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Abstract

This work presents the first application of a non-intrusigduced order method to
model solid interacting with compressible fluid flows to slata crack initiation and
propagation. In the high fidelity model, the coupling pracissachieved by introduc-
ing a source term into the momentum equation, which reptedbke dfects of forces
of the solid on the fluid. A combined single and smeared crac#iehwith the Mohr-
Coulomb failure criterion is used to simulate crack inibatand propagation. The
non-intrusive reduced order method is then applied to cesyible fluid and fractured
solid coupled modelling where the computational cost inedlin the full high fidelity
simulation is high. The non-intrusive reduced order moN&ROM) developed here is
constructed through proper orthogonal decomposition (P&1d a radial basis func-
tion (RBF) multi-dimensional interpolation method.

The performance of the NIROM for solid interacting with camgsible fluid flows,
in the presence of fracture models, is illustrated by two plemtest cases: an im-
mersed wall in a fluid and a blasting test case. The numeiivallation results show
that the NIROM is capable of capturing the details of comgilds fluids and fractured
solids while the CPU time is reduced by several orders of ntade. In addition, the
issue of whether or not to subtract the mean from the snap$teddre applying POD
is discussed in this paper. It is shown that solutions of tHROWM, without mean sub-
tracted before constructing the POD basis, captured maadsithan the NIROM with
mean subtracted from snapshots.
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blasting
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1. Introduction

The numerical simulation of fluid and fractured solid conglhas attracted much
attention in a wide variety of research areas. This probkepf significance to many
fields in engineering such as aerospace engineering, bioatethgineering, wind tur-
bines and blasting. However, the computational cost ireein solving such complex
problems is so high that this has hindered development setheeas. In order to ad-
dress the issue of high computational cost, this paper gampa non-intrusive reduced
order model to solve flujdolid coupling problems in arfléecient manner.

Reduced order modelling is a technique that is capable aitied the dimension-
ality of large systems, thus resulting in a considerablegiase in computationatie
ciency. POD is the method most widely used to form reducedrarbdels and it aims
to represent a large system, with only a relatively small benof basis functions, and
is optimal in the sense that they minimize tifeerror to the training set. POD has been
used successfully in various fields such as air pollutifndcean modellingZ], fluid
mechanics3, 4, 5], aerospace desigi]j neutron photon transporf], porous media
[8], shape optimizationd] and shock problemslp]. Reduced order models (ROMs)
can be derived by a combination of POD and Galerkin projeati@thods. However,
the use of POPGalerkin methods raises numerical instability and noediity inef-
ficiency problems11, 12, 13, 14]. Several methods have been presented to improve
the numerical stability of ROMs, such as calibratid’®,[16], Fourier expansion1[7],
regularisation]8] and PetrovGalerkin methodsZ, 19. In order to enhance the non-
linear dficiency, various methods have been proposed, includingrarabinterpola-
tion method (EIM) RQ], the discrete version of EIM (DEIM[4], quadratic expansion
method R1, 22], a hybrid of DEIM and quadratic expansion (residual DEIMgthod
[23], a Petrow-Galerkin projection method p], and Gauss-Newton with approximated
tensors (GNAT) method?H].

Recently, there have been some works addressing reducedmodelling of fluid
and solid coupling problem®5, 26, 27, 28, 29, 30]. In the work of [31], the authors
presented a projection based method for contact problemsnnegative matrix fac-
torization scheme was used to construct positive reduaget tvasis functions for the
contact forces. Again, those methods are intrusive, thahéy are highly dependent
on the original physical system and the source code. Thesimghtation of intrusive
ROMs can be diicult, or impossible, if the source code is not availaldey( com-
mercial software)32]. In addition, intrusive ROMs can be complex to extend to ynan
applications such as transient problems and solid-solidaob problems.

The non-intrusive reduced order modelling technology erefore proposed to
tackle the disadvantages of intrusive ROMs, although itreaue dificulty in achieving
conservation. A number of non-intrusive reduced order oagttave been proposed,
such as a black-box stencil interpolation meth8d][ a POD-RBF method for un-
steady fluid flows 33], a Taylor series and Smolyak sparse grid method for theéfavi
Stokes equations3f], a two-level NIROM based on POD-RBF method for nonlinear
parametrized PDES3p, 36, 33], a POD-RBF for the Navier-Stokes equatiods]|
NIROMs have also been applied to realistic problems such @l§i-phase flow in
porous media problem8§] and incompressible fluids and solids without fracturing
problems B9].



This work applies the non-intrusive reduced order modglfivethod to compress-
ible fluid and fractured solid problems and, more specificatl a highly non-linear
problem blasting problem. This model has been implementetiuthe framework
of a combined finite-discrete element method based solidem®D) and an un-
structured mesh finite element model (Fluidity). The two eledare coupled by an
immersed body method, which introduces a thin shell mestosading the solid sur-
face to calculate the exchange forces between the fluid didd $be coupling method
uses three meshes for fluids, shells and solids and projatésvariables on the solid
mesh onto the fluid mesh via the shell mesh. Thisfigedént from the monolithic cou-
pling approach, which treats the problem as a single meskhargblid is treated as an
internal interface40]. In the coupling process, the state variables (velocitgsgure
etc.) of the fluid dynamics on the fluid mesh (continuous mesk)calculated and
projected onto the shell mesh (continuous mesh), and thheggaased onto the solid
surface mesh (discontinuous mesh). The stress state ic#iemated on the solid
mesh. If the stress state meets a fracture failure then reswtinuous solid surfaces
are generated to represent the fractures. All the discemtis solid surfaces, including
the newly generated and old discontinuous surfaces, akeded from discontinua to
continua. Finally, the state variables on the solid areutated and projected back onto
the fluid mesh through the shell mesh. After the state vaggabirive back on the fluid
mesh, the loop starts again from 'the calculation of theestatiables of the fluid'.

Non-intrusive reduced order modelling works by constnga set of interpolation
functions (hypersurfaces) to represent the underlyingdhinal system in the reduced
space. During theffiine computational process, the solutions of the high figetibdel
are recorded and a snapshot matrix for each state variablgasmed. A number of
POD basis function®;, j € (1,..., m) for each state variable are generated through a
truncated singular value decomposition (SVD) of the snapsfatrix. A set of inter-
polation functionsf; (j € (1,...,m) is then constructed to represent the compressible
fluid and fractured solid reduced order model using the RBBPnethod. That is, the
reduced order model is approximated through a linear coatibim of the RBFs (the
Gaussian function is used here). During the online comjmuiak process, the RBFs
are used to calculate the POD fiogents and the Gaussian RBF is employed here,
o = fj(@"?), wherea] is the j™ POD codficient at current time level anda™ ! is a
vector of POD cofficients at previous time level— 1.

The mean of the snapshot matrix is normally subtracted wiestoucting a re-
duced order model. The problem of mean subtraction was siscuin #1, 42]. In
their work, there was not muchfrence between the results with and without mean
snapshot subtracted from snapshots. In this paper, whibthemean snapshot solution
should be subtracted from the snapshots before constgub#POD basis functions is
discussed. The performance of the NIROM constructed withveithout mean snap-
shot subtracted from the snapshots has been assessed testwases: an immersed
wall in a fluid and a blasting test case. It is found that theusaty of numerical so-
lutions can be improved when the mean of snapshots is natagidd from snapshots
before generating the POD basis functions. The high fidelitdel is formed by a cou-
pled compressible fluid and solid model and the CPU time batvibe high-fidelity
and NIROM models are compared. The accuracy of the NIROMsis détermined by
comparing the high fidelity solution with the NIROM solutiofhe additional details



of the test cases formed by the high fidelity model can be fautite work of |3, 44].

The structure of the paper is arranged as follows: Se@idescribes briefly the
compressible fluid and fractured solid problem; SecBaterives the formulation of
a non-intrusive reduced order model for compressible flaid faactured solid prob-
lems using the POD-RBF method; Sectbdemonstrates the capability of the derived
methodology through two numerical examples: an immersdidmafluid and a blast-
ing test case. Finally in Sectid) the conclusions are drawn.

2. Description of compressible fluid and fractured solid prdlems

This section describes the governing equations, coupliethads and fracture
modelling methods used in the two models: "Fluidity” (an wastured mesh multi-
phase fluid modeH5]) and "Y2D” (a combined finite-discrete element method lohse
solid model §6)).

2.1. Governing equations for compressible fluids underrdmmaéwork of "Fluidity”

"Fluidity” is a computational fluid dynamics open source rabdapable of nu-
merically solving the 2-D and 3-D Navier-Stokes equatiomgghe finite element
discretisation method. The governing equations for cosgibée fluids in "Fluidity”
have the following form45, 47],

9p _
E+V-(pu) = 0, 1)
%(pu)+V-(pu®u—0') = pF, 2)
%(pE)+V-(pEU—TU+Q) = pFu, 3)

wherep denotes the unknown density,is the unknown velocity vectot,represents
the time,o is the stress tensor and = 7 — pl (p being the unknown pressure ahd
the identity matrix),F is the volume or internal force per unit massq, gravity), q
denotes the heat flug = e+ | u |? /2 is the total specific unknown energy, ani the
shear stress tensor in the fluid.

The densityp is calculated by the equation of state, which is used to clbse
governing equation3) [48]:

p=py -1 (4)

wherey = Cp,/C, is the heat capacity rati€( andC, being the specific heat at constant
volume and at constant pressure respectively),eaadC, T is the internal energy per
unit mass T being the temperature).

2.2. Governing equations for solid dynamics

The solid dynamics is resolved by the combined finite-dtecedement method
(FEMDEM) [46, 49, which combines deformable fracturing arbitrary-shapadicle
interactions modelled by the Finite Element Method (FEMdwdiscrete particulate



motions modelled by the Discrete Element Method (DEM). Tésearch code Y2D is
coupled with the fluid model (Fluidity). The governing eqoatin solid mechanics is
given by:

Fe+FV+Fp+FC=m%F+Fh 5)
where F¢ denotes the external forc&, is the viscous force between the solid and
fluid, F, denotes the pressure fordg, is the contact force among multiple soliats,
is the solid mass ands is the unknown velocity of the solid. For additional details
see 6, 49]. In FEMDEM, FEM is used to model the solid behaviour as diésd by
continuum mechanics and switches to DEM when a fracturerisigged.

2.3. Coupling methods between the fluid model (Fluidity) soigi model (Y2D)

An immersed body method is used to couple the fluid and solidetso The
method was firstly presented in the work 80]. In this approach, a thin shell mesh
surrounding the solid mesh is introduced, and a couplingcsoterm is used to calcu-
late the exchange forces between the fluid and solid on tHiensbsh. This method is
capable of dealing with large displacements, open frastanel contact forces without
requiring remeshing in the fluid domain.

2.3.1. Coupling equations
A supplementary equation is introduced to couple the flugtedé-luidity) and solid
code (Y2D), that is,

@ ) = Zuz- v, 6)

whereAt is the time step size andf is the bulk velocity ¢f = bru! + beu! = @

0;, bs andbg being the volume fractions of the fluid and solid respecyiva! + bs=1).
Subscripts denote the material fields, thasidenotes the solid antidenotes the fluid.
Superscripts denote the mesh associated with the matediahptes values on the solid
mesh and’ denotes values on the fluid mesh). The solid velocity on thid seeshu?
is projected onto the fluid mesb; [50] which is then used in the coupled system.
The coupling process is achieved by introducing a souree $einto the momen-
tum equation ), which represents theffects of forces of the solid on the fluid. The
momentum equatior8f then has the form of:

+

%@@+V-@w¢—® = pF+s. 7

The source terng; considers an exchange of forces between the solid and floéd, a
has the forng, = (séx, sé,y, séZ)T. For additional details, se&]].
The continuity equation has the form of,

v-af =0, 8)
where

o
fby=1bs=0
q:{w if by = 1, bs ©)

ul if by =0,bs=1.



2.3.2. Coupling source term
The coupling process involves the calculation of the sotewa s in Equation {),
which is described briefly here (for additional details, E&). The viscosity forces

S S .
Fliscosity@NdFpressuredre calculated by:

\?iscosity+ F;ressure: »[1: Nn- (gsolid +1p)drL, (10)
solid

whereN is the finite element shape function, is the viscous stress terfijig is

=soll
the solid surfacen is the unit normal vector on the solid surfage= (ny, ny, ny). | is
the identity matrix and has a size of number of nodes on thé sash.
Once obtaining=yisqosiry aNA F pressure the velocity of solidsis=(us, Vs, s) can be
calculated by Equatiorb}. The source term can then be obtained using the following
equations:

f
S,x = AxxUs + AxyVs + ax\Ws,

f
Sey = Bplls + ByVs + B, (11)
S,z = AzxUs + AzyVs + Az W,

wherea denotes the viscosity cficients and the subscript y andz denote the co-
ordinate directionsAxyan is the fluid element length scale around the walt.is the
thickness of the shell, which is an intermediate thin arg¢aéen the fluid and solid,
and is introduced for calculating the impact of the solid e fiuid [50].

2.4. Fracture modelling

The fracture model used here is based on the finite-disdesteeat method (FEM-
DEM) and treats the whole domain as a multi-body system. Titefelement for-
mulation is used to model continuum behavioue.(calculation of stress and strain)
before fractures are generated. If the failure criterioméd, the discrete element for-
mulation is then used for modelling discontinuum behavigontact forces and their
distribution on nodes). The combination of the finite eletrfenmulation and joint
element (Figurelc) formulation ensures the transition from continuum béhavto
discontinuum behaviour can be captured accurately. Théuwd single and smeared
crack model with the Mohr-Coulomb failure criterion is used

The overall fracture modelling algorithm, based on FEMDE$/given in Algo-
rithm 1 (for details, see49, 52]), whereut ., denotes the solid velocity vector at each
node at timé, UaccelerationlS the accelerationfeyternai and finternal are the external and
internal forces at each node respectively, erabssdenotes the nodal mass.

In fracture modelling, triangular and joint elements argaduced, as shown in
Figurel. The figure shows two 2-D solid discontinuous elements withinserted
4-noded joint element. The solid domain is firstly discedid®y numerous 3-noded
triangular elements, and those elements are treated atsdataufor the fracture mod-
elling described in Algorithni. A 4-noded joint element is then inserted between two
triangular elements, and the stresses are calculated EEilg The new fractures are
judged by the Mohr-Coulomb criterion with a tension ciit-eee Figur@. When the



Algorithm 1: Fracturing simulation

(1) Input data (discontinuous solid meshes).
(2) Insert 4-noded joint elements between 3-node triamgaldaments, see Figute
(3) Calculate stresses using the finite element formulation
(4) Judge whether the new fractures are generated usingahe-®bulomb failure
criterion.
if new fractures are generattebn

add new contact couples.
else

detect contact couples in the DEM domain.
end if
(5) Calculate contact forces in DEM domain.
(6) Calculate velocity at each node through the explicietimtegration.

Ut;(—):hd = Utso”d + UacceleratiorfAt

fexternarfinternal

Uacceleration= mass
(7) Output data.
(8) Goto step (3): calculate stresses using the finite elefoemulation.
(9) Stop.

normal stress is less than the tensile strength, the shreas $h a joint element can be
expressed by Equatioii?) [49].
T =C+ otang, on < fi, (12)

whereo is the normal stresgj is the internal friction anglef; is the tensile strength
andc is the cohesion.

(@) (b) (c)

Figure 1: A 2-D solid discontinuous element with a 4-nodetj@lement.

3. Model reduction

In this section, a NIROM is used for modelling compressiblgdfiflows. The
high fidelity model includes the interaction between solid aompressible fluid flows
as well as crack initiation and propagation. Recently thexee been a number of



Figure 2: A Mohr-Coulomb failure criterion with a tensionteft.

papers on reduced order modelling of compressible fldds,with shock waves,
53, 54, 55, 56, 57, 58, 59]. Most of existing ROMs for shock waves use the Galerkin
(or Petrov-Galerkin) projection and POD approaches to ggadhe reduced order
models. The challenge in using POD ROMs for shock waves isficesent the shock
front (moving discontinuities). Fangt al. [2] introduced a Petrov-Galerkin approach
for dealing with sharp or abrupt field changes in discontirsiGalerkin reduced order
modelling. Lucia 7] proposed a domain decomposition approach that isolates th
region containing the moving shock wave for special treatm&he Gauss-Newton
method with approximated tensoisg and the clustering Algorithm59] were also
developed for accurately capturing the shock front. Inwosk, a non-intrusive ROM
using RBF is proposed for modelling the resulting abruptiareging (in space and
time) fields. The POD basis functions are generated frontisolsnapshots where the
details of the crack patterns (through the volume fractioth eelocity of the solids) as
well as the fluid velocitypressurg@ensity are included. The accuracy of the coupling
NIROM results is sensitive to the humber of solution snapsithosen because of
the rapidly changing fields. Due to the dissipative propsrtif RBF’s representation
of dynamics with NIROM, the numerical oscillations assteibwith POD intrusive
methods that use Bubnov-Galerkin methods are reduced.

In reduced order modelling, any variable can be expressadiasar combination
of a number of POD basis functions representing the oridiigdi fidelity modelling
system in an optimal sense. It has the following form:

m
=g+ ad, (13)
i=1
wherep denotes a variable to be solvezid. the velocity, pressure, density and solid
concentration)y is the mean of variable solutions over the simulation timegoke «
denotes the POD céiicients,mis the number of POD basis functions abdienotes
the POD basis functions. Using POD, the basis functions earalzulated from snap-
shots of variable solutions recorded at regular time iraistvT he radial basis function
interpolation method is used to calculate the PODfocients. The procedure of POD
is summarized in Algorithra.
The radial basis function interpolation is used to detemtive POD coféicients in
(13). Commonly used RBFs are plate spline, multi-quadric, is@enulti-quadric and



Algorithm 2: Proper Orthogonal Decomposition

(1) Compute solution of the coupled compressible fluid arid system at time
levels 1 ...,Ns;

(2) Retrieve the snapshots matrix A from the solutions olgtadj
(3) Subtract the mean of snapshots matrix.é&, A = A — Amean

(4) Perform Singular Value Decomposition (SVD) to snapsimaatrixA or A', i.e.
A=EIFT;

(5) Choose the dimension of ROM (m < Ng);
(6) Obtain the POD basis functiods = E.j,fori € {1,2...m};

Gaussian. RBFs have been widely used in the context of nmakiasional interpola-
tion. An interpolation functiorf (x) representing a physical problem can be approxi-
mated through a linear combination of the RBEentred alN points. In this work, the
Gaussian RBF is used to construct the interpolation fundt{®). The Gaussian RBF
has a form ofs(r) = e (/) (r being the radius anglbeing the shape parameter).

In the following paragraph, a set of interpolation funcar hypersurfaces is de-
rived through the POD-RBF method. The POD-RBF NIROM was firstsented by
Xiaoet al. [37]. In this work this method is used to derive NIROM for the caesgsible
fluid and fractured solid problem. The formulation of the R@GBF NIROM is:

@y = fajlef ™t ap ™t ag el ™), (14)

wherea denotes POD cdgcients, subscripts, p, d andc denote velocity, pressure,
density and solid concentration components respectizelgnotes one of the variables
(u, p, d andc), subscriptj is the j" POD codficient of a complete set of POD coef-
ficients @y, @y, ag, ac), N is the time level f is a set of hypersurfaces representing the
reduced order dynamical system.

The hypersurface functions are constructed using the P8B-Rethod, as de-
scribed in Algorithm3, whereN denotes the number of data points- (@2, - - - , aV,
wheree = ay, ap, a4, ac ) andAis the matrix associated with the data point and centre
candAj = ¢(“(aﬂj,a‘p, alad) - ciH), i,j € {1,2...N}). The centrec is chosen to be
the origin of the input data.

The online NIROM calculation for coupling of compressibleidl and fractured
solid problems is described in Algoritht In the high-fidelity model, the solid-fluid
movementis fully coupled, as explained in SectoiThe coupling results are recorded
and stored in the snapshots where the details of the frapaiterns (through the vol-
ume fraction and velocity of the solids) as well as the fluitbeiy/pressurglensity are
included. The high-fidelity solutions on the solid mesh ateripolated onto the fluid
mesh and then stored in the snapshots. The POD basis funetierthen generated



Algorithm 3: Constructing a set of hypersurface using POD-RBF

(1) Generate a number of snapshots over the time peridd iy solving the
compressible fluigolid coupling problem and fracture model;

(2) Calculate POD basis functiods,, ®,, @4 andd, through a truncated SVD of the
shapshots matrix;

(3) Obtain the functional valueg; at the data point/,, aip, a, al, via the solutions
from the high fidelity full model, wheree {1,2,...N}andj € {1,2,...m};

(4) Obtain a set of hypersurfaces through the following loop
for j =1tomdo
(i) Calculate the weighte; ; by solving Equation5);

Awij=Vij, 1€{1,2,...,N}, (15)

(if) Obtain a set of hyper surface§,, fyj, faj. fc ;) by substituting the weight
values obtained in the above step into Equatis);(

N

f2i(ay, @p, @y, Q) = Z Wi,jqu(”(au, ap, @y, ag) — (aiu, aip, aid, aic)H), (16)
i=1

L endfor

10



from the snapshots and used to construct the NIROM for cogpdf fluid and solid
problems. Thus, the solids volume fractions and solidsaigi@re calculated within

the NIROM. The accuracy of the coupling NIROM results is degent on the number
of snapshots chosen.

Algorithm 4: Online NIROM calculation for compressible fluid and fraetdr
solid problems

(1) Initialisation.
for j = 1to mdo
toliza 0 0 0 0 .
| Initialize ay ;, ap ;, ag ; andag ;;

endfor

(2) Calculate solutions at current time level:
forn=1to T do

for j =1tomdo

Solving fluid process:

(i) Evaluate the hypersurfacésat previous time levah — 1 by using the
complete set of POD cdiecientsay ', o', agjjl andag;":
foj & (e Loy hag tal ™),

(ii) Calculate the POD cdgcientsay, ap, ag andeg at current time levenh
using the following equations:

N
af;= > wiidi(r),
i=1

endfor
Calculate the solution", p", d" andc” on the full space at current time level

n by projectingaﬂ’j, a';,j, ag,j andagj onto the full space.

i=1

m m m m
n _ n . n __ n . n _ n . n _ n :
u —Zauyj(bu’], p —Zap!]q)p’], d —Zad’]q)d’], C —Zacyj(bc’],
j=1 ' =1 =1

endfor

11



4. Application to compressible fluid and fractured solid problem

The NIROM has been implemented under the framework of anrambcaunstruc-
tured mesh multi-phase fluid model (Fluidity) and a combifieitie-discrete element
method based solid model (Y2D). The NIROM is first validatesthg an immersed
wall in a fluid, then further validated using a more compleasting example problem.

4.1. Case 1: an immersed wall in a fluid

The first case is an immersed wall in a fluid test ca&®.[ In this case, a solid
beam is embedded in a fluid and is subject to a pressure waeeddrhain consists of
a rectangle of non-dimensional size ok4£ with 7500 nodes and 2500 elements. The
beam is located at the bottom center and has a size of X2B6The area (G< x <
1.5) has a non-dimensional density of 8 and an initial pressfi516.5. The rest of the
domain has a density of 1.5 and an initial pressure of 1. Alsdipndary condition is
applied on the left, bottom and the top sides. The open bayrmbendition is applied
on the right side. The density of the solid is 100.

The high fidelity full model was simulated during the time ipdr[0, 0.8] with a
time step size oAt = 0.001. 800 snapshots were taken at a regularly spaced tinte inte
val of 0.001. From these snapshots, the POD basis functions werefdmtwo ways:
either subtracting the mean of snapshots or not beforerigelsir value decomposition
(SVD) is performed.

4.1.1. Case la: NIROM constructed with mean subtractedrdefonstructing the
POD basis functions

The NIROM was first formed with the mean snapshot solutioriragked from the
snapshots before constructing the POD basis function& geation13. In this case,
30 POD basis functions representing almost 99.5% of enartieioriginal dynamical
system were chosen to form the NIROM. The logarithm of thgar eigenvalues of
velocity, pressure, density and solid concentration aatext with the 30 POD basis
functions are presented in Figue

The pressure and velocity results from both the high fidetibdel and the NIROM
are shown in Figured and5 respectively. It is seen here that these NIROM results
are not in good agreement with the high fidelity model. The mean square error
(RMSE) and correlation cdiécient between the high fidelity model and the NIROM
are shown in Figuré. It can be seen that the RMSE of the NIROM results is around
39.59 while the correlation cdicient is mostly less than.®. The RMSE reflects the
differences of the two models. Both the RMSE and the correlatiefficient sug-
gest that the NIROM is not in good agreement with the high itigehodel. This
is further shown by comparison of the NIROM with the high fidemodel pressure
(Figure4) and velocity (Figureb) distributions. This is also reflected by the correla-
tion codficient curve, which varies significantly with time. The acuey of NIROM
results therefore, is low and needs to be improved. We alsotipé correlation co-
efficient and RMSE obtained using a POD basis calculated fronsrthpshot matrix
[Xo—X; X1 —X; ...; Xy — X, X], in which the last column of the snapshot matrix contains
the mean solution. Figuré shows the RMSE and correlation ¢beient between the
high fidelity and the NIROM with 12, 18 and 30 POD basis funetio
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Figure 3: Case la: the figure shows the logarithm of the simgrigenvalues of velocity, pressure, density
and solid concentration in order of decreasing magnituderaithe mean is subtracted from the snapshots
before constructing the POD basis functions.
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Pressure Pressure
20 40 60 80 100 20 40 60‘”“‘8‘0”“190
(a) high fidelity modelt = 0.3 (b) high fidelity modelt = 0.8

Pressure Pressure
20 40 60 80 100 20 40 60 80 100
(C)NIROM, t = 0.3 (d)NIROM, t=0.8

Figure 4: Case la: comparison of pressure solutions betthedmngh-fidelity full model and NIROM using
30 POD basis functions at time instandes 0.3 andt = 0.8. The mean is subtracted from the snapshots
before constructing the POD basis functions.

14



Velocity Magnitude Velocity Magnitude
1 2 3 4 1 2 3 4
(a) high fidelity modelt = 0.3 (b) high fidelity modelt = 0.8

Velocity Magnitude Velocity Magnitude
1 2 3 4 1 2 3 4
- e e L L L LB L QR o v | - T R 4 dokesh “HHHH““
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Figure 5: Case la: comparison of velocity solutions betwkerhigh-fidelity full model and NIROM using
30 POD basis functions at time instandes 0.3 andt = 0.8. The mean is subtracted from the snapshots
before constructing the POD basis functions.
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Figure 6: Case la: the correlation fogent and RMSE of pressure solutions between the high fydatit
NIROM using 30 POD basis functions. The mean is subtractemh the snapshots before constructing the
POD basis functions.
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18 and 30 POD basis functions, where the mean is put at thefamdpshot matrix.
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4.1.2. Case 1b: NIROM constructed with mean not subtractéore constructing the
POD basis functions

In this subsection, the NIROM constructed with mean notrsued before con-
structing the POD basis is applied. Fig@eresents the logarithm of the singular
eigenvalues of velocity, pressure, density and solid catnagon in order of decreas-
ing magnitude.

Figure 9 shows a comparison of pressure solutions between the gl full
model and NIROM using 12, 18 and 30 POD basis functions at itistances = 0.3
andt = 0.8. We can see that the results from the NIROM are in agreemi¢émtivose
from the high fidelity model. The front is captured well, eweimen only 12 POD basis
functions are used. The accuracy of NIROM results is impdowéh the increased
in number of POD basis functions. The absolute error of piressolutions between
the high fidelity model and NIROM using fierent numbers of POD basis functions
at time instances = 0.3 andt = 0.8 is given in Figurell. The figure clearly shows
that the error of the NIROM relative to the high fidelity modelcomes smaller as the
number of POD basis functions is increased. The velocitytgwis from both the high
fidelity model and the NIROM with 30 POD basis functions atdimstances$ = 0.3
andt = 0.8 are given in FigurdO.

To further validate the accuracy of the NIROM with mean nditsacted, the cor-
relation codficient and RMSE of pressure results between the high fidelitgiehand
NIROM are used for error analysis, see Figlfe It is shown that the correlation co-
efficient is larger than 9955, while the RMSE is smaller than 2 when 12 POD basis
functions are used. The error is further decreased as théewof POD basis func-
tionsis increased. It is shown that the accuracy of NIROMIts$s improved when the
mean of snapshots is not subtracted before performing thg [@dcess (Figurd 1).
The correlation co@cient increases from.8 to 09955 while the RMSE decreases
from 396 to 2 in comparison with results shown in Figére
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Figure 8: Case 1b : the figure shows the logarithm of the sargrijenvalues of velocity, pressure, density

and solid concentration in order of decreasing magnitudee Mean is not subtracted from the snapshots
before constructing the POD basis functions.
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Pressure Pressure
20 40 60 80 100 20 40 60 80 100
(a) high fidelity modelt = 0.3 (b) high fidelity modelt = 0.8

Pressure Pressure
20 40 60 80 100 20 40 60 80 100

(c) NIROM (12 POD basis functions),= 0.3 (d) NIROM (12 POD basis functions),= 0.8

Pressure

20 40 60 80, 100 20 40 60 80 100

Pressure

(e) NIROM (18 POD basis functions),= 0.3 (f) NIROM (18 POD basis functions),= 0.8

Pressure Pressure
20 40 60 80 100 20 40 60 80 100
U e i—

(g) NIROM (30 POD basis functions),= 0.3  (h) NIROM (30 POD basis functions),= 0.8

Figure 9: Case 1b: comparison of pressure solutions bettiechigh-fidelity full model and NIROM with
12, 18 and 30 POD basis functions at time instarice€.3 andt = 0.8. The mean is not subtracted from
the snapshots before constructing the POD basis functions.
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(®) hlgh fldellty modelt =03 ‘ (b) hlgh fidelity modelt =0. 8

Velocity Magnitude Velocity Magnitude

(c) NIROM (30 POD basis functions),= 0.3  (d) NIROM (30 POD basis functlonsb 0.8

Figure 10: Case 1b: comparison of velocity solutions betwtbe high-fidelity full model and NIROM with
30 POD basis functions at time instan¢es 0.3 andt = 0.8. The mean is not subtracted from the snapshots
before constructing the POD basis functions.

The relative errors (RE) of the four variables for both NIR®Mith and without
subtracting out the mean from the snapshots, are listedhle Ta The relative initial
error is defined by the initial error divided by the values oflas at the last time level.
The calculation formula considering all nodes is given telo

Nnode T i 2
- 0P
RE = S(SDN %o) ’ 17
Z nodes‘,oO

whereNnogesiS the number of nodes on the mesh and RE is the relativeliaitiars to
the values of nodes at the first time leve}, is the initial solution of the high-fidelity
full model for four variables.

Itis seen in Tabld that the relative initial error in the NIROM constructed vthe
mean subtracted from the snapshots is between 45-120 targes than that from the
NIROM constructed with the mean not subtracted from the sinas.
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(a) pressure error (12 POD basis functionts}, 0.3  (b) pressure error (12 POD
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Pressure
4 1 2 3 4

Pressure

I

T ——

(e) pressure error (30 POD basis functiorts}, 0.3  (f) pressure error (30 POD basis functioris}, 0.8

Figure 11: Case 1b: pressure error between the high fidelitgleinand NIROM with 12, 18 and 30 POD
basis functions at time instances 0.3 andt = 0.8. The mean is not subtracted from the snapshots before
constructing the POD basis functions.
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Figure 12: Case 1b: RMSE and correlation fi@ént of pressure solutions between the high fidelity and
NIROM with 12, 18 and 30 POD basis functions. The mean is nbtraated from the snapshots before
constructing the POD basis functions.

Table 1: Case 1: comparison of relative initial errors fourfeariables between the NIROM with mean
subtracted (case 1a) and NIROM with mean not subtractee (da)s

Variable case la| case 1b| nodes| basis
errors % % functions
velocity 0.159 | 0.0088| 7500 30
pressure 1.76 | 0.0149| 7500 30
density 1.41 | 0.0141| 7500 30
solid volume fraction] 0.11 | 0.0025| 7500 30
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4.2. Case 2: blasting test case

To demonstrate the capability of the NIROM, the model isHartapplied to a
highly nonlinear blasting-induced fracture test case. ddmaputational domain is pre-
sented in Figurd 3, which includes a solid squaren2x 2m block embedded within
a compressible gas rectangle area with a sizexf3n. The highly energetic initial
area lies at the center of the computational domain with eeiar of 02m and has
a very high initial pressure. The initial high pressure &f @nergetic area is set to be
10° Paand the initial high temperature is 10B@lvin. The background area (exclud-
ing the explosion point) has an initial pressure of 101Ba%nd an initial temperature
of 27326 Kelvin. The viscosity: is 0.1 Pa:s, the solid has a density of 2346/m> and
has a penalty number of@x 10'° and a Youngs modulus E of@b5 x 10%. The ten-
sile and the shear strengths ane 4P Paand 1.4x10’ Parespectively and the energy
release rate is 209/m.

The high fidelity model was simulated with a finite element mes48600 nodes
and 16200 elements during the time periodd@] s with a time step size oAt =
8 x 10°°s. 250 snapshots were taken at regular time intervalatoft 8 x 10*s.
The temperature solutions solved by the energy equatidgmatlévelst = 0.04sand
t = 0.16sare given in Figurd 4.

4.2.1. Case 2a: NIROM solutions with mean subtracted befonstructing the POD
basis functions

In this section, the results from NIROM with the mean snapsbhution subtracted
from the snapshots before constructing the POD basis furstire presented. Figure
15 shows the logarithm of the singular eigenvalues of velogitgssure, density and
solid concentration in order of decreasing magnitude. f€i¢6 presents the velocity
solutions from the high fidelity model and NIROM with 100 POBsis functions at
time instances = 0.04sandt = 0.165s. It is shown that the structure of flows obtained
from the NIROM is similar to that from the high fidelity modddut there are some
large errors in velocity values. Figul& shows the pressure solutions from the high
fidelity model and NIROM with 100 POD basis functions at timstances = 0.04s
andt = 0.16s. Itis seen that there is a large error in the NIROM resultgs Ehcaused
by the large error in the initial conditions. We found theoerin the initial pressure
from the NIROM with mean subtracted from snapshots is ab800imes larger than
that of the NIROM with mean not subtracted.
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Figure 13: Case 2b: velocity comparison at a point(1.5m,y = 1.6333m). The mean is not subtracted
from the snapshots before constructing the POD basis inscti
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(a) high fidelity modelt = 0.04s  (b) high fidelity modelt = 0165

Figure 14: Case 2a: temperature solutions obtained frorigftefidelity full model at time levels = 0.04s
andt = 0.16s.
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Figure 15: Case 2a: The logarithm of the singular eigengatfevelocity, pressure, density and solid con-
centration in order of decreasing magnitude. The mean isasibd from the snapshots before constructing
the POD basis functions.
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Velocity Magnitude
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(c) (100 POD basis functions)= 0.04s  (d) (100 POD basis functions)= 0.16s

Figure 16: Case 2a: comparison of velocity solutions betviie high-fidelity model and NIROM using 100
POD basis functions at time instandes 0.04s andt = 0.16s. The mean is subtracted from the snapshots
before constructing the POD basis functions.
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(c) NIROM (100 POD basis functions)= 0.04s (d) NIROM (100 POD basis functions)= 0.16s

Figure 17: Case 2a: comparison of pressure solutions bettheeigh-fidelity model and NIROM with 100
POD basis functions at time instandes 0.04sandt = 0.16s. The mean is subtracted from the snapshots
before constructing the POD basis functions.
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4.2.2. Case 2b: NIROM solutions with mean not subtractech fsmapshots before
constructing the POD basis functions

In this section, the results from the NIROM with mean not safted from snap-
shots before constructing the POD basis functions are piegeFigurel 8 shows the
logarithm of the singular eigenvalues of velocity, pressuiensity and solid concen-
tration in order of decreasing magnitude.

Figure19 shows a comparison of velocity solutions between the higélify full
model and NIROM using 6, 12 and 50 POD basis functions at te&nces$ = 0.04 s
andt = 0.16s. Itis evident that the NIROM, with only 6 POD basis functippsrforms
well when the mean of solution snapshots is not subtractieddoeonstructing the POD
basis functions, even better than the solutions from theiMRwvith 100 POD basis
functions, when the mean is subtracted before applying ¥i2 S as shown in Figure
16. Figurel9 also shows that the shock front of the blast wave is captueeg well
by increasing the number of POD basis functions from 6 to 5Ber& is no visible
difference between the high fidelity model and NIROM with 50 POBibfunctions.
The diference of pressure solutions between the high fidelity maiéNIROM with
6, 12 and 50 POD basis functions at time instarice9.04 anct = 0.16sis presented
in Figure20. It is evident that a higher accuracy is obtained by choosifarger
number of POD basis functions.

Figure21presents a comparison of pressure solutions between thditiaity full
model and NIROM using 6, 12 and 50 POD basis functions at tiraeances$ = 0.04s
andt = 0.16 . The pressure solutions from the NIROM (Fig@d are not as good as
velocity solutions from the NIROM shown in Figui®. There are visible dierences
between the high fidelity model and NIROM when 6 and 12 PODsbfasictions are
used, which is evident at the time instarice 0.16s. The errors between the high
fidelity model and NIROM with 6, 12 and 50 POD basis functioh$irae instances
t = 0.04sandt = 0.16sare plotted in Figur@2. It is evident that the error is decreased
by choosing more POD basis functions.

The solid volume fraction solutions obtained from the hfglelity full model and
NIROM with 50 POD basis functions are given in Fig@® As we can see, the results
from the high-fidelity model and NIROM are close to each ather

In order to further assess the performance of the NIROM, éhecity solution ob-
tained from the high fidelity model and NIROMs at a poirt{ 1.5m,y = 1.6333m)
near the explosion point over the simulation time periodi@ted in Figurel3. The
reason why we choose the point around the explosion centinatishere is an abrupt
change around the explosion point. FigliBdllustrates that NIROM with a small num-
ber of POD basis functions perform well when there are noptberhanges, whereas
NIROM with 50 POD basis functions captures the abrupt changey well.

The accuracy of the NIROM is validated by the RMSE and cotialecodficients
of pressure solutions between the high fidelity model andRIt is shown in Figure
24 that the RMSE of pressure results decreases as the numb&Dob&sis functions
increases. The correlation d@ieients are over 0.935, indicating that the high fidelity
model and NIROM are highly correlated. The NIROM has cloggeament to the
high fidelity model as the number of POD basis functions iases.
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Figure 18: Case 2b: The logarithm of the singular eigengabieelocity, pressure, density and solid concen-
tration in order of decreasing magnitude. The mean is ndtacted from the snapshots before constructing
the POD basis functions.

4.2.3. Case 2c: Untrained blasting case

An untrained initial condition was used to demonstrate heil the NIROM could
perform when the initial pressure was not part of the trgjréiimulations. The initial
pressure values used in each training simulation are328 38745Pa, 67158Pa
and 72324 Parespectively. The unseen test case has an initial presfd@1®5 Pa.
The closest training simulation to the unseen test simarat 38745Pa. The pres-
sure solutions of this closest training simulation of thghxfidelity full model (initial
pressure of 3845Pa) and unseen test simulation of the high-fidelity full modeit{al
pressure of 4685Pa) are given in Figur@5. It is shown that the solution &t= 0.12
for the unseen case is quitdigrent from that for the closest training case. Therefore,
this unseen case is suitable to be used for demonstratingréiuictive capability of
NIROM.

Figure26 shows the pressure and velocity solutions obtained frorhitfte fidelity
model and NIROM with 24 POD basis functions for the unseetisinpressure condi-
tion at the time levet = 0.12s. The errors of pressure and velocity solutions between
the high fidelity model and NIROM are also presented in Fig2ée) and (f). The
figure illustrates that the NIROM results are in agreemerti wiose from the high
fidelity model.
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Figure 19: Case 2b: comparison of velocity solutions betwtke high-fidelity model and NIROM with 6

12 and 50 POD basis functions at time instartces).04s andt = 0.16s. The mean is not subtracted from
the snapshots before constructing the POD basis functions
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Figure 20: Case 2b: thefirence of velocity solutions between the high fidelity maatied NIROM using
6, 12 and 50 POD basis functions at time instartces0.04s andt = 0.16s. The mean is not subtracted
from the snapshots before constructing the POD basis it
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Figure 21: Case 2b: comparison of pressure solutions battieehigh-fidelity model and NIROM with 6,
12 and 50 POD basis functions at time instarices0.04sandt = 0.16s. The mean is not subtracted from
the snapshots before constructing the POD basis functions.
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Figure 22: Case 2b: theftiérence of pressure solutions between the high fidelity mantNIROM with 6,
12 and 50 POD basis functions at time instarices0.04sandt = 0.16s. The mean is not subtracted from
the snapshots before constructing the POD basis functions.
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(a) Full model,t = 0.04

Figure 23: Case 2b: solid volume fraction solutions congmaribetween the high fidelity model and NIROM

with 50 POD basis functions at time instand¢es 0.04s. The mean is not subtracted from the snapshots
before constructing the POD basis functions.
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Figure 24: Case 2b: the correlation fic@ent and RMSE of pressure solutions between the high fidelit
and NIROM with 6, 12 and 50 POD basis functions. The mean isubtracted from the snapshots before

constructing the POD basis functions.
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Figure 25: Case 2c: velocity solution from the high-fidefityi model with initial pressure of 387.45 and
464.95 at time level = 0.12s
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Figure 26: Case 2c: pressure, velocity solutions of unsaéalipressure condition (464.95) obtained from
the high-fidelity full model and NIROM with 24 POD basis fuicts at time levet = 0.12s
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4.3. Hjiciency of the NIROM

In this section, the online andfine computational costs are given. Thi@ioe
cost can be defined as the time for precomputing while thenerdost involves the
simulation time when running the NIROM. The online compiata&l time required
for running the NIROM and high fidelity model are compared able 2, which in-
cludes the time required for the computational process goAthm4. The simula-
tions were carried out on a 12 cores (Intel(R) Xeon(R) X568Mkstation with 48GB
RAM. During the simulations, only one core with 3.3GHz wasdisThe CPU time
for constructing a set of hypersurfaces (see AlgoriB)ris offline, therefore, it is not
listed in the table. As shown in TabR the computational time required for running
the NIROM is decreased drastically in comparison with thrghHidelity model. For
example, in blasting test case with 48600 nodes, the CPUfan¢IROM is reduced
by 5 orders of magnitude.

Table 2: Comparison of the online CPU cost (seconds) redjdoe running the high fidelity model and
NIROM during one time level.

Cases Model Assembling and Projection| Interpolation Total
Solving
an immersed Full model 4.95120 0 0 4.95120
wall NIROM 0 0.0003 0.0001 0.00040
Full model 224.47059 0 0 224.47059
Blasting NIROM 0 0.0003 0.0001 0.00040

The dfline computational cost required for forming the NIROM iradis the time
for forming the POD basis functions and the hypersurfacab®kystem dynamics.
The time required for forming the hypersurfaces is verleliind can be ignored. The
CPU cost required for forming the POD basis functions istegldo the number of
POD basis functions, nodes and snapshots. Tiie® CPU cost required for forming
the basis functions is listed in TalBavhere diterent numbers of POD basis functions
are chosen and Tableusing diterent number of snapshots. As shown in the tables
the relationship between théfiine CPU cost and the number of POD basis functions,
nodes and snapshots is linear.

Table 3: Gtline computational cost (seconds) required for constrgd8@D basis functions usingftérent
numbers of POD basis functions

Number of POD basis functions 12 18 30 nodes| snapshotg
An immersed wall 1793 | 18.11 | 18.53 | 7500 200

Number of POD basis functions 6 12 50 nodes| snapshotg
Blasting 146.85| 150.65| 166.66| 48600 200

5. Conclusions

A POD-RBF NIROM has been applied, for the first time, to a coespible fluid
and fractured solid problem and implemented under the fwaorie of a combined
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Table 4: Gtline computational cost (seconds) required for constrgdd@D basis functions usingftérent
numbers of snapshots

Number of snapshots 50 100 200 | nodes| number of POD basis function
Animmersedwall | 1.25| 4.41 | 17.93 | 7500 12
Blasting 9.39| 38.40| 150.65| 48600 12

finite-discrete element method based solid model (Y2D) andrestructured mesh fi-
nite element model (Fluidity). The NIROM is independentlug governing equations
and the source code, therefore, it is easy to modify. Theopadnce of the NIROM
for compressible fluid and fractured solid problems is nuoadly illustrated in two
test cases: an immersed wall in a fluid and a blasting probléra.issue of whether or
not the mean of solution snapshots should be subtractedebedastructing the POD
basis functions is addressed by comparing the NIROM resuitts those from the
high fidelity model. An error analysis has been also carrigdo validate and assess
the performance of theseffirent NIROM methods. It is found that the NIROM can
perform much better when the mean is not subtracted fromrtapshots before con-
structing the POD basis functions. The numerical resultsvghat the best performing
NIROM performs well and exhibits good agreement with thenHigelity model. We
also demonstrated that NIROM is able to predict some probligvat it has not seen
before. The online CPU cost required for the NIROM is redumgd factor of several
orders of magnitude compared with the high fidelity full mbdeiture work includes
extending this model to parametric problems with variabégerial properties.
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