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ORIENTATION AND SYMMETRIES OF ALEXANDROV SPACES
WITH APPLICATIONS IN POSITIVE CURVATURE

JOHN HARVEY AND CATHERINE SEARLE

ABSTRACT. We develop two new tools for use in Alexandrov geom-
etry: a theory of ramified orientable double covers and aiqadatrly
useful version of the Slice Theorem for actions of compaetdrioups.
These tools are applied to the classification of compacttipely curved
Alexandrov spaces with maximal symmetry rank.

INTRODUCTION

In the study of geometry, the Riemannian manifold has lorenkzesub-
ject of intense investigation. The smooth structure allavsnany attrac-
tive and useful tools. However, geometry is essentiallydtuely of dis-
tances and angles on a space, and so the metric space ig theanatural
home of the subject. In order to understand the impact ofature bounds
we must restrict our attention further: to so-called CATgpaces for upper
curvature bounds and to Alexandrov spaces for lower bounds.

By choosing to study Alexandrov spaces one foregoes teaghsigyhich
the Riemannian geometer takes for granted, such as themoc@sdf convex-
ity and injectivity radii, extendibility of geodesics ansbiopies via vector
fields, but in return the class of spaces is much richer. Téation of new
tools with which to work in these spaces can involve a lot ohtecal work.
We present here two adaptations of completely fundameatedepts from
Riemannian geometry: the theory of orientable double coagd the Slice
Theorem.

The applications of this paper show that once the necessaly have
been made available, they can be used to develop simple grehlam
proofs. In this paper, we provide proofs of the counterpaftavo clas-
sification theorems from Riemannian geometry which are ggestsimpler
than the original proofs (admittedly, this is, in part, be®@awe cannot aim
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2 HARVEY AND SEARLE

for a diffeomorphism classification) and which cast a newvatlign the old
results.

It is well known that every Riemannian manifold has an orientable
double coverl/, and that there is a free orientation-reversing isometric i
volutions : M — M such that) is isometric to) /i. One of the useful
aspects of the class of Alexandrov spaces is that it is clageér taking
guotients by isometric group actions even when those actoa not free.
Therefore it is natural to consider involutions that fix geine obtain the
following result.

Theorem A. Let X be an Alexandrov space of dimensioandcurv > k
which is non-orientable. Then there is an orientable Alekax spaceX’Ram
with the same dimension and lower curvature bound, and witis@ametric
involution 7 such thatXRam/z and X are isometric. Xgam is a ramified
orientable double cover ok, and the ramification locus is the union of
those strata inX having non-orientable normal cones.

When studying the action of a compact Lie group on a topobigipace,
the Slice Theorem is a crucial component of the theory. Itlearcthat
the theorem is true in Alexandrov geometry, simply becauksxaxdrov
spaces are completely regular topological spaces [30]. edew in Rie-
mannian geometry we can go further, identifying the slicthwhe normal
space to the orbit. We show that an analogous identificatigrossible in
Alexandrov geometry.

Theorem B. Let G, a compact Lie group, act isometrically on an Alexan-
drov spaceX. Then forallp € X, there is some, > 0 such that for all- <
ro there is an equivariant homeomorphigm: G' x¢, Kv, — B,(G(p)),
whereK, is the cone on the space of normal directions to the argjt).

Recall that the group of isometries of an Alexandrov spaeelig group
[9], just as for Riemannian manifolds [32]. The project dsgifying pos-
itively curved Riemannian manifolds with “large” isomeigyoups, where
the size of the group action may be interpreted in a varietwajs, can
therefore reasonably be extended to positively curved aidrov spaces.
The present work shows that this extension provides mooerimdtion about
the nature of the different curvature-symmetry conditions

The maximum dimension for the isometry group of an Alexandjmace
is the same as in the Riemannian case, and when this dimessionieved
the Alexandrov space is homogeneous [12], and so a Rienranraaifold
[3]. In contrast to this, non-manifold Alexandrov spacesafiomogeneity
one [14] exist in all dimensions greater than or equa3.tdn particular,
the suspension of any positively curved homogeneous spacpasitively
curved space of cohomogeneity one.
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One notion of largeness is when the fixed point set of the gemtion,
X%, has maximal possible dimension in the space, that is whedi) =
dim(X/G) — 1. Such actions are calldtked-point homogeneouand the
positively curved Riemannian manifolds of positive seaéilbcurvature ad-
mitting such actions were classified in [17].

Fixed-Point Homogeneity Theorem.Let G, a compact Lie group, act iso-
metrically and fixed-point homogeneously/drt, a closed, simply-connected,
positively curved Riemannian manifold, with® # (. ThenM™ is diffeo-
morphic to one o, CP*, HP™ or CaP?, where2k = 4m = n.

The orbit spaces of fixed-point homogeneous actions onipelsiturved
Riemannian manifolds have a structure which certainlyt@s/study, but at
first sight one might well be surprised to find that only thekrane symmet-
ric spaces admit such actions. Broadening the questionsitiyaly curved
Alexandrov spaces sheds some light on why this is the case.

Theorem C. LetG, a compact Lie group, act isometrically and fixed-point
homogeneously oK, a compact:.-dimensional Alexandrov space of pos-
itive curvature, withX # (). If F' is the component ok ¢ with maximal
dimension, then the following hold:

(i) There is a unique orbit(p) = G//G, at maximal distance fron’
(the “soul” orbit).

(i) The spaceX is G-equivariantly homeomorphic (oxG)/G,, where
v is the space of normal directions to the orbityat

We see from this that fixed-point homogeneous spaces aréfplamong
the positively curved Alexandrov spaces. In fact, the twe bave the same
cardinality, since for every positively curved spagets join to a positively
curved homogeneous-space Yields a fixed-point homogenedispace.
Comparison of the two results suggests that fixed-point ly@mneity is only
a highly restrictive measure of symmetry in the context @Rannian man-
ifolds. Indeed, the proof of the original theorem relies ptetely onv
being isometric to the round sphere.

Another possible measure of symmetry isslgegnmetry rankf the space,
where

symranKX') = rk(Isom(X)).
Closed Riemannian manifolds with positive curvature andimal sym-
metry rank were classified in [16].

Maximal Symmetry Rank Theorem. Let M be ann-dimensional, closed,
connected Riemannian manifold with positive sectionaVature. Then

(1) symrank)M) < |2 .



4 HARVEY AND SEARLE

(2) Moreover, equality holds iri1) only if M is diffeomorphic to a
sphere, a real or complex projective space or a lens space.

The corresponding result for Alexandrov spaces providealt@nnative
statement of the result, and gives a somewhat different sféhhe phenom-
enon.

Theorem D. Let X be ann-dimensional, compact, Alexandrov space with
curv > 1 admitting an isometric, (almost) effecti¥&-action. Thenk <
|2+ ] and in the case of equallity either

(1) X is a spherical orbifold, homeomorphic 8"/ H, where H is a
finite subgroup of the centralizer of the maximal toru€ifm + 1)
or

(2) only in the case that is even,X = S"*!/H, whereH is a rank
one subgroup of the maximal torusdnn + 2).

In both cases the action oN is equivalent to the induced action of the
maximal torus on thé;-quotient of the corresponding sphere.

We can now see precisely why the list of maximal symmetry naak-
ifolds is short: it is because the orthogonal group contaery few sub-
groups which simultaneously commute with the maximal tcand act
freely on the sphere. Infact, 0(2n), Z(1T") = T™ and the only subgroups
of T that can act freely o§*"~! are finite cyclic or the diagonal circle. In
contrast, inO(2n + 1), no subgroup off ™ acts freely, butZ(7T") # T
and the antipodal map is the only subgrouZe¢f™) that does act freely on
S,

Indeed, it is clear from the proof of the Riemannian versibthe theo-
rem that the group actions are always induced by the maxionas tin the
orthogonal group (cf. also [10], or [31], noting that thetdéatcontains a
more general result applicable to the spherical spacedsprm

Alexandrov spaces of maximal symmetry rank must be topo&gnan-
ifolds in dimensions less than or equal3owhereas in dimensiof, there
are numerous examples of Alexandrov spaces of maximal symymasnk
that are not manifolds, and in dimensi6érihere are examples which are
not even orbifolds. However, since these spaces are atatigly spherical
in origin, we can conclude that the combination of positiuevature with
maximal symmetry rank is restrictive in its own right, and pnaly in the
Riemannian setting.

An immediate corollary of Theorem D is the classification osjpively
curved Riemannian orbifolds of maximal symmetry rank.

Corollary E. Let X be ann-dimensional, closed Riemannian orbifold with
positive sectional curvature admitting an isometric, (abt) effectivel™-
action. Therk < L"T“J and in the case of equality either
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(1) X is a spherical orbifold, homeomorphic t&"/T", wherel is a
finite subgroup of the centralizer of the maximal toru€ifm + 1)
or

(2) only in the case that is even, X is homeomorphic to a finite quo-
tient of a weighted complex projective spdce;, | . . /I', where

ao,ai,-

I" is a finite subgroup of the linearly acting torus.

The paper is organized as follows. In Section 1, we will resame
general facts about Alexandrov spaces. In Section 2, weajetige theory
of ramified orientable double covers, proving Theorem A. éctHn 3, we
will consider isometric group actions on Alexandrov spaaeg prove the
Slice Theorem, and in Section 4, we generalize other wallaknresults
on Riemannian group actions. In Section 5, we prove Theorewhi€h is
then applied in Section 6 to prove Theorem D.

Finally, we note that in a forthcoming paper [21] we will peothe fol-
lowing result for positively curved spaces having almosxkimal symmetry
rank in dimension 4. These spaces are also quotients ofespHart there
is a larger list of admissible groups.

Theorem 0.1. Let 7! act isometrically and effectively oX*, where X

is a compact, positively curved, orientable Alexandrovcgparhen up to
homeomorphisnX* is any orientable suspension (in which case it is given
by S*/H whereH is a finite subgroup of the centralizer ofild ¢ SO(5))
oris S5/ H whereH is a rank one subgroup of the centralizer of &fi{/
SO(6).

In the special case of positively curved, simply-conned&ézkandrov
4-manifolds, Galaz-Garcia has shown that such spaces areaggntly
homeomorphic t&* or CP? [11].

Acknowledgements.The authors are grateful to Christine Escher, Karsten
Grove, Alexander Lytchak, Ricardo Mendes, Anton Petruaimd Conrad
Plaut for helpful conversations, as well as to Fernando Z@larcia for
initial conversations with C. Searle from which this papeoleed. The
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is being completed with the insightful advice of Karsten @&oC. Searle
is grateful to the Mathematics Department of the Universftiotre Dame
for its hospitality during a visit where a part of this resgawas carried out.

1. PRELIMINARIES

In this section we will first fix notation and then recall badefinitions
and theorems about Alexandrov spaces.

We will denote an Alexandrov space B, and will always assume it is
complete and finite-dimensional. Given an isometric (laffjonG x X —
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X of a Lie groupG, and a poinp € X, we letG(p) = {gp: g € G } be
theorbit of p under the action ofr. Theisotropy groupof p is the subgroup
Gy, ={9 € G:gp=p} RecalthatG(p) = G/G,. We will denote
the orbit space of this action by = X/G. Similarly, the image of a point
p € X under the orbit projection map : X — X will be denoted by
peX.

We will assume throughout that is compact and in Section 5 that its
action is eithereffectiveor almost effectivei.e., that( . G, is respec-
tively either trivial or a finite subgroup aff. We will call two G-actions
equivalenwhen there is &-equivariant homeomorphism between the two
G-spaces.

We will always consider the empty set to have dimensidn Home-
omorphisms and isomorphisms will be represente@bwhile isometries
will be represented by:. We will useT™ to refer to the circle as a Lie group,
andS! to refer to it as a topological space without any group stmect

1.1. Basics of Alexandrov geometry.A finite-dimensionallexandrov space
is a locally complete, locally compact, connected (excemtimension 0,
where a two-point space is admitted by convention) lengdtspwith a
lower curvature bound in the triangle-comparison sendee ixiost authors,
we will assume that the space is complete. For non-comppetees, we
will follow [42] in using the termAlexandrov domain Every point in an
Alexandrov domain has a closed neighborhood which is an akldxov
space [40]. There are a number of introductions to Alexangdpaces to
which the reader may refer for basic information (cf. [7, B, 86, 47]).

A more analytic formulation of the curvature condition, ngsithe con-
cavity of distance functions, was introduced in [41]. We 8&t a function
f : R — R is A-concavef it satisfies the differential inequality” < A, in
the barrier sense. A functioh: X — R on a length spac&’ is \-concave
if its restriction to every geodesic (shortest path)\isoncave. We use
the termsemi-concavéo describe functions which are locallsconcave,
where)\ need not have a uniform upper bound. Semi-concave functions
Alexandrov spaces have a well-defined gradient, and inquati, this gives
rise to a gradient flow (introduced in [41], see also [43]).

We say that a complete length spa&eis an Alexandrov space with
curv(X) > k if, for any pointp, a modification of digl, -) satisfies a cer-
tain concavity condition. In particular, if we lgt= p; o dist(p, -), where

1/k(1 — cos(zvV'k)), if >0
(1.1) pr(z) =< 2%/2, if k=0
1/k(1 — cosh(zv/—k)), if k<0,
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then f must be(1 — kf)-concave. Note that in a space form of constant
curvaturek equality holds, thatisf” =1 — kf.

The space of directionsf an Alexandrov spac&™ of dimensionn at a
pointp is, by definition, the completion of the space of geodesieations
atp and is denoted by, X or, if there is no confusiord,,. For any subset
Y of X, we denote the space of directions tangerittatp € Y by ¥,Y".
The space of directions df™ is a compact Alexandrov space of dimension
n — 1 with curv > 1. We recall here a particularly useful result for such
spaces (cf. [18]), which can be seen as a natural countegpide Splitting
Theorem in non-negative curvature.

Lemma 1.1(Join Lemma) Let X be ann-dimensional Alexandrov space
with curv > 1. If X contains an isometric copy of the unit round sph&fe
then X is isometric to the spherical joifi]” x v, wherev is an isometrically
embeddedn — m — 1)-dimensional Alexandrov space wittirv > 1 which
we will refer to as thenormal spacéo ST .

The cone ort, X, endowed with the Euclidean cone metric, is called the
tangent conand is written ag, X . Infact, (1 X, p) — (7,X,0), asr — 0.

1.2. Singularities and Topology. In order to understand Alexandrov spaces,
a grasp of their local structure is required. This was addewith Perel-
man’s Stability Theorem [35] (cf. [25]).

Stability Theorem 1.2. Let X" be a sequence of Alexandrov spaces with
curvature uniformly bounded from below, converging to aaxahdrov space
X" of the same dimension and léh, ., o(i) = 0. Letd; : X — X, be a
sequence af(i)-Hausdorff approximations. Then for all largehere exist
homeomorphismg : X — X;, o(i)-close tod;.

In particular, it follows that a small metric ball centeredpac X is
homeomorphic td, X, and so Alexandrov spaces are spaces with multiple
conic singularities in the following sense [48].

Definition 1.3. X is aspace with multiple conic singularities MCS space
of dimension if and only if every point € X has a neighborhood which
is pointed homeomaorphic to an open cone on a compact MCS space
dimensionn — 1, where the unique MCS space of dimensieh is the
empty set.

An important difference between Riemannian manifolds alek&ndrov
spaces is the existence of these singularities. We refeptordp € X as
regularif X, is isometric to the unit round sphere andsagjularotherwise.
We make the further distinction that a pointtegologically singularif its
space of directions is not homeomorphic to a sphere. Thefsegalar
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points of an Alexandrov space is dense and convex, whilanigelsr points
“may be arranged chaotically” [40].

By restricting our attention to certain types of singulast we can strat-
ify an Alexandrov space into topological manifolds in twdfelient ways:
the first stratification is purely topological and the secamkiich takes into
account metric information, is by extremal sets.

The canonical stratification of an MCS space into topoldgitanifolds
is given as follows: a point € X belongs to thé-dimensional stratunx ()
if p has a conic neighborhood homeomorphi®tox K, wherel has been
chosen to be maximal and is a cone on a compact MCS space. We will
describek as the normal cone to the stratusit’. For more information
on this topological stratification of Alexandrov spaceg 6]. Using this
stratification, we can see that the codimension of the sebpdlogically
singular points, other than boundary points, is at I8ast

The more refined stratification xtremal setss given in [40]. A non-
empty, proper extremal set comprises points with spacesatobns which
differ significantly from the unit round sphere. They can leditked as the
sets which are “ideals” of the gradient flow of djst-) for every pointp.
Examples of extremal sets are isolated points with spacdgexdtions of
diameter< 7/2, the boundary of an Alexandrov space and, in a trivial
sense, the entire Alexandrov space. The restriction ofstingification to
the boundary partitions the boundary irit@es We refer the reader to [43]
for definitions and important results.

1.3. Quasigeodesics and Radial CurvesWhen an extremal set is given
its intrinsic path metric, the shortest paths in the extieseaexhibit char-
acteristics similar to geodesics. We can generalize themof geodesic to
include these “quasigeodesics” as follows.

Definition 1.4. A curvey in X, an Alexandrov space witburv > k, is
a quasigeodesid and only if it is parametrized by arc-length arfdt) =
pr o dist(p,y(t)) is (1 — kf)-concave, where,, is as defined in Equation
1.1.

The natural generalization of totally geodesic submad#diom Rie-
mannian geometry is the totally quasigeodesic subset. Wihaaa closed
subset” C X istotally quasigeodesic if a shortest patlyimetween points
is a quasigeodesic in the ambient spaceSee [43] for the formal defini-
tion. Extremal sets are the most important example of tptplasigeodesic
subsets.

In Riemannian geometry, geodesics are used to define an exiain
map. While this can be done in Alexandrov geometry, the doroiihe
exponential map does not in general contain an open neigbbdrof the
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origin of the tangent cone. Instead, we can defirgraalient exponential
map [41, 43], which relies on an alternative generalizatbigeodesics:
instead of a geodesic starting at a point with a particuliéielrdirection we
use aradial curve

Definition 1.5. Let X be an Alexandrov space and jete X. Let f =
sdist(p,-)?. Leti, : sX — X denote the canonical dilation map, and
let % : X — X denote the gradient flow of for time ¢. Consider the
convergencée' X, p) — (7,X,0) ast — oo. Thegradient exponentizt
p,gexp, : T,X — X is given bylim;_, o <I>§ O gt

This is the optimal definition for a non-negatively curvedsp, where
gexp, is 1-Lipschitz, though it still works for most applicatioregardless
of the particular curvature bound. Note thfat= p, o dist(p, -) is 1-concave
in such a space. In the general case, on a boundedBpgl) the con-
cavity of f is still well-controlled and so the maps in the sequence kre a
locally Lipschitz, and on any bounded set the Lipschitz tamsis uni-
form. Therefore a partial limit does exist. For any partialit we have
P’ o gexp,(v) = gexp,(e'v), and hence the limit map is unique.

Definition 1.6. Theradial curvestarting aftp in the directionv € %, is the
curvey : [0,00) — X given by~y(t) = gexp,(tv).

The radial curves are gradient curves for ist) which have been reparametrized
in a way which coincides with the arc-length parametrizaso long as the
radial curve is a geodesic.

If we wish to obtain more control over the behaviour of thedigat ex-
ponential, as in the proof of Theorem A, we can adjust the diefin[43].
It is simplest to adjust the definition of the radial curveddhen redefine
the gradient exponential accordingly. First note that addied radial curve
a(t) starting ap in the directiort is the solution of the differential equation

at(t) = wVa(t) forallt > 0, with «(0) = panda™(0) = ¢.
We change the differential equation to
Ty L Sinh(pa(t)])
a’(t) = sinh(%)

ot () = %va(w fork =1

Va(t) for k= —1and

and rescale appropriately for other curvature bounds.

The corresponding gradient exponential maps will still Hedschitz if
we change the metric on the tangent cone, defining it by therwgtic,
respectively spherical, law of cosines, instead of the iHaah law.
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We can define a partial inverse to the exponentiagh,atthich we will
refer to as thdogarithm and denote byog,. This function is not nec-
essarily uniquely defined or continuous. The compositioxpge log, is
the identity map onX, and it can be shown that the rescaled logarithm
r-log, : 1B,(p) = Bi(o) C T,X is a Gromov-Hausdorff approximation
witnessing the convergence @fX, p) — (1,X, o) [7].

1.4. Classical Theorems for Positive and Non-Negative Curvata. For
a Riemannian manifold of positive sectional curvatureetse two impor-
tant theorems that characterize its topology. They are thenBt-Myers
Theorem, which tells us that if the curvature is bounded afsay zero
the manifold is compact and the fundamental group is finibe, &ynge’s
Theorem, which tells us that in even dimensions an orieatatanifold of
positive curvature is simply connected and in odd dimersemanifold
of positive curvature is orientable. In non-negative ctuxe, the Soul The-
orem controls the topology of open manifolds and of compaatifolds
with boundary.

As pointed out in [42], Alexandrov spaces are unlike madgah that
they can have arbitrarily small neighborhoods which do mimhidan ori-
entation. In particular, ip € X has a non-orientable space of directions
¥,, then no neighborhood of is orientable. We call such a spalceally
non-orientable

Petrunin [42] proved an analogue of Synge’s Theorem forllpaai-
entable Alexandrov spaces, which we recall here withouhyfpothesis of
local orientability in even dimensions, a simple improveineghich follows
directly from the results in Section 2.

Generalized Synge’s Theorem 1.7Let X™ be an Alexandrov space with
curv > 1.

(1) If X is even-dimensional and is either orientable or locally non
orientable thenX is simply connected, otherwise it has fundamental
groupZs,.

(2) If X is odd-dimensional and locally orientable th&nis orientable.

The analogue of the Bonnet-Myers Theorem for general Alés@anspaces
is well known but could not be located by the authors elsea/ethe lit-
erature. For completeness, a proof is presented here.

Generalized Bonnet-Myers Theorem 1.8Let X be an Alexandrov space
of curv > k > 0. ThenX is compact and has finite fundamental group.

Proof. Since an Alexandrov space airv > k£ > 0 has diameter bounded
above byr/+/k [8], it follows from local compactness that must be com-
pact. Since Alexandrov spaces are MCS spaces, they hawersalicovers
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(cf. [4]), and it is clear that the metric oN induces a metric on the uni-
versal cover with the same lower curvature bound. The proafproceeds
just as in the Riemannian case. O

We also have the following important result for non-negativcurved
Alexandrov spaces, which will be used throughout the te}.[3

Soul Theorem 1.9.Let X be a compact Alexandrov spacecafv > 0 and
suppose thad X # (). Then there exists a totally convex, compact subset
S C X, calledthe soulof X, with 9S = (), which is a strong deformation
retract of X. If curv(X) > 0, then the soul is a point, that is, = {s}.

The proof relies on the concavity of distX, -). The gradient flow of the
distance function otX \ 0X is 1-Lipschitz, and so can be extended to all
of X. This flow plays the role of the Sharafutdinov retraction. té&that
instead of using the distance frotX we may use the distance from any
union of boundary faces (see [52]). Whenv(X) > 0 the boundary has
only one component and is homeomorphi&to

Consider the special case wheYeis the quotient space of an isometric
group action on an Alexandrov spakcewith curv > 0. Let7 : Y — X =
Y/G be the projection map, withX # (). We see thab X = ¥, = v,/G,,
wherep € 7~1(s). Because the gradient flow preserves extremal subsets,
it is clear that the orbit space has a somewhat conical steiciThe non-
principal orbit types are eithet, contained withird X, or stretch fronp X
to s.

2. RaMIFIED ORIENTABLE DouBLE COVERS

Recall that Alexandrov spaces are unlike manifolds in they tan have
arbitrarily small neighborhoods which do not admit an oragion.

Example 2.1. The spherical suspension of the projective planeR P?),
does not admit a local orientation in a neighborhood of theepoints.
Note that this space is simply connected, whereas a singpigected man-
ifold is always orientable.

We will use Alexander-Spanier cohomology with integer Giogfnts to
study orientability, as it has certain advantages in théedmf Alexandrov
spaces (cf. [15]), and coincides with singular cohomology.

It is easy to see by excision th&f"(X, X \ {p}) = H"'(%,). If
H"(3,) = Z, then a choice of generator ¢f"(%,) is alocal ori-
entationat p. We will say thatX is locally orientableif a local orientation
can be chosen at each point X.

We will define orientability of a compact Alexandrov spacéheut bound-
ary, X, in terms of the existence of a fundamental class. That i) e
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manifold case X is orientable if for everyr € X, H" (X, X \ {p}) —
H"(X) = Zis an isomorphism. For non-compact Alexandrov spaces with-
out boundary we define orientability using cohomology witmpact sup-
ports. If the space has boundary, we will use relative cologyo

The main result of this section is that every non-orientadexandrov
space can be obtained as the quotient of an orientable Adexxaspace by
an isometric involution. Unlike in the manifold case, thedhution is not
required to be free. Locally non-orientable spaces ariseravthe involu-
tion has fixed points. We will develop the theory only for spaevithout
boundary, but it is easy to adapt the theory for spaces witin@ary. It may
help to begin by considering the simplest application ofttie®ry.

Example 2.2. The suspension odRP? can be obtained as the quotient of
S3 by the suspension of the antipodal map$n

We will consider the matter of orientability for a more gealerlass of
topological spaces, which we refer to ren-branching MCS space®8y
this we mean MCS spaces where the top stratum is a connectatblia
and where the neighborhood of a point is a cone on anothebramehing
MCS space, or on a two-point space.

Our definition of orientability and local orientability fax connected,
non-branching MCS space without boundary is the same asfdhain
Alexandrov space without boundary, allowing 0y to now represent the
compact connected MCS space whose cone gives us the cogltboei
hood atp € X, and for7,, X to represent the cone itself.

Lemma 2.3. Let X™ be a non-branching MCS space of dimensiox 2
without boundary.X is orientable if and only if the topological manifold
X™ is orientable.

Proof. The advantage of Alexander-Spanier cohomology is that fgr a
closed subsett ¢ X, H(X,A) = H*(X \ A). Observe further that, as
with Alexandrov spaces, the codimension of the singulafsetX \ X )

of a non-branching MCS space is at least 3. Thus, as in [1&6ékS is so
small that

H(X) = Hp(X,S) = H(X\ S) = H}(X™).

Given this, one implication is trivial, and it remains to shthat if X ()
is an orientable manifold theX is orientable. In order to do so, we must
show that the generator &f” (X'), which we identify with the fundamental
class of X (™, induces local orientations at each point. We will do this by
induction on the dimension of .

The anchor of the induction is in dimension two, where theltd®lds
trivially. We now assume the result is true for for dimensieh n — 1
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and will show the result holds for dimensien For any pointp in the
orientable manifoldX ™, the generator of/”(X (™) maps to a generator
of H*(X™, XM\ {p}) as usual, giving a local orientationgatIf p € S,
then letU be an open conic neighborhoodgfso thatU = 7, X. The set
V = U\ Sisthen the cone oR, X \ ¥,S. The orientation of{ ™ induces
an orientation on thén — 1)-dimensional manifold, X \ X,5, and by the
inductive hypothesis on the spaEgX. O

Theorem 2.4.Let X be a non-branching MCS space of dimensionith-
out boundary which is non-orientable. Then there is an dable MCS
spacef(Ram with the same dimension and with an involutibsuch that
Xram/i = X. Xgramis a ramified double cover of, and the ramification
locus is the union of those strata with non-orientable ndrowaes.

Proof. Let X be the manifold part ofX. By Lemma 2.3 it is non-
orientable, so it has an orientable double co¥éf). There is a natural
projections from the disjoint union X \ X)) U X ™ to X, namely the
sum of the identity map o \ X ™ with the projectionX ™ — X _|f
we give the disjoint union the pull-back topology inducedmyhen it is a
ramified double cover with the required properties. O

In order to apply this technique to Alexandrov spaces we mékkd to
add metric information. This can be done in a manner verylammo the
analysis of branched coverings of spaces over an extreroaklanried out
in Lemma 5.2 of [20]. A more general and detailed discussfomten the
completion of an Alexandrov domain is an Alexandrov spaelable in
[44], or in the forthcoming work of Nan Li

Theorem A. Let X be a non-orientable Alexandrov space without bound-
ary of dimensiom andcurv > k. Then there is an orientable Alexandrov
spacef(Ramwith the same dimension and lower curvature bound, and with
an isometric involution such thatf(Ram/i and X are isometric. Xgram IS

a ramified orientable double cover &f, and the ramification locus is the
union of those strata ik’ having non-orientable normal cones.

Proof. The metric result is all that we need to show. Whe€ns compact
andk = 0, the proof is essentially the same as the proof given in [20].
However, in the case wher€ is non-compact, ok # 0, we need to make
slight alterations to the argument.

Ln his presentatiovolume rigidity on length spaces the Conference on Metric Ge-
ometry and Applications i.m. Jianguo Cao, at the UniversitiNotre Dame in March
2013, Li announced a certain “almost convexity” conditionAexandrov domains which
is equivalent to the completion being an Alexandrov space.
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We first give an outline of their proof and then briefly commentthe
changes required to prove the result in the above cases.

The proof forX compact witht = 0 is obtained in three steps. In the first
step, they show that for any hinge ¥k.m based at a point € L, whereL
is the ramification locus, Toponogov’s Theorem holds. THwsnss for the
second step, which is to show that steadowof L. has measure zero, that
is, for ¢ € Xgam\ L, the set

Sy ={s€ Xram: every minimal geodesigs from ¢ passes through}

has measure zero. The third and final step is to show that giande
function fromq satisfies the correct concavity condition. It is sufficiemt t
do this onX’Ram\ Sy, becauses, has measure zero.

Now, if we consider the case wheke# 0, we note that we must make
the following changes to the proofs of each step. In Step hef argument
we use the more refined versions of the gradient exponengipifrom [43]
described in Section 1.3.

For Step 2, in order to show that the measure of the shadowas we
note that the estimates will change according to the spdden hyperbolic
analogues of the law of cosines. FurtherXig.m is not compact, we can
exhaust it by a countable union of balls centereg at

In Step 3, we use different concavity conditions, dependinghe type
of lower curvature bound as in [41] (see Section 1.1, Equétid). O

We will refer to Xram as theramified orientable double coverf X. We
now present a lemma on lifting group actions to these ramaigehtable
double covers, and we will also use the covers to classifitipely curved
spaces in dimension 3.

Lemma 2.5. Let G be a connected Lie group acting by isometries on an
n-dimensional non-orientable Alexandrov spa€ewithout boundary. Let
Xram be the ramified orientable double cover &t Then the action of;
on X lifts to an action of &-fold covering group of7, G on Xram

Proof. Since theG-action is isometric, it must preserve the stratification
of X, and in particular act on the manifo. The action may then be
lifted to an action of a 2-fold covering group on the doubleeroof X (),
vyhich is dense iKr.m Since the action is by isometries it extends to all of
XRam- Il

The following classification results are an easy conseqenthe the-
ory of ramified orientable double covers. They have beendtdandepen-
dently in [13], and also appear to be known to others in thd {i&b].
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Proposition 2.6. The only closed, simply-connected Alexandrov spaces of
positive curvature in dimension three are homeomorphicitioee S® or
YRP2,

Proof. If X is a manifold, this follows from the resolution of the Poirea
Conjecture [37, 38, 39]. IfX is not a manifold, its ramified orientable
double cover isS® [27, 33], and the only isometric involution &% which
fixes only isolated points yieldSR P? [49, 28]. O

Because_ R P? does not admit deck transformations, we have the follow-
ing corollary.

Corollary 2.7. Let X? be a closed, three-dimensional, Alexandrov space of
positive curvature which is not a manifold. Th&r is homeomorphic to
YRP2.

3. ISOTROPY AND THESLICE THEOREM

The purpose of this section is to show that the isotropy aaifa group
on the space of normal directions at a pginis equivalent to its action
on any slice ap. The principal obstacle to showing this is in clarifying
the relationship between the infinitesimal structure, fhathe space of
directions, and the local structure of an Alexandrov space.

We will begin by constructing an analogue of the normal exgudial map
for a group orbit. We will next develop a more precise relagioip between
the local and infinitesimal structure via the Stability Theza. Then we will
introduce two “blow-up” constructions, which combine infoation about
the infinitesimal and local structures in a single topolagigpace.

In the context of these blow-up spaces, the connection leetaa arbi-
trary slice and the normal space becomes clear, and allowspreve the
Slice Theorem.

3.1. Normal Bundles of Group Orbits. The following proposition from
[14] uses the Join Lemma 1.1 to describe the tangent and hepaees to
an orbit of an isometric group action.

Proposition 3.1. Let X be an Alexandrov space admitting an isometric
action of a compact Lie grougr and fixp € X with dim(G/G,) > 0. If

S, C X, is the unit tangent space to the orldit(p) = G/G,, then the
following hold.

(1) S, is isometric to the unit round sphere.

(2) The sev/(S,) is a compact, totally geodesic Alexandrov subspace of
¥, X with curv > 1, and the space of directions, X is isometric
to the join.S, * (.S, ) with the standard join metric.
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(3) Either v(S,) is connected or it contains exactly two points at dis-
tancer.

From now on, we will simply write, for v(.S,), and Kv, for the cone
onv,. The union of all normal spaces for ¢ € G(p) is topologized in an
obvious way by the action af, giving a normal bundle to the orbit(p),

G xq, Kv,. Just as the exponential map is generalized to the gradient
exponential, we now wish to generalize the normal expoaemap.

Definition 3.2 ([1], compare Definition 1.5)Let X be an Alexandrov space
and letA C X be a closed subset, and Jetc A. Let f = dist(4, ).
Leti, : sX — X denote the canonical dilation map, anddli;t denote
the gradient flow off for time ¢. Consider the convergenc¢e’' X, p) —
(T,X,0) ast — oco. The A-gradient exponentizdt p, gexpp“ T,X - X
is given bylim;_, o <I>jc o i.t, provided this limit exists.

If we compare this definition to Definition 1.5 and consides #rgu-
ments (originally from [43]) given there for the existendeaolimit, we
see that there is little change. We have the same controlehifschitz
constants and hence a partial limit always exists. Howeber,equality
P’ o gexp,(v) = gexp,(e'v) can fail, and so the uniqueness of the limit is
not guaranteed.

In [1], the situation wherg € A is an isolated point ofl is considered.
For pointsqg nearp we have|gA| = |gp|. The equality holds and the map
gexpp4 : T,X — X is defined near the origin of the tangent cone.

However, this is not the only situation in which such a gratiexpo-
nential map can be defined. Let: X — Y be a submetry. For € X,
let A = 7~ !((x)) be the fiber through and letH, be the set of points
horizontal top, defined byg € H, precisely wherjgp| = |¢A|. By [29],
asi(X,p) — (T,X,0) we havel(H,,p) — Kv,, wherey, is the space of
horizontal directions at. It follows that the map ge)g:)exists if its domain
is restricted to the horizontal cor€y,,.

Now, in the particular case wherg acts onX, we setA = G(p) and
define a gradient exponential dtw, so that every horizontal ray maps to
an A-radial curve starting gi. This extends to a map defined on the entire
normal bundle ta=(p), gexp;,, : G xq, Kv, — X, which we call the
normal gradient exponentiahap.

3.2. Stability Theorem. The Stability Theorem 1.2 guarantees the exis-
tence of homeomorphisms froif}, X to small metric neighborhoods of
which will serve as Gromov-Hausdorff approximations wésieg the con-
vergence: B, (p) — B (o) C T,X, and these homeomorphisms can be re-
quired to preserve the distance from the origin. This rdsadtbeen refined

in [25] to show that the homeomorphism can also be assumekseve
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an extremal set. In fact, as we note in Theorem 3.3, we camesthat the
homeomorphism will preserve all extremal sets.

However, requiring that a homeomorphism be a Gromov-Hatfsalo-
proximation controls only its coarse structure. There g/ \itle control
on the homeomorphism near the origin. We will constructsfoallr > 0,
a homeomorphism B, (p) — Bi(0) C T,X which has the property that
when restricted to smaller balls it becomes a better Grohtawsdorff ap-
proximation. This fine control improves our understandifithe connec-
tion between the local and infinitesimal structure.

We begin with a simple generalization of Kapovitch’'s Relatstability
Theorem [25].

Theorem 3.3. Let X be a sequence of Alexandrov spaces with curvature
uniformly bounded from below, converging to an Alexandmace X" of

the same dimension. Lét : X — X, be a sequence af(:)-Hausdorff
approximations. Letd be a finite set, and lef; = {E£® C X;}.ca be

a family of extremal sets iX; indexed byA. If £ converges to a family

of extremal set€ in X, then for all large: there exist homeomorphisms
0;: (X,€) = (X;, &), o(i)-close tob;.

We omit the proof of this result. The reader will find it a sgfaiforward
exercise to modify the results of [25], which correspondbitocase that the
index setA is a singleton, by taking advantage of the fact that the ivelat
versions of the necessary results of Siebenmann [48] aelajed for the
family of all stratified subsets of a stratified space. £gbe the family of
E € £suchthap € E. Then, iff : X — R* is a regular map incomple-
mentable ap, there is an admissible mapwhich, in a neighborhood of,
has a uniqgue maximum on each fiberfofproviding the conical structure.
The key point in adapting the proof is to note thas'ifs the set of all such
maxima, thert C £ forany /' € &,.

Next we establish the improved stability homeomorphismmftbe tan-
gent cone to the ball.

Theorem 3.4.Let X be an Alexandrov space, and letc X. Then for
somer, > 0 there is a homeomorphisth: Bi(o) — By, (p) from the
unit ball in the tangent cone to the rescaled ball of radiysand there is a

€

functione : [0,7o] — Rso with lim, o 42 = 0 such that:

(i) @ preserves the distance from the center of the ball;
(i) the pre-image of an extremal set undeas extremal; and
(iii) for anyr < rq the restriction of)~! to %Br(p) is e(r)-close to the
rescaled logarithm map and is aiir)-Gromov-Hausdorff approxi-
mation.
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Proof. Recall that the logarithm map is a Gromov-Hausdorff appr@tion
from a rescaled metric ball centeredpat X to the unit ball in7, X [7].
By the Stability Theorem 3.3, d;s{X, p) — T, X, for each small less than
somer, we can construct homeomorphisijs' : 1B, (p) — Bi(0) C T,X
which approximate the rescaled logarithm map and respectligtance
from the origin as well as extremal subsets. For some functi@) with
lim; ,o a(t) = 0, h.' is a(r)-close to the rescaled logarithm. We will con-
structd by gluing together the various..

Define an open cover df, X by two sets:U = Bzjs(0) andV =
Bss(0)¢. The gluing theorems used in the proof of the Stability Tleeor
provide that if we have a&-Gromov-Hausdorff approximatioB; (o) — Y
to some spac¥ which isé-close to homeomorphisms defined@rand on
V', we may glue these to give a homeomorphism which(# close to the
Gromov-Hausdorff approximation for some functiemvith lim; .o x(t) =
0. Furthermore, if the initial homeomorphisms respect tis¢agice fromn,
the glued homeomorphism can be chosen to do the same.

Pick a sequence, = r2~". Letn(t) be the greatest integer which is
< —log,(t/ro) and then define(t) = 27"k (2a(r,z)-1)). We will now
construct inductively.

We define the mag, = h,,. Itis ana(ry)-approximation. Assume
that the map,,, : Bi(o) — ;- B,,(p) has been defined and is aft)-
approximation to the logarithm on balls of radius 2™ and &2~ " Ya(r,_;)-
approximation on the ball of radiigs ™. Assume further that it respects the
distance from the center. Consider the rescaled fhap : Ban(0) —
%Bm(p), and restrict this map t&. Then we can glue this map to the
restriction ofh,, to U while respecting the distance from the center, and
the inverse of the resulting map will b&2«/(r,_;))-close to the rescaled
logarithm map, while being(r,,)-close on the ball of radiuk/2.

Shrinking back down, we have defined a new homeomorpbisnB; (o) —
%Bm (p). Outside ofB,, /s(0) we haved,, = 6, while insideBs,, /5(0)
we havef,, = h, , after rescaling. Therefore, as an approximation of the
logarithm, the accuracy df;! is ¢(¢) on balls of radiug > r, /2, and on
the ball of radius-,, /2 itis a2~"«/(r,)-approximation.

For any pointy # o, there is a small neighborhood @fon whiché,, =
0,.+1 for sufficiently largen, so the limit map is a well-defined homeomor-
phism satisfying the conditions. U

3.3. Blow-up Construction.

Definition 3.5. Let X be an Alexandrov space, and fe€ X. Theblow-
up of X atp is defined to be the spa¢&, X x [0,1]) Uy X \ {p} where
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¢ ¥, X x (0,1] — X is given byg(v,t) = gexp,(tv). We will denote it
by X,

The bIow-upX;, is the result of removing the poiptand replacing it with
the space of direction;,. Each direction is added as the limit point of the
corresponding radial curve startingain that direction. We will refer to
each such point astdow-up point

Note that the blow-up is a purely topological constructittrcarries no
natural metric. However, it does have a natural partitiosirag from the
stratified structure oX. Given an extremal sef containingp, the closure
of Ein X, is EUX,E, and we let this be a part df). Observe that it is
possible that additional extremal sets might arisg,javhich are not related
to extremal sets itX, but these are not relevant for our considerations.

Proposition 3.6. Let X be an Alexandrov space, € X, andrq > 0 be
small. Thenx,X x [0, 1] is homeomorphic to the blow-up of the closed
ball B,,(p). The natural partition of the blow-up is given by the product
of a stratification of>, X, which may be coarser than the stratification by
extremal sets, with the intervl, 1].

Proof. Chooser, > 0 so small that the conclusions of Theorem 3.4 hold,
and we have a homeomorphigm: By(1) — B,,(p). By removing the
origin of the tangent cone, we have a homeomorphism iy x (0, 1]
to the complement of the blow-up points. Any extremal sets X which
arise from extremal sets iX will be mapped onto the blow-up partition.
Combine this with the obvious map froH), X x {0} to the blow-up points
to obtain a functiord : ¥,X x [0,1] — X,. We need only confirm the
continuity of this function at the blow-up points.

Let (w,t) — (v,0) in £,X x [0,1]. Becausep' approximates the
rescaled logarithm, we have thatifw,¢) = y thenlog,(y) = u is €(t)-
close tow, wherelim, o €(r) = 0. In other wordsg(w, t) = gexp,(tu) for
someu with dist(u, w) < €(t).

As (w,t) — (v,0), we have that: — v, SO ¢(w,t) converges to the
blow-up pointw. O

We can also blow up &-spaceX around an entire orbit. We define
X4 the blow-up ofX atG(p), to be
G XGp Vp X [0, 1] U¢X\G(p)

where the map : G x¢, v, x (0,1] = X \ G(p) is given by the normal
gradient exponentiab(g, v, t) = gexp;, (¢ - g«(v)). The blow-up admits
an action of the entire groug.
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Proposition 3.7.LetG, a compact Lie group, actisometrically on an Alexan-
drov spaceX, and letp € X. ThenX’G(p)/G =~ X!, and the stratification

of Xé(p)/G by orbit type is finer than the blow-up stratification.

Proof. Xé(p) is defined by gluing together two spaces usirdg-aquivariant
map¢o. The orbit spacé(’G(p)/G is therefore also given as a uniofGG,, x
[0,1] Uz X \ {p}, where¢ is the map induced by. Because di$G (p), -)
descends to digf, -) the mapp is gexp, so thatX, , /G is the blow-upX;,.
The stratification by orbit type ok is coarser than that by extremal sets
[40], and by considering the action @f, on quasigeodesics emanating from
p we can see that the orbit-type stratification®dfis the infinitesimal ver-
sion of that ofX. O

3.4. Proof of the Slice Theorem. For the purposes of this proof, we recall
the following important result of Palais [34] (cf. Theoreni of [6]).

Covering Homotopy Theorem. Let Y be a topological space such that
every open subspace is paracompact,/I&e a closed interval, and l&¥

be a compact Lie group. Suppose thétis a G-space with orbit space
W/G =Y x I such that the orbit structure is given by a product, that is,
for eachy € Y the orbit types are constant oy} x /. Then there is a
G-spaceX with X/G = Y so thatlV is equivalent taX x I, whereG acts
trivially on 1.

We can now proceed to the proof of the main theorem of this@ect

Slice Theorem 3.8.Let a compact Lie groug: act isometrically on an
Alexandrov spac&. Then for allp € X, there is some, > 0 such that
for all » < ry there is an equivariant homeomorphism

®: G xq, Kv, = B.(G(p)),
wherew, is the space of normal directions to the orbitp).

Proof. Let ry be such thaB,,(p) C X/G is homeomorphic td;(X/G).
Let W be the portion otX’G(p) corresponding t@,, (G (p)). Then by Propo-
sition 3.7, the orbit spac#’ is the blow-up ofB,,(p) C X atp.

Now let.S be a slice ap, the existence of which is guaranteed by [30]. We
may assume thas,,(p) = S/G,. LetS* = S\ {p}. LetV = S* U, C
W. V is G,-invariant. We claim that//G, = W, and so has a product
structure. Assuming the claim, the Covering Homotopy Theoshows
thatS* is G-equivariant tav, x (0,7,), and adding the point back toS*
gives the result.

To prove the claim, note first thaf is a closed subspace &F. The
only sequences is* which do not converge are those which are leaving
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B,,(G(p)) or which, inS, have limitp, so the closure of* in W is made
up of the union ofS* with some horizontal directions. if # p and¢ € v,

is in cl(S*), then any open neighborhood fc 17 will contain elements
of S*. Any open neighborhooll of ¢ in X contains an open neighborhood
of £ € W, but we can clearly maké& so small that it does not intersegt
Therefore 15*) C v, U S*. We can writel” as the union of two closed sets
cl(S*) Uy, soV is closed.

The projectionV. — W is a map from a compact space to a Hausdorff
space, and so a closed map. Its restriction to the closegacdis is also
closed, and it is surjective, so it is a quotient map. ButrtyetitakesG)-
orbits onV to points, so it is in fact the orbit-space projection, aretrdiore
V/G, = W as claimed. O

The slice can be explicitly constructed as follows. ket X — X =
X/G. Letp € X, and letp = n(p) € X. Leth : X — R be a function
built up from distance functions such that it is strictly came on some
U containingp and attains its maximum value @nat p (see [40] for the
construction, cf. [19, 24] for more explicit constructignd.et , be such
thatB,,(p) C h™!([a,0)) C U for somea. The gradient flow of. gives
the retraction?” : B, (p) — {p}.

We can lift the functiom: to a function : X — R. This function is
defined by distance functions fro@orbits, and so its gradient flow gives a
G-equivariant retractiodt” : B,(G(p)) — G(p). Then by Proposition 11.3.2
of [6], F~1(p) is a slice.

Finally, in the special case wheré has strictly positive curvature and
X has non-empty boundary, the Soul Theorem 1.9 tells us tkagdhl of
X is a pointp. If G(p) is the corresponding orbit i, we may use the
Sharafutdinov retraction in place &fto construct the slice, and show that
71X \ 0X) is equivariantly homeomorphic @ x¢, Kv,.

4. HXED POINT SETS

In this section, we show that some important results fromttieery of
isometric actions of compact Lie groups on Riemannian nogasfstill hold
in the context of Alexandrov geometry.

We show that, in analogy to the Riemannian situation, thelfp@nt set
of a group action is a totally quasigeodesic subset. We tbasider torus
actions on positively curved spaces, and show that theid fpant sets are
always of even codimension, that in even dimensions the ook set is
always non-empty, and that in odd dimensions if no point sdjthen there
must be a circle orbit.

4.1. Structure of Fixed Point Sets.
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Proposition 4.1. Let G be a compact Lie group acting on an Alexandrov
spaceX by isometries. Let C G be a closed subgroup, and et C X

be the set of fixed points éf. ThenF is a totally quasigeodesic subset of
X and admits a stratification into manifolds.

Proof. The isometric image of in the orbit spaceX/ H is an extremal set,
and therefore it is totally quasigeodesic and stratified manifolds [40].
For anyp € X, the function didfp,-) on F' is equal to digfp,-) on the
image ofF, and so curves i’ which are quasigeodesics fal/ H are also
guasigeodesics foX, giving the result. O

Example 4.2. Suspend an isometri!-action onCP?, whereT" fixes an
S?% and an isolated point in th€ P?. Fix(XCP? T") is connected and
consists of anS?® and an interval,I, where the interval’s endpoints are
the antipodes of®. The strata are (i) a twice punctures, (ii) an open
interval, and (iii) two isolated points.

4.2. Torus Actions on Positively Curved SpacesWe first recall Petrunin’s
generalization of Synge’s Lemma, which is used to prove taedtalized
Synge’s Theorem 1.7.

Generalized Synge’s Lemma 4.3[42] Let X be an orientable Alexandrov
space withcurv > 1 and let7" : X — X be an isometry. Suppose that

(1) X is even-dimensional arifl preserves orientation; or
(2) X is odd-dimensional and' reverses orientation.

ThenT has a fixed point.

In the even-dimensional case, the theory of ramified ori@atdouble
covers yields the following corollary.

Corollary 4.4. Let X be an Alexandrov space of even dimension wiily >
1, and letG be a connected Lie group acting dh by isometries. Then for
anyg € GG, g has a fixed point.

Proof. We may takeX to be non-orientable. By Lemma 2.5 we may lift
the action ofG to an action of a 2-fold covering grodp on Xgam and then
the Generalized Synge’s Lemma 4.3 applies to a lify ethich is in the
connected component of the identity@f O

We can now prove two results about the isotropy of torus astidhe
counterparts of Berger's Lemma [5] and its odd-dimensianalogue [51].

Lemma 4.5. Let 7" act by isometries orX 2, an even-dimensional space
of positive curvature. Thefh* has a fixed point.

Proof. Consider a dense 1-parameter subgroup’afand within it an in-
finite cyclic subgroup. By Corollary 4.4, the cyclic subgpdixes a point.
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As we move the generator of the subgroup towards the identtgienerate
a sequence of fixed points X, and any limit point of that sequence will be
fixed by the torus. O

Corollary 4.6. Let T* act by isometries on{?"*!, an odd-dimensional
space of positive curvature. Then either there is a circlgitasr 7 has a
fixed point set of dimension at least one.

Proof. If T* has a fixed poinp, then we may apply Lemma 4.5 to the
isotropy action ort,,, a positively curved Alexandrov space of even dimen-
sion. Otherwise, lef' ¢ T* act non-trivially, and consider the induced
action of T*~! on the2n-dimensional spac&/7T". By Lemma 4.5, this
action fixes a point, and that point corresponds to a cirdét @f 7 in

X. 0

Finally, we note that an easy induction shows that a famiéault on the
codimension of the fixed point set of circle actions, or, ngererally, torus
actions, on Riemannian manifolds holds for Alexandrov spac

Proposition 4.7. Let T act isometrically onX™, a compact Alexandrov
space. Then the fixed point set components of the circleraat®of even
codimension inX™.

5. HXED-POINT HOMOGENEOUSACTIONS

One measurement for the size of a transformation gteup X — X is
the dimension of its orbit spac€/G, also called theohomogeneitpf the
action. The cohomogeneity is clearly constrained by theedsion of the
fixed point setX® of G in X. In fact, dim X/G) > dim(X¢) + 1 for any
non-trivial action. In light of this we have the following fil@tion.

Definition 5.1. The fixed-point cohomogeneityf an action, denoted by
cohomfix(X; ), is given by

cohomfixX X ; G) = dim(X/G) — dim(X“) — 1 > 0.

A space with fixed-point cohomogeneitys calledfixed-point homoge-
neous Note that in the manifold case, the largest connected caprgaf
the fixed point set corresponds to a connected componeneddfdtindary
of the orbit space. However, for such an action on an Alexandpace, it
may only be a subset of a connected component of the bourataiy,the
case, for example, of the suspended circle actionBir?.

We first recall the classification result for fixed-point hayeaeous Rie-
mannian manifolds of positive sectional curvature [17].

Theorem 5.2. Let G, a compact Lie group, act isometrically and fixed-
point homogeneously ail™, a closed, simply-connected, positively curved
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Riemannian manifold witi/¢ # (. ThenM™ is diffeomorphic to one of
Sn, CPk, HP™ or CaP?, where2k = 4m = n.

This result is obtained via the following structure theoréom [17]
which allows us to decompose the manifold as the union of twk ldun-
dles.

Theorem 5.3(Structure Theorem)Let M be a positively curved Riemann-
ian manifold with an (almost) effective isometric fixedrpadiomogeneous
G-action andM ¢ # (). If F is the component af/¢ with maximal dimen-
sion then the following hold:

(i) Thereisaunique orbif/(p) = G/G, at maximal distance té’ (the
“soul” orbit).
(ii) All G,-orbits in the normal spherg! to G(p) atp are principal and
diffeomorphic ta=,/H. MoreoverF is diffeomorphic to5!/G,,.
(iif) There is aG-equivariant decomposition @i/, as

M = D(F) Ug D(G(p)),

whereD(F'), D(G(p)), are the normal disk bundles 0, G(p), re-
spectively, inM/ with common boundar¥ when viewed as tubular
neighborhoods.

(iv) All orbits in M \ (F U G(p)) are principal and diffeomorphic to
Sk ~ G /H, the normal sphere td'.

This result is somewhat similar to the situation of posiinairved Rie-
mannian manifolds of cohomogeneity one, which also adméathposi-
tion as a union of disk bundles. A similar structure is obedmwhen passing
to positively curved Alexandrov spaces of cohomogeneity, dmat is, they
admit a decomposition as a union of more general cone bufidigs

One might expect, therefore, that positively curved fixethphomo-
geneous Alexandrov spaces would also admit a decomposisi@iunion
of cone bundles. However, when the normal spheres of Thebr8rare
replaced by more general spaces of positive curvature dihiéi@al possi-
bilities mean that the structure of the orbit space can beernomplicated
than in the Riemannian setting. In particular, part (i) lod result fails and
non-principal orbits may appear in the complementaf G(p).

Example 5.4.ConsiderR P? with the suspended! action. Fix(XRP?; T1) =
I, and the soul orbit i (p) = S'/Z,. At a point in the soul orbit, th&,
isotropy action on the circle of normal directions fixes twaints, giving
rise to anS? with Z, isotropy. TheS? intersects the endpoints dfin its
antipodes. AlthouglRP? can be written as the union of two cones, it is
not a union of cone bundles ovBix(XR P?; T") and the soul orbif™ (p).
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Theorem 5.5 below, an expanded version of Theorem C fromnine-I
duction, provides a description of positively curved fixgmint homoge-
neous Alexandrov spaces as a join of a space of directions anchpact,
connected Lie group(s, modulo a subgrougd C . This provides an
alternative to the disk-bundle method of viewing fixed-pdiomogeneous
Riemannian manifolds of positive curvature.

Theorem 5.5. Let a compact Lie groupr act isometrically and fixed-point
homogeneously oA ™, a compact:-dimensional Alexandrov space of pos-
itive curvature and assume that“ # (. If H C G is the principal isotropy
and F is the component oX ¢ with maximal dimension then the following
hold:

(i) There is a unique orbit(p) = G//G, at maximal distance fron’
(the “soul” orbit).

(if) All principal G,-orbits inv, the normal space of directions &@(p)
atp, are homeomorphic t&',/ H. MoreoverF' is homeomorphic to
v/G,.

(iif) The spaceX is G-equivariantly homeomorphic to

(v*Q)/G,,

whereG, acts on the left om G, the action onv being the isotropy
action atp and the action otix being the inverse action on the right.
TheG-action is induced by the left action erx G given by the join
of the trivial action and the left action.

(iv) The principal orbits inX \ (£ U G(p)) are homeomorphic to
v(F) = G/H, wherev(F) is the positively curved space of nor-
mal directions toF".

For every positively curved spaceits join to a positively curved homo-
geneousr-space yields a fixed-point homogenedirspace. It follows that
the set of all simply-connected positively curved spacatimmknsion: can
be placed in bijection with the fixed-point homogeneous $yrtpnnected
positively curved spaces of dimensienfor anym > n. This is in stark
contrast to the Riemannian result, where only the compat oae sym-
metric spaces arise.

For the proof of Theorem C, we introduce a notion of regulan{soin
extremal sets. We say that a poine E* C X" is E-regularwheny, FE =
Sk, that is, the space of directions tangenftat the point is isometric to
a unit round sphere.

Lemma 5.6. Let X be an Alexandrov space with boundary afid= 0.X.
ThenFE contains a dense set éf-regular points.
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Proof. ConsiderD(X) = XUyx X, the double ofX, formed by identifying
two copies ofX along their common boundarie2X. SinceD(X) is also

an Alexandrov space [35], it has a dense set of regular pant, since
that set is convexy X C D(X) also has a dense set of regular points. Then
in X these points will be¥-regular. O

Proof of Theorem CThe maximal connected component of the fixed point
set, F', has codimension 1 iX/G and so corresponds to a union of faces
in the boundary. Part (i) now follows from the Soul Theore@ dpplied to
the quotient spac&’/G, a positively curved Alexandrov space, retracting
from the faces which make up. Let v be the space of normal directions
to the orbitG(p). Part (ii) follows from the Slice Theorem 3.8, noting also
that /" is homeomorphic to the space of directions at the soul pdift/@-,
which isv/G,,.

For part (iii), X \ F' is homeomorphic td K (v) x G)/G, by the Slice
Theorem, and this homeomorphisntisequivariant, wheré acts trivially
onv and onG by its left action. We may writedl(v) x G asv x G x
(0,1], whererv x G x {1} is identified toG. The setF is, by part (ii),
homeomorphic te'/G,, and itis fixed byG, so the entire spack¥ is in fact
homeomorphic tér x G x [0, 1])/G,, wherev x G x {0} has been identified
tor andr x G x {1} to G, and the homeomorphismdg-equivariant.

For part (iv), letp € FF C X/G be F-regular, and hence the image in
v/G, of a principalG,-orbit. Then atp € F' C X we have an isometry
¥,X = S~ 1xy(F)wherek = dim(F) andv(F) is the normal space tB.
There is a neighborhood pfwhich is comprised entirely of principal orbits
and of fixed points inF'. Since by assumptio@ acts transitively on(F'),
it follows thatv(F') is given byG/H. Hence,G/H has curvature bounded
below by 1, completing the proof of the theorem. O

In the special case whefé < G, C G, we have the following corollary.

Corollary 5.7. Let G act isometrically and fixed-point homogeneously on
X", ann-dimensional, closed Alexandrov space of positive cureaaind
assume thalk © + (). Suppose further thati < G, C G, whereH is the
principal isotropy of theGG-action andG,, is the isotropy subgroup of the
“soul” orbit. Then X™ is equivariantly homeomorphic to

(vxG/H)/K,

wherev is the normal space of directions ®&/G, and K = G,/H. That
is, X™ is homeomorphic to the quotient of the join of two positivelywed
Alexandrov spaces.

Proof. Write K for G,/H. By Theorem C X" is homeomorphic to
(v+xG)/G, = ((v+G)/H)/K.
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Since H is the principal isotropy of thé&s,-action onv, and is a normal
subgroup of7,, it acts trivially onv. Therefore we have

(vxG)/H=vxG/H,
and the result follows. O

Note that for any space of curv > 1, we can joinv to any homoge-
neous-space oturv > 1 to obtain a positively curved Alexandrov space
with a fixed-point homogeneous-action. In this sense, we can think of
fixed-point homogeneous spaces as being plentiful amontiyaebgcurved
Alexandrov spaces.

Observe, however, that if we restrict our attention to pesliy curved
Riemanniam-dimensional manifolds and assume thgt# G, then, with
the unique exception of the fixed-point homogeneSpsn(9)-action on
Cal?, H <« G, C G. Hence, Corollary 5.7 allows us to represent all such
manifolds as

M" = (5™ xG/H)/K = (5™ S")/K = ™K,

where K = G,/H, and K is one of eitherSU(2), Ngy«)(T"), T, or
a finite subgroup of)(n + 1) (cf. [6]). That is, all these manifolds are
spheres or the base of a fibration whose total space is a sj@a@técannot
be written as the base of such a fibration, and its decomposs a join is
given by

(S7 % Spin(9))/Spin(8).

We also note that in the special case whe&ge= G, the principal isotropy
subgroup is almost alwaysot normal inG. This is not an issue for the
Riemannian case, though, because the only groups that tanragpally
onn-spheres must either act transitively, in which case, tlo@oposition
as a join gives us that

(vxG)/G, = S°+G/H = 8%+ S' = S

or they must act freely, as in the examples discussed above.

Finally, we note that in analogy to the Riemannian case, wedegzom-
pose a fixed-point homogeneous, positively curved Alexandpace as a
union of cone bundles when we assume that all orbits in theptement of
the fixed point sef’ and the soul orbiz(p) are principal.

6. MAXIMAL SYMMETRY RANK

In this section we show that, as in the Riemannian case, tbhadbon
the symmetry rank of a positively curved Alexandrov spaceéinfension
nis |2+ |, and that when the bound is achieved some circle subgrosp act
fixed-point homogeneously. We then inductively use the gascription of
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fixed-point homogeneous spaces to show that all such spezgsiatients
of spheres, as stated in Theorem D.

Theorem 6.1. Let T* act isometrically and (almost) effectively o, a
positively curved Alexandrov space. Then,

n+1

2 J:

Further, in the case of equality, for soriié C T, codim(Fix(X™;T")) =
2.

k<|

Proof. If X has boundary then the action is determined by the isotropy
at the soul, and ifX is non-orientable the action will lift to the ramified
orientable double cover. Therefore, we may assumeXhat closed and
orientable.

The proof is by induction on the dimensiarof the space. When =1,
the maximal torus action is given By* acting onS?, fixing the empty set,
(), which has codimension 2. The crux of the induction stepas wWhere a
group acts effectively, the action of any isotropy grouploamormal space
to its orbit must also be effective [12].

If n = 2k — 1, then by the inductive hypothesis, an effective actioiof
cannot fix points, and so Corollary 4.6 implies that the actias a circle
orbit. If n = 2k, then Lemma 4.5 implies that the action has a fixed point.

Aiming for a contradiction, we suppose tH&t™! acts onX", with n =
2k —1 or2k. Consider the isotropy action at a circle orbit or at a fixeohpo
respectively. By the inductive hypothesis, this actionrzdrbe effective.
This proves the bound on the rankT1f acts, we again consider the isotropy
action at a circle orbit or fixed point. This action is also adximal rank
and so, by the inductive hypothesis, there is a circle suipodthe isotropy
which fixes a set of codimension 2 in the normal space, andehenset of
codimension 2 inX. O

Before continuing with the proof of Theorem D, we presentvaégam-
ples of how to construct positively curved Alexandrov sgaeéh maximal
symmetry rank.

Example 6.2. 5" (1) has isometry grou@(n+ 1), and this group is clearly
of maximal rank. The action of the maximal torusGrin + 1) may be
considered as the prototypical maximal rank action in gesiturvature.

Example 6.3. LetI" be a finite subgroup of the maximal torustn + 1).
Clearly S"/I" admits an action of maximal symmetry rankI"l&cts freely,
we obtain the lens spaces (including the odd-dimensiorall pejective
spaces)50]. Note that in this category of examples, thedimensional
spaces are simply suspensions of (hwe — 1)-dimensional spaces.
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It is worth noting at this point that the natural sufficiennddion for 7%,
a torus of maximal rank, to act &'/ H is thatT* C N(H), the normalizer
of the group. The following lemma shows that when @i < 2, so that
is virtually abelian,7* ¢ N(H) <= T* c Z(H), and so the condition
is equivalent tad C Z(T*).

Lemma 6.4. Let G be a compact Lie group, and Iéf C G be a closed
virtually abelian subgroup. Then the connected componeftise identity
of the normalizer and centralizer &f agree, thatisNo(H) = Zy(H ).

Proof. There is a smooth mayy(H) — Aut(H) sending any element to
conjugation by that element. Sindg&, is, by definition, abelian, it is a
torus or a point, and sdut(H) is discrete. Therefor&/y(H) is mapped

to the identity automorphism, and we haVg(H) C Zy(H). The reverse

inclusion is trivial. O

Example 6.5.LetT" C Z(T™) C O(2n+1). SinceZ(T™) # T™ in O(2n +
1), we may choos€ to be a finite subgroup not contained 7f". If we
requireI to act freely, it must be the antipodal map and we obfai*".
However, if we allowl” to have non-trivial isotropy, we will obtain spaces
which are locally non-orientable, such & /Z, =~ RP? x S!, where the
involution fixes a circle, as well as spaces with boundarghsas D™ =
S™ |7, WhereZ, is simply a reflection.

Example 6.6.LetT’ C T C O(2n + 2) be a rank one subgroup. Then
the 2n-dimensional spac€?**!/I" admits a7™-action. In particular, ifl
acts freely, and is therefore the diagonal circle, then wiaba 7" -action
onCP".

We see that many spaces of maximal symmetry rank can be eltain
the same way as the Riemannian examples, that is, by takioiiegts of
spheres. We obtain non-Riemannian spaces by allowing thggiction to
have isotropy. Theorem D shows that all such spaces aribésinvay.

Theorem D. Let X be ann-dimensional, compact, Alexandrov space with
curv > 1 admitting an isometric, (almost) effecti?&-action. Thenk <
|2£1], and in the case of equality, either

(1) X is a spherical orbifold, homeomorphic 18"/ H, where H is a
finite subgroup of the centralizer of the maximal torugifm + 1),
or

(2) only in the case that is even, X = S"*!'/H, whereH is a rank
one subgroup of the maximal torusdnn + 2).

In both cases the action oXN is equivalent to the induced action of the
maximal torus on thé/-quotient of the corresponding sphere.
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Proof. The bound on the rank has already been shown. Let us assutne tha
X" is closed and orientable, and tHAt acts with maximal rank orX.
Since Alexandrov spaces of dimension less than or equaldaate topo-
logical manifolds, we will assume that > 3. By Theorem 6.1, there is
somel™! ¢ T* which acts with a fixed point set of codimension 2. Eebe

a codimension two, connected component of that fixed poinT$en there

is a unique orbit7™(p), at maximal distance fromt'. Letv, be the normal
space at the point to this orbit. InX /7", this orbit becomes a point fixed
by T%/T". EitherT) = T", in which case is fixed by the entire torus, or
T, isfinite, in which cas@™(p) is a circle orbit. In either case, the isotropy
action oszjC onvy, is once again an action of maximal symmetry rank upon
a closed orientable positively curved Alexandrov space.

Now by Theorem C, we may writ& = (v« S')/T. We proceed in-
ductively, untilv is given byS* or SY, to see thatX is homeomorphic to
the quotient of some sphef#” by a subgroup of a linearly acting torus,
and that the torus action oXi is induced by the action of the torus 6fi'.

It is clear from considering the dimension of the space arddnk of the
torus that eithern = n and rKH) = 0, or, only in the case where is
even,m = n + 1 and rKH) = 1. Further, one easily sees that the orbit
spaceX /T*, stratified by isotropy type, is either a simplex or a suspend
simplex.

In the case thak ™ is not orientable, we hav& = (S™/H)/Z,, where
Z, reverses orientation. It follows tha$™ /H) /T* is a suspended simplex,
and din{X) = m = n is even withH finite. The action ofZ, can then be
lifted to the sphere, where it is the composition of an elenoénhe torus
with a reflection. In the case thaf has boundary, the isotropy action at
the soul determines the action éh X is the cone on an odd-dimensional
maximal symmetry rank space, or, equivalently, the quobgra reflection
of the suspension of an odd-dimensional maximal symmeitni space.

O

It follows that all odd-dimensional maximal symmetry rargases are
orientable. Note that this result is sharp. For exampl& P?") admits an
action of almost maximal symmetry rank, that is, of rafk- |. We can see
from the inductive nature of the proof that, if the space id-ddnmensional,
it is built up by an iterated process, joining a circle to acgpaf lower
dimension and then taking a quotient by a finite group. Thabi® can
write the space as

(- (ST % SY) /Ty % SY) /T,

whereT'; are finite cyclic subgroups df*, 1 < i < k. If it is even-
dimensional and orientable, then it is a suspension of ardadénsional
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example, or it is the quotient of an odd-dimensional exanhgle circle.
If it is not orientable, or has boundary, then it is a quotientan involu-
tion on an example of suspension type which interchangepdtes of the
suspension.

This view of the proof allows us to show the following resuittbe fun-
damental groups and Euler characteristics of these spaces.

Proposition 6.7. Let X" be a positively curved Alexandrov space of maxi-
mal symmetry rank. Thensifis odd, X has finite cyclic fundamental group
andx(X) = 0.

If nis even, therX is contractible if it has boundary, is simply connected
if it is orientable or locally non-orientable, and has fundantal group of
order two if it is locally orientable but not globally orieable. If X is closed
and orientable, thery(X) = 2 orn + 1, andx(X) = 1 otherwise.

Proof. The odd-dimensional spaces are spherical orbifolds, anchweee
that the finite cyclic group’, given in the iterative description of the space
above is the only group which might act without fixing pointghe sphere,
so by [2] the result follows. The other cases are eitherakjr conse-
guences of the Generalized Synge’s Theorem 1.7.

BecauseX is homeomorphic to the orbit space of an isometric action on
a Riemannian manifold, the fact thatX) = x(Fix(X;T")) for anyT" in
the torus now follows just as in the Riemannian case [26]ingahat the
subspaces to which the Lefschetz Fixed Point Theorem aledmre all
triangulable by [23]. The result is then true by induction. O

Itis clear that a positively curved Riemannian orbifoldmsexample of a
positively curved Alexandrov space. Since all spaces ia (Bsof Theorem
D are spherical orbifolds, to classify the positively cutwerbifolds with
maximal symmetry rank, it suffices to understand when theespa case
(2) of Theorem D produce orbifolds. Léf c T c O(2k + 2) be a
connected rank one subgroup, and wiite"! as a product of circle® x
T, x --- x Ty41, €ach acting fixed-point homogeneously on the sphere. If
H = T, for somei, thenX is not closed. IfH C T, x T;, x --- X
T;,,, for pairwise different indices; then X is a join of some weighted
complex projective space of complex dimensionith a sphere. This is
only homeomorphic to an orbifold if= £, in which caseX is a weighted
complex projective space, orlit= 1, in which caseX is homeomorphic to
a sphere, sincEP! is S2. Hence we obtain the following corollary.

Corollary E. Let X be ann-dimensional, closed Riemannian orbifold with
positive sectional curvature admitting an isometric, (abt) effectivel™-
action. Therk < L"T“J and in the case of equality either
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(1) X is a spherical orbifold, homeomorphic t&"/T", wherel is a
finite subgroup of the centralizer of the maximal toru€ifm + 1)
or

(2) only in the case that is even, X is homeomorphic to a finite quo-
tient of a weighted complex projective spdce;, | . . /I', where

ao,ai,-

I" is a finite subgroup of the linearly acting torus.
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