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Abstract

Most of this thesis is concerned with a seemingly simple example, referred to as the two-
boundary problem. The problem illustrates (a) that the use of indefinite inner products can
illuminate Probabilistic Wiener-Hopf Theory in symmetrizable cases, and (b) that half-winding
probabilities should be thought of as branching measures for Ray processes.

The use of the indefinite inner product provides us with an efficient way to tackle the
traditionally difficult issue that is duality. A fully rigorous study of time reversal is always
a problem for Probability Theory. The analytic approach reveals some results of considerable
independent interest.

The thesis is structured as follows:

o Chapter 1 explains the inspiration for the given thesis structure, together with some further
important information.

e The two-boundary problem is examined in Chapter 2. We begin with the necessary
analysis and then confirm everything with the corresponding probability. The nature
in which everything tallies is amazing, chiefly due to the crucial theorem that shows
the equivalence of PDE and local martingale properties. Moreover, the way in which the
analysis effortlessly provides us with the desired duality results cannot be underestimated.

o In Chapter 3 we look at a one-boundary problem with a drift component. The importance
of the duality arguments in Chapter 2 is emphasized. In addition, unlike in the two-
boundary problem, continuity of one of the underlying semigroups poses a rather serious
problem. This provides motivation for part of Chapter 4. Of particular interest here is a
certain mystifying ‘independence of drift’ result.

e Chapter 4 is concerned with (unorthodox) non-minimal, non-negative solutions of the
Riccati equations for both the drift and two-boundary problems. The ‘continuity’
difficulty mentioned above is resolved in some generality.

Detailed appendices are also included.
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Chapter 1

Introduction

[ Summary |
Summary

This thesis uses a wide variety of techniques from Probability Theory, Functional Analysis
and even Complex Analysis. It is therefore unsurprising that we will appeal to many crucial
results from each discipline. However, to give even a brief account of some of the necessary
theory would significantly lengthen the thesis and would almost certainly distract the reader
from the main crux of each given problem. Consequently, this thesis has been specifically
structured to account for this. This chapter is intended to explain the reason for the given
structure as well as providing some important additional information.

1.1. Important Remarks

It must be emphasized that indefinite inner products are relevant to Probabilistic Wiener-
Hopf Theory only in ‘symmetrizable’ cases, and by no means all interesting cases are
symmetrizable. The kernels II-* and IT*~ and the semigroups { P} introduced later all have
simple probabilistic meanings without the assumption of symmetrizability.

It should be stressed that the relevance of indefinite inner products to ‘symmetrizable’
Wiener-Hopf problems has long been recognized by analysts, particularly by Krein and
Gohberg and their schools. For modern references, see, for example, [5] and [8] and the
review of the latter by H. Langer in Mathematical Reviews MR2001m:47001. 1t is also true,
of course, that absolutely brilliant work has been carried out by applied mathematicians in the
Complex Analysis of Wiener-Hopf Theory, with inspired choice of contours. Noble [19] is a
fine introduction. A little of the Complex Analysis for our main problem is given towards the
end of Chapter 2.

For introductions to various aspects of Probabilistic Wiener-Hopf Theory, see Bingham [3],
Bertoin [2], Greenwood and Pitman [12] and Williams [26].

The beauty of using such a wide variety of techniques is that they serve to illuminate each
other. We quite frequently see the underlying Analysis and Probability working in conjunction.



1.3. Provenance and Prior Publication 2

1.2. Thesis Structure

Here we give more particular details concerning the thesis structure. Due to the comments
given in the above summary, we refrain from beginning with a detailed chapter containing the
necessary prerequisite material. After all, this will be a matter of simply providing well-known
results. For example results on; Brownian motion, Optional stopping, and various results from
Stochastic Calculus. Indefinite inner products and PDEs feature largely throughout this thesis;
yet fortunately, no prior knowledge of either of the theories is required. Desired results of
particular significance are either deferred to the appropriate appendices or included at the point
when they are needed.

In Chapter 2 we immediately begin with the main problem, namely the two-boundary
problem. Appendices that are specific to this problem are given at the end of the chapter.
However, the main appendix that covers material applicable to the whole thesis is traditionally,
and in this case, included at the end of the thesis.

Equations which are particularly important elements of the structure are highlighted
amongst the many other equations in this thesis.

1.3. Provenance and Prior Publication

Chapter 2 is based on joint work with David Williams, and Chapter 4 on joint work with
Daniel Stroock and David Williams. All this work will be published. Because of the many
developments which have occurred recently, we are considering the best form in which to
publish the work. One possibility is that a version of Chapter 2 will be submitted to the
Electronic Journal of Probability, a high-quality journal with the usual refereeing procedure,
and that Chapter 4 will appear in a special volume of Methods and Applications of Analysis to
be produced in tribute to Papanicolaou.



Chapter 2

Two-Boundary Problem

_ [ Summary |
Summary

In this chapter we present an example which, though singular in some respects, seems
to convey rather nicely something of the flavour of indefinite inner products in Wiener-Hopf
Theory. As previously emphasized, the main theme of the chapter is that Probability Theory
and Analysis are working ‘hand in hand’. The advantage of this is that each of the subjects can
be used to illuminate the other. Eventually, we are often able to cross-check that the subjects
tally. Crucial is the fact that we are working with the simple compact space [0, 1]. However, it is
not until the next chapter that the benefits of this fact are highlighted. Here, we are fortunately
able to obtain a precise spectral expansion for one of our underlying semigroups. Amongst other
things, this guarantees smoothness properties which cannot be easily established. Chapter 4
deals with such smoothness issues in a more general case.

2.1. The Operator H and Indefinite Inner Product (-, -),

Notation: within the bounds of reason, we use y to denote a point of the open interval (0, 1),
x to denote a point of the boundary {0, 1}, and =z for a point of the compact interval [0, 1].

Throughout this chapter we let mg, m; € (0, c0).

2.1A. Definition. We define the operator H with domain D(H) to consist of those C-valued
functions in C%(0, 1] which satisfy the (‘reverse Feller’) boundary conditions

mof'(0) + f(0) = 0,  muf'(1) - f(1) = 0, (L)

and, for f € D(H), define Hf = 1f".
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One reason, based on a discrete approximation, for imposing the boundary conditions in
(1.1) is given in Appendix D. Nowhere do we need to extend further the domain of H. For
f € C[0, 1], we shall be interested in the equation

8,F +HF = 0, (¢, 2) € (—00,0) x [0,1]) (1.2)

with final condition

the final condition not being imposed at the boundary points 0 and 1. The solution F' must
belong to C12((—o0,0) x [0, 1]) and must satisfy F(p, -) € D(H) for ¢ < 0.

2.1B. Definition. For C-valued f, g € C?(0,1], and with g denoting the complex conjugate of
g, define the ‘indefinite inner product’ (-, ) (subscript ‘s’ for ‘signed’) via

(f.9)e = /( T3y ~mof ©)3(0) = mu S (F) (1.4)

= Jou f)a(y)v(dy),

(0,1

where v is the signed measure Leb — m. An element f of C?(0, 1] will be called (positive), if

(£, f)s > 0, (negative), if (f, f)s < 0, (neutral), if (f, f)s = 0.

2.1C. Lemma. H is symmetric relative to (-, ).

Proof of Lemma 2.1C. Given Definitions 2.1A and 2.1B, following some elementary
integration by parts we find that for f, g € D(H),

(Hf.g)s = =3 F'@@) (w)dy = (f, Hg)s. (1.5)

(0,

Note that the middle expression in (1.5) is minus the classical Dirichlet form. O

We first assume several Working Hypotheses and use these to discover the structure of
things in some considerable detail. Elements of the discovered structure are then established
independently, and used to prove that the Working Hypotheses are indeed true. It is the singular
nature of our boundary conditions which makes this ‘almost circular’ argument appropriate
here. It must be emphasized that the Working Hypotheses are essential;, and in many other
contexts, they may be established directly at the beginning of the story.

In stating our Working Hypotheses, we consider only real-valued functions. This reason for
this will soon become clear. As we shall see later, the semigroups { P.*} are Ray semigroups.
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Working Hypothesis WH1. For f € C[0,1] with f > 0, there exists a minimal
non-negative solution F of equation (1.2) with final condition (1.3) in that any other
such solution F satisfies F(p,z) > F(p, 2) for all (p,z) € (—=00,0] x [0,1]. Define
(Pt f)(z) = F(—t,2) fort > 0 and extend P;" (as we may) to C|0,1] by linearity.
Then { P : t > 0} defines a one-parameter semigroup of non-negative operators on
C[0,1], so Pt, = P}P;. We will have P1 < 1, where 1 is the constant function
equal to 1 on [0,1]. For f € C[0,1] and z € [0, 1), the limit

(BF) (2) = lm(Pf)(2)
exists and
(Pf)w) = fly) (e (0,1)),
(B f) (@) = /() I (2, dy)f() (c € {0,1}),
where TI=*(z,-) is a measure of total mass at most 1 on (Borel subsets of) the

open interval (0,1). Note that Py does not map C[0,1] into C[0,1]. We have

2.1D. Important Example. If f = 1, then F' = 1 satisfies the PDE subject to the appropriate
conditions, but if mg + m; > 1 it not does arise from a non-negative semigroup solution.
Furthermore, we shall see that it is the wrong (that is, non-minimal) solution in that case. In fact,
the correct (minimal) solution has F' < 1 on (—00,0) x [0,1], and F(0—,z) = (P f)(z) < 1
for z € {0,1}.

The second Working Hypothesis, much easier to prove for our example, is dual to the first.
For h € C|0, 1], we consider the PDE

9,H+HH =0, ((p,2)€(0,00) x[0,1]) (1.6)

with initial condition
H(0+,z) = h(z) (z€{0,1}). (1.7)

Note that H(0+, -) is only specified at the boundary points 0, 1.
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Working Hypothesis WH2. For h € CJ0,1] with h > 0, there exists a minimal
non-negative solution H of equation (1.6) with initial condition (1.7) in that any other
such solution H satisfies H(yp, z) > H(p, 2) for all (p,z) € (0,00) x [0,1]. Define
(P h)(2) = H(t,z) for t > 0 and extend P, (as we may) to C|0,1] by linearity.
Then {P;” : t > 0} defines a one-parameter semigroup of non-negative operators on
C[0,1], so P,,, = P;P;. Wehave P,1 < 1. For h € C[0,1] and z € [0, 1], the limit

(Fh) (2) = lim(Ph)()
exists and

(Poh) () = Mz) (z€{0,1}),
(BeR) @) = | 1k we01)
1
where I11~(y, -) is a measure of total mass at most 1 on subsets of {0,1}. This time,

Py does map C|0,1] into C[0,1). We have Py P, = P_ Py = P[. For h € C[0,1],
(P h)(z) depends only on the values of h at the points 0 and 1.

2.1E. Definition. Fory € (0,1) and x € {0,1} we let

m(z,y) = m; I (y, {z}). (1.8)

2.2. Duality

Our PDEs for F' (with final value f in C|0, 1)) and for H (with initial value A in C|0, 1]) may
be written

O0,F + HF = 0on (—o0,0) x [0,1], 0,H+HH = 0on(0,00) x [0,1].  (2.1)
Define G(p, z) := F(—, z) on (0, 00) X [0, 1], so that
-0,G+HG = 0on (0,00) x [0,1]. (2.2)
2.2A. Lemma. Given the above definitions, we have

(Ijt-'-fa }Dt_h>3 = <P(?.f’ PO—h>S' (23)

Proof of Lemma 2.2A. If we multiply the result for H in (2.1) by G, then multiply the
corresponding result for G in (2.2) by H, and subtract the consequent equations, we get

Gé,H + H,G + GHH — HHG = 0.
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Since 0,(GH) = GO,H + HO,G, the previous result reduces to
0,(GH)+ GHH — HHG = 0. (2.4)

Let v denote the signed measure Leb(0, 1) —m. Fort > € > 0, integrate (2.4) over (e, t] x [0, 1]
with respect to Leb(e, t] x v, to get

1 gt t 1 t 1
/ / 0,(GH) dpdv +/ / GHH dvdp — / / HHG dvdy = 0. (2.5)
0 € € 0 € 0

Next recall that H is symmetric relative to (-, -),, so that
(G,HH), = (HG, H),. (2.6)

From (2.6) it follows that

t ol t ol t t
/ / GHH dvdy — / / HHG dvdy = / (G,HH), dcp/ (HG,H)s dp =0. (2.7)
€ 0 € 0 € €
Combining (2.7) with (2.5), things reduce to
1t 1 ¢
/ / 0,(GH) dpdv =0 & / GH| dv=0
0 € 0
1 1
& / G(t,-)H(t,-) dv —/ G(e,")H(e,-)dv =10
0 - Jo
& (G(),H(t,))s = (Gle, ) He, ))s:
Letting € | 0 in the previous result, we have
(G(t7 ')’ H(t’ )>S = <G(0+’ ')7 H(O+7 ))s (2.8)

From Working Hypothesis WH1 and our definition of G we have, for ¢t > 0,

(BFH() = F(=t,) i= G(t,"), 09)
(P f)(-) = F(0—,) :== G(0+, ).
Similarly, from Working Hypothesis WH2, we have
PTh)(-)=H(t,),
(FR)() = H(t,) .10
(B h)(-) = H(0+, ).
Substitution of (2.9) and (2.10) into (2.8) gives the desired result. a

Working Hypothesis WH3. Ast — oo, the left-hand side of equation (2.3) tends to 0.

2.2B. Remark. The ‘minimal positive’ nature of {P~} is crucial in regard to Working
Hypothesis WH3 in general situations. (Look ahead to Important Discussion 3.13D.)
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The intuitive probabilistic reason for WH3 is explained at the end of Section 6. However,
we shall later give an independent proof of the following result which clearly implies WH3.

2.2C. Corollary. [assuming the current Working Hypotheses). For f, h € C|0, 1], we have
(Py f, Py h)s = 0. 2.11)
Hence, for € {0, 1}, we have
O *(z,dy) = =(z,y)dy on (0,1)
in the Radon-Nikodym sense.

Proof of Corollary 2.2C. Equation (2.11) is clearly a direct consequence of Working
Hypothesis WH3. Moreover, from the definition of (-, -), and assuming Working Hypotheses
WHI1 and WH2, (2.11) is equivalent to

/0 (P ) () (Py k) (y) dy — mo(Ps" £)(0)(F5 R)(0) — ma (s f)(1)(Py h)(1) =0

o / f@) [ T do)h(z) dy —me / IT*+(0, dy) £ (4)h(0)
0 {01} 0 (2.12)

1
—my [ T (1,4 fW)h(D) =0
0
Substitution of (1.8) into (2.12) now yields
1 1
| 16) 3 man(ahie) dy - mo [ I70,d) £0)A0O)
0 z€{0,1} 0

- | I (L, dy) F)h(L) = 0

& mo/ 7(0,)f(y)R(0) dy+m1/0 m(1,y)f(y)h(1) dy

0
1 1
— g / IL4(0, dy)f(u)H(O) —mn | T (1,dy) F)h(1) =0
0
Clearly the previous result implies that, for z € {0, 1}, we have
0" (z,dy) = n(z,y)dy  fory € (0,1),

in the Radon-Nikodym sense. ' (]

We now establish some essential additional duality results. These lead us to a conjecture
on a ‘new’ inner product which contributes to the study of the Hilbert-space structure of { P;" }
examined in Section 11.
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Suppose that u, v € C|0, 1]. Consider

8,U +HU = 0on(—00,0)x [0,1),  U(0—,y) =u(y) (y€(0,1)),
0,V +HV = 0on(—00,0) x [0,1], V(0-,y) =v(y) (ye€(0,1)).

For fixed ¢ such that —t < ¢ < 0, define
W(p,2) ==V (=t — ¢, z) on (—00,0) x [0, 1],
so that —0,W + HW = 0.
2.2D. Lemma. Given the above definitions, we have the following result;
(U(0=,), V(=t,1)), = (U(=t,"), V(0-,4)),,

so that
(P u, PPy, = (P Ptu, Piv)s,

which is a particularly important duality result.

Proof of Lemma 2.2D. If we multiply the above PDE for W by —U, and multiply the
corresponding result for U by W, then subtract the consequent equations, we get

Wo,U + UB,W + WHU — UHW =0
& 8,(UW)+WHU — UHW = 0.

Once again let v denote the signed measure Leb(0,1) — m. Fort > ¢ > 0, we integrate the
previous result over [—t + €, —e¢| x [0, 1] with respect to Leb[—t + €, —¢] x v. However, due to
the symmetry of H relative to (-, -)s, we have

1 € 1 -
/0 /_ » 0,(UW) dpdv =0 & /0 UW|~;, dv=0
o /01 U(—e, YW (=6, -)du—/ol U(=t+ e )W(—t+e)dv =0
& (U= ), W(=¢"))s = U(-t+¢ ), W(-t+€:))s
Next note that
W(—-e¢)=V(-t+e-) W(~t+e)=V(-t+t—¢,)=V(-¢:),
s0 that we now have
(U(=€,), V(=t+e:)s =(U(-t+¢-), V(=€ ))s
Letting ¢ | 0 yields
(U(0—,),V(=t,))s = (U(=1,), V(0—,))s. (2.13)
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Next recall the semigroup property, that is,
P}, =P}Pf=P'P}  (t,s>0). (2.14)
From the final conditions for both U and V' given above, we have
U(0—,) =(Fu)(),  V(0—,-)=(Fv)() (2.15)

Additionally recall from Working Hypothesis WH1 that we define (P;" f)(z) = F(—t, z) where
F is the solution of the PDE in (1.2), with final condition (1.3). Hence, we make the same
definitions for the functions U and V. From (2.14), it follows that

V(=t,) = V(=(t+0),) = (F.) () = (B F)()- (2.16)
Similarly, we have
Similarly, we have e ImEn (2.17)
Subs U(=t,-) = (P PO)()-
Substituting (2.15), (2.1 \6}()@2(,1 1(% 1Z) 11]5150 £2 lr) Ivgte 1111a)/%
as desired. O

2.2E. Remarks. The various duality results correspond (not surprisingly!) to time-reversal
arguments in Probability Theory. See Kennedy [16] and Rogers [23] for uses of time-reversal
in Wiener-Hopf Theory similar in type to that which we are considering. An alternative proof
of the striking main result in Rogers [23] may be found in [27]. See Chapter 2 of Bertoin [2]
for traditional duality. But it is much easier (if perhaps less meaningful?!) to use the analytic
arguments described above. Time-reversal in Probability Theory is often plagued by technical
difficulties. That Analysis leads so directly to the fact that

(PFFf,Pfh)s =0  (t20, f,heCl0,1]) (2.18)
is particularly striking.
2.2F. Lemma. We have the following important contraction property;

(PP f B P f)s = (P, P f)s < (P f B fs.
Proof of Lemma 2.2F. Recalling the definition of (-, -), in (1.4) we can deduce that
1
10,(F(p,"), Fp,")), = f 30, { F(p,y)*} dy — 3mqd, {F(p,0)*} — 4m18, {F(p,1)*}
0

= /0 F(p,y)0, {F(,y)}dy
- moF((P, O)ap {F(QO, 0)} - mlF(SO, O)Btp {F(g}) 1)} .
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However, from our PDE for F', we have 0,F = —HF, so that

10,(F(p,"), Flp, ")), = / F(,4)0, {F(ip,v)} dy

- moF(gO, O)aw {F(W’ 0)} - mlF((p’ 0)690 {F(QO’ 1)}
= _<F(‘Pa ')’ HF(‘P: '))s'

Since (F(p,-), HF(p,)), < 0 by (1.5), we have
% <P<F(90a ')) F((P, .)>s = _<F(90a ')a HF(907')>3 2 0. (219)

Fort > € > 0, integrating the extreme LHS of (2.19) over [—t, —¢) w.r.t. Leb[—t, —€) we have

/ % <P<F((pa ')7 F(QO, ’))sd(P > 0 = %(F((p: ')a F((pa ')>3 . > 0
—t -
& (F(=¢,), F(=¢,)), — (F(=t,"), F(=t,-)), > 0.

Letting € | O in the previous result yields

(F(0-,-), F(0-,")), > (F(=t,-), F(=t,-)),. (2.20)
From the semigroup property and the definition of F' in WH]1, we see that

F(=t,) = (B f)() = F(=(0+1),) = (P )() = (BF P ().

Combining the previous result with (2.20) yields the desired result. (]

2.2G. Temporary Conjecture. Lemma 2.2D and Lemma 2.2F make us hope that, at
least for suitable mg, m1,

(U" 'U>+ = (Pd"u’PO""U>8

defines a proper inner product on L2[0, 1] and that, relative to this inner product, { P;* }
is a semigroup of self-adjoint operators of norm at most 1. We shall see that this is true
precisely when we have the unbalanced situation when my + my # 1. J
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2.3. Eigenfunctions of H
The following example indicates that we must not jump too quickly to conclusions based on
our knowledge of the symmetric case for a proper inner product.

2.3A. Instructive example. For column vectors z, y in C?, define

w = (o 1) (5) we= (10)(2)

We will show that A is [, -]-symmetric in that [Az, y] = [z, Ay], but that the eigenvalues of A
are i and —i and the corresponding eigenvectors are not |-, -]-orthogonal.

Firstly note that

e (2D)(2)-(2). = ()
ol =ma) (5 ) (8)=@e (2

(Az,y] = (25 — 1) ( 0 ) (?1 ) — (23 21) ( gz ) = 2,7, + 227,

Yo

Thus,

= 1«'1?2 + 272?1.

N——

Next,

It follows that [Az, y] = [z, Ay] and so A is [, -|-symmetric.

Eigenvalues/eigenvectors of A. We need to solve

A
1

s A+ —1) =0

detM  —A)=0 & ’ j':o & AN+1=0

Therefore the eigenvalues of A are +i.

Eigenvector corresponding to +1. Consider the matrix

. -1 1
A—-il = ( 1 ) .
For (a,b)T € C?, we solve

—-i 1 a (0 —ia+b=0 .
(-1 —i)(b>—(0> ®  _g—ip=g & PbTle=0

Thus the eigenvector corresponding to the eigenvalue +i is of the form

(.a) (a€eC, a#0), sowe take g=<li>,

1a
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as eigenvectors are undetermined with respect to a scalar multiplier. By considering the matrix
A + i1, a similar argument shows that the eigenvector corresponding to the eigenvalue —i is of

the form
v= . .
—1

M&P=Uﬂ(é _?)((%))=(1‘0<§>

=1-i2=24#0.

Next consider

It follows that the eigenvalues are not orthogonal. a

2.3B. Lemma. For p € C, the number 1p° is an eigenvalue of H, and then with corresponding
eigenfunction (normalized to be 1 at ()

y +— cosh py — mopsinhpy on [0,1],
if and only if
e(p) := (1 + mgmyp?) sinh p — (mg + my)pcoshp = 0. 3.1)

Proof of Lemma 2.3B. The result trivially follows from solving HA = 1p?h subject to the
condition that A € D(H). O

We shall see later that it is best to think of pe(p) = 0 as the ‘characteristic equation’ giving
the eigenvalues 1p? of H. From one point of view, finding the eigenvalues of H is just a case of
solving equation (3.1). (Look ahead to formulae (15.10) and (15.11).)

2.3C. Proposition. The function f € D(H) is not a constant function if and only if (Hf, f)s =
(fyHf)s <O. fis a constant if and only if (Hf, f)s = 0.

Proof of Proposition 2.3C. The result follows directly from (1.5). O

2.3D. Lemma. A/l eigenvalues of H are real.

Proof of Lemma 2.3D. Modifying a familiar elementary argument, we see that if A is an
eigenvalue of H with eigenfunction f, then

A(faf)s = </\faf>s = (Hf>f>s = <f’Hf>s = (fa)‘f>s = X(faf)s: (32)

so that if (Hf, f)s # O, then X is real. In addition, we see from Proposition 2.3C that
(Hf, f)s = 0 if and only if f is a constant function, in which case f is an eigenfunction
corresponding to eigenvalue 0. O

We now need only consider R-valued eigenfunctions. Indeed, from now on,

C[0,1], C?[0,1], etc, will denote the spaces of R-valued functions.
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2.3E. Remark. Equation (3.2) makes it unsurprising that (as Instructive Example 2.3A
demonstrates) the general symmetric operator relative to an indefinite inner product can have
non-real eigenvalues, the associated eigenfunctions being (neutral);.

2.3F. Proposition. A non-zero eigenfunction corresponding to a negative [respectively,
positive] eigenvalue is (positive) [respectively, (negative),]. The eigenfunction 1 is (positive)
ifmg +mq < 1, (negative) if mg + my > 1, (neutral); if mog + my = 1.

Proof of Proposition 2.3F. Since all eigenvalues of H are real, suppose that —a (o € R*) isan
eigenvalue of H. Then the corresponding eigenfunction, f say, will satisfy Hf = —af. Using
this fact together with Proposition 2.3C, we have

_a<faf>s:<_O‘faf>s=<Hfaf>s<0a

so that, in particular, we have (f, f); > 0, i.e. f is (positive),. A similar argument holds to show
that the eigenvalue +« leads to the fact that the corresponding eigenfunction is (negative),. The
remaining points are obvious as we have (1,1), = 1 — (mg + my). O

The definitions given below of the sets © and I" are motivated by Proposition 2.3F.

2.3G. Lemma. Eigenfunctions corresponding to distinct eigenvalues of H are (-,:)s-
orthogonal.

Proof of Lemma 2.3G. From Lemma 2.3D, recall that all eigenvalues of H are real. We
therefore suppose that A1, Ao € R are distinct eigenvalues corresponding to the eigenfunctions
f and g respectively. That is, f and g satisfy

Hf =Mf and Hg = Apg, together with A; # Xo. (3.3)
Since H is symmetric relative to (-, ), we may use (3.3) to deduce the following results

Al(f’g>s = (fa Hg)sv (34)
A2(f, 9)s = (f Hg)s- (3.5

We now simply subtract equation (3.4) from (3.5) to get (Ao—A1)(f, 9)s = 0. However, A\; # A2
so that we must have (f, g)s = 0, so that f and g are (-, -);-orthogonal as desired. Note that the
argument still holds if one of the \’s is zero. O

2.3H. Definition (The set ©). Let © be the infinite set of strictly positive solutions 0 of

(mo + m1)0

tanf = .
an 1-— m0m192

(3.6)
(We allow each side to be infinite if it should happen that there exists a § such that cosf = 0
and 1 — mom,0% = 0.) Define

- {@+ {fmo +my > 1, (37)

@+U{O} ifmg+m1§1.
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2.31. Lemma. For § € ©, the number —16? is an eigenvalue of H with associated eigenfunction

faly) = cos By + mef sin By. (3.8)

Proof of Lemma 2.31. As usual we solve Hf; = —162f, subject to the condition that
fo € D(H). We see that the fact that § € © is a necessary and sufficient condition for fj
to be in D(’H) and so be an eigenfunction of H. a

2.3J. Proposition. Every such eigenfunction fy (6 € ©) is (positive),, except for the case when
mo + my = 1 in which fy is (neutral) .

Proof of Proposition 2.3J. The proof follows from Proposition 2.3F. a
2.3K. Proposition. I[f©, = {6;, 62, ...} where 6 < Ory1, thenn™10, — .

(mo+m1)0
1—-mom160?

am 6m 87 1 107
=771 —_— tan @

Figure 2.1: An example of the set 6.

Proof of Proposition 2.3K. We appeal to elementary calculus. Now, for all n > 1, we know

that 5 .
tan(d) < 0, for 6¢ (?—r—(—%_—)—,nﬂ> ,
together with
lim tan(f) = —o0 and tan(nm) = 0.
20|m(2n—1)

Moreover, tan(f) is certainly monotone increasing on the given interval. Next define

. (mo + m1)9
- 1- m0m192'

f6):

Then
lgfn f(6) = —o0, where ¢ = 1/,/mgm;.

In addition, we have

f(6) <0, f'(§) >0, and f"(6) <0, forallf > c.
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Finally observe that f(6) T 0 as # — oo. Let 6, be the n'* root of ©,. Putting the pieces
together, it is now clear that, for n sufficiently large, we will have

O, €1:= (”(2(” +2k) — 1),(n + k)w) ,  wherek € {0,1}.

Remark: Figure 2.1 relates to the case when k£ = 1 as we must ‘wait’ until n = 3 sothat 5 € I
with & = 1.
Now,
k
lim %(2(n+k— 1)) = lim m(n+ k) =

Hence, n~16, — . O

Working Hypothesis WH4. [f my + m; > 1, there is precisely one strictly positive
root of

(3.9)

Otherwise, if mg + my < 1, then there are precisely two strictly positive roots.

Comments on WH4. Proving WH4 directly seems rather difficult. Ruling out the possibility
of double roots is one of the many complications.

2.3L. Definition (The set I'). [Assuming WH4] Ifmg+m1 < 1, then we define the two strictly
positive roots of (3.9) as «, 3 and hence define I' = {a, 8}, witha < . If mog+my > 1,
then we define the only strictly positive root of (3.9) as B, and we then define o« = 0 and

I'={o, 8} = {0,8}.

Given Definition 2.3L, together with Lemmas 2.3D and 2.3B, we arrive at the following
definition.

2.3M. Definition. For v € {a, 3}, define
h,(y) = coshyy —mgysinhvyy, (3.10)
the eigenfunction corresponding to 1+*.

We now know that Lemma 2.3G implies
(hy, fo)s =0 (feO,yeT). (3.11)

2.3N. Proposition. Each eigenfunction h., (v € T) is (negative)s, except for the case when
mg + my = 1 in which hg is (neutral),.

Proof of Proposition 2.3N. The result follows from Proposition 2.3F. O
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2.30. Lemma. For all mg, my, the function hg(z) is monotonic in z and hs(1) < 0.

1

Proof of Lemma 2.30. If min(mg*,m{') < p < max(mg*, m;?), then

e(p) = (1 +momyp?®)sinh p — (mg + my)pcoshp
< (cosh p)(1 —mgp)(1 —mip) < 0,
and p < (. In particular, we see that mq3 > 1. Hence
hg(z) = Bsinh By — moB* cosh By < B(1 — mpB) cosh By < 0,

so that hg(z) is monotonic in z. Using Definition 2.3L we may obtain an alternative form for
hg(1), namely

m1Bhg(1) = sinh(B) — mef cosh(B)
< cosh(B)(1 —~ mpf) <0,

so that hg(1) < O as required. O
2.3P. Lemma. We have h,(1) # hp(1).

Proof of Lemma 2.3P. If mo + m; > 1, then @ = 0 so that h,(1) = 1. However, in the
previous lemma we deduced that hg(1) < 0. Thus, k(1) 3 hg(1) as desired.

If mg + m; < 1, then o > 0 so we proceed differently. For a contradiction, suppose that
ho(1) = hg(1) (< 0). (3.12)
Suppose further that mg # m;. Looking forward to (9.1) of this chapter we have
1= Ab(0)ha(1) = hfy(0)ha(1), (3.13)

where h!(0) = cosh(y) — my7ysinh(y). Thus, this result together with our initial supposition
in (3.12) imply that
hi(0) = RE(0). (3.14)

Multiplying (3.12) by m;, (3.14) by m, and subtracting the consequent equations, we have
(mg — my) cosh(a) = (mo —my)cosh(B) < a=pF  (since mg # m,.)

However, from Definition 2.3L we know that o # (3, so that we have the desired contraction.

Now suppose that mg = m;. It is then clear that h! (0) = h,(1). From (3.13), we therefore

have, fory € T,
h,(1)>=1, sothat h,(1)=+£l.

Conversely, if v € (0, 00) and h.(1)? = 1, then v € I'N (0, 00). Consequently, the fact that
h4(1)> =1 (v € (0,00)) is a necessary and sufficient condition for v € I' N (0, c0). We now
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consider h,(1) as a function of p > 0. Recall that h,(1) := cosh(p) — mgpsinh(p). Then, we
have the following limits;

1' = = 1 ! 1 = ! =
lim ho(1) = ho(1) = 1, i h,(1) = k(1) =0, 015
limhj(1) = hg(1) = 1 = 2my, lim hy(1) = —oo. '
pl0 p—00

If mg+my = 2my < 1,then 0 < o < B. Here, 1 — 2my > 0, so the limits in (3.15), together

with elementary calculus, impose hq(1) = +1 and hg(1) = —1.

Note that even without prior knowledge that hz(1) < 0, we would have still been able to
establish the desired result. This is because the argument used for mgy # m; does not require
restrictions for mg + m,. In addition, for mg + m; > 1 and my = m;, we observe that
1 —2my < 0and 0 = a < (. Hence, the given limits in (3.15) and Definition 2.3L again force
hg(l) = —1. d

Remark: The fact that h,(1) # hg(1) is obvious from Probability Theory. See Lemma 2.87
(a).

2.3Q. Lemma. In the ‘perfectly-balanced’ case when mg + m, = 1, the function k where

k(z) = 2° — 2moz = O2h,(2)| (3.16)

=0’

is a generalized eigenfunction of H corresponding to eigenvalue 0.

Proof of Lemma 2.3Q. Note that when mg + m; = 1, 0 is a repeated root of equation (3.1).
(Look ahead at equation (15.11) and recall that pe(p) is the analogue of the characteristic
polynomial for eigenvalue 1 p? of H.) We simply solve Hk = 1, H?k = 0 given that k € D(H).

a

Observe that our function k shares with the function 1 the property that
(khgds = 0 = (k,fo)s  (6€Oy). (3.17)
2.3R. Proposition. Suppose that for some constants A, B and some 6 > 0,
f(y) = Acosfy+ Bsin0y.

Then (f,hy)s = 0 for all v € T" if and only f is a multiple of fy for some 0 € ©.

Proof of Propostion 2.3R. (<) Suppose that f = cf for some §# € © and ¢ € R\ {0}. Then
the desired result trivially follows from (3.11).

(=) Given the form of f, it is enough to show that the orthogonality condition implies that
B — Amgf = 0, and (1 — mem,6%) sin(8) — (mg + my)f cos(d) = 0.

This is best checked on a computer package such Mathematica due to the awkward nature of
the calculations. See Section 10 for an alternative proof of this result. d

Remark. 1t is interesting to compare (3.6) and (3.9) with the addition formulae for tan and tanh.
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2.4. A Wiener-Hopf Equation

Let us briefly make another (very easily proved) Working Hypothesis.
Working Hypothesis WHS. For v € I, we have Py hy = h,.

2.4A. Corollary. Given Working Hypothesis WHS we have the following results;

_ hs(Dha(y) — Ra()hs(y)

. he(y) — haly)
m(0,y) = molhs (D = k(D] g 4.1)

malhp(1) — ha(1)]

(l,y) =

Proof of Corollary 2.4A. Remembering that h,(0) = 1 for v € I', we simply solve two
simultaneous linear equations obtained from WHS. O

In the special case when my = m; = 1, we have 7(0,y) = 1 + hg(y), 7(1,y) = 1 — hg(y)
and ho(y) + ha(1 — y) = 0.

Working Hypothesis WH5*. For 6 € ©, we have Py fo = fo.

Working Hypothesis WH5* reformulates as the Wiener-Hopf equation for z € {0, 1}:

/( )H‘*(x,dy)fg(y) = fo(x) for every 8 € ©. 4.2)
0,1

Proof of Working Hypothesis WHS5*. Noting Corollary 2.4A, the desired result follows from
Corollary 2.2C and equation (3.11). O

Since (4.2) follows immediately from Probability Theory, a natural question, of which
analogues in other contexts have been studied via Complex Analysis, is the following.

2.4B. Question. For z € {0, 1}, does equation (4.2) specify the measure II"*(x,-) on (0, 1)
uniquely?

We shall later prove that
cs{fo:0€0} = {feCl0,1]:(hy, f)s=0fory €T}, 4.3)

where ‘cls’ stands for closed linear span in C[0, 1]. Note that this result implies that the closed
linear span of {f5 : 6 € ©} in L*(0,1) is L*(0, 1).
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2.4C. Theorem. Assume result (4.3). Let I1-1(0, -) satisfy equation (4.2) with z = 0,
and let &y be the unit mass at 0. Let £ be the bounded linear functional 5, — 117 (0, -)
acting on C|0,1]. Then, for f € C[0,1],

¢(f) = 0 whenever both (hq, f)s = 0 and (hg, f)s = 0.
It follows that for some constants co, and cog we have
E(f) = COa(haaf)s+COﬁ<hﬁaf)s (f € C[O’ 1])

Result (4.3) therefore gives a ‘Yes’ answer to Question 2.4B in that 11" (z, -) must
have density T(z, -).

Proof of Theorem 2.4C. Assume result (4.3). It is then obvious that (4.2) holds for any function
in the closed linear span (cls). Let f € cls, then from (4.2) with z = 0, we have

/0 1 II7*(0,dy) f(y) = £(0). (4.4)

If we let £ be the bounded linear functional d; — II"*(0,-) acting on C[0,1] then (4.4) is
equivalent to

o f)=0.
However, f € cls if and only if (h., f), = 0, so that

¢(f) = 0 whenever both (h,, f)s = 0 and (hg, f)s = 0.
Next we follow a familiar argument from Dunford & Schwartz. Consider the map ¢ : C[0, 1] —

R? defined by
"/J(f) = (<ha’ f)sa (hﬁ’ f)s)'

Next, by a standard argument, we can define a linear map L : R? — R, uniquely via

L(f)) = £(f)- (4.5)

Note that

P(f)=(0,0) = L)) =Lf)=0 and ¢(f)=v(9) = &f)=1Ly),

where the latter result can be explained via linearity. It is well-known that a linear functional on
R? has the form (vq, vg) — CoaVa + copvg for some constants ¢y, and cpg. Hence using (4.5),
in our case we have

E(f) = COa<hmf>s +C0ﬁ<hﬂaf>s (f € C[O, 1])»

for some constants cg, and cog.
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We can now find the density 7(z, -). From the previous result, we have

- [ I174(0,dy) £(5) = conlhas e + caslhan F)e

1

e / ' ha(9)F(0)dy + cos / ho(w) (4)dy

— oamoha(0)£(0) — copmohs(0)£(0)
— coaM1ha(1) f(1) — copmihp(1) f(1).
Note that h.(0) = 1, and that the above result is true for all f € C|0, 1]. In addition, both sides

are signed measures on f and consequently the masses at zero must agree. Thus, taking f = 1
on [0, 1], we have

1 = —cpammo — Copmo,
0= Coaha(l) + Coﬂhﬁ(l).

Multiplying the first equation by h,(1), the second by mg, and adding, we have

o ha)
% molho(1) — ha(D)]

ha(1) = copmolhs(1) — ha(1)] &

Similarly, we have

o B o hp(1)
ho(1) = coamolha(l) = ho(D)] & o == m R

We now have

| w0iway = s [ haway

o A Jy P00

_ /1 {ha(y)hﬁ(l) — ha(1)hs(y)
0 molhg(1) — ha(1)]

as expected. A similar argument holds for the density 7(1,-) if we consider z = 1 in (4.2),
together with the linear functional 6; — IT=+(1,-). O

} f(y)dy,
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2.5. The Processes Z and ¢

The necessary stochastic calculus may be found, for example, in Durrett [7], Karatzas & Schreve
[15], Revuz & Yor [22], Rogers & Williams [24]. The last of these also contains the ‘Markovian’
results and results on resolvents which we need.

Let Z = {Z(t) : t > 0} be Brownian motion on [0, 1] reflected at the boundary points. We

therefore have
dZ(t) = dB(t) +dLo(t) — dLy(2t),

for some Brownian motion B on R and continuous non-decreasing processes L, (z € {0,1})
with

t
/0 Iy (Z())dLo(s) = La(t),
so that L, grows only when Z is at z. The process L, is called the local-time process at z.

The fluctuating additive functional ®. We define ® via the equation
d@(t) = dt — 2m0dL0(t) — 2m1dL1 (t)

For the moment, we concentrate on the situation when ®(0) = 0.

For z € [0, 1], we write P* for the law of the (Markov) process (®, Z) when ®(0) = 0 and
Z(0) = z. As usual, E* denotes the expectation associated with P*. A statement about Z will
be said to hold almost surely (a.s.) if it has IP* probability 1 for every z.

2.5A. Theorem (Long-term behaviour of ®). We have the following situation:
e ifmg+my <1, then (a.s.) ®(t) — +ooast — oo,
e ifmy+m; > 1, then (a.s.) ®(t) > —oco ast — oo.

In addition, if mg + my = 1, then (a.s.) ® fluctuates infinitely in that

limsup ®(t) = 400, lim inf ®(t) = —o0. 5.1

Proof of Theorem 2.5A. It is well-known (see for example, Section 6.8 of Itd & McKean [14])
that (a.s.) t1L,(t) — 1 for z € {0, 1}. This secures the former result when mq + m; # 1. We
will prove the remaining result for mg + m; = 1 at the end of Section 7. a

Short-term behaviour of . If Zy = x € {0, 1}, then initially L,(t) will grow faster than ¢ so
that there will be a (random) non-empty time-interval (0, §) on which ® < 0. See the Instructive
Example at the end of Appendix C.
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2.6. The Processes Z* and Z~

2.6A. Definition (The time-substitutions 7*). For t > 0, we define (with the strict ‘>’
conditions being important)

it = inf{u: ®(u) > t}, 7, = inf{u: —®(u) > t},
with the usual convention that inf(0)) = oo.

2.6B. Lemma. The following results hold.
(@) P*(1} < o0) = 1ifand only if either my +m; < 1l orbotht =0and 2 € (0,1).
(b) P*(1; < oo) = lifand only if either mg +my > 1 orbotht = 0and z € {0,1}.

Proof of Lemma 2.6B. We simply appeal to Theorem 2.5A and Lemma 2.16B of Section 16.
O

2.6C. Definition (The processes Z*). For t > 0, we define
Zr(t) = 2(r}), Z7(t) = Z(r)),

with the usual convention that Z*(t) = 0 if 7;* = oo, where 9 is a ‘coffin state’.

2.6D. Hypothesis. For the process Z™*, we have the following situation

(a) if mg +mq < 1, then Z* is positive recurrent, and (a.s.) for any interval I,
P(z} € I) — [;n(y)dy ast — oo, where 1) is the invariant density for Z*;

(b) if mo+my > 1, then (a.s.) Z has finite lifetime.

Comments on Hypothesis 2.6D. The above result has been deliberately labelled an hypothesis
as we are not in a position to prove it until the end of the chapter. Despite it being unnecessary,
the result is given simply to inform the reader.

2.6E. Lemma. Z* and Z~ are strong Markov processes.

Proof of Lemma 2.6E. We firstly deduce that Z* has right continuous sample paths, that is,

s 7 g+
lgf{)th_,_‘; =27 .

Now Z} s = Z(7;t ;). However, Z is continuous so that Z™ inherits its continuity properties

from 7;t, in that,
gt e e s T
lalf?ZW =7 (lg{gﬁt%) =Z(17)=2Z;.
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Here Z is associated with the filtered space (2, F, F;, P?) satisfying the usual conditions.

We know that 7 is right continuous. Since {7, < t} = {®; > s}, and {F;} is right
continuous, for each s, 7;" is an { F;} stopping time. From II1.21 of Rogers & Williams [24], we
need the fact that if ¢ is an {.7-'Tt+} stopping time, then 7;" is an {F;} stopping time. Furthermore,

the main point is that

=TT 00, 6.1)

where 0?5’ ‘shifts paths’ through time 7,7 (see (A.5) of Appendix A). Now,

E? [Z;L[f,;] — [z(r;u)lf,;]
=FE? [Z(T; + 74 08,4) |]—‘,t+] (from (6.1))
= E?0) [2(r})] =E% (ZF)  (by the SMP)

which is exactly the required result. O

It is clear that Z~ is a Markov chain on {0, 1} U {0}. Under P* where z € {0, 1}, the value
75~ will (a.s.) be strictly positive and Z; will belong to (0,1). We see that Z* is therefore a
process which behaves like Brownian motion inside (0, 1) but which, on approaching a point
of {0, 1}, jumps into (0, 1) according to some measure II"*(z, -) (of total mass at most 1) on
(Borel subsets of) (0, 1) ( and jumps to 8 with probability 1 — II-*(z, (0, 1)).

2.6F. Definition. The ‘half-winding’ probabilities are defined as follows:

I+(z,J) = P(Zt eJ) (ze{0,1}, J e B(0,1)),
I (y,J) =P(Z; €J) (ye(0,1), JC{0,1}).

The ‘half-winding’ terminology is natural when one looks at the phase-space path t — (®;, Z;).
We also recall Definition 2.1E
n(z,y) = " (y,{z})/m, (y € (0,1), z € {0,1}). (6.2)

2.6G. Definition (The transition semigroups P). For t > 0, we now define the map P on
C[0,1] via

(PFf) (2) = E*(f(Z"); =i <o0) (f€C0,1], 2€0,1)).

Of course, we shall need to prove that the P* semigroups satisfy Working Hypotheses WH]1
and WH2.

Intuitive discussion of Working Hypothesis WH3. If mg + m; # 1, then one of the processes
Z* will have finite lifetime, so the fact that for f, h € C|[0, 1], we have

(Pt‘"f, P h)s—0 (t = o)

is highly plausible.
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Suppose now that mg + m; = 1. Then each of the processes Z+ and Z~ lives for ever.
However, we then expect (P;f f)(z) to converge as t — oo to a constant c*( f) independent of z
(and likewise for (P, h)(z)). The desired result will then follow from the fact that (1,1); =0
(when mg + m; = 1). Pitman (see, for example, Pitman [21]) taught us that the best way to
prove that (P, f)(z) converges as t — oo to a constant c¢*(f) is by the probabilistic-coupling
method. See Section 13 for a more detailed study of the probabilistic coupling for this case. For
a concise account of the general probabilistic-coupling method and its wide usage, see Lindvall
[17].

2.7. The Probabilistic Significance of the PDE for F'

If ®(0) = 0 and Zy € (0,1) then 7" = 0. Consequently, it is now convenient to let $(0) take
an initial value ¢ < 0 and to let P¥* denote the law of (®, Z) for this new situation: it is the P*
law of (® + ¢, Z). This is beneficial in part (a) of the following theorem. For part (b), we may
make a similar remark for Z, € {0,1} and so consider ¢ > 0. It is clear that we are simply
horizontally shifting the process. For ¢ < 0, our Definition 2.6G for Pt can now be expressed
as follows

(P2, f)(2) = E* [f(Z%,); 2, < oo] = E®* [f(Z5); 75 < o0] . (7.1
Hence, for ¢ < 0, it is clear that Lemma 2.6B (a) is equivalent to
P¥*(1s < 00) = 1ifand only if mg + my < 1. (7.2)

Of course, we may state analogous results to (7.1) and (7.2) for P and 75 respectively.

2.7A. Theorem.

(a) Supposethat F € C1*((—o0,0)x [0, 1]) with continuous extension to {0} x (0, 1),
and define
M, == F(Q(t A1), Z(tAT)).

Then our PDE
0,F+HF =0

holds on (—00,0) X [0, 1] if and only if
M is a local martingale under each P?* with z € [0,1], ¢ < 0.

(b) Suppose that H € C*? ((0, 00) x [0, 1]) with continuous extension to {0} x {0, 1},
and define
N, == H(®(tA15), Z(t A15)).

Then our PDE
0,H+HH =0

holds on (0,00) x [0, 1} if and only if

N is a local martingale under each P#* with z € [0,1], ¢ > 0.




2.7. The Probabilistic Significance of the PDE for F’ 26

2.7B. Reminder. When we say that our PDE for F' holds, it is automatically inferred that the
necessary D(H) condition is satisfied and the required final condition for F holds (as in (1.3)).
However, the final condition will be verified separately due to the ‘dual r6le’ of the stochastic
integral at 0. Again, a similar remark may be made about the PDE for H and its initial condition.

Proof of Theorem 2.7A (a). We shall write ®; for ®(¢), etc, when convenient. When ®(0) < 0,
1t6’s formula gives for ¢t < 757,

dM; = (0,F)(®4, Z:)d® + (0, F) (P4, Zi)dZ + L(O2F)(®, Z;)dt
= (0,F + 102F)dt + (—2mod,F + 0,F)dLo(t) + (—2m10,F — 8, F)dL:(t)
+ (0, F)dB.

Hence M is a local martingale under P¥? if and only if we have P¥* probability 1,

(0,F + 10°F)(®;, Z;) = 0 for Lebesgue almost all t < 7,
(—2mg0,F + 8, F)(®;,0) = 0 for ‘dLy’ almostall ¢t < 75",
(—2m8,F — 0,F)(®,1) = 0 for ‘dL;” almostall t < 7.

The ‘only if” part of the theorem now follows immediately, since if F satisfies (1.2), so that
in particular F(yp,-) € D(H) for ¢ < 0, then, for ¢ < 0, we have
(—2mo8,F + 8,F)(p,0) = (mo0ZF + 8,F) (¢,0) = 0.
For the ‘if’ part, we suppose now that F' is C1? as stated and that for some (p,z) €
(—00,0) x [0, 1], M is a P¥* local martingale. Then
b
P < / (8,F + 102F)(®,, Z,)dt = 0 whenever 0 < a < b < TO+> =1, (13)
and for z € {0,1},
b
P¥? (/ (—2mz0,F + s(z)0,F)(®y,z) dL,(t) = 0if0 < a < b < TJ) =1, (7.4)

where

1 ifz=
s(m)={+ ifx =0,

-1 ifz=1.

We can now prove that the PDE for F' holds. For a contradiction to (7.3), suppose that there
exists some (u,y) € (—o0,0) x (0, 1) such that

0,F (u,y) + 102F (u,y) > 0.

(The modification with ‘< 0’ replacing ‘> 0’ is obvious.) Given that F' € C?, there exists a
neighbourhood N of (u,y) and an ¢y > 0 such that

0, F (ug, yo) + 102F (ug, yo) > €9, forall (ug,yo) € N.
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From Probability Theory we can say:
1°.
P#* ((®¢, Z:) € N forsome t < 737) > 0,

and hence (by continuity) there is a positive P¥* probability that there exist times ¢, d with
0 < c<d < 75 suchthat (®;,Z;) € N for ¢ < t < d, and so (also with positive probability)

d
/ (8,F + 102F)(®,, Z,) dt > eo(d — ¢) > 0.

This contradicts the local martingale property in (7.3).

For a contradiction to (7.4) this time, suppose that there exists some u € (—00, 0) such that
—2mo0,F (u,0) + 0,F (u,0) > 0.

Continuity properties of F' guarantee the existence of a relatively open neighbourhood N* of
(u,0) in (—o0,0) x [0, 1] such that

—2mg0,F (uo, zo) + 0, F(ug, zg) > 0, forall (ug,z9) € N*.

Here Probability Theory tells us that the following statement is true:
2°.

=+
e ( / " Ine (@4, Z)ALo(t) > 0) > 0,
0

so that, for some (w-dependent) e, f with 0 < e < f < 75, we have (®;,2;) € N* for
e <t < fand Ly(f) — Lo(e) > 0, whence (with positive P¥* probability)

f !
/ (—2m03¢F+82F)(<I>t,Zt) dLo(t) = / (—2m06<,,F+82F)(d>t,0) dLo(t) > 0;

and this contradicts the local-martingale property in (7.4). A similar argument holds for the
situation at 1.

Proof of results 1° and 2° are deferred to Appendix C, since some of the arguments presented
there are useful elsewhere. O

Proof of Theorem 2.7A (b). The proof of the second part of the theorem follows similar
arguments to that for part (a), but with some obvious ‘minus’ modifications. O

The following Corollary to Theorem 2.7A turns out to be crucial to the whole account.

2.7C. Corollary. For u > (0, the following facts are true:

fory €T, t — exp(—1v*®;)h,(Z;) is a local martingale bounded on [0, 7],
for 6 € ©, t — exp(+16°®,) fo(Z;) is a local martingale bounded on [0, T.}].




2.7. The Probabilistic Significance of the PDE for F 28

Proof of Corollary 2.7C. Since both functions are C12 on the appropriate space, the facts
follow immediately from the ‘only if” parts of Theorem 2.7A (a) and (b). a

The ‘minimal non-negative’ result. Suppose that f € CI0, 1] and that a non-negative function
F satisfies the PDE for F' with final value f on (0,1). Then, under each P¥*, M (obvious
notation!) is a non-negative local martingale, hence a supermartingale, and so

Flp,2) = E#=HH(0) > B [M(i)in <oo| = (PLAE) = Fle,2).  (19)

Moreover, if we define F(,w) := (P¥,f)(w) for (,w) € (~00,0] x [0,1], then, by the
Strong Markov Theorem, for any (i, z) € (—00,0) x [0, 1],

E?*(f(Z);1d <oo|F) = F(RAT), Z(tATH)),

where {F;} is the filtration determined by Z, so that the M corresponding to this F' is a true
martingale. If we knew that this present F', constructed from the P+ semigroup, is C*?, then
we could conclude that it is indeed the minimal non-negative solution of our PDE.

2.7D. Important discussion. The ‘honest’ way to proceed would be to prove directly that
the transition semigroup of Z* does have the required C*? properties. Then, via the ‘if’
part of Theorem 2.7A, we could deduce the duality results as indicated in Section 2. It is
easy to establish the smoothness results for {P;” }, but rather more tricky to do so for {F;}.
(Probabilists often skip such details, and are then surprised that even for a nice ‘Feller-minimal’
Markov chain with all states stable, a transition probability p;; need not be twice-differentiable.)
For our problem, the main difficulty concerns boundary behaviour, since everything ‘internal’ is
‘well-mollified’. To deal with the boundaries, we would need to look carefully at “first-entrance
last-exit’ decompositions, well-known concepts for Markov chains and reflected to some extent
in our treatment of the Kolmogorov forward equation in Section 15. There is a general theory
of “first-entrance last-exit’ decompositions as part of Maissonneuve’s theory of incursions. See
Maisonneuve [18].

However, we shall follow a different route. Since we can easily find P;, and hence (-, -),
the duality idea allows us to guess the exact form of {P;'}. Recall that we believe that at least
when mg + m; # 1, the Pt semigroup is a strongly continuous semigroup of self-adjoint
operators on the L? space associated with the (-, ), inner product, and is therefore likely to be
wonderfully smooth. We can check that our conjectured version {P;"} of {P;"} is self-adjoint
relative to the appropriate inner product, and is correctly related to H. The Optional-Stopping
Theorem then allows us to deduce that {P;t} does equal { P;"}. The Hilbert-space structure of
{P;*} is of independent interest.

Bounded solutions. If mg + m; < 1, so that P**(1yp < o0) = 1, and f € C[0,1] is given,
then (assuming suitable smoothness on the part of {P;'}, F(p, z) = (P, f)(z) is the unique
bounded solution of (1.2) subject to condition (1.3).

Infinite fluctuation of ® when my + my = 1. We skip some ‘almost surely’ qualifications here.
Suppose that my + m; = 1. We appeal to the concept of quadratic variation of a stochastic
process.
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2.7E. Corollary. The process M is a local martingale, where M, := F (®(tA1), Z(tATS)) =
k(Z(t A1) — ®(t A1), k being our generalized eigenfunction 2? — 2myz.

Proof of Corollary 2.7E. Since F' is C*? on (—00,0) x [0, 1] and the necessary PDE for F
holds, the result is a consequence of the ‘only if” part of Theorem 2.7A (a). (]

2.7F. Lemma. The quadratic variation of our local martingale M is given by

(M), = /0 4(Z, — mg)* ds.

Therefore, if o, := inf{t : Lo(t) > n} forn = 0,1,2,..., then the (M),,,, — (M), are
independent, identically distributed positive random variables (hereafter referred to as IID’s).

Proof of Lemma 2.7F. First, we know that each o, is a.s. finite by the ergodic result that
t71Lo(t) — 1. Next, we know that

dM, = (8,F)(dB;) & M =HeB,

where H; = 2(Z; — my) so that the notation conforms with that given in Rogers & Williams
[24]. We now find an expression for the quadratic variation of M. By the rule

(CeU,DeV)=(CD)e(U,V),
we have
(M)t=<M,M>t=<H.B,H.B>t
_ 2 ) = ! 270 ' L — 24s.
_ (H%e (B, B))) /OHsds /04(2 mo)?ds

It is clear that 0,41 > 0y, for each n, so that (M),,., > (M),, and the fact that the random
variables are positive is obvious. Here we are only concerned with the local time at zero. Hence,
if we start in (0, 1], then we have to wait until the process hits zero in order to accumulate local
time there. However, the process is strong Markov, so the history until we hit level zero has no
bearing. We may therefore start the process from zero without any significant loss of generality.
Thus, strictly speaking, we are working in terms of the law P?. The benefit of this is that
oo = 0. Next suppose that 8, is the familiar ‘time-shift’ map, shifting time through u. Then, by
the strong Markov property and our particular form for (M) ), we have for any bounded Borel
function b on [0, c0),

E [6((M)ais = (M)o,)| For] = B [b(M)or) © b0, | ]
=E°[p({M),,)], foralln € N.

The fact that (M),, ., — (M), forn € N, are IID’s is now clear, since M,, is F,,, measurable
for k < n. O

2.7G. Corollary. We now have (M); — o0 as t — oo almost surely, so that ® must fluctuate
infinitely in the sense of (5.1).
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Proof of Corollary 2.7G. From the proof of Lemma 2.7F, we may legitimately restrict our
attention to the case in which Zy; = 0. For n € N, we begin by defining the IID’s as follows

Vo i= (M)onyy — (Mo,

Define
p=E(e ") €(0,1), foreachn € N. (7.6)
Recall that og = 0. Thus, considering the obvious cancellation, we now have
Vo+Vi+ ...+ Vo= (M)o.,,. (1.7

For K € R+, we find that
P[(M)on,, < K] =P[Vo+Vi+...+V, < K]

=P [e—(Vo+v1+...+Vn) > e—K]

< eXE [e_(v°+vl+"'+v")] (by the Markov inequality)

=eX H E [e_v"] =efun (by independence and (7.6))

=0
In particular, for K € R*, we have
P[(M)o,,, < K] < eXp™, foralln € N, (7.8)
)
P (ﬂ{(M)gn < K}) =0 forevery K,

and (a.s.) (M),, — oo, whence, by monotonicity, (M); — oo. Then, by Corollary IV.34.13
of Rogers & Williams [24], M fluctuates infinitely, and since k(Z) is bounded, ® (which is
continuous) must fluctuate infinitely. We have therefore confirmed (5.1). O

2.8. { P, } and Positive Eigenvalues of H

Without a proof of Working Hypothesis WH4, nothing about positive eigenvalues of H is
yet proved. Probabilistic definitions of two numbers «, 8 with 0 < a < 3 will be given. It will
then be proved that 1a? and 13? are indeed eigenvalues of H and that for no strictly positive
with v ¢ {a, B} is 17* an eigenvalue of H. All of this will be achieved by firstly obtaining an
explicit form for the { P,”} semigroup.

Let G~ denote the Q-matrix of Z~ when Z~ is considered as a Markov chain on {0, 1}.

Then G~ will be of the form
G- = ((10,0 %,1)
G0 q11)°

2.8A. Proposition. The off-diagonal elements q;; (i # j) of G~ are strictly positive.
Consequently, for i € {0,1}, q;; < —¢i1-: < 0, with equality in the foremost terms if and
only if mg+my > 1.

where g; ; € R.
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Proof of Proposition 2.8A. The former result, which is intuitively obvious, may be proved by
the method in Appendix C. The remaining point follows from a )-matrix property, namely

Siz= Y @j+a=0, (i€{0,1}) (8.1)

je{0,1}
where ¢; (> 0) represents the ‘rate of entering’ the cemetery state starting from state i. We
know that ¢; > 0 if and only if Z; has a finite lifetime, in which case my + m; < 1. The result
is now obvious. O

2.8B. Corollary. The Q-matrix G~ has distinct real, non-positive, eigenvalues. Then G~ is
diagonalizable.

Proof of Corollary 2.8B. The proof relies on a standard argument that begins by solving
det(A] — G™) = 0. Additionally, in such an argument, it can immediately be seen that the case
when mg +m; > 1 leads to a zero eigenvalue. The fact that G~ is diagonalizable is elementary
linear algebra. O

2.8C. Definition. We define the distinct eigenvalues of G~ as —iad?
0<a< pfanda=_0ifandonly if mg+m; > L

2.8D. Remark. Suppose that the eigenvector corresponding to the eigenvalue —1v? of G~ is
v, where v = (v,(0),v,(1))”. If WH4 had already been proved, then we could show that
eigenvectors of G~ are related to eigenfunctions of H so that everything would feature terms
involving h., for v € {a, 8}.

and —13%, where

2.8E. Lemma. If we consider P, just as the transition function exp(tG~) on {0, 1}, then
P = e 3, e MY, (8.2)
where V,, Vg are {0, 1} x {0, 1} matrices with explicit forms;
V.- 1 ( va(0)vs(1) —va(0)vp(0) ) and V= 1 ( —Ua(1)va(0) v4(0)vp(0) )
*= Aoy \ va(Lus(l) —va(L)al0) ) vy \ —va(1)op(1) va(0)us(1) )
with Avy, = v,(0)vg(1) — ve(1)vg(0).
Proof of Lemma 2.8E. We shall firstly express the underlying Q-matrix G~ in terms of its

eigenvectors. Although this is not strictly needed, it is certainly useful in order to check things
later. Using the eigenvectors of G, let

_ ( va(0) vs(0) a1 vg(1) —vs(0)

v :@a’ﬂﬁ>*(%<1> vZ(l))’ sothat U —M(—v5<1> vfm))'
Since G~ is diagonalizable, we have

_ - 0 -1
g =U( A _%ﬁz)u

_ 1 (0(0) us(0) \ [ 42> O vs(1) —vs(0)

 Av, ( va(1) vg(l) ) < 0 -3p ) ( —va(1)  va(0) )

:_1_<_%azva(o)vﬁ(1)+%ﬁ2va(1)vﬂ(0) %azva(O)v[g(O)—%ﬁzva(O)vﬁ(O)) (8.3)

Av, \ —30%0a(1)vp(1) + $6%0a(1)up(1)  30%0a(1)p(0) — 36%0a(0)vp(1) /™
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We now construct the matrices V,, and Vj in our alternative form for P;~ as follows.

— k!
. > 1 (—%azt)k O -1
=Vln ( 0o (-3t )Y

From the forms of U and U™, we now have

1 1.2 [ va(0)vs(l) —va(0)vs(0) Le“% 2, [ —va(1)vg(0) va(0)vs(0)
o= Avy (Ua(l)vﬂ(l) —va(1)vp(0) >+Av7 ’ (-va(l)vﬂ(l) va(0)vs(1) >

so that simple comparison with (8.2) gives the desired result. Note that we have V, + V3 = I,.
This is expected since Py = €'Y |,—g = I5. O

2.8F. Important discussion. We have constructed the matrices V,, and V5 via eigenvectors of
G~ . However, as already pointed out, we do not yet know that they are related to eigenfunctions
of H. In fact, we shall later see that they are actually related, in that, v, = QW, where
h, = (hy(0),h,(1))T. Using this fact in (8.3), we see that 3. g;; < 0 and equals zero if
and only if mg + m; > 1. The fact that G~ is an improper )-matrix when mg + m; < 1is
apparent in light of (8.1), due to the omission of the cemetery state.

Now consider the extension of { P,”}. Forz € {0,1} let T, := inf{t : Z; = z}.

2.8G. Theorem. For z € [0,1], and h € C[0, 1],
(Prh)(2) = e 2(Sah)(2) + ™27 (Sph)(2),
where for v € {a, B},

(&m@):E?@%W%n<700wmm+mﬁa%mﬂa<%ymmuy

In particular,

V,h)(0)
- ( men ) ’ 64)

so that the form of (V,h)(z) in Theorem 2.8G is clear. Observe that P, h is defined for
h-€ C|0,1], yet we only rely on its value at the boundaries.

V,(0,0)A(0) + V4(0, 1)h(1
Vi = ( VL omo) ¢ val, Ih) )
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Proof of Theorem 2.8G. Let T' := Ty A T;. By the tower property of conditional expectation
we have
(PTR)(2) : = B [R(Z]); 77 < o0]
= E°E* [A(Z;")|behaviour up to T]
= E* [E* [h(Z;")|behaviour up to Tp) ; T < T
+ E* [E* [R(Z;") |behaviour up to T3] ; T1 < To] -

(8.5)

To deal with the above we consider an application of the strong Markov theorem. We have for
i €{0,1},

E* [h(Z;)|behaviour up to T on the set where T; < T_;]

_ B i . (8.6)
=E% [M(Z74)] = (Prych)(9).-
On the set where Ty < 77 (i.e. T = Tj), from (8.6) we have
E? [h(Z;") |behaviour up to Ty] = E*™ [h(Z7,,,)]
=E° [h(Zﬂ_“o-H)]
= (PT_o+th)(0)
= ™1 (TH)(V_R)(0) + e~ 27 T+ (V;1)(0).
It follows that
B (PO To < B] = e B (AT <) (om©)
b e3Pt RS (e—%ﬂzTo; Ty < Tl) (Vah)(0). '
Similarly on the set where T} < Tj (i.e. T' = T1), we have
E* [n(Z;")|behaviour up to T3] = E*n [h(Z7,,,)]
=E' [h(ZiH)]
= (Pi_Hh)(l)
= e 1@V h)(1) + e 2 B (Vph)(1).
This time it follows that
E* [(Pr . h)(1); Ty < To] = e~ E (e-%azﬂ;:r1 < TO) (Vah)(1) (
8.8)

R T (e“%f’le;Tl < TO) (Vsh)(1).
Finally, from (8.5), (8.7) and (8.8), we have

(P;h)(2) = E* [(Pr,.h)(0); To < Th] +E? [(Pg ) (1); Ty < To)

To+t

= &7 (S,h)(2) + €727 (Sph)(2),
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where

(Sﬂﬂdzﬁ?@ﬁﬁ%ﬂb<ﬂ)WWM®+EZGﬁﬁ“ﬂ}<T@(%MU)

O
It is elementary that the [E* expectations define C? functions of z. Indeed
. 1 -
E* (e-%szo; T, < Tl) - w (8.9)
sinh vy

with the obvious modification for the other expectation.

We now know that (t,z) — (P, h)(z) is C*2. This crucial fact allows us to legitimately
use Theorem 2.7A in order to prove some of what we have previously hypothesized. We begin
by proving the following useful result which will be heavily relied upon in the remainder of the
section.

2.8H. Lemma. Let v > 0 be such that 1v* is an eigenvalue of H with corresponding
eigenfunction h.,. Then, fort > 0, we have

(P ho)(2) = B2 [hy(27)] = €™ 37"hy (2).

Proof of Lemma 2.8H. From Corollary 2.7C, recall that,
fort >0, t exp(—iv>®;)h,(Z;) defines a local martingale bounded on [0,7,]. (8.10)

Furthermore, if 7,7 = oo, then by the long-term behaviour of ® we must have ®; — +o0 as
t — oo (this applies only to the case in which mg + m; < 1 orift = 0 then z # 0 or 1), so that

®(7,7) =00 ontheset {7, =o0}.

Thus, exp{—17?*®(77)} = 0 on {r; = oo}, so such a case gives no contribution to the
underlying expectation, in that

E* [exp{—% (1 )Y (27 )7y < 00] =E* {eXP{_% 2q>(Tt_)}h’Y(Zt_)] : (8.11)
Note further that ®(7;) = —t when 7,7 < oo (see Proposition A.3 of Appendix A) and

®(0) = 0. Since 7, is a valid stopping time, we can legitimately apply the Optional-Stopping
Theorem to get

E* [exp{—%*f@(rt_)}h,,(Z[); T, < oo] = [E* [exp{%’y2t}h7(Z{);Tt‘ < oo]
= exp{37°t} (P hy)(2)
= E* [exp{37}h,(Z;)]  (by B.11)
— exp{1t} E* [ (20)]
= E* [hy(Z0)]
= E? [h,(2)]
= h,(2).
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In particular, we have exp{17*t} (P, h,)(z) = exp{17*t} E* [h,(Z;)] = h,(2), from which
the desired result follows. Note that this result can only become a ‘weapon’ when we know that
142 is a eigenvalue of H. O

The following Theorem is clearly an amalgamation of Working Hypothesis WH4 and
Definitions 2.3L and 2.3M.

2.81. Theorem. +1co” and +13° are eigenvalues of H, and for no v € (0,00)\ {c, 5}
is 14* an eigenvalue of H.

Proof of Theorem 2.81. Staying consistent with the notation used in Theorem 2.7A (b), define
the function H via H(t,z) := (P, h)(z) fort > 0. Again, we know that H is C*? and,
by mirroring the sentence following (7.5) for the ‘-’ situation, H (®(t A7y ), Z(t A757)) is a
martingale. Hence by the ‘if” part of Theorem 2.7A (b),

(0, + H)H(t,2) =0,
whence Syh and Sgh are in D(H) and
(H — 10?)e™ 2t S h + (H — 18%)e 77"tS5h = 0.

Now we see that 1o and 13° are eigenvalues of H and that S,h and Sgh are associated
eigenfunctions. Thus, recalling Definition 2.3M, S,k must be a multiple of h, (v € I'). This is
fine as eigenvalues are undetermined with respect to scalar multipliers.

Let v > 0 be such that 17* is an eigenvalue of H with corresponding eigenfunction h,,.
Then, from Lemma 2.8H we may conclude that, P, h,, = e‘%72th7 and that G"h, = —%72ﬁ7,
since P} is viewed as the transition function exp{—tG~}. We have therefore shown that if 12
is an eigenvalue of H, then —1+? is an eigenvalue of G~. Hence v € {a, 3}. In addition, we
have confirmed the fact that v, = h,, as pointed out in Important Discussion 2.8F.

Remark: The transition from general function to column vector here is obvious as G~ relates to
a Markov chain on {0, 1}.

To tie things together, note that for v € {a, [}, application of the Optional-Stopping
Theorem at time Ty A Ty shows that S, k., = h,,. d

Important Comments. Recall that Definitions 2.3L and 2.3M were entirely dependent upon
the validity of Working Hypothesis WH4. Our probabilistic proof of Theorem 2.81 now
confirms that WH4 is true and that our consequent definitions are indeed correct.

Proof of Working Hypothesis WHS. Since we have now proved Theorem 2.81, it is now clear
that WHS is simply a special case of Lemma 2.8H, in that, it corresponds to taking ¢t = 0. [J
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2.8J. Lemma. We have the following results:

(@ ha(1) # hg(l),

(b) m(z,y), as defined by (6.2), is given by the formulae (4.1), so that formula must produce
non-negative m(x,y),

(¢) Fory € (0,1), 3o ic(01) Me™ (2, y) < 1and equals 1if and only if mo + mq 2 1,

(d) Forz € {0,1}, we have f(o ) 7(z,y)dy < 1 and equals 1 if and only if mo + my < 1.

Proof of Lemma 2.8J (a). Lemma 2.8H applied at ¢t = 0 gives
E* [hy(Z5)] = hy(2). (8.12)
Result (8.12) is true for all v € ' = {a, #}, so that we have
E® [ha(Z5)] = halz),  and  E* [hg(Z;)] = hs(z). (8.13)

We know that Z; € {0,1} and that h,(0) = hg(0) = 1. Hence, from (8.13), if ho(1) = hg(1)
then h,(z) = hg(z) for all z € [0,1]. However, we know that ho(2) # hg(z) for some z.
Otherwise, o = (3 which we know is false. It follows that hs(1) # hg(1). O

Proof of Lemma 2.8J (b). From the result for ¢ in (8.13) with y € (0, 1) and the definition of
expectation, we have

EY [ha(Zy)] = ha(0)P¥(Z5 = 0) + ha(1)P¥(Zy = 1) = hq(y)
& PY(Zy =0) + ha(1)PY(Z5 = 1) = ha(y). (8.14)
Similarly, for § we have
PY(Z5 = 0) + hs(UP¥(Z5 = 1) = hs(y). (8.15)
Solving the equations in (8.14) and (8.15) simultaneously, we have

fo(Vha(v) = ha(Dhs(®) = py 7= _ ) = Pslv) = ha(y)

S ¥ 1 i) Rl =Rl

Noting that
P¥(Zy = z) =TT (y, {z}) := mu7(z, ), from (6.2),

we get the desired result as 7, defined in terms of a probability, must be non-negative. a

Under Definition 2.6G with f = 1, we know the following;

(P 1)(z) =P*(rd < o0) forz € {0,1}, (8.16)
(Py1)(y) =P¥(ry <o0) forye (0,1). (8.17)

|
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Proof of Lemma 2.8J (c). From (8.17), for y € (0, 1), we have
(D))= > mem(z,y) =P (7 <o0) <1,
z€{0,1}

where Lemma 2.6B (b) gives us equality when mg + m; > 1. We have therefore checked that
It~ (y, -) is a measure of total mass at most 1 on subsets of {0, 1}. O

Note. From (8.16) we have, for z € {0, 1},

(P 1)(z) = / r(2,5) dy = P*(rg" < o0).

However, we are not able to prove the remaining result of 2.8J by Probability Theory in this
way because we do not yet know that 7 (z, -) is the jump-out density from z for Z*.

Proof of Lemma 2.8J (d). From Lemma 2.3G, we know that (1, h;)s = 0 for ¥ € I' N (0, 00).
Using the definition of (-, -), this is equivalent to

1
/ hy(y)dy = mihs(1) + mo, fory € I'N (0, 00). (8.18)
0

Suppose that mg + m; > 1. Recall that 7(z, y) is defined as in (4.1) with & = 0. From (8.18)
we now get

/0 7(0,4) dy = m—o[hﬁ(lTl—] {(1 = ma)hs(1) —mo} . (8.19)

If mg + m; = 1, then 1 — m; = mg, and so the RHS of (8.19) clearly reduces to 1. If
mo + my > 1, then 1 — m; < my. Therefore

(1 —m1)hg(l) —mo _ molhs(1) —1]

mo[hp(1) — 1] mo[hp(1) — 1]

giving fo 7(0,y) dy < 1. Note that the validity of the above inequality is guaranteed by the fact
that hg(1)—1 < hg(1) < Oas shown in Lemma 2.30. Similar arguments hold for fo 7(1,y) dy.

=1,

Suppose that mg + m; < 1. Again, recall the form of 7(z,y) from (4.1), noting that o > 0
here. Let Ah := hg(1) — ha(1). Then, from (8.18), we have

| 0= — R

Similarly,

‘/0‘1 W(l,y)dy = —'—1— {mlhﬁ(l) + moy — mlha(l) — mg}

B my Ah adh AR} =
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and so we have the desired result. We have therefore verified that IT"*(z, -) is a measure of
total mass at most 1 on (Borel subsets of) (0, 1). d

Proof of Working Hypothesis WH2. Most of the desired work has already been done. With
our usual definition of H, in the proof of Theorem 2.81 we saw that the necessary PDE holds
and H(yp,-) € D(H). It is also useful to recall Reminder 2.7B at this point. Further details have
also been proved in Lemma 2.8J. Due to the martingale property, we may justify the remaining
matters probabilistically as well as analytically. In particular, from Definition 2.6G

(Pr1)(z) :==E* [1;7; < oo] =P*(1; <o0) <1,

and equals 1 if and only if mg +m; > 1 (see Lemma 2.6B). Albeit tedious, it is trivial to prove
that

(Py h)(2) = Lm(P7h)(2) = (Sah)(2) + (Sh)(2)
Z mgm(z,z)h(z) ifz € (0,1),

= z€{0,1}

h(z) if z € {0,1}.

Minimality. With our ‘discovered’ H, we may simply mimic the arguments given in Section 7
for the 7~ situation. O

We have now shown that the P, in Theorem 2.8G is the correct one. We may therefore
establish the following result on the long-term behaviour of P,”. This will be used to prove
WH3.

2.8K. Lemma. As t — oo, the following convergence is uniform in z:

c(h)  ifmo+my>1,

(P, 1)(z) = {0 A

where ¢~ (h) is independent of z and of the form

(4) = gy PalURO) = (V).

Proof of Lemma 2.8K. If mg+m; < 1 then the result is obvious due to the fact thaty € {«a, 3}
is strictly positive. Then e~37"t — 0 as t — oo for all v € I'. However, if mg 4+ m; > 1, then
a = 0sothat (P, h)(z) — (Soh)(2). The result then follows from the fact that Z, is immortal
so that P*(Ty < T3) + P*(T7; < Ty) = 1. The fact that the convergence is uniform is now
obvious. O

We pause to clarify that for A € C[0,1] and w € (0, 1),
(IT*~h) (w) = h(0)mem(0,w) + h(1)mym (1, w),

and that (P h)(w) is given by the right-hand side for all w € [0, 1].
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2.9. Some Identities

It is convenient to collect here some required identities. It should be noted that even
the seemingly most simple of results turn out to be quite elusive. The computer package
Mathematica has been used in some instances.

For p > 0 and z € [0, 1], we write

co(2) := cosh pz, Sp(z) := sinh pz, |

hi(w) = c,(1 —w) —mips,(1 — w), hy(w) = co(w) — mops,(w).

The h, notation, which will be used for general p > 0, is consistent with the A, notation used
earlier for v € I'. Because of the ‘eigenfunction of 7’ property, we have,

fory € T, h!(w) = hA(0)hy(w),  so,in particular, 1 = A (1) = hA(0)R,(1).  (9.1)

We have, fory € I'and p > 0,

(0 =M+ 1) (50 hr)s = —p+ phy(1)RE(0)
and
(0= V(o +7){hp hy)s = phq(1)e(p), (9.2)
where €(p) is the familiar object from (3.1):

e(p) = (1+momip)sy(1) — p(mo +ma)ey(1).
Moreover, if .
@) =07 [ 5oz = w)fw)
then, fory € T,
(hy, Qf)s = N(w)f(w) dw,

0,1]

where
(o= +MNW) = —hy(w) + hy(1) b (w).

2.10. Calculation of the Conjectured Resolvent {f%j{ : A > 0}

Heuristics. Believing in duality, we predict that Z+ has the same laws as Z+ where Z* behaves
like Brownian motion within (0, 1) and, on approaching z € {0, 1}, jumps into (0, 1) according
to density m(z,-) given by (4.1). We shall construct the resolvent {Rj{ : A > 0} which Z+
would have to possess.

Remark. Think about how to construct an appropriate (2, ) and initial laws forAZ *. There is
always a problem at this point because it is difficult to prove that the constructed Z* is Markov,
let alone strong Markov.
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Let 42, Ry (the notation suggested by Chung’s ‘taboo’ terminology) be the resolvent of the
process {Z; : t < Ty AT}, and let

Pa(z,0) = B (e Ty < Th), ¥a(z,1) == EF (e Ty < Ty),

the explicit forms of which we know from (8.9). For z € (0,1) and f € C|0, 1], we surely
believe that

9(2) = (BfN)(2) = (Raf)(2)+ D iz 2)(Bf)(2). (10.1)

z€{0,1}

(The analogous result for Brownian motion on R shows that for f € C[0, 1], tabgr := (tabRrf)
solves A(tabgn) — 2(tabgy) = f on (0, 1) with Dirichlet boundary conditions t,,gx(z) = 0 for
z € {0,1}.) Because 0 and 1 are branch points of the Ray process Z*, the relevant strong
Markov property to which we are making intuitive appeal, is really that (due to Meyer and Ray)
at Theorem II1.41.3 of Rogers and Williams [24] (See Appendix E for further details). Now,
(10.1) implies that g, € C[0,1] N C?(0,1) and

Aga— 198 = f on(0,1). (10.2)

(Wait for Important Comment 2.10M below for clarification.) Moreover, we also believe that
forz € {0,1},

a(z) =/ m(z,v)gx(y) dy. (10.3)

)

The ‘lateral’ condition (10.3) is equivalent to
(hyygr)s =0 (v€D). (10.4)

Do remember that equation (10.2) is not the (A— G+)™1 = Rf{ equation of Hille-Yosida Theory
because f may not belong to the domain of strong convergence to I of P;" ast | 0.

Definition and calculation of {Rf{ : A > 0}. We now start from scratch with a rigorous analytic
definition of the conjectured resolvent. We shall see that for f € C|0, 1], there is a unique
solution gy € C[0,1] N C?(0,1) of (10.2) with lateral condition (10.3) (equivalently, (10.4)).

We shall define the linear operator R+ on C[0, 1] via R+ f = gn. We are going to show that
{Rj{ : A > 0} is a Ray resolvent, and (in Sections 12 and 13) that it is the desired resolvent of
zZr.

2.10A. Analytic verification that (10.1) holds. Recall that we define g, via (10.2) and (10.3)
Consequently, we expect t,,g) to satisfy the conditions in the comment following equation
(10.1). Consider

tabgr(2) = ga(2) — ¥a(2,0)92(0) — ¥a(2,1)ga(1). (10.5)
Recall that § = v/2)\ and we already know that

weo- G -5

(10.6)
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It follows that
X(z,0) — $024(2,0) = Mp(2,1) — 382¢(2,1) =0, on (0,1). (10.7)

Also note that
$(1,0)=4(0,1)=0 and $(0,0)=3(1,1) = 1. (10.8)

Firstly we check that (10.5) satisfies the PDE for {a1,95.

Atabga) — 3(tabgy) = Agx — 395 — {M(2,0) — 1029(2,0)}(0)
— {M\(2,1) — $029(2,1)}g(1)
= Agx — 19 (by (10.7))
=f (by (10.2)).

This is exactly what we want. Next we deal with the boundary conditions for (,,9). Considering
z = 0, we have

tabga(0) 1 = gx(0) — (0,0)gr(0) — (0, 1)gr(1)
=9x(0) —gx(0)  (by (10.8)
=0.

Of course we get a similar result at z = 1, so it follows that 1,,gx(0) = tabgr(1) = 0 as desired.
O

By elementary calculus, equation (10.2) implies that, for A > 0, and with ¢, and s, as in the
previous section,

0(2) = A(Dep(2) + Ba(F)splz) — 207" / sp(z—w)f(w)dw,  (10.9)
where, as we shall consistently use,
pi=(2N7, A=

Recall that for v € T', we have h,(w) = mom(0, w)h,(0) + mym(1, w)h,(1). Using this fact
and the identities of the previous section we find from (10.4) that

A\(f) = ]A,\(O,w)f(w)dw, By\(f) = /[01] B(0,w) f(w) dw,

0,1
where, fory € I,
— 1mgp®Ax(0,w) — 1pBx(0,w) + mom(0, w)

= (1) [hﬂ(w) — 1pA(0, ) {~mape,(1) + 5,(1)} — $pBr(0, w)RL(0) — mym(1,w)|.
Since ho(1) # hg(1), both sides of the equation just obtained are zero, so

$mop® Ax(0,w) + 3pBx(0, w) — mom(0,w) = 0 (10.10)
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and
1p{mapcy(1) — 5,(1)} Ax(0,w) — 3hE(0)pBA(0,w) — mum(1,w) + h(w) = 0. (10.11)

As we shall see, equation (10.10) is particularly significant. Multiplying (10.10) by h"p(O) and
adding to (10.11), we find that for p > 0,

1pe(p)Ax(0,w) = {(I — Py)hb}(w). (10.12)

For p > 0 and p € T', both sides of equation (10.12) are zero.
2.10B. Lemma. We have R} : C[0,1] — C[0, 1], and

B ) = / 7 (2, w) f (w) dw

[0,1]
for a jointly continuous kernel 7 with
7y (0,w) = Ar(0,w), ¥ (z,z) = 0for z € {0,1}, 2 € [0,1].

Proof of Lemma 2.10B. This is obvious from (10.12) and symmetry. a
Look forward to Corollary B.7 of Appendix B which motivates the following Lemma.

2.10C. Lemma. 4s A — 0o, we have the following results

A0, w) — 7(0,w) (w € (0,1]), but 0= AA,(0,0) 4 7(0,04) = 1/my.

This result will later emphasize that the lack of uniform convergence, or of ‘equi-uniform
differentiability’ can easily lead one into error in this subject.

Proof of Lemma 2.10C. Multiplying (10.12) by p and noting that 1p?> = ), we have
Ae(p)Ax(0,w) = p hg(w) - pmohf,(O)w(O, w) — pmym(1, w). (10.13)
In order to deal with (10.13), we note that A — oo is clearly equivalent to p — oco. Observe that
7(0,0+) = X and 7(0,1-) = 0.
Thus, from (10.13), it then becomes clear that
AAX(0,0) = MAX(0,1) =0 for all .
In particular, we see that, as A — oo,
AAx(0,0) - 7(0,04), and AA,(0,1) — =(0,1).

Next recall that
e(p) := (1 + mgm1p?) sinh p — (mg + my)pcosh p.
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Figure 2.2: AA, (0, w) against 7 (0, w) for large A.

From (10.13), it suffices to show that, for w € (0, 1),

BA (0 B (w) — 1,
im PO _ oy PR @) (10.14)
p=oo €(p) p00 €(p)
For the first limit in (10.14), using the definition of hf, in Section 9, we have
pmohl(0) mgp cosh p — mgm, p? sinh p (10.15)
elp) (1 +memyp?)sinhp— (mg+my)pcoshp’ '

Now for sufficiently large p, it is obvious that mgm,p? sinh p is the dominant term in (10.15).
Consequently, we now have
Pmohf,(O) N —mgomyp°sinhp
e(p)  memup?sinhp
for sufficiently large p. Hence, taking the limit as p — oo in (10.15), we get the desired result
as in (10.14).
For the second limit in (10.14), we have

p hi(w) — pmym(1, w) _ peoshp(l —w) — myp? sinh p(1 — w) — pmy7(1, w)
e(p) (1 + momyp?) sinh p — (mo + m1)pcosh p '

-1, (10.16)

(10.17)

Note that, for any fixed w € (0, 1), we can regard 7(1,w) as a constant. As in the previous limit,
the p? sinh(-) term will dominate in both the numerator and denominator of (10.17). Hence, for
sufficiently large p, we have
p hb(w) — pmam(1, w) _ —p*sinhp(1 —w)  —sinhp(l —w)
e(p) - p?sinh p N sinh p
eP(1-w)

o~
~

= —e Y,
er
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Since, for w € (0,1), e — 0 as p — oo, we get the desired result. a

Given our proof of Lemma 2.10C, symmetry gives the corresponding result at 1, that is, for
w e [0,1)
A (1L, w) - 7(1,w), as A — 0o.

{R{L : A > 0} as a Ray resolvent. For the next part of the section, recall the necessary Ray
process theory from Appendix B.

2.10D. Theorem. { R} : A > 0} is an honest Feller resolvent on C|0, 1.

In order to prove the above theorem, we firstly need several results. Recall that Lemma
2.10B already gives us part of what we want.

2.10E. Lemma. We have non-negativity of R;{ inthat, if f € C[0,1]and f > 0, then ]%)f f=0.
Proof of Lemma 2.10E. Let f € C[0,1] and f > 0. Recall that g(z) := (R} f)(z) satisfies

(10.2) and (10.3). Note that the subscript A shall be dropped for typographic convenience. In
particular, we need to prove that

(R} f)(z) >0 for all z € [0, 1].
Now for a contradiction suppose that
g« :=inf{g(z) : z € [0,1]} < 0. (10.18)
Suppose further that g(yo) = g. for some yy € (0,1). Then by (10.3) we have
Ags — 39, = f(vo)- (10.19)

Note that since A > 0, Ag. < 0 and f(yo) > 0. Hence, we need g7 < 0. However, g, is
defined as a local minimum (as we are working on (0, 1)) and a necessary condition for a local
minimum is that g/ > 0. This contradicts (10.19) and so it follows that

9(z) = gu, for some z € {0, 1}, (10.20)

i.e. g attains its infimum at a boundary point z.

It suffices to show that if (10.20) is true, then we get the desired contradiction to (10.3) in
the case when g < 0. Note firstly that, for some = € {0, 1}, (10.20) implies g(y) > g(z) for all
y € (0,1). Next from (10.3), for the = such that (10.19) is true, we have

1

9(z) = (P g)(z) = /0 m(z,y)g(y)dy > /0 7(z,y)9(z)dy = g(z) /0 m(z,y)dy.

Hence,

4(z) > g(z) / (2, )dy.
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Since g(z) < 0 by our supposition in (10.18), we have

1
/ 7(z,y)dy > 1.
0

However, this contradicts Lemma 2.8J(d) so that g(z) £ 0. Therefore g(z) > 0 as desired. O
2.10F. Lemma. The resolvent equation holds.
Proof of Lemma 2.10F. For f € C|0,1], define g, = ij so that we have (10.2) with g,
instead of g,,

HGu — %gz = f.

Then
Ay — 39, = (A= p)gu + £,

so that g, satisfies the same conditions as R} {(A— p)g,,+ f}. Therefore, g, = Ry {(A— ) g, +
f}, which is exactly the required result. (|

2.10G. Lemma. We have

(AR} (z) <1 forallz € [0,1]

Proof of Lemma 2.10G. Once again, for a contradiction suppose that
Ag :=sup{Ag(z): z € [0,1}} > 1. (10.21)

Next suppose that g(z) = g for some 25 € (0,1). Then by (10.2) with f = 1 combined with
(10.21) we have
Ag—1ig" =1 & g’' > 0. (10.22)

Recall that we have defined g as a local maximum (as we are working on (0, 1)) and a necessary
condition for this is that §g” < 0. Clearly this contradicts (10.22) so that we must have

g(z) =g, for some z € {0, 1}, (10.23)

1.e. g attains its maximum at a boundary point z.

We need to show that (10.23) contradicts (10.3) in the case when g > 1. Note firstly that,
for some z € {0, 1}, (10.23) implies g(y) < g(z) forall y € (0, 1). Next from (10.3), for the x
such that (10.23)is true, as before we have

o(z) < 9(x) / (2, 9)dy

Since g(z) > 1/ > 0 by our presumption in (10.21), we have

1
/ m(z,y)dy > 1,
0

giving a similar contradiction to before. Hence, we get the desired result. a
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2.10H. Corollary. If f € C[0,1] and f < 1, then R} f < L.

Proof of Corollary 2.10H. Now f < 1 implies 1 — f > 0. Hence, by Lemma 2.10E we have
ARF(1-f)>0 & AR} f<ARF1<1,
—

where the lattermost (highlighted) result follows from Lemma 2.10G. ]

Proof of Theorem 2.10D. Referring to Definition B.1 of Appendix B, it can be seen that
Lemmas 2.10E, 2.10F, 2.10G and Corollary 2.10H give us almost everything we need. Yet
we have only deduced that )\le < 1. The desired ‘honesty’ property can easily be achieved
by adding a coffin state 0 and extending R, in the obvious way. We will later verify that this
augmentation is only necessary when mg + m; > 1, that is, when Z* has a finite lifetime. O

2.101. Theorem. {R} : \ > 0} is a Ray resolvent.

In order to deal with the above theorem, it suffices to firstly establish some necessary results.
2.10J. Lemma. For f € C[0,1], as A — oo, we have
MEL (=) — (B (@),
where

(PrF) ) = fW) (we o),
(B9 @ = | sy @e o)

Proof of Lemma 2.10J. The result at the boundaries is obvious given Lemma 2.10C and
symmetry. Away from the boundaries, we recall the decomposition in (10.1). We then follow
similar arguments to those given in the proof of Lemma 2.10C to show that, for y € (0, 1) and
¥ in (10.6),

Ar(y,z) > 0 as A — oo.

Hence, all that it remains to do is to prove that, for y € (0, 1),

AiabRaf)(y) — fly) as A — oo

Suppose that ) is an exponentially distributed random variable with rate ), independent of the
process Z. Then, with T" as in Section 8, the ‘killed’ process may be written as follows

AabRaf)(y) =EY[£(Z(00) : & < T
=EY[f(Z(%)): G < AT (since A(x = (1)

Now f(Z(%)) is clearly bounded by || f||syp for f € C[0,1]. Moreover, {; < AT for A
sufficiently large. Hence, it is clear that, as A — oo,

AanBaf) () = EY[£(2(%)) : G < AT] = EY [f(Z0)] = f(v)-
This completes the proof. ]
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2.10K. Lemma. R separates points of [0, 1], where R is the common range of R on C|0,1].

Proof of Lemma 2.10K. Suppose R is dense in C|0, 1]. For a contradiction, suppose that R
does not separate points of [0, 1]. Then given any two distinct points z; and z; in [0, 1], we shall
have

MBS )(21) = MBS f)(22) (10.24)

for all f € C[0,1] and all A > 0. Hence, by taking the limit as A\ — oo in (10.24), by Lemma
2.10J we therefore have

(B 1)) = (B £)(22) (10.25)
for all f € C|0, 1]. It suffices to consider the following three cases:

1. 2, 2 € (0,1),
2. zp€{0,1} and 2, € (0, 1),

3. zp=0and z; = 1.

Case 1. Since (Pyf)(y) = f(y) on (0,1), the function f(y) = y yields the desired
contradiction to (10.25) and hence to (10.24).

Case 2. Consider the piecewise linear function

- if 0
0, ify € [z, 1].

Clearly f(z) is continuous and f(z) > 0 on [0,1]. In particular, f(z) > 0 on [0, 23) and
f(22) = 0. Now suppose that z; = 0. Then

(B )(0) = / 7(0,4)f(y)dy > 0. (10.26)

0,1

Note that we only know that 7(0, y) is non-negative (see Lemma 2.8J). However, observe that
7(0,0) = 7 > 0 so that, due to the fact that 7(-,y) is continuous, there exists a § > 0 such
that 7(0,y) > 0 on [0,0) C [0, 1]. Hence, 7(0,y) f(y) > 0 on [0, 8 A 23). This allows us to state
strictly greater than in (10.26).

Result (10.26) together with the fact that f(z;) = 0 gives the desired contradiction. A
similar argument applies to the case in which 2; = 1.

Case 3. If 2; = 0 and z; = 1 then the result in (10.25) is equivalent to

/ I-+(0, dy) f () = / I+ (1, dy) £ (),
(0,1) (0,1)

for all f € C[0,1]. Looking forward to Lemma 2.16F, we know that C|[0, 1] is measure-
determining. As a result, here we have

II-+(0, B) = II"*(1, B),
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for all B € B(0,1). It is enough to show that
7(0,y) = n(1,y) forally € (0,1), (10.27)

leads to a contradiction. Recalling the form of n(z,y) given in Section 5, following some
manipulation of the result in (10.27) we have

mi{hp(1)ha(y) — ha(1)hs(y)} = mofhs(y) — ha(y)}-

This clearly implies that hg(1) = ho(1) which we know is false from Lemma 2.8]J.

Remark. Considering the constant function f(z) = hg(1l) — h,(1) would give an equivalent,
but less theoretic, result.

We now have the desired contradiction in all three cases. It follows that R must separate
points of [0, 1]. O
Proof of Theorem 2.10I. From Definition B.4 (of Appendix B), we know that a sufficient
condition for our honest Feller resolvent {R} : A > 0} to be a Ray resolvent is that the
common range R = R} C[0,1] of the R} operators separates points of [0, 1]. Hence, given
Lemma 2.10K we know that R} is a Ray resolvent. O

2.10L. Theorem. There exists a map P} (t > 0) that maps C|0,1] into the space
bB(0, 1] of bounded Borel functions on [0, 1] such that for f € C[0,1] and z € [0,1],
t = (PY f)(z) is right-continuous, and

/0 TeMBE ) = (REH(),

b, = PrBf fors,t >0,

s

f >0 implies ]3t+f >0, and Pt+1 <1.

Proof of Theorem 2.10L. Given that Theorem 2.10I is now proved, the existence of the I3t+
maps is guaranteed by the analytic part of Ray’s Theorem of Appendix B. g

[For our example, for t > 0 and f € C[0,1], P f is analytic; and the map t — (B f)(z)
is analytic on (0, 00); but that’s for later.]

Note on the probabilistic part of Ray’s Theorem.  This part implies that there is a right-
continuous strong Markov process Z*+ with {P;"} as its transition function. Of course, for
a boundary point z, the P* distribution of Z; has density 7 (z, -). We could now prove that the
process Z+ does behave like Brownian motion inside (0,1) and always jumps in the correct
way from the boundary points. Yet, we do not need the probabilistic part of Ray’s Theorem.
We shall eventually prove the result we really require, namely that P;* (¢ > 0) is the transition
semigroup of Z+ = {Z(7;") : t > 0}. However, we concentrate principally on the resolvent
{R} : A > 0} rather than on the semigroup {2;"}.
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Connections with the PDE approach. The PDE approach makes us believe that, for f € C|0, 1],

8,{(BNW)}

+2m08t{(}5t+f)(0)} =0, (10.28)

y=0

whence, on taking Laplace transforms, we would have for gy := Rj{ f, equation (10.2) with the
different boundary condition

g5(0) + 2myq {/\gA(O) — /0 7(0,2) f(2) dz} = 0, (10.29)

with an analogous boundary condition at 1. Referring back to (10.9), one can check that
gx = R f does have this property in that

pB,\(f)+2)\moA>\(f)—ZmO/[m]ﬂ(O,z)f(z)dz = 0.

Indeed this is exactly what equation (10.10) states. Of course, there is a corresponding result at
1. The boundary conditions tally, which proves to be a key result of the thesis.

A direct proof of (10.29). We shall utilize our explicit formulae such as (10.12) later, but
it is important to note the crucial point that (10.29) follows from (10.2) and (10.3) may be
proved directly without complicated calculations. Because of (10.2), the desired result (10.29)
is equivalent to

1
4(0) + mo / 7(0,9)g" (v)dy = 0. (1030)

Now we know that 7(0,-) is a linear combination of h,(-) and hg(-). Moreover, since, for
v € {a, B}, $7°hy = Hh,, we have

Vhy =, moh(0) = —h.(0), mihj(1) = (1),

whence
mor*hy(0) = —H,(0), myy?hy(1) = K(1).

Using these facts, we may derive (10.30) via integration by parts. Lurking in the background
are the facts that P, h., = e~27"th,, and the intuitive equation (2.3). O

We may combine equations (10.2) and (10.29) to obtain, for f € C[0,1] and A > 0,

1
(R £)'(0) + mo(RY £)"(0) + 2mg { f(0) — /0 (0, 2) f(z)dz} =0,
whence we see that

for f € C[0,1] and \ > 0, we have R} f € D(H) if and only if Py f = f. (10.31)
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2.10M. Important comment. The reader may feel that we should have required (10.2) only
when Py f = f, and then we would have

(REF)(0) = Ax(f) whenever f(z) = / (@0 fW)dy (€ {0,1)).

But then (compare Theorem 2.4C) for some ag, a; € R, we would have for all f € C[0,1],

~

(RY)(0) = A,\(f)+ao[f(0)‘/0 W(O,y)f(y)dy]Jral[f(l)—/o m(L,y)f(y)dyl,

and, since, as is probabilistically obvious, we do not wish Rf{ to have an atoms at 0 or 1, we
want ag = a1 = 0.

Eigenfunctions of R} in L. Let A > 0. Suppose that f € L?> = L?((0,1), Leb) is not the
zero element and that R; f = cf for some non-zero constant c. (The possibility that ¢ = 0 will
be excluded later.) Think of f as a function in £ rather than as an equivalence class of such
functions. The Dominated-Convergence Theorem shows that Rf{ f € C[0,1], whence, because
¢ # 0, we have f € C[0, 1]. It is therefore clear that

PyRIf=R}f. (10.32)

This result is obvious away from the boundaries, and at the boundaries, (10.3) gives the desired
result. From (10.32) we have X
Fff=f.
By (10.31) it therefore follows that R} f € D(H) and recalling (10.2) we see that (\ —
H)R} f = f. Hence,
(A =H)ef =,

so that
Hf=(A—- c‘l)f, (10.33)

so that f is an eigenfunction of . Yet, we already know what the eigenfunctions are; namely,
h., and fs. We have deduced that Py f = f, which implies that

(hy,f)s=0  forallyel.
Since hs is (negative),, it follows that
f cannot be a multiple of hs; where ¥ € I' N (0, c0). (10.34)

It now suffices to show that f must be a multiple of f; for some § € ©. We achieve this by
considering the possible cases for > m;.

Case 1: my + m; < 1. Here o and [ are both positive and so the desired result follows from
(10.34).

Case 2: mg + m; = 1. In this case o = 0 and 8 > 0. Once again, f is not a multiple of ~g by
(10.34). However, f is a multiple of h, = 1. Observe that

(hay ho)s = (1,1)s =0  and (1,hg)s =0 (see Lemma 2.3G).
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However, 0 € O so that
he = f9|e:o =1,
which is the appropriate result.
Case 3: mg + m; > 1. As in the previous case & = 0 and # > 0. Again f is not a multiple of
hg by (10.34). Moreover, it is also clear that f is not a multiple of h, = 1 as
(hasha)s = (1,1)s =1 — (mg +my) < 0.

We have therefore verified that f is a multiple of f, for some § € ©. Given that H fy = —16°f;,
from (10.33) we may deduce that
c=(\+16%)71

Thus, for 6 € O, f, is an eigenfunction of ]A%j{ corresponding to eigenvalue (\ + 16%)~%.

Alternative proof of Proposition 2.3R. Recall that the ‘only if” part of the problem is trivial.
If f is of the form
f(y) = Acos(fy) + Bsin(y),

for some constants A and B, then it is obvious that f € L%((0, 1), Leb). We basically ‘mimic’
the previous discussion. This requires that f is an eigenfunction of H. Thus it is enough to
show that

(hy, f)s=0 foryeTl = f is an eigenfunction of H.
Clearly, we can explicitly show that

()W) = 3f"(y) = =30°F ()

Hence, all that it remains to do is to show that f € D(H), so that the conditions in (1.1) are
satisfied. Now,

h%f) =0 <« 92<h7’f> Aad (h’yasz>s=0
o / 9)2(HF)() dy ~ 2ma(HF)(0) — 2mohy (1) (H)(1) =

We know that the above result is true for all v € T = {«, §}. Hence, if we multiply the result
for a by hg(1), the result for 3 by h,(1), and subtract the corresponding equations we get

/0 {hs(Dhaly) = ha(1)hs()} (¥)2(Hf)(y) dy — 2mo(Hf)(0) {hs(1) — ha(l)} =0
& /01 7(0,y)f"(y) dy — f"(0) =0

Using (10.30), we may substitute for the integral to yield the boundary condition for 0. Of
course, due to the simple form of 7(1, y), it is even easier to establish the analogous result at 1.

Since Hf = —16%f and f € D(H), it follows that f must be a multiple of f; for some
fe€o. O
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2.11. R} on the Hilbert Space L2 when mq +m; # 1

We write L? for the standard L*(0, 1) space.

2.11A. Definition. Conjecture 2.2G and our belief in the form of Py suggest that we define for
real-valued functions f, g on (0,1),

(o= [ (A=W W, a1
(0,1)
where
(W*f)(y) = / W (y1,y2) f (y2)dys, (11.2)
(0,1)
W(-,-) denoting the symmetric kernel
WHyn ) = Y mem(z,y)7(z, 42). (11.3)
z€{0,1}

We make the ‘dual’ definition of the {0,1} x {0, 1}-matrix W~ as

W—(xlax2) ;:[ )W(xlay)mxzﬂ(x%y)dy' (11'4)
0,1

Intuitive interpretation. The operator W should represent the full-winding operator
(W*f)(y) = E¥f(Zr), where T := inf{t > 7, : ®(¢) > 0}.

This is because for z € {0,1} and y € (0, 1), we proved in Lemma 2.8] that P¥(Z; = z) =
m,m(z,y) and we believe that P*(Z§ € dy) = 7(z, y)dy. The conjectured dual interpretation
of W~ is now clear, and this makes the first part of the following lemma intuitively obvious.

2.11B. Lemma. W~ is a substochastic 2 X 2 matrix and is stochastic if and only if mo+m; = 1.
Furthermore, W~ has distinct real eigenvalues Ay and pw which may be labelled so that
—1 < Aw < pw <1, and that pw = 1 if and only if mg + m; = L.

Proof of Lemma 2.11B. Note that W~ is self-adjoint on L?({0,1},m). We established in
Lemma 2.8J(b) that the 7’s are non-negative. It follows that W ~(z;,z2) > 0 as desired. Thus,
all that it remains to do is to show that

S(.’L‘l) = Z W—(.’L'l,l‘z) S 1 for X € {O, 1} (115)
:1:26{0,1}
Suppose that my + m; < 1. Now, from (11.4) we have
S(z1) = W (z1,0) + W (zy,1)
1 1
~ [ e umor(0,9)dy + [ w(as,y)min(t, vy
0 0

1

= /Olw(ml,y) Z mem(z,y) dy < / m(z1,y) dy = 1,

z€{0,1} 0
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where the conclusions in the last line follow from Lemma 2.8J(d). Note that we get an
equivalent result if mg + m; > 1, except that it suffices to interchange the ‘less than’ symbol
and the final ‘equals’ sign. Moreover, if mg + m; = 1 then Lemma 2.8J(d) again makes it
clear that we get equality throughout so yielding a strictly stochastic matrix. We now know that
(11.5) holds in all cases.

Eigenvalues of W~. We have already remarked that W~(-,-) > 0. In fact, W=(:,-) > 0.
Referring to the proof of Corollary 2.10K, we have already found that 3 6 > 0 such that
7(0,y) > 0 on [0,6). We may establish a similar result for 7(1,y) in that 7(1,y) > 0 on
(8, 1], where ¢ < 1. This makes it trivial to show that both W~(0,0) and W (1, 1) are strictly
positive.

The fact that W~ is self-adjoint on L2 ({0,1},m) allows us to deduce the fact that
W~(1,0) > 0 is equivalent to W~(0,1) > 0. Thus, it is enough to deal with only one of
the terms.

Suppose for a contradiction that W~ (0, 1) = 0. Then, as the 7’s are non-negative, we must

have
m(0,y)m(l,y) =0  forally € (0,1).

However, given an earlier remark, this implies that
m(l,y) =0 forally € (0, 9).

Given the form of 7 in (4.1), this trivially implies h,(y) = hg(y) on such a neighbourhood.
This means « = (3, which gives the desired contradiction.

We now define a, b, ¢, d > 0 in the obvious way so that

- a b
= (e 3)
Furthermore, we have established that W~ is substochastic so that we may now deduce that
a,b,c,d < 1. As usual, we solve

det(\ —W™) =0
M —Xa+d)+ad—bc=0
& 20 =(a+d)+/(a+d)? - 4(ad — bc) (11.6)

3

Define
R = (a+ d)* + 4bc — 4ad.

Due to the fact that the entries of W~ are strictly positive, observe that
R=(a—d)*+4bc>0.

It follows that the underlying eigenvalues of W~ are indeed real and distinct. We define the
largest such eigenvalue to be uy, and the remaining, strictly smaller, eigenvalue to be Ay .
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Firstly suppose that mg + m; = 1. Then, since W~ is strictly stochastic, we know that
b= 1—aand c=1 — d. Substituting these facts into R we find that

R=(a+d-2)>2%
Thus, from (11.6) we now have
2x=a+dx(a+d-2),

so that
pw =1 and Aw=(a—|—d)—1€(—1,1).

The lattermost result simply follows from the fact that the entries of W~ lie strictly in (0, 1).

Now suppose that my + m; # 1. Then, since W~ is strictly sub-stochastic we now have
b<1l—aandc < 1-—d. This gives

R<(a+d-2)?
so that in particular we have
—VR>a+d—-2 and +VR<a+d-2
Using these simple facts in (11.6) this time yields
pw < (a+d)—1<1, and JAw>(a+d)—-1>-1

Hence, we may conclude that —1 < Ay < puw < 1. O

If some of the following wording seems rather curious, it is because we have to allow for
the possibility that Ay = 0. For z € {0, 1}, let £, = n(z,-) € L% Then

Wt = mo(lo, fr2lo + mi(y, f) 124,

and
W™ (x1,22) = Mg, by, £s,) 12

If a is a row eigenvector of W™ so that (ag a;)W ™~ = (ag a1) A, then
W+(a()€0 + alﬁl) = /\(CEQEO + alﬂl).

So, row eigenvectors of W™~ give rise to eigenfunctions of W*. Via this correspondence, we
get a 1-dimensional subspace L? [respectively, L5] of L? consisting of eigenfunctions of W+
associated with eigenvalue uy [respectively, A\w]. We let L2 denote the orthogonal complement
of L2 + L3 in L?. Clearly,

L2 = {f: {(fo, f)r2 =0= ({1, f)r2},

and every element f of L? satisfies W f = 0.
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Let J,, Jx, J, be orthogonal projections onto L?, L3, L? respectively. Then, for f € L?, we
have, remembering that W+ is self-adjoint on L?,

f = Jf+If+Jf (orthogonal decomposition)

and

(£, 0+ = Q= pw){duf, Juf) ez + (L= Aw)(Irf, Inf)re + (Je f, Jr f) 2. (11.7)

Note that
0<(f, )+ S2{f, ez S 2K{f, f)+ (11.8)

where K = max {1,(1 — Aw)™}, (1 — uw) ™!} < oo, a fact that turns out to be extremely
useful.

Important note. It is essential to realize that the projections J,, Jy, J,, arising from the
spectral decomposition of W™ on L2, have no connection with a spectral decomposition of
R}. Remember that R} is not self-adjoint on L?, something reflected in the fact that Z can
jump out from 0 but cannot jump into 0.

Suppose for the remainder of this section that mq+m; 5 1. Then uy < land K in (11.8) is
finite. Furthermore, (-, ) is an inner product on L? defining the same topology as the standard
topology of L?. We write L2 for L* with the (-, ), inner product.

2.11C. Proposition. R} is compact on L2.

Proof of Proposition 2.11C. Let A > 0. It is clear from decomposition (10.1) that f%j{ is the
sum of ., Ry, which is well-known to be compact on L2, and an operator of rank 2. Hence Rj
is compact on L? and, due to the “same topology” comment, is therefore compact on L2. Let
us examine this point in further detail.

Let f, be a bounded sequence in L2 . By the lattermost inequality in (11.8) it can be seen that
fn is bounded in L. Since R} is compact on L?, the sequence R f, must have a convergent
subsequence. That is, there is a subsequence Rj fn, — g in L% Appealing to the former
inequality in (11.8), it now follows that

H+ D+
|8, <255 o], 0
a
2.11D. Proposition. R;\F is self-adjoint relative to (-, -) 4.
Proof of Proposition 2.11D. Again let A > 0. Since f%j\' is a bounded operator on L% and
Sr = {f€C0,1]: Pff=f} (11.9)

is dense in L2 (see Instructive Example 2.16J for justification of a similar result), it is enough
to show that X R
for f,u € Sg, we have (R} f,u)s = (f, R u)s.
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(Note that for f,u € Sg, we have (f,u); = (f, u)+.)

So suppose that f,u € Sg, and write g = Rj\'f, v = Rj\’u. We know from (10.31) that
9,v € D(H) and that
Ag—Hg = f, Av—Hu = u.

Hence, since H is symmetric relative to (-, )5, we have
Mg, v)s — (fv)s = (Hg,v)s = (g, Hv)s = Mg,v)s — (g, u)s,
so that (f,v)s = (g, u)s, as required. O
Spectral structure of R} We now know that on £2, R} is a compact self-adjoint operator with
{fe : 0 € O} as its eigenfunctions normalized to be 1 at 0; moreover,
Rify = Z+165)71f, (0€0). (11.10)
2.11E. Lemma. {f; : § € ©} is a complete orthogonal basis for L.

Proof of Lemma 2.11E. The result follows by the Spectral Theorem for compact self-adjoint
operators (see Theorem 2.17A in Appendix 2 of this chapter). O

To tie things together, we now require the following Lemma.

2.11F. Lemma. 0 is not an eigenvalue of I-AZ;\”

Proof of Lemma 2.11F. Recall that this result simply amounts to saying that ¢ # 0 in the
eigenfunctions of Rf{ discussion. Because the maximum modulus of the eigenvalues of a
compact self-adjoint operator is equal to the norm of that operator (look forward to Theorem
2.17A), we know that for u > 0, ﬂRfI has norm at most 1 on L. Since C[0,1] is dense in L%

and uf%j;f(y) — f(y) for f € C[0,1] and y € (0,1) (refer back to Lemma 2.10J), we have
uR:[ f — fin L% for f € L%. If now R} f = 0 for some f € L2, then, by the resolvent
equation, uf%f; f=0in L2 forall u > 0,so that f = 0in L2. Clarification. The reason we had
to treat this differently is tha}t we cannot directly deduce any smoothness property of an element
f of L2 from the fact that B f = 0in L2. a

Spectral structure of P} (t>0). Forf e ©andz € [0,1], themap t — (P fo)(z) =
E? fo(Z;) is right-continuous and

/000 e (B fo)(2)dt = (Bf fo)(2) = (A+36%) 72 fo(2),

whence (P f,)(z) = e~2%"t f,. We now arrive at the following extremely useful theorem.

2.11G. Theorem. For the {1—2’t+ : t > 0} semigroup we have the following spectral
expansion

-192¢ \J» JO/+ {f, fo
aezge T A £ (6> 0). (11.11)
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Proof of Theorem 2.11G. From Corollary 2.17B (from Section 17, which is an Appendix to
this chapter) , for some ¢ € ©, we have

f= Zcefe, sothat (f, fo)+ = Zce(fa,f¢)+

60 fee

(11.12)

for some constants cg. Due to orthogonality, the RHS of the second equation in (11.12) is
non-zero if and only if ¢ = §. We therefore have

(f, fo)+ = co(fo, fo)+
so that from the former result in (11.12) we get
fa f9
1=
006 feafe

From linearity we may now deduce that

+ f: f9 + _ _lg2t (fa f0)
(P D sCEDED BLR Ty xwel
since (B fo) = e3%" f,. O
1 1/\ 1/ \ (B1)

IR

Y
I

(=)

(Pf1)(z),x € {0,1}

(Pr1),t>0

1

H_—zu.,/,./

0 1

Figure 2.3: (P;"1)(z) for small t and mg + m; > 1.

2.11H. Note. In fact, for f € L%, — Pt*' [ is strongly continuous over time-interval [0, 00).
The space L2 cannot see the difference between }50+ and the identity map on functions on
[0,1]. The space C[0,1] certainly can. Look forward to Instructive Example 2.16K which
demonstrates this point.
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2.12. The Probabilistic Semigroup {P;" : ¢t > 0} when mo +m; # 1

Suppose that mg + my # 1. We now confirm that P = P} for t > 0. Let f € C[0,1]. Itis

immediate from (11.11) that (¢, 2) — (P f)(z) is C2 on (0, 00) x [0, 1]. Moreover, it is an
easy exercise to deduce from expansion (11.11) that

.= 1) (B f)(=) = 0.
If we put £ = —¢ (so that ¢ € (—00,0)), then the previous result is equivalent to

(0 + 102) (P2, f)(2) = 0. (12.1)
Hence, in particular, for z = 0 we have

0, {(PX,NO} = -2 { (P2, )} _. (122)

We know that (10.29) holds, and we may now invert the Laplace transform to show that
(10.28) holds. Thus, putting ¢t = —¢ in (10.28), we have

8, {(P2,1(2)} Lzo —2mod, {(P2,£)(0)} =0. (12.3)

We may now substitute (12.2) into (12.3) in order to eliminate the 3, term and get

. {(BLN@}|_ +med? {(Prn@}| _ =0 (124)

= z=

Next, for (¢, z) € (—o0, 0] x [0, 1], if we define
F(p,2) = (P2,1) () (12.5)
then, for ¢ < 0, (12.4) is equivalent to
F'(,0) + moF"(1,0) = 0.

Clearly there is a corresponding result at 1. Moreover, the result in (12.1) is exactly the PDE
in (1.2) . We therefore know that for every ¢ < 0 and f € C[0,1], we have P*_f € D(H).

Moreover, given Lemma 2.10J , we know that F has final condition
F0-y) = fls) (e (©1))
Now, by Theorem 2.7A, F satisfies the condition that
M, == F(d@t AT, ZEAT))

defines a local martingale under P¥* (with z € [0, 1], ¢ < 0), indeed a bounded martingale.
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If mo + my < 1, then 7 is almost surely finite. Thus, for (i, z) € (—o00,0) X [0, 1], by the
Optional-Stopping Theorem we have,
F(p,2) = E#*F(8(0), Z(0)) = E**F(2(15"), Z(75))
=EP*F(0, 78) = E**f(Z5),

so that, recalling (7.1) , (P, f)(z) = (P3,f)(2). Noting that (a.s.) Zg € (0,1), the lattermost
result in the above is simply the final condition for F.

Now suppose that mg +m; > 1. Then 0 ¢ ©, and it is obvious from the spectral expansion
that (P, f)(2) — 0 ast — oo, uniformly in 2. Hence, since ®(t) — —oo (a.s), we have
M; — 0ast — oo (a.s.) on {75" = oc}. Thus, for (¢, 2) € (—o0,0) x [0, 1], this time the OST
gives,

F(p,z) = E#*F(2(0), 2(0)) = E#*F(®(r5"), Z(r3))
=E**M, = E** {f(Z3); 7§ < o0},

so that, again, (P, f)(2) = (PZ,f)(2).

2.12A. Remarks. We do not include ¢ = 0 in our application of the Optional-Stopping
Theorem since F'(ip,z) is only C2 on (—o0,0) x [0,1]. In addition, our ‘almost surely’
references here clearly mean with P¥# probability 1. It can easily be seen that this is all in
order if we recall (7.2) .

One cannot overemphasize the importance of verifying the details of the application of the
Optional-Stopping Theorem. The next chapter will confirm this fact.

We can now forget the ‘hat’ notations, except in the case when mg + m; = 1. Note that we
have proved WHI1 when mqg + m, # 1. However, for completeness, it now seems appropriate to
link our probabilistic description of Py f for ®(0) = 0 to the analytical form for P;" f as found
in Lemma 2.10J.

Clarification of ®(0) = 0 situation. If y € (0,1) then, under PY, 75" = 0 almost surely. Then,
for f € C[0,1],

(P f)(w) =B [f(Z3); 7 < 00] =EY[f(Z)] = fy) = (B )(w)-
If z € {0, 1} then, under P?, 73" # 0 almost surely. Here, for f € C|[0, 1], we have
(P f)(x) =B [f(Z]); 78 < o0]

1
= / P*(Z{ € dy) fly) (by definition of expectation)
0
1
= / O~ *(z,dy) f(v) (by Definition 2.6F)
0

1
= / m(z,y) f(y)dy (by Corollary 2.2C)
0

= (A f)(@).
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We may now conclude that our probabilistic situation for ¢ = 0 agrees with our final conditions
for F, as established in Lemma 2.10]J.

Answering Question 2.4B. We emphasize that for ¢ > 0, P;* : C[0,1] — C|0, 1]. We denote
the norm for C|0, 1] as
[fllsup = sup{|f(2)]: z € [0,1]}.

An application of Fubini’s theorem shows that, for f € C[0, 1],

(R - BPRLY) = [ o (BH) (s

0

whence
|RYf — e PR fl,o, < tllFllsup.

Thus, for f € R, where R is the common range of the R} on C[0, 1], we have || P f — f||sup —
Oast | 0. Clearly, if f € R, then Py f = f.

Conversely, suppose that f € C[0, 1], Py f = f and (for the purposes of contradiction) that
f ¢ R. By the Hahn-Banach Theorem, there exists a bounded linear functional # on C[0, 1]
such that 7(f) # 0 but #(g) = 0 for g € R. However, A (R f) (2) = (B f) (2) = f(z) as
A — 00; and since (by the Riesz Representation Theorem) 7 is a signed measure of finite total
variation, the Dominated-Convergence Theorem shows that 0 = D(ARxf) — &(f) # 0, the
desired contradiction. Hence,

{f €CO]: NPT f = fllswp — 0} = {f€C[0,1): F5'f = f}
= {f€C[0,1]: (hy, f)s =0, y€T}.

However, for f € C[0, 1], for each ¢t > 0, the spectral expansion (11.11) converges rapidly in
the topology of C[0, 1], so that P;" f is the closed linear span in C[0, 1] of { fo : § € ©}. Putting
the pieces together, we see that for the case when my + m; # 1, we have proved result (4.3)
and answered ‘Yes’ to Question 2.4B.

We now find the invariant density of Z+ when mg + m; < 1.

2.12B. Corollary to Theorem 2.11G. Suppose that mo+m < 1. Then we can rewrite (11.11)

as
+ £ § : —%th (.fa f9>+

where
1- H+_(ya {01 1})
1—(mg+my)

M = [ aiwd ) = (12.7)
0,1
This identifies n as being the invariant probability density for { P;"}.

Proof of Corollary 2.12B. This is simply a matter of noticing that 0 € © when mg + m; < 1.
a
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2.12C. Corollary. As t — oo, the following convergence is uniform in z:

L [A) = ) fw)dw i mo+my <1, (125
0 if mg+m; > 1 '

(PF)(2)

Proof of Corollary 2.12C. The result is trivial from Corollary 2.12B. O

A weaker version of the above result may be deduced directly from our definition in 2.6G.
However, this lacks the benefit of uniform convergence and it is this property that allows us to
interchange limit and integral without fuss.

Proof of WH3 when m, + m; # 1. Recall Lemma 2.8K in Section 8. If my + m; < 1, given
Corollary 2.12C, elementary properties of limits yields

1
i (B £, PrR) = [l (RYA)() fim (PR ) dy

-’ &

=A(f) =0
-y me lim (P f)(x) lim (P h)(z)
z€{0,1} = ~ 2 ~ -’
=A() =0
=0
A similar argument holds when mq + m; > 1. O

Recalling Corollary B.7 of Appendix B, the following result simply verifies the long-term
behaviour of P;f.

2.12D. Lemma. If mg+ m; < 1, we have f[0,1] AA(0,w) dw = 1, as required, and also
1}{101 AAx(0, w) = n(w), tallying with the invariant density role of 1.

Proof of Lemma 2.12D. Multiplying both sides of (10.12) by p and recalling that 1p? = A, we

have

Integrating both sides of this equation w.r.t. w, we get

e(p) A0, w)dw = p Al (w)dw
[0,1] [0,1]

=sinh(p)~m1pcosh(p)+m1p
— mophf,(O)/ 7(0, w)dw —mlp/ 7(l, w)dw
[0,1] [0,1]
=1 =1
= sinh(p) — mypcosh(p) — mophf,(O)
= €(p),

as desired. Note that we have used Lemma 2.8] and the explicit form of hf, from Section 10.
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We now need to deduce that lﬁlg AAX(0,w) = n(w), where 7 is defined in (12.7). Now A | 0
clearly implies p | 0. Recalling (12.9), it is therefore enough to prove the following results

; f =1 # —
12,{51 hi(w) = l,hrf)l h,(0) = 1, (12.10)

lim -2 ! (12.11)
1im = . .
plo €(p) 1= (mo+m)

Result (12.10) is obvious from the definition of hf). For the result in (12.11), observe that

P p
e(p) (1 + mom4p?)sinh(p) — p(mo + m;) cosh(p)
1
- . (12.12)
(% + m0m1p> sinh(p) — (mo + m;) cosh(p)
It is also clear that
lim{cosh(p)} =1 and lim{psinh(p)} =0. (12.13)
pl0 pl0
Furthermore, 0
. [sinh(p d |
l;f{)l{ 5 } =4 sinh(z) o 1. (12.14)
Using results (12.14) and (12.13) in (12.12), we get the desired result. O
2.12E. Lemma. The probabilistic semigroup {P;" : t > 0} satisfies P fo = e~ 20% fo for
g €o.

Proof of Lemma 2.12E. As a consequence of Theorem 2.7A (a), we already know that
t — exp(+16°®,) fo(Z;) (0 € ©) (12.15)

defines a local martingale bounded on [0, ;"] for t > 0.

Now, if ;" = oo (in which case mg + m; > 1 or ift = 0 then 2 # 0 or 1), then &, — —o0
(a.s.) ast — oo by the long-term behaviour of ®. Thus exp{+16°®(7;")} = 0 on {7;" = c0}.

Next recall that &(7;") = ¢ when 7;" < 0o and ®(0) = 0. Since ;" is a valid stopping time,
we can legitimately apply the Optional-Stopping Theorem to get
E? [exp{+36°®(r;")} fo(Z}}); 7t < oo] = E* [exp{+§92t}f9(Zt+); r < oo]
= E* [exp{+46°®(0)}fs(Z0)] -
= E* [fs(20)]
= fo(2)

In particular, we have
E* [exp{+307t} fo(Z,"); 7" < 00] = fo(2)
& B [fo(Z); 7t < o] = exp{—10°t} fo(2)
& (P fo)(2) = exp{—30°t} fo(2).
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2.12F. Remark. On its own, Lemma 2.12E is not good enough, because we do not know a
priori that the answer to Question 2.4B is “Yes’.

2.13. The Case when my+m; =1

Suppose now that mg + m; = 1. This ‘balanced’ case is the most interesting. For example, we
might expect our generalized eigenfunction &k from (3.16) to feature in an important way in the
Probability. This is well illustrated by the fact that if mg = m; = 1, then the {P;" } semigroup
has invariant density 6(z — 22).

In the notation of Section 12, uw = 1 and L? is the space [1] spanned by the vector 1.

The quotient space L2. We explain the idea that L2 will denote the quotient space L?/[1]
associated with the bilinear form (-, -); defined in Section 11. An element of L2 is a coset

f+[1] = {f+cl:ceR}

Crucial Fact. For this situation, since 1 — puw = 0, it is important to observe that the
term (J, f, Juf)r2 = (Ju)f, Jjyf) 2 vanishes in (11.7). However, this is not necessarily the
case for the corresponding term in the L? norm. With this fact in mind, choosing f so that
(Juyfs Jjyf)12 = 0 will guarantee the ‘norm pinching’ result (analogous to (11.8)) for our
situation. In particular, for appropriate f we have

<f1f>+52(f’f>L2S2I~(<f7f>+= (131)

where K = max {1, (1 — Aw) ™} < oo.

We define (unambiguously)
a(fi+ 1) +e(fz+ 1)) = (afi +caf2) + 1]
Because (1,9); = ((I — W*)1,g)12 = 0 for all g € L2, we may also unambiguously define
(F+ g+ 1)+ = {f,9)+ (13.2)
Suppose that (g, g)+ = 0,50 (g, 9) 2 = (Wtg, g)12. Now,
W*g = Jug+ wrg + 0J9,
and since each J is self-adjoint with J = J, we have (g, Jg) 12 = ||Jg||3., whence

gz = (9:9)r2 = (9, W*g)r2 = [lTmgllZ2 + DwlllIagllZe
< Wmallze + 109l7: + 1 99lz2 = llgllZe,
so that since |A\w| < 1, we have Jyg = 0 = J,g, and so g € [1]. It is clear now that (-,-),

defines an inner product on f;i. If (f. + [1]) is a Cauchy sequence for this product, we may
choose the representatives f;, so that Jj3; f, = 0. Then (f,) is Cauchy in L? and so, for some
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f € L2, wehave f, — f,and now f, +[1] — f +[1] in fji. Hence, (L2, (-,-),) is a proper
Hilbert space.

Since P;"1 = 1, we may unambiguously define
Fr+0]) = (BN +[1]  RI(+0]) = (R +[] (13.3)

We may now transfer all of the arguments of Section 11 to show that in L2 , we have

Br(f+0) = > e""zté;;’];f))*f +[1] (>0, (13.4)
gco+
so that G
P+ £ _ —162t \J»JO/+
Prf = e;.f' Gy oo Tl (>0, (13.5)

for some constant a.(f). We now settle some points concerning the claim just made.

2.13A. Proposition. R is compact on 2.

Proof of Proposition 2.13A. As expected, this is similar to the proof of Proposition 2.11C, but
with a few key observations. Let (f, + [1]) be a bounded sequence in the ‘blinkered’ space
ff" Then we may shrewdly choose representatives so that Jj3;f, = 0 for each n. By the
lattermost inequality in (13.1) it can be seen that f,, is bounded in L2. However, from the proof
of Proposition 2.11C , we know that R is compact on L?, so that the sequence RJr frn must
have a convergent subsequence. That is, there is a subsequence R+fnk — gin L?. Appealing
to the former inequality in (13.1), it now follows that

— 0.

LZ

|26 s+ 1D = o+ D], < 2[R~ 0

2.13B. Proposition. R is self-adjoint on L2.

Proof of Proposition 2.13B. The proof follows by identical arguments to those given in
Proposition 2.11D. Due to the definitions given in (13.2) and (13.3),, R is a bounded operator
on L2 and Sg (as defined in (11.9) ) is dense in L2. O

It is important to observe that our generalized eigenfunction k satisfies
(k, 1)3 = 2(m0m1 - %) <0,

so that PJ’ k # k. The expression (momy — 1) will keep appearing.
Assume that f € £2 and that

ﬁj\' f=cf +b1 forsome real constants ¢ # 0 and b.
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Since ¢ # 0, we have successively, f € C[0,1], B} f = f, f € D(H) and
(A=H)(cf + b1) = f, whence cHf = (cA — 1)f + bAL.

If b # 0, the assumption that c\ = 1 leads to a contradiction because }50+ k # k. Hence,
H(f —al) = (A —c)(f — al) where a = b\ /(cA — 1)

(with a = 0 if b = 0); and now we are on familiar ground.

2.13C. Lemma. 0 is not an eigenvalue of R} on L2.

Proof of Lemma 2.13C. We can do this by an obvious modification of the argument for the
corresponding result in Lemma 2.11F. O

The proper spectral expansion. Equation (13.4) misses the key information about the
invariant measure of { ;' }. For instance, the form

P+ —§0t f f9
Prf = sin(t)1 +9€Ze: e fo,fo>+f (13.6)
would agree with (13.4). However, the desired result reads:
P+ ——92t <fa fG
Pt f - 1 +0€Ze f97f9> f (137)
where
A = [ )
(0,1)
nd k(L) [ha(y) — ha(0)] + [hs(0) — ha(1)]k(y)
_ Bg\Y) — g g\Y) — g Y
W) = G o)) — p0)] (138)
O

2.13D. Remark. Due to (13.6), (13.7) is merely a desired result and so it is not yet proved. We
now appeal to probabilistic coupling to resolve the issue.

Let {ZV%} and {ZA,,(2)A+} be independent strong Markov processes each with the transition
semigroup { P;*}. Let IP* denote the law of each of Z()+ and Z(®)* started at z, and let P(=1:72)
denote the (product) law of {(Z(M+, Z@+)} started at (21, 25). Let

0 :=inf {t : Zt(lH = Zt(z)’L} .

2.13E. Theorem. Suppose mg +my = 1. For f € C[0,1], there exists a constant
c*(f), independent of z, such that (P;" f)(z) — c*(f), uniformly in z, as t — oo.

Recall that we already know the result when mgy + m; # 1 in Corollary 2.12C. In order to
prove the above Theorem, it suffices to prove the following Lemmas.
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2.13F. Lemma. We have P(*1%2) (5 < 00) = 1 for all 21,2, € [0, 1].

Proof of Lemma 2.13F.

Technical note. For i € {1,2}, we know that Z§i)+ is strong Markov relative to the filtration
]-'t(i)+. Due to independence, we therefore know that ZfiH is strong Markov relative to the
filtration ]-"t(i)"L x FS™* and hence relative to .7-}““' X ft(s_i) *. It follows that the joint process
{(ZW+, Z@+)} is strong Markov relative to G, := FOF x FPF. In particular, given our
definition of &, we see that & is now a stopping time relative to G;.

For this section it is convenient to temporarily drop any previous definitions of 7 and £. This
is done so that our notation is consistent with that given in II1.9 of Rogers & Williams [24].

Let J; and J; be disjoint compact subintervals of (0, 1) each with non-empty interior. The

significance of these definitions is clear if one considers one of the boundaries as a starting
point' I will denote tha familiar indictar fiinctinn Far 4 1 91 Aafine tha avante

By ={20% € Jy 320 € (0,1) for 0<r<t},

E. - i .
I F}:{ t(f-)}—-it-g EJ3_J';ZT(J)+€ (0,1) for 11 STStl'l‘tg}.

F; = {Z;fftz € J3_;; 29 €(0,1) for 1 <r<t;+ tQ}.

By a similar argument to that given in Appendix C, we may prove that there exist t; > 0 and
m > 0 such that for j = 1, 2,

inf PG (Z}(f)* € Jj) > 1. (13.9)

z€[0,1]

(Of course, any t; > 0 will provide a suitable 7,.) In a similar way, we may justify that there
exist to > 0 and 7 > 0 such that for j = 1, 2,

inf P& (E;) > n,. (13.10)

ZEIJ'
(Of course, any t, > 0 will provide a suitable 7,.) Now let
n; = IEJ- and gj = IJj (ZAt(IJ)-’-) .
Recalling that 8,7 = 6,, on and that §,, ‘shifts paths’ through time ¢;, we may now deduce that
Qtlnj = ij, so that §j9t1nj = {(Zt(f)_‘—e‘jj); R}’

In particular, we now have

]I::z [ fjﬁtlnj] = ]IDZ (ZAt(f)-" < Jj; FJ) . (1311)
From Theorem 9.4 of II1.9 of Rogers & Williams [24], we have

Zt(j)+

B2 [ ¢;8,n,] = B [gj k2 nj]. (13.12)



2.13. The Case when mg+m; =1 67

Given (13.12) and (13.11) we now have
B (20 € 1 By) =B [ B3 ")) =B [1, (20)BR" [ 1]

R (i ~ () + j
_[1, (29) PR (By)| > m*, (29)
———
>n2 by (13.10)

= P2 e ) =mm  (by (13.9).

Thus, we have deduced that there exist ¢; > 0 and n; > 0 such that for j = 1,2,

B (29 € Jj; F) > mm. (13.13)
Z+ Z+
A A
Z,(:H’
282)+ \V‘{A \ '/"‘,,v._ﬂ',u,,"-./".v“ J1 J1

° | \M\M J/\ “ l \ v\\/ J2 Z{f’“‘W\A /WM W’\M Iz

Y

0 ty 3] t; +t2

Figure 2.4: Examples of the events {Zt(f " e Figure 2.5: Examples of the events {Zt(f e
Jj}forj=1,2. Jj; Fj}forj=1,2.

Due to independence of the underlying processes, we have
P (5 < 00) > B (Z0F € iy B)P2 (207 € Uy B), (13.14)
for all 21, z; € [0, 1]. As aresult of (13.13), this implies that
P2 (G5 < ¢y +85) > 8 = nPn2  forall 21, 2o,
which is equivalent to
PE22) (5 >t +1,) <1—6, forall 2y, 2. (13.15)

We are now in a position to prove that
PCL2) (G > n(ty +15)) < (1—8)" forall 2,2, andalln €N, (13.16)

Proof of (13.16). The proof follows by mathematical induction. From (13.15) we know that
(13.16) holds when n = 1. Once again we refresh our definitions 7 and £ so that, for k > 1,

§=Ieohtitt)y  and = Lot 1)

This time 6y, ++,) represents a time shift of k(¢; + t2). It now follows that
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Ok(t1+t,)7 is the event that the processes ZW+ and Z@+ do not collide between
k‘(tl + tg) and (k + 1)(t1 + tg).

Now suppose that (13.16) holds for k& € N. It suffices to show that it therefore holds for k + 1.
Now (13.12) clearly holds under the product law P(*1%2), Thus, we may apply (13.12) under
our ‘new’ definitions to get

P22 (G > (k+ 1)(t +t2)) = P (6 > (k+ 1) (81 +t2); 8 > k(t1 + t))

= R(z122) [ Ok(tr+t2) ]
Z(U+ Z2)+ )
= [lev2 [ K(t1+12) 2Rt +19) 77}

— R(z1:22) [ 13 ]p Zk(¢1+t2)’21(c2f+:2)) ([7 >t + tz)]
<(1- 5o)vby(13 15)
< (1 - &) P (5 > k(t1 +2)) < (1= 60)"*,

<(1-80)* s (13.16) holds for k

which is exactly the desired result.

Using (13.16) the (downward) Monotone Convergence Theorem (for sets) yields
PE1#2) (5 = 00) < lim (1 —6p)" =0 & Pl (5 < 00) = 1.
n—oo
O

2.13G. Lemma. The difference (P f)(z1) — (P, f)(22) tends to O uniformly in (z,.25) as
t — oo. In addition, for 0 <t < u,

sup(Ff)(z) 2 sup(Pff)(z) 2 inf(Pff)(z) > inf(B} f)(2).

Proof of Lemma 2.13G. Given Lemma 2.13F, define

W Z0% ift<a,
T 2P ift> 6.

We now assume that W has the same P(+2) law as Z\"'*. We have

(B £)(21) — (B F)(z) = B2 [£(ZV1)] = B2[(Z7)]
— Rl zz)[f( (1)+ )] — EC22)[f(Z 2)“L)] (by independence)
= IE(ZI’Zz)[f(Wt)] - ]E(”’zz)[f(Z( s )] (by our initial assumption)
= EC2[f(W,) — F(2P4);t < 6 (by definition of W)

Thus we may initially deduce that, for all 2, 25, we have

(B f)(21) = (B f)(z2)] < 20IFI| BE(¢ < 6).
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Moreover, given (13.16) in the proof of Lemma 2.13F, we have the much stronger result, that
is, for t > n(t; + t2),

(B £) (=) = (BF)(z)| < 20IfI1 Pt < 6) < 20| £II(1 — o),

since {o >t} C {0 > n(t: + t2)}. Such a dp works for all 21, 22, so that the difference must
tend to zero uniformly. Simply observe that, for all z € [0, 1], we have

(PFA(2) = (BB f)(2) < sgp(ﬁ’t*f)(Z) (Pr)(z) = sgp(lsi’f)(Z)-

Hence, as the above result is true for all z we have,
sup(Bf £)(z) > sup(BFf)(z) > inf(BFf)(z). (13.17)
By a similar argument, we also have

(P 1)(2) = (PL B! f)(2) 2 nf(B f)(2) (PL1)(2) = inf(BFf)(2),
1

which is again true for all z € [0, 1]. We may therefore deduce that
inf(P}f)(2) > inf(P} f)(2),

so that, together with (13.17) we have the desired result. ]

Proof of Theorem 2.13E. Given Lemmas 2.13F and 2.13G the desired result is now obvious.
By monotonicity we may deduce that

sup(Bff)(2) s and  inf(PFf)(2) 14,
so that, because of Lemma 2.13G, we must now have, for all z,
(PFf)(z) — s =1, ast — oo.

O

Of course, we could have established a similar result to Theorem 2.13E for the
corresponding P, situation. However, there is no need to! In fact, referring to Lemma 2.8K
we know exactly what the constant is. In particular, as the underlying convergence is again
uniform, we now have

lim (P £, Py h)s = ¢ (f)e™ (R)(1, 1)y
=" (f)e” (WL — (mo +mu)] =0
We have therefore proved WH3 for the case in which mq + m; = 1.

The following result will allow us to confirm that ¢*(f) = A(f), that is, the explicit form
of the constant for the P;" f case is A(f), where 7 is as in (13.8).
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2.13H. Lemma. If my + my = 1, we have f[o 1) MAL(0,w) dw = 1, as required, and also
1}'%1 AA(0,w) dw = n(w), tallying with the invariant density réle of n in (13.8).

Proof of Lemma 2.13H. The fact that f[o 1 AA,(0,w) dw = 1 can be deduced an identical
argument to that given in the proof of Lemma 2.12D of the previous section. Referring to the
remaining arguments given in that Lemma, it suffices to show that

lim A4 (0, w) = lim 6—(% (B (w) — mehb(0)m(0,w) — mym(1,w)} = p(w).  (13.18)
However, since lim,q €(p) = 0 when my +m; = 1, we find we are faced with an indeterminate

form. We consequently appeal to L’Hopitals rule to tackle the limit in (13.18). Define

pL

L"w—mguww—mlﬂw:z .
oy {Hb) = moh(@)m(0, w) — mur(1,w)} o= 22

Then elementary calculus shows that

do{pL}  hb(w) + p dp{hf(w)} — mom(0,w) {AE(0) + p d,{Af(0)} } — mum(1, w)

e(p) momq p? cosh(p) + (2mem; — 1)psinh(p)

If we divide both the numerator and the denominator of the above equation by p?, and examine
the consequent limit as p | 0, we once again get an indeterminate form. Appealing to L’Hopitals
rule once more, we now have

d2{pL}  2d{Rh(w)} + p d2{Rh(w)} — mem (0, w) {2d,{E(0)} + p d2{KE(0)} }
e'(p) [moma (p? + 2) — 1] sinh(p) + [(4memy — 1)p| cosh(p) '

(13.19)
In order to deal with the appropriate limit, this time it is sufficient to divide both the denominator
and numerator of the above by p. It is a trivial exercise to show that

. €'(p)
11{101 ) = 6moemy — 2 = (—3)2 (3 — memq), (13.20)
p

where the significance of the given factorization will soon become clear. Since mg + m; = 1,
we know that o = 0 so that (0, w) simplifies to the form

hg(1) = hs(y)

m,m) = mo{hs(1) — 1}
We therefore have
d2{pL}  {hp(1) = 13 &(p, w) + {Rs(y) — he(1)} £(p,0)
= ha(l) = 1 , (13.21)

where

2 do{hj(w)}
p

§(p,w) = +d{Aj(w)}.
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Recalling the form of k¥ in (3.16) and that m; = 1 — my, one may easily show that
lim €(p, w) = (~3){k(1) ~ k(w)}, (13.22)

so that, in particular, we have
liﬁ)lf(p, 0) = (—=3)k(1). (13.23)
P

We may now utilize (13.22) and (13.23) in working out the appropriate limit of the terms in
(13.21). We accordingly have

dp{pL} _ (=3) ({hs(y) = hp(W)} k(1) + {hs(1) — 1} [k(1) — k(w)])

= he(1) — 1
_ (=3)({hs(y) — 1} k(1) + {1 — hp(1)} k(w))
= 4 RS s . (13.24)

Noting that h3(0) = 1, we may combine results (13.20) and (13.24) to get the desired result in
(13.18), where 7 is of the form given in (13.8). (]

Verification of (13.7). Given Corollary B.7, Theorem 2.13E and Lemma 2.13H allow us to
confirm that A(f) = c*(f). It should be noted that (13.7) may be deduced directly from (13.5)
without Theorem 2.13E. Noting that P} fy = e —20%% £, and PF1 = 1, we may apply P to
both sides of (13.5) to get

_ ooty S Jo)r
Plrad = 2 G g T 20, (1329

for some constant a;(f). Allowing u — oo shows that 15; f = a(f). This result, together with
Lemma 2.13H, verifies (13.7).

In light of the above, for my + m; = 1, we may now accompany (12.8) with the result

(B )() = A(f) = / n(w) f (w)dw,

uniformly in 2 and 7 is given in (13.8).

Proof that P;" = P;* can now proceed as for the ‘unbalanced’ case. Of course, we then have
result (4.3) and also WHI1 for the case mg + m; = 1.

2.14. The Kolmogorov Forward Equation and Riccati Equation

We return to the case of general mgy, m; > 0.

The Kolmogorov forward equation for the transition density p; (-,-) for {P} : t > 0}
relative to Lebesgue measure on (0, 1) takes the form:

0. — 1020 (zy) = {Buwpf (z,w)} |,_o7(0,9) — 3 {Bupf (z,w)} | _,m(L,y), (14.1)
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and we have the interpretation

E*No(t) / {0up} (z,w)} | _od (14.2)

where Ny(t) is the number of jumps out from 0 made by {Z} : 0 < s < t}.

We expect equation (14.1) from integration by parts. Compare, for example, equation (V.38.11)
in Volume 2 of Rogers & Williams [24].

Let us understand how intuition suggests (14.2). Let ¢ be a small number. Then the
expectation of the time spent in space-interval (0, €) by a Brownian motion on R started at ¢
before it hits 0 has expectation exactly 2. We therefore believe that for Z,

E*No(t) ~ € *E*{Time spent by Z+ in (0, ¢) during time-interval (0, ¢]}

= 2 / / F(z,r)drds.
=0 _0

Now, for s > 0, pf(2,0) = 0, so that
Py (z,7) = r{0up}(z,w)} |w=0’

and the meaning of equation (14.2) is clear.

The secret of dealing effectively with the forward equation is to begin by verifying that the
following Riccati equation holds for z € {0,1} and y € (0,1):

—102n(z,y) = 30um(z, w)|w o™(0,7) — 30um(z, w )| we1™(1,9) (14.3)
and that, when mgy + m < 1, the ‘invariant-density’ equation:
—1820(y) = 10un(w)|,_m(0,y) — 18un(w)| _ 7(1,y) (14.4)

holds.

In fact, 7 is the minimal non-negative solution of (14.3) subject to conditions
m(z,-) € C?[0,1], =(0,0)=mg", =(0,1)=0=x(1,0), =(1,1)=m;"
In Chapter 4 we comment on the existence of non-minimal non-negative solutions 7 (-, -) and
corresponding { P;t } when mg +m; < 1.

By using the above two equations and linearity, we can show that, with A,(0,y) as at
(10.12), we have

)\A/\(Ov y) - %8§A>\(0a y) - "T(O’ y) (14.5)
= 1{0,A\(0,w)} |w=07r( y) — 3 {0,Ax(0,w)} | (1,y);

and inversion of the Laplace transform (at least formally) yields (14.1) with z = 0. One has to
remember Lemma 2.10C if one wishes to compare (14.3) with A times (14.5).
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How does the forward equation look from the perspective of Spectral Theory? By the spectral
expansion,

’ _1lg2,
5 (% y) = Te(0)n(y) + Lo, T ollel)

, _lGth ot (fo, fo)+ 10 s ) (14.6)
— mo7(0,y) z:9€('3+ - (fa,(j’a)j‘9 = — mn(l,y) Z(969+ (fo,efe) =

2.14A. Proposition. The Kolmogorov forward equation in (14.1) can be deduced rigorously
from this expansion, together with (14.3) and (14.4).

Proof of Proposition 2.14A. From (14.6) we have

__92
(0-302)p () = —302(n(y) Mo 0>+0€Ze+{ij{f9_@,} For 1 f0>( .
e o) )
+0:L;{ =_H' (f fo)+ om0y e;%{ o <f0’ o
P fo(2) 2% 55(0) fo(2)

— mym(l,y) 6;;({"%9 fa(l)} (f To)s + moa {(0,y }GZL‘; (fo, fo)+

o e 30 (1) fo(2)
4 4mio (1,:u)}6€Z(_)+ o, foys

Next, for z € {0, 1}, let

—192%t
5 = S 2 fo@)fo(2),
9;_ <f97 f9>+

Recall that fy € D(H). Thus, using (14.3) and considering the obvious cancellation, we now
have

(0102w (2,9) = {%ayn<y)|y=0w(o o 10,1(1)],y7(1,) } I 0)

o307 2
r0,) S mol- 30260} S ) S (s (1)} ez folz)
PO = fwh= < s o e o
+ mo{—30,m(0, )| _07r(0 y) + leﬂ(O,w)|w=17r(1,y)}So
+my {—30,m (0, w)| _,7(0,y) + 10,7 (0,1)| _ 7(1,9)} 51

Rearranging the above we have

(8 — 182)pf (2,9) = Com(0,y) + Cim(1,y),
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where

e~ 29 tfg(z)
C10 —I@(O) +0£ 2f0 |y =0 (f A f0>+

— mO% wﬂ'(o, w)|w=OSO - ml%awﬂ.(]" w)lwzosl’

—1o%t
C = —IO(O) yn(y)ly- Z %fé(y)|y=1§<fe—fj';9)(?
0cO4 ’

+ moi0,m(0 w)l S0 +ma30,m(1, w)| 51
By comparison with (14.1), in order for things to tally we need
Co=1} {awpt(zaw)} |w=0’ and Cr=—3 {awpt(z)w)} |w=1'

However, by differentiating (14.6) with respect to y, it is clear that we have exactly what we
want. ]

2.14B. Note. The fact that the left-hand side of (2.3) tends to 0 as t — oo has become irrelevant.
The result may trivially be deduced from the spectral expansion.

2.15. Traces and Factorizations

2.15A. Lemma. Fort > Q,

/ pf (w,w)dw = Ze'%gzt, (15.1)
©.1) G
> Pz {z}) = D oe ™ (152)
{0,1} ~yel

Proof of Lemma 2.15A. From (14.6) with z = w, we have

pf (w,w) = Ie(0)n(w) + Z w

i (fo, fo)+
&3y (0) fow) G Whw)
B 27 fo(0) fo(w) 1% (1) fo(w
mom(0; ) eeZeJr (fo, fo)+ (il ) oeze: (for fo)e

Integrating both sides of (15.3) with respect to w over [0, 1], using WH5* (which is now proved,
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of course), we now have
1 —10% 1 )
Fw,w)dw = I, 0/ (w) dw + / w)? dw
| rttww dw = 1) [ aw) 0269: | how)

_lozt

- ¥ e ok / 7(0,) fo(w) dw

6€0 .
—fo( )
6_5‘92t 1
" 2 T g A (1, ) fofuw) du
=fo(1)
e 20%t
1)+ 3 o { [ ol dw— o0 - oo}
6o,
e"%"z
—IO(O)+ane R s fo)s
= Ze_igzt

Remarks: Note that 0 € © if my + m; < 1, and we have already established 7 as the invariant
probability density for this case. However, if mg + m; > 1then 0 ¢ © (so © = ©%) and so
Ig(0) = 0. This consequently takes care of the fact that there is no invariant probability density
when mg +m; > 1.

It also suffices to confirm that, for ¢ > 0,
Z P (z,{z}) = Z e 27t
z€{0,1} ~yer
Recall from Lemma 2.8H that we have already deduced that
E* [h(Z])] =€ #"h,(2)  foryeT = {a,B}.
From the definition of expectation, we therefore have
P*(Z7 = 0)h,(0) + P*(Z = 1)h, (1) = e~ 27k, (2). (15.4)
In particular, taking z = 0 and z = 1 respectively in (15.4) and noting that 4, (0) = 1, we have
P°(Z; = 0) + P'(Z; = 1)h,(1) = 737,
PY(Z; = 0) + P (Z] = 1)h,(1) = e"27th. (1).

Now each of the above results is true for all v € {«, 5}. Hence, we may solve the resulting
equations simultaneously to get

ARP(Z7 = 0) = hg(1)e™2%% — ha(1 e_%ﬁzt, (15.5)
t 8

AWPY(Z7 =1)=h (1)6—%ﬁ2t — hal e_%o‘zt, (15.6)
8
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where Ah = hg(1) — ho(1). Noting that P*(Z;” = z) = P (z, {z}) and Ah # 0, we may add
equations (15.5) and (15.6) to yield the desired result. g

One of Jacobi’s theta-function formulae, this one known to Gauss, states that

3 exp(—inr’) 22 { (22’;)2} . (15.7)

neZ neZ

This is the trace formula for Brownian motion on a circle of perimeter 2, the transition density
function of which (relative to Lebesgue measure) is symmetric. The left-hand side of (15.7)
reflects the fact that the infinitesimal generator . D? has eigenvalues — in?7? with corresponding
eigenfunctions e*™ ™, The right-hand side reflects the fact that Browman motion on R is shift-
invariant and that the circle is R/(2Z). The sum on the right-hand side is the appropriate
p¢™(w,w) (obvious notation!) for every w, and the 2 multiplying the sum is the perimeter
length. Taking Laplace transforms with parameter A = 1p% shows that equation (15.7) is

equivalent to
2coshp
= “le7Anle = L 15.8
n%p +n27r2 %'D psinh p’ (15.8)

the second equality being trivial. The equality of the ‘extreme’ terms is standard Complex
Analysis; and Jacobi’s formula follows. Euler knew (15.8) in the form

sinhp = pﬁ(
n=1

(To see the equivalence, simply take In’s and differentiate w.r.t. p.)

2
fﬁ) . (15.9)

This makes it plausible that we can crosscheck (15.1) starting from the obvious predictions
(with the notation I'y :=I" N (0, 00)):

ifmo +my 7é 1,

spe(p) = {1—(mo+m)}p*< [] <1+ fzz> 11 (1— fp2> ,  (15.10)
6e6 4 2 ~ely 37
ifmg+m; =1,
1 1 1 2 2 %p % 2
toe(p) = 2(momi =) (3°)" (1- 12 II (1+35) ¢ (15.11)
2 e 2

The products certainly converge for p € C and have the correct zeros. To make the Complex
Analysis rigorous, more is needed.

2.15B. Verification of the product formulae.

We use the Weierstrass-Hadamard Factorization Theorem (see Titchmarsh [25]) to prove
the formulae by Complex Analysis.
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Suppose mg + m; # 1. Recall that
e(p) = (1 + momyp?) sinh(p) — (mg + m1)p cosh(p).

It follows that <2 is an integral function of order 1 with zeros £ (y € I';) and i (4 € ©,).
The Weierstrass-Hadamard Theorem gives us the following factorization

@ = e@C) P(p),
0
where Q(p) = go + q1p, (¢; € C) and P(p) is a product of terms of the form

(-5
n

where 7 is a general root of f(pﬁ. However, the terms corresponding to 1 and —7 combine to
give a factor

2
(1—[—))65 (1+£>e‘5= (l—p—z).
1 n n
2
@=eo(p)n(1_/’_2),
P 750 Ui

Next we consider what happens to 5(—5—) as we approach zero. This allows us to determine Q(p).
Considering the Taylor expansions of sinh and cosh about zero, we see that

Hence, we now have

lim 2 =1 — )
pmé (mo +my)

We now have

U 1= (o + ma))er P(o).

In particular,
e® =1— (mo+my).
Note that this does make sense if my +m; > 1 as qy € C. Remember that €™ = —1.

Next we show that g = 0. Remember that ¢(-) is an odd function. It therefore follows
that %f—) is an even function. Thus, our corresponding factorization must be even. Recall that a
function f is even if, and only if, f(z) = f(—z), for all z in its domain. In brief, we simply
need

eqlpP(p) = e—qmp(_p).
However, P is clearly even, so we need

elP = ¢~UP,
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which is true for all p if and only if ¢; = 0. Hence, we now have

iﬂ:{l—@%+4m»II<L_é)

P 750 n
P’ o’
& A==+ [T (1+5) I1 (1-5)-
€O vyel'y v
If mg + m; = 1, a similar argument applied to %‘3’—), together with
. €(p) _
1171_1{(1) 7)3— = moemy — 3,

yields

L = tmam =] (1-15)

o d=tmom-10 IT (1+5) IT (1-5)-

€O+ velr'4+

One problem with the Complex Analysis is to exclude the possibility of double roots of €(-). OJ

In the light of these product formulae, the trace formula (15.1) becomes equivalent to the
identity
! ! 1 2 2
rf(w,w)dw = <(p) + = - - . 15.12
/o A w) pe(p) P2 p2—o? - [ (1512

2.15C. Verification of (15.12).

Taking Laplace transforms with parameter A = 1p? in (15.1), we get

2
i (w,w)dw = . (15.13)
/(0,1) A 6629 % + p?

Remark. Observe the similarity of (15.13) with the LHS of (15.8) when our roots are of the
form 6 =~ nr.

We are now in a position to crosscheck (15.12) using (15.13) together with (15.10) and (15.11).

Case (i): mg + m; < 1. Here it suffices to use the factorization given in (15.10). If we firstly
take natural logarithms of both sides of (15.10) and then differentiate w.r.t. p, we have

diplne(p)zd%ln [1 = (mo+m)lp [ (1+'§—§) 11 (1‘5_2)

0cO4 el 4+
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Using elementary properties of logarithms together with simple differentiation, the above result

is equivalent to
7). 5 n(232

€(p) _d 1n[1—(m0+m1)]+lnp+ Z ln(

o) dp constant 0€0+ 7€l
5o 2 () 2 7)
9c0, v€Ty P

Dividing both sides by p > 0 and rearranging, we now have

2 (ms) s 2 (77)
2 1 2 2 2 _ A2
ieo, \O?+p pelp)  P* T \PP =

2 €lp) 1 2 .
& Z ( 5 2) +—= - Z ( 3 2) (since 0 € O for this case.)

S\ +p pelp) P S\

€lp) 1 2 2

— — (since o, 3>0.)
Tpelp) P pi—a? -

Recalling (15.13) we get the desired result.

Case (ii): mg + m1 > 1. Note that the fact that we are allowing p € C eradicates the issue
of considering the logarithm of a negative number. All we then need to do is to recall that
I'y = {B}, but 0 € ©. We may then follow a similar argument to that given in the previous

case to deduce that 5 o) 1 9
€(p
— - — ) 15.14
9529 (92 + pz) pe(p) P> p*—P? (19

Case (iii): mg + m; = 1. Again ', = {3}, yet 0 ¢ O, so that © = ©,.. Observing these facts
we may deduce that (15.14) holds. O

2.15D. Direct verification of (15.12).

Direct verification of equation (15.12) is extremely complicated unless one utilizes the
indefinite inner product (-, -),. First, we use Section 10 to find a ‘symmetric’ formula for the
‘diagonal’ resolvent density:

Lpe(p)ri (w,w) = hb(w)hy(w) — mam(1,w)h,(w) — mom (0, w)hl(w). (15.15)
(Observe that the right-hand side is 0 when p € T".)
Proof of (15.15). From (10.9) we have

/0 rf (z,w) f(w)dw = Ax(F)en(z) + Ba(f)sp(z) — 207 /0 "s,(z — w)f(w) dw, (15.16)

so that in particular

| ) = Afew) + Bafsplw)
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It follows that
Tj\—(w, ’U)) = A)\(O) w)cp(w) + B)\(O: ’w)Sp(?,U).

Multiplying both sides by 1pe(p) (p > 0 ¢ I'), we now have

(o)1 (1,0) = 1pe(p) A (0, w)cy (1) + 10e(0) B (0, w)s,(w). (15.17)
From (10.12), recall that we have
1pe(p)Ax(0,w) = hf,(w) — mohf,(O)w(O,w) —mym(1l,w). (15.18)

Next, if we take (10.12), multiply by €(p) and rearrange, then we get
1pe(p) BA(0, w) = mom(0, w)e(p) — 4mope(p) Ax(0, w).
Substitution of (15.18) into the above equation yields
1pe(p) BA(0,w) = momapr(1,w) + {moe(p) + miphf(0) } m(0,w) — mophly(w). (15.19)
We may now substitute (15.18) and (15.19) into (15.17) to yield
pe(p)r (w, w) = B(w) [e,(w) — mops,(w)] ~mum(1, w) [e,(w) — maps,(w)]
=hy(w) =hp(w)
— mar(0, w) [A(0)cp(w) — e(p)s,(w) — mophh(0)s,(w)]
Clearly all that it remains to do is to prove that
B (0)cy (w) — e(p)s,(w) — moph (0)s,(w) = h(w).
This follows by recalling the form of €(p) together with the facts that
cp(1)ep(w) = sp(1)sp(w) = cp(1 —w) and  s,(1)cp(w) — cp(1)sp(w) = 5,(1 — w).
O

If we use the fact that 7 (0,0) and 5 (1, 1) are both zero, integrating both sides of (15.15)
w.r.t. the signed measure v, we now get

10¢(0) / vt (w,w)dw = (B, hp)e — ma(m(L,), hy)s — mo(m(0, ), H)..

We now verify (15.12) by utilizing (4.1), (9.2) and the result

€ — Y€
(hy hb)s = % (veC,peC, p#1),

and its L’Hopital consequence
(ho, Blh)s = 31€'(p) + p™"e(p)]-

2.15E. Remark. The product formulae may be deduced trivially from (15.12) and (15.1) by
simply reversing the argument given in 2.15C. Furthermore, we now have a perfectly legitimate
direct proof of (15.12), so that the forms given in (15.10) and (15.11) are certainly correct. This
therefore eradicates the possibility of repeated roots as we would otherwise expect terms of the

k k
form (1+§;> or (1—5;) , for k > 2.
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2.16. Appendix 1: Some Functional Analysis and Required Measure
Theory

We begin by stating an advanced version of the Monotone-Class Theorem.

2.16A. Theorem (Monotone-Class). Let H be a vector space of bounded real-
valued functions on a set S. Suppose that H contains constant functions, is closed
under uniform convergence, and has the following property: for a uniformly bounded
sequence (fp) of non-negative functions in H such that f,(s) T f(s)(Vs), we must
have f € H. If H contains a subset C that is closed under multiplication, then H
contains every bounded o (C)- measurable function from S to R.

Notes: 1f 'H is closed under uniform convergence then the following holds:
fn€H and f,— funiformlyonS = feH.
A sequence (f,) is uniformly bounded if, for some constant M > 0,
[fu(8)] < M VseS and Vn.

Hereafter, for typographic neatness, Theorem 2.16A will be referred to as the MCT.

Proof of Theorem 2.16A. See Volume 1 of Rogers & Williams [24]. There, a more elementary
version of the MCT is also given. Although this alternative version is easier to prove, it
introduces the difficulty of dealing with indicator functions. O

For the purpose of the following Lemma, we let (.S, ¥, 1) be a measure space.

2.16B. Lemma (Monotone-Convergence).
(@ IfF,eXmeN)and F,1F, then u(F,) T u(F).
) IfG, € X%, G, | Gandpu(Gy) < oo for some k, then u(G,) | p(G).

From now on the above lemma will simply be referred to as MON.

Proof of Lemma 2.16B. See Williams [29] for a proof. O

2.16C. Some important spaces. We now introduce the following spaces:

e ([0, 1] where, for f € C|0,1], we define the supremum norm || f|| := sup |f(2)[;
z€[0,1]

e L?[0,1] which is an abbreviation for L2([0, 1], B([0, 1]), Leb) with

sl = { [ 15710}

—
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We next establish some helpful results concerning the two spaces. It is well-known that the
spaces are examples of Banach spaces.

2.16D. Lemma. C|0, 1] is dense in L2[0, 1].
Proof of Lemma 2.16D. Suppose for a contradiction that C|[0, 1] is not dense in L2. Then there

exists a non-zero bounded linear functional A on L? such that A(h) = 0 for all A € C[0, 1]. But
for the Hilbert space L2, the bounded linear functional A must take the form

M) =(f9) = /0 f(W)g(y)dy,

where g € L. It is a trivial exercise to show that this implies g € L, in that,
g Y

/O l9(¥)ldy < oo.

Now let H be the class of bounded measurable functions h on [0, 1] such that

/0 1 h(y)g(y)dy =0 (= A(h)).

We now appeal to the MCT. Some fundamental theorems of Measure Theory will be used to
prove that H satisfies the necessary assumptions in the MCT.

‘H clearly is a vector space. We simply use linearity. Moreover, H contains constant
functions as these are continuous.

'H is closed under uniform convergence if, whenever (h,) € H and |h(y) — h,(y)| < € for
all y € [0,1] (i.e. we know that for all ¢ > 0 there always exists a suitable n ), then h € H.
Consider the following,

[ mwswan- [ hn(y)g(y)dy‘ = | [ ) = my atra

< /01 | {h(y) — hn(y)} 9(y)|dy
< /0 Ih() — ha()| |9()|dy

1
< e/o l9(v)|dy = €K,

where K is simply a constant since g € L'. Hence, we have

| maway - | hn<y)g<y>dy| < K. (16.1)

By allowing ¢ — 0 in (16.1), we see that

0= /0 hu(y)g(y)dy = / h(y)g(y)dy,
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so that h € H as desired.

The final condition is also quite straightforward to satisfy. If h,, € H and h,(y) T h(y) for
all y € [0, 1], then, by the MON we can easily deduce that

0= /0 he(¥)9(y)dy 1 / h(y)g(v)dy,

1
so that / h(y)g(y)dy = 0 and so it follows that h € H.
0

Next take C = C[0,1] C H. Clearly C is closed under multiplication. Then, by the MCT,
we have

H contains every bounded o (C)-measurable function from [0, 1] to R.

In other words, .
/0 h(y)g(y)dy =0 (16.2)

for every bounded measurable function h on [0, 1]. Recall that g € L*. However, this does not
imply that ¢ is bounded on [0, 1]. This fact motivates the following definition. Let

_ Jaly) iflgy)| <m,
9n(y) = {0 otherwise.

Then g, is certainly bounded on [0, 1] for each n. Thus by (16.2), we have

1 1
/ 9n(¥)g(y)dy =0, so that / 9(y)*dy = 0.
0 0

It follows that ¢ = 0 almost everywhere and so ) is the zero functional. This gives us the
desired contradiction. O

2.16E. Definition. Let S be a class of functions on a space U. If j11 and i, are finite measures
on (Borel subsets of) U, then S is said to be measure-determining if u1(f) := [ fdu1 = p2(f)
for all f in S implies that 1, = .

In accordance with the usual convention, ‘measure’ will always mean ‘non-negative
measure’ (as opposed to ‘signed measure’).

2.16F. Lemma. Suppose that ji and v are finite measures on B0, 1]. Then the space C|0, 1] is
measure-determining.

Proof of Lemma 2.16F. From Definition 2.16E, we suppose that

f(s)u(ds) = f(s)v(ds) (16.3)
01) [0,1]

for every f € C|[0,1]. Then it suffices to show that 4 = v. That is, u(B) = v(B) for every

B € BJ0,1]. We shall show that we can extend (16.3) from functions in C|0, 1] to functions in

bB|0, 1], the space of bounded Borel functions on [0, 1]. Taking f = I will then clinch things.

We again appeal to the MCT. Let
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'H = {class of bounded Borel functions f such that (16.3) holds}.

We now basically ‘mimic’ arguments presented in the proof of Lemma 2.16D.

Again, by linearity, H is a vector space which contains constant functions as constant
functions are continuous.

H is closed under uniform convergence if, whenever (f,,) € H and |f(s)—f.(s)| <€ Vs €
S (i.e. we know that for all € > 0 there always exists a suitable n ), then f € H. It is clear that

£(s)pds) - /[ Fe(ouas)| = ( /[ RUCESAOICE

< /[0 ) = u(latas)

<€ / u(ds).
[0.1]

[0,1]

Hence, we have

f(s)u(ds) = | fa(s)u(ds)| < €K, (16.4)
0,1] 0,1
where K is a constant. A similar argument shows that
falortds) = [ flolas)| < ek, (16.5)
(0,1] [0,1]

where K’ is also a constant. Adding (16.4) and (16.5), using the triangle inequality, and noting
that (16.3) holds for f,,, we obtain

< (K + K'), (16.6)

‘ o f(s)u(ds) — /[ . F(s)(ds)

It is clear that, by allowing € — 0 in (16.6), f € H.
If f.(s) T f(s) Vs € S, then, by the MON, we can deduce that

]fn(S)ﬂ(dS)T [ ]f(S)ﬂ(dS), fa(s)p(ds) T [ f(s)v(ds).

[0,1 0,1 [0,1] [0,1]

Moreover, if f,(s) € H, then (16.3) holds for f, and so it follows that f € H, as desired.

Note. The fact that the sequence is uniformly bounded was not needed. However, if we
alternatively decided to use the Dominated-Convergence Theorem (see Williams [29]), then
we would have made use of the fact.

Take C = C0,1] C H. Clearly C is closed under multiplication. Then, by the MCT, we
have

H contains every bounded o (C)-measurable function from S to R.
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It now suffices to show that o(C) = BJ0, 1]. To do this, it is enough to prove by bare hands
that we can express the indicator function of an arbitrary closed sub-interval of [0, 1] as the
pointwise limit of a sequence of continuous functions.

fn 1s a continuous sequence of functions = f, € mo(C).
We can also say that
fa(s) = f(s) Vs = fema(C).

In our particular case, the following sequence of functions suffices. For 0 < a < b < 1, define

(0, for s € [0,a(1 — 2)),
s (n—1), fors € [a(1 - 1), a),
fuls) = ) 1, for s € [a, b],
(I_T_lb)(b—s)+1, forse(b,b-l-gl—:)l]a
0, fOISG(b‘i‘(ln;b)al]'

Clearly, fn(s) — f(s) = Ijo5(s) Vs € [0,1]. Hence, as C € o(C),
[a,b] = {s: f(s) =1} € 0(C), . 0(C) contains all closed sub-intervals of [0,1].

We know that the smallest o-algebra on [0, 1] containing the closed sub-intervals of [0, 1] is
B0, 1]. This means that o(C) = B0, 1] (See, for example, Chapter 1 of Williams [29].)

Remark: In Williams [29] we see that B(S) is the smallest o-algebra generated by the open
intervals of S. The fact that we are dealing with closed intervals in the problem makes no
difference as we can simply consider the complements of these intervals which are indeed open.

We can now deduce that H 2bB3[0, 1|. Hence,
Ip € H forevery B € B[0,1], i.e. (16.3)holds for f = Ip.
Thus, taking f = I in (16.3), we have

Ig(s)u(ds) = Ig(s)v(ds),
AM (s)u(ds) AM (s)v(ds)

for every B € B0, 1], and so it follows that u(B) = v(B) for every B € B[0,1]. We have
shown that C0, 1] is measure-determining. a

2.16G. Some additional spaces. We now introduce the dual spaces of the Banach spaces
described in 2.16C.

e Considering C|0, 1], then its dual space C[0, 1]* is the space of bounded signed measures
p on ([0,1], B0, 1]), so that 4 may be written as the difference of two finite (positive)
measures. Of course, u(f) is simply the integral fdu. If 4 is a (positive) measure, then
111 in C[0, 1]* i just ([0, 1)-
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e For L%[0, 1], then L2[0, 1]* may be identified with L2[0,1] in that if £ € L2[0, 1]*, then
there exists g € L*(0, 1] such that

6f) = (g, )iz = / o) f(y)dy.

[0,1]

(See Dunford & Schwarz [6] for additional information).

2.16H. Lemma. Let S be a linear subspace of the Banach space C|0,1]. Suppose that
whenever £ € C[0,1]* is such that {(f) = Oforall f € S, then £ = 0. Then S is a dense
subspace of C[0,1].

Proof of Lemma 2.16H. This is a special case of a result given in III 3.13 of Dunford &
Schwartz [6]. It is a consequence of the Hanh-Banach Theorem. (]
2.161. Lemma. Let U = [0,1]. A linear subspace S of C|0, 1] is measure-determining if and
only if S is dense in C[0, 1].

Proof of Lemma 2.161. (=) Suppose that S C C|[0, 1] is measure-determining, that is, for ., v
finite measures on 5[0, 1],

u(f)=v(f) forallfeS = u(B) =v(B) forall B € B[0,1].
Now
whHh=vlf) &  (@w-v(H)=0 & Uf)=0 fordlfes,
where | € C|0, 1]*. Hence the fact that S is measure-determining here is equivalent to
I[((By=0  forall B € B[0,1].

From Lemma 2.16H, it follows that S is dense in C[0, 1].

(<) Next suppose that S is dense in C[0,1]. In Lemma 2.16F we established that C[0, 1] is
measure determining, so that S is certainly measure-determining. a

2.16J. Instructive Example. We will show that the linear space of functions f in C[0, 1] such
that 5£(0) = f[o ; f(y)dy is not measure-determining but is dense in L2 ([0, 1], Leb).

Recall that U = [0, 1]. Define
S = {f € C[0,1] : 5f(0) = o f(y)dy} c C[o,1].

Clearly
5 f(y) ddo(y) = ]f(y) dLeb(y)  forall f €8,

[0,1] 0,1
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where the measures (50o)(-) and (Leb)(-) are measures on (U, B(U)). However, it is obvious
that
560 # Leb  on (U,B(V)),

and so S is not measure-determining ( = S is not dense in C[0,1] # S is not dense in L?).
For example, consider the set B = (0, 3) € BJ0, 1]. Then (5d0)(B) = 0, but Leb(B) = 1.

Since C[0,1] is dense in L?[0, 1] (from Lemma 2.16D), we need only show that if h €
C|[0,1], then h may be approximated in L? by some h,, in S. For some oy, h, = h — a,f, € S
1

where f, is as in the next Instructive Example. We have o, — h(0) — L [ h(z)dz, so

l|hn — hl|L2 = |anl.|| fall2 — 0. Hence, it follows that S is dense in L2[0, 1].

2.16K. Instructive Example. This example highlights a distinction between the spaces L?|0, 1]
and C[0, 1]. The distinction remains a key point in Chapter 2, especially when it comes to the
P;" semigroup. Consider the function

- 1
fn($)={; nz on|0,:],

on [2,1].

Then, we have

I

1 3
1
nllsup := su 2(z)] = 1, n = / na:zdx) = —,
ellp = sop ()] =1 Wl o= ([ Aoean) = —
In particular, we see that
, 1 ifz=0, 1 inCJ0,1],

olz) =1 () = . that f.(0) = .

foo(2) Jm f (z) { 0 ifze(0,1], % foa(0) { 0 inL2

This example demonstrates the fact that the L? space cannot see the difference between fo(z)
and the function identically equal to zero on [0, 1]. However, the space C[0, 1] does not have
this difficulty.

2.16L. Definition (Hilbert-Adjoint maps). Let H = L2(.S'1, Y1, 1) and Hy =
L?(Sy, o, o). Suppose that T : Hy — H; is a bounded linear map. Then we define the
adjoint map T* : Hy — H, via the fact that, for f; € Hy and g; € H,

(Tfla92> = (fla T*92>'

The T™ is a bounded linear map with the same norm as T.

(Justification: The map f; — (T f1, g2) lies in the dual space of Hy, so defines an element
T*g, of Hy, etc.)

2.16M. Definition (Self-adjoint). Suppose that H = L*(S,X,p) and that T is a Bounded
Linear Operator from H to H. We call T self-adjoint if T* = T.
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2.16N. Definition. The space L? ({0, 1}, m). Suppose that u, v are column vectors of length 2
in L* ({0, 1}, m), then the associated inner product is given by

W)= Y meu(z)v(z).

z€{0,1}
2.160. Proposition. The 2 X 2 matrix W~ as defined in (11.4) is self-adjoint relative to
L2 ({0,1},m).
Proof of Proposition 2.160. The proof is trivial. O
2.16P. Proposition. W+ is self-adjoint on L*|0, 1), where W+ is defined in (11.2) and (11.3).

Proof of Proposition 2.16P. This follows by Fubini’s Theorem. a
2.17. Appendix 2: Additional Results for Operators on L?

Let T be a self-adjoint compact operator on a (non-zero) Hilbert space X. For complex A,
let X be the A-eigenspace
Xa={zeX: Tz =z}

of T'on X. We arrive at the following theorem.

2.17A. Theorem.

o T has only countably many eigenvalues, and there is a complete orthonormal
basis consisting of eigenvectors.

o One or the other of £||T||x is a eigenvalue of T.

Proof of Theorem 2.17A. A proof can be found in Garrett [11]. O

2.17B. Corollary. Given any x € X, we have
T = ZC)\:L')\
A

where c) € R and z) € X, the series converging in the topology of X.



Chapter 3

One-Boundary with Drift

[ Summary ‘

For this problem the range of the underlying stochastic process is not compact. As we shall
see, this almost immediately causes problems with the functional analysis. In particular, we
have difficulties with domains of operators and with the description of symmetry. Furthermore,
there is no series spectral expansion. This emphasizes the importance, and indeed the great
benefit, of such an expansion in the previous chapter. The main loss is the ability to easily
deduce that the Pt f semigroup is C%2. This alone makes the route through this chapter
much more arduous. Thus, the detailed study of more general continuity issues is deferred to
the final chapter.

As demonstrated in the previous chapter, many analytic statements either asserted, or were
consequences of, martingale properties. It is therefore unsurprising that a lack of bounded
martingales in certain cases for this problem further restrict us.

Due to the similarity of the setup to this problem with the previous two-boundary problem,
many definitions will be re-stated.

Notation: within the bounds of reason, we use y to denote a point of the open interval
(0, 00), and z for a point of the interval [0, 0o).

3.1. The Operator H and Indefinite Inner Product (-, -),

We begin by defining the following spaces;

L : = C?0,00) N C[0, 0],
M : = C"?((—00,0) x [0,00)) N C((—00,0) x [0,00]),
N :=C"((0,00) x [0,00)) NC((0,00) x [0, 00]).

89
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3.1A. Definition. We define the operator H with domain D(H) to consist of those C-valued
functions in L which satisfy the (‘reverse Feller’) boundary condition

37(0) + (w+1)F(0) = 0, (L.1)
and, for f € D(H), Hf =3f"+uf".

Nowhere do we need to extend further the domain of H. For f € C|0, 00], we shall be
interested in the equation

O,F +HF = 0, ((p, 2) € (—00,0) % [0,00)) (1.2)

with final condition
F(0—-,y) = fly) (v €(0,00)), (1.3)

the final condition not being imposed at the boundary point 0. The solution F' must belong to
M and must satisfy F'(p, ) € D(H) and F(p, 00) = f(oo) for ¢ < 0.

For the remainder of the section, it will shorty become clear that we need to consider
functions on R* with compact support, hereafter denoted by Ck|[0,00). In some instances,
simply stating that f, g € L is insufficient (particularly if 4 > 0) as it may lead to problems
concerning existence of integrals and certain limits. It turns out that this does not restrict us too
much. It simply means that we are only carrying out the analysis heuristically in order to point
us in the right direction.

3.1B. Definition. For C-valued f,g € L N Ck[0,00), and with G denoting the complex
conjugate of g, define the ‘indefinite inner product’ (-,-)s (subscript ‘s’ for ‘signed’) via

(f,0)s = /(0 )3 - 1 00) (14)

= Jou f(W)g(y)v(dy),

where v is the signed measure with v(dy) = e**¥dy (y > 0) and v{0} = —1. An element f of
L N Ck[0, 00) will be called (positive) if (f, f)s > 0, (negative)s if (f, f)s < 0, (neutral), if
<f7 f)s =0.

Note that the integral in (1.4) is well defined given our added restraint of compact support.
3.1C. Lemma. For f,g € D(H) N Ck[0,00), we have (H f, g)s = (f, Hg)s.
Proof of Lemma 3.1C. Trivial calculations show that, for f, g € D(H) N Ck|0, o),

(Hfsg)s = T+14 lim ¥ f(y)g'(y) = T,
(f,Hg)s = I+14 lim e*¥f'(y)g(y) =1,
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where

r=-4 [ " () (@) (W)dy.

0

To understand why the above limits vanish, simply observe that e*¥f(y)g'(y) =
e?* f'(y)g(y) = 0 for all y outside the compact support. O

3.1D. Remark. The compact support assumption suggests that H is symmetric relative to

<" '>.s.

Under the assumption that H is symmetric relative to (-, -)s, we may follow an analogous
argument to that given in the previous chapter to deduce that all eigenvalues are real and so are
the corresponding eigenfunctions. Thus, from now on, we consider only real-valued functions.
It will later be confirmed that the semigroups { P~} are Ray semigroups.

Working Hypothesis WH1. For f € C|0,00] with f > 0, there exists a minimal
non-negative solution F of equation (1.2) with final condition (1.3) in that any other
such solution F satisfies F(p, z) > F(p, z) for all (p, z) € (=00, 0] x [0, 00). Define

(PFf)(z) = F(—t,z) fort > 0 and extend P;" (as we may) to C|0, 00| by linearity.
Then {P;* : t > 0} defines a one-parameter semigroup of non-negative operators on
C[0,00], so P, = P} P;. We will of course have Pt1 < 1, where 1 is the constant
function equal to 1 on [0, 00]. For f € C[0,00] and z € [0, 00), the limit

(PS'f) (2) = Lm(P! £)(2)
exists and
(P f) (w) = fly) (ye(0,00)),

(Pyf)(0) = (0, dy) £ (y),

(0,00)

where 1171(0,) is a measure of total mass at most 1 on (Borel subsets of) the
open interval (0,00). Note that Py does not map C|0,c0] into C[0,00]. We have
P0+Pt+=Pt+Po+=Pt+-

3.1E. Important Remark. In Chapter 4, we give additional examples of ‘whole solution
semigroups’ which are non-minimal for the case when 4 < —1. For p > —1, we see that
there is only one semigroup solution of the desired form.

The second Working Hypothesis of the section will be trivial to prove for this example as
we only have one-boundary. For h € C|0, oo|, we consider the PDE

0,H+HH =0, ((p,2) € (0,00) x [0,00)) (1.5)
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with initial condition
H(0+,0) = h(0). (1.6)

Note that H(0+, -) is only specified at the boundary . The solution H must belong to N and
must satisfy H(y, -) € D(H) for ¢ > 0.

Working Hypothesis WH2. For h € C[0,00] with h > 0, there exists a minimal
non-negative solution H of equation (1.5) with initial condition (1.6) in that any other
such solution H satisfies H(p, z) > H(p, z) for all (¢, z) € (0,00) x [0,00). Define
(P h)(2) = H(t,z) for t > 0 and extend P, (as we may) to C|0, 00| by linearity.
Then { P : t > 0} defines a one-parameter semigroup of non-negative operators on
C[0,00), so P;,, = P; P, . We have P, 1 < 1. For h € C[0,00] and z € [0, ), the
limit

(Frh) () = Lim(Ph)(2)
exists and
(Psh) (0) = R(0),
(Pyh) (y) = T (y, {0})h(0) (y € (0,00)).

where 117~ (y, {0}) is a measure of total mass at most 1 . This time, Py does map
C[0, 00] into C[0, c0]. We have Py P, = P, Py = P[. For h € C[0,00], (P h)(z)
depends only on the values of h at 0.

3.1F. Definition. For y € (0, 00), let

7(0,y) = 2l (y, {0}).

3.2, Duality

Drawing an analogy with the two-boundary problem of the previous chapter, this time
duality arguments suggest that

I+(0,dy) = (0,9)e*¥dy  on (0,00) @.1)
in the Radon-Nikodym sense.

3.2A. Remark. At this stage it must be emphasized that this is only a suggested form of II™+,
This is because the duality argument here relies on the fact that 7 is symmetric relative to (-, -)s,
a fact that is again only suggested by the compact support assumption. Later arguments will
then confirm matters, in that, the given II™* is indeed correct.
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3.3. The Processes Z and &

Let Z = {Z(t) : t > 0} be a reflected Brownian motion, with drift x, on [0, co) reflected at
the boundary 0. We therefore have

dZ(t) = dB(t) + udt + dLo(t),

for some Brownian motion B on R and continuous non-decreasing processes Ly with

| Tz = L),

so that Ly grows only when Z is at 0. The process Ly is the familiar local-time process at 0.

The fluctuating additive functional ®. We define ® via the equation
d®(t) = dt — dLy(2).

For the moment, we concentrate on the situation when ®(0) = 0.

For z € [0, 00), we write P* for the law of the (Markov) process (®, Z) when ®(0) = 0 and
Z(0) = z. As usual, E* denotes the expectation associated with P*. A statement about Z will
be said to hold almost surely (a.s.) if it has [P* probability 1 for every z.

3.4. The Behaviour of ¢

Before we deduce some crucial results on the long-term behaviour of our functional ®, we
begin by introducing some additional important results. The following results on Brownian
motion are well-known.

3.4A. Definition. After throwing away a null set of w the following statement about BM (R) B
is true. Let f be a continuous function on [0,1]. We call f approximable if there is a (random)
sequence (ny) of positive integers with ny — oo such that given € > 0, there exists (a random)
ko such that for k > ky,

B(nku)

vni loglog ng —fw)

<e forallue€|0,1]. 4.1)

3.4B. Theorem (Part of Strassen’s Law of the Iterated Logarithm).
[ is approximable if and only if there exists a g € L*(0, 1] such that

AE@®=fw (t < [0,1]), 42)

and

1
1 /0 g(s)%ds < 1. 4.3)
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Proof of Theorem 3.4B. For the full result and its proof, see Freedman [10]. O

3.4C. Theorem (Law of the Iterated Logarithm). We have the following result:

. | B:| }
Pql — =1 =1 4.4
{ H?rfoul) V2tloglogt “4)

Proof of Theorem 3.4C. For a direct proof, consult I.16 of Rogers & Williams [24]. The
P(limsup > 1) = 1, the deeper part of the LIL Theorem, follows from the part of Strassen’s
Law given above. The other half follows from the full Strassen Law. Again, see Freedman [10]
for further details. O

3.4D. Corollary. B, grows much more slowly than t for large t.

Proof of Corollary 3.4D. This is quite clear in light of Theorem 3.4C. (]

3.4E. Theorem. We have the following situation:

o ifu > —1, then (a.s.) ®(t) —» +ooast — oo,

o ifu < -1, then (a.s.) ®(t) - —ocoast — oo.
Additionally, if u = —1, then (a.s.) ® fluctuates infinitely, in that,

lim sup ®(t) = 400, liminf ®(t) = —oc. 4.5)

3.4F. Remarks. For . > 0, it is obvious that (a.s.) ®(¢) — +oo as t — oo. Furthermore, for
p < 0, it is well known that (a.s.) 71 Lo(t) — |ul, so that the result when p # —1 is clear. This
well known result is a consequence of a general account given in It6 and McKean [14]. It should
be noted that the Ergodic Theorem is used there. This causes the main difficulty. However, such
results can easily be deduced via Lévy’s presentation of drifting Brownian motion which gives
us a convenient normalization (in law) for the local time process.

By comparison with the two-boundary case, the result in (4.5) is difficult to justify as the
generalized eigenfunction £ is unbounded (see Section 9). This fact does indeed hinder us, in
that we cannot deduce that ® fluctuates infinitely via a quadratic variation result as demonstrated
in the previous chapter. This is one of the main reasons for considering Lévy’s presentation.
However, only the lim inf can be deduced directly from the Lévy presentation. The lim sup
result can be proved, following some work, by Theorem’s 3.4B and 3.4C above.
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Proof of Theorem 3.4E. Suppose B, is a BM(R) with starting state zero. Then B; + ut is a
BM,,(R) (obvious notation!). Thus, by Lévy’s presentation (see Theorem C.1 of Appendix C),
it follows that

Dt = Bt+)ut+£?a

is a reflecting BM,(R) on [0, c0) where £ := — min{B, + pus : s < t} is the local time (at
zero) of D;. Hence, we now have

&, =t—LP =t+min{Bs +pus:s <t} (4.6)

As expected, we consider the following cases separately:

I. pu>-1,
2. p< -1,
3. upu=-1

Note again that we know exactly what to expect in cases 1 and 2 from It6 and McKean [14].
Case 1: > —1. Here,
&, =t+min{B; + us:s <t}
>t+ min{B;: s <t} +min{us: s <t}
_$ = t + min{B, : s < t} if u >0,
! (1w + 1)t + min{B, : s < ¢t} if p € (-1,0}.
We know from Corollary 3.4D that B; grows much more slowly than ¢. It follows that

lim ®; = oo = lim &, = oo.
t—oo t—o00

Case 2: i < —1. In this case, we have

®, =t + min{Bs + us: s < t}
<t+ B, +put
= (p+ 1)t + B
= —Kt+ B, (for some constant K > 0).

Once again by Corollary 3.4D we know that B; grows more slowly than ¢, hence we have

lim &; = —o0.
t—oo
Case 3: ;1 = —1. We hope to deduce that we have infinite fluctuation in this case, in that,

the conditions in (4.5) hold. The lattermost result in (4.5) follows from the previous case. In

particular, we saw that
®; < By
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However, (a.s.) we know that
liminf B; = —o0,

so we must have (a.s.)
liminf ®; = —o0.

The former result in (4.5) is a little more difficult to justify. By Theorem 3.4B since g(s) =
V2 € L0,1), it is clear that f(t) = t1/2 is approximable. This f(t) is the maximal one
(simply maximize f(1) (given by (4.2)), subject to (4.3), so that g(s) = v/2 (€ L?[0,1])), yet it
need not be. Given any ¢, we therefore know that the inequality in (4.1) is true with f(u) = uv/2
for sufficiently large ny. Thus, in particular, we may take ¢ = 72, so that for sufficiently large
i, we have

_M_u\/i < Q forallue [0) 1]
Jrxlog log s i

Consequently, we have

B(ngu) > (u — 1) v/2nx log log ny. 4.7)

Next by simply amending the form for ®; in (4.6) to account for n;, we now get

®,, = ng + inf {B(ngu) — ngu : u € [0,1]}
> ny + inf {(u — 1) \/2n;loglogng — ngu : u € [0, 1]} (by (4.7))
= inf {ng (1 — u) + (u — 1) v/2ni loglog ny : u € [0,1]}.
——

>0

If u € [0, §), then for ny, sufficiently large

T (u—1) v/2ni loglog ng ‘ _
u=3 u=0
=1ing — 1v/2nloglogn, — as ny — 0o.

If u € 1, 1], then for ny sufficiently large

b, > ng(l — u)’ + (u — 1) v/2ng log log ng

‘an > 'I’Lk(l — u)

_1
u=3

= 1V 2niloglogn, — oo as ny — oo.

It now follows that

lim &, = +oo,
TN — 00

so that, as desired, we get
limsup ¢; = +o0.
O

Short-term behaviour of ®. If Zy = 0, then initially Ly(¢) will grow faster than ¢ so that
there will be a (random) non-empty time-interval (0, d) on which & < 0. See Appendix C for
further details.
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3.5. The Processes Z1 and Z~

3.5A. Definition (The time-substitutions 7). For t > 0, we define (with the strict >’
conditions again being important)

.t = inf{u: ®(u) > t}, 7, = inf{u: —®(u) > t},
with the usual convention that inf()) = oo.
3.5B. Lemma. The following results hold.
(a) P*(1;" < 00) = 1 if and only if either > —1 or both t = 0 and z € (0, 00).
(b) P*(1,7 < o0) = 1 ifand only if either ;1 < —1 or botht = 0 and z = 0.
Proof of Lemma 3.5B. This is trivial given Theorem 3.4E and Lemma 2.16B. a
3.5C. Definition (The processes Z*). For t > 0, we define

ZE(t) = Z(v"),  Z7(t) = Z(r)),

with the usual convention that Z*(t) = 0 if ¥ = oo, where 0 is a ‘coffin state’. For instance,
we can only have Z*(t) = 0 here if p < —1.

3.5D. Hypothesis. For the process Z+, we have the following situation
(@) if u >0, then Z* is transient: Z;" — o0, a.s.;

(b) ifp = Othen Z is null-recurrent: for any to and any z € [0, 00), there will (a.s.)
exist a random t > to such that Z; = z, but for any interval I, P(Z;f € I) — 0
ast — oo,

(c) if =1 < p < 0, then Z* is positive recurrent, and (a.s.) for any interval I,
P(Z§ € I) — [,n(y)dy ast — oo, where 1 is the invariant density for Z*;

(d) ifu < —1, then (a.s.) Z* has finite lifetime.

Comments on Hypothesis 3.5D. This is given for the same reasons as in the corresponding
point in the previous chapter.

3.5E. Lemma. Z* and Z~ are strong Markov processes.

Proof of Lemma 3.5E. The proof is similar to the corresponding result in Chapter 2. (]

It is clear that Z~ is a Markov chain on {0} U {8}. Under P? the value 75 will (a.s.) be
strictly positive and Z; will belong to (0,00). We see that Z* is therefore a process which
behaves like Brownian motion inside (0, co) but which, on approaching a point 0, jumps into
(0, 00) according to some measure II~*(0, -) (of total mass at most 1) on (Borel subsets of)
(0, 00) (‘and jumps to @ with probability 1 — II7*(0, (0, 00)).
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3.5F. Definition. To be specific, we let

II-*(0,J) = P(ZF € J) (J € B(0,0)),
"= (y,{0}) == P¥(rg <o0)  (y €(0,00)),

to accompany Definition 3.1F.

3.5G. Definition (The transition semigroups P). Fort > 0, we now define the map PZE on
C0, o] via

(PE£) (2) = E*(1(Z5); ¥ < 00) (1 € C[0,00], = € [0,00)).

3.6. The Probabilistic Significance of the PDE for F

Let ®(0) take an initial value ¢ < 0 and let P denote the law of (®, Z) for this new situation:
it is the P* law of (® + ¢, Z). In the following theorem, this allows us to include z = 0 in the
general starting point.

3.6A. Theorem.
(@) Suppose that F € M with continuous extension to {0} x (0, 00), and define

Uy = F(R@AT), Z(tATF)).

Then our PDE
0,F+HF =0

holds on (—00,0) x [0,00) if and only if
U is a local martingale under each P¥* with z € [0, 00), ¢ < 0.
(b) Suppose that H € N with continuous extension to {0} x {0}, and define
Vi == H(®(tATY), Z(tATG)).

Then our PDE
0,H+HH =0

holds on (0, 00) x [0, 00) if and only if

V is a local martingale under each P¥* with z € [0,00), ¢ > 0.

Proof of Theorem 3.6A. Again, the required proof follows by similar arguments to those given
in the proof of 2.7A of Chapter 2. O
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3.7. Finding II*~ Rigorously

Let ¢ > 0. We now amend the setup as given in Section 1 of this chapter, in that the
following situation corresponds to considering the operator ., with domain D(H,) consisting
of real valued functions in L which satisfy the (‘reverse Feller’) boundary condition

1R7(0) + (1 + 1)(0) — ch(0) = 0. (7.1)

Additionally for h € D(H.), we have H.h = Lh” + ph’ — ch . This relates to killing the
underlying process at the random time {. One of the main benefits of this is that we can obtain
IT*+~, for all p, from one calculation.

3.7A. Lemma. For c > 0, the process
M, := H(t, ®;, Z;) = exp(—ct — 17v2®)h(Z,) (7.2)
is a local martingale bounded on [0, 7] for u > 0, where h, € C|0, 00 is given by
he(z) = exp(—iv22)  for z € [0,00), (7.3)

and v} =2(p+ 1)+ /4(p + 1)2 + 8 > 0.

Proof of Lemma 3.7A. Applying 1t6’s formula to M, in (7.2), we have

th = (atH) (t, q)t, Zt)dt + (a(,,H)(t, q)ta Zt)d(bt
+ (8. H)(t,®¢, Z,)dZ, + L(O2H)(t, ®,, Z,)dt
= exp(—ct — $72®;) [—che(Ze)dt — V2he(Z:)dPs + hi(Z,)dZ, + 3h;(Z,)dt]
= exp(—ct — 172 Py) [ — che(Zy)dt — 2h(Z;) {dt — dLo(t)}

+ B.(Z,){dB, + pdt + dLo(t)} + %h’c’(Zt)dt] .
Then, by the martingale preservation property, it follows that we need

LhY + uhl, — 1¥2h. —ch, =0  on (0, 00),
R, + 1v2h, =0  atzero,

with |h.(y)| < oo. This implies h, € C|0, o], and then elementary calculus gives the desired
result. ]

3.7B. Remark. Clearly h.(co0) = 0. Note that, as expected, h. satisfies (7.1). Therefore, H
would now satisfy the PDE in Theorem 3.6A(b) with H = H,, but with an additional +0; H.
One could have easily further generalized the theorem to account for this case. However, the
form given there is what is later required.
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3.7C. Theorem. We have the following explicit form for I1*~;

e—Z(u,+1)z {f,u > -1,

177 (2,{0}) :=P*(15 < o0) = {1 ifp < —1.

Proof of Theorem 3.7C. Given Lemma 3.7A, we now have an appropriate h. such that H
in (7.2) is a local martingale. Clearly, exp(—cr; ) = 0 on the set {7, = oo}. Moreover, if
75 = 00, then ®(¢) > 0 for all ¢ > 0, simply by definition of 7; . This makes it clear that

exp{—cry — 172®(175)} =0  ontheset {7y = 0o}. (7.4)

Note that Theorem 3.4E enables us to strengthen some of the above. If ;7 = oo (in which case
we must have u < —1), then &, — oo as t — 00, so we additionally have ®(7;) = oo on the
set {75 = oo}, so that exp{—1v>® (7 )} = 0. This further verifies the result in (7.4). Hence,
such a case gives no contribution to the underlying expectation, in that

E* [exp{—crg — $72®(75)}ho(Z5 ); 7 < 0]
= E* [exp{—crg — $779(15)}he(Z5)] -

Now observe that &(7;7) = 0 when 75 < oo, ®(0) = 0 and h.(Z; ) = h.(0) = 1. Since 7 is
a valid stopping time, we can legitimately apply the Optional-Stopping Theorem to get

(1.5)

E* [exp{—ct5 — $72®(7)}he(Z5 )75 < 00] = E* [exp{—erg }; 75 < o0]
= E* [hC(ZO)]
= h(2).

Thus, in particular, we have
E* [exp{—crg }; 75 < o0] = he(2). (7.6)
Letting ¢ | 0 in (7.6), by Lemma 2.16B, we find that
E*[1;7y <o0]= lglr(r]l he(z).

The result now follows by elementary Probability Theory and considering the appropriate limits.

O
3.7D. Corollary. We now have the following explicit form for II=%;
2 ifu>-1
II+(0,dy) = 2e*®¥dy, where k(p) = l.fu -7 7.7
—2p fp<-L

Proof of Corollary 3.7D. Assuming the duality result in (2.1) and recalling the definition given
in 3.1F, the given result follows from Theorem 3.7C. O
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3.7E. Proposition. It is now clear that I1*~(y, {0}) is a measure of total mass at most 1. The
same can be said about the measure II=%(0, -) on (Borel subsets of) the interval (0, 00).

Proof of Proposition 3.7E. This is trivial. (]

3.7F. Important Remark. Observe that, in the case when p > —1, the probability density
of ‘half-winding’ is independent of the drift component. This means that the density of
half-winding remains unchanged irrespective of the magnitude of p, which initially seems
unreasonable. This fact motivates the following section.

3.8. Heuristic Explanation of Why IT~* is Independent of ;, when y > —1

For an explanation of the independence result we appeal to the Cameron-Martin-Girsanov
Theorem below. However, there is a problem in justifying the uniform integrability property
necessary for its use. This accounts for the use of ‘heuristic explanation’in the section title.

3.8A. Theorem (CMG change of measure). Let (2, 7°, { F7}, P) relate to a Brownian
motion on R. Suppose that v is an {F;, } previsible R-valued process such that:

¢ = exp ( / 7dX, - / Il ds) (8.1)

defines a uniformly integrable martingale ( on each finite interval [0,u]. Corollary
1V.37.11 of Rogers & Williams [24] shows that this will be true when < is a bounded
process. Then there exists a measure Q on (0, F°) such that:

= Ctv Vta

t
Xt"/ stdS
0

defines a Brownian motion relative to F7,. If T is an {F, } stopping time, and ;a7 is
uniformly integrable, then
dQ

dP

and, under Q,

= CT’ (8'2)

0
Fre

It follows from equation (7.6) when y = 0, we have

EZ’=0 [e—CTO :I — e—az
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where o = 1 + /1 + 2c. Next define
-+ 0 —ert +
I;*(0, dy) = ES o [¢™%; 25 € dy],
00 0) = B3 < 0] = B

It is clear that our previous duality argument will hold for the ‘killed’ situation. This therefore

suggests that
I%(0,dy) = 2117~ (3, {0}),

which is equivalent to
ES_o{e™; Z(13) € dy} = 2e~**dy. (8.3)

Asa cons€quence we now have

2
vy+a

I{;?A:o@—’yz(’";r)_c_r0+ =

(8.4)

Justification that (8.4) can be obtained from (8.3). Multiplying the RHS of (8.3) by e ¥ and
integrating over [0, 00), it is clear that

« 2
/ e 2e ¥dy = ,
0 Y+ o

the RHS being exactly the RHS in (8.4). This tells us how to proceed. All that it remains to
do is to deal with the LHS in (8.3). Using elementary results from conditional expectation, we
have

LHS in (8.3) = ES_o{e™%; Z(7") € dy}
=E)_, [e'“g |Z(r3) € dy] P, o(Zs € dy)

(o e]
= /0 e P_o(1f € dt|Z§ € dy)P)_o(Z7 € dy).
Next, if we multiply the lattermost result by e~¥ and integrate over [0, c0), we have

/ / e POy (rg € dt|Z € dy)PO_o(ZF € dy)
o Jo ~ M ’

*

& /0 /0 e VTP _o(1g € dt, Z§ € dy)
IEO

_()e—'yZ(Tg')—cro+ )

54
Note that we have used the definition of the conditional density of the law of 7, |Zgr in order to
express the desired result in terms of the joint law of Z; and 7. O

Let W, be the canonical ‘coordinate process’, so €2 is the space of continuous functions and
Wi(w) = w(t). Let P%_, be the Wiener measure, so W is a P_, Brownian motion.
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p € R is clearly {F;, } previsible as it is simply a constant. Moreover, it is well known
that ¢, := exp(uW, — 1ut) defines a IP2=O-martinga1e ¢ with initial value 1. Hence, by the
Cameron-Martin-Girsanov Theorem we can consistently define a measure PJ_ . on (Q,F5)
via P
£ = (, onXF;, forfinitet. (8.5)
p

Here the measure IP)_ , is said to be equivalent to P, _, on each {7, }. However, the equation
just given is of course false when ¢ = oo, so that the measures are not equivalent on { F°} which
is the completion of {7, }. In order to fully justify the use of the CMG Theorem, we need to
show that:

1. W, — pt is a P_ -Brownian motion,

2. {Cnry} is a Ul martingale.

For reasons already given, the latter point in the above is ignored. We therefore concentrate
solely on point 1. By Lévy’s characterization of BM, in order to show that W; — ut is a ]P’g= u
BM we need to show that

(i) W, — ut is a P9_ -martingale,

(ii) W; — pt has P_ , quadratic variation ¢.

However, (i) is the same as saying that
X; = G(t,W,) = (W, — ut)¢;  defines a P)_j-martingale.

This can be proved directly as follows.

It is clear that G € C1%([0, 00) x R). We can therefore apply 1t6’s formula to get

dX, = 0,G(t, W,)dt + 8,G(t, W,)dW, + 162G (t, W,)(dW,)?
= —G { 1AW, — pt) + i} dt + G {u(W; — pt) + 1} dW,
+ G {32 (W — ut) + p} dt
= G {u(W, — ut) + 1} dW;
= {puX¢+ ¢} dW,.

The martingale preservation property now yields the desired result.
Similarly point (ii) is equivalent to (W; — ut)? — t defines a ]P’g= ,-martingale, which is the same
as saying that

Y, = H(t,W,) = {(W, — ut)* - t}¢ defines a P_-martingale.

This can be proved in a similar way to (i) as H € C2([0, 00) x R). However, this time Itd’s

formula gives
dY; .= {uY; + 2(W; — ut) }dW,,

so that once again the martingale preservation property prevails.
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Recall that W, is a P)_, BM. We now know that, under PS_ , W, — ut is a BM. Then,

=l[,7

Hence, we have changed W; to a BM with drift x4 under ]P’g= "

We now introduce Lévy’s presentation in order to get the desired reflecting BM on [0, c0).
We take _ _
Zy = Wy — min W, L; = —min W,
s<t s<t

so that Z, defines a reflecting BM with zero drift under P?_, and drift 4 under ]P’?F“. Recall
that such a presentation only gives us an equivalence in law to the underlying processes Z; and
L;. This accounts for the Z notation. We write 7 for TJ’ . Then 7 — L, = 0. Next we can use
the characterization in (8.5) in order to relate the two measures.

0
0 _—6ZF o oz APy 0 _—0zZF
]Eﬂzﬂe 0 = ]E”=Oe 0 W = ]E#=06 0 (4=r
= t=r
— ]EO Oe—G[W(T)‘f'L(T)]‘i‘MW(T)—%[JZT
= ‘

Now define
I:=—9[W(r)+ L) + pW(r) — spir

= —(0 = WW(r) + L(7)] = pL(r) — 4p*r

=—(0—p)Zf -7 (p+ 112 (since L(7) = 7.)
It follows from (8.4) that

2
EO I _
=0t = _ p+a’

where o = 1 + |u + 1. Clearly there are two cases to consider.

Case (i): p > —1 = |p+ 1| = p+ 1sothat o = 2 + u. Here we have

o -6zt _ _2

and so we expect that

E)_.[L; Z5 € dy] = II7*(0,dy) = 2e~*dy,
which is the desired independence result.
Case (ii): 1 < —1 = |p+ 1| = —p — 1 so that @ = —p. This case yields

2
E0 073 — :
w=p 6 —2u

and we therefore expect that
E)_,[1; Z§ € dy] = TI7*(0,dy) = 2¢*¥dy,

by using a similar to that used to show that (8.4) may be obtained from (8.3).
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3.9. Eigenfunctions of H

We now define
hyu(y) =17 (y, {0}). ©.1
Trivially, if 4 > —1 then 2(u + 1) is an eigenvalue of H corresponding to the eigenfunction
hu(y). Alternatively, if 4 < —1 then 0 is the corresponding eigenvalue as h,, is the constant
function 1. It is not difficult to show that each such eigenfunction h,, is (negative), except for
the case when p = —1 in which by, is (neutral),. In light of the above, let

_ o) it
e(u) = {0 ifu< 1. 9.2)

At first, it seems that fp(y) = cos(fy) + 10sin(fy) is an eigenfunction of H corresponding
to the negative eigenvalue —16%. However, even though f5(y) is bounded on [0, c0), (fs, fo)s is
not defined in this case as the corresponding integral turns out to be infinite. Hence, fj is not an
eigenfunction of H: it does not belong to the right space. This is one of the main reasons why
we had to proceed differently in this case.

3.9A. Generalized eigenfunctions. Here, problems concerning the underlying domain of ‘H
are further emphasized. In the case when u = —1, if our underlying functions have to be
bounded, then a generalized eigenfunction of H corresponding to the eigenvalue 0 does not
exist. Recall that such a generalized eigenfunction, { say, would have to satisfy £ € D(H) (so
that ¢ must be bounded), H¢ = 1 and H2¢ = 0. One should then observe that, for this case,
(1.1) simply reduces to £”(0) = 0. Ignoring the need for ‘boundedness’, we have £(y) = —y.

3.10. The { P, } Semigroup

3.10A. Theorem. For z € [0,00) and h € C|0, 0], we have
(Prh)(2) = e~ *E*9n(0),

where e(11) corresponds to the appropriate eigenvalue of H as given in (9.2).

Proof of Theorem 3.10A. It suffices to appeal to arguments given in the proof of Theorem 3.7C.
More specifically, we modify matters in that we apply the Optional-Stopping Theorem at 7;~
and we observe the facts that &(7;7) = —t and Z;” = 0. This time the Monotone Convergence

Theorem gives
P*(1, < o0) = e~ eW(z+t)

This result together with Definition 3.5G gives us exactly what we need. O

The following Corollary to the above Theorem is crucial in regard to the legitimate
application of Theorem 3.6A.
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3.10B. Corollary. We now have (t, z) — (P, h)(z) is C12.

Proof of Corollary 3.10B. This is obvious. O

3.10C. Remarks. If we draw an analogy with the calculation of P, h in Chapter 2, it is
immediately clear that affairs are much simpler. This is as we only have a single boundary
so that, in particular, Z;” = 0 if 7,7 < oco. Viewing Z~ as a Markov chain on the solitary state
0, we see the ‘Q-matrix’ corresponding to this situation is simply the value —e(u).

Proof of WH2. Given Theorem 3.10A, we define H (¢, z) := (P, h)(z) fort > 0. By arguments
given in Section 7 of Chapter 2 it follows that H (®(t A 75°), Z(t A 73')) is a martingale. We
may therefore legitimately use the ‘if” part of Theorem 3.6A (b) to show that the necessary
PDE holds and H(yp,-) € D(H). The martingale property allows us to legitimately justify the
remaining matters by probability as well as by analysis. Of course, due to the simple form of
P h, everything here can easily be confirmed directly. O

3.11. Calculation of the Conjectured Resolvent {Rf{ :A> 0}

If Z(0) = 0, there is no good way of applying the Strong Markov Theorem at a stopping time
which is less than 75 . (The only thing that comes to mind is sup{u : ®(u) < 0}. However, this
is clearly not a stopping time!) This is one of the features which makes it necessary to begin by
relying on guesswork.

Heuristics. Believing in duality, we guess that Z% is a Ray process and has the same laws
as Z* where Z+ behaves like a drifting Brownian motion on (0,0) and, on approaching 0,
jumps into (0, c0) according to the conjectured density 7(0, -)e*() = 2e~*W)() where k is
given in (7.7). We shall construct the resolvent {Rf{ : A > 0} which Z* would have to possess.

For typographic neatness we shall use the following notation:
B = (u? +2/\)%, sothat q,:= (u2+2)\)% +p=p0+u,
1
at =420 —p=08—p.

Since A > 0, note that both «, and o* are strictly positive. Furthermore, o, + o* = 24 and
oot = 2.

Suppose that Ty := inf{t : Z; = 0} as usual. Let ,, R) be the resolvent of the process
{Z; : t < Ty}, which is therefore the resolvent of drifting BM killed at 0. Note further that

E? (e—,\To) — Oz
For f € C[0, 00|, we expect to have
(B £)(00) = MeavRaf)(00) = f(c0)- (1L.1)
Now for z € (0, 00|, we surely believe that

9 (2) = (B{f)(2) = (abBaf)(2) + e **(R} £)(0). (11.2)
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From the analogous result for drifting Brownian motion on R, it is a trivial exercise to show
that for f € C|0, o0,

(RNE) = [ e w)fw)du, (113)
0
where

% {e—a“(w—z) _ e—a*z—a‘w} if 2z < w,
tabr,\(z, w) = (11.4)

213- {e""*(z‘“’) — e“a‘z‘a*w} ifz > w.
Hence it is clear that 595 = (tabRaS) s0Ives A(sabgr) — 2(tabgy) — L(tabgh) = f on (0, 00)
with Dirichlet boundary condition ¢,,9,(0) = 0 and that it converges to the limit as given in
(11.1). Additionally, note that ,,7x(2, {0}) = 0 and that Aap7a(00, {c0}) = 1 for all A. Of

course, as we shall soon see, the corresponding result is true for the kernel #*. This reflects the
fact that the ‘point’ oo is absorbing.

Because 0 is a branch point of the Ray process Z+, the relevant strong Markov property to
which we are making intuitive appeal, is really that (due to Meyer and Ray) at Theorem I11.41.3
of Rogers and Williams [24]. Now, (11.2) implies that g5 € C|0, oo] N C%(0, c0) and

Ag)\ - %93( - p/gl)\ = f on (01 OO), (115)

with (11.1) at co. Moreover, we also believe that,
0:(0) = /( T 0,a)0), (11.6)
0,00

where the guessed value of II™T is given in (7.7).

Trivially, the ‘lateral’ condition (11.6) is equivalent to
(h,u:gA>S = 01 (117)

where h,(z) is defined in (9.1).

Do remember that equation (11.5) is not the (A — G+)‘1 = Rj equation of Hille-Yosida
theory because f may not belong to the domain of strong convergence to I of Pt ast | 0.

Definition and calculation of {Rj\L : A > 0}. We now begin the rigorous study of
the conjectured resolvent. We shall see that for f € C[0, 00|, there is a unique solution
g € C[0,00] N C%*0,0) of (11.5) with lateral condition (11.6) (equivalently, (11.7)). We
shall define the linear operator R on C[0,00] via R} f := g». We are going to show that
{f?,f{ : A > 0} is a Ray resolvent, and (eventually) that it is the desired resolvent of Z+.

3.11A. Analytic verification that (11.2) holds. With the definition of lf?,;\F just given, we simply
verify the ‘Dirichlet’ description of ., R, f as defined via (11.2) from R} as in Section 10 of
the previous chapter. (]
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By elementary calculus, equation (11.5) implies that

a(z) = Ax(fle ™" + % /:o {em@"w=2) _ gmeezma’w} £() dw

z (11.8)
l —ou(z—-w) __ j—axz—o*w
+ﬁ/0 {e e } f(w) dw.
Using (11.7) we find that
AN(f) = [ ]AA(O,w)f(w) dw,
0,00
where .
A(0,w) = —otw _ p—k(pwy 11.9
0) = oG ey e 1)

From (11.8) we can easily check that g, satisfies (11.5) and (11.1), in that,
lim g)(z) = lim ¢j(2) =0  and lim Agx(z) = f(o0).

All that one needs to do is to observe that

Z—00

lim ea'z/ e f(w)dw = al:f(oo),

Zz—00

lim e""*z/ e f(w)dw = if(oo),
0 Qi

together with

[ o] z
lim e_a'z/ e f(w)dw = lim e_"*z/ e *" f(w)dw = 0.
zZ—00

Z—00 0

3.11B. Lemma. We have R} : C[0, 0] — C|0, o0}, and

(BEH() = / 7 (2, w) f (w) dw

[O!OO]

Jfor a jointly continuous kernel 7 with
7Y (0,w) = Ax(0,w), 7Y (2,0) = 0 for all z € [0, ), A 7 (00,00) = 1 for all M.

Proof of Lemma 3.11B. Given (11.9), matters are obvious here. ]

As in the previous chapter, look forward to Corollary B.7 of Appendix B which motivates
the following result.

3.11C. Lemma. We have

M0, w) — e 7(0,w) (w € (0,00]), but 0= AA5(0,0) = lirgl+ {e**r(0,w)} = 2.
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Figure 3.1: AA,(0, w) against €27 (0, w) for large \.

Proof of Lemma 3.11C. All that we need to do is to observe that, for w > 0,
4

lim e™®™ =0 and lim = -2,
i, A28 k() — o) (R = 2) + )
for both cases for k(). The result at 0 is obvious. O

Noting that g,(0) = Ax(f), we can substitute (11.8) into (11.6) to get

2
() — 2

00 = {1+ =2 (T oawmw.  alio

One should simply observe that the particular solution in (11.8) is exactly what recognize as
(v R f) in (11.4). Given the numerous ways of expressing the solution to (11.5), this is the main
reason why the form in (11.8) was chosen. Formula (11.10) is the ‘Reuter’ formula (actually a
Feller-Reuter-Neveu formula) which has a useful interpretation. This will help us to deduce the
desired C'*? properties of the underlying semigroup, which we have not yet shown exists.

3.11D. Remark. Note that, as expected, (11.10) follows by substituting the resolvent
decomposition (11.2) directly into (11.6). However, this was not the correct route to take given
our preliminary guesswork!

{R;’ : A > 0} as a Ray resolvent. Firstly recall the necessary Ray process theory from
Appendix B.

3.11E. Theorem. {R} : \ > 0} is an honest Feller resolvent on C|0, o).
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In order to prove the above theorem, we firstly need several results. We have already
established that R} : C[0, oo] — C[0, ).

3.11F. Lemma. We have non-negativity of RY, in that, if f € C[0,00] and f > 0, then
Rif>0.

Proof of Lemma 3.11F. Let f € C[0,00] and f > 0. Recall that g(z) := (Rf{f)(z) satisfies
the conditions in (11.5) and (11.6). Note that the subscript A will be dropped for typographic
convenience. It suffices to prove the following

(BRYf)(2) >0 for all z € [0, co].
Now for a contradiction suppose that
9« :=inf{g(z) : z € [0,00]} < 0. (11.11)
Suppose further that g(y,) = g. for some y, € (0, 00). Then by (11.5) we have
Ags — 39) — ng. = (%) (11.12)

Recall that g, is defined as a local minimum so that we must have g, = 0 and g > 0. However,
Ag« < 0and we have f(yo) > 0, which clearly gives the desired contradiction to our supposition
in (11.12). It therefore follows that

9(z) = gx, for z € {0, 00}, (11.13)

i.e. g attains its infimum at the boundary point 0 or at co. The result at z = oo follows
immediately from (11.1) since A, f > 0. We can therefore restrict out attention to 0.

It suffices to show that if (11.13) is true, then we get the desired contradiction to (11.6) in
the case when g < 0. Note firstly that (11.13) implies g(y) > g(0) for all y € (0, 00). Using
this fact in (11.6) we have

g9(0) = / 2e WV g(y)dy > ¢(0) / 2e "Wy = 9(0)%-
0 0

Since g(0) < 0 by our supposition in (11.11), we have
k(k) <2,
which clearly contradicts what we recognize as k(u) in (7.7). O

3.11G. Lemma. The resolvent equation holds.

Proof of Lemma 3.11G. The desired proof is identical to that given in Lemma 2.10F. O
3.11H. Lemma. For f € C[0, 1], we have the following results:

(a) )\(tabR)‘l)(z) =1 — e ™3,

® AAFDO) < 1.
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Proof of Lemma 3.11H (a). We take f = 1 in (11.3) and then use elementary integration.
Observe that A(;p R f)(2) is simply the probability that Brownian motion killed at 0 is alive at
an exponential time. O

Proof of Lemma 3.11H (b). From (11.9), we can easily deduce that

MEO) = +42*>a*k(u)’

which equals 1 if k(u) = 2. If k(u) = —2p (in which case p < —1) we have

. A
MRT1)(0) = .
(R31)(0) P —Y
However,
plon —pat —pA > o+t + A > A >0,
and so we have the desired result. ™

3.11L Corollary. \Rf1 < 1.

Proof of Corollary 3.111. From the decomposition in (11.2) we have

MR (2) = MeabRa1)(2) + e **A(R}1)(0)

= 1—e ™% 4 e *?\(RS1)(0) (by Lemma 3.11H (a))
< 1l—e ™ e = (by Lemma 3.11H (b))
= 1.
Finally from (11.1) we have A(R}1)(c0) = 1, which yields the desired result. O

3.11J. Corollary. If f € C[0,1] and f < 1, then R} f < 1.

Proof of Corollary 3.11J. The result is a trivial consequence of Lemma 3.11F and Corollary
3.111L O

Proof of Theorem 3.11E. Recalling Definition B.1 (of Appendix B), to get the desired result,
it suffices to combine the results in Lemmas 3.11G and 3.11F and Corollary’s 3.111 and 3.111J.
However, as in the proof Theorem 2.10D, the desired ‘honesty’ property may require adding a
coffin state 8 and extending R, in the obvious way. This only applies to the case when p < —1.

O

3.11K. Theorem. {R} : )\ > 0} is a Ray resolvent.

Before we are able to prove the above theorem, some important results need to be
established.
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3.11L. Lemma. For f € C|0, o0}, as A — oo, we have
MEL (=) — (B H)(2),

where, as expected,
(f) W) = 1) (e (oo,
()@ = [ om0

lw]

Proof of Lemma 3.11L. The result for z = 0 follows directly from Lemma 3.11C. We also
know that A(R} f)(00) = f(o0), so we only need to deal with the points in (0, 00). We do this
probabilistically.

Suppose that () is exponential with rate A, independent of the process Z. Then, with T as
at the beginning of the section, we have

AabRrf)(2) = E* [f(Z(())) : € < T
=E*[f(Z(%)) : ¢ < ATy (since A(x = (1)

Now f(Z(%)) is clearly bounded by ||f||s,p for f € C[0,00]. In addition, {; < AT, for A
sufficiently large. Hence, as A — oo,

MwanRaf)(z) = E*[f (Z(2)) : G < AHo] — E* [f(Z0)] = f(2).
g

3.11M. Lemma. R separates points of |0, 0o], where R is the common range of Rj" on C|0, o0].

Proof of Lemma 3.11M. Suppose R is dense in C[0,00]. Then if R does not separate two
distinct points z; and 2, of [0, 00| s0 g(z1) = g(z2) for all g € R, then for all ),

(AR} )(21) = DR} f)(2,), forall f € C[0,00).
€ER

Taking the limit as A — oo in the above we have
(P )(21) = (B f)(z2), forall f € C[0,00].

Hence, in order to get the desired contradiction, it suffices to show that if z; and 2, are distinct
points of [0, o], then for some continuous f on [0, co] we have

(B (=) # (B )(z2)-
It is now trivial to prove that R separates points. We just take f = 1 and f = e~*¥, 0O

Proof of Theorem 3.11K. From Definition B.4, we know that a sufficient condition for
our honest Feller resolvent {R} : A > 0} to be a Ray resolvent is that the common range
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R = R} C[0,00] of the R} operators separates points of [0, cc]. Hence, given Lemma 3.11M
we know that R} is a Ray resolvent. a

3.11N. Theorem. There exists a map P} (t > 0) mapping C[0, 0] into the space
bB|0, 00] of bounded Borel functions on [0,00] such that for f € C[0,00] and
z € [0,00], t = (P f)(2) is right-continuous, and

[ e n@a = aiEn(),

0
P, = PrBf fors,t >0,
f > 0implies P} f > 0, and PF1<1.

Proof of Theorem 3.11N. We have now proved Theorem 3.11K so the existence of the P;*
maps is guaranteed by Theorem B.5 of Appendix B. O

3.110. Remark. For comments on the probabilistic part of Ray’s Theorem see the
corresponding section of Chapter 2.

Connections with the PDE approach. The PDE approach makes us believe that, for
f € 0,0,

8, {(Br )W)}

8,3 (BP0 = 0. 11.14
LT (& no)} (11.14)

Note the use of ‘believe’ here, due to the fact that we do not yet know that (P;* f)(z) is C*2.
On taking Laplace transforms in (11.14), we would have for g, := R f, equation (11.5) with
the different boundary condition

gx(0) + Aga(0) — /000 I1*(0,dw) f(w) = 0. (11.15)

One can easily verify that g, = Ej f does have this property. From (11.8), it is simply enough
to prove that

(0 — N AN(0, w) = 26747 — 2™ kWY, (11.16)
Noting that o, = o* + 2y, this is exactly equation (11.9). The boundary condition tallies, in
that (P f)(-) € D(H).

A direct proof of (11.15). For this case, the fact that (11.15) follows from (11.5) and
(11.6) may not be proved directly, unless we make some vital assumptions. This time, as a
consequence of (11.5), the desired result in (11.15) is equivalent to

93(0)+#/0 H‘*(O,dy)g&(y)Jr%/o II7*(0,dy)gx(y) = 0. (11.17)
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However, we only know that g € C[0, co] N C?(0, 0o). This certainly does not imply that both
g5 and g} are bounded in the limit as y — oco. Given the presence of g} and gy in (11.17), this
clearly causes a problem!

Recall that h,(y) = e v*(W+24) and that Hh,, = 2(p + 1)h,, in the case when u > —1.
Furthermore, h,(y) = —2(u + 1)h,(y), so that in particular we have h,(0) = 1 and
h,(0) = —2(u + 1). Assuming that both g} and g are bounded in the appropriate limit,
elementary integration by parts combined with these facts then allows us to simplify matters
considerably and therefore prove (11.17).

If 4 < —1, then h, = 1 and so zero is the corresponding e-value of H. As a result, (11.7)
now becomes redundant, in that (11.17) may be deduced solely from (11.5) via integration by
parts.

The lack of rigour here in our assumptions about g}, and g} further emphasize the importance
of finding an explicit solution to (11.5) as in (11.8).

3.12. Deducing that P is C'?

Due to the absence of eigenfunctions corresponding to negative eigenvalues here, it is almost
impossible to achieve a precise spectral expansion for Pt f as we did for the two-boundary
problem. Consequently, deducing that P;* is C? immediately becomes a more strenuous issue.
The continuity problem is considered in complete generality for the driftless case in the final
chapter. Therefore, we shall merely comment on calculations specific to this case. In fact, it
turns out that the calculations for this particular case are more ‘awkward’ than those for the
general case.

Clearly we need a convenient explicit form for the { P;"} semigroup. Due to the connection
between Laplace transforms and convolutions, it is unsurprising that such an explicit form can
be written in terms of the convolution of two functions. We therefore begin with the following
definition.

3.12A. Definition. The convolution of two functions f(t) and g(t) is defined as
t
(F+9)t) = [ F(s)glt — s)ds.
0
It is trivial that (f % g)(t) = (g * f)(t), when the underlying integrals exist. Next we

consider the following useful theorem concerning convolutions. £ denotes the familiar laplace
transform.

3.12B. Theorem. If L{f(t)} = F()) and L{g(t)} = G()\), then
L{(f *9)®)} = LLFOIL{9(t)} = F(NG).

We now have the following useful corollary.
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3.12C. Corollary.
LTHFNGN)} = (f * 9)(8) = (9% )(@).

Proof of Theorem 3.12B and its Corollary. For a proof, see Finney & Ostberg [9]. O

3.12D. Working Hypothesis. For all i € R, we have

(BF f)(2) € N := C**((0,00) x [0,00)) N C((0,00) x [0, 00]).

Comments on proof of Working Hypothesis 3.12D. For a proof in the ‘driftless’ case, see
the final section of Chapter 4. It will become quite clear that the argument given there may be
modified to account for this case. However, we shall now comment on issues specific to this
case. The following function plays a key role;

u®) = [ 00 )Pl ), (2.
0
and referring to VI.55 of Rogers & Williams [24], we find that for f € C[0, o]
(P NE) = [ i (e w)f(w)dw,
0

where

exp{u(w — z) — 3t} [exp { -2} —exp {—22}] . (12.2)

1
tabp:(za ’LU) = \/%

The explicit form of u(t) is now clear. Corollary 3.12C may be used with the ‘Reuter’ formula
in (11.10) to deduce that

A

at) = (Bf)0) = u(t) + (u*n)(®). (123)

where

V2
n(t) = exp(—$4t) { T~ P ) 4w = 2%} (b(p) + 0 = 2)0ul®) 0, (124)
nt
where T, (t) =2 — 20 ((p +k(p) — 2) \/z_f) and () is the distribution of the standard normal
variable.
Initially, the key step is to prove that a(-) is continuously differentiable on (0, c0). Though

both u and 7 are differentiable on (0, co), the problem is that they do not behave well at ¢ = 0.
The way to proceed by bare hands is explained in Chapter 4.
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It is possible to further generalize matters in order to get an expression for (P;" f)(z) for
general z € (0, 00). In particular, we may now deduce that

(B )(2) = (P F)(2) + / b(s)alt — s)ds, (12.5)

where
+us)?

Y _
b(s) = exp{ =&
(s) orst p{=4
Notice that b(t) represents the probability density for the first-passage time of Brownian motion
with negative drift, to hit level y starting from 0. In particular, we have

c_y ~(tes)®Vdg = 1 ifp<0, 12.6
/0 V2rs3 PN = if 1 > 0. (12.6)

(Referring to 1.8 of Rogers & Williams [24], it can be seen that the case given there corresponds
to taking o* rather than «, in the above. There it can also be seen that £ {b(t)} = e~**¥, a fact
used to deduce (12.5).) O

3.13. The Probabilistic Semigroup {P;" : t > 0}

As promised, we now confirm that Pt = P; for ¢ > 0. Recall that for the two boundary
case, we had to consider the ‘problem’ case separately as the spectral expansion was only valid
for mg + m; # 1. However, for this example there are no such worries, in that we do not need
to consider quotient spaces in order to deal with the case when pu = —1.

Let f € C[0,00]. In the previous section we have deduced that (P f)(z) € N for all
. Furthermore, we may also deduce that (8, — %65)(]5t+f)(y) = 0. We know that (11.15)
holds, and we may now legitimately invert the Laplace transform to show that (11.14) holds.
We therefore know that for every t > 0 and f € C[0, 00|, we have P, f € D(H). Moreover,
given Lemma 3.11L , we know that F" has final condition

F(0-,y) = fly)  (y€(0,00)).

Hence, if for (¢, z) € (—o0,0] x [0, co] we define

~

Fp,2) = (P1,f) (2), (13.1)
then F satisfies the condition (see Theorem 3.6A) that
M, == F(d@t AT, Z(t A7)

defines a local martingale, indeed a bounded martingale. We are now in a position to utilize the
Optional-Stopping Theorem.
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If 4 > —1, then 7 is almost surely finite, so we have for (¢, z) € (—o0,0) X [0, c0],
F(p,z) = E**F(2(0), 2(0)) = E**F(2(5), Z(73))
=E**F(0,Z5) = E** f(Z7),
so that (P2, f)(2) = (PZ,f)(2). The lattermost result is simply our final condition for F'.
Now suppose that ;1 < —1. First, we pause to make some important remarks.

3.13A. Remarks. In the corresponding section of the previous chapter (i.e. when mp+m; > 1),
we were easily able to deduce that (P f)(z) — 0 as t — oo, uniformly in z, via the spectral
expansion. Here, however, we are not so fortunate, as we do not have an explicit form for
(P £)(2) to exploit.

Note too that we cannot yet talk about ®; in relation to P;’ f (as in Definition 3.5G) as this
is precisely what we are striving to prove.

Even with the previous remarks in mind, all is not lost, as we have enough material in our
‘hatted’ scene to deduce the following lemma.

3.13B. Lemma. For f € Ck[0, c0), we have (P} £)(0) — 0 ast — oo.

Proof of Lemma 3.13B. Suppose that Z+ has transition semigroup {Z;*}. Suppose that Z+
‘starts at 0’: in fact it jumps away from 0 immediately. But Z* must keep approaching 0 (since
u < —1, but 4 < 0 is enough) and every time it approaches 0, it has chance 1 — 1/|u| of dying.
So, it must die at some random time f . Now for f € Ck[0, 00), we have

(B )(0) =B (£(ZF) it < &) <1 lwp O < ) = 0 (13.2)
ast — oo. O

3.13C. Remarks. The result in (13.2) may clearly be generalized for (P f)(2) with the P*
measure. Now suppose f = 1, so that (P1)(2) = P=(t < ). Then, whatever the value of ¢,
for very large z, (P;" f)(z) will be very close to 1. Consequently, even though (&t f)(z) — 0
pointwise, no uniformity can be claimed! This explains why we choose to focus solely on the
case in which z = 0.

Suppose that f is non-negative and in Ck [0, co). Then M is a non-negative local martingale,
hence a non-negative supermartingale, and so (a.s.) M, exists by Doob’s Convergence
Theorem (see (11.5) of Williams [29]). We now show that if 75 (w) = oo, then Moo(w) =0
(as.) for the P** measure. We now appeal to the underlying Z process which we know is
a reflecting Brownian motion with drift 4 < —1. Then there must be a sequence of times
Ti(w) < Th{w) < -+ with Tp(w) — oo at which Z(-,w) = 0 (because 4 < —1, but
again 4 < 0 is enough!). For example, let T,,(w) be the first time, after time n, when
Z(-,w) is at 0. Next assume that 7 (w) = oco. Now, using Lemma 3.13B. and the fact that
®(w) — —o0 , we have M(T,(w)) — 0,50 My, = 0 and M,(w) — 0 as t — co. Thus, again,
(P, f)(z) = (P o f)(2)-

The fact that our initial analysis was only heuristic is now unimportant. Also, any remaining
issues for the ¢ = 0 situation may be resolved in a similar fashion to the argument presented in
Section 12 of the previous chapter.
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3.13D. Extremely Important Discussion. Suppose that p < —1. In light of (7.7) we
now generalize our definition of £ in (13.1) so that, for £ > 2, we let {P"} be the Ray
semigroup for “Brownian motion with drift 4 and with jump-out measure J from 0 satisfying
J(0,dy) = 2e~"¥dy”. The notation F* and M" is therefore obvious! A rather complicated
calculation shows that both for kK = 2 and kK = —2pu, and for no other x > 2, we have

(0, + ud, + 103)F* = 0 on (—o0,0) x [0,0),
(") z

with
(18, + 102)F* + 0,F* = 0 on(—00,0) x {0},

so that (Pf¢ f) € D(H) for both values of x. Equivalently, both for kK = 2 and k = —2,
Mf = FROEAT), Z(t A1)
defines a bounded martingale. However, when x = 2, M;* does not tend to 0 on the set where

s = oo; and this explains why { P/} is not the correct probabilistic (‘minimal non-negative’)
semigroup.

3.14. The Kolmogorov Forward Equation and Riccati Equation

The Kolmogorov forward equation for the transition density pf (-,-) for {P;" : ¢ > 0}
relative to Lebesgue measure on (0, o) takes the form:

(8 — 302 + uidy)pi (2,y) = 4 {Bupf (2,w)} |, _,e™7(0,y), (14.1)

with the interpretation and explanation given in Chapter 2. As before, it is extremely useful to
show that the following Riccati equation holds for y € (0, co):

—102{e’7(0,y)} + ud,{e*¥r(0,y)}

14.2
= 10,{e®m(0,w)}| _,e*¥n(0,y) — 2ue®*¥m (0, y) (142)

and that, when p € [—1,0), the ‘invariant-density’ equation:
—1020(y) + poyn(y) = 10un(w)|,_ e (0,y). (14.3)

holds, where 7 is the invariant density of P;". Here, we initially ‘cheat’ as we shall soon use
(14.3) to find . However, once we have 1 we can independently crosscheck that it is indeed the
correct one, which is equivalent to showing that (14.3) holds.

By using the above two equations and linearity, we can show that, with the alternative form
for A»(0,y) as at (11.16), we have
AAN(0,y) = 305450, y) + pdy Ax(0, y) — €7(0, y) (14.4)
= 3 {0uAx(0,w)} |, _e®¥7(0,);
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and inversion of the Laplace transform (at least formally) yields (14.1) with z = 0. One has to
remember Lemma 3.11C if one wishes to compare (14.2) with A times (14.4).

Once again, recall that we do not have a spectral expansion for P,". Hence, even with the
aid of (14.2) and (14.3), deducing (14.1) rigorously is demanding.

Invariant probability density for {P;"} when n € [—1,0). Here we give the invariant
measure remarked on in Hypothesis 3.5D. For 4 € (—1,0), from (14.3) together with
elementary calculus, we may show that

2|y —2| -2
w) = ——— (72l _ g~

and, in the case when u = —1, we have

3

n(w) = dwe™ 2. (14.5)

As expected, we may easily check that [ n(w)dw = 1.
In the following Lemma, we may now crosscheck matters via the expected properties of
Ax(0,y) (see Corollary B.7 of Appendix B).

3.14A. Lemma. If u > -1, we have f0°° AX(0,y)dy = 1, as required, and also
1)'{%1 A (0, w) = n(w), so that everything tallies.

Proof of Lemma 3.14A. Using (11.16), the first part of the Lemma follows by elementary
integration. L’Hopitals rule deals with the limit. (]



Chapter 4

Non-Minimal Solutions and Regularity

] Summary

The Riccati equation in (14.2) of Chapter 3 is used to reveal some rather surprising
explicit non-minimal non-negative solutions to a corresponding PDE. Moreover, as promised
in the previous chapter, smoothness issues for the general semigroup case are resolved here.
Further details and different methods may be found in the paper with Stroock and Williams
which presents the satisfying general existence and uniqueness theorem for the type of PDEs
we have been studying.

4.1. Further Solutions to the PDE in Chapter 3

Before beginning this section, one should recall the necessary PDE in (1.2) of Chapter 3
and the conditions that follow it. Hence, in the material that follows, when we say ‘our PDE’
we clearly mean the PDE in (1.2) equipped with the appropriate boundary conditions.

Here we will comment on ‘non-negative semigroup solutions’ of our PDE in (1.2).
Repeating some of what has been said previously, we mean that we have a one-parameter
semigroup {P, : t > 0} of bounded non-negative operators on C[0, co] such that F'(p, z) :=
(P_,f)(2) for (p,2z) € (—00,0) x [0,00] defines a solution of (1.2). Our semigroups on
C|0, oo] will be strongly continuous on (0, c0) but not at 0; however, for every z in [0, oo,
(Pof)(2) = limyo(P.f)(z) will exist (though not uniformly in z). Assuming Working
Hypothesis 3.12D, we insist that

(PFf)(z) € C**((0,00) x [0,00)) N C((0, 00) x [0,00]). (1.1)

Lateral conditions. As seen in Sections 10 and 11 of Chapters 2 and 3 respectively, the
natural thing to do is to focus on non-negative semigroup solutions where the ‘infinitesimal
generator’ of {P;} has certain lateral conditions determining its domain. Hence, by analogy
with Chapter 3 for this case, we begin with the desired resolvent conditions, but with a
generalized version of the lateral condition given in (11.6).
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To be precise, we let J € C2[0, 00) with J(-) > 0 and f;° J(y)dy < 1. Let f € C[0, oc].
Then for A > 0, we may define g, := R, f to be the unique solution in C[0, co] N C?(0, 0o) of

Agr— 495 — ngh = f on(0,00), (1.2)
subject to conditions

0(0) = /(O @), 0x0) = F(e0) (1.3)

Then, for z € [0, 00|, the function t +— (P, f)(z) on (0, 00) is the unique right-continuous (in
our context, continuous) function such that for A > 0,

[T mne @ - e 149
The semigroup property P, P, = P;;, holds, and f > 0 implies that P, f > 0. The limit
(Pof)(2) = lim(P.f)(2)
exists, and
(Pof)(y) = fly) fory € (0,1), while
(RO = [~ I

4.1A. Remark. Existence of a semigroup with the above properties may be established by the
‘Ray’methods of previous chapters.

4.1B. Theorem (Comparison). If { P} is associated with the non-negative function
J and { P} is associated with the non-negative function J then

(P.f)(2) > (P.f)(z) forall (t,z) if and only if
J

zZ) 2>
- (1.5)
() > J(y) forally € (0,00).

In(1.5),t>0, z € [0,00].

Proof of Theorem 4.1B. The ‘only if” part is obvious on letting ¢ | 0. The ‘if’ part is obvious
from the probabilistic interpretation of Ray processes. (]

4.1C. Theorem. The function J in C|0, co| yields a non-negative semigroup solution
of our PDE if and only if the following ‘Riccati’ equation holds:

1"(y) — wt'(y) + {3J°(0) — uJ(0)}J(y) = 0, (1.6)
JO) =2, J()>0, / J(y)dy < oo. a7
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Proof of Theorem 4.1C. We begin with the ‘only if” part of the result. Firstly observe that if
gx € C%[0, 00) (the space of smooth functions on [0, co) with compact support) and one defines
f via (1.2), then f € C2[0,00) and Ryf = g». Assuming the continuity result in (1.1), we
have already confirmed that (see Section 13 of Chapter 3) the fact our PDE holds is equivalent
to, for f € C[0, o0],

0,9 (P + 03 (Pf)(0) = 0, 1.8
J{ (D)} {no} (1.8)
or, in Laplace-transformed version for A > 0,

50+ 30 = [ )70y = 0 = O (19)

Of course, strictly speaking, what we did previously was for the ‘minimal’ J, but we are now
considering a general non-minimal J. Drawing further analogies with Chapter 3, we see that
(1.9) is equivalent to

o0 o0
9A(0) +u / JW)a(y)dy + 3 / J()gx(y)dy =0,
0 0
and now, integration by parts reduces this to the form
L(gx) = gy(0)[1 - 3J(0)] + 00 R(y)ga(y)dy = 0. (1.10)
0,00

where
R(y) = 3J"(y) — uJ'(y) + {17°(0) — pnJ(0))}J (v)- (1.11)

We know that (1.10) holds for any function g, € C[0, 00) such that A(g)) = 0, where A is
the linear functional on C%[0, 00) defined by

A(gx) = 9x(0) — /0 T (¥)9x(v)dy.

Hence, by an argument already seen in the proof of Theorem 2.4C of Chapter 2, we may
uniquely define a linearmap £ : R — R via

L(A(g)) = L(g:) for C[0,00),

so that £(g») = cA(gx) for some ¢ € R. Hence, we have

o0

A(O)[1 - 3J(0)] + / R(y)gx(y)dy = cga(0) — ¢ / " J()orw)dy

for all g in C[0, c0).

We can avoid direct appeal to distribution theory via the following elementary argument.
Choose a uniformly bounded sequence g, of functions in with compact support in [0, co] such
that g;(0) = 1 for every n and g,(2) — 0 for z € [0,0]. By the Dominated-Convergence
Theorem, we must have 1 — 1J5(0) = 0. Now choose a uniformly bounded sequence g, of
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functions in C%|[0, oo) with g,(0) = 1 and g,(2) — 0 for z € (0, c0]. We see that ¢ = 0 and
our Riccati equation follows immediately.

The ‘if” part here is obtained by reversing the argument.

Solving the Riccati equation (1.6) subject to (1.7). If we put J'(0) = band ¢ = /p? + 4p — b,
we find that (except for the case when ¢ = 0 considered separately below) the solution of
equation (1.6) is

J(y) = J*o(y) = e [2 cosh cy + ¢ (u? 4 2 — ¢?) sinh cy] .

Now for J to be non-negative, ¢ must be real because if ¢ = iw, then J(y) would have the form
Re" cos(w(y + ¢)), and so would oscillate in sign. So c is real and we may and do assume
that ¢ > 0. Since coshcy/sinhcy — 1 asy — oo, for J to be non-negative we must have
cH(u? + 2p — c?) > —2. Thus,

‘](y) 2 el"yz(cosh cy — Sinh Cy) = 2e(l‘_c)y.
But p? + 2p — ¢® > —2¢, so that (p + 1)> > (¢ — 1)?, and

-2 ifp > -1,

—c2>2u—1—-|u+1l =
p—c > p |+ 1 {2u ifu< 1,

If ¢ = 0, we have the solution

S(y) = e [2+ (1 +2u)y] -
We see that S can be non-negative only if 42 + 2u > 0 so that u > 0 or 4 < —2. If 1 > 0 then
S(y) >2>2e W, andif u < —2, then S(y) > 2e*¥ > 22,

So, we have found that the minimal non-negative solution J™ of equation (1.6) is given by

min 2% ifp > —1,
S y) = {2&% e 1 (1.12)

thus confirming what we already know. g

4.1D. A uniqueness result when p > —1. When p > —1, the solution with ¢ = p + 2 is the
only one with [ J#¢(y)dy < 1 (yet, not the only one < 00), and then [ J*¢(y)dy = 1. Thus
there is only one semigroup solution of the type we are considering.

4.1E. A strange aspect of the case when 1 < —1. Consider the case when 1 < —1. Then
max(2 + u,0) < ¢ < —pu. For the minimal non-negative semigroup P™™" (corresponding to
c = —u), we have f Jmin(y)dy < 1, so that P11 < 1 for all ¢ > 0. However, all the other
(1, ¢) semigroups have [ J"c (y)dy = 1, and so are ‘honest’ Markov semigroups satisfying
P["“1 =1 forallt > 0. When ¢ # —u we have for f € C[0, o0},

ast— oo, (PFf)(z) — n(f / F@)n()dy, (1.13)
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where 7 = ¢ satisfies

" (y) — un'(y) + 41'(0)J**(y) = 0, (1.13a)
n(0)=0, [ nly)dy=1. (1.13b)

Bounded solutions. 1f P¥*(r}t < 00) = 1 forall ¢ < 0 and all z € [0, 00), something which
happens if and only if & > —1, then FP™P is the unique bounded solution of (1.2). We have
discovered other bounded solutions F'* when 1 < —1. For a solution F*, we have

F(p,z) = EP*[f(ZF) : 7 < 00] + ntC(f)P??[1gh = 0] (1.14)

where n#° is given by (1.13). Equation (1.14) explains a great deal.
4.2. Further Solutions to the PDE in Chapter 2

Again, one should recall the necessary PDE in (1.2) of Chapter 2 and the conditions that
follow it. It is also necessary to recall the basics of that chapter concerning the eigenvalues and
eigenvectors of H.

Here we will comment on ‘non-negative semigroup solutions’ of our PDE (1.2). Again
repeating some of what has been said previously, we mean that we have a one-parameter
semigroup {F; : ¢ > 0} of bounded non-negative operators on C[0, 1] such that F(p, z) :=
(P-of)(2) for (p,2) € (—00,0) x [0,1] defines a solution of (1.2). Our semigroups on
CI0, 1] will be strongly continuous on (0,00) but not at 0; however, for every z in [0, 1],
(Pof)(z) := limgo( P, f)(2z) will exist (though not uniformly in z).

Semigroup solutions link together in a coherent way solutions for individual f. But, of
course, there is no reason why a solution for an individual f need be part of a semigroup
solution. Indeed, as already mentioned in Example 2.1D, it seems that when mg + m; > 1,
and f = 1 on [0, 1], then the obvious, but non-minimal, solution F' = 1 does not derive from a
semigroup solution.

Lateral conditions. As seen in Section 11 of Chapter 2, the natural thing to do is to focus
on non-negative semigroup solutions where the ‘infinitesimal generator’ of {P;} has certain
lateral conditions determining its domain. Hence, by analogy with Chapter 2, we begin with
the desired resolvent conditions, but with a generalized version of the lateral condition given in
(10.3).

To be precise, we consider two non-negative functions Jo(-) and Ji(-) in C?[0,1]. Let
f € C0,1]. Then there exists A\g > 0 (independent of f) such that for A > \g, we may define
g := R, f to be the unique solution in C|[0, 1] N C?(0, 1) of

Agx—3gy = f on(0,1), 2.1)

subject to the lateral conditions

() = J(gy) = / Jo(y)ar(y)dy, (b€ {0,1}). (2.2)

(0.1)
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4.2A. Remark. The key difference to what we have seen previously is that we must allow
fol Jo(y) > 1. As a consequence, the resolvent corresponding to the above setup need not
be a Ray resolvent. In fact, it turns out that only the minimal J, satisfies the condition
that fol Jp(y) < 1. Referring to Lemmas 2.10E and 2.10G (of Chapter 2) we see that this
immediately causes problems. In particular, we may not use Ray’s Theorem to justify the
existence of the appropriate semigroup. The only way to get around this would be to introduce
processes with births and deaths, a study of which would substantially increase the length of
this chapter. Clearly, we may establish analogues to Theorem’s 4.1B and 4.1C. See the paper
by Andrews, Stroock and Williams.

A non-minimal semigroup. 1f my + m; < 1, so that 0 < a < 3, we may obtain a non-
negative solution semigroup { P,} by taking o = 0 with the usual 3 in (4.1) of Chapter 2. The
question of whether or not the resulting J;’s are non-negative is resolved by Lemma 2.30, which
says that hs(z) is monotonic in z.

In this instance Pt fo=¢e -30% fo for § € ©% but the condition that P,f, = f, fails, but
can be replaced by P.ha = = e2°°th,. From the point of view of Wiener-Hopf Theory which
generally ‘splits things’ according to the complete set of eigenvalues in some half-plane, this
is a rather strange switch. For example, (Pohq, Pohs)s = (ha, ha)s < 0, so we do not have a
proper inner product in analogy with (-, -)™i® := (Ppiny, PRing),
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4.3. Regularity at the Boundary

The continuity hypothesis in the latter part of the previous chapter is now dealt with. Here the
‘driftless’ case is considered in order to simplify matters. We have already commented on the
nature of the underlying functions in the general drift case.

4.3A. Theorem. Let J be a bounded non-negative continuous function on (0, 00)
with fo (y)dy < 1. Then there exists a semigroup {P;} of bounded non-negative
operators on C|0, 00|, strongly continuous on (0, 00) but not at 0, uniquely determined
by the following property:

Jor X\ > 0and f € C[0, 00, the function g with

(2 = (Raf)(2) = / MBS (2)de

is the unique solution in C*[0,00) N C[0, o0 of

Mr— 3l =f, oa(00) = A f(c0), a(0) = /O“J(y)g(y)dy,

For f € C[0,00], the limit (Pyf)(z) = limtlo(Ptf)(z) exists, and (Pof)(y) = f(y)
for y € (0,00], while (Pof)(0) = [° J(y)f(y)dy.
For f € C[0, 00],

(t,2) = (Pf)(2) is in C12((0, 00) x [0,00))

and
(8. = 305)(Pf)(2) = 0 0n (0, 00) x [0, 00).
Moreover, for f € C|0, c0),

g:\(O) — /000 e—)‘taz(Ptf)(z)’z;Odt

Note. The crucial point is the extension of regularity to the boundary (0, co) x {0}.

Proof of Theorem 4.3A. The existence results follow immediately from similar arguments to
those used in Section 11 of Chapter 3, but with our general ‘jump out’ measure J.

Let {tapP; : t > 0} be the Dirichlet heat kernel for (9; — 162) on (0, 00), so that

(wP.f)(2) = /0 " iz, w) f(w)dw,

wnte) = (ori {orp (L2520 ooy (L2220)

where
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Let {tabR» : A > 0} be the resolvent kernel for {;.1 P}, so that

(wRaf)(z) = / e N (wPf) ()t = / " o2, w) f(w)dw,

where

wabDe(2z,0) = 7 (e—’ylw—zl B e—'y|z+w|) ’

-~ again denoting

v=V2x
We now have e
9x(y) = (pBaf)(y) + Kir(f)e™, 3.1
where L oo
B = (1-7)" [ whneIwa. 62

This is exactly the Reuter formula for our situation. In contrast to (11.10) of Chapter 3, we take
=0 and J = fo e J(y)dy. An alternative form for J will be given shortly.

The map (t,z) — (wpPif)(z) is CY? and satisfies (8, — 10%)(tabPif)(z) = O on
(0, 00) x [0, 00). This may be proved by applying Fubini’s theorem to the expressions obtained
by formally differentiating through integrals to show that they ‘integrate up correctly’ (see
Appendix A16 of Williams [29]).

If
2/t
b(t) = / Iy yexp( y?/ )dy,
V2rt3

then J, = [ e M(t)dt. We have, with [|J|| := sup J(y),

wo<dL vy 24

Now, since we have the arc-sine/beta-function formula

(t > 0).

/t ! . ds=1

o VT8 \/n(t—s) ’

we have (with ‘+* denoting convolution) ¥ * ¥(t) < 1||J||* forall ¢ > 0. If
Yk ;= *h* - %1 (k factors),

then, by induction using the beta-function formula,

ln—~l

< CT = 973 .
bl S Chbs, Co = 2740

Differentiating convolutions. If a(-), b(-) € C*[0, 00) and b(0) = 0, then
(axb) = ax (V).
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In general, for a(-), b(-) € C*(0, co) with suitable growth at 0, we have to write

(axb)(t) = t/o a(tu)b(t(l — u))du,

and differentiate to get

1

(a*b)(t) = t™*a*Db)( +t/ ua' (tu)b(t(1 — u))du
"
t )1 = u)b'(t(1 — u))du.
+ /Oa u)b'(¢(1 — u))du
So,

/ (¢ '@b C'0

W 9) ()] < e e T
CO 200(41
e

Now, we find that |(14.)'(t)] < My, a constant, and by the easy formula for differentiating
convolutions, we have, for n > 3,

M,Crpta"

|(¢(n+4)*)'(t)l < P_(é_n_:ﬁ

Let T be an arbitrary, but now fixed, number in (0, co0). We shall henceforth restrict ¢ to lie in
(0,77, and we shall work with a fixed f in C|0, oc].

Now, for A > 0, -
B = / MK (1)t = £ {K; (1)},

where K(t) is our (P, f)(0). Equation (3.2) may alternatively be written

Ki(f) = (HZ@'C) / oo(mbRAf)(y)J(y)dy- (3.3)
k=1 0

Hence, by inverting the Laplace transform and using Corollary 3.12C, we have
Ky(t) = W(t) + (o x W)(2),

where

Mz

W(t) = /Ooo(tabpt Yy)J(y)dy and L {p(t)} =

k=1

Since L {¢(t)} = j:,, we may use Theorem 3.12B to deduce that

o(t) = () + W * PO+ = D Yra(t)
k=1
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Our estimates show that ¢ is in C1(0, 00) and p(t) < Agt™2, |¢'(t)| < A1t~2 (for t € (0, 7).
Since [ J < 1, we find that for some constant C(J) determined by J,

W) <C(),  W'(t) < CU)/t
We therefore find that K (t) = K{(t) satisfies

K(t) < A(J), K'(t) <At (t € (0,T)).

We assume that the reader will trust that similar arguments to those above establish that K
is in fact in C?(0, 00). We do not need estimates on K.

Regularity at the boundary. From (3.1), we have

(Pf)(w) = (P f)(y) + UL, y),

where

Ult,y) = K(t - s)ds. 3.4)

We wish to show that
t— U(t,y) € C**((0,00) x [0,00))

and that U (¢, y) satisfies the heat equation. Of course,
U(t,0) = K(t).

We base everything on the formula

_AyZ/s

vity) = /oyve 2mss
+ K(t) - K(t)/

¢ 2783

[K(t—s)] — K(t)] ds
(3.5)

o ye—%gf/s

It is now easy to check that, as y — 0,
o,U(t,y) — D,U(¢,0) := 0,U(t, Z)‘;.v:o'

From equation (3.5), we obtain for y > 0,

tye_%yZ/s ! ! !
QUL y) = /0 (K13~ K] ds + K'()
, 0 ye_%y2/5 ye_iy /t
— K'(¢t ds —
()/t Varst 0T s 1)

Asy — 0, this does tend to K'(t), as we wish. It was in the above formula that we needed the
fact that K" (t) exists.
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We need to prove that 3,U(¢,y) = éBZU(t, y)aty = 0. As y — 0, the expression
y~[9,U(t,y) — DU(t,0)]

needs to converge to 2K (¢). It is easy to check that this amounts to saying that

(t—s) — K(t)]ds — 2K'(t).

/t em3V/s 1 — g7ly2em3V?/s ] K

0 y V2ns3

But because of a well-known ‘hitting-time’ convergence to the delta function,
¢

-8

0 v 2msd

So, we need to prove that

yye 2V

[K(t—s)— K(t)]ds — K'(t).

/t 1—e-3¥/s (K () — K(t — 8)] ds — K'(£);
0 Yy V2rs? ’

and it is enough to show thatas y — 0,

| o b
YV 2ms

converges to the J-function dy(s). But it is obvious that for > 0,

00 o0 2
) ,sdsg/ y ds — 0 — 0).
/n v3) = (v —0)

6(y,8) =

Moreover, as v | 0,
® 1 1—e™
/ e 27%(y, s) ds = — 1,
0 YY

and we have the result we need.

To be sure, there are some other things to check; but we have done all that matters.



Appendix A

Additive Functionals

In Wiener-Hopf theory, continuous additive functionals play a vital role. They are responsible
for the consequent ‘windings’ of the (Wiener-Hopf) process when the stochastic process is
viewed with respect to the additive functional rather than simply time. We therefore establish
some useful results.

Here we assume that we are working with the canonical model in which the sample space
(2 is the space of paths w.

A.l. Definition. For 0 < t < oo, we define the ‘time-shift’ map 0, as
0;: Q2 — Q  suchthat Ow(s) =w(t+s), foralls,

with the usual convention that o0 + s = s+ 00 = o9, for all s. Furthermore, if T is a map from
Qo [0, 00|, define
GTW = GT(w)w.

A.2. Definition. A is a fluctuating perfectly continuous additive functional of some process X
if the following properties hold:

e t — A, is continuous,
o A, is {F;} adapted,
o Ay =As+ Ajob,, Vs, Vi

In addition, we also define the inverses of A as follows

rt=inf{u: A(u) >t} and 77 :=inf{u: A(u) < —t}. (A1)

In the above definitions we make the usual convention that inf ) = oo and we allow the
usual notational switches A(t) = A;.

We now establish some useful results concerning both 7;" and 7,”. However, due to the
similarity of the proofs, we concentrate solely on proving the ‘plus’ case for each result.

131
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A.3. Proposition. Fort > 0, 7= < oo if and only if there exists some u such that £A(u) > t;
then we have A(T) = +t.

Proof of Proposition A.3. The former part of the proposition is simply a consequence of our
convention that inf ) = co.

Suppose 7,7 < co. Given the definition of 7;", note that A(s) < ¢t for s < 7,7. Given any
§ > 0, 7t + J is not a lower bound for the set {u : A(u) > t }. Hence, for some u with
u < ;7 + &, we have A(u) > t. Furthermore, A(u) is continuous, and

lim A(v) > t, lim A(s) < t.

vlrt)r STTt+
It follows that A(7;") = +t . O
Next define
A*(u) := sup A(r), and A.(u) = i1<1f A(r), (A2)
r<u r<u

which naturally lead us to the following definitions
it =inf{u: A*(u) >t} and 7 :=inf{u: —A.(u) >t}
In order to simplify matters we arrive at the following proposition.

A.4. Proposition. We have 7, = 7 for all t > 0.

Proof of Proposition A.4. We know that
A*(u) > A(u) for all u. (A3)
Hence, from (A.3) and the definitions in (A.1), it is clear that
7t <t

For a contradiction suppose that 74+ < 7;%. Once again, given any § > 0, we are familiar with
the fact that 7,* + & is not a lower bound for the set {u : A*(u) > t}. Hence, there must exist a
u < 7" + & such that A*(u) > ¢ for all § > 0. However, 7;" < ;" and since the result is true
for all § > 0 (in which case it is true for § = 7,7 — 7 "), it follows that there exists a u < 7,
such that

A*(u) > t.

As A* is defined as the supremum of A as in (A.2), trivially there must exist a v < u < 7 such
that
Av) > t.

However, this contradicts the definition of 7, in that, we must have
Aw) <t  forallu < 7.

We now have the desired contradiction so that 7, = 7;t. g
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Given Proposition A.4, we are now able to make the following alternative definition of 7;";
mh=inf{u: A} > t}, for every t > 0. (A4)

Clearly, we can make a similar definition for 7,. We can now work with A* (or A,), so that we
have the benefit of the monotonicity at our disposal.

A.5. Proposition. For t > 0, 7;% < oo [respectively, 7,7 < oo] if and only if there exists some
u such that A*(u) > t [respectively, —A.(u) > t]; then we have A*(1;") = t [respectively,
A, (Tt_) = -—t]

Proof of Proposition A.5. Given the definition in (A.4), this is now simply an alternative
version of Proposition A.3. O

A.6. Proposition. We have the following characterizations of ;" and 7" :

7t =r < o ifand only if A*(r) = t and A*(v) > t whenever v > T.
1, =1 < ooifandonly if A.(r) = —t and A,(v) < —t whenever v > r.

Proof of Proposition A.6. (=) Suppose that 7," = r < co. Then A*(r) = t by Proposition
A.5. Again, given any § > 0, ;" + § is not a lower bound for the set {u : A* > t}. Hence, by
monotonicity of A*, A*(v) >t forallv > r.

(<) Conversely suppose that A*(r) = t and A*(v) > ¢ whenever v > r. Then the set
{u : A% > t} is not null so that ;¥ = r < oo. Note that we cannot have 7;" < r in the
previous statement due to monotonicity of A* again. O

We now have enough ammunition to state and prove the following three Lemmas.

A.7. Lemma. 7," and 7, are right and left continuous respectively.

Proof of Lemma A.7. Again, similarity of the two proofs makes it enough to only prove the
‘plus’ result. In particular, we need to show that

lim7} = 7t

vt v

Define L := lim,, 7;", which exists by monotonicity. Then it suffices to prove that L = 7;t.

Using our characterization of 7;, we need to prove that A*(L) = t and A*(v) > t whenever
v > L. Now, as A* is continuous,

AY(L) = A" (lim T;-) =lim A*(7;]) = limv =¢.
vt vlt vlt
We can certainly say that L > 7,7, simply by monotonicity of 7;". Therefore, v > L implies
v > 7. Recall that A* is also monotone. Let v = 7,;% + 4, for some § > 0. Then, 7;" + § isnota
lower bound for the set {u : A*(u) > t}, and so A*(7;t + &) > t. It follows that

limr, =7,".
vt
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A.8. Lemma. The function (u,w) — 7} (w) on [0,00) X 2 is the unique function such that
At} (w),w)) = uand u — 7, (w) is right-continuous.

Proof of Lemma A.8. Suppose that (u,w) — 7,7 (w) has the described properties and that
v > 7f (w). Right-continuity shows that for some § > 0, v > 7.}, s(w), whence A}(w) > u + 4.

a

A.9. Lemma. For all u and all t, we have

Thew =T¢ + T4 0 97t+~ (A.5)
Proof of Lemma A.9. It is clear that

A(th) A =utt—t=u
Thus, from the ‘time-shift’ condition in Definition A.2 we may deduce that
At sw)=rt @) © Orp = U
Because in addition u — (7%, — Tt+)(91t+ (w)) is right-continuous, we have
T (W) — 7 (W) = 7 0 0,4 (w),

as desired. 0

Remark. The above material is intended to apply to our ®’s in Sections 5 and 3 of Chapters 2
and 3 respectively. The given ®’s are continuous additive functionals as the corresponding local
times are additive functionals, proof of which can be found in Rogers & Williams [24].
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Some Ray Process Theory

Notation: Let E be a compact real interval. We write C(E) for the space of all (R-valued)
continuous functions on E. For reasons that have already been pointed out, consider 0 as an
isolated point from E.

We now present some necessary results that form part of the rich theory of Ray processes.
For further details, see Chapter 3 of Rogers & Williams [24].

B.1. Definition. { R} : A\ > 0} is said to be an honest Feller resolvent on C(E) if the following
conditions hold:

1. RY : C(E) — C(E),
20<f<1 = 0<ARff<1,
3. ARf1=1,
4. The resolvent equation holds;
Ry — Rl +(A—pRiR; = 0.

B.2. Definition (CSM?®). For o > 0, a function f € C(FE) is called a (continuous) o-
supermedian function relative to { R\}, hereafter written f €CSM®, if

0< MRuaf < f (YA >0).

B.3. Lemma. Let o, f > 0and f € C[0,1]. If {R\} is an honest Feller resolvent, then
RIf eCSM~.

Proof of Lemma B.3. For f > 0 in C|0, 1], we may use the resolvent equation to deduce that

0 < AR{, Rff=RLf—R} . f<RLf,

Ata’ ta

which is exactly the desired result. ()
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B.4. Definition (Ray resolvent). An honest Feller resolvent on E is called a Ray resolvent if

U CSM* separates points of E.

a>0

B.5. Theorem (Ray’s Theorem: analytic part). Let { Ry : A > 0} be an honest Ray
resolvent on a compact metric space. Then there exists a unique honest measurable
transition function { P,} on (E, B(E)) such that

(i)  t (P.f)(2) is right-continuous on [0,00) for z € E and f € C(E);
(i)  (Raf)(z) = [Ce™(P.f)(2)dt (z€E, feC(E), A>0).

Remark: The above theorem not only provides us with the existence of a semigroup, but it tells
us that the semigroup inherits honesty properties from the honest resolvent.

Proof of Theorem B.5. Again see Chapter 3 of Rogers & Williams [24]. U

For the purpose of the following Lemma, assume that {R) : A > 0} is an honest Ray
resolvent on a compact metric space F with density ry. Then Ray’s Theorem guarantees the
existence of an honest semigroup. Suppose that such a semigroup has transition density p;.

B.6. Lemma. For z € E, we have
Ara(z,w) = /Ooo e *ps/a(z, w)ds. (B.1)
Proof of Lemma B.6. Now, for 2z € F,
(Faf)(2) = [ e w)fwydo
- / e = [ e [ pew) fw)dw
/ / Xp,(z,w)dt f(w)dw (by Fubini’s Theorem)
From the above, it follows that
Ara(z,w) = /Ooo e M (2, w)dt.

The obvious substitution gives us the desired result. O
B.7. Corollary. We have the following limits;

Jim Mra(z,w) = pg (2, w), l/{{rol Mra(z,w) = pk (2, w).

Proof of Corollary B.7. This is trivial. O
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Applications of Lévy’s Presentation of
Brownian Motion

C.1. Remaining Points in the Proof of Theorem 2.7A

The following result turns out to be extremely useful, mainly as it provides us with a simple
normalization (in law) to our local time processes. Script notation is used here to make the
important distinction between ‘pathwise’ and ‘law-wise’ equivalence.

C.1. Theorem (Lévy’s presentation). Suppose that W is a Brownian motion, with
drift 1 € R, on R started at zero. Let L,, := — min{W; : s < u}, then {W, + L, } is
a reflecting Brownian motion with drift pu on (0, 0o) with local time L at 0.

Proof of C.1. Refer to Volume 2 of Rogers & Williams [24]. a

We now examine results 1° and 2° in the proof of Theorem 2.7A (a). The results are re-stated
below. The symbol € now reverts to its normal use in Mathematics.

1°. If N is any neighbourhood in (—o0,0) x (0, 1), then we have
P?*((®;,Z:) € N; forsomet < 75) > 0.

2°. Letz € {0,1}. If N* is a relatively open subset of (—o0,0) x [0,1] such that
N*N {(=00,0) x {z}} is non-empty, then with positive P¥* probability, we have

+

To
/ In+(®,, Z)ALo(t) > 0.
0
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C.2. Proof of Result 1°. We consider the case when Z(0) = 0 and ®(0) = ¢ < 0. Choose
(p*,2*) in N and € € (0,—p/4) such that if |p; — ¢*| < 4e and |z; — 2*| < 4e, then
(p1,21) € N. Note that max(p, ¢*) < —4e and z* < 1 —4e. Lett > max(p* — ¢,0).
We wish to show that the event that the following statements hold simultaneously:

|Z, — 2" < 2, |D: — 0| < 2,

sup®, < —e sothat7y >t,

u<t

supZ; < 1—¢ sothat®, = o+ u— 2moLo(u) foru < ¢,
u<t

has positive P¥* probability.

Because it refers to a situation in which Z stays away from 1 during time-interval [0, ¢], the
event just described has the same probability as it would have for a Brownian motion on [0, 00)
reflected at 0. If W is a Brownian motion on R started at 0 and £,, := — min{W; : s < u},
then by Lévy’s Theorem above applied at u = 0, {W, + L,} is a reflecting Brownian motion
on [0, 0o) with local time £ at 0.

We can easily find a piecewise-linear continuous function w : [0, t] — R (consisting of just
two linear pieces) such that if 4, := — min{w; : s < t}, then

wy + 4 = 2%, @ +t—2mply = ",

+u—2mgl,) < —3¢,
Suplp +u = 2mob,) < =3¢ (C.1)

sup(w + 4;) < 1 - 3e.

u<lt

By the Cameron-Martin formula, the event that |W,, — w,| < €/(1 + 2my) for all w in [0, ¢] has
positive probability. But on this event,

(W + L — 2% < 2, |+t —2moLly — | < 2e,
sup(p +u —2meLy) < —¢,

u<t

sup(Wy + L;) < 1—g,

u<t

so that Result 1° is proved when z = 0. If z € (0, 1], then Z can hit 0 almost immediately, an
idea that can again be dealt with using a straight line. Hence, all that remains is the case when
the ‘new’ @, is very close to ¢ and the ‘new’ Z, = 0. This is exactly what we have above!
Therefore, Lévy’s idea may be started afresh with respect to the new starting situation. The
remaining cases follow by symmetry. [

C.3. Proof of result 2°. Result 2° follows by similar, but surprisingly much simpler, arguments
to those used to prove 1°. It turns out that a single straight line suffices, provided the fact that
t < 74 is obeyed.

The following figures consider the case when z = 1 and 2 € (0, 1) in result 2°. Notice that
Lévy’s idea is started afresh once w,, hits 1. (]
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\Z A Z

204 204

@o 0 ) o

Figure C.1: An appropriate w;. Figure C.2: An appropriate w; against ®;.

C.4. Further comments on the proof of Proposition 2.8A. Recall that we let G~ denote the
Q-matrix of Z~ when Z~ is considered as a Markov chain on {0, 1}. Proposition 2.8A states
that the off-diagonal elements of G~ are strictly positive and it was remarked that such a fact
could be proved by the arguments presented above. Further details will now be given. It is
certainly enough to prove that

P°(Z; =1) >0, forsomet.

Of course, symmetry gives the corresponding result at 1. It is now clear that the proof of the
result in 2° covers this case. (]

C.2. Growth of Local Time: Instructive Example

The object of this example on Lévy’s £ and W (started at 0) is to show that £ initially grows
faster than any positive multiple at of t. We have £; = max,<: W; (identity in law) so that for
¢ >0, L2, = cL;, and hence, for t < 1, we have (taking ¢ = t‘%)

Lo =L 2 3L, sothat ViL; =L,

Thus, we have
PIL, < 3at] = P[L; < 3aV1).

By considering a simple diagram, it is clear that

PL; < u] =Plou > 1],
where p,, = inf{v : W, = u}, so that

PIL: < u] =Plp, > 1].

Let u = 3a+/t. Using the probability density function for p, we have

Plp, > 1] = h ﬂexp <—u—2>dv.
¢ 1 V2l 2v
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Considering the substitution v = 5, we equivalently have

o (2) [ (5o

w?
Next note that e” "z < 1 so that

Plp, > 1] < (%) : /Osaﬂdw = (%) 3avt = KV,

where K is clearly a constant. We now have
P[L, < 3at] < KVt.
Nextlett = 27" (< 1) for n € N, so that
P[L(2™™) < 3a27"] < K272,

Summing both sides over n € N, we find that

K
;]P’[L(Z“")<3a2 ]=\/§_1 < oo.

Thus, by the First Borel-Cantelli Lemma, it follows that
Pllimsup E,) =0 & P[(limsup E,)] = 1,
where we define E, := {£(27") < 3a27"}. Now note that
(limsup E,)¢ = liminf Ef,

and so we have
P[(limsup E,)°] =1 & Plliminf Ef] = 1.
By using the definition of lim inf we have
liminf ES = {w : w € E for all large n}
= {w: for some m(w) > 0,w € Ef, foralln > m(w)}
= {3Im(w) > 0 such that £L(27™) > 3a27" forall n > m(w)}.
Clearly we are dealing with a discrete time event, and we need a real time statement.
Let 6(w) = 27™@), If t < §(w) then 2=V < ¢ < 2™ for some n > m(w). Then since £
is a non-decreasing process, we have

L(t) > £ (27"F)) > 3027 > q27™ > qt.

Hence on the set lim inf £ of probability 1, there exists §(w) > 0 such that £ > at
fort < §(w). O
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Further Probabilistic Aspects

Classical Probabilistic Wiener-Hopf Theory is about fluctuations of functionals; and in the case
of Chapters 2 and 3, the relevant functional is ®. A typical problem of the classical theory is
the following: what is the distribution of the supremum of the ® process? (The supremum will,
of course, a.s. be co if mg + my < 1 or u > —1.) In the two-boundary problem for instance,
we have solved this particular question because

0 1
/ e MP*[sup &, > t|dt = / ¥ (z,w)dw,
0 u 0

and we know r} (z,w). The classical theory would utilize such expressions as E exp(i6®,)
where ( is an exponentially distributed random variable of rate ¢, whence mean ¢!, ¢ being
independent of the Z-process. A limiting case of this reads: formg+m; < land0 < p < «
(the smaller positive root of ¢), we have

1
1pe(p)E® exp(—1p%®,)dt = /0 hf,(w)dw,

as follows (after some calculation) from the Feynman-Kac formula.

Analogues of the splendid results in Bertoin [2], Bingham [3], Greenwood and Pitman [12],
are, of course, well worth pursuing here. A familiar difficulty is that killing our process at the
random time ( greatly complicates calculations. The effect of the killing is to replace H by H.,
where

Hef = 3f" —cf
with boundary condition 2mg[% f”(0) — ¢f(0)] + f'(0) = 0 at 0 and the analogous condition at
1. Refer back to (7.1) of Chapter 3 for the ‘killed’ setup for the drift case.

Taking up such matters here would substantially lengthen this thesis and would introduce
material of a completely different flavour from the ‘indefinite inner product’ approach which
we have been trying to advertise.

Let us now answer one final question.

How did we know what boundary conditions to impose on 'H at (1.1) of Chapter 2?
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One answer is to take a Markov-chain analogue. Let E,, = {0,1/n,2/n,...,n/n} with
n + 1 points, and let Q,, (the @-matrix of an approximating Markov chain Z,,) be the E,, x E,
matrix

PO IR ST
. Dl e N
P el S Lo
Nl

[ .
=,

Let v,, be the function on E,, with

1 on{l/n,2/n,...,(n—-1)/n},
vn = ¢ —mp(n—1) atO,
—my(n—1) atl,

and let V,, be the operator of multiplication by v,. For ®,, we take

B(t) = /0 vn(Zo(s))ds.

Wiener-Hopf theory for Markov chains tells us that the analogue of H is H, = V,7!Q,. For
further details see, for example, Barlow, Rogers and Williams [1], Williams [26] and references
therein. Clearly V! is the E,, x E,, matrix

-1

mg(n—1)

1
vt =

n
=1
mi(n—1)

Suppose the function f on [0, 1] restricts to E,,, so that it can be viewed as a column vector of
length n + 1. Then

2mo(1n—1) 2mo_(71—1) f(O)
3 -1 3 f2)
V,'Qnf = n? : . (D.))
Foo-l g £(252)
2m1Z11—1) 2m;y (ln—l) f(l)

In particular, we see that

n2

2mo(n —

Using the Taylor series expansion for f(2) about 0 and considering the obvious cancellation we
alternatively have

n2

V)0 = 55 {

f(0)  f(0)
T me(n—1) +

n 2n?

+0(;13)}. (D.2)
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From (D.1) we also have
(Va'Quf)(3) = 5 {f(0) — 2f(2) + f(2)}.
This time we consider the Taylor expansions of f(0) and f(2) both about 1 to get
(Va'@uf)(3) =3f"(R) + 0 (3). (D.3)

As n — oo we expect
(Vi 'Quf)(2) = (Vi 'Qnf)(0) — 0. (D4
Now from (D.2) and (D.3) we have

(7 Quf)) - (V)0 = {-4") — 5 s O}

1 " 1
In order to tally with the result in (D.4), we clearly need
: f'(0)
1 "ne _JNY L 7 ' -0.
iim {r)+ Ot =0 = @)+ 70 =0

Similar calculations for (V,71Q, f)(1) and (V,71Q, f)(2=1) give the corresponding result
at 1. O

Further Calculations. One could further pursue this discrete problem. However, the
calculations are horrendous! One should find that the matrix V1@, has two strictly positive
distinct eigenvalues if and only if my + m; < 1, and so on.
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Derivation of the Resolvent Decomposition
in Chapter 2

Here we derive the resolvent decomposition given in (10.1) of Chapter 2. The argument can
clearly be modified to give the corresponding decomposition in (11.2) of Chapter 3.

It is well-known that the resolvent may be defined as follows

o0

0(2) = (BEf)(2) - = E* /0 eNF(27) dt
T foe)
- E*? —At Z+ d E? —\t Z+ d
'/0 € f( t) t + /T € f( t) t

= (RS f)(2) + E* /T ” e Mf(Z}) dt. (E.1)

It suffices to examine the last term in (E.1). Recall that " = T A T1, so that

E* / e Mf(ZF) dt = E? [ / e Mf(ZH) dt; Ty < TlJ
T T

o (E2)
+ E* [/ e"“f(Z}*) dt; Ty <T0} )
T
Next define Y, = Z7,, and note that
/ e Mf(ZF)dt=e T / e Mf(Y,) dt. (E.3)
T 0

For convenience define -

F(ZF) = / NP2 dt, (E.4)
0

noting that
E* [F(Z}H)] = 0:(2).
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Because 0 and 1 are branch points of the Ray process Z*, the relevant strong Markov property
to which we are making intuitive appeal, is really that (due to Meyer and Ray) at Theorem
I11.41.3 of Rogers and Williams. This allows us to avoid any confusion as we know that the Z+
process only ‘lives’ on (0, 1). Next we consider an application of the strong Markov property
(SMP).

E* [F(Y) | Fr] = gr(Y0)
—E% [F(Z;)]
= o\(ZF) (E.5)
_Ja0) T =Ty,
T gn(1) ifT =T
We are now in a position to simplify the RHS of (E.2)

E* [ / eNf(ZH) dt; Ty < Tl]

T

IE[ T[T e ars T0<T1] (by (E.3)

[ —)\TO/ e—Atf(}/t) dt] dIPz
{To<T1}

/ l:e-—,\To / et f(Yt) dt| ]—‘TO] dP, (by Tower Property)
{To<T1} 0

/ e ToR? [ / e Mf(Y) dt| fTo] dP,

{To<T1} 0

/ e |21, [F(Z’f)] dP, (by the SMT in (E.5))
{To<T1}

I

i

= [ e mg0) aP. = gy (0) B [ Ty < T3
{To<T1}

= (B £)(0)9x(2,0). (E.6)

A similar argument yields the corresponding condition at one.

E [ [ @ @ o< m] = G pwwste . E7)

T
Substitution of (E.6) and (E.7) into (E.1) yields

a(2) = (BYf)(2) = (RN + Y (REF)(@)9a(z,2).

ze{0,1}

Note that we rely on the following points:
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{Ty < T\} € Fr, and e*T° is measurable w.r.t. Fr,.

We need to prove these points, so we must show
{T0<T1}/\{T0<t} € F;.

We have Ty(w) < T1(w) and To(w) < ¢ if and only if for some rational r < 1 it is true for every
n in N that for some rational s < ¢ we have

1
sup{Zy(w):q€Q,0<g<s}<r and inf{Z,(w) :q€Q,0<g<s}< -

As matters are only intuitive here, proof of these points will be ignored.
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