, by the correspondence given in Theorem
2.2.9, it is clear that A is right €-comodule. Therefore, by Proposition 2.1.9, there is a
corresponding grouplike element g € € where g = pA(1) =Y 1 (o] ® 1[1)- Since one can just
as easily show a left-handed version of Proposition 2.1.9, A is a left €-comodule with the
coaction a — ag % 1. Now by Proposition 2.3.7, the map y;, : € — D is an isomorphism of

A-corings. Therefore using ;. it is possible to give a left D-coaction on A, explicitly
“p(a)=yilag)®1.

Therefore A € {M(y) with the coaction #p(a) = y.(Lal) ® 1}y)), as stated. O
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Chapter 3

Galois theory of C-rings

3.1 Introduction

In this chapter we develop the theory of objects which are dual to A-corings which were
first defined in [4, Section 6]. In order to avoid making any flatness assumptions in this
chapter all algebras, coalgebras etc. will be over a field k. Recall

Definition 3.1.1. A C-ring is a (C,C)-bicomodule & together with two (C,C)-bicomodule
maps Ny :C — & and Uy @ & l%l,d — &/ which render the diagrams

j79% %’W ndgd

#0400 20 o o Ot
c C Cc C
d%]udj 1“5{ ‘d‘gnd U
AQeA o o Al b o

commutative, where the standard isomorphisms .2/ IEIC ~of ~C l%]d provided by the C-
coactions are implicit. The map 1 is referred to as the unit and map [, as the product.

A morphism of C-rings is a map f : & — 2 satisfying
Hao(fOf)=fota,  fony =Nz

In principle the theory of such objects should be just as rich as the theory of corings.
Importantly, where as A-corings can be used to study algebra extensions, we can expect to
study coalgebra coextensions using C-rings.

Example 3.1.2. To any coalgebra map f : C — D it is possible to associate a C-ring as
follows. First define & =C %IC viewing C as a (D, D)-bicomodule via the map f and let

2/ have the natural choice of (C,C)-bicomodule structure. Then set
ud:ﬂgd—»ﬂ, dededlect —ce(c?)@e(d)d,

and
Ny :C— cr—>2c(1)®c(2)

We shall refer to a C-ring arising in this way as a Sweedler C-ring.

39
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It is clear that C-rings generalize algebras and that a notion of a module for a algebra
can be extended in a sensible way to C-rings as

Definition 3.1.3. A (right) module for a C-ring is a pair (M, py) where M is a right C-
comodule and py : M I%I.;af — M is a map of right C-comodules satisfying

puo(pu Q) =puoMOuy),  Puo(MOnNg) =M.

Where again the standard isomorphism M I%IC o~ M provided by the C-coaction on M is

implicit in what is written. The map Py is referred to as a right &7-action and just as for
standard modules, the above conditions are referred to as associativity and unitality. The
category of all such objects with morphisms f : M — N which are right C-colinear and
right o/ -linear maps (in the sense that fopy = pyo (f IEIW )) is denoted by M.

3.2 Matrix rings contexts

In trying to further develop the theory of C-rings in the same way as has been outlined
for corings one soon encounters a problem. In the case of A-corings, Galois comodules
are assumed to be finitely generated and projective as A-modules, which is equivalent to
saying that there is a finite dual basis. It is then standard to use such a basis in proving
things about Galois comodules. However the notion of the existence of finite dual basis
is not easily dualized (cf. Section 1.3). Instead we proceed by dualising the notion of a
comatrix coring context as defined in [8].

3.2.1 Quasi-finite matrix ring contexts

Definition 3.2.1. A matrix ring context, (C,D,“NP,PMC 5, 1), consists of a pair of coal-
gebras C and D, a (C, D)-bicomodule N, a (D, C)-bicomodule M and a pair of bicomodule

maps
G:C——»NIEIM, ‘L':MIEIN——»D

such that the diagrams

cON tOM
NOMUON ¢ CUON MONOM__ 2 DM
D c c c D D
N[grl TNP M[EO‘T Mp
N M
NOD._ P N MOCc_*? M

commute. The map ¢ is called a unit and 7 is called a counit of a matrix context.

By the assumption that the counit 7 of a matrix ring context is D-bicolinear, it is
uniquely determined by its reduced form T = €p o 7. To see this not that any D-bicolinear
map f : L — D can expressed in terms of its reduced form f = gpo fas f = (D® f)olp =
(f ® D) o p*. From this observation it is also clear that

(D®7T) o (Mp®N) = (T®D) 0 (M2p™). (3.1)
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We shall refer to the map T as the reduced counit of the matrix ring context. Using the
counitality of the coactions on M and N, the diagrams in Definition (3.2.1) can be rewritten
in term of T as

(N®T)o (aON) oMp=N, (T®M)o (MJo) opM =M. (3.2)

As justification of the word context in our terminology recall the definition of pre-equivalence
data or a Morita-Takeuchi context as was introduced in [38, Definition 2.3]. If in a context
of this type

(C,D,NP°PMC,f:C — NOM,g:D — MON),

the map g is injective then by [38, Theorem 2.3] g must be an isomorphism. Due to the
constraints which are imposed on f and g in the definition of a Morita-Takeuchi context it
is then apparent that

(C,D,CND,DMC,f:C—>1\79M,g—l : MON — D),
is a matrix ring context. Of greater importance to us, is the reason why the word ring
appears in Definition 3.2.1

Proposition 3.2.2. Let (C,D,“NP,PM® o,1) be a matrix ring context. Then o/ :=N DM
is a C-ring with the product and unit

#d=N9?|g1M, Ny =0,
where T is the reduced counit. Furthermore, M is a right o7 -module with the action ?glM

and N is a left of -module with the action N %]?. The C-ring & is called a matrix C-ring.

Proof. It is clear from their definitions that both u and 1., are C-bicolinear. To see
that the map p, is well defined, i.e. Im(u,) CN IEIM, observe that 7 is D-bicolinear

so Im(NO T%]M) - NIEID%]M. Similarly NI%IED :NI%ID — N is right D-colinear so
D
Im(N l%l &p %]M )JCN IEM and therefore

Im(iey) = Im((NDep OM) 0 (NOTOM)) C NOM.

That u,, is associative is also easily verified as

<)

(NOTOM)o (NOMONOTOM) = (N
D D D C D D
- (N

M)
o (NOFTOMONDM).
D D C D

o] o]

)
o[ o]

qu
D
M)

Using equation (3.2) it is a straight forward calculation to show that 7, is the unit for t,.
The statements about the actions of &/ are proven in a similar way. O

Example 3.2.3. To any coalgebra coextension f : C — D it possible to associate a matrix
ring context (C,D,“CP,PCC, Ac, f), where the D-coactions on C are those induced by f.
The corresponding matrix C-ring is precisely the Sweedler type C-ring associated to the
coextension.
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We now explore the meaning of a matrix ring context.

Proposition 3.2.4. If (C ,D,CNP D pC 0,T) is a matrix ring context, then the cotensor
functor F = — I;l N : M€ — Vecty is a left adjoint of the tensor functor G=— @M : Vect;, —

MC.
Proof. Define natural transformations

¢:M¢ - GF, o¢x:= (Xgo)opx,

v:FG — Vecty, vy =(YQe)o(YRT)=YR®T.

We need to show that these morphisms are the unit and counit, respectively, of the adjunc-
tion. Take any right C-comodule X and compute

VrxyoF(ox) = (XECJN®’T7°(((XECJG)OPX)I§N)
= (X!EUV@?)o(XgoEJN)o(XIEINp)=X9N=F(X),

where the second equality follows by the definition of the cotensor product, and the third
equality follows by the first of equations (3.2). On the other hand, for all vector spaces Y,

G(vr) o @Gy = (Y ®T®M)o (Y @MUo)o (Y ®p") =Y ®M = G(Y),

by the second of equations (3.2). Hence the natural transformations ¢ and v satisfy the
required properties. O

Remark 3.2.5. Suppose (C, D,CND,DMC,G,*L') is a matrix ring context. In view of sec-
tion 1.3 and the previous proposition we can draw the following conclusions. Firstly since
— ®M : Vect, — MC has a left adjoint, M is a quasi-finite right C-comodule. Moreover
by the uniqueness of adjoints there must be a functorial isomorphism h¢c(M, —) ~ — %JN .

Now observe that hc(M,—) has a right adjoint so is right exact, and since —IEIN is left

exact, the above isomorphism of functors implies that the co-hom functor must be exact.
Therefore by Proposition 1.3.16 M is an injector as a right C-comodule. Secondly, with
the knowledge that M is a quasi-finite injector as a right C-comodule, it then follows from
Proposition 1.3.18 that there is a functorial isomorphism hc(M,—) ~ — I%]hC(M ,C). Com-

bining this with the functorial isomorphism h¢(M,—) ~ — IE}N it is then clear there must
be an isomorphism hc(M,C) ~ N.

Theorem 3.2.6. Let M be a (D, C)-bicomodule and suppose that the right C-comodule M
is a quasi-finite injector. Define N := hc(M,C). Then there exist maps ¢ and T such that
the sextuple (C,D,“NP PMC o, T) is a matrix ring context.

First observe from Proposition 1.3.14 that the left D-coaction on M must be induced
from the natural left coaction of the coendomorphism coalgebra E = hc(M,M) by some
unique choice of coalgebra map 7 : E — D. With this in mind we will prove Theorem 3.2.6
by firstly considering the case where D = E.
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Lemma 3.2.7. Suppose that a right C-comodule M is a quasi-finite injector and define
N :=hc(M,C) and E := hc(M,M). Then there exist maps O and Tg such that the sextuple
(C,E,°NE EMC og,tE) is a matrix ring context, where the coactions on N and M are as
described in Propositions 1.3.10 and 1.3.14 respectively.

Proof. Since M is an (E,C)-bicomodule which is quasi-finite as a right C-comodule,
by Theorem 1.3.12 the functor — IEIM : ME — MC has a left adjoint, which is given by the

co-hom functor viewed as a functor h¢c : M¢ — ME. Furthermore since M€ is a quasi-finite
injector, by Proposition 1.3.18, hc(M,—) ~ —IEIhC(M,C). Therefore (—EJN,—I%]M) is
an adjoint pair of functors. This is characterized by the existence of a unit and counit of
adjunction,

¢ : M — -ONOM,  v: —QMQN—»ME.

Using these maps define right comodule maps

GE:=¢C:C—+C[%]N|%1M:N|%|M, ’EE::vE:MEIN:EgMI%'lNeE.

In addition to being right comodule maps it turns out these maps are bimodule maps. To
see that o is a C-bicomodule map use the fact that ¢ is a natural transformation to produce
commutative diagrams

c fe CceC c ke C&C

N e o] [

CCOUONOM cONOM ceCcONOM
c E c E c E

c E AcONOM I.ONDM
Cc E C E

where I.(¢') = c®(/, for all ¢,¢’ € C. Since AclglNEJM can be identified with the left
m) .
C-coaction Ve Mp, putting these two diagrams together we obtain, for all c € C,

NOM
E'poge(c) = ) Peecleq)®c)) =) Peocoley, (c@)

= Llley GNTM) 0 9cle) = Y ® Pelep)-
Hence o = ¢¢ is a C-bicomodule map. A similar method can be used to show that 7g is an
E-bicomodule map. By the properties of the unit and counit of adjunction, the composition
ocON Veonw

CI?N—L»CEJNIE!MEN—C>CEIN (3.3)

yields the identity. Since v is a natural transformation, the commutative diagrams induced
by the morphisms pV, I, : E — N®E, x — n®x, and N p, give the following equalities

vge o (P OMON) = pYowvy (3:4)
VN®EO(I,,|%|M%]N) =l,,OVE (35)
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respectively. Hence, foralln@m®n' € N IE]M IEIN (summation suppressed for simplicity),

pNovN(n®m®n') = ZVN®E°(’1[O] ®n[1] ®m®n')
= Z VN®E © (I"IO] (n[”) dmEK n’)
= Zl"{OIOVE(”[1]®m®”/) =Zn[0]®VE(n[1]®m®n'),

where the first equality is from (3.4) and last by (3.5). And so applying N ® € to both sides
and using the canonical identification NOOE ~ N, we obtain vy = N ® Tg, where T¢ :=

E
€g o Tg. Since O = @, the first of relations (3.2) follows by the fact that the composition
(3.3) is the identity. The other condition in (3.2) is proven in a similar way. O

With this knowledge we can now state a proof for Theorem 3.2.6.

Proof. (of Theorem 3.2.6). By Proposition 1.3.14 there exists a unique coalgebra map
7 : E — D such that Mp = (1 ® M) o @y. Combining this with the matrix ring context
(C,E,°NE EMC og, 1) constructed in Lemma 3.2.7 it is possible to define the required
matrix ring context by

0:C5NOM—NOM, 1©:MON-5EZSD.
It is immediate that these are bimodule maps and that they satisfy equation (3.2) is easily
verified, for example

(N&T)o (cON) o"p = (N®(epomots))o(cE®N)o™p
= (N®Tg)o(or®N)o"p =N.
Where the second equality follows since 7 is counital and the final equality since
(C,E,“NE EMC, o, 1),
is a matrix ring context. 0
It will also be useful to observe the following.

Proposition 3.2.8. Suppose that a right C-comodule M is a quasi-finite injector, define
N :=hc(M,C), E := hc(M,M) and let (C,E,“NE EMC og, t) be the corresponding ma-
trix ring context, as constructed in Proposition 3.2.7 . Then by Proposition 1.3.18 there is
an isomorphism E ~ M l%]N . Under this identification the induced coalgebra structure on

M IEIN can be written as
Ayoy =MOog 0N, Eyon = TE. 3.6)
Cc (o (o Cc

Proof. By the definition of the coendomorphism coalgebra the coproduct for M IEIN
should be the unique map satisfying the condition

(AM%!N QM)opy = (ME]N® Om) o Py
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Recall from the proof of Proposition 3.2.4
ou = (MOa)op",
so we can verify

(M®c®N)o(p"@N))eM)ogy = (M®06)op")@NBM)o(M®0)op"
= (Mo0o®0c)o(p" ®C)opM
= (M®((6®0)oAc))op"
= Me((NeMgo)o(NgpM)oa))op
(M®N® @p)o Py

Where the fourth equality follows since o is a C-bicolinear map. Hence the coproduct has
the stated form. It is possible to check the counit in a similar way.

Remark 3.2.9. The notion of a matrix ring context has a very natural interpretation in the
language of bicategories. Consider the bicategory of bicomodules where 0-cells are coal-
gebras, 1-cells are bicomodules and 2-cells are bicomodule maps. Define the composite,
gof,oftwol-cells f: X -Yandg:Y — Ztobe fglg : X — Z. Then there are obvious

associativity and unit isomorphisms. When the isomorphisms implicitly used in Definition
3.2.1, such as (N Ig]M ) IEJN =N %] (M l%]N), are fully described it becomes apparent that in
this language (C,D,g:C — D, f: D — C,0,7) is a matrix ring context if and only if the
2-cellso:1¢c= fogand 7: go f = 1p form an adjoint pair in the bicategory.

3.2.2 Infinite (firm) matrix contexts.

In the paper [27] the notion of a comatrix coring was generalized to allow for firm rings. In
this section we follow their approach in the dual setting. This will lead to a more general
theory in which we are not forced to consider comodules which are quasi-finite injectors.
Firstly recall a non-counital coalgebra D is said to be a firm coalgebra provided that the
coproduct Ap : D — D[EJD is an isomorphism. Denoting the inverse of Ap by Vp : DIEJD -

D we are able to define firm comodules for a firm coalgebra as follows. A right (resp. left)
non-counital D-comodule M is firm provided p™ : M — M %]D (resp. Mp : M — DI%JM) is
an isomorphism of comodules. In calculations we shall denote the inverse of the coaction
by Vi (resp. »V). It will be useful to note that if X is a firm right D-comodule and Y a

firm left D comodule then
(VXQY)=(XlglyV). 3.7

To see this apply p* Oy =Xx0 Y p to both sides of the equation.

Definition 3.2.10. An infinite matrix ring context, (C,D,“NP,P M€ &,7), consists of a
counital coalgebra C, firm coalgebra D, a (C,D)-bicomodule N, a (D,C)-bicomodule M,
both counital as C-comodules and firm as D-comodules, and a pair of bicomodule maps

G:C—)N%]M, ’L':MI%IN—>D

such that the diagrams in Definition 3.2.1 commute.
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In the case of an infinite matrix ring context we do not assume the existence of a counit
for D, therefore we are unable to form a reduced counit as for matrix ring contexts. How-
ever assuming N is firm right D-comodule we are able to replace instances of N ® €p with
Vn. A similar substitution can be made for left D-comodules. Therefore in terms of Vy
and »V, the commutative diagrams in Definition 3.2.1 read

Vyo(NO7t)o(c0N) oMp=N, yVo (rOM)o (MOo) opM =M. (3.8)
Likewise we are able to adapt the proof of Proposition 3.2.4 to associate an adjoint pair of
functors to an infinite matrix ring context.

Proposition 3.2.11. Given an infinite matrix ring context (C,D,*NP P M€, c,1), denote
by MP the category of firm right D-comodules. Then the functor F = — I%]N : M€ — MP

is the left adjoint of G = — UM : MP —, M€,
Proof. Define natural transformations

@ : M€ - GF, gox:=(XIg|c>')opx,

v:FG—MP”, vy i=Vyo (Y Q1)

Then check these that these morphisms are the unit and counit, respectively, of the adjunc-
tion. Firstly take any right C-comodule X and compute

Vi) oF(x) = Vxono (XONDT)o ((XD0)op™)DN)
= N
= VXE]NO(X[;N%IT)O(XE]O'E[ p)
— N
= (X‘%]VN)O (XEJNEDJT)o(XEloE]N) o (X!EJ p)
= XON=F(X).
Where the second equality follows the definition of the cotensor product and the third since
O
it is clear that (X I%] V) is the inverse of px N = X EC]pN . The fourth equality the follows
from the equations (3.8). On the other hand, for all firm right D-comodules Y,
O
G(W)opey) = ((Vro(¥Om)OM)o(YOMOa)op' 8"
= (YO(uVo(cOM))o (¥ OMT)o (¥ Op™)
= YI%IM =G(Y).

Where the second equality follows by the relation (3.7) and the third by the second of the
equations (3.8). O

Note that since we do not know that Vy : N %lD — N extends naturally to a function

on N ® D, we do not know that this adjoint pair of functors extends to functors between
MC and Vect,. Therefore M is no longer forced to be a quasi-finite injector as a right
C-comodule. However we are still able to associate a firm coalgebra and a C-ring to an
infinite matrix ring context.
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Proposition 3.2.12. Let (C,D,“NP PMC, &,7) be an infinite matrix ring context.
(1) o/ =N %IM is a C-ring with the product and unit

)uﬂ:(VNIEIM)o(NI%ITIEIM)=(NIEJMV)0(NQ1:I%IM), Nw = O.
(2) E.-=M IEIN is a firm coalgebra with the coproduct
_ M _ N
Ag = (M%]O‘l%lN)o(p I%!N)_ (ME]GEIN)o(MIEI p).

Proof. (1) Since Vy is the inverse of a (C,D)-bicomodule map, it must be a (C,D)-
bicomodule map. Hence (i is a composition of C-bicomodule maps and therefore a C-
bicomodule map. That the two forms for the product are equivalent follows from equation
(3.7). For the associativity of i, first compute

Ho o (He Q&) = (NOuV)o(NOOM)o (VNOM) o (NOZDM))OINTIM)
= (VWwOuV)o(NODOTOM)o (NOTOMONOM)
D D D D D D c D
= (VyOuV)o(NOtOTOM).
D D D D
On the other hand
Hor o ( Dbiy) = (YWOM)o (NOTOM) o (NOMO((NDyV) o (NOTOM))
= (VN%]MV)O(Nl%lr%lDI%lM)o(N%!Ml%lNlEtl%lM)
= (VNDMV)O(NDTDTDM).
D D D D
That 1. is a C-bicolinear is clear. Finally that p, is unital with respect to 1, follows

from the equations (3.8).
(2) The map Ag is coassociative since

(Ae®E)oAr = ((MOoDN)o(p"ON))@MON)o (MOoOIN)o (p"TIN)

- M M
= (MOGON®MON)o(MOCOGON) o (((p"TC)op")OIN)
- M
= (MONeMDoON) o (MOSLCIN)o (MPAc)op™)ON)
= (MON®MOoDN)o(MO((N®p™)oo)ON)o (p"ON)
= (EQAg)oAg.

Where the third equality follows by the coassociativity of p™ and the fourth by the colin-

earity of 0. To see that Ag : E —» E IEIE is an isomorphism define

Ve:EQE—E,  Vp=(uVON)o(sOMON).

Now note that the canonical D-bicomodule structure on E is induced from the coproduct
Af via the comultiplicative map 7 : E — D, therefore E E]E CE IEIE . After making this

observation we can compute that

VeoAr = (yVON)o (tOMON) o (MOoON) o (oM ON)=MON =E,
C D C C C C C
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by the second of the equations (3.8). On the other hand

AgoVg = (Mgo[glN)o(Mng)o(MvgN)o(rgMgN)
= (yVONOMON)o(DOMOoON)o (DOMONp) o (tOMON)
C D C D C C D C E C
= (WVONOMON)o (rOMONOMON) o (MONOAE)
C D C D C D C C E
= (WVONOMON)o (rOMONOMION) o (AeOMON)
C D C D C D C E C
(VEOMON) o (ArOMON) = EQJE.
E C E C E

Where the fourth equality follows by the definition of — g — and the final equality by the
previous calculation. Hence Vg is the inverse of Ag and E is a firm coalgebra. O

Remark 3.2.13. In the case of a quasi-finite injective comodule M€ , Proposition 3.2.8
implies the coalgebra E defined above coincides with the coendomorphism coalgebra.

3.3 /-coendomorphism coalgebra and Galois modules

In this section we develop the notion of Galois modules for a C-ring. We then give a
structure theorem for these modules and also construct an associated Galois connection.

3.3.1 The &/-coendomorphism coalgebra and C-ring

In order to develop this theory we must first associate to a module of a C-ring a coalge-
bra. Such a coalgebra should be thought of as a dual object to an endomorphism ring.
To achieve this we restrict ourselves to modules which are quasi-finite injectors as C-
comodules and adapt the associated coendomorphism coalgebra to take into account the
action of the C-ring.

Lemma 3.3.1. Let (C,D,“NP,PMC,,7) be a matrix ring context and let o/ be a C-ring.
If M is a right o/ -module, via the map Py : MI%]JZ/ — M, then N is a left o/ -module via

the map

Np:ZON—N,  §pi=(N®7)o(NOpy ON)o(cOx/ON)o “p ON)

Proof. It is clear that since yp is a composition of left C-colinear maps, yp is left
C-colinear. In order to check that yp is associative and unital, we adopt the following
conventions. Firstly we write o(c) = Lcll@cl?l e N CIM. Secondly we denote the right

action Py (m ® a) as m < a, and the left action yp(a ® m) = a > m. In this notation

Zail>ni = Zai[_ll[l]?(ai[_l][z] <lai[0]®ni), for all Za‘@ni € WIEIN.
i i i
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Now we are able to verify that yp satisfies the required associativity condition by taking
anya®d ®@ne o l%],ci I%]N (summation suppressed) and computing

(a|>(a'l>n)) = Za[ 1][1]’?(61[ 1][2]<1a[0]®a'[ 1][’])?(61'[_1][2]<1a'[0]®n)
= Lo Hap ) cag @ay)eay ™ <d'@n)
= Yo% ((ap-y? <ap) ® (a-1* <ag))

x7((a- 11H<la[o)[1][l<1a ®n)
= Ea mlz(( ((a- 1][ ]<1a[0])<1a ®n)
= Za[—l][ ((a_y? < (agyd)) @ 1)
= Y (ad)-)"7(((ad) 1) <t (ad)q) ® 1) = ((ad) > n).
Where the second equality follows since a ® d’ € & EJ,Q{ and the third by the right C-

colinearity of the right o7 -action. Then the fourth equality follows from the second of the
equations (3.2). Finally the penultimate equality holds because of the colinearity of the
product .. This proves the associativity. As for the unitality, take n € N and compute

Yz eng = Yy (5 1)1 < (e (n-1)))10) © 1))
= Y "%y <ng (np_1) @)
= Yo"y Py 2 ()P ) ©1mpg)
= Zn[_]]m?(n[_]][zl®n[0])=n.

Where the second and third equalities follow by the left C-colinearity of 1, and o respec-
tively. Then the fourth equality holds since Py is unital and finally the last equality follows
by the first of the equations (3.2). O

Before defining what an 2/-coendomorphism coalgebra is, we first need to observe the
following.

Lemma 3.3.2. Let (C,D,°NP PMC,6,7) be a matrix ring context and let o/ be a C-ring.
Suppose that M is a right o/ -module, via the map Ppr : M lgl & — M (denoted by < between

elements) and let yp be the left of -action on N constructed in Lemma 3.3.1 (denoted by >
between elements).

(1) Forallm®@a®n e M Ig]d IEIN (summation suppressed for clarity),
T(m<a®n) =T(m®at>n).

(2) The following diagram

o d 2 0C L ONOM
c c D
7 N_p‘III)]M
o%]a&’ M
ng N%]ME]JZ{ NOM

is commutative.
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Proof.
(1) Take any m@a®n e M lgld IEIN (summation suppressed) and compute

Tm@avn) = Y T(mea_y"(a_? <lap ®n))
Y T(mg@my, [llf(m[,] Clga®n))
Y T(7(my ®m[1]m)mm[2] <a®n)
= T(m<a®n),
where the second equality is satisfied because m®a € M l%ld , the third by the k-linearity
of T and finally the last equality follows from the second of the equations (3.2).
(2) Take any a € & and compute
Y a0 > ap! @ap
= Lay"a-y® <ag ey @ ay
= Yoy (a-n® 2a) ® (a1 ag)y™) ® (- <apg)y®
= Yayea_y aag,

where the second equality follows by the C-colinearity of the right .o7-action and the third
from the second of the equations (3.2). O

Theorem 3.3.3. Let o/ be a C-ring and M be a right &7 -module which is a quasi-finite
injector as a right C-comodule. Define N := h¢c(M,C), E := hc(M,M) and E (M) to be
the vector space given by the coequalizer

M lEJN

MI%LQ(DN

MON —% L E (M),
c M|‘E‘|W c

in which Py is the right of -action on M and yp the corresponding left &/ -action on N in-
duced from (C,E, CNE EMC o, T ) (as constructed in Lemma 3.2.7) in the way described
in Lemma 3.3.1. After making the identification of coalgebras E ~ M %lN as described

Proposition 3.2.8, E /(M) can be given a coalgebra structure such that

MON ™ s Eq (M)
is a coalgebra map. The coalgebra E (M) is called an & -coendomorphism coalgebra of
M.

Proof.  Since MC is assumed to be quasi-finite injective, by Proposition 3.2.8 the
identification E ~ M Ig]N induces a coalgebra structure on M EJN with coproduct and counit

which can be written as

Ayoy =MUOogON, £MDN::EE~
Cc c C c
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Now by the previous lemma it is clear that the counit factors through 7. For the comulti-
plication, writing Ty (m®n) = [m®n] forall mn € MIEJN and oz (c) = Y.cl!! @ ¢ for
allceC, takeanym@a@neM Igl,ai I;N (summation suppressed) and compute

Ap m(m@arn]) = (Ty®7ny) OAM%]N(m®al>n)

= Y lmg@my)®[my? @a>n]
= Yimoa_ el y? cagen]
= Y m®agay"]® ey on]
= Z[m ay ®a[1]m] ® [a[ll[zl ®n]
Yl(m<a)g®(m<a)y e ((m<aa)y? en]
= Ag,m(m<a®n]).
Where the third equality uses the assumption m®a®n € M l%ld %IN and the defining

property of .. The fourth equality follows by part (2) of Lemma 3.3.2. Then the fifth
equality again uses the defining property of 7. Finally the sixth equality follows by
the right C-colinearity of py. This demonstrates that the coalgebra structure on M IEIN

descends onto E (M) and the associated projection 7. is a coalgebra map. O

Corollary 3.3.4. Let & be a C-ring and M a right </ -module which is a quasi-finite
injector as a C-comodule, and let N := hc(M,C). Denote by Np the induced left C-coaction
on N, as described in Proposition 1.3.7 . Then

(1) M is an (E(M),C) - bicomodule, with left coaction (T ®M) o (M%l og) o pM.
Furthermore this left coaction is right of -linear.

(2) Nisa (C,Ez(M)) - bicomodule, with right coaction (N®T ) o (Og IEIN) oNp. Fur-
thermore this right coaction is left o/ -linear.

Proof. By Proposition 1.3.14, M is an (E,C) bicomodule with the left coaction given
by the unit of adjunction for the adjoint pair (h¢(M,—),— M), @y : M — hc(M,M) QM.
Now by Lemma 3.2.7 we can construct a matrix ring context (C,E,“NE . EMC, og,1g),
and in terms of these maps @y = (M lgl og) o p™ (see proof of Proposition 3.2.4). Then

since T, is a coalgebra map, it induces a left E,-coaction on M which is right C-colinear.
Therefore M is an (E,(M),C)-bicomodule with the prescribed left coaction. To see that
the left coaction is right &7-linear take m®a € M %].;z{ , and writing Ty (m®n) = [mQn|,

compute
(ﬂd®M)°(MQGE)°PM(m<la) = Ylm<a)g®m<a)yem<a),?
= Ym<ag@ay@ay?
= Lim®ageayea?
= Yimeay)@a_y? qay
Ll @ myy M @myy® <a
— (tw ®M) o (MDog) 0p" (m)) <.
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Where the second equality follows from the right C-colinearity of the right &/-action, the
third by the the defining property of 7., and the forth by part (2) of Lemma 3.3.2. Finally
the fifth equality holds since m®a € M IEIJK/ . For the the second part of the corollary

observe that since we can construct a matrix ring context (C,E,“NE EM€, o, 1¢), N must
be a quasi-finite injector as a left C-module, by a left handed version of Proposition 3.2.4.
We can then complete the proof in a way similar to the first part. O

Therefore to any right &/-module M which is a quasi-finite injector as a right C-
comodule we are able to associate a matrix ring context

(C,E (M), CNEsM) E«(MMC & 1),
which is induced from (C,E,“NE,EMC, og, 1) by the map 7.

Definition 3.3.5. The matrix ring context (C, E (M),CNE= M) E«(MMC & 1) described
above is called the &7 -coendomorphism coalgebra context of M and the associated matrix
C-ring the &7 -coendomorphism ring of M.

3.3.2 Galois and principal modules

Using the constructions of the previous subsection we now describe a special class of mod-
ules for a C-ring and as the main result of this subsection give a structure theorem for such
modules.

Proposition 3.3.6. Let & be a C-ring and M a right &/ -module which is a quasi-finite
injector as a C-comodule. Set N := hc(M,C) and define

B:o =NOM, PB:i=(Nopu)e(olx)o%p,

where O is the unit of the corresponding < -coendomorphism context associated to M and
P signifies the right &/ -action on M. Then, writing S for the coalgebra E 4 (M),

(1) B(&) CN[;JM.
(2) The map B is a morphism of C-rings.

Proof. Using the conventions of writing
(a) o(c) = Zc[l]®c[2], forall c € C,

(b) ny(m®n)=[m®n], foralmeneM EIN (summation suppressed),
(c) py(m®a)=m<a,forallm@aecM IEI.Q’ (summation suppressed),
(d) np(a®m)=a>m, foralla®@m e MIEJM (summation suppressed),

(e) Mp and p" for the E, (M) coactions described in Corollary 3.3.4,

we are able to write B(a) = Za[_l]m ®a[_1}[2] <ag for all elements a € &/. Using this
notation we can then proceed as follows.
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(1) To show that (&) CN IEIM we compute

NeMp)(B(@) = Y ay" @l <agq@ap@ap?
= Yay ola-yPeag > ey @y
= Y a gy ®la_y¥@a V| @a_? <ag = (0" eM)(B(a)),

where the first equality follows from the right C colinearity of the right o7-action, the
second by the defining property of 7., and the third by part (2) of Lemma 3.3.2. Then the
last equality follows by the left C-colinearity of o.

(2) Firstly it is clear that B is C-bimodule map since it is easily seen to be a composition
of C-bimodule maps. To see that the map 8 respects the unit, take any ¢ € C and compute

Bong(c) = (NOpwm)o(cDa)o“pon(c)
= Z(Ng pu)o (o) (cy ®n(cz)
= YWD (el cyP @n(ce))
= Z(N%! o) (@ g @n(c?y))) = o(c).
Where the second equality is by the left C-colinearity of 7, the fourth equality is by the

left C colinearity of ¢ and the final equality follows since Py is unital. This shows that
B is unital since o is the unit of the 2/-coendomorphism C-ring N L;_lM . To see that B is

multiplicative take any a®a’ € &/ %l.;z{ (summation suppressed) and denoting the product
in & by juxtaposition, compute

“N?M(ﬁ (a)gﬁ(al)) = Za[_”[ll%‘(a[_llm <ay) ®a'[_1][1]) ®a'[_1][2] ad')

= Lapy ey aag @ ay) @ay ad
= Lay ey <ag) ® (@ <ag)y™)
® (a[_”[z] < a[O])[l][Z] Qd
= Yay g (a-y 2 4 a)) <d
= Yay ey aagd
= Y (ad)-)" ® (ad)|_ ! < (ad)
= B(ad).

Where the second equality is because a®a’ € & 1%] &/, the third is by the right C-colinearity

of the action of & and follows from the equations (3.2). Finally the penultimate equality
is from the left C-colinearity of the product in &. O

Definition 3.3.7. Let &7 be a C-ring and M a right 2/-module which is a quasi-finite injec-
tor as a C-comodule. Set N := hc(M,C) and S := E (M) to be the 27 -coendomorphism
coalgebra of M. Then M is called a Galois &/-module if and only if the map B : & —
NUOM, as defined in Proposition 3.3.6 is bijective. If in addition M is injective as a left

N
S-module then M is said to be principal.
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In fact just as Galois comodules generalize Galois corings, we now show that the Galois
modules we have just defined generalize Galois C-rings, as defined in [4, section 6]. Firstly
recall the notion dual to a grouplike element

Definition 3.3.8. Let & be a C-ring then kx : &/ — k is said to be a non-trivial character
provided it is multiplicative and satisfies Ko 1 = &¢.

Lemma 3.3.9. For any C-ring & there is a one to one correspondence between right <f -
actions on C and non-trivial characters K . &f — k.

Proof. Firstly given a right &7 -action p¢ : C I%].sa/ — C define a non-trivial character

x[pc]: & —k,  x[pc|:=ecopco?p. (3.9)
To see that k[pc| is multiplicative take any a® @' € &7 g,cz{ (summation suppressed) and

compute, writing pc(m®a) =m<JaforalmaeM gd (summation suppressed) and
denoting the product in & by juxtaposition,

x[pcl(ad) = Y ec((ad)_y) < (ad)g))
= Lec(a <apgd)
= Y ec((a-1) Qap) <4d),
by using the left C-colinearity of u,, and then the associativity of pc. On the other hand
we can also compute that
x[pcl(a)k(pcl(a’) = Y ec(aj-i)<ap)ec(a’|-;)<d )
= Y ec(a_y <Qap))ec(ap <)
= Y ec((a1 <ap)a))ec((a-1 <ag) ) <)
= Y ec((a-y <ap) <4d),
where the second equality follows because a ® @' € & I'E_]Jzi , the third by the right C-

colinearity of pc and the final equality since &¢ is the counit for C. Therefore K[pc] is
multiplicative. Similarly a straight forward calculation, using the C-colinearity of 7., and
the unitality of pc, shows that kK o 1 = €c for all ¢ € C. Therefore for any right &7 -action
pc: ng — C the map k[pc] : & — k is a non-trivial character.

On the other hand given a non-trivial character k : & — k we can define a right &/-
coaction on C

pclx]:c0«/ —C,  pclx] ::(schgqo(cgp”). (3.10)
It is a routine calculation, which we omit for brevity, to show that this is indeed a right <

action on C. That the correspondence given in (3.10) and (3.9) is one-to-one can also easily
be checked, for example

k[pw[K]) = eco (ecDkDC) o (COp™) 0 p = (ecOxDec) o (COpT) o p = x.

Where the second equality follows by the k-linearity of & and the final equality by the
counitality of the maps ¥ p and p%. O
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Lemma 3.3.10. For any C-ring & with a nontrivial character x : &/ — k the set

Iy = {Z K(a[ol)a[l] — Za[_ll K'(a[()])|a S Jy} CcdC, (3.11)
is a coideal of C.

Proof. Observe that for any a € o/ and By, B, € {B € Hom(C,k) | B(I) =0}, writing
 for the convolution product in Hom(C, ),

Y x(a)(Bi*B2)(ap) = Y x(ap)Bilap)Baay)
= Y Bi(ai_n)x(ag)Ba(ap)
= Y Bi(ai_y)B2(aj-1) x(a)
= Y (B *B2)(aj_y)) (ay))-
Where the second equality follows since i (Ix) = 0 and the third since B,(I) = 0. There-

fore { € Hom(C,k) | B(Ix) = 0} is a subalgebra of the convolution algebra Hom(C, k)
and so, by [36, Proposition 1.4.6], I, must be a coideal of C. O

Definition 3.3.11. Let &/ be a C-ring with nontrivial character k. Then we call By := C/I
the coalgebra of coinvariants.

Proposition 3.3.12. Let <7 be a C-ring, then every non-trivial character x : &/ — k induces
a map of C-rings

[c: o/ —»COC,  Ty:= (chgc:)o(cgp”)of’p, (3.12)

where C L:]C is the Sweedler type C-ring arising from the natural coextension C — By.
K

Proof. First recall that in the Sweedler type C-ring arising from the natural coextension
C — By, the left and right By coactions on C are those induced by the canonical projection
7t : C — C/I. That the map I'y is well defined, i.e. Im I, C CL:! C, then follows since, for

alla e &,

Y ay@n(ayk(ag)) ®ap = Y a1 ®n(x(ap)ap) ®ap),

by the linearity of mw and the definition of the coideal /. Since I'k is a composition of
C-bicolinear maps, it must be C-bicolinear. To see that I'y is unital take any ¢ € C and
compute

il

Tcong(c) Y (e (€)) =1 (0 (Nar (€)())) ® (Mar (€))1)
Y cay(ko (M (c))) ®cp)

= Y eu®cp = HCEC(C),

where the second equality follows since 7 is bicolinear and the third since Ko Ny = €c.
That I' is a multiplicative map is easily confirmed by a straight forward calculation using
the fact that the product in &/ is C-bicolinear and the multiplicativity of k. O
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Definition 3.3.13. Let o be a C-ring with a nontrivial character k. Then we say that & is
a Galois C-ring (with respect to x) if and only if the map I'y : & — C BI:I C, as defined in

(3.12), is an isomorphism.

Proposition 3.3.14. Let of be a C-ring with a nontrivial character x : & — k. Then & is
a Galois C-ring (with respect to x) if and only if C is a Galois right &/ -module (with the
right & -action induced by K).

Proof,  First observe that for every coalgebra C it is possible to associate a matrix
ring context (C,C,€C¢ ,CCC, 5,1), where 7: COC—Cand 0: C— COC are the obvious

isomorphisms. Therefore from Proposition 3.2. 4 itis clear that C'is quas1 -finite as aright C-
comodule and h¢(C,C) = C. By Proposition 3.3.9, C is a right o/-module with right action
pc(c®a) =Y éc(c)k(ajg))ap) and the corresponding left o7 -action, given by Lemma 3.3.2,
iscp(a®c)=YLa_y K(a[O]Sec(c). In view of this

§ =COC/Im(pc JC—CUcp) C/{Y_ x(ap))an) — Y, a1 k(a))la € #} = By,

where the middle isomorphism is induced by the natural isomorphism C IEIC ~ C. It then
follows that C L:]C = CIEIC, but also observe that for all a € &,

Bla) = (NOpc)e(cOa)o
) a2 ®Pcla- ®apg)
= Lapo®@eclapy)x(ag)ap)
= Lo ®x(ag)ap =Te(a).
Therefore in this situation I'y : & — C EC and B : &/ - C EIC are precisely the same

maps. Therefore if one is an isomorphism of C-rings so is the other and the result follows.
a

Proposition 3.3.15. If M is a right principal Galois module for a C-ring &/ then & is
injective as a left C-comodule.

Proof. Suppose M is a principal &/-module. Define N := h¢(M,C) and S := E, and
letE=M [%IN denote the coendomorphism coalgebra of M. Since M is Galois there is an

isomorphism & ~ N l?M and furthermore a chain of isomorphisms
NOMO« ~NOMONOM ~NOEOM ~NOM ~ & .
E c E o N E N N
Explicitly, following this chain from right to left the isomorphism & — N EIM IEIJZ% is
given by the composition
(NOMOB™") o (((orDN)o"p)))OM o B

— -1 K4
= (NIE]M[EJﬁ )o(GEgNI%]M)o(CIEIB)o
= (os04) op,
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where o is the unit of the matrix ring context described in Lemma 3.2.7 and the first equal-
ity holds since B is left C-colinear. Next observe that since M is assumed to be injective
as a left S-comodule E %]M is injective as a left E-comodule (see [14, Subsection 11.11]).

Therefore in view of the existence of the chain of isomorphism
MO ~MONUOM~EUOM,
c [ N N

M %l.xz( is injective as a left E-comodule. Thus there exists a map p which is a retraction
for the obvious inclusion i : M Igld — M ®A. Since it is then clear that that N g pis aleft
C-colinear retraction of N [g_li there is a commutative diagram with (split) exact rows

N
0—-NOMO NOM®
E C N%'” E
’:T TO‘E®.d
I J?’p
0 o Co

from which it is apparent that the map < p has a left C-colinear retraction. Therefore & is
injective as a left C-comodule. O

We now give the main result of this section

Theorem 3.3.16. Let o/ be a C-ring and M a right o/ -module which is a quasi-finite
injector as a right C-comodule. Set N = hc(M,C) and S = E4(M). View N ®M andNE]M

as left o/ -modules with the left action as in Lemma 3.3.1. Let B be as in Proposition 3.3.6.
Then

1. The following statements are equivalent

(a) there exists a left &f-module map ¥ : NQM — &f such that y o = & (i.e.
B : o — N®M is a split monomorphism of left &/ -modules);

(b) M is a principal Galois 2 -module.
2. The following statements are equivalent

(a) there exists a left o/ -module map J : NI'E-IM — & such that o = & (i.e.
B:o - N I?M is a split monomorphism of left o/ -modules);

(b) M is a Galois &/ -module.

Proof. (1) (a) = (b) Assume that y is a left o/-linear retraction of . Then for
every a € &, Y. x(0(aj_1)) <ajg) = a, where 0 is the unit of the &/-coendomorphism ring

context of M. In particular for every ¢ € C, writing 6(c) = Y.cl!! ® ¢,

Nw(c) =Y x(0(cy) Anawlcm)) = Y2 @c g <ang () = xo0(c),



58 CHAPTER 3. GALOIS THEORY OF C-RINGS

where the first equality follows by the left C-colinearity of 71, the second by the right
C-colinearity of ¢ and the third equality since the right 27 action on M is unital. Therefore

X000 =Ty. (3.13)

After making this observation we now proceed to demonstrate that M is injective as a left
S-module, by constructing a left S-comodule retraction of the left S-coaction on M. Define
0 :S®M — M to be the map the satisfying the commutative diagram

MON®M M oM

This map is well defined since X is assumed to be left &7-linear and therefore the definition
of & is independent of the choice of pre-image under the map 7. Using equation (3.13)
and the unitality of the right o7-action we can compute that, for all m € M,

8oMp(m) =Y moy<x(a(my) =Y, mg < Nar(mpy)) = m.
Therefore 8 is a retraction of the left S-coaction on M. Furthermore since p is right -

linear (see Proposition 3.3.4), forall m®n € M EE'IN and m' € M, writing Ty(mQ®n) =

[m ® n], we can compute

(S®8)o(AseM)(m@nj@m) = Y [mg@my1@8(myPenem)
= Z[m[ol ®m[1][]]] ®m[,][2} < X(n ®ml)
Mp(m)<x(n@m') =Yp(max(nem))
= Mpos(Imenom).
To see that the first equality holds recall that 7, is a coalgebra map and the coalgebra
structure of E ~ M E]N given in Proposition 3.2.8. This shows that § is left S-colinear and

therefore completes the proof that M is an injective left S-comodule.
Next we show that f is an isomorphism. Define = x|yowm., since Imf3 C M[?N and
S

% is a retraction of B, it is clear that § o B = &. Moreover f is right inverse of J, to see
this take any n@m €N EIM and compute

BoB(nem) = Y o(B(n@m)_y)B(nem)g =Y o(r_y)<B(ngem)
= Zn@m[()]dﬁ(o(m[ll))=Zn®m[0]<lnw«(m[1])=n®m.

Where the second equality follows since x is left o7-linear, which requires that X is a
left C-colinear map. To see that the third equality let A : § EIM — M be the unique map

satisfying
Ao (my (IM) = Py o(MTIB).
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Such a map can defined since 7, is surjective and B is left o7 -linear, Now recall that
n®me NIEIM and therefore ¥(N®7,®M) (0 (n|_))®njq ® m —n @ mg®0 (myy})) = 0,
applying N ® A to this equality gives the third equality. Then the fourth equality follows by
equation (3.13) and the final final equality bye the unitality of ps;. Hence B is an inverse
of B and so we are able to conclude that M is a principal Galois &/-module.

(1) (b) = (a) Suppose that M is a principal Galois &/-module and let § : SQ M — M
be a S-comodule retraction of ®p. Then define x : N® M — & to be the composition of
maps,

N -1
NoM ‘L%NQS@M’—@—»NQM s

Since p" is left «/-linear (see Proposition 3.3.4) and B! is assumed to be left o/-linear,
X is a composition of left &/-linear maps and therefore left o7-linear. Moreover we can
compute,

xoB=B"o(N®d)o(p"@M)of=B"'o(N8S)o(N&¥p)oB=p"opf ==,

using the fact that Im(B) € N IEIM in the second equality. So we conclude Y is a left

& -linear retraction of 3.
(2) that (b) = (a) is trivial. To show (a) = (b) the same method can be used as for

(D(@) = (1)(b). O

We shall later use this result to produce a generalization of Schneider’s Theorem II.

3.3.3 A Galois connection

In [20] a way of associating a Galois connection to a comatrix coring was described. Using
a similar method we now show how it is possible to associate a Galois connection to a ma-
trix C-ring. In what follows we assume that C is a coalgebra over a field k and that M € M€
is a quasi-finite injector. We then define N := hc(M,C) and E to be the coendomorphism
coalgebra of M. Finally we let 7 : E — D be a coalgebra map, define & := N %]M to be

the associated matrix C-ring and view M as right &/-module by the action described in
Proposition 3.2.2.
Firstly observe that for any subcoideal X C ker 7, 7 factors through E /X and therefore
it is possible to define a matrix C-ring
L(X):=NOM.

E/X

Observe that for any subcoideal Y C X, the canonical coalgebra map E /Y — E /X induces
an inclusion of C-rings &7 (¥) C &/ (X). Since & (ker ) = &7, this implies that any sub-
coideal Y C ker & induces an inclusion of C-rings &/(Y) C &

Lemma 3.3.17. For any subcoideal X C ker,
ker TCM(X) cX,

where ket Tty x) is the epimorphism defining the & (X )-coendomorphism coalgebra of M,
as described in Theorem 3.3.3, and the right &/ (X )-module structure on M is as described
in Proposition 3.2.2.
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Proof.  First recall from Theorem 3.3.3 that E(x)(M) and 7 () are defined by the
coequalizer

Pm E]N

MON M, Egx)(M),

MO« (X)ON
c c M@W

where py and yp are as defined in Proposition 3.2.2. Also observe that yp coincides
with the left o/ (X)-action on N obtained by feeding Py into Lemma 3.3.1. Therefore
x € kermy (x) if and only if there exists m@n®m' ®n' € MEI.Q{(X)IEN (summation

suppressed) such that
x = Tg (mn)m'@n' — mnTe (m'on').

Writing 7y : E — E /X for the canonical coalgebra epimorphism, the E /X-coaction on M
and N are

Mo(m) = Y ax (mg@mpy@mpy @, pV(n) = ¥ n_yMN@mx (- Pong),

where oz(c) = Lcll®cl, for all ¢ € C. Therefore if m@n@m' ®n' € MO/ (X)0N,
then

:EE (m®n) V(%% (m'®n') = E ?E (m®n) Ty (m'[o] ®m'[l] []])?E (m’[l][21®n/)
= Z?E (m®n[_1][1])7tx (n[_]][Z] ®n[0])?5 (m'®n')
= 7x(m®@n)Tg(m'@n').
Where the first and third equalities follow since Tg is the reduced counit of the coendomor-

phism context of M, and therefore satisfies the equations (3.2). The second equality holds
sincemn@m'®n’' e M l;N E% M I%IN , in which the middle cotensor product is over E/X.

Therefore for all x € ker T (x), 7ix (x) = 0 and so ker 7 (x) C kermy = X. O

Setting X = ker 7y in the previous lemma, we see that ker 7,y C kery, since &7 (ker ) =
&/. Now suppose & is a C-subring of & and 7y is the coalgebra map defining the %-
coendomorphism coalgebra of M. Then it is clear that kermg C kerm, and so we can
define a corresponding subcoideal of ker x,

Z (B) :=kerng.

Where the right %-action on M is induced by the right 2/-action via the inclusion. Note
that if 2 C %’ are C-subrings of &, then 2 (#B) C 2 (#'). Therefore we are able to give
an order reversing correspondence between partially ordered sets

{C-subrings of &'} {subcoideals of kerz} |

where the subcoideals are ordered by the relation X’ < X if and only if X C X’ and the
C-subrings by inclusion. Moreover we shall now show that this correspondence is a Galois
connection.
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Proposition 3.3.18. For all C-subrings 98 C & and subcoideals X C Ker T,
(1) BCA(Z(B)), and B = o (X (B)) if and only if M is a Galois B-module;

(2) Z((X)) CX, and Z (o (X)) =X if and only if Ey(xy(M) = E/X.
Proof. (1) First compute,

A (X (B)) = (kerng)=N O M=N 0O M.

E/kerng Eg(M)

Now by virtue of Lemma 3.3.17 ker 74 C ker 7,y C ker & and therefore © : E — D factors
as m: E — Eg(M) — D. Hence there is a coalgebra map Eg(M) — D which induces an

inclusion N . E(IM)M CN IEJM . In view of this enclosure we can draw the following diagram
3
with exact rows.

Eg(M) D )
d |
0 B o

where f is the map in Proposition 3.3.6 (with & in place of /). Moreover for all n®m €
BCN IEIM (summation suppressed),

Binam) = Y n_y"@pu(ny? @ (o em)
= L "en P eng)@m=nem,

In the above for all ¢ € C we have written o(c) = ¥ c!! ® c/%, where o is the counit of
the 98-coendomorphism context, and 7 is the reduced unit. The right &-action on M takes
the above form since it is induced by the right N IEM action on M. The final equality then

follows by the equations (3.2). Therefore, the above diagram is commutative and the map
B is the required inclusion. Once the inclusion is described this way it is clear there will
be equality if and only if 3 is bijective, i.e. if M is Galois %-module.

(2) Since Z'(#/(X)) = ker T (x) the first part of the statement follows by Lemma
3.3.17. The equality holds if and only if ker 7, (x) = ker 7y, and this is equivalent to the
statement that £ x)(M) = E/X. O

Remark 3.3.19. Since the diagram included in the previous proposition is commutative
for all C-subrings & C &7, it is valid in the case when & = 2. In this situation it is
then clear that the map f is bijective and therefore M must be a Galois &/-module. Since
D was an arbitrary choice of coalgebra for which there existed a coalgebra epimorphism
n . E — D, M must be a Galois module for any associated matrix C-ring induced by a
coalgebra epimorphism with domain E.

Corollary 3.3.20. The Galois connection constructed in Proposition 3.3.18 establishes a
one-to-one correspondence between C-subrings % C o such that M is Galois 98-module
and subcoideals X C ker 7 such that E o (x)(M) = E/X.
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Proof.  For any subcoideal X C kern, the C-ring &/ (X) is the matrix C-ring in-
duced by the projection my : E — E/X, and therefore by the Remark 3.3.19 M must
be a Galois &/ (X)-module. For the converse, observe that if M is a Galois % module,
then Z (' (X (#))) = Z (%) by the first part of Proposition 3.3.18. Therefore 2 (%)
is a subcoideal of ker 7 satisfying the required property by the second part of Proposi-
tion 3.3.18. O

Since every coideal in X C ker 7w induces an ‘intermediate coextension’ E — E /X — D,
the Galois connection we have just constructed establishes a correspondence between these
‘intermediate coextensions’ and C-subrings & C . From this standpoint the Galois con-
nection described in this subsection can be understood as a dual version of the Galois
connection for comatrix corings described in [20, Proposition 2.1]. The connection con-
structed in [20] generalizes a Galois connection that was given for Sweedler type corings
in [33], which in turn, was a natural extension of the correspondence in Sweedler’s Funda-
mental Theorem [37, Theorem 2.1].

3.4 C-rings and invertible weak entwining structures

We now look again at (invertible) weak entwining structures, this time from a C-ring the-
oretic point of view. We begin by showing how to associate a C-ring to a weak entwining
structure. Then we present dual versions of the results for A-corings associated to weak
entwining structures that we described in the second chapter. Furthermore we describe
necessary and sufficient conditions conditions for a C-ring to be isomorphic to a C-ring
which arises from a weak entwining structure. Throughout this section we shall use the
notations for weak entwining structures that was introduce in Definitions 2.2.6 and 2.2.7,
also since there is no scope for confusion we shall write & = € and A¢c = A.

Theorem 3.4.1. Let (A,C, Wg) be a weak right-right entwining structure. Define the map
PR:CRA—CQA, PR:=(C®A®E)o(COYR)o(ARA),
and the set

o =Impr={} 1)®a,e(dn¥) | Y.d ®c € ARC}.
@i i

Then pg is a projection, i.e. Pgr © DR = Dr, and
(1) & isa (C,C)-bicomodule with the left coaction “p := A®A and the right coaction
p? = (C®Wg) o (ARA).

(2) The (C,C)-bicomodule & is a C-ring with product
o F O — o, ;ci®a,~®c§®a§+—>zj"c,-@e(cf)a,-a;,

and unit
N :C— &, c— Pr(c®1).

(3) My = M(yr)§.
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Proof. Firstly observe that pg is a projection since, forall c® a € C® A,
Propr(c®a) = ) Prlc)®aat(cx)”))

04

= Y c() ®aape(c)e(e®)
a.p

= Lc) ®aag(cr)*m)ele “@)
a

= Zc(l) ®ag€(cz)®) =Pr(c®a).
o

Where the third equality follows by equation (2.18). That “p is a left coaction follows

immediately from properties of the coalgebra (C,A,€). To see that p# defines a right
C-coaction, first observe by using equation (2.18) we can compute, foralla € Aand c € C,

Zpd(c(l)@)aas(c(z)a)) =Zc(1)®aa ®C(2)a. (3.14)
a a

Having established this, we next show that p o pr = (PR ® C) o p o P, since Pr is a
projection, this will imply that p C & @ C. To see that this equality holds apply pr ® C
to equation (3.14) and observe

[24

Y (Pr®C)op? oPr(c®a) = Y c1)®anpe(c)’) ®c(3®
o,B

= EC(]) ®Kaq ®C(2)a = p“/ o pr(c®a).
a

Where the second equality follows by (2.18) and the the final equality by (3.14). Applying
C®A®e to (3.14) it is immediate that p" is counital. It now only remains to show that
p* is coassociative. Take any c® a € C ® A (summation suppressed) and compute

(p” ®C)op” oPr(c®a) = Y p7 (e ®aa) ®c)® = Y (1) ®agp Do) ®ez)”
o a.f

= Lew ®ax®cp) ) 8 e o) = (o ©4) 0 p” o Pr(cBa),

where the the first and last equalities follow from (3.14), and the third equality follows by
(2.18). That p“ and “ p define a C-bicomodule structure on o is easily checked using the
coassociativity of the coproduct A of C.

(2) First we need to check that pz is well defined, i.e. ud(.ﬂ’gd) C o/. Before

attempting this calculation first observe that

A0 = Y iy ®aia ®cigz)® ®a;Be(c§5) | ai,a; € Aand c;,c; € C}H. (3.15)
iha,B

This can be seen by applying (C®A ® C® € ® A) to the defining relation of the cotensor
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product &/ lglbef . Now take any a,a’ € A and c¢,c’ € C and compute

Z ﬁoﬂﬂ(c(l) Rag ®C(2)a ®alﬂ£(c'ﬁ))
a.f

= ZPR 1n€(c)®) ®aaa'ﬁ8(6'ﬁ))

= Z cy€(c3) ) ® (aadp)ye(c)’)e e(c?)
a.B,y

= ¥ cmelen)®) ®aaaelcn™)e”)
a,pB,y,@

= ) c(l)®aaa'ﬁw8(c(2)a“’)8(c'ﬁ)
o.B,w

= ¥ c)®aaladse(cp™)e(c”)
af,w

= ¥ cq) ®aadpe(cp) ®)e(c”)
a.p

Where the third and final equalities follow by (2.16), the fourth by (2.18) and the fifth by
(2.17). Therefore since pg is a projection we conclude that /(2 %].Q{ ) C &/. That Uy

is left C-colinear is clear from its formulation. It is straight forward to check that g, is
right C-colinear by using (2.16). That pz is associative is easily seen from its definition.
It now remains to show that 1 is a (C,C)-bicolinear and that it is unit with respect to the
product ft,. From the definition of 17, it is clearly left C colinear. Using (2.19) and (3.14)
we immediately find

Y Pr(c(y®1)®c) = Y c1)®1a®cn)* = p” o Pr(1®c),
[24

hence 1 is right C-colinear as well. Making use of (3.14) and (2.16) it is easy to verify
that pg o (dl%lnd) = &/ . Finally we compute, foralla € A and c € C,

Mo © (N ) o¥poPr(c®a) = Y pgo (e D) (c1) ®(2) @ anE(c(3)%))
o

= ¥ ey ®1paatlen))e(e)®)
B

= Zc(l)®aa58(c(2)5)8(c(3)“)
a,p

= Zc(l)®aa€(c(2)a)=p_n(c®a)
o

where the third equality follows by (2.17). This completes the proof that the given maps
define a C-ring structure on 7.

(3) First let ¥ : M,y — M(yR)§ be the map which leaves each &/-module unchanged
as a C-comodule, but which changes the right 2/-action py, into a map

(i) :MRA—M,  ¥(Pu):=Puo(MOPr)o (P ®A). (3.16)
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We now show that each such map, W(pys), defines a right A-action on M for which M is an
entwined module. Firstly to check the unitality, compute, for all m € M,

¥ (Pw)(m®1) =} Paa o(MOIPE) (o) @ myy ® 1) =Puo(MONy)op" (m)=m,

where the first equality uses the definition of the unit 1, and the second equality uses the
unitality of the right of-action. For the associativity, take any a,a’ € A and m € M and
calculate

¥ (pm)o(¥(pm) ®A)(m®a®d)
= Y P o(MOPr)(p" o Paa (o) ®mpy) ® aae (mp)®)) @ d')

o

= ;P_MO(MEJP—R)((P_M®C)(m[O]®m[I]®aa®m[2]a)®al)
= ;WO(;O_MIEIM)(m[O@(mm®aa)®P_R(m[2]a®a'))
= ;WO(M%’#MW[O}@('HM ®aq)®Pr(mp* ®4’))

= ‘%W(mm]@mm®aaaﬁge(m[zla(1))8(m[2]a(2)ﬁ))

= ;W(mm] ®myy) ® (ad')ae(mpy®)) = ¥(pu)(m®ad).

Where the second equality follows from the right C-colinearity of py; and (3.14), and the
fourth by the associativity of py. Then the penultimate equality follows by the definition
of a counit and (2.16). Now we proceed to show that this right action makes M an entwined
module

(¥ (Pr)®C) o (MYR) 0 (pM®A) = (i ®C) 0 (MRCOYE) 0 (MOA®A) 0 (p¥ ©A)
(Pr ®C) o (MOp? opr) o (p™ ®4)
= pMopuo(MOpr)o (p" ®A) = p" ¥ (Pm),
where the first equality follows by the coassociativity of a coaction, the definition of a
counit and (2.18), the second by (3.14) and penultimate equality by the colinearity of py.
We have seen what ¥ does to the objects of M4, but we also need to know what it does

to the morphisms. Given a morphism f: M — N in M, we define ¥(f) = f. Using the
right C-colinearity of f and the the right o7-linearity of f, we can calculate that

fo¥(ou) = (fopm)e (MUpR)o (p" ®A)
= pvo(fO) o (MOpr)o(p" ®A)
= pvo(NOPR)o((p" o f)®A)
= W(pn)o(f®A).

Hence when M and N are viewed as A-modules with actions ¥(pys) and W(py) respec-
tively, the map W(f) is right A-linear. Therefore W is a functor.
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Conversely, define @ : M(W)g — M,y to be the map which leaves each entwined mod-
ule M unchanged as a C-comodule, but which changes the right A-action py into a map

Oou) : MO =M,  O(pu) =puo(MEBA). (3.17)

To see that this gives an associative action, observe that all elements of M lgld O« are

linear combinations of x = ¥, g mg) ® my;) ® ag @ myy* ®aB g(cP) witha,d’ € Aandm €
M. For such elements we can compute

O(pu) o (MTu)(x) = %G(PM)("’[O]®m[1]8(m[z]“)®aaa2;€(cﬁ))
= %m[o](aaa};)G(m[x]a)e(CB)

= Y. (mgaa)ape(my ®)e(c?)

o.B

= 0(pu) o (O(pm) D) (x).

Where the third equality follows by the associativity of pys. Therefore since all maps are
k-linear @(pys) must be associative. Also observe, for all m € M

O(om) (MO er)(m) = Zm[o]las(m[l] )=ml=

Where the second equality follows since M € M(y)§ and the final equality since py is
unital. Hence ®(py) is unital. To show that ®(pys) gives a right &/ -action on M we
need to check that it is a right C-colinear map. Since M gd =M I%Ip_R) (M IEJC®A), all

elements of M I%chf are linear combinations of y = ¥ mjq®my;)®aq€(my*) with a € A

and m € M. Then using (3.14) and the fact M € M(w)g, we can compute
p"o®(om)(y) = Y. mgaa®my)® = (pu®C)o (MRERARC) o (MRp™)(y)
a

= (8(pu)&C) o (M2p”)().

Since all maps are assumed to be k-linear this shows that @(py) is a right C-colinear map.

Given a morphism f : M — N in M(y)§, define ®(f) = f. Clearly ©(f) is always
right C-colinear. Moreover in view of the definition of the 2/ -action and the A-linearity of
f, itis easily checked that O(f) is right «-linear. Since the composition in both categories
is provided by the composition in the category of vector spaces, ® : M(y){ — My is a
functor.

Finally, to complete the proof we need to demonstrate that ¥ and ® are inverse isomor-
phisms of the categories. Firstly for all M € M(y)$, m € M and a € A,

¥(O(pm))(m®a) = ZPM(m[O]@)aae(m[x] ) = Y (ma)je((ma)y)) = pu(m®a),

where the second equality follows by the fact that M is an entwined module. On the
other hand, taking M € M, and applying (@(¥(Pw)) to y = Lo mjg®@m@agt(my?”)
we immediately obtain that (@(¥(par))(y) = Pam(y), completing the proof. O
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Definition 3.4.2. Let A be an algebra and C be a coalgebra that is also a right A-module.
Then the space

I:=span{})_(ca)1ya((ca)()) —Y cayalcpya)la € A,c € C,a € Homy(C,k)}

is a coideal of C (see [9, Lemma 3.2] for a proof of this). Now B:=C/I is a coalge-
bra and we say C — B is a (right) weak algebra-Galois coextension (or a weak A-Galois
coextension) provided that the left A-linear right C-colinear map

ﬁ:C®A—>C§JC, B:=(C®pc)o(ARA)

is a split epimorphism in the category €My, that is to say there exists a morphism ¥ :
COC—C®Ain My such that B o = COIC.

In the weak algebra-Galois coextension case there is a result dual to Theorem 2.2.12.

Theorem 3.4.3. Let C — B be a weak A-Galois coextension. Then there exists a unique
right-right weak entwining structure (A,C, W) such that C € M(yg)§ with the canonical
right C-coaction (via the coproduct in C) and the predetermined right A-action. This weak
entwining structure is referred to as the canonical weak entwining structure associated to
the A-Galois coextension C — B.

Proof. Let % denote the map which splits 8 and set
T:COC—A,  Ti=(e®4)o7,

to be what will refer to as the weak cotranslation map. We first investigate some properties
enjoyed by such a map. Firstly
pco(C®T)o(A®C) = pco(C®E®A)o(C®Y)o(ARC)
Pco(C®E®A)o(ARA)0Y
= pcox
(e®C)ofoX,
where the second equality follows from the left C-colinearity of ¥ and the last equality by
noting that (€ ®C) o f(c®a) = L &(c(1)) ® ¢(z)a = ca. Now since ¥ splits B this implies

pco(C®T)o(A®C)=¢e®C. (3.18)

Also observe that

To(CRpc)(c®c'®a) = (e®A)oX(c®Ca)
(e®A)oZ(c®c)a
T(c®d)a
Lo(T®A)o(c®c ®a),

where the right A-action on C®A is C® u and the second equality follows by the right
A-linearity of ¥. From this observation it is then clear that

Uo(T®T)=To(C®pco(C®7T)), (3.19)
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onC I%l CeC IEJC. Combining the previous equation, (3.19), with equation (3.18) it is clear
that on CI%ICI%IC we have

po(T®T)o(CRA®C)=To(C®eRC). (3.20)

Making use of the above observations and the elementary properties of the map in ques-
tions, we now show that the map

Vr:CR®A—-AQRC, VR :=(T®C)o(CRA)op,
gives a right-right weak entwining structure (A,C, yg). Firstly that

(ARERC)o(Yr®C)o(CRL1®C)oA=Yro(C®1)
and

Ho(ARE®A)o(Yr®A)o (CRIR®A) =(A®E)oYr

can easily be confirmed by a straight forward calculation. Next compute

(L®C)o (A@w) o (Yr®A)

(o (T®T))®C)o(C*®A)o (CR((C®B)o(ABA)))o(BBA)
(o (T®T))®C)o (C2®A)0 (CR((ARC) o)) o (B ®A)
(Lo (T®T)o(CRARC)RC)o(CRCR®A)o (CO®B)o(BRA)
(To(CRe®C))®C)o(CRC®A)o(C®P)o(BBA)

= (T®C)o(C®((e®RCRC)o(CR®A)oB))o(BRA)

= (T®C)o(C®A)o(C®pc)o(B®A)

= (T®C)o(CR®A)oBo(COM)

= Yro(COW).

Here the second equality follows by the left C-colinearity of 8 and the fourth by equation
(3.20). For the sixth equality observe that

(E®CR®C)o(C®A)oB(c®a) =) &(c)A(cp)a) = Alca). (3.21)

Finally the penultimate equality follows from the right A-linearity of 8. Now there is
only one thing left to check in order to demonstrate that (A,C, yg) is a weak right-right
entwining structure. Again compute

(Vr®C)o(CRYr)o (ARQA)
= (Yr®C)o(CR®T®C)o(CRCY®A)o(CRB)o(ARA)
= (yr®C)o(CRT®C)o(CRCY®A)o(ARC)op
= (T®C®C)o(CRABC)o((Bo(C®T)0(A®C))®C)o(C®A)P
= (T®C®C)o(CRARC)o((foX)®C)o(CRA)P
= (T®C®C)o(CRCR®A)o(C®A)of
= (A®RA)o(T®C)o(CR®A)0p
= (A®A)oyk.
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Here the second equality follows by the left C-colinearity of 8 and the fourth follows
because using the colinearity of x

(C®T)o(ABC) = (COEBA)(COT)o (ABC) = (COEDA)o (ABA)OT = 7.

Finally, the sixth equality in the computation of (yz ® C) o (C® yg) o (A®A) follows by
the coassociativity of A. Hence (A, C, yg) is a weak right-right entwining structure. Now
we can follow the same proof as in [9, Theorem 3.5], to show that C € M(l[l)g with the
canonical action and coaction:

(pc®C)o(COYr)o(A®A)
(Pc®C)o(CRTR®C)o(CRCR®A)o(C®B)o(ARA)

= ((pco(C®7T))®C)o(CRCB®A)0(AR®C)op

= ((Pco(C®Do(ABC))®C)o (C®A)op

= (eQRCR®C)o(C®A)of

= Aopc.
In this computation the second equality follows by the left C-colinearity of B, the fourth
by equation (3.18) and the final equality by equation (3.21). Finally to complete the proof
of the theorem the uniqueness of yx can be demonstrated as follows. Suppose there exists

some other weak entwining map W such that C € M(z)§ with the obvious action and
coaction. Then

VR T®C)o(C®A)o(C®pc)o(ABA)
T®C)o(CR((pc®C)o(CR® Wr)o(A®A)))o (ABA)
To(CR®pc))RC)o(CROCRPR)o(CRARA)o (ARA)

(

(

((

(To(C®pc)) ®C)o (AR Wr) o (ABA)
((

((

(

To(C®pc)o(ARA))®C)o(C® Wr)o(A®A)
ToB)®C)o(CRYr)o(ABA)
EQARC)o(COPYr)o(AB®A) = Y.

Here the second equality follows by the compatibility condition required so that C €
M(II/R)g with the prescribed action and coaction. The fourth equality follows by the coas-
sociativity of A. Finally the sixth and seventh equalities follow from the definitions of the
maps 8 and 7T respectively. O

Having established how to associate a weak entwining structure to a weak algebra-
Galois coextension, we now describe a necessary and sufficient condition on a weak en-
twining structure to determine whether it arises from a weak algebra-Galois coextension.
Recall that in the case of weak coalgebra-Galois extensions (c.f. Theorem 2.2.12) this can
be achieved by looking at the associated A-coring, as described in Proposition 2.2.14.

Lemma 3.4.4. Suppose C € M(WR)S with the natural right C-coaction. Then the coideal 1
of C, described in Definition 3.4.2, coincides with the coideal I defined in Lemma 3.3.10.
Where x : & — k is the nontrivial character associated to the right action on C of the
C-ring & arising from (A,C, W) (c¢f. Lemma 3.3.9 and Theorem 3.4.1).
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Proof.  First observe that by equations (3.9) and (3.17) we can compute that, for all
c®ae A,

K(c®a) = gopco(CRE®A)o“p(c®a)
= Y eopco(CRERA)(c(r)®c(p) ®a) = €(ca).

In view of this observation it is clear that
Iy = {ca— EC(I)E(C(Z)G) I c®ac .!Zf},
and since € € Hom(C,k), it is clear that I, C I. On the other hand all elements of /

are linear combination of x = ¥ (ca)(y§((ca)(2)) — Lcy6(cpya) witha € A, ¢ € C and
& € Hom(C, k). Now observe that for each such x

x = §C(1)aa§(c(2)a)—0(1)8((6(2)0)(1))5((C(z)a)(z))
= %C(n)aﬁﬁ(c(z)ﬁ)—§C(1)€(C(2)aa)§(c(3)a)

= Y cyaapelc)P)E(c®) — cyelcyaa) € (ca)®)-
a,B

Here the first and second equalities follow since C € M(yg)§ with the canonical right C-
coaction, and the third by equation (2.18). Using (2.18) it is straight forward to verify that
Yaca)®aad(c)®) € . Hence we can conclude that x € I, and therefore that [ C I. O

Lemma 3.4.5. Suppose & is a C-ring associated to a weak entwining structure (Wg,A,C)
such that C € My = M(yR)S. Then & is a Galois C-ring (with respect to kK = €0 pc) if
and only if By 1 & — C%]C is a bijection.

Proof. Observe that for this choice of x the induced C-ring map I'y : & — CE C, as
described in Proposition3.3.12, satisfies, for all c®a € &7,

Tc(c®a) = Y cqy®e(cp)aa)es)®
a
= Lew®epa=plcwa).

Where the first equality follows since C € M(yg)§. Also in view of the previous lemma
By=B.Tx. o — CBDC is an isomorphism if and only if | : & — CQC is a bijection.
D K

Proposition 3.4.6. The C-ring associated to the weak entwining structure in Theorem 3.4.3
is a Galois C-ring. Conversely, if the C-ring associated to a weak entwining structure
(A,C, yR) is a Galois C-ring, then C is a weak algebra-Galois coextension.
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Proof. If & is the C-ring associated to the weak entwining structure in Theorem 3.4.3,
then for the associated projection pg : C® A — C®RA,

PR = (CR®AR®E)o(CRYR)0(A®A)
CRARE)o(CRERA®C)o(CRT®C)o(CRC®A) o (CR®PB)o(ARA)

(
(
= (CR®e®A)o(CRY)o(CPB)o(ABA)
(
(

CRERA)o(CRZ)o(ARC)ofB
CReRA)o(ARA)oY o =%op,

where the fourth and fifth equalities follow by the left C-colinearity of § and ¥ respectively.
Hence o/ = Im(Y o B) and since Bo¥ = C DC the map B | is a bijection. Therefore,

by Lemma 3.4.5, & is a Galois C-ring. Conversely if & is a Galois C-ring and associated
to a weak entwining structure then by Lemma 34.5, |y : & — C IEIC is a bijection,

furthermore it is clear from the definition of B that it is a morphism in “M,. Now observe
that the composition of the maps | d—l : CIEIC — &/ and then the inclusion & — C®A

is a morphism in My splitting B. Therefore C —» B is a weak algebra-Galois coextension.
0O

We have already demonstrated in this section how it is possible to associate a C-ring to
a right-right entwining structure, now we show how to associate a C-ring to a left-left weak
entwining structure.

Theorem 3.4.7. Let (A,C, y.) be a left-left weak entwining structure. Define the map
PL:ARC—ARC, PL=(ERARC)o (Y. RC)o(ARA),
and the set

B :=ImpL = {Zs(ci(l)g)aiE®C(2) |Zai®ci €EA®C}.
Ei 7

Then pr is a projection, i.e. pLopr, = pr, and

(1) B is a (C,C)-bicomodule with the left coaction ®p = (AR L) o (A®Ac) and the
right coaction p"@ =AQ®Ac.

(2) The (C,C)-bicomodule 2 is a C-ring with product
Hep: BURB — B, Y a®c®a®c— Y aae(c)®d,
i i
and unit
Neg:C— B, c—pr(l®c).
(3) aM=SM(yy).

Proof. This theorem is simply a ’left handed’ version of Theorem 3.4.1, and can be
proved in a similar manner. O

Before investigating the C-rings associated to an invertible weak entwining structure, it
will be useful to recall the following result [1, Proposition 1.5].
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Lemma 3.4.8. Let (A,C, yr, Y1) be an invertible weak entwining structure. Then pg = pr,
and pr, = pg.

Proof. To see that pg = py, take any a € A and ¢ € C, and compute
Pr(c®a) = Y cuy®ant(cp)®) =Y cqy@e(c)®)laa
o a

= Zc(l) ®£(c(2)E)IEa =Y ce® 15a=pi(c®a),
E E

where the second equality follows by (2.17), the third by (2.24), and the fourth by (2.23).
A similar calculation shows that p; = pg. O

Remark 3.4.9. Lemma 3.4.8 shows that conditions (b) in the definition of an invertible

weak entwining structure (Definition 2.3.2) may be replaced with alternative conditions:
(b*) Wro w1 = pr and Y0 Yg = Pk.

Note further that both &/ and 4 are not only C-rings but also A-corings.

Remark 3.4.10. Using the previous remark and (2.18), it is clear that

VRO DR = PRO YR = VR. (3.22)

Similarly using (2.22)

YyiopL=pLoVYL=VYL. (3.23)
Proposition 3.4.11. Let (A,C, g, y1) be an invertible weak entwining structure and let
&/ = 1Im Ppg and B = Im PL. be the corresponding C-rings. Then the restrictions of the

entwining maps
V’L3=@—>.SZ{, WR:W——)‘@

are inverse isomorphisms of C-rings.

Proof.  Since Ppg and pr are projections, the conditions (b*) in Remark 3.4.9 imply
that the restrictions of yg and y; to Im pg and Im Py, respectively, are mutually inverse
isomorphisms of vector spaces. Using (2.18) and the definitions of the C-coactions on &/
and 4, we can compute that

(Yr®C)opTopr = (Yr&C)o(COYr)o(A®A)oPR
(A®A) o ygroPr =p? o yroPr,
therefore yg : & — £ is right C-colinear. Similarly one easily finds
Ppoyropr = (YL®C)o(A®A)oYroPR
= (Y.®C) o (Yr®C) o (C®YR) o (Ac®A) o Pr
= (PR®C)op*” oPr = p* o Pr = (COYR) o “p o Pk,

where the first equality follows by the definition of %p, the second by (2.18) and the third
by condition (b*) of Remark 3.4.9. Then the fourth equality follows since pg is a projection
with image 2. Finally, the last equality holds by the definitions of “p and p*. In view of
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this calculation we conclude Yy : & — & is a left C-colinear map. By performing similar
calculations it is straight forward to check that y;, : & — & is a (C, C)-bicomodule map.

We now show that Y : & — £ is unital and multiplicative. Firstly for the unitality
take any ¢ € C and compute

VroNz(c) = WroPr(c®1) Zla®c
= Lelew)la®e = Lelcme) " @cq)

= pL(1®C) - 77@,

where the second equality follows by (3.22), the third by (2.19) and the fourth by (2.24).
Hence yg is a unital map. As for the multiplicativity, firstly observe that all elements
of ,cz{lgld are linear combinations of x =Y. g ¢(;) ® ag ® c(z)ﬂ(l) ®a’a£(c(2)ﬁ(2)°‘) with

a,a’ € A and ¢ € C. For such elements the definition of the product in & and properties
(2.16) and (3.22) yield

YR O oy (x) = Z r(c(1)®agaye(c)P*)) = yr o Pr(c®ad’) = Yr(c®ad').

On the other hand using (3.22) along with conditions (2.16) and (2.18), we compute
Hazo (YrOYR)(x) = Y uao (vrOWr)(c(1) ®aa ®Pr(cp)* ®d'))
o

= Y agpdye(c’)®ep)™ = yr(c@ad).
aB.y
Therefore we conclude that yg is multiplicative, completing the proof that y is an iso-
morphism of C-rings. O

Corollary 3.4.12. Let (A,C,yr,Vy..) be an invertible weak entwining structure. If C €
M(yR)S, then C € SM(yy) with the action, for alla € A, c € C,

aC—ZCE(l )

Proof. We arrive at this result by making the following chain of deductions. Firstly,
C € M(yg)§ so by Theorem 2.2.9, C € M. Explicitly (3.17) tells us that the correspond-
ing right 27-action is, for all c® a € & (summation suppressed for clarity) and ¢’ € C,

d <(c®a)=¢(c)ca.

Since there is always a trivial matrix context (C,C ,€CC,CCC, ,7), as described in Propo-
sition 3.3.14, Lemma 3.3.1 tell us that C € ;M with the left &7-action

(c®a)>c' =) cn)e(cpa)e(c).

By Proposition 3.4.11, y, : & — & is an isomorphism of C-rings and so C € M with
left ZB-action

(a®c)>c =Y (ce®a®)>c =Y ceye(ce)a®)e(c).
E E
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Finally we can use the correspondence gM = SM(WL) (cf. Theorem 2.2.10) to view C in
SM(y.). Explicitly we apply the functor ¥ : gM — {M(y,), which leaves the objects
and morphisms unchanged as vector spaces but which changes the left %-actions P to a
left A-actions W(3/p) defined

¥(mp):AGM —M,  ¥(p):=upo(PLOM)o(A®"p).

O

We have already demonstrated how to associate a C-ring to a weak entwining structure.
Now we look for purely C-ring theoretic conditions which allow us to determine that a
C-ring is of the type that arises from a weak entwining structure. As a corollary of the
criteria that we find, we show that the Sweedler C-ring corresponding to a weak A-Galois
coextension is of this type. By expanding on the conditions we are also able to characterize
C-rings that arise from invertible weak entwining structures.

Proposition 3.4.13. Let A be an algebra and of be a C-ring. Suppose in addition o/ € “My
and there exists a right A-linear map 0 : &/ — A satisfying the diagram

& ot
c

g @A.
Then vy : C®A — A®C defined to be the composition

CoA™® oy oaP? e 7 oS AscC,

makes (A,C, V) into a weak entwining structure. Moreover the C-ring 98 associated to
this weak entwining structure is isomorphic to & via the map ¥ : % — &/ defined as

X = Pa (N ®A)|z.

Proof.,  In what follows we adopt the convention of writing 1, as 1 and denote
the right A-action on & by ps(a®a’) = a-a’. Before checking the required computations
notice that the diagram implies the product in 2 is right A-linear since it is the composition
of two right A-linear maps. To see that y preserves the coproduct in coalgebra observe that,
forallae Aandc €C,

(v®C)o(CRVY)e(ARA)(c®a)

= Y (w®C)(cy®0((nlc)) a)) ®(nlcz)) - a)p))
Y (weCO)(n(e)—® (M) - @) ® (M(c)p - @)))
Z(W®C)(( (¢)-a)-®8((n(c)-a)g) ® (n(c)-a)y)
Y. 6((n(c)-a)g) ® (M(c)-a)y® (n(c)-a)y
(A®A)oy(c®a).
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Here the second equality follows because 7 is left C-colinear and the third by the right
A-linearity of “ p. The penultimate equality then follows since

Y n((n(e)- @)1 - 8((n(c)-a)g) = Y. n((n(c)-a)-y)(n(c) - @) = n(c) -,

by virtue of the assumption that = pg o (&7 Igl 8). For the preservation of the multipli-
cation in the algebra compute, for alla,b € Aand c € C,

(L®C)o(ARY)o(Y®A)o(c®a®b)
= Z(H®C) (8((n(c)-a)i) @ O((n((n(c)-a)p)) - b)) ® (n((n(c) - @)py)) - b))
= Y 6((n( a)[o]( (n((m(c)-a)u)) b)) ® (M((n(c) - a)yy)) - H)pyy
= Y. 0(((n(c)-a)gn((n(c)-a)y)) - b)) ® ((M(c) - @) ((m(e) - a)py) -b)pyy
= ). 0((n C) ab)g)) ® (1(c)-ab)y
= Yo (COUa)(c®aBD).
Here the second equality follows by the diagram and the right A-linearity of 6, and the

third since product in & is right C-colinear. To show that y respects the unit of the algebra
compute, for all ¢ € C,

Yig®c® = Y 0((n(e))®1(c))y
= Y 0(n(cy))) ®cp)

= ZE(("? C(l)))[l])e(( (cay))p) ®c2)
= ZE la®c 2)-

Here the second equality follows from the right C-colinearity of 77. Similarly for the algebra
structure one computes that, for alla € A and c € C,

Y aeg(c®) = Y} 0((n(c) a)p)e((n(c)-a)y)

= (n(C))a
= 28 )aa.

Hence (A,C, ) is a weak entwining structure. Now we check that  := py o (Ny ®A)|2
is morphism of C-rings. Firstly since it is a composition of left C-colinear maps it is left
C-colinear. Then observe, foranya € A and c € C,

;n(c(l))'aaébc(z)a
= Y n(cqy)-0((nlcw)) -a)o) @ (M(ce) - a)y
= Y n(e)gn (71(6))[1]) a)® (M((m(e))p) - apy

(
= Y@M )p)-a)e ® (Me)gn((M(e))py)-a)p)
Y.(n(c)-a)g ®(n(c)-a)y,

n
n
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by multiple use of the properties of 7, the right A-linearity and right C-colinearity of the
product in &/. From this calculation it is clear that ¥ is right C-colinear. Now to show that
x is multiplicative first notice that all elements of %’lg]% are linear combinations of

x=Y c1y®8((nlcw) a)g) ® (M(ce) -a)y ®a'e(c"),

with a,a’ € A and ¢,¢’ € C. For such an element

Ho o (00 = Y(M(eq)-0((n(e) - a)p)n((n(cm)-a)y)- &)
= Z(’?(C)'a)[om((n(c)*a)[1])~a’£(c’)
= (n(c)-a)-d'e(c)
= n(c)-ad’e(c')

Here the second equality follows by the the same considerations employed to show the
right C-colinearity of x. On the other hand

xoug(x) = Y x(cay®8(n(cw) a)d'e(d'))
= Y n(cqy)-0(nlc)-a)d'e(c’)
= Y n((n(e)-1)n () - ad'e(c’) = n(c) - ad'e(c’).

Here the third equality follows by the properties of 7. Hence x is multiplicative. That
preserves the unit follows since, for all c € C,

xonaz(c) = x(cqy®laglcy®)) =nz(cq)) 8(Muolcw))
= N ((Ner (€))[-1))Ner (€)1 = Ner (€)-

To finish the proof of the proposition we now give an inverse for ). Define
1B, yx'=(C®60)0%p. (3.24)

First we check ¥ ' (&) C 4, recall elements of & are precisely the elements of C®A
which are invariant under the map pg := (C®A®¢€) o (C® y) o (A® A) now observe, for
alla € &,

Prox (@) = Yaya®0((n(aryw)-0(ag)))
= Y (n(a_1)) -1 ® 8((n(ar-1)))o1%0)
= Y (n(a-1)aq))-1 ® (M (ap-1) a0 o))
= Yoy ®6(ap)
= x ().

Here the second equality follows by the diagram satisfied by 6 and the left C-colinearity
of . The third equality follows by the left C-colinearity of the product in .2/. Now check
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that ! as defined is indeed the inverse of ¥. Again compute, for alla € A and ¢ € C,
LA oxle ®aat(cey®) = La™ (new) - aatler®))
= ZTI )i-11® 0(n(cry) ) antlc)®)
;c(l) ®0(n(c(z)))aat(cz)”)

Y ciy®6(n(ce)0(nlc))a
= Y. cuy®8(n(c)nlca))a
= Y cay®0(n(c))a
= ;c(,)®aa8(c(2) ).

By the right A-linearity of 6, the assumption that [y = py o (& l%l 0), the definition of y

and the properties of the map 7). That x o x ~! is the identity is a much simpler calculation,
foralla € &7,

xox (@)=Y x(a_y®6(ag)) =Y. n(a_y) 0(ag) = Y n(a-1))ap = a.
By the diagram that 0 satisfies and the properties of 7. This completes the proof. O

Remark 3.4.14. It is easy to see that with the additional requirement that

C—>o 254

k )
the assumptions of Proposition 3.4.13 will force 2 to be isomorphic to a C-ring associated
to a non-weak entwining structure.
Corollary 3.4.15. Suppose C — B is a weak A-Galois coextension then the canonical cor-
ing CLC comes from a weak entwining structure.
B

Proof. By definition of B we know that C IEIC € “M,. Also recall, from the proof
of Theorem 3.4.3 there is a right A-linear map 7 : C gC — A, which we termed the co-
translation map, which is right A-linear. By the definition of this map it satisfies

Pco(CR®T)o(ARC)=€eQC

With this in mind it is clear the 7 satisfies the diagram of the previous proposition since
elements of CCICLJCOIC have the form ' ®c?(1) ® c?(3) ® ¢ (summation suppressed)

and so
Zpd o (ﬂ@ﬂ(cl ®6‘2(1) ®02(2)®C3)
= Y (C®pc)o (& ®7)(c' ®c* (1)@ &)
= ®e(?)?
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Now note this is precisely the product of these elements in C Igl C. Hence can apply the

previous proposition with 8 = 7 to get required result. O

Remark 3.4.16. From the previous corollary it is clear that the construction of a weak
entwining structure from a C-ring in “M, satisfying the conditions given in Proposition
3.4.13 generalizes the construction of a weak entwining structure from a weak A-Galois
coextension as described in Theorem 2.2.12. In the sense that the weak entwining structure
associated to a weak A-Galois coextension C — B, as constructed in Theorem 2.2.12, can
also be obtained by feeding the associated Sweedler type C-ring CI%]C, which satisfies the

hypotheses by the previous Corollary, into Proposition 3.4.13.

Also note that for all weak entwining structures (A,C, yg), the associated C-ring &/
satisfies the hypotheses of Proposition 3.4.13 when combined with the map e QA : & — A,
and the weak entwining structure generated is (A,C, yg). Therefore all weak entwining
structures can be generated in the way outlined in Proposition 3.4.13.

Corollary 3.4.17. Let A be an algebra and &/ a C-ring. Suppose in addition that < €
M, NAMC and there exists a map €4 : &/ — A which is both left and right A-linear
satisfying the diagram

Then for the maps
Vi1 CRA—ARC,  Yri=(Ex ®C)op” opyo(Ny @A),

VL IARC 5 C®A, Y :=(CREy)o7poypo(A®Ty),

(A,C,yL,WR) is a weakly invertible entwining structure. Moreover with the additional
assumption that &/ € ;My, & is also an A-coring with counit €4 and product

Ay 1 o — A @, Aw(a)=2n,«/(0[—u)§a[ol-

Recall that associated to an invertible entwining structure is an object %8 which is both a
C-ring and an A-coring. Now with this additional structure

X:B—, X:=pgo(Ng®A) g,
is an isomorphism of C-rings and A-corings.

Proof.  That g is a right-right entwining structure follows from the proposition.
Similarly one can prove a left handed version of the proposition and this will imply that yy,
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is a left-left entwining structure. Now with these assumptions

PR = (CRA®E)o(COWYR)o(Ac®A)
CRARE)0(CR((6x ®C)op™ 0py o (N ®A)))o (Ac®A)

(
(
= (C®Ey)o(C®Py)o(CONy ®A)0(Ac®A)
(
(

CREy)o(CO®Pw)o(pBA)o (Ny @A)
CREx) 0 popayo(ny®A).

Here the third equality follows by the counitality of p the fourth by the left C-colinearity
of N and final equality since the right A-action on & is left C-colinear. Similarly

YioWr = (C®Ey)o?poypo(A®Ny)o(ex®C)op™ opyo(ny @A)
= (C®Ew)o“pogpo(ew ® )0 (& @Nu)op opuro (N RA)
= (C®&x)o?poliyo(d @Ny)op” opyo(Ny ®A)
= (C®ex)opopyo(Nas @A)
= Pk
Where the third equality follows by the diagram and the fourth by the unitality of 7.

Likewise, one shows yg o y;, = pr. It is immediately clear that ¥ is right A-linear. To see
that it is left 2-linear observe, for all a,a’ € Aand c € C,

x(@-(c®a)) = Y (M@ n(e))1)) ex((@ N (c))p))a
= d nglc)-a
= d-x(c®a).

Here the second equality follows by the diagram. Hence
(x %x)oAgox“ (@) = L (ag-1) S ag) = Agr(a),
EgoX ' =€,

define an A-coring structure on 2 which has the required properties. O
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Chapter 4

Structure theorems for coextensions and
extensions

4.1 Coextensions of self-injective algebras

In this section we investigate coalgebras which are right entwined modules over an invert-
ible weak entwining structure. In particular we will give a criterion for such a coalgebra C,
over a field k, which is a right entwined module for an invertible weak entwining structure
(A,C, wg, W), to be weak A-Galois coextension. Since we will be working under the as-
sumption C € M(yR)$, S = E(C) (where & is the C-ring associated to (A,C, yg)) will
be isomorphic to By, by the isomorphism described in the proof of Proposition 3.3.14.
Moreover by Lemma 3.4.4 it is clear that B, = B, so for simplicity we shall henceforth
denote all these objects by B.

Proposition 4.1.1. Ler (A,C, yg, Y1) be an invertible weak entwining structure such that
C is a right entwined module, and let &/ be the C-ring corresponding to (A,C, yg). View C
as a left A-module as in Corollary 3.4.12. Then C — B is a weak A-Galois coextension and
C is injective as a left B-comodule if and only if there exists a k-linear map § :C®C — A
such that, for all c € C and a € A,

Y aag(c*®c) =Y g(aac* ®C'), 4.1)
o a

and

Y 8(cy®cya) = ):aaec 4.2)

Since in Proposition 4.1.1 it is assumed that C € M(yg)S, using Theorem 3.4.1 we
can deduce that C € M, with the action given in (3.17). Therefore, combining Proposi-
tion 3.4.6 and Proposition 3.3.14 we find that C — B is a weak A-Galois coextension and
C is injective as a left B-comodule if and only if C is a principal &/-module. In light of this
observation, we set about proving Proposition 4.1.1 by finding criteria for C to be principal
&/-module. By Theorem 3.3.16 this problem reduces to finding necessary and sufficient
conditions for there to exist a left 27-module retraction of 8 : & — C®C (as defined in

81
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Proposition 3.3.6), where the right «/-module structure on C ® C is that induced in the
obvious way from the left &7-action on C given by Lemma 3.3.1. Explicitly

cacP : & QC ~ MEIC®C —C®C, c®a®c — Zc(l)sc(c(z)a) ®c.

Before considering the problem of when there is a left &7-module retraction of 8, we first
study left o7 -linear maps CQ C — 7.

Lemma 4.1.2. Suppose (A,C, g, y.) is an invertible weak entwining structure with C €
M(yRr)S. Then there is a bijective correspondence between left o -linear maps g : C®C —
&/ and k-linear maps § : C ® C — A satisfying condition (4.1).

Proof. Substituting the definition of the left A-action in Corollary 3.4.12 the condition
4.1 becomes

Y aad(c*®c') =) &(c(y®c)ec(cya). (4.3)
[°4
Given a k-linear map ¢ satisfying 4.1 we define
g:CoC— o,  g:i=Pro(C®E)o(Ac®C), (4.4)

so on elements g(d ®d’) = Lqd(1) ® §(d3) ® d')ac(d(2)¥). Using (2.17), (2.19) and
condition (4.3), we find that, for all d,d’ € C,

) 2(dz)®d)atc(d)®) = Y ec(d1)*)1ad(dp) ®@d) =) 1a8(d* @d) = §(d®d),
o o4 a

hence
g(ded') =) d1)®§(dn®d"). (4.5)

Now observe that all elements of & I%]C ® C are linear combinations of
xX= ZC(])®aa®C(2)a®d,
a

with a € A and ¢,d € C, and for such elements
gocech(x) = Y g((cay®aa) > (c2)*®d))
o
= Y gleayec(cp)aa)ec(ez®) ®d)
a

= Y cay®8(c) ®d)ec(c)a)
= Y cqy®aad(cp)® ®d)
a

= Y c1)®aa((ec®A) 0 glcr)* ®d))

= B0 (/Tg) ),

where the third equality follows by the assumption that C € M(yg)§ and the fourth by
condition 4.3. For the fifth equality apply (&c ® C) to (4.5), to see that § = (¢ ® A) o g.
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The final equality is then clear from the definition of y,. Therefore g is a left &7-linear
map.
For the converse, given a left o/-linear map g : C® C — & define

g§:CRC— A, g:=(ec®A)og. (4.6)
Then observe that forall d,d’ € Canda € A

y=Yd)®aa®dp)® ®d' = p oPr(d®a)®d' € ZOCRC.
a
Therefore since g is left &7-linear we know that [ o (& l%lg)(y) = gocecp(y), hence
Y ([dy®aa)g(dp)* ®d') =Y g((d)®aq) > (dp)* ®d')). 4.7)
04 a

Finally after applying &c ® A : &/ — A to the above equation, (4.7), and using the fact that
it is multiplicative, we can continue to compute

Y aug(@®®d) = Y 8((dy)®ad) > (dp)®®d))
a [#4
= Y g(dec(dpyaa)ec(dp®) @d')
o
= Zg(aada®d'),
a

where the second equality follows by the definition of cgcp and the third by the definition
of cp, observing that since Yy, o Ygr = pg

Y aad® =Y ec(d®epyaa®)d%eqy = Y. d()ec(dp)aa)ec(dE)®).
a a,E a

It remains to show that the given correspondence is one-to-one. Clearly, applying Ec®A
to g given in terms of ¢ via equation (4.5), one obtains back . On the other hand, since g
is left C-colinear, g = (C®€ec®A) o (CRg) o (Ac®C), thus establishing the converse corre-
spondence. O

From the previous lemma we have established a correspondence between left 27-linear
maps g : C®C — & and k-linear maps g : CQ®C — A satisfying (4.1). We now give a proof
of Proposition 4.1.1 by showing that the maps g : C ® C — A which give left o/-linear re-
tractions of 3, under the correspondence given in (4.4), are precisely those satisfying the
hypotheses of Proposition 4.1.1, i.e. conditions (4.1) and (4.2).

Proof. (of Proposition 4.1.1) Suppose that there is a map § : C®C — A satisfying (4.1)
and (4.2). Then the corresponding map g : C® C — A, as defined in (4.4), satisfies, for all
c®a € & (summation suppressed),

gof(c®a) = Y cuy®&(co®cEa) =) cqy®aatc(cr)®)
o

= Pr(c®a)=cQRa,
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using that g satisfies condition (4.2) in the second equality and the fact that pg is a projec-
tion in the final equality. Therefore g is a retraction of 8, hence C — B is a weak A-Galois
coextension and C is injective as a left B-comodule by Theorem 3.3.16.

Conversely, suppose C — B is a weak A-Galois coextension and C is injective as a left
B-comodule. Then, by Theorem 3.3.16 there is a left »/-module retraction g of 8, for
which the derived map § := (¢ ® A) o g : C® C — A satisfies condition (4.3) by Lemma
4.1.2. Moreover we can compute, foralla € A and c € C,

Y icqy®cpa) = Y &(cqy®cprantc(e®))
(04

(ec®A)ogofopr(c®a)
(ec®A)oPr(c®a) = Zaasc

where the the first equality follows from the assumption that C € M(V/R)g and the final
equality since g is a retraction of . Therefore § satisfies the conditions required by Propo-
sition4.1.1. O

Remark 4.1.3. In the case where g is a bijective map (with inverse ) it is clear by
condition (4.3) that, foralla€ A and c¢,c’ € C,

ag(c@c) =Y afaf(ce®®c) =Y g(a¥ace® ®C) = §(ac® (),
oE o,E

therefore g is left A-linear. Moreover, since left linearity of § implies (4.3), it is clear that
in the case of invertible entwining structures condition (4.3) is equivalent to requiring g to
be left A-linear.

As an application of Proposition 4.1.1 we have the the following example.

Example 4.1.4. Let H be a Hopf algebra with a bijective antipode S and left A be a right
H-comodule subalgebra of H, i.e. A is a subalgebra of H and Ay (A) C A®H. Then we
can define an associated invertible entwining map

Vr:HRA - AQH, h®ab—>2a(l)® ha(z),
such that H € M(y)§ and which has inverse
VL ARH — H®A,  a®h+— Y hS™'(ap))® ag).

Using the map yg it is possible to induce a left A-action on H in the way described in
Corollary 3.4.12, explicitly the action will be given by the formula ak := hS~!(a). Under
the additional assumption that A is a direct summand of H as a left A-module, letting
p: H — A be a left A-linear retraction of A C H, we are able to define a map

g:HRH — A, h@h' — p(S(h)H').

Using the properties of the antipode and the left A-linearity of p, we find that, foralla € A
and ¢c,c’ € C,

§ah@K) = g(hs~'(a)®K) = p(S(hS~'a)H)
= p(a(SHK) = ap((Sh)K') = ag(h®H).
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Hence ¢ is left A-linear and therefore satisfies condition (4.3). Moreover, we can compute,
forallae Aand h € H,

Zg(h(l) ®h(2)a) = ZS(h(l))h(Z)a = EH(h)a = Za(l)&‘y(ha(z)) = ;aa.‘;‘y(ha).

Therefore g also satisfies condition (4.2) and so, by Proposition 4.1.1, we can conclude that
H — B is an A-Galois coextension H is injective as a left B-comodule.

We are also able to use Proposition 4.1.1 to characterize weak Galois coextension over
self-injective algebras. Recall that an algebra A is called a separable algebra provided the
product (4 is a split epimorphism in the category of (A,A)-bimodules. Equivalently, A is a
separable algebra if it has a separability element, meaning an elemente =) e; ®e; EAQA
such that Y e;jep =1 and forall A € A ae = ea.

Theorem 4.1.5. Let (A,C, Wg, y;) be an invertible weak entwining structure such that C
is a right entwined module, and let &/ be the C-ring associated to (A,C,yR). Suppose
that themap B : & — CQC, c®aw— Yc1)®c)a is injective. If A is a left self-injective
algebra, then C — B is a weak A-Galois coextension and C is injective as a left B-comodule.
Furthermore, if A is a separable algebra, then C is also A-equivariantly injective as a left
B-comodule (i.e., C is an injective left B comodule and the corresponding coaction has a
retraction in BM,).

Remark 4.1.6. Recall that since k is assumed to be a field, A is an injective k-module.
Therefore if A is a separable algebra given any two left A-modules M’ and M, injective A-
linear map g : M’ — M, and A-linear map f : M’ — A, there exist a k-linear map h:M—H
rendering the diagram

0 M M

fl/

A,

commutative. Then using a standard method for separable algebras, denoting the separa-
bility element of A by e € A®A, define

h:M—A, h:=psoAQh)o(A®yp)o(e®M),

using the properties of the separability element, it is easily checked that 4 is left A-linear
and ho g = f. Therefore A is left self injective algebra.

Proof. (of Theorem 4.1.5) Firstly, since & = Impg = Impy,, &/ can be viewed as a left
A-module in the way described in Theorem 2.2.10, explicitly by the composition

A C
Aod Y CoAgA s o

Secondly, we view C @ C as a left A-module via the composition

AoCeCYE woc =P cac,
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which is easily seen to be equivalent to using the left A-action on C described in Corollary
3.4.12 on the the first leg of C ® C. Next define the map

r.of —A, r(c®a) = g(c)a, 4.8)

note that since the domain of this map is 27, we find that, for all c® a € & (summation
suppressed),
r(c®a) =ropr(c®a) = Zec 4.9)

Moreover, for all b € A and c® a € & (summation suppressed)

r(b(c®a)) ZEC(CE a=2b£c(cE)1Ea=b£c(c)a,
E

where the second equality follows by (2.21) and the last equality since c ® a € & implies
that ¥z cg ® 12a = pr(c ® a) = c ® a. Therefore we conclude that r € Hom, _(2,A). We
demonstrate that with the stated actions the map 8 : & — C®C is also left A-linear. Firstly
observe that just as the corresponding left A-action on C, described in Corollary 3.4.12, is
given in terms of the right A-action, symmetrically, it is possible to express the right A-
action on C in terms of the corresponding left A-action. Explicitly, using the assumptions
that C € M(yR)$ and o yg = Pg we find that, foralla € A and C € C,

) eclaac®(1y)c®a) = Z%(C“(I)Eaa's)cam: Y eclcy’eang)e)®
[44 aB,E

= Zec 1)%ap Ec(cz)) 3% = ca,

where the second equality follows by the definition of the left A-action in Corollary 3.4.12.
Using the assumptions that C € {M(y;) and yg o Y, = pz we find that in particular, for
allaeAand C € C,

ZCEaE = E Ec(aEaCEa(l))CEa(z) = ch(aEC(z))Sc(C“)E)C(j,) = Ec(aC(l))C(z). (4.10)
E o.E E

Therefore, for all a,b € A and ¢ € C,

BbpL(c®a)) = §CE(1)®CE<2>’7E“ = E);CU)E@C(z)F”EF“
Y ey (B ey ®ezya =Y bey®cpya = bB(pL(c®a)),
E

where the second equality follows by (2.22), the third by (4.10) and the fourth since C €
fM( y.). Therefore B is a left A-linear map. Furthermore, since we have assumed that A
is injective as a left A-module and f is injective, there is an an exact sequence

Hom, _(C®C,A) £, Homy_(27,A) — 0,

where, for all f € Homus_(C ® C,A), B*(f) = foB. In view of this exact there exists
g € Homy_(C®C,A) s.t. B*og = go 8 =r. By construction, § is left A-linear, hence (4.3)
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holds, and in view of (4.9) it is clear that § satisfies (4.2). Therefore by Proposition 4.1.1,
C — B is a weak A-Galois coextension and C is injective as a left B-comodule.

Now we prove the second part of theorem. Assume that A is a separable algebra
and let e = Y e; ® e € A @A denote the separability element. Then to show that C is
A-equivariantly injective as a left B-comodule it suffices to show that there exists a retrac-
tion of the left B-coaction, given in Corollary 3.3.4, in BM,. Such a retraction can be
constructed as follows. Firstly, since C is injective as a left B-module there exists a left
B-colinear map A : B®C — C such that A o “p = C. Using this map A we define

A:BRC—C, A=pco(A®A)o(BRpc®A)o(BRC®e). (4.11)
Next observe that, for alla € A and ¢ € C,
Cpopc(c®a) = Y Splcy<i(cp)®aatc(e®))) = ;c(l)[—l] ®c(1)0datc(c2)®)
= Loy ®pn)datelcpe)®) = ey ®cpe

= Y (B®pc)o(‘p®A),

o

in which “p(c) = X¢j_1) ® ¢pg) and pc(c ® a) = ¢ < a denotes the right &7-action on C
given by the correspondence (3.17). The first equality in the computation holds by using
the correspondence (3.17) to view the right A-action on C as an &/-action. Then the second
equality follows by using the fact that €p is right 2-linear, see Corollary 3.3.4, and the
correspondence (3.16), to return the right .27-action on C back in an A-action. Also by the
results in Corollary 3.3.4, Cp is right C-colinear hence the third equality holds. Finally
the fourth equality follows from assumption that C € M(!//R)g. Therefore pc is left B-
colinear and it becomes clear that A is a composition of left B-colinear maps, hence is left
B-colinear. Also observe that, for all a € A, b € B and ¢ € C, since we know ea = ae, we
can compute that

A(b®ca) =Zi(b®cae1)e2 =Z/Al(b®ce1)eza =A(bRc)a.

Hence A is morphism in M. Next we check that A is a retraction from the left B-coaction.
Again compute, for all ¢ € C,

Aoplc) = YAl ®cpene:
= Y A((cer)|-1 ® (cer)pg))e2

= zcelez =c,

where the second equality follows from the left B-colinearity of the right A-action, the
third because A was chosen to be a splitting of the coaction and the final equality from the
properties of the separability element. O

To see how this result fits in with existing theorems, in the next section we derive a
dual version, as it is in the setting of coalgebra-Galois extensions in which the majority of
previous results have appeared.
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4.2 Extensions of self-projective coalgebras

In this section we start with an invertible weak entwining structure such that A, an algebra
over a commutative ring k, is a right entwined module and then use Theorem 2.1.17 and
Corollary 2.1.19 to deduce criteria for this algebra to be a weak A-Galois extension with
some additional structure. Since we work in this setting, S = End~%(A) (where € is the
A-coring associated to the (right-right) weak entwining structure) will be the same as B =
AT (cf. Remark 2.1.14). Moreover, from the proof of Proposition 2.2.13, recall that
A®C = A% 5o for simplicity we shall henceforth denote all these objects by B.

Proposition 4.2.1. Let (A,C, yg, Y1) be an invertible weak entwining structure such that
A is a right entwined module, and let € be the A-coring corresponding to (A,C, yg). View
A®A as a left C-comodule via the map.

484  ARA — €RA,  a®d — Y al®1®d’. (4.12)

Then there exists a left €-colinear section of cany : A®A — € if and only if there exists a
k-linear map f : C — A QA such that, for all ¢ € C, writing f(c) = Zc“] ®cl

Zc[l] 1[0] by 1[1] ®C[2] = Z WR(C(I) ®C(2)[l]) ®c) 2 4.13)

and
cango f(c) =) la®c” (4.14)
(¢4

Remark 4.2.2. Since in Proposition 4.2.1 it is assumed that A € M(WR)S, by Proposition
2.2.9 A € MY, with the €-coaction defined, for all a € A,

p?(a) = Za[0]§>(la®a[1]“) (4.15)
a

where Y ajg) ® ;) denotes the result of applying the right C-coaction on a, see [4, Propo-
sition 2.3] for more details. By Example 2.1.5 since A is finitely generated projective as a
right A-module, there is a corresponding left €-coaction on A. The left €-coaction on A ® A
described above is the application of this left €-coaction on the firstleg of A®A.

Before studying when there is a left €-colinear retraction of cany, we first investigate
left €-colinear maps € - A®A.

Lemma 4.2.3. Suppose (A,C,yg, L) is an invertible weak entwining structure with A €
M(l,l/R)g. Then there is a bijective correspondence between left C-colinear maps f : € —
A®A and k-linear maps f : C — A ® A satisfying condition (4.13).

Proof.  Since this result is a dual version of Lemma 4.1.2 we just state the required
correspondences, for a full proof see [13, Lemma 5.2]. Given a k-linear map f satisfying
(4.13) define

fi€—oA®4,  f(Yalg®c®) =Y alaf(c*). (4.16)
a a

Conversely, given a left €-colinear map f : € — A ®A define

f:C—A®A, fle)=FY1a®c%). (4.17)
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Then these correspondences are mutually inverse and the result holds. O

We now are able to give a proof of Proposition 4.2.1 by showing that the map f : C —
A ®A which give left €-colinear sections of cany, under the correspondence given in 4.16,
are precisely those satisfying the hypotheses of Proposition 4.2.1.

Prgof. (of Proposition 4.2.1) Clearly if f is a section of can, then the corresponding
map f satisfies (4.14). Conversely if f satisfies (4.14) then for the corresponding map f
we can compute that, foralla®c € €,

cangofla®c) = cana(Y alaf(c®)) =) ala(canaof(c*))

= Y alglg ®c*® = prla®c) =a®c.
o.p

Here the second equality follows since cany is left A-linear, the fourth by (2.16) and the
final equality since the map pg leaves elements € unchanged. O

As motivation for the following theorem we refer the reader to [35, Theorem 3.1].
Recall that a coalgebra C is called a coseparable coalgebra provided the coproduct has a
retraction in the category of C-bicomodules. Equivalently, C is a coseparable coalgebra if
there exists a cointegral, i.e., a k-module map 8 : CRC — k that is colinear, meaning, for
all ¢,c’ € C,

ZC(I)S(C(Z)®CI) = 28(c®c'(,))c'(2), 4.18)

and such that § o Ac = &¢.

Theorem 4.2.4. Let (A,C, Yg, y..) be an invertible weak entwining structure such that A
is a right entwined module and let € be the A-coring corresponding to (A,C, WR). Suppose
that the map ¢ans : AQRA — €, a®d’ — ap?(d') is surjective. If C is a left self-projective
k-flat coalgebra and the map

B®RA — Hom® (A,A®A),  bRar |d — d'bRad]

is an isomorphism of left B-modules, then B C A is weak C-Galois coextension and A is
k-relatively projective as a left B-module. Furthermore, if C is a k-projective coseparable
coalgebra and A is k-projective, then A is C-equivariantly projective as a left B-module.

Remark 4.2.5. By dualising the arguments of Remark 4.1.6, it easily shown that a k-
projective coseparable coalgebra is left self-projective. Also note that assuming C is k-
projective implies that it is k-flat.

Proof. (of Theorem 4.2.4) Again, other than using some additional assumptions, the
proof of this theorem is a dual version of Theorem 4.1.5, so we only provide a brief account.
For more detail we refer the reader to [13, Section 6 and 7].

Firstly, observe that since € = Impg = Impr, € can be viewed as al left C-comodule in
the way described in Theorem 3.4.7, explicitly #?p := (A® yL) o (A ® Ac). Secondly we
view A®A as a left C comodule through the composition (y; ® A) 04®4p, which is easily
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seen to be equivalent to using the left C-coaction on A described in Corollary 2.3.8 on the
first leg of A® A. Now define the map

£:C—€ ) lg®c (4.19)
a

Now observe it can be shown that can, : A®A — € is left C-colinear and also that £: C — €
is left C-colinear. Therefore since cany is assumed to be surjective and C to be left self
projective, the

Hom®~(C,éany)

Hom®~ (C,A®A) Hom®~(C, €)

is surjective. This implies that there exists f € Hom¢™ (C,A®A) such that
cango f = 4. (4.20)

By Proposition 4.2.1 this guarantees that cans : A® A — € is a split epimorphism of left €-
comodules. Therefore we can conclude from Theorem 2.1.17 that A is a Galois comodule
and A is a k-relatively projective left B-module.

For the second part of the theorem, observe that under the more stringent condition
that A is k-projective, by Corollary 2.1.19 we know that A is projective as a left B-module,
guaranteeing the existence of a left B-linear map ¢ : A — B® A such that 4p 0§ = A.
Combining this with the cointegral 6 : C ® C — k we construct

¢:A—B®A, ¢=(BRA®S)o (BRp*RC)o (¢RC)o0p. (4.21)

It can then be verified that this map is a section of the multiplication map in gMC, therefore
A is C-equivariantly projective as a left B-module. O

Now for a Hopf algebra H, with bijective antipode, we can then use this theorem to
produced structure theorems for certain weak H-Galois extensions of H-comodule alge-
bras. From the first part of the theorem, assuming that k is a field, we are lead to weak
Hopf algebra version of the Kreimer-Takeuchi theorem [29, Theorem 1.7].

Corollary 4.2.6. Let k be a field and let H be a finite dimensional weak Hopf algebra
over k. Let A be a right H-comodule algebra and € be the A-coring associated to the
corresponding right-right weak entwining map, i.e. Yr(h®a) := Yaj ®hapy). If

cany :AQA— €,  a®bw— Y abjg by

is surjective, then B C A is a weak Hopf-Galois extension and A is projective as a left (and
right) B-module.

Proof.  Firstly, since H is assumed to be finite dimensional from [3, Theorem 2.10]
H must has a bijective antipode. In view of this, the right-right weak entwining structure
associated to the right H comodule algebra A is weakly invertible (cf. Proposition 2.3.5), in
the sense that it forms part of weakly invertible entwining structure. Secondly, as the dual
H™* of a finite dimensional weak Hopf algebra is a weak Hopf algebra, [3, Theorem 3.11]
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implies that H* is a quasi-Frobenius algebra (i.e., it is self-injective). Then by [26, Re-
mark 1.5] H is projective as both a left and right H-comodule. Then since k is assumed to
be a field, all assumptions in Theorem 4.2.4 are satisfied, and in addition A is k-projective,
s0 A is projective as a left B-module. That A is projective as a right B-module follows since
it is possible to produce left handed versions of the results we have used. O

Also, in view of Proposition 2.3.5, from the second part Theorem 4.2.4 it is clear that
Corollary 4.2.7. Let H be a coseparable k-projective weak Hopf algebra with bijective an-
tipode and let A be a k-projective right H-comodule algebra. Let A be a right H-comodule

algebra and € be the A-coring associated to the corresponding right-right weak entwining
map, i.e. Yr(h®a) := YL aj ® hayy). If the map

cany :A®RA — €, a®bv—>2ab[0]®bm

is surjective, then B C A is a weak H-Galois extension and A is H-equivariantly projective
as a left B-module.
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