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Supplemental Information to ‘Fluid viscoelasticity drives self-assembly of particle

trains in a straight microfluidic channel’

DIRECT NUMERICAL SIMULATIONS

Direct Numerical Simulations (DNS) have been used to
compute the fluid dynamics of a system of three spherical,
rigid, non-Brownian particles with diameter d suspended
in a viscoelastic fluid flowing in a cylindrical microchan-
nel with diameter D and length L (see Figure 1a). A
Cartesian reference frame was chosen with the origin at
the center of the inlet section with the z-axis denoting the
flow direction. The particles were initially aligned along
the channel centerline and, for symmetry, stay there dur-
ing the whole simulation, and do not rotate but only
translate. The wall was denoted by ∂Ωw, the inflow and
outflow channel sections by ∂Ωin and ∂Ωout, respectively,
and the boundary of the i−th particle by ∂Pi.

The governing equations are the mass and momentum
balance equations that, assuming incompressibility and
negligible inertia for both fluid and particles, read as:

∇ · u = 0, (1)

∇ · σ = 0, (2)

where u is the fluid velocity and σ is the total stress
tensor, expressed as:

σ = −pI + 2ηsD +

m∑
k=1

τ k. (3)

In Eq. (3), p, I, ηs and D = (∇u + (∇u)T )/2 are the
pressure, the unity tensor, the viscosity of a Newtonian
‘solvent’ and the rate-of-deformation tensor, respectively.
A multi-mode constitutive model was used wherem is the
number of modes and τ k is the k−th contribution to the
viscoelastic stress tensor that needs to be specified by
choosing a constitutive equation. We chose the Giesekus
model, which well describes dilute polymer solutions like
the one used in the experiments [1]:

λk
∇
τ k +

αkλk
ηk

τ k · τ k + τ k = 2ηkD, (4)
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FIG. 1. Schematic representation of the three-particle system
(a) and the multi-particle system (b).

where ηk is the k−th partial viscosity, λk is the k−th
fluid relaxation time, the symbol (∇) denotes the upper-
convected time derivative:

∇
τ k≡

∂τ k

∂t
+ u · ∇τ k − (∇u)T · τ − τ k · ∇u, (5)

and αk is the k−th anisotropy parameter. The constitu-
tive parameters were evaluated by fitting the rheological
data of the HA 1 wt% in PBS. In Table I we report the
numerical values of the fitted parameters and in Figure 2
the model predictions (solid lines) compared to the ex-
perimental measurements (symbols).

Regarding the boundary conditions, no-slip and rigid-
body motion were imposed at the sphere surfaces:

u = (0, 0, Ui) on ∂Pi(t), (6)

where i is the particle number and Ui is the particle
translational velocity along the flow direction. No-slip
conditions were assumed on the channel walls:

u = 0 on ∂Ωw. (7)

Periodic boundary conditions were prescribed between
the inflow and outflow sections, together with a flow rate
in inflow:

u|∂Ωin = u|∂Ωout , (8)

t|∂Ωin = −t|∂Ωout −∆pI, (9)

τ k|∂Ωin = τ k|∂Ωout , (10)

−
∫
∂Ωin

u · n dS = Q. (11)

In Eq. (9), t = σ · n is the traction and n is the out-
wardly directed unit normal vector. The flow rate Q was
imposed through a constraint where the associated La-
grange multiplier is identified as the unknown pressure
difference ∆p [2].

TABLE I. Values of the parameters of the constitutive equa-
tion.

m 2
η1 [Pa·s] 0.257
η2 [Pa·s] 0.254
λ1 [s] 0.0752
λ2 [s] 0.00848
α1 [-] 0.283
α2 [-] 0.49
ηs [Pa·s] 0.051
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As inertia is neglected, no initial condition for the ve-
locity field needs to be specified. On the other hand,
since the time-derivative of the viscoelastic stress tensor
appears in the constitutive equation, an initial condition
for τ k is required. We assumed a stress-free initial con-
dition, i.e., that the k−the contribution to the stress is
zero everywhere in the fluid at the initial time:

τ k|t=0 = 0. (12)

To close the set of governing equations, the hydrody-
namic force acting on the particles needs to be speci-
fied. Under the assumptions of absence of particle iner-
tia, and of no ‘external’ forces (force-free particle), the
x−component of the total forces Fi on the spherical sur-
faces must be zero:

Fi =

∫
∂Pi(t)

(σ · n)|z dS = 0, (13)

where n is the outwardly directed unit normal vector on
∂Pi. Finally, at each time step, the particle positions
were updated by integrating the kinematic equations:

dzi
dt

= Ui, (14)

with initial conditions zi|t=0 = z0
i .

The governing equations were solved by the finite ele-
ment method with proper stabilization techniques to im-
prove numerical stability [3–7]. A boundary-fitted mesh
with triangular elements was used with an adequate num-
ber of triangles between the particle surfaces where larger
gradients of the flow fields are expected. The Arbitrary
Lagrangian-Eulerian (ALE) technique was used to handle
the particle motion [8]. Further details on the numerical
method used as well as mesh and time convergence tests
can be found elsewhere [9].

MULTI-PARTICLE SYSTEM SIMULATIONS

The Direct Numerical Simulations described in the pre-
vious section have been carried out on a three-particle
system. Several simulations have been performed by
varying the two interparticle distances sp and sf (see Fig-
ure 1a). For each set of distances, we computed the par-
ticle velocities U1, U2, and U3 after the initial transient
due to the stress development. Hence, the set of two dis-
tances (sp, sf) and the corresponding three particle ve-
locities form a look-up table that is used to simulate the
dynamics of a multi-particle system as described below.

Let us consider a set of N particles already aligned
along the channel centerline (see Figure 1b). We assumed
that a particle i hydrodynamically interacts only with
the trailing particle i − 1 and the leading particle i + 1.
Hence, the positions of the particles can be computed by
integrating the following system of ordinary differential

equations:

dz1

dt
= U1(sp,2, sf,2)

dzi
dt

= U2(sp,i, sf,i) i = [2, . . . , N − 1]

dzN
dt

= U3(sp,N−1, sf,N1),

(15)

where z1, z2, ..., zN are the positions of the particles
from the inlet to the outlet of the channel. Notice that
the leftmost particle of the train (particle 1 in Figure 1b)
moves with the velocity of the left particle of the three-
particle system. Such velocity depends on the distance
sp,2 between the particles 1 and 2, and the distance sf,2
between the particles 2 and 3 (see Figure 1b). Similarly,
the rightmost particle of the train (particle N) has the
velocity of the right particle of the three-particle system
that depends on sp,N−1 and sf,N−1. All the other par-
ticles move at the velocity of the middle particle of the
triplet that depends on the distances with the previous
and the next particle. The velocities on the right-hand
sides are taken by interpolating the look-up table gener-
ated from direct numerical simulations. Initially, three

a)

b)

FIG. 2. Predictions (red lines) of the linear viscoelastic mod-
uli (a) and the viscosity (b) obtained by the constitutive
model in Eq. 4 with parameters in Table I compared with
the rheological measurements (symbols) for the HA 1% in
PBS fluid.
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particles were positioned near the channel inlet at ran-
dom distances. When the simulation started, the parti-
cles moved along the flow direction and their relative dis-
tances change. At random instants, a new particle was
positioned on the channel inlet section. The injection
interval was taken from a uniform distribution spanning
between [∆teq−∆tr,∆teq +∆tr] where ∆teq is related to
the particle volume fraction φ by ∆teq = Vp/(πR

2φUmax)
where Vp is the particle volume, R = D/2 is the channel
radius, and Umax is the fluid velocity at the centerline,
which is assumed to be approximately equal to the parti-
cle velocity. The parameter ∆tr sets how the initial par-
ticle distribution is far from being equally-spaced (equal
distances between consecutive particles are obtained for
∆tr = 0). In this work, we set ∆tr to the maximum
possible value before overlapping between the injected
particle and the last particle of the train. As soon as a
particle crosses the channel outlet, it was removed from
the simulation.

The assumption that each particle ‘feels’ only the ad-
jacent ones might appear quite strong. Such assumption
states that the motion of the particle i + 1 does not di-
rectly affect the particle i − 1 but only the particle i
(and i + 2). The effect on the motion of particle i is
then transmitted on the particle i − 1. In this sense,
all the particle motions are coupled only through triplets
of particles that directly interact hydrodynamically. To
test the validity of this approximation, we perform Direct
Numerical Simulations on a system made by six parti-
cles suspended in a Newtonian fluid. Figure 3 shows the
temporal trends of s∗i = (zi − z1)/d, i.e., the difference
between the position of a particle i and the position of
the first particle of the train normalised by the particle
diameter d, obtained from the direct simulations (solid
lines) and from the solution of the system of equations
in 15. A very good quantitative agreement was found.

DERIVATION OF EQ. 2 OF THE MAIN TEXT

Let us consider a train of spherical particles with diam-
eter d equally distributed on the centerline of a channel
with length L and a square cross-section with side H.
The distance between the particles is denoted by s. The
particle volume fraction is given by:

φ =
NpVp

Vc
, (16)

where Np is the number of particle in the channel,
Vp = πd3/6 and Vc = H2L are the particle and chan-
nel volume, respectively. Since the particles are equally-
spaced, the number of particles becomes Np = L/s. By
substituting these expressions in Eq. 16, we obtain:

φ =
π

6

Npd

L

d2

H2
, (17)

which can be re-written as:

φ =
π

6

1

s∗
β2, (18)
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FIG. 3. Comparison between the results obtained from direct
numerical simulations (symbols) and the simulations carried
out by decomposing the multiparticle system in a set of three-
particle systems (lines), as discussed in the text. The inves-
tigated problem is a six-particle system in a Newtonian fluid.
The data show the temporal trends of the difference between
the position of a particle i and the position of the first particle
of the train.

where s∗ = L/(Npd) is the dimensionless interparticle
distance and β = d/H is the confinement ratio. Notice
that the factor π/6 depends on the channel geometry
and corresponds to the maximum packing with spherical
particles inscribed in the channel, denoted by φmp in the
main text. Finally, by re-arranging Eq. 18, we obtain
the expression of Eq. 2 reported in the main manuscript:

s∗φ = φmpβ
2. (19)

SI MOVIE

• Video S1: Flow of particles suspended in HA 1 wt%
in PBS, at Lz/H = 800 (8 cm from the inlet). Vol-
ume particle concentration is φ = 0.6%, and Debo-
rah number De = 31. The frame rate is 5000 fps.

• Video S2: Flow of particles suspended in HA 1 wt%
in PBS, at Lz/H = 800 (8 cm from the inlet). Vol-
ume particle concentration is φ = 0.6%, and Deb-
orah number De = 62. The frame rate is 10000
fps.

• Video S3: Flow of particles suspended in HA 1 wt%
in PBS, at Lz/H = 800 (8 cm from the inlet). Vol-
ume particle concentration is φ = 1%, and Deborah
number De = 31. The frame rate is 5000 fps.

• Video S4: Flow of particles suspended in HA 1 wt%
in PBS, at Lz/H = 800 (8 cm from the inlet). Vol-
ume particle concentration is φ = 1%, and Deborah
number De = 62. The frame rate is 10000 fps.

• Video S5: Flow of particles suspended in HA
0.1 wt% in PBS, at Lz/H = 800 (8 cm from the
inlet). Volume particle concentration is φ = 1.5%,



4

and Deborah number De = 31. The frame rate is
5000 fps.

• Video S6: Simulation of flowing particles at De =
5, φ = 0.4, and Lz/H = 0 (at the inlet).

• Video S7: Simulation of flowing particles at De =
5, φ = 0.4, and Lz/H = 200 (2 cm from the inlet).

• Video S8: Simulation of flowing particles at De =
5, φ = 0.4, and Lz/H = 400 (4 cm from the inlet).

• Video S9: Simulation of flowing particles at De =
5, φ = 0.4, and Lz/H = 600 (6 cm from the inlet).

• Video S10: Simulation of flowing particles at De =
5, φ = 0.4, and Lz/H = 800 (8 cm from the inlet).
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