=
&

Swansea University ‘C I'OIlfa

Prifysgol Abertawe Setting Research Free

Cronfa - Swansea University Open Access Repository

This is an author produced version of a paper published in:
Science China Mathematics

Cronfa URL for this paper:
http://cronfa.swan.ac.uk/Record/cronfa43218

Paper:

Wang, F. & Wu, B. (2018). Pointwise characterizations of curvature and second fundamental form on Riemannian
manifolds. Science China Mathematics, 61(8), 1407-1420.

http://dx.doi.org/10.1007/s11425-017-9296-8

This item is brought to you by Swansea University. Any person downloading material is agreeing to abide by the terms
of the repository licence. Copies of full text items may be used or reproduced in any format or medium, without prior
permission for personal research or study, educational or non-commercial purposes only. The copyright for any work
remains with the original author unless otherwise specified. The full-text must not be sold in any format or medium
without the formal permission of the copyright holder.

Permission for multiple reproductions should be obtained from the original author.

Authors are personally responsible for adhering to copyright and publisher restrictions when uploading content to the
repository.

http://www.swansea.ac.uk/library/researchsupport/ris-support/


http://cronfa.swan.ac.uk/Record/cronfa43218
http://dx.doi.org/10.1007/s11425-017-9296-8
http://www.swansea.ac.uk/library/researchsupport/ris-support/ 

SCIENCE CHINA @ CrossMark
Mathematics N

« ARTICLES - https://doi.org/10.1007/s11425-017-9296-8

Pointwise characterizations of curvature and second
fundamental form on Riemannian manifolds

Fengyu Wang!'? & Bo Wu?*

LCenter for Applied Mathematics, Tianjin University, Tianjin 300072, China;
2Department of Mathematics, Swansea University, Singleton Park SA2 8PP, UK;
3School of Mathematical Sciences, Fudan University, Shanghai 200433, China

Email: wangfy@tju.edu.cn, wubo@fudan.edu.cn

Received October 7, 2017; accepted April 3, 2018

Abstract Let M be a complete Riemannian manifold possibly with a boundary M. For any C'-vector field Z,
by using gradient/functional inequalities of the (reflecting) diffusion process generated by L := A+ Z, pointwise
characterizations are presented for the Bakry-Emery curvature of L and the second fundamental form of OM
if it exists. These characterizations extend and strengthen the recent results derived by Naber for the uniform
norm ||Ricz||co on manifolds without boundaries. A key point of the present study is to apply the asymptotic

formulas for these two tensors found by the first author, such that the proofs are significantly simplified.
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1 Introduction

Let M be a d-dimensional complete Riemannian manifold possibly with a boundary OM. Let L =A+Z
for a C! vector field Z. We intend to characterize the Bakry-Emery curvature Ricyz := Ric — VZ and the
second fundamental form I of the boundary M using the (reflecting) diffusion process generated by L.
When OM = (), we set I = 0.

There are many equivalent characterizations for the (pointwise or uniform) lower bound of Ricz and I
using gradient /functional inequalities of the (Neumann) semigroup generated by L, see e.g., [13] and the
references within. However, the corresponding upper bound characterizations are still open. It is known
that for stochastic analysis on the path space, one needs conditions on the norm of Ricyz, see [3-6,8,11,12]
and the references within. Recently, Naber [7,10] proved that the uniform bounded condition on Ricyz for
Z = =V f is equivalent to some gradient/functional inequalities on the path space, and thus clarified the
necessity of bounded conditions used in the above mentioned references. In this study, we aim to present
pointwise characterizations for the norm of Ricz and I when OM # (), which allow these quantities to be
unbounded on the manifold.
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Let (X7)¢>0 be the (reflecting if OM exists) diffusion process generated by L = A+ Z on M starting
at point x, and let (Uf);>o be the horizontal lift onto the frame bundle O(M) := |J,cp; Oz(M), where
O, (M) is the set of all orthonormal basis of the tangent space T, M at point x. It is well known that
(XF,UF)i>0 can be constructed as the unique solution to the SDEs:

X} =V2UF 0 dW, + Z(X{)dt + N(X7)dly,  X§ =,

(1.1)
dUY =2 Hys (UY) 0 dW; + Hz(Uf)dt + Hy (UF)dlF,  U§ € OL(M),

where W is the d-dimensional Brownian motion on a complete filtration probability space (£, {F:}t>0, P);
N is the inward unit normal vector field of OM; H. : TM — TO(M) is the horizontal lift, H,
(Hue,)1<i<d for w € O(M) and the canonical orthonormal basis {e;}1<;<q on R%. Further, I, is an
adapted increasing process which increases only when X7 € OM which is called the local time of X on
OM. In the first part of this paper, we assume that the solution is non-explosive, so that the (Neumann)
semigroup P; generated by L is given by

Ptf(x):Ef(XtT)v r e M, fGBb(M), t=>0.

For a fixed T' > 0, consider the path space Wy (M) := C([0,T]; M) and the class of smooth cylinder
functions

‘FC%O ::{F(V):f(fytlv'“a’)’tm):m>1;76WT(M)70<t1<t2<"'<tm<T7f€C(c)>o(Mm)}'

Let
T
Hy = {h € C([0,T);R?) : h(0) =0, ||h[|F, = / |h.|2ds < oo}.
0

For any F' € FCp with F(v) = f(v(t1),-..,7(tm)), the Malliavin gradient DF (X[ ;) is an Hy-valued
random variable satisfying

d
T DF (X, 77)
Z )V A(XE . XE ), se0,T], (1.2)

ti>s

DsF<X[%,T])

where V; is the (distributional) gradient operator for the i-th component on M™, and P, : R — R? is
the projection along u~'N, i.e.,

(Pua,b) := (ua, N)(ub,N), a,beR’ we |J O.(M
zEOM

For K € C(M;[0,00)) and o € C(9M;[0,00)), we introduce the following random measure pi, 1
on [0,T]:
pro. 1 (ds) = elo KX drt g o (XD 10X ) ds + o (XT)dI%Y. (1.3)

For any ¢ € [0, 7], consider the energy form

T
er5 () = B{ 0 maar (. TD) (1D O )P+ [ 1D O 1) Pasrtas)) |
t
for F' € FCZ. Our main result is follows.
Theorem 1.1. Let K € C(M;[0,0)) and o € C(OM;[0,00)) be such that for any T > 0,z € M,

Ee?1e) JT{K (XD )dsto(XD)dIZ} _ (1.4)

holds for some € > 0. For any p,q € [1,2], the following statements are equivalent to each other:
(1) For any x € M andy € OM,

|IRicz||(z) := sup |Ric(X, X) —(VxZ, X)|(x) < K(x),
X€eT, M,|X|=1
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1TI(y) = sup LY, Y)|(y) < o(y)-
Y ET,0M,|Y|=1

(2) For any f € C*(M), T >0, and x € M,
IVPLP(@) < BI(L+ e (0. T)IV AP (X5),
Vi) - 59Pef(@)| <B4 010 (950 - U503V xE)

pa,7([0,T1)
2q

q

v

(3) For any FF € FC¥,x € M and T >0,

T
IV EF(X{o 1)]? < E[(l + pz ([0, 7)) (|D0F(X[%7T])|q +/0 DsF(X[mO,T])qW,T(dS))}
(4) For any to,t1 € [0,T] with t; > to, and any x € M, the following log-Sobolev inequality holds:
E[E(FQ(X[O T]) |-7:t1)10gE(F2( [0 T]) | Fe.)]

t1
~ BIE(F(Xfy0) | i) W E(F* (X ) | Fi)| <4 [ €X7(P F)s, F e FOF,

to

(5) For any t € [0,T] and x € M, the following Poincaré inequality holds:
B (X ) | 7017~ (BIFOG ) <2 [ €57 (R s, F € FOF.

Remark 1.1. (1) When M =0, Z = —V f and K is a constant, it is proved in [10, Theorem 2.1] that
IRicz|leo < K is equivalent to each of Theorem 1.1(3)—(5) with o = 0 and a slightly different formulation
of 55 ’TO. A comparison with these equivalent statements using references functions on the path space
shows that the statement (2) only depends on the reference functions on M and is thus easier to verify.

(2) An important problem in geometry is to identify the Ricci curvature, for example, to characterize
Einstein manifolds where Ric is a constant tensor. According to Theorem 1.1, Ric is identified by VZ if
and only if all/some of Theorem 1.1(2)—(5) hold for K = 0.

We prove this result in Section 2. In Section 3, the equivalence of Theorem 1.1(1), (4) and (5) is proved
without (1.4) but using the class of truncated cylindrical functions replacing FC2°.

2 Proof of Theorem 1.1

We first introduce some known results from the monograph [13] which hold under a condition weaker
than (1.4).

Let f € C§°(M) with |V f(x)| = 1 and Hesss(x) = 0. According to [13, Theorem 3.2.3], if x € M \ OM
then for any p > 0 we have

Ricz(V/, Vf)(x) = lim BV P () p—t VP, f|7(x)

Pif(x) — (Pf)* (@)
B ltlw t < 2t - |VPtf(90)|2>; (2.1)

and by [13, Theorem 3.2.3], if z € OM and Vf € T,0M then

(V1 V1) () = lim LRIV P () - [VRP()

ol
3VT (Pf*(z) — (Pf)*(2)
th 8\/( 5 - |VPtf|2(x)). (2.2)
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We note that in [13, (3.2.9)], /7 is misprinted as 7.
Next, for each u € O(M) and for each @ € (J,cgy; O M, the matrix-valued functions Ricz(u), I(a)
and Py are given by
(Ricgz(u)a,b) := Ricz(ua, ub),
(Pga,b) := (ua, N){ab, N),
(I(@)a, b) := I(@ta — (@a, NYN, b — (@b, N)N), a,b € R%

According to [13, Lemma 4.2.3], for any F € FC¥ with F(y) = f(vy,---,tn ), f € C§(M) and
0<ti < - <tn,

N
(U§)'VLEIF(X{ )] = Y E[QF (UL T'Vaif (XE, ..., X)), (2.3)
=1

where V, denotes the gradient in x € M and V,; is the gradient with respect to the i-th component,
and for any s > 0, (Q%,):>s is an adapted right-continuous process on R? ® RY satisfies siPup = 0if
X! € OM and

to= (1= [ @i Ricanar+ XU ) (4 = dixreon Py 4
s
The multiplicative functional QF ; was introduced by Hsu [9] to investigate gradient estimate on P;. For
convenience, let Qf := Qf ;. In particular, taking F'(y) = f(v:) in (2.3), we obtain
VP f(x) = UsB[QF (UF)'V(XP)), zeM, [feCF(M), t=0. (2:5)
Finally, for the above F' € FC$, let

DiF(Xy ) = Y Qi UL 'Vif(XE,... . X)), te[0,T]. (2.6)

ity >t

Then [13, Lemma 4.3.2] (see also [12]) implies that
t
E(F(Xjo,m) | Fi) = E[F(Xjo, )] + \/5/0 (E(DsF(X{o.1)) | Fs),dWs), t€[0,T]. (2.7)

Proof of Theorem 1.1. Tt is well known that the log-Sobolev inequality in (4) implies the Poincaré
inequality in (5). We prove the theorem by verifying the following implications: (1) = (3) for all ¢ > 1
(3) = (2) for all p = g; (2) for some p > 1 and ¢ € [1,2] = (1), (5) = (1); and (1) = (4).

For simplicity, we will write F' and f for F(X[:f)ﬁT]) and f(X7?,..., X} ), respectively.

(a) (1) = (3) for all ¢ > 1. From (1.2), (2.3) and (2.4) we have

- N
Uy 'VLEF] = E| 30 Q2 (0F) V.|
-i=1

r NV t; t;

=E Z(I— Q°Ricy(Uy,)ds — QQS”]IU:dE)(Utf)‘lVif}
i=1 0

-E Z UP)'Vif - Z(/ Q%Ricz (U ds+/ Q° HUlez>(Ut) v, f}
-i=1

=E DOF— / {Q*Ricz(U%)DyF}ds — / {Qgﬂ(Ug)DsF}dlg].
L 0 0

By [13, Theorem 3.2.1], we have

QY| < exp {/OS K(X,)dr + /OS a(Xr)dlf} (2.8)
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Combining these with (1), (1.3), and using Hélder’s inequality twice, we obtain

T q
wmww<{mmﬂ+E/LmﬂMﬂwﬁ
0

T q
<E@mﬂ+/mﬂwﬂ@ﬁ
0

: TNDF(XE )|t (ds))
ol ST e

<E{(M%Fw+[fszu%jmagjw@)u+uﬁﬂmﬂmw1}.

Thus, the inequality in (3) holds.

(b) (3) = (2) for all p = q. Take F(y) = f(yr). Then EF (X[ ;) = Prf(x) and by (1.2), |DF| <
|V f(X7)| for s € [0,T]. So, the first inequality in (2) with p = ¢ follows from (3) immediately. Similarly,
by taking F(y) = f(v0) — 5f(yr), we have

BF = [(@) - 3 Pri (@)

and
. 1 - .
|DoF| = |Vf(z) = 5U5 (Ur) 'VXT),
. 1

Then the second inequality in (2) is implied by (3).
(c) (2) for some p > 1 and q € [1,2] = (1). Let € M \ M. There exists r > 0 such that

B(z,r):={ye M :p(x,y) <r} C M\ oM,

where p is the Riemannian distance. Let 7. = inf{t > 0: p(z, XJ) > r}. By [13, Lemma 3.1.1] (see also
[1, Lemma 2.3]), there exists a constant ¢ > 0 such that

P(r, <T)<e ¥T Te(01] (2.9)

Then P(12 > 0) < e~¢/7 so that for each n > 1,

ThglOT 7 =0, P-as. (2.10)
Combining this with (1.3) we obtain
T
tim PeU0TD _ gy (2.11)
70

Therefore, by the dominated convergence theorem attributed to (1.4), the first inequality in (2) and (2.1)
yield

—Ricz(Vf,Vf)(z) = lim |VPrf|P(z) — Pr|Vf|P(z)

T—0 pT
< lim E{[(l + Mw,T([OaT]))p — 1]|Vf|p(X%)} — K($)7 (2.12)
T—0 pT

where f € C§°(M) with Hessy(z) = 0 and |V f(z)| = 1. This implies Ricz(X,X) > —K(z) for any
X € T, M with | X|=1.
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Next, we prove that the second inequality in (2) implies Ricz < K. By Hoélder’s inequality, the second
inequality in (2) for some ¢ € [1,2] implies the same inequality for ¢ = 2:

2

Vi) - 59Pr

<E|(1 -+ (0.7)([95(0) - 3O3R VxR +

(0.7 o s
rer @ )|

Then

ool 2 RTOE < Lol 910, 9P @) - B0 0F) VXD

#air(0.10) |1 (0) = JUSOF) 910X

(1 + Nw,T([O’ T]))M;E,T([Ov T])
4

+ |Vf(X§ﬁ)|2}. (2.13)

Combining this with (2.1) and (2.11), we arrive at

— SRicz(V1,V)(@)
< SE@IVA@) +lmsup L E(Vf(2), VPrf(o) ~ EIUF (0F) VA7),
Since by (2.5), (2.4) and (2.10) we have
(V (), VPrf(2) - EUF (UF) 'V F(X5))
-/ (9 $0), U Rie 1 (UF)(UF) ™V F(XE)dr
— _TRicz(V1,Vf)(z) + o(T)

for small T' > 0, this implies Ricz(Vf, Vf)(z) < K(x).
On the other hand, to prove the desired bound on ||I||, we let x € OM, f € C§°(M) with (Vf,
N)(z) =0, |[Vf(z)] =1 and Hess¢(z) = 0. By [13, Lemma 3.1.2],

. 2
EeMNtrm < oo, Elf,,. = 2T +0(T3/?)

f
for all A > 0 and small 7" > 0. Combining this with (1.3), (1.4) and (2.9), we obtain

Buer(0.7) _ 20() . [Euer(0,T)P

e Y Y T - TV, (214)
Then repeating the above argument with (2.2) replacing (2.1), we prove
II(VF, V(@) < o).
Indeed, by (2.2) and (2.14), instead of (2.12) we have
v o VP fIP(x) = PrVfP(z)
_ < M© _
(VS V) () < T Jim L o(x),

while multiplying (2.13) by v/T and letting T — oo leads to

IV V() < I(Vf, V) ().

_ 2
Nz

3 —
§\§
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(d) (5) = (1). Let F'(y) = f(yr). Then (5) implies

T
Prf*(z) - (Prf(x))* < 2/0 Bl(1+ po,r([s, T))? IV (XT) ] ds. (2.15)
For f in (2.1), by combining this with (2.1) and (2.11), we obtain

— (Prf)*(x)
2T

2
Ricz(Vf, Vf)(x) = lim % (PTf (@) - |VPTf|2>

< i {7 [ s TDPI SO - 19 Prs ) PYas

T—0T
~ i ;{Pﬂwﬁ(m) - 9P () + 2L |- s>K<x>ds}
— DRy (VS VF)(@) + K () [V ().

This implies
Ricz(Vf, V) (z) > —K(z)|Vf(x)]

Next, for f in (2.2), by combining (2.15) with (2.2) and (2.14), we obtain

3R (Prfa) — (PrfR()
V5, 91)(&) = Jim ﬁ( GRLSC

T
< g 2L BI04 uls DRIV ICER)P = 19Prs )P Yas

- |VPTf<m>|2)

i VT Lo ooy 2 AVI@E [T 20(@) (VT — V5)
= i 2L e ) - (VPP + 2R [P2HONE g ov) |
= JUVL V@) + olo)

Hence, 1(V, V1)(x) > —o(2)|Vf(z)[*
On the other hand, to prove the upper bound estimates, we take F/(v) = f(y.) — 3 f(yr) for € € (0,T).
By (1.2),

D] = 970X = JUZUR) T D) 1100(0) + 519X 0

Then (5) implies
I = E[f(xg) - %E(f(X%) fe)] - <Psf(x) - ;PTf(x)>

2
< 28] (14 e (0.T) |V (XE) = JUEUR) 0 (XD

pa, ([0, T]) |V f (XF)[? 2
r 1 L }+05

= J., €€(0,7) (2.16)

+

for some constant ¢ > 0. Obviously,

2
iy % = B{ (1-+ 1200, 7)) ('W(fc) - suepvsap)| + =P weam )] @

e—=0 €

On the other hand, we have

£:P€f2_(P€f)2

- + BRI 7)Y — (Prf)(@)]

g
N E[f(ng){Pst(x) — fXDY (2.18)
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Let f € C§°(M) satisfy the Neumann boundary condition. Then we have

2 2
QE%M = 2|V £|*(z). (2.19)

Next, (2.6) and (2.7) yield
E(f(X2)| F.) = Prf(z) + V2 / QT (UF) VAR | o). V). (2.20)

Then
BE(f(X3) | Fo)P = (Prf)? +2 / EIQE (UF) 'V f(XF)|2ds.

Along with (2.5), this leads to

1 o 2 2
lim B[{E(F(XF) | )} — (Prf)*(a)]
= S IBIQ3r (UF) VAR = 5|V Prf()]”. (221)

Finally, using It6’s formula we have
PL(@) = FXE) = Pof(e) = f@) = [ LrOX)s= V2 [ (95062, Uzaw,)
= ole) = V2 [ (VF(XE), Uzaw.).
0

Combining this with (2.20) and (2.5), we arrive at

lim Elf(X?){P-f(x) — f(X?

e—0 9

)} = —2(Vf(x), VP f(z)).

Substituting this and (2.19)—(2.21) into (2.18), we obtain

2
Jim 22 = Q‘Vf(x) _ %VPTf(:c)

Combining this with (2.16) and (2.17), we prove the second inequality in (2) for ¢ = 2, which implies
Ricz < K and I < o as shown in Step (c).
(e) (1) = (4). According to (2.7),

Gy :=E(F?|F) = E(F?) + V2 / B(D,F? | F), W), te0.T] (2.22)
0

By It6’s formula,

[E(DsF? | Fo)P?

d(Gilog Gy) = (1 +1og G4)dG + dt

Gy
< (14 log Gy)dGy + AE(| D F|* | Fy)dt. (2.23)
Then .
E[G, log Gy,] — E[Gy, log Gy, < 4/ E|D,F|%ds. (2.24)
to

By (2.6) we have

N
D,F = Z 1{S<ti}Q§7ti(Ut€)_lvi'f

i=1
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N t;

= Z o<ty <I — / Qit{RiCV(Utz)dt + HUtmdlf}) (I- 1{Xfi E&M}PUQ)(UZ)ilvif
i=1 s
. T

= DoF — / int{RiCZ(Utz)dt + L(UF)dlT}.

Combining this with (1), (2.8) and (2.11), and using the Schwarz inequality, we prove

T
D.PP < (14 (s, T (1008 + [ 1D.FPsir(a)) (2.25)

S

This together with (2.24) implies the log-Sobolev inequality in (4). O

3 Extension of Theorem 1.1

In this section, we aim to remove the condition (1.4) in Theorem 1.1 and allow the (reflecting) diffusion
process generated by L to be explosive. The idea is to make a conformal change of metric such that the
condition (1.4) holds on the new Riemannian manifold. Since both Ricz and I are local quantities, they
do not change at z if the new metric coincides with the original one around point x.

Let (M, g) be a Riemannian manifold with boundary, and let N be the inward pointing unit normal
vector field of OM. Let ¢ € C§°(M) be non-negative with non-empty My := {¢ > 0}. Then, My is a
complete Riemannian manifold under the metric g4 := ¢~ ?g. Let V2, A% Ric? and I? be the associated
Laplacian, gradient, Ricci curvature and the second fundamental form of My respectively. By e.g., [2,
Theorem 1.159 d)],

V4Y = VxY — (X,Viogd)Y — (Y, Viog )X + (X,Y)V log ¢.
Moreover, according to [13, Theorem 1.2.4] and the proof of [13, Theorem 1.2.5], we have

Ricg = Ric + (d — 2)¢ 'Hessg + (¢~ A¢ — (d — 3)|V1og ¢)g,
¢ = ¢~ '+ (Nlog¢)g.

Note that | X| =1 if and only if g4(¢X, $X) = 1, we obtain

1glloe = sup |Ls (90X, 9X)| < o0,
XeTOM,,| X|=1

and for Riciz the curvature of L? := A% + ¢Z,

IRic),llc =  sup  |Ric?(¢X, ¢X) — go(Vox (¢2), pX)| < oc.
X€eTMy,|X|=1

Therefore, Theorem 1.1 applies to L? on the manifold Myg. In particular, by taking ¢ such that ¢ =1
around a point x, we have Ricy = Ric® and I =I¢ at point x. Thus we characterize these two quantities
at x. To this end, we will take ¢ = ¢(p,), where p, is the Riemannian distance to = and ¢ € C5°(R) is
such that 0 < £ < 1, £(s) = 1 for s < r and £(s) = 0 for s > 2r for some constant r > 0 with compact
Bo,.(x) :={p < 2r}.

Obviously, before exiting the ball B,(x), the diffusion process generated by L coincides with that
generated by L?. Therefore, to use the original diffusion process in place of the new one, we will take
references functions which vanishes as soon as the diffusion exits this ball. To this end, we will truncate
the cylindrical functions in terms of the uniform distance

Pz () == sup p(y(t),x).
t€0,1]
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To make the manifold M, complete, let § : M — (0, 00) be a smooth function such that Br(z) is compact
for any R < d,. Consider the class of truncated cylindrical functions

FCOPoe = {FUpz) : F € FCF, x € M, £ € C°(R), suppl C [0,6,)} (3.1)

To define St{(T’U(FJ?') for F = Fl(p,) € F Tloc: we take ¢ € C§°(M) such that 0 < ¢ < 1, ¢ =1
for £(pz) > 0, and ¢ = 0 for p; > 6,. Then M, is complete with bounded Riczz and I?. Let X[gf) ¢T] be
the (reflecting) diffusion process generated by L?. Similar to the proof of [4, Lemma 2.1] for the case

without a boundary, we see that |D F(XZ%.)| is well-defined and bounded for s € [0,T]. Note that F

[0,7]
is supported on {¢(5,) > 0} C Wp(M?) and X[0 7 = Xjo,r) if €(pa(X [w])) > 0 (see (3.4)). Therefore,
we conclude that |DyF(X 0. = 1D, F(X[gg q;])\ is well-defined and bounded in s € [0, 7] as well, which

does not depend on the choice of ¢. Again since F is supported on {£(p,) > 0} C Wr(M?) and M? is
relatively compact in M, we have

T
€57 (P, F) :=E{<1m,T([t,TD)QDtF( s+ [ D3F<X5,T]>|2MZ,T<ds>)}<oo.

Theorem 3.1. Let K € C(M;[0,00)) and o € C(OM;[0,00)). The following statements are equivalent
to each other:
(1) For any x € M and y € OM,

|IRicz||(z) := sup |Ric(X,X) — (VxZ, X)|(z) < K(z),
XET, M,|X|=1

[(y) =  sup I, Y)|(y) < o(y)
Y ET,dM,|Y|=1
(2) For any to,t1 € [0,T] with t1 > to, and any x € M, the following log-Sobolev inequality holds:
BIE(F?(X{5 7)) | Fi.) log E(F* (X5 1y) | Fiy )]

t1
— E[E(F?(X{ 1)) | Fuo) log E(F(X{5 7)) | Fr,)] < 4 / ELF(F F)ds, F e FC..

to
(3) For any t € [0,T] and x € M, the following Poincaré inequality holds:
E{E(F (X 1) | F)}?] — {E[F (Xj0,m)]} / EXF(F F)ds, F e FCF,..

Proof.  Since (2) = (3) is well-known, we only prove (1) = (2) and (3) = (1).
(a) (1) = (2). Fix € M. For any F := F{(j,) € FCFoe, there exists R € (0,0,) such that

supp(£(pz)) C Br(z) :={y € M : p(z,y) < R}.

Let ¢r € C§°(M) such that ¢r |p, () = 1 and 0 < ¢r < 1. We consider the following Riemannian metric
on the manifold My :={y € M : ¢r(y) > 0}:

9R = $R9-
As explained above that (Mg, gr) is a complete Riemannian manifold with

Kp = sup|[RicZ e < 00, g = sup|If]. < oo. (3.2)
Mp Mg
We consider the SDE (1.1) on M,

{dUw = V2 Hys (UF) 0 dW, + Hyz (UF)dt + Hy (U7 )dl}

Uo = Ug-
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Then X, := n(U,) is the (reflecting if OM exists) diffusion process on M generated by L = A + Z.

Similarly, let {H; r}7_, and Hy, 7z r be the orthonormal basis of horizontal vector fields and horizontal
lift of ¢rZ under the metric gr. Since gg = g and ¢ = 1 on Bg(z), for u € O(Mg) with mu € Br(x)
we have H; p(u) = H;(u) and Hyz r(u) = Hz(u). For W, and v in (3.3), we consider the following SDE
on the manifold Mg:

dUrr =Y H; p(Upr) 0 dW{ + Hyz r(U7)dt + Hy (UF)dl, ,,
1=1
UO,R = Up-

Then X := m(U.g) is the (reflecting if Mp exists) diffusion process on Mp generated by Lp :=
AR + ¢rZ, where Ap is the Laplacian on Mpg. Obviously,

U,r=Us, Ilg,=1f for t<7p:=inf{t>0:X;¢ Br(x)}. (3.4)

Denote by PT the distribution of the process X[0 )" From [13] and (2.24), the damped logarithmic
Sobolev inequahty holds

E[Gy, log Gy,] — E[Gy, log Gy, ] < 4657 (G,G), G € FCF, (3.5)
where
Gt - E(GQ( [0, T]) | ]:t)
and

t1 - -
Et(H,G) = / / (DEF,DEG)dsdP, ,
WZI(Mg)

According to [13], the form (E3", FC5) is closable in Lz(ﬂj’gx). Let (£, D(E+")) be its closure.
Let p* be the Riemannian distance on Mp and

pa () = sup pf(y(t),x), ve W] (Mpg).
te[O,l]

We have g, () = p.(7) for each v € WX (Mg) C WX (M) satisfying p2(y) < R. Then [4, Lemma 2.1]
implies that £(p;) is in D(Epr ), and so is F':= F(p,). Combining this with (3.4) and (3.5), we get
BIE(F2(X{ 1) | Fou) log B(E (X 7)) | Fiy )]
— BIE(F?(X{5 1) [ Fto) og B(F?(X{5 1) | Fo )]
= E[E(FQ( [0, T]) ‘]:tl)IOgE(FQ( [0, T]) | Fi)l

~ E[E(F(X5E) | Fiy) g E(F(X5E) | Fiy)

t1 N o -
4 / / (DEF, DEF)dsdP?, ,
W (Mg) ’

tl - - -
/ / (D F,D,F)dsdPT. (3.6)
WI (M) Jto

By combining this with (2.25), we prove (2).

(a) (3) = (1). We first prove the lower bound estimates. When x € M \ M, there exists 7 € (0, 36,)
such that By.(z) C M\ OM. Let ® = £(p,), where £ € C§°(R) such that 0 < £ <1, 4(s) =1 for s < r
and £(s) = 0 for s > 2r. Let

Te =nf{t 2 0: p(z, X}) > s} for s>0.
Consider F(v) = (®F)(y) = ®(v)f(yr) for f in (2.1). Then (3) and (2.9) imply

EB[(F®)*(X[5 7)) — {EI(F®)(X(0,)]}
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< 2/ &Y (F,F)d
. ~ T . ~
) / E{(l n um,mt,T]))(|DtF<X[3T}>|2 T / |DSF<X§),T]>|%,T<ds>) }dt
T
<2 [ Bl oy (1 o (679Xt + CP( < )
0

T
=2 [ Bl ) (U 0 (8T OGPt + o(T°), (3.7)

where C' > 0 is a constant depending on f and ®. On the other hand, by (2.1) and (2.9), we have

_ E[F?®*(X7 )] — {E[F®(X{o,)]}? )
Ay T( o 2T ~ VPl )
1 (Ppf*(x)— (Prf)*(x) 2
_%lgloT( 2T —[VPrf] )

= Ricz(Vf, Vf)(z).

Since IZ = 0 for s < 7o, these two estimates together with (2.9) and (1.3) lead to

Ricz(Vf,Vf)(x)

L EIFRR(X ) (EIFD) (X))
—%:moT< S _|VPTf|2>
< g L [ Bl oy 04 s TOPIV ST (VPP |
o o (P TSP Iy Bl sl s T - ISR
T—0 T T

= 2Ricz(Vf, Vf)(2) + K (2)|V f*(2).

Therefore,

Ricz(Vf, V) (z) > —K(z)|Vf(x)]
Next, let € OM. For f in (2.2), by (2.9) we have

3 /7 (BIFOR(XE 1)) — {EI(F®) (X017}
THO S\F( - 2T |VPTf|2>
2(0) — 2,
by S (B
=LV, Vi) (). (3.8)
Combining this with (3.7) and (2.14), we obtain
F®)2(X2 )] — {E[(F®)(Xj0.17)]}
LY,V f)@) = %hjlo;\\/rﬂ E[(F®)*(X{5 )] 27{ [(F®)(X0.1)]} WPTf(x)'Q)
8YE ([T B e pea (B TDPIVERPY
i 22 L it~ 1V Prf(a)?)
N AVF@)P [T 20@)(VT - V5)

—_

imoM{PTme vPrsPe) + 2L [ 2OR =,
Y9 F, V1)) + 2ote).

\ooﬂ

Therefore,
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To prove the upper bound estimates, we take F(v) = f(y.) — 3 f(yr) for € € (0,T). From (1.2),
. 1 _ 1
D1l = |V10X) = GUZUD V10 Lo 0 + VS X O

Moreover, from (3) and (2.9), we may find a constant C > 0 depending on f and ® such that for any
e, T €(0,1),

I = E[E(@(X@T])f(X?) - %MX[%,T})JC(X%) |F€>r

- [B(e0h a0 - Jo0xh s |
<2 [ Bt e ) 00 ) D1
+ / ! |<I>(X[”67T])DSF|2;L$7T(ds)}dt—|— CeT?. (3.9)

Then
2
imsup = < E{ 8,11+ (0.7 ([9100) - S0 079 1085)

e—0 €
(X 1) ta, ([0, T
( [o,T]) . r(0,77) |Vf|2()fx)>} o(T?) (3.10)

for small T' > 0. On the other hand, according to (d) of proof in Theorem 1.1, we have

£:P€f2_(P5f)2

- + BRI 7)Y — (Prf)(a)]

B PA(x) = FXDN | o

+

2

= Z’Vf(m) — %VPT]C((E) +0o(T?). (3.11)

Combining this with (3.10), we arrive at the following:

2
2| 1(0) - 59 Prfa)

< {8051+ 200,70 |970) - 0D 95 0x3)

S(XE e (0.T)) _ ,
K, ])Z O g (X%))}JFO(T ). (3.12)

With this estimate, we may repeat the last part in the proof of (2) = (1) of Theorem 1.1 to derive the
desired upper bound estimates on Ricz and I at point z. O
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