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5 CONVERGENCE OF ISOMETRIES, WITH SEMICONTINUITY

OF SYMMETRY OF ALEXANDROV SPACES

JOHN HARVEY

ABSTRACT. The equivariant Gromov–Hausdorff convergence of metric
spaces is studied. Where all isometry groups under consideration are
compact Lie, it is shown that an upper bound on the dimension of the
group guarantees that the convergence is by Lie homomorphisms. Ad-
ditional lower bounds on curvature and volume strengthen this result to
convergence by monomorphisms, so that symmetries can only increase
on passing to the limit.

1. INTRODUCTION

The equivariant Gromov–Hausdorff topology allows one to study the
convergence of metric spaces while keeping track of their symmetries. The
definition of this topology involves functions between the metric spaces
and between the groups of isometries. These functions are not required to
be continuous, or to be group homomorphisms.

The main theorem of this article is that, assuming that all groups under
consideration are compact Lie groups, convergence is always by homomor-
phisms of Lie groups.

Main Theorem. Let (Xi, pi, Gi) be a sequence of pointed group metric
spaces, converging to(Xω, pω, Gω) in the equivariant pointed Gromov–
Hausdorff topology. Assume thatGi andG are compact Lie groups, with a
uniform upper bound on the dimension of theGi. Then, for large enoughi,
the functionsGi → Gω which demonstrate the convergence may be chosen
to be homomorphisms of Lie groups.

Note that this result does not require any assumptions aboutthe metric
spaces themselves (other than that metric balls centered atthe distinguished
points be relatively compact, which is required to define thetopology). The
only assumption is on the groups themselves.

The functionsGω → Gi are less tractable. A simple example such as the
convergence of the cyclic group acting on the circle to the action of the full
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2 JOHN HARVEY

circle, (S1,Zp) → (S1, S1) asp → ∞, shows that homomorphisms need
not exist in the reverse direction.

Where the homomorphisms have a non-trivial kernel, some symmetries
are lost. It is easy to find examples where injectivity fails,either by using
spaces with infinite topology (such as Hawaiian earrings) orby shrinking
the orbits of the group action so the spaces converge to the orbit space with
a trivial group action.

If the spacesXi are Riemannian manifolds with a lower sectional curva-
ture and volume bound, or, more generally, Alexandrov spaces, then it is
shown that the homomorphisms are always injective (Proposition 4.1).

It would be of interest to see whether similar results continue to hold
with weaker hypotheses, for example, using non-compact Liegroups, or
only considering a Ricci curvature lower bound.

Finally, in Proposition 4.5, the injectivity result is applied to achieve an
understanding of how much symmetry a closed Riemannian manifold can
retain when its volume is large relative to its sectional curvature and radius.

2. EQUIVARIANT POINTED GROMOV–HAUSDORFF TOPOLOGY

The equivariant Gromov–Hausdorff topology is a coarse method of defin-
ing the convergence of a sequence of metric spaces with isometric group ac-
tions. It has been used in the study of fundamental groups of certain classes
of manifolds [5, 3] and in the study of sequences of Riemannian orbifolds
[4, 12]. A slightly different definition, developed independently by Bestv-
ina [1] and Paulin [13], is used in geometric group theory. Inthe setting of
geometric group theory, the group is generally fixed. However, the defini-
tion used in the current work is designed for situations where the object of
study is not the group itself, but rather the symmetries of the space.

It is a generalization of the standard Gromov–Hausdorff topology (in fact,
a metric) on the set of isometry classes of compact metric spaces [7], which
itself generalizes the Hausdorff metric on the closed subsets of a compact
metric space.

Let M be the set of all isometry classes of pointed metric spaces(X, p)
(that is,X is a metric space andp is a distinguished point ofX) such that
for eachr > 0 the open ballB(p, r) is relatively compact.

Now consider the set of triples(X, p,Γ) where(X, p) ∈ M andΓ is
a closed group of isometries acting effectively onX. Such triples will be
referred to aspointed group metric spaces. Say that two pointed group
metric spaces are equivalent if they are equivariantly pointed isometric up
to an automorphism of the group. LetMeq be the set of equivalence classes
of pointed group metric spaces.
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The equivariant pointed Gromov–Hausdorff distance was first defined by
Fukaya [4], and achieved its final form some years later in hiswork with
Yamaguchi [5].

If (X, p,Γ) ∈ Meq, then letΓ(r) ⊂ Γ be{γ ∈ Γ | γp ∈ B(p, r)}.

Definition 2.1. Let (X, p,Γ), (Y, q,Λ) ∈ Meq. An equivariant pointed
Gromov–Hausdorffǫ–approximationis a triple(f, φ, ψ) of functions

f : B(p, 1/ǫ) → Y

φ : Γ(1/ǫ) → Λ(1/ǫ)

ψ : Λ(1/ǫ) → Γ(1/ǫ)

such that

(1) f(p) = q;
(2) theǫ–neighborhood ofB(p, 1/ǫ) containsB(q, 1/ǫ);
(3) if x, y ∈ B(p, 1/ǫ) then|dist(x, y)− dist(f(x), f(y))| < ǫ;
(4) if γ ∈ Γ(1/ǫ), and bothx, γx ∈ B(p, 1/ǫ), then

dist(f(γx), φ(γ)f(x)) < ǫ;

(5) if λ ∈ Λ(1/ǫ), and bothx, ψ(λ)x ∈ B(p, 1/ǫ), then

dist(f(ψ(λ)x), λf(x)) < ǫ.

Note that these functions need not be morphisms from the relevant cate-
gory. In particular, they need not be continuous, or respectthe group struc-
ture in any way.

The equivariant pointed Gromov–Hausdorff distance is defined from these
approximations by settingdepH ((X, p,Γ), (Y, q,Λ)) equal to the infinum of
all ǫ such that equivariant pointed Gromov–Hausdorffǫ–approximations ex-
ist from (X, p,Γ) to (Y, q,Λ) and from(Y, q,Λ) to (X, p,Γ).

By [5, Proposition 3.6], given a sequence inMeq, if the sequence of
underlying pointed metric spaces is convergent in the pointed Gromov–
Hausdorff topology, then there is a subsequence which is convergent in the
equivariant pointed Gromov–Hausdorff topology.

By [4, Theorem 2.1], the sequence of orbit spaces corresponding to a
convergent sequence inMeq must itself converge in the usual Gromov–
Hausdorff topology.

3. APPROXIMATING SYMMETRIES WITH GROUP HOMOMORPHISMS

This section contains the proof of the following theorem.

Theorem 3.1.Let(Xi, pi, Gi) be a sequence of pointed group metric spaces
in Meq, converging to(Xω, pω, Gω) in the equivariant pointed Gromov–
Hausdorff topology. Assume thatGi andGω are compact Lie groups, with
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a uniform upper bound on the dimension of theGi. Then, for large enoughi,
the functionsGi → Gω which demonstrate the convergence may be chosen
to be homomorphisms of Lie groups.

The proof of this result relies on the center of mass construction from
Grove–Petersen [9], which allows for the construction of continuous maps
from discrete ones. Let us begin this section by reviewing that construction.
The Riemannian manifolds in question will be the compact LiegroupsGi

andGω with bi-invariant metrics.
Let (M, g) be a complete Riemannian manifold, withdimM = n, sec g ≥

k, vol(M, g) ≥ v anddiam(M, g) ≤ D.
A minimalµ–net forM is defined to be a set of points inM such that the

µ–balls cover all ofM but theµ

2
–balls are disjoint.

It is shown in [9] that certain constantsr, R > 0 andN ∈ N exist which
depend only onn, k, v andD, but not on the manifoldM itself, so that the
following hold:

(1) For any minimalµ–net, a ball of radiusµ will have non-empty in-
tersection with at mostN of theµ–balls centered on the members
of theµ–net.N depends only onn, k andD.

(2) Let p1, . . . pm ∈ M , and letλ1, . . . , λm > 0 be weights, so that
Σλi = 1. Letη < r(1+R+· · ·+Rm−1)−1. If dist(pi, pj) < η, i, j =
1, . . . , m, then a center of massC(p1, . . . pm, λ1, . . . , λm) is defined
which depends continuously on thepi and theλi, is unchanged on
dropping any point with weight 0, and satisfiesdist(C, pi) < η(1 +
R + · · ·+Rm) for eachi.

The bi-invariant metric on a Lie group, however, has no placein the defi-
nition of equivariant Gromov–Hausdorff convergence. The natural geome-
try on the group of isometries derives from how it acts on the metric space.

Definition 3.2. Let a compact Lie groupG act on a pointed metric space
(X, p) ∈ M. Then for eachR > 0 theaction pseudoseminormonG is the
continuous map‖·‖R : G(R) → [0,∞) given by

‖g‖R = sup {dist(x, gx) | x, gx ∈ B(p, R)} .
This is well defined, since for elements ofM the balls centered atp are

relatively compact.‖g‖R = 0 for any isometryg which fixes the ball of
radiusR. However, the compactness ofG implies that, onceR is large
enough, the pseudoseminorm vanishes only at the identity. It is also clear
that‖g‖R = ‖g−1‖R

The inequality‖gh‖R ≤ ‖g‖R ‖h‖R need not be satisfied, since this
supremum might be achieved for somex ∈ B(p, R) such thathx /∈ B(p, R).
However, ifX is compact, then onceX ⊂ B(p, R) this inequality is satis-
fied.
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The action pseudoseminorm can be used to define a right-invariantaction
pseudosemimetriconG by dR(g, h) = ‖gh−1‖R. (Of course, the construc-
tion could also be carried out left-invariantly.) The preceding comments on
the pseudoseminorm easily imply thatdR is non-negative and symmetric.
OnceR is sufficiently large,dR(g, h) = 0 =⇒ g = h anddR becomes a
semimetric. IfX is compact,dR will also satisfy the triangle inequality for
largeR, and become a true metric, as in the author’s earlier work [11].

Proof of Theorem 3.1.Assume, by passing to a subsequence if necessary,
thatdepH ((Xi, pi, Gi), (Xω, pω, Gω)) < 1/i. Note that for large enoughi,
Gi(i) = Gi.

Choose bi-invariant Riemannian metricsσi on eachGi, for i = 1, 2, . . . , ω
so that there is a uniform upper bound on the diameter of the groups. Let
dσi

be the induced distance functions.
Let di be the action pseudosemimetric onGi with respect toB(pi, i),

and letdωi be the action pseudosemimetric onGω with respect toB(pω, i).
Assume thati is so large thatdωi is a semimetric, but note that there can be
no similar guarantee fordi.

Consider a sequence of triplesfi : B(pω, i) → B(pi, i), φi : Gω → Gi,
ψi : Gi → Gω, equivariant pointed Gromov–Hausdorff1/i–approximations
demonstrating the convergence.

Lemma 3.3. The functionsψi may be chosen to be continuous.

Proof. For eachi ∈ N, let νi > 0 be such thatdσi
(g, h) < 2νi =⇒

di(g, h) < 1/i. LetAi be a minimalνi–net in(Gi, σi).
Let ηi > 0 converge to 0, but let eachηi be large enough thatdωi (g, h) <

4/i =⇒ dσ(g, h) < ηi. This is possible becausedωi is increasing with
respect toi. Choose a sequence of minimalηi–netsBi ⊂ (Gω, σω).

By the upper bound on the dimension ofGi, and sincek = 0 is a uniform
lower bound on the curvature, andD = 1 is an upper bound on the diameter,
there is someN such that for large enoughi, a ball of radiusνi in Gi non-
trivially intersects onlyN of theνi–balls centered at elements ofAi.

Let r, R be the constants from the center of mass construction [9] which
are appropriate for(Gω, σω). WriteK = 1 + R + · · ·+ RN . Note that for
large enoughi, 3ηi < r/K.

Define a mapα : Ai → Bi by mappingp ∈ Ai to an element ofBi

nearest (in theσω metric) toψi(p). If, for somep, q ∈ Ai, dσi
(p, q) <

2νi, thendσω
(α(p), α(q)) < 3ηi. There is an induced map between the

Euclidean spacesRAi → R
Bi , where the coordinate associated to anyq ∈

Bi is obtained by summing the co-ordinates for each element ofα−1(q).
Then a continuous map̃ψi : Gi → Gω may be defined by composing

mapsGi → R
Ai → R

Bi → Gω.
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Let Ai =
{

p1i , . . . , p
ℓ
i

}

and choose smooth functionsf j
i : Gi → [0,∞),

each having their support in the ball of radiusνi aroundpji which sum to 1.

The map(G, ρi) → R
Ai is given byg 7→

(

f j
i (g)

)l

j=1
. Note that points in

the image of this map have at mostN non-zero coordinates. It is possible
to assume thatf j

i (p
k
i ) = 0 wheneverj 6= k. Let us make this assumption,

so that elements ofAi are mapped to points with only one non-zero co-
ordinate.

The map fromR
Ai → R

Bi is that induced byα, and the map from
R

Bi → (Gω, ρω) is given by the center of mass construction. Note that
in the domain points have at mostN non-zero coordinates, and the corre-
sponding elements ofBi are at pairwise distance at most3ηi, so this map is
defined oncei is so large that3ηi < r/K. The setAi is mapped toBi by
ψ̃i.

To complete the proof, it is necessary to verify thatψ̃i will serve as part
of the equivariant pointed Gromov–Hausdorff approximation.

Let p1i , . . . , p
m
i be those elements ofAi within νi of g in theσi metric.

Their imagesψ̃i(p
1
i ), . . . , ψ̃i(p

m
i ) ∈ Bi are then at most4ηi from ψi(g) in

the σω metric. The pointψ̃i(g) is obtained from the elements ofBi via
the center of mass construction, and so is at most3ηiK from those points
with non-zero coordinates. This gives a global bound ofηi(3K + 4) for the
difference betweenψi andψ̃i in theσω metric.

Now for eachj ∈ N, considerdωj (ψi(g), ψ̃i(g)). By continuity of the
semimetricdωj , for large enoughi,

dσω
(ψi(g), ψ̃i(g)) < ηi(3K + 4) =⇒ dωj (ψi(g), ψ̃i(g)) < 1/j.

Then the triplefi : B(pω, j/2) → B(pi, j/2), φi : Gω → Gi, ψ̃i : Gi →
Gω is an equivariant pointed Gromov–Hausdorff(2/j)–approximation. �

Returning to the proof of the theorem, by the monotonicity ofthe ac-
tion semimetrics onGω, and their continuity with respect to the bi-invariant
metric, it is clear that for largei the (now assumed to be continuous) map
ψi will be an almost homomorphism in the sense of Grove–Karcher–Ruh
[8]. That is to say, for eachg, h ∈ Gi, dσω

(ψi(gh)ψi(h)
−1, ψi(g)) ≤ q for

a fixed smallq. By [8, Theorem 4.3], there is then a continuous group ho-
momorphism within1.36q of ψi, and again by continuity ofdωj , for large
enoughi this homomorphism may be used in place ofψi. �

4. IMMERSED SUBGROUPS

In this section, we address the question of when the homomorphismψi

can be chosen to be a monomorphism, so thatGi can be identified with a
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subgroup ofGω. In other words, we wish to understand for which conver-
gent sequences inMeq symmetries are preserved, and for which sequences
symmetries are lost.

As an application, Proposition 4.5 bounds the symmetries ofmanifolds
of almost maximal volume for their curvature and radius.

LetHi be the kernel ofψi. Then(Xi, Hi) → (Xω, 1) in Meq. It follows
thatXi/Hi → Xω in the Gromov–Hausdorff topology. Combining these
two convergences, it is clear that the projection mapXi → Xi/Hi is a
Gromov–Hausdorffǫi–approximation for someǫi → 0, so that the diameter
of the orbits of the kernel converges to0.

If Hi is non-trivial, then some symmetries are lost, and there aretwo
very natural ways for such actions to arise. The first is wherethe sequence
of spaces(Xi, pi, Hi) is obtained by shrinking the group orbits, such as in a
Cheeger deformation.

However, this can also occur where the space has an unusual topology.
Consider, for example, the infinite wedge of 2-spheres with aHawaiian
earring topology. LetXω be this space endowed with a metric which has no
non-trivial isometries. LetXi be isometric toXω, except that theith sphere
has a round metric. Then the isometry group ofXi isO(2), and the limit of
(Xi,O(2)) is (Xω, 1).

The following proposition shows that given a lower curvature bound, un-
less the sequence collapses symmetries are always preserved. A suitable
sense of lower curvature bound is that from Alexandrov geometry. An
Alexandrov space of curvature≥ k is a generalization of a Riemannian
manifold with sectional curvature≥ k. Very roughly, it is a metric space
in which triangles are “fatter” than triangles with the sameside-lengths in
constant curvaturek. The reader is referred to [2] for the definition and
basic ideas.

The subspace ofMeq under consideration is then

Ωn
k = {(X, p,G) ∈ Meq | X has curvature≥ k, dimX = n,G is compact} .

Proposition 4.1. Let (Xi, pi, Gi) be a sequence converging inΩn
k . Then the

limit group of isometries contains an isomorphic image ofGi, for largei.

Proof. LetHi E Gi be the kernel of the homomorphism given by Theorem
3.1, so that(Xi, pi, Hi) → (X, p, 1). ThenXi/Hi → X. However,Xi/Hi

is also a sequence of Alexandrov spaces with curvature bounded below by
k, and so by the continuity of Hausdorff measure onΩn

k [2], Hi is trivial for
largei. �

Let us restrict our attention further to those Alexandrov spaces with com-
pact isometry groups: the spaceAlexc(k, n) ⊂ M given by

{(X, p) ∈ M | X has curvature≥ k, dimX = n, IsomX is compact} .
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Recalling that the symmetry degree of a metric space is the dimension of its
full isometry group, Proposition 4.1 has the following corollary:

Corollary 4.2 (Semicontinuity of symmetries). The symmetry degree is up-
per semicontinuous onAlexc(k, n).

The following question is natural:

Question 4.3.To what extent can the lower curvature bounds in Proposition
4.1 and its Corollary 4.2 be relaxed?

For example, if theXi are manifolds with only a lower Ricci curva-
ture bound, that property is not necessarily inherited by the quotient spaces
Xi/Hi, and so the proof of the Proposition would fail.

4.1. Voluminous manifolds. According to Grove and Petersen [10], the
volume of a manifold can be controlled by a lower bound on the sectional
curvature and by the radius. The radius of a metric spaceX is the invariant
radX = minpmaxq dist(p, q).

Theorem 4.4(Grove–Petersen [10]). Fix a real numberk, a positiver (≤
π/

√
k if k > 0), and an integern ≥ 2. Then there is anw = w(k, r, n) > 0

such that ifM is a Riemanniann-manifold withsecM ≥ k andradM ≤ r,
then volM ≤ w(k, r, n). Furthermore, ifvolM is sufficiently close to
w(k, r, n) thenM is topologically eitherSn or RP n.

It is clear that an upper bound exists. A simple volume comparison gives
thatvolM ≤ vnk (r), the volume of the ball of radiusr in the simply con-
nectedn–dimensional space form of constant curvaturek.

In the case ofk > 0 and π

2
√

k
< radM ≤ π

√

k
, the bound is not sharp.

Here some volume must always be lost, and the manifolds with volume
close to the boundw are always homeomorphic to spheres. However, when
k ≤ π

2
√

k
, both topologies admit metrics with volume close tow.

Riemannian manifolds can only achieve this volume bound in the case
of round spheres and projective spaces. However, the key observation in
proving the theorem is that there is always an Alexandrov space of curvature
≥ k, radius≤ r and dimensionn which achieves the volumew(k, r, n).
Then any sequence of Riemannian manifolds with volume converging tow
must have one of these spaces as its limit, and so be homeomorphic to it by
Perelman’s Stability Theorem [14].

There are only three types of Alexandrov spaces of maximal volume.
More thorough descriptions of these types are given in [10].Two of these
types achieve the volumevnk (r). These are the “crosscap” (the disk of radius
r with antipodal points on the boundary identified), which is homeomorphic
to RP n, and isometric in caser = π

2
√

k
, and the “purse” (the disk of radius
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r, but with boundary points identified by a reflection through ahyperplane),
which is homeomorphic toSn.

In casek > 0 andr > π

2
√

k
, the maximal volumew(k, r, n) is attained

by the “lemon”. The lemon is obtained by removing a wedge (that is, a
connected component of the complement of two totally geodesic hypersur-
faces) from the round sphereSn of curvaturek, and then identifying points
on the boundary via a reflection. The lemon is homeomorphic tothe sphere,
and whenr = π

√

k
it is isometric to a round sphere.

The isometry groups of each of these spaces are easily calculated. Let
the dimension of the space ben. In case the space is smooth (k > 0 and
r = π

2
√

k
or π

√

k
), it is homogeneous with isometry groupO(n + 1) (with

ineffective kernel of order 2 in theRP n case).
Otherwise, the crosscap has isometry groupO(n). Galaz-Garcia and Gui-

jarro have shown that, just as with Riemannian manifolds, this is the largest
possible dimension for the isometry group of a non-homogeneous Alexan-
drov space [6]. The purse and the lemon, however, have as isometry group
the direct productZ2 ×O(n− 1).

Combining the information on the isometry groups of these spaces with
Proposition 4.1, one obtains the following result on the symmetries of Rie-
mannian manifolds with almost maximal volume.

Proposition 4.5. Fix a real numberk, a positiver (in casek > 0, requir-
ing r < π/

√
k and 6= π/2

√
k), and an integern ≥ 2. Any Riemann-

ian n-manifoldM with sec(M, g) ≥ k and radM ≤ r and volM suffi-
ciently close tow(k, r, n) is eitherRP n with IsomM ⊂ O(n) or Sn with
IsomM ⊂ Z2 ×O(n− 1).

The largest possible isometry group can always be achieved,simply by
carrying out the smoothing construction given in [10] in an equivariant way.

In theRP n case, the Proposition states merely thatM is not homoge-
neous, by [6].

It is the symmetry gap between the two topological types thatis of more
interest. A roundRP n has a larger volume than a roundSn of the same
radius. The gap might be read as an expression of this fact, quantitatively
expressing the idea that volume can be maximized inRP n more naturally,
whereas maximizing it inSn involves forcing volume into the space in a
way which destroys more symmetries.
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