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Summary

Transient magnetic fields are generated by the gradient coils in an magnetic res-
onance imaging (MRI) scanner and induce eddy currents in their conducting
components, which lead to vibrations, imaging artefacts, noise, and the dissi-
pation of heat. Heat dissipation can boil off the helium used to cool the super
conducting magnets and, if left unchecked, will lead to a magnet quench. Under-
standing the mechanisms involved in the generation of these vibrations, and the
heat being deposited in the cryostat, are key for a successful MRI scanner design.
This requires the solution of a coupled physics magneto-mechanical problem,

which will be addressed in this work. A novel computational methodology is
proposed for the accurate simulation of the magneto-mechanical problem using
a Lagrangian approach, which, with a particular choice of linearisation, leads to
a staggered scheme. This is discretised by high-order finite elements leading to
accurate solutions. We demonstrate the success of our scheme by applying it to
realistic MRI scanner configurations.

KEYWORDS

Lagrangian, linearisation, magneto-mechanical coupling, MRI scanner, multifield systems,
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1 | INTRODUCTION

Magnetic resonance imaging (MRI) scanners are an essential tool in the medical industry. The high-resolution images
that are obtained have led to great advances in the diagnosis of many diseases, such as heart and vascular problems,
tumours, internal bleeding, and many others. The most common type used for diagnostic imaging are superconducting
magnets, as they allow for high field strength, typically 1.5 — 3 T, leading to high resolution images. A superconducting
MRI scanner, see Figure 1, essentially consists of three main components, ie, the cryostat, main coils, and gradient coils.
The cryostat is formed by several radiation shields and keeps the liquid helium surrounding the superconducting main
coils at a temperature of around 4 K. These main coils generate a strong static magnetic field, which aligns the protons of
the hydrogen atoms in the patient's body. The (resistive) gradient coils generate time varying pulsed magnetic fields. Three
sets of gradient coils are used to generate gradients of the magnetic field in the x, y, and z directions, and, by activating
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FIGURE1 Magnetic resonance imaging scanner: model Magnetom Vida 3 T. Image courtesy of Siemens Healthineers [Colour figure can
be viewed at wileyonlinelibrary.com]

combinations of these, a gradient in any desired direction can be obtained. This is then used to construct an image of
the body.

The interaction between the resulting magnetic fields and the conducting radiation shields gives rise to an important
problem in MRI scanner design. The transient magnetic field generated by the gradient coils induces eddy currents in
conducting components. These eddy currents, in turn, produce electromagnetic stresses, causing the radiation shields to
deform and vibrate.! The vibrations are undesirable as they lead to a deterioration in image quality with image artefacts as
well as the associated noise, which can cause patient discomfort. The eddy currents, on the other hand, lead to heat being
dissipated and deposited in the cryostat, which can cause helium boil off and potentially resultin a costly magnet quench.”
Understanding the mechanisms involved in the generation of these vibrations and the heat being deposited in the cryostat
is key for a successful MRI scanner design. This requires the solution of a coupled physics magneto-mechanical problem,
which will be addressed in this work.

The latest developments in MRI design have resulted in this problem attracting even more interest. Recently, the
Magnetom Terra* manufactured by Siemens Healthineers, has become the first 7 T MRI cleared for clinical use.’ This
improvement in field strength leads to a higher image resolution making easier the diagnosis of subtle pathologies which
were until now difficult to identify, but it also brings the problem of larger eddy currents and stronger vibrations. Low
helium magnets have also come into production in the last years. Typical MRI scanners require thousands of litres of
helium to maintain the superconducting coils at a temperature of 4 K. The availability of helium is becoming challenging,
leading to rising prices and a big impact in the production cost of MRI scanners. On the other hand, magnets using low
helium technology use only around 1 — 20 litres to operate.*’ For such designs, the minimisation of the heat deposited
into the cryostat becomes even more important, as a small amount of helium boil-off could potentially result in a magnet
quench.

For these reasons, and considering the high cost of experiments, as well as the large number of iterations in the design
process required to develop a new MRI scanner, manufacturers are interested in the development of accurate numeri-
cal simulation tools that are able to predict the complex coupling between the electromagnetic and mechanical fields.
Attempts at modelling the magneto-mechanical effects with commercial software, focusing on the structural design of
superconducting coils for high field MRI scanners, have been made.®* However, the currently available commercial soft-
ware tools capable of solving the coupled physics problem of interest, such as ANSYS,® NACS," or Opera FEA,* are
not specifically designed for MRI scanners and do not offer tailored solution methodologies. In general, even with fine
discretisations, they are unable to correctly predict the coupled physics in an MRI scanner with sufficient accuracy and,
therefore, manufacturers are interested in specialist solutions.

The application of finite difference time domain methods for the prediction of induced eddy currents in MRI scan-
ners, but neglecting mechanical effects, was studied in other works.'*'* Methods for the rapid design of MRI coils based
on three-dimensional (3D) electromagnetic simulations have also been considered.’® In the work of Rausch et al,’” a
low-order temporal finite element scheme for the solution of 3D magneto-mechanical problems was presented. This

*A quench refers to the sudden loss of superconductivity when its temperature is raised.
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was extended in the work of Rausch et al'® to consider acoustic effects. In the previous work by our group, we considered
solutions in an axisymmetric configuration, using a hp-finite element software, a stress tensor formulation and a novel
linearised approach using an alternating current-direct current (AC-DC) splitting, which allows for its time harmonic
solution in the frequency domain.* an Eulerian setting, where the assumption of small displacements and velocities
was made. This work was then extended to consider the fully nonlinear problem in the time domain in the works of
Bagwell et al.*!* The use of hp finite elements,*>* as opposed to low-order finite element discretisations, was employed
as it is known to enhance the resolution of fine scale features such as small skin depths at high frequencies,** allow volu-
metric locking phenomena in nearly incompressible materials to be overcome,*** and improve the resolution of acoustic
wave propagation.”’” The drawbacks of our earlier axisymmetric approach include that it only allows the rotationally sym-
metric z gradient coil to be considered and that it assumes small velocities and accelerations. These drawbacks will be
addressed in this work.

The main novelty of the work is the development of a new computational framework for the simulation of 3D coupled
magneto-mechanical problems arising in MRI scanners. Our work draws on a new theoretical Lagrangian formulation
for the treatment of coupled magneto-mechanical problems, which no longer requires the assumption of small velocities
and accelerations. This article complements a forthcoming work, which will derive this approach, by providing a full com-
putational treatment of the resulting transmission problem that is necessary to obtain numerical solutions. This includes
the approximation of the discrete fields using high-order H* and H(curl) conforming finite elements® and the use of a
regularised approach to the eddy current problem,*? avoiding the need to solve a saddle point problem to ensure that
the Coulomb gauge is satisfied. As first presented in the work of Bagwell et al,* the authors employed an AC-DC split-
ting of the fields, but, importantly, when this linearisation is applied to the aforementioned Lagrangian formulation, it
results in a novel staggered computational scheme, which lends itself to a computationally efficient and accurate solution
methodology to the magneto-mechanical problem.** We are then able to utilise efficient Jacobi preconditioners previ-
ously developed for the solution of single physics problems** for the rapid solution of large systems arising from the
discretisation of the problem. The approach is applied to the solution of challenging academic and industrially relevant
problems. In particular, the simulation of MRI configurations including longitudinal as well as transversal gradient coils
is considered.

This paper is organised as follows. In Section 2, we provide a brief discussion of the Lagrangian and Eulerian descrip-
tions of the fields and describe the key assumptions and steps made in deriving the coupled transmission problem for
the Lagrangian treatment of magneto-mechanical problems. In Section 3, the AC-DC splitting and linearisation of the
problem is applied to the new Lagrangian formulation of the problem. This section also presents the weak form of the
problem and the treatment of surface integrals. The discretisation of the system for both the DC and AC stages and the
staggered solution strategy is discussed in Section 4. Finally, a series of numerical results for the solution of challenging
decoupled and coupled problems is included in Section 5. The document finishes with concluding remarks in Section 6.

2 | EULERIAN AND LAGRANGIAN APPROACHES

In this section, we briefly describe the general features of Eulerian and Lagrangian approaches and present the assump-
tions made in our new approach. A transmission problem, which is the starting point for our computation procedure, is
also included.

2.1 | Eulerian formulation

In the Eulerian formulation, we express quantities in terms of the spatial coordinates x for a fixed frame of reference that
is not a function of t. See Figure 2. This frame is, of course, the usual one used for Maxwell's equations. We write E, H,
D, and B for the electric field intensity, magnetic field intensity, electric flux density and magnetic flux density, respec-
tively, and ¢° for the volume charge density in this configuration. It is also generally accepted that for linear materials the
electromagnetic constitutive laws

D = ¢E + P = ¢E = ¢p¢,E, B=uoH+ M = pupu-H, (D)

hold in an Eulerian setting where e is the permittivity, P is the polarisation, u is the permeability, M is the magnetisation,
and the subscripts 0 and r denote the free space and relative values, respectively.
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Reference configuration Deformed configuration

FIGURE 2 General motion of a deformable body

The momentum balance equation, describing the mechanical deformations, can also be written in an Eulerian form,
but it is more complicated than the simpler form usually employed in the Lagrangian frame. Even if the displacements u
are small, the Lagrangian and Eulerian forms do not necessarily coincide unless the velocities are also small. Assuming
they do coincide, then a linear elastic body with small deformations is described by the constitutive relationship

c™u) :=C : e(u), 2

where 6™ (u) is the Cauchy stress tensor, e(u) := ((Vu + (Vu)T)/2 the small strain tensor, and C = Ciivei@e Qe Qe
is a rank 4 constitutive tensor with entries

Cijii = 466k + 2Goydj1, 3)

with 6;; the Kronecker delta, e; the ith unit basis vector, and 4 and G the Lamé parameters. In magneto-mechanics with
simple materials, the body force can be written as the divergence of a Maxwell stress tensor and the description of this,
in the Eulerian frame, coincides with its description in the Lagrangian frame for small displacements and velocities. This
was the approach described in other works!*'° for magneto-mechanical coupling, which we henceforth call our Eulerian
approach.

2.2 | Lagrangian formulation

In a total Lagrangian form, the governing equations are expressed in terms of the reference configuration X. In the current
or deformed configuration, after a given time ¢, the particles will in general have different coordinates x. The motion can
be therefore expressed by means of a mapping ¢ as x = ¢(X, 1); see Figure 2. The Lagrangian form of Maxwell system is
similar to that of the Eulerian form, except that the differential operators act with respect to X. In this configuration, the
physical variables are given a subscript 0 and, hence, we write Ey, Hy, Dy, and By, for the electric field intensity, magnetic
field intensity, electric flux density, and magnetic flux density, respectively. In addition, we set ¢f as the volume charge
density and Jj to be the solenoidal current source. Importantly, Jy has to be defined in the reference configuration as
does the ohmic current yE,, where y is the electrical conductivity. When Maxwell's equations are transformed from the
Lagrangian frame to the Eulerian frame, yE, transforms to become the sum of an ohmic-type current J° = yE and a
Lorentz current yB X v in the Eulerian form of Maxwell's equations. On the other hand, the constitutive laws (1) must be
transformed from the Eulerian form to the reference frame for the total Lagrangian form.

The momentum balance equation in a total Lagrangian frame is expressed in terms of the displacements u, the first
Piola-Kirchhoff tensor P, the body force f,, and the accelerations a = % = '32—:2‘. It takes a simple form with differential
operators acting with respect to X. Note that the form of 7 depends on the constitutive model, it is certainly a function of
the deformation, and it can be a function of Dy and B, as well as other fields in general.*?

In the updated Lagrangian form, the Maxwell and linear momentum equations are expressed in terms of the current
coordinates x = ¢(X, t). In this configuration, the particles X acquire the temporary coordinate labels x = ¢(X, t) at time
t. The form of both the Maxwell system and the linear momentum equations in terms of these transformed variables is
simple.

Although displacements are generally small in MRI scanners, the same is not necessarily true of velocities (especially
in the case of stronger coupling). For small deformations, but not necessarily small velocities and accelerations, the total



SEOANE ET AL. WI L EY_I_S

FIGURE 3 Magneto-mechanical coupled problem. General representation of the problem illustrating the different components involved
[Colour figure can be viewed at wileyonlinelibrary.com]

Lagrangian and updated Lagrangian descriptions coincide and, henceforth, we simply call this our Lagrangian approach.
This approach will be pursed in this paper and is based on the following key assumptions and steps.

1.

The eddy current approximation cannot be applied in the Lagrangian frame and instead must be applied in the Eule-
rian frame. After applying the eddy current approximation, the simplified Maxwell equations are then transformed
to the Lagrangian frame, but without assuming small displacements.

The electromagnetic constitutive laws (1) hold in an Eulerian frame and are transformed to the Lagrangian frame.
In the Lagrangian frame, the displacements are assumed to be small so that total and updated Lagrangian descrip-
tions coincide. This also means that elastic bodies have the constitutive behaviour 6™(u) := C : e(u) and the body
force can be rigorously described in terms of the divergence of a Maxwell stress tensor in terms of By and H,.
Gauging is applied to the Lagrangian eddy current equations obtained from the transformation in 1 and employing
the constitute behaviour in 2 assuming the displacements (but not the velocities) are small in 3.

For simplicity, we assume Biot-Savart coils so that the support of the current sources are not treated as conductors.
However, in general, this choice is not a limitation of our approach.

Applying this approach to a magneto-mechanical problem set on an unbounded domain R? = Q¢ U Q¢,, where Q¢ =
UI:=1 Qc.n, denotes the union of N disjoint elastic conducting bodies each with y # 0 and u possibly different from u, and

Q=R \ Qc denotes the nonconducting region (Figure 3), and then we show in a forthcoming work that this problem
can be described by the transmission problem. Find (4, u)(t) € (R3 x R3)(0, T] such that

0A

curl(utcurl A) + o 0 in Qc, (4a)
curl (uy'curl A) =J, in Q. (4b)
divA=0 in Q‘é (4c)

div(e™(w) + 64(A)) = p%z—;; in Qc, (4d)
c%A) = pu! (curl AQcurl A- %|curl A|21> in Qc, (4e)

o) :=C : e(u) in Qc, (4f)
A=0(x|™" as |x| - oo, (4g)

u=up on 0Q2, (4h)

[(nx Al =0 on 0Qc, (41)

[nx p'curl Alyg. =0 on 9Qc, (4j)
(6°(A) + o™ (W))|3q n = (GE(A))|;QCn on 0Qy, (4k)
At=0)=0 in R3, (4D

u(t=0)= ‘j)—‘t‘(t =0)=0 in Qc, (4m)
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A(t)|=|AP 1A 1) Ly, —

u(t) [=|uC | +HuC ) 2w

Gradient Coils

Main Coils

JPC 4 J4(¢) [Colour figure can be viewed at wileyonlinelibrary.com|

FIGURE 4 Current source decomposition, where Jy(t) =
where I is the rank 2 identity tensor, [-]ao. denotes the jump over dQ¢, and we have chosen to set the initial conditions
for the fields to be zero, corresponding to a system at rest at t = 0. The physical electric and magnetic fields are coupled

to A and v through

E=_ad_/tl + By XV in Qc, (5a)
H=y"'By=pu'curlA in R3, (5b)

which can be applied once (4) is solved.

3 | AC-DCSPLITTING AND PROBLEM LINEARISATION

For our desired application, we can decompose the current source as Jo(t) = JPC+J4€(t) (Figure 4), where J°C corresponds
to the static current source of the main magnetic coils and J*(¢) to the transient current source of the gradient coils.>?
Limiting ourselves to linear materials, such that y # u(A), this decomposition allows us to introduce the following static
problem. Find (AP€, uP€) € R? x R3 such that

curl(u~tcurl AP¢)=0 in Qc, (6a)

curl (py'curl APC) = JP¢ in &, (6b)

div AP =0 in R3, (6¢)

div (6™(u"") + 6°(A"%)) =0 in Qc, (6d)
APC = 0o(]x|™) as |x| — oo, (6€)

uP¢ = ubc on 9Q2, (6f)

[nx A" yo. =0 on 0Qc, (6g)

[nx u ' curl APy, =0 on 9Qc, (6h)
(6°(APC) + a'"(uDC))chn = (ae(ADC))gQCn on 0Q¢. (61)

3.1 | Variational formulation
3.1.1 | DC stage

To present the variational formulation of the transmission problem, we define
Xps :={A€H(urLR’) : div A=0 in R’, A=0(|x|"")as |x| > o},
Y(g) :={ueH(Qc)’ : u=g on 0Q2}.

The variational formulation of the DC stage then reads as follows: Find (APC, uP%) e Xps X Y(ugc) such that?

Rz(,rl(cum AP . (curl 6AP%))dQ = /R zJDC-(sADCdQ, (7a)

Note that, in a departure from the notation in the works of Bagwell et al,>3 we instead follow the notation of Gil and Bonet,3* where, for a trial field u,
Su denotes the corresponding test or weighting function and Au the corresponding update.
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+

/o-m(uDC) : grad 6uPCdQ =/ c° n~5uDCds—/ c°(APC) : grad suPcdQ, (7b)
Q Qc

.
QN

4

for all real valued (6APC, suP€) € Xp: x Y(0). To overcome the requirement for weak solutions to satisfy V - A’¢ = 0 in
R3, we define

Xps :={A € H(cur,LR?) : A=0(|x|™")as |x| > oo},

and look for solutions. Find (A2, uP°) € Xg: X Y(u5°) such that

/ (" (curl AP€) - (curl 6APC) +£A2C - 6APC) dQ = / JPC . 5APCdQ, (8a)
R3

R3
/(o-m(uDC)) . grad 5uDCdQ=/ c*
Q, o

for all real valued (6A°C, su”°) € Xy x Y(0). In the aforementioned statement, ¢ is a small regularisation parameter
that has been introduced to avoid imposing the Coulomb gauge and offers considerable computational advantages. This
approach is discussed in detail in the works of Ledger and Zaglmayr?? and Zaglmayr?; it is shown that [|A?° — A"||x, <
elJPC| X0 where * denotes the dual space.

+
n.5chds—/ o° (AP€) : grad suPdQ, (8b)
Q

C

Note that, in the DC stage, we have a one way coupling, as APC is independent of u”, but u”¢ depends on APC. This
allows us to solve the system in a staggered manner, as opposed to the approach presented in the work of Bagwell et al,?
which involved linearisation and then application of a monolithic Newton-Raphson solver. In this new approach, once
discretised, we first solve (8a) followed by (8b). The discretisation process will be described in Section 4.

3.1.2 | AC stage
Consider possible weak solutions (A, u)(t) € Xps X Y(up)(0, T] of (4), which satisfy the residuals

RAGA:A) 1= / (u\(curl A)-(curl 5A4))dQ + / (y%-éA) do - / Jo-5A dQ, (92)
R3 QC at R3
+
2
R,(bu;A,u) := (6™(u) + 6°(A)) : grad Su dQ+/ p?)_tlzl -éu dQ—/ c‘(A)| n™-du ds, (9b)
Qc Qc ooy

for all real valued (64, 6u) € (Xgs X Y(0)). The residuals vanish when (A, u)(¢) are the true solutions.
Following the same procedure as in the Eulerian approach (see the works of Bagwell et al*?), the problem can be
linearised about the static solutions leading to the system

DR,4(8A; APC)[AA] = —R4(8A; APC), (10a)

DR, (6u; APC, uPC)[AA] + DR, (5u; AP, uP“)[Au] = —R,(5u; APC, uP°), (10b)

that is linear in the time dependent updates AA and Au. The definitions of the directional derivatives are as stated in the
work of Bagwell et al.? This motivates the time harmonic representation of the fields, ie,

AA = AZe™, (11a)
Au - AU, (11b)
JAC N jACeiwt, (110)

wherei := 4/—1and w = 2zfrepresents the angular frequency of the driving current in the gradient coils in the case of a
harmonic excitation. In addition, 24€ := A4, UA° := AUand #4° represent the complex amplitudes of the corresponding
time-varying (update) fields AA, Au, and J*C, respectively. The total time dependent fields can be recovered as

A(t) = APC + Re(A%Cel®), (12a)
u(t) = uPC + Re(U*Cel®), (12b)

Jo(t) = JPC 4+ Re(g4Cel™). (12¢)
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Then, the problem can be formulated in the time harmonic domain using the regularised approach as follows: Find
(APC, UPC) € Xps x Y(TC) such that

DRy (6A) [A/€] = —R4(5A) = / 7€ 5A dQ, (13a)
supp(g“)
DRy (6u; APC) [42€] + DRy (5w)[ 2“1 = —Ry(6u) = 0, (13b)

for all real valued (5A, 5u) € Xp: x Y(0). In the aforementioned statement, the directional derivatives are defined as

DR (8A) [42€] := /]R 3 ((u~curla2€) - (curlsA) + A2€ - 5A) dQ, (14a)

DRy(6u; APS)[a4¢] .= / u'S (AP€,44€) : grad sudQ

Qc

_/ M—ls(AEDC’ﬂ;\C)
20

+

n~-éu ds, (14b)

DRy(bw)[U*] := [ (6™(U”C) : grad 6u — p*U € - 6u) dQ, (14c)
Qc

iwy inQ¢
where k = ) and
we  in€

HSAPC, 24 1=yt (curl APC @ curl A€ + curl 2%€ ® curl AP — (curl A€ - curl #4)I),

is the linearised Maxwell stress tensor. Note that, as opposed to our previous Eulerian approach,>*° the directional deriva-
tive DR4(6A; APC)[14€] vanishes in the Lagrangian approach. Thus, once discretised, the problem can be solved in a
staggered manner by solving (13a) followed by (13b). Furthermore, the time harmonic physical electric and magnetic
fields for the AC stage are defined by the linearised and regularised version of (5)

€ = —iwa/° + iwB)* x U°  in Qc, (15a)
HAC = 1 BAC in R, (15b)
where B4 = curl #€ and B)° = curl AP and the complete physical fields for both stages are
E = Re(E*“e") = Re ((-i0A2C +iwB)° x U*C) &) in Qc, (16a)
H=y"'By =" (B) +Re (e"'8/°))

= " (curl APC + Re (e“'curl A2€)) in R (16b)

3.2 | Surface integral treatment

In both the DC and AC stages, surface integrals are present, which involve o¢ and u~18S, respectively. In the case of the
former, integration by parts yields
fu
ooy

for all real valued Su € Z since div 6¢(A”¢) = 0 in Q¢,, where

N
n”-éuds= —/ 6%(APC) : grad éu dQ, 17)
QC

C

z={ue®) :u=0e®\20uoQl}. (1s)

In the case of the AC stage, it can be shown that div(u~'S(A"¢, 24)) = 0in Q, \ (supp(J*“) U supp(J°)) (Appendix)
and, thus, we also have
+
n -éuds=-— / u~1S(APC, 44C) : grad su dQ, (19)
Q

C
C

—IS ADC’ﬂAC
/mgu ( )
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for all real valued su € Z since the current sources are away from the interface. When we replace AP by AP¢ and 24¢
by A4, a small approximation error is introduced and we assume the effect on the aforementioned results is negligible.
These results will be of practical value for our discrete implementation presented in the next section.

4 | DISCRETE SYSTEM

In this section, we briefly describe the discretisation of the weak forms for the DC and AC stages of the Lagrangian
approach. To do this, we replace the bounded domain with a finite computational domain Q = Q¢ U Qy¢, which is
truncated sufficiently far from the object. As an approximation to the static decay of A and 4/€ in Q, we set nxAP =0
and n x 22¢ = 0 on 0Q and ensure that dQ is sufficiently far from the object. Throughout, we focus on the partition
of Q by unstructured tetrahedral elements, due to the availability of automatic unstructured meshing algorithms for
generating meshes around complex configurations, and, here, we employ the NETGEN mesh generator> for this purpose.
To illustrate the discretisation process, we begin with the DC stage and then also summarise the results for the AC stage.

4.1 | DC stage

4.1.1 | Electromagnetics

We introduce a nonoverlapping unstructured tetrahedral partition of the domain Q = Ule Q© where Q© is the region
corresponding to tetrahedral element (e). Then, we introduce a discrete Galerkin approximation and look for solutions
A?ﬁq € Xyeg N X(0), where X, C Xy involves skipping those functions in Xu; = span{N',N?, ... ,Nsa} that are
gradients in Qnc. This approach greatly reduces the dimension of the resulting system.”” Here, Pgopa is the number
of electromagnetic degrees of freedom in the problem and N L N2, ..., NP gre H{(curl)-conforming (see the work of
Nédélec*)-type basis functions, for which we choose the particular set introduced by Schéberl and Zaglmayr® and
Zaglmayr.?® Their construction is hierarchic and the lowest order g = 0 elements are often called edge elements, since,
for g = 0, there is one degree of freedom (DOF) per edge (six DOF per tetrahedron) and, for higher order discretisations
(q = 1), there are additional degrees of freedom associated with edges, faces, and element's interiors. For further details
of the implementation, see other works.?%2%-37

4.1.2 | Mechanics

In a similar manner to Section 4.1.1, a nonoverlapping unstructured tetrahedral partition of the domain Q¢ = Uf;"l QO c
Q is introduced. A discrete Galerkin approximation is employed and we look for solutions ufpc € Yy N Y(0), where

L 0 0 Lleobal 0 0
th = Span 0 5 Ll ) 0 5 cres 0 s Lleobul ’ 0 ’
0 0 Ly 0 0 Lleobal

and L; € H'(Qc) are the hierarchic H'-conforming basis functions proposed by Schéberl and Zaglmayr.?® The basis func-
tions are scalars, as opposed to the vectorial H(curl)-conforming basis functions, and Qgep,; is the number of mechanical
degrees of freedom in our problem. The order of the mechanical approximation is denoted by p > 1 and the mechanical
degrees of freedom comprise of low-order vertex and high-order edge, face, and interior DOFs. The p = 1 basis func-
tions correspond to the standard linear finite element hat functions. For further details of the implementation, see other
WOrkS.28’29’37

4.1.3 | System
By assembling blocks, the discrete systems are as follows: Find AP€ such that

(K2 + CRa] (A2€) = (FX°). (20)
and then uP€ such that
[KEC] @) = (FY°). 1)
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Note that, here, and in the following, we use Roman fonts for matrices. The different blocks of the system are

[Kgfi]ab = / (7' (curl N%);(curl N®Y;) dQ, (22a)
Q
[CREI = emo /Q N{N7dQ (22b)
DC]’S _ OL" _symOL®
[Kuu = ,Ll()'/gca—xkcikﬂ a—xldg (220)
[F)" = o | 7P°N7d0 C20)
Q
a
[FEC] = - / Hoo® (A?C)lniﬂ, (22¢)
QeuQl,. 7 0x;

where u, = u/pg, uy = 4z x 107 H/m, 6™WPC) = C : ePc) and the symmetry of ¢ (uP‘) has been used. The
multiplication by y, is used to improve the scaling of the equations.

The matrix Kgfi + Cig is real and positive semidefinite and it is of the form obtained in magnetostatic prob-
lems discretised by the hp-finite element basis of Schioberl and Zaglmayr.?® By exploiting the low-order-edge
high-order-edge-face-interior splitting simple block Jacobi preconditioning with conjugate gradients becomes effective?>?
for the solution of (20). In the case of (21), the matrix KD is real positive definite and is of the form obtained in elasticity
problems discretised by the hp- finite element basis of Schberl and Zaglmayr.?® The block Jacobi preconditioner

KW 0 0 0
0 KEE o0 o
0 0 K o [
0 0 0 K

Py = (23)

which exploits the low-order-vertex high-order-edge-face-interior splitting of the basis functions is used in combination
with conjugate gradients for its solution. In the aforementioned statement, the superindices V, E, F, and I denote the
vertex, edge, face, and interior degrees of freedom, respectively, and the tilde is used to indicate that the block is block
diagonal, ie, only the degrees of freedom associated to a single entity (edge, face, or cell), are used.

4.2 | AC stage

The details of the discretisation process for the AC stage is similar to that described in Section 4.1; for further details, we
refer to the work of Seoane.*’

4.2.1 | System

Mixed approaches arise in the discretisations of linear elasticity problems to avoid mechanical locking,**** Navier-Stokes
equations for describing the pressure and velocity fields,*® and in the discretisation of the Maxwell system if a Lagrange
multiplier is used to enforce the divergence constraint.* In each case, they lead to systems that combine elements of
different types and different orders. In the latter two cases, a saddle point problem results and, in such cases, it is not only
important that the correct discrete spaces are chosen, but also that the order of the elements be chosen with care so as to
ensure that the (discrete) LBB condition is satisfied.

Following similar steps to those described in Section 4.1, we approximate UA€ by u}fpc and 44¢ by ﬂ:fq using H'
and H(curl) conforming elements, respectively, and obtain the discrete dynamic system in the Lagrangian approach in

the form AC AC AC AC
K2~ +C 0 A R
Adac M ac o angAC AC | = A (24)
Ko Ko —o™Myy, (% 0

where different blocks of the system can be shown to be*’

[Kﬁ&]“" = /Q (u7 (curl N%)(curl N?);)dQ, (252)

€] = iaopo /Q INENPAQ +wepy | NENPAQ (25b)

C QNC
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[K3517 = o ch—)’;;c;ﬁ;yg—’; (250)
[Mffv]i’j, = uo /Q pL'L*6;;dQ, (25d)
C
LEARE /Q Cy;lsfj‘;—gdg + /0 . Sfj|+(n‘)jL’ds, (25¢)
[RAC]" = wo / JAONQ. (25f)
Q

These can be expressed in terms of elemental contributions and assembled to form the global matrices. The system (24)
combines two element types, but in common with mixed approaches to elasticity with v # 1/2, it does not represent a
saddle point problem and, therefore, we can be flexible with the degree approximation p for ‘ZIZ;C and q for ﬂ:‘fq.

4.3 | Staggered algorithm combining AC and DC stages

Unlike the Eulerian approach,>* the solution vector .A2" can be computed independently of /A in the AC stage and we
propose the simple staggered solver Algorithm 1, which combines the DC stage (20) and (21) and the AC stage (24) as
well as the physical field representations (16). Notice that steps 1, 2, 4, and 5 are simple linear algebra steps and steps 3
and 6 follow from using the discrete representation of the fields using the coefficients computed from the solution of the
linear systems. This is further emphasised by the different choice of fonts in steps 3 and 6 compared to the others.

Algorithm 1 Staggered solver for the Lagrangian approach
Ensure: DC Stage

1: Solve [KRS + CRS] (APC) = — (F2C) for APC with a preconditioned CG iterative solver.
2: Solve [KDS| (uP€) = —(FDC) for uPC with a preconditioned CG iterative solver.

3: Compute Bgﬁq = curl A?ﬁq and ui’pc at all points in Q.

Ensure: AC Stage
4: Solve [KAE, + CA€| (ALC) = — (RAC) for A2 with a preconditioned GMRES iterative solver.

5: Solve [(KAC  — 0®MAS | (UA) = - LSA (AZ°) for UAC with a direct solver.
6: Compute ‘Zl;l“pc, EZ‘;I = —ia)ﬂl:fq + iné’ﬁq x UAC at all points in Qc.

Compared to the Eulerian approach, Algorithm 1 offers considerable advantages when applied to large 3D problems
since, in the AC stage, rather than the solution of a single complex indefinite system, the problem has been reduced to
the solution of two smaller systems, the larger of which can be solved by preconditioned iterative approach. Specifically,
the matrix K¢, + C%, is complex symmetric and is positive semidefinite. It is of the same form as obtained in the
discretisation of eddy current problems by hp-finite elements.?* Therefore, we apply the same preconditioned GMRES
technique as described in this work for computing A2€. The matrix K¢ . — »®M2C . is real and indefinite and it is of
the form obtained in the discretisation of elastic wave propagation by hp-finite elements. For a sufficiently fine grid, an
iterative approach to its solution could be applied, but, given its relatively small dimension compared to K, + C5¢; we
instead employ a direct solver for the computation of U<, which is less restrictive.

The AC stage of the Eulerian approach, which was solved monolithically in the works of Bagwell et al,>* can be
solved instead using a fixed point strategy.’” A flow chart comparing the solver structure for the Lagrangian and Eulerian
formulations is provided in Figure 5, where the advantages of the Lagrangian formulation can be clearly identified.

4.4 | Mechanical damping

In practical MRI scanners, the conducting components are connected together by materials that absorb and dampen the
vibrations. These effects are not taken in to account in the mathematical model described previously and, in general,
the amount of damping is difficult to quantify precisely. As a first approximation to damping effects, the simple case of
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FIGURE 5 Flow chart illustrating the different steps involved in the solver stage for the Lagrangian and Eulerian formulations.
A, Lagrangian. Staggered algorithm; B, Eulerian. Fixed Point algorithm [Colour figure can be viewed at wileyonlinelibrary.com]

proportional damping is considered. In this model, a damping block C7 . = ayM2,, is added to K. — ©*M;5 . in the

system (24), where a), is the mass proportional damping coefficient, which can be determined from*°
ay = 2wéE, (26)

where ¢ is a dimensionless factor, called the damping ratio, which is used to attenuate the frequency w. The damping
ratio describes how the amplitude of the oscillations in a system decay to an equilibrium position after a perturbation.
According to the damping ratio, a system can be undamped (¢ = 0), underdamped (¢ < 1), critically damped (¢ = 1),
and overdamped (¢ > 1). If the system is critically damped, it will decay to equilibrium without oscillation in the fastest
admissible way. In an overdamped system, an equilibrium position will be reached without oscillation, but in a longer
time than in the case of critical damping. If the system is underdamped, it will oscillate to reach equilibrium. The cases
of an undamped and underdamped system will be considered in the next sections.

5 | NUMERICAL EXAMPLES

5.1 | Decoupled physics

A series of examples are presented to illustrate the performance of the DC and AC stages of our scheme for decoupled
physics problems. For further examples, see the work of Seoane.”” We will measure the accuracy of the approaches using
the error measures

1/2

1/2
llelm@) = </|e|2 + |grad e|2d9> , llell zecur@) = </|e|2 + |curl e|2dQ> . (27)
Q Q

5.1.1 | DC stage, elasticity: hollow cylinder subject to pressure field

In order to benchmark the DC (elasticity) stage, we consider the hollow cylinder Q¢ := {(r,¢,2) :a < ¥ < b,0 < ¢p <
2z,—L/2 < z < L/2}subject to internal and external pressure. A cross-section of the scheme of the problem is presented
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FIGURE 6 Hollow cylinder subject to pressure field: illustration of a cross section of the cylinder and the applied pressure field [Colour
figure can be viewed at wileyonlinelibrary.com]

90D

FIGURE 7 Hollow cylinder subject to pressure field: illustration of the chosen boundary conditions and one of the meshes (7953
elements) used in the computations. 692’ in green and an in red [Colour figure can be viewed at wileyonlinelibrary.com|

in Figure 6. This problem has an analytical solution in terms of u,y,.s, which can be found in the work of Bower.* The
particular case with internal radius a = 1m, external radius b = 2m, length L = 5m, Young modulus E = 1 x 10° Pa,
and Poisson's ratio v = 0.33 is considered here. The internal and external pressure are set to p, = 10* Pa and p, = 10”Pa,
respectively.

This problem is simulated by solving a simplified version of (21) using appropriate boundary conditions

o™ (ufpc) n = 6" (Upge)n 0N OQY, (28a)
ufpc = Uprger on 0Qp. (28b)

Figure 7 shows where the boundary conditions are applied and one of the meshes used for the computations. We consider
a sequence of unstructured tetrahedral meshes with 1366, 3144, 7953, 29 637, and 53 230 elements and discretisations with
uniform element orders p = 1,2,3,4,5 applied, in turn. Quadratic representation of the geometry is used throughout.
In each case, the relative error ||u}€’pc — Uexaerll 1 @p) / 1 Mexact |11 @) 1 measured. Figure 8 shows this relative error against
the number of degrees of freedom for p-refinement, where each line represents a single mesh and the points increasing
polynomial degree, and Figure 9 those for h-refinement, where each curve is for a fixed order and the points represent
mesh refinement.

In Figure 8, we can observe the exponential rate of convergence of the relative error with the number of degrees of
freedom under a p-refinement analysis. This trend is confirmed by the algebraic rate of convergence of the error, which
is obtained when the error is plotted against the number of degrees of freedom to the power of 1/3, and agrees with
the predicted asymptotic rate.*> After an initial preasymptotic region, Figure 9 shows the algebraic rate of convergence
expected for the h-refinement.

Despite the coarse nature of some of the grids employed, accurate representation of the solutions can still be achieved
with high-order elements. For the purpose of plotting, coarse meshes are subdivided and solutions evaluated on the split
mesh and then passed to ParaView* for plotting. Figure 10 shows contour plots of the displacements in the cylinder
obtained by a mesh of 7953 tetrahedra of order p = 4.
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FIGURE 8 Hollow cylinder subject to pressure field: convergence of ||ufpc = Ueraer|l i @)/ || Mexaet | 1 @) under p-refinement.
A, log(NDOF); B, NDOF!3 [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 9 Hollow cylinder subject to pressure field: convergence of ||qu§j = Uexaer |l @) / 1 Wexaer |1 @) under h-refinement [Colour figure
can be viewed at wileyonlinelibrary.com]
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FIGURE 10 Hollow cylinder subject to pressure field: (A) Magnitude of total displacement in the cylinder, (B) z-component of the
displacement in the cylinder, and (C) x-component of the displacement in the plane z = 0. A, |u’thC|; B, ugfp; C, “f,/fp [Colour figure can be
viewed at wileyonlinelibrary.com|
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FIGURE 11 Conducting sphere in a uniform magnetic field: problem setup [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 12 Conducting sphere in a background magnetic field: convergence of the preconditioned GMRES solver for different g.
A, f = 50Hz; B, f = 1000Hz [Colour figure can be viewed at wileyonlinelibrary.com]

5.1.2 | AC stage, eddy current: conducting sphere in a uniform magnetic field

In order to benchmark the AC (eddy current) stage, we consider the conducting sphere Q¢ := {x : |x| < R} placed
in an unbounded region of free space Q¢, where ' tends to a time harmonic uniform field far from the object. An
illustration of the problem is presented in Figure 11. This problem has an analytical solution* in terms of Aeyxqe;. The
case of the sphere with R = 1cm, u = 1.5, g = 47 X 1077 H/m, and ¢ = 6 x 10°S/m set in a background field with
lim|x|_,°°.‘1{g‘c = upe; A/m and a frequency f = 50 Hz is considered, unless otherwise stated.

This problem is simulated by solving a simplified version of (24) with #4¢ = 0 on a truncated domain where 9Q is
the surface of the sphere of radius 2 cm. On the boundary 0Q, the condition n x A:fq = N X Aoxact, Where Aoyaer is the
analytical solution for this problem proposed by Smythe,* is imposed. The regularisation parameter e = 107> is applied
in all cases. In Figure 12, we show the convergence of the preconditioned GMRES solver for two different frequencies,
ie, f = 50Hz and f = 1000 Hz, when a p-refinement analysis is performed using a mesh of 2319 tetrahedral elements.
The chosen tolerance for the iterative solver is set as 107>. It can be observed that, for the worst case, corresponding to
f=1000Hz and q = 4, only 120 iterations are required, which shows the efficiency of the preconditioning technique for
the computation of the solution vector 44,

To investigate the accuracy of the approximation, we consider a sequence of unstructured tetrahedral meshes with
195, 313, 509, 1083, 6654, 9957, and 19 791 elements and use discretisations with uniform element orders ¢ = 0,1, 2, 3,4
applied, in turn. Initially, we set the geometry to be approximated by polynomials of degree g = 4. In each case, the relative
error ||ﬂl‘2‘;:q = Aexact || Hicurl)@e) / 1 Aexact || H(curl @) 18 measured. Figure 13 shows this relative error against the number of
degrees of freedom for p-refinement and Figure 14 those for h-refinement.
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FIGURE 13 Conducting sphere in a uniform magnetic field: convergence of ||ﬂ?fq = Apvact | a(curye) / || A exact || Heurty@,) under
p-refinement. A, log(NDOF); B, NDOF'/? [Colour figure can be viewed at wileyonlinelibrary.com|
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FIGURE 14 Conducting sphere in a uniform magnetic field: convergence of |2/ ~ Aexact | mccuriyee) / 1 8exactl | mreurna, ) under
h-refinement [Colour figure can be viewed at wileyonlinelibrary.com]

In a similar manner to the DC (elasticity) stage example, we observe exponential rate of convergence of the relative
error with the number of degrees of freedom under a p-refinement analysis in Figure 13. In addition, after an initial
preasymptotic region, Figure 14 shows the algebraic rate of convergence expected for the h-refinement.

We have investigated the role played by the geometry approximation under p-refinement. To do this, we fixa mesh of 195
tetrahedra and consider the accuracy of the solution for geometry approximations of degrees g = 0, 1, 2, 3,4 in Figure 15.
In this figure, we can observe the need for accurate geometry resolution when computing solutions on coarse grids.

The skin depth is a measure of the penetration of the fields into the conducting object, and is defined as the distance at
which the fields decay to 1/e of its value in the conductor's surface.* Therefore, for higher frequencies (and hence smaller
skin depths), we will have larger gradients in field close to the conductor's surface, which makes the accurate numerical
simulation of the problem more challenging. This effect is illustrated in Figure 16, where we show a contour plot of the
computed eddy currents J; = —ia)yﬂlﬁlfq in the sphere, in particular, in the planes z = 0 and x = 0. To obtain these results,
we have employed sufficiently fine discretisations to capture the solutions accurately.

5.2 | Coupled physics

We now present a series of more challenging coupled examples to illustrate the performance of the staggered Lagrangian
approach advocated in Algorithm 1 compared to the Eulerian approach using a fixed point algorithm described in the
work of Seoane.”’
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FIGURE 15 Conducting sphere in a uniform magnetic field: convergence of ||ﬂffq — Aexact | Hcury @) / 1 Aevact | Hcurt@,) Tor different orders
of approximation of the geometry [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 16 Conducting sphere in a uniform magnetic field: magnitude of the eddy current, | J}?ql in the planes x = 0 and z = 0 for
different frequencies. A, x = 0, f = 50 Hz; B,x = 0, f = 500 Hz; C,x = 0, f = 5000 Hz; D,z = 0, f = 50 Hz; E,z = 0, f = 500 Hz; F, 2 = 0,
f= 5000 Hz [Colour figure can be viewed at wileyonlinelibrary.com]

5.2.1 | Conducting and elastic sphere in a background magnetic field

The case of a conducting elastic sphere Q¢ := {x : |x|] < R}, placed in an unbounded region of free space Q¢,, where
#C tends to a time harmonic uniform field far from the object, is now considered. Unlike the previous two examples, this
does not have an analytical solution. The sphere has a radius R = 1 cm and material properties u = p,, 6 = 6 X 10’ S/m,
p =7800kg/m’, E = 108 Pa,and v = 0.3.

For computational purposes, the domain was truncated at a finite distance from the conducting sphere. In particular, the
truncation was chosen to be at a radius of Ry = 2 cm from the centre of the sphere. The geometry was further simplified by
exploiting the symmetry of the problem about e, which reduces Q to a hemisphere with outer radius Ry. An illustration of
the reduced domain is provided in Figure 17. On the truncation boundary, the approximate condition nxﬂ:fq = nXAexqct
where Ay is the analytical solution for the corresponding nonelastic sphere proposed by Smythe,* as also used in
Section 5.1.2, is imposed. On the symmetry boundaries, the conditions

(am (‘Zl;;’pc) n) xn=0, (29a)
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y = 0 plane

FIGURE 17 Conducting and elastic sphere in a background magnetic field: illustration of the hemisphere used for the computations
[Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 18 Conducting and elastic sphere in a uniform magnetic field: comparison of the solution for different p, g combinations.

A, |Re(@6“zchq)| B, |Re(‘11;‘pc)| [Colour figure can be viewed at wileyonlinelibrary.com]

u;‘pc ‘n=0, (29b)

‘ﬂ?,gq xn=0, (29¢)

are imposed, which follow from the symmetric nature of the problem. The regularisation parameter was chosen to be
e=10"°.

As discussed in Section 4.2.1, we are free to choose different combinations for the element orders p and q provided
that the discretisation for each field is sufficient to resolve accurately both the electromagnetic and mechanical fields.
To illustrate this, a frequency f = 50 Hz is considered, and the aforementioned sphere is discretised by a mesh of 2319
tetrahedral elements. The converged results for the order combinations p = q,p = g — 1, and p = g + 1 are then studied.
In particular, Figure 18 shows a plot of |Re(BAC )| and |Re(‘ZIAC)| along the line {-0.01 < x < 0.01, y = —0.001,z = 0} for
the converged solution using the three dlfferent comblnatlons resulting in identical results on this scale.

For the aforementioned conducting sphere, Algorithm 1 is applied over a sweep of frequencies from f = 1Hz to
f = 4500 Hz. For this sweep, and in anticipation of outputs of interest for MRI configurations, we compute the output
(dissipated) power P (@, ﬂ[ B(I)qu ‘Zlf;c) and the kinetic energy Ef (o, ‘Zl;:)c), which are defined in a form suitable for
measurement as

0,hq

2
= 1/y| AC| dQ = —/ |—1wﬂAC + iwBP¢ xﬂAc dQ, (30a)
2/, |"wa

B = ;/pw |faAC| do, (30b)
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FIGURE 19 Conducting and elastic sphere in a background magnetic field: dissipated power and kinetic energy in the conducting sphere.
A, Dissipated power; B, Kinetic energy. 3D, three dimensional [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 20 Conducting and elastic sphere in a background magnetic field: |Re(];:pq)| contours in the conducting sphere and |Re($6“}fq)|

contours and Re(ﬂ?a“f ) streamlines in the air [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 21 Conducting and elastic sphere in a background magnetic field: contours of |Re(‘ll'2pc)| on the deformed sphere for different
frequencies. Deformation magnitude magnified by a factor of 30 in plot, but not contours. A, f = 2000 Hz; B, f = 2500 Hz; C, f = 3500 Hz;

D, f = 4000 Hz [Colour figure can be viewed at wileyonlinelibrary.com]
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and show the results in Figure 19 for the aforementioned mesh and elements of order p = 4 and q = 5 for all frequencies
in the sweep. This combination of p, q is based on the observation that higher order was needed to accurately resolve
the eddy currents compared to the displacements at high frequencies. At lower frequencies, it represents an overkill
solution. The order of approximation for the geometry was set to g = 2. The result obtained with the Eulerian formulation
is also included to compare both formulations. Note that, for the Eulerian approach, a small mechanical damping has
been applied to the system to remove numerical artefacts leading to nonphysical peaks. To apply the damping, we select
f= w/2r = 2960 Hz, corresponding to the resonant peak, and apply (26) with & = 5.3 X 1073 to obtain a); = 200, which
we use for all frequencies in the sweep. The axisymmetric software,>* using a monolithic instead of a fixed point solver
for the Eulerian formulation, is also shown as a further means of comparison. This software being applicable, in this case,
is due to the symmetry of the problem. Furthermore, the previous Eulerian axisymmetric solver has also been adapted
to perform the Lagrangian approach, described by Algorithm 1, and these results are included in the figure. For both the
Fulerian and Lagrangian approaches, the axisymmetric software is in good agreement with the results of the new 3D
solver. In this problem, and for the considered frequency range, no significant differences between both approaches are
observed.

Qe

Gradient coils
( ﬁ Main coils

OVC Shield { 4K Shield

77K Shield

(A) (B)

FIGURE 22 Test magnet problem with z (longitudinal) gradient coil: illustration of the components of the problem in the axisymmetric
meridian plane (left) and three-dimensional (3D) view (right). A, Two-dimensional (2D) cross-section; B, 3D view [Colour figure can be
viewed at wileyonlinelibrary.com]

/ y = 0 plane

x =0 plane

FIGURE 23 Test magnet problem with z (longitudinal) gradient coil: quarter of the geometry used for the simulations exploiting the
symmetry of the problem [Colour figure can be viewed at wileyonlinelibrary.com]
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In order to better illustrate the physical behaviour of the problem, a contour plot of |Re(,‘lzpq) |in the conducting sphere

and |Re($6“§fq)| in the surrounding air is presented in Figure 20. Here, as in (30a), we use J° = yEAC, approximated as

]qu = y(—iwﬂﬁfqﬂwBﬁ iqx ‘ng‘pc), corresponding to ohmic-type currents in an Eulerian frame. Streamlines of the magnetic
flux density in the air are also included.
Finally, as a further illustration of the coupled physical behaviour, the deformed sphere for a set of different frequencies

f= {2000, 2500, 3000, 3500,4000} Hz is shown in Figure 21.

5.2.2 | Test magnet problem with z (longitudinal) gradient coil

The second benchmark problem considered consists of an MRI configuration, where the geometry has been simplified
so that it is rotationally symmetric. In addition, the non-rotationally symmetric x and y gradient coils have been removed
leaving only the z gradient coil. The configuration of the problem is shown in Figure 22, where the main coils are shown in
red, the gradient coils in blue, and the different radiation shields (4K, 77K, and outer vacuum chamber (OVC)) in different
green tones. Note that the 3D geometry (Figure 22B), can be obtained by rotating the r — z plane (Figure 22A), through
0 < ¢ < 2z rad about the z axis (where (¥, ¢, z) are cylindrical coordinates). For further details about this problem, we
refer to the work of Bagwell et al* where this problem has been previously simulated using an axisymmetric software and
the Eulerian approach. In this section, the focus is the 3D simulation of this problem using the Lagrangian approach.

The domain Q is formed by truncation of Qf, by a cylinder of radius Ry = 0.9m and length L, = 2.4m centred
about the magnet. This problem is axisymmetric, but in order to illustrate the performance of our 3D solver, we make an
arbitrary choice such that Q is reduced to one quarter of the original geometry, as shown in Figure 23, and apply the sym-
metry boundary conditions (29) on the symmetry boundaries. Algorithm 1 is then applied to obtain the computational
Lagrangian solution.

A frequency sweep from 1 to 5000 Hz is performed in order to observe the variation of the output power
P?z(a), ﬂéiq,Bgiq, 'ZI;;C) and the kinetic energy E’g‘z(a), ‘ll‘;l‘c ). For this, a mesh of 33 805 tetrahedral elements is generated
and different polynomial orders q and p = q + 1 applied. This mesh was generated by locally refining the elements in
the conducting shields to accurately resolve the fields in this region and paying attention to avoid issues with the gen-
eration of highly stretched tetrahedrons. The case of a system without damping is analysed first, followed by a damped
system according to the approach in Section 4.4. In the latter, & = 4.5 x 10~ corresponds to the first resonant frequency
f= 3515 Hz of the system. In a similar way to Section 5.2.1, by applying (26) with & = 4.5 x 10~* at this resonant peak, we
obtain ay; = 20, which we apply for all frequencies in the sweep.

Figure 24 shows the convergence of the dissipated power and kinetic energy under p-refinement for the undamped
system. We observe the solution is effectively converged using g = 3 elements, but there are still some differences between
the results with ¢ = 3 and g = 4 in the 4K shield. Nevertheless, as it will be shown later, the result achieved with g = 4isin
perfect agreement with the converged result in the case of a system with damping and that of the axisymmetric software
using the Lagrangian approach.

The simulations were then repeated for a system with damping leading to Figure 25 for the p-refinement analysis. Notice
how the addition of a small amount of damping leads to a faster convergence of the frequency sweeps under p-refinement
compared to the undamped case.

Next, in Figure 26, we compare the converged 3D results with those obtained with the axisymmetric code employing
both the Eulerian and the Lagrangian approaches as well as with the commercial software NACS™ (only for the dissipated
power), which uses low-order elements. We observe excellent agreement between the 3D and axisymmetric results for the
Lagrangian approach. The axisymmetric results using the Eulerian approach are in good agreement with the Lagrangian
approach for the OVC shield and for the 77K shield in the case of small frequencies. However, significant differences
between the two approaches are observed in the 77K shield for high frequencies and in the 4K shield for almost all fre-
quencies. The reason for these differences can be attributed to the stronger coupling and larger velocities and accelerations
present in the shields at these frequencies, which mean that the approximations in our previous Eulerian approach break
down. The results obtained with NACS software are in good agreement with the Lagrangian approach in the case of the
OVC shield, but differ significantly in the 77K and 4K shields. It can be conjectured that this is due to the inability of
low-order elements to accurately resolve the complex coupling mechanisms involved in the problem. Note that the 77K
and 4K shields have a bigger conductivity and, therefore, smaller skin depths compared to the OVC shield.

Finally, it can be observed that the resonant peaks in the dissipated power are at similar frequencies to those in the
kinetic energy. This is due to the resonant modes of the mechanical problem being driven by the generated eddy currents
in the shields. In terms of computational cost, the Lagrangian approach offers considerable advantages over the Eulerian
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(A) (B)

FIGURE 27 Test magnet problem with z (longitudinal) gradient coil: |ReU;l’pq)| in the deformed 77K shield and |Re(ﬂ(‘)‘iq)| contours and
Re(@giq) streamlines in the background air for two different frequencies. A, f = 10 Hz; B, f = 1000 Hz [Colour figure can be viewed at
wileyonlinelibrary.com]

approach since it requires the solution of two small systems as opposed to one larger monolithic system (eg, for p = 4,
q = 5 Pgopar = 1277370 and Qgpy = 751245 compared to an Eulerian, which would involve a Pgiopar + Qgiopar Sized
system for each frequency). Furthermore, as described in Section 4.2.1, the matrices in the Lagrangian approach have
nicer properties compared to the indefinite system that would need to be solved for the Eulerian approach, which allow
preconditioned iterative solvers to be applied.

In order to illustrate the physical behaviour of the problem, the eddy currents in the deformed 77K shield are shown in
Figure 27 together with the streamlines of Re(BAC ) and contours of its magnitude in the air. These results are shown for
two different frequencies, ie, f = 10 and f = 1000 Hz to show how the magnitude of the eddy currents increases and the
skin depth effect becomes visible for the higher frequency. It can also be observed that the deformation increases with the
eddy currents.

Finally, in Figure 28, we show a contour plot of |Re(ﬂ;1§)| in the deformed 4K shield together with the magnetic flux
density streamlines in the surrounding air. The result is shown for a frequency of f = 1000 Hz and the different snapshots
correspond to different times. Note that, for a given frequency, the temporal solution can be recovered from (12).

5.2.3 | Test magnet problem with x (transversal) gradient coil

A new challenging problem, consisting of the configuration described in Section 5.2.2 with the z gradient coils being
replaced by a set of x gradient coils, is now considered. Note that the case of only y gradient coils can be obtained by rotating
the current situation through 90°. This new set of coils produces a magnetic field gradient in the x direction and, therefore,
the problem is no longer rotationally symmetric and cannot be simulated using our previous axisymmetric simulation
tool. Figure 29 shows the geometry of the problem, including the new set of gradient coils. These coils represent an
approximation to the complex fingerprint shape shown in Figure 30 used in real MRI scanners. A similar approximation
was also used in the case of the longitudinal coil discussed in Section 5.2.2.

In the case of transversal gradient coils, the description of the current source §4¢ becomes more challenging due to
increasing complexity in the geometry. This can lead to issues with producing a description of #4€ that is both tangential
to the coil geometry and that satisfies div #4€ = 0. In order to ensure that the current source is divergence free, a mapping
of the current source to the space of divergence free functions is performed. To do this, we write #4€ as the curl of a
vector potential and solve a problem analogous to that for APC. For details, we refer to the work of Seoane®” where this is
discussed in detail.

In the new configuration, the symmetry with respect to the x axis is lost. Therefore, the computational domain is chosen
as half of the full domain instead of a quarter, which increases the computational cost significantly. For the discretisation,
a mesh of 92 434 tetrahedral elements was used and the polynomial order was increased until convergence was reached,
which was found to when ¢ = 4 and p = 3 for the chosen frequency of f = 500 Hz. In order to illustrate how the
solution changes when considering transversal instead of longitudinal coils, a contour plot of |Re(,7;1’pq)| in the OVC shield
is presented in Figure 31 comparing both cases. The frequency of f = 500 Hz was chosen as this represents already a strong
coupling between physics and the numerical computations are not as expensive as in the case of higher frequencies. As
expected, it can be observed that the solution in the case of x gradient coil is no longer axisymmetric. The same is repeated
for the mechanical field in Figure 32, where we show a contour plot of |Re(ﬂ%c)| on the deformed 77K shield.
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(A) (B)

(©) (D)

(E) (F)

FIGURE 28 Test magnet problem with z (longitudinal) gradient coil: snapshots of |Re(‘l[2§ei“’t)| in the deformed 4K shield and
Re(ﬂaiqeiw‘ ) streamlines in the surrounding air for f = 1000 Hz and different times. Deformation magnitude magnified by a factor of 10* in
plot, but not in contours. A, t =0ms; B,t =0.1ms; C,t =0.2ms; D, t = 0.3 ms; E, t = 0.4 ms; F, t = 0.5 ms [Colour figure can be viewed at
wileyonlinelibrary.com]
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FIGURE 29 Test magnet problem with x (transversal) gradient coil: illustration of the geometry including main coils (red), gradient coils
(blue), and radiation shields (green) [Colour figure can be viewed at wileyonlinelibrary.com]

(A) (B)

FIGURE 30 Typical wire patterns of magnetic resonance imaging transversal and longitudinal gradient coils.!® A, Transversal,
B, Longitudinal [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 31 Test magnet problem with x (transversal) gradient coil: |Re(];l’Pq)| in the outer vacuum chamber (OVC) shield for f = 500 Hz
compared with the case of z (longitudinal) gradient coil. A, z gradient; B, x gradient [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 32 Test magnet problem with x (transversal) gradient coil: |Re(Z4€)| in the 77K shield for f = 500 Hz compared with the case of z
(longitudinal) gradient coil. Deformation magnitude magnified by a factor of 10% in plot, but not in contours. A, z gradient; B, x gradient
[Colour figure can be viewed at wileyonlinelibrary.com]

(A) (B)

FIGURE 33 Test magnet problem with x (transversal) gradient coil: streamlines of Re(ﬂg‘lfq) and contours of |Re(];l’pq)| in the radiation
shields for f = 500 Hz compared with the case of z (longitudinal) gradient coil. A, z gradient; B, x gradient [Colour figure can be viewed at
wileyonlinelibrary.com]

Finally, in Figure 33, the streamlines of Re($gfq) around the radiation shields are shown, together with contours of
|Re(d, )l in the shields. The main coils and gradient coils are also included and it can be observed that, in the case of z
gradient coils, all the streamlines lie in a plane, whilst in the case of x gradient coils, they follow a more complex helical
pattern.

Although transversal gradient coils result in the loss of rotational symmetry of the problem, some symmetries and
antisymmetries with respect to the Cartesian planes are still present. In future research, antisymmetries will be exploited

to further reduce the cost of the simulations when considering transversal coils.

6 | CONCLUSIONS

In this paper, a new method for the solution of 3D magneto-mechanical problems arising in MRI scanner design has been
presented. This is based in a new Lagrangian approach for the description of the coupled physics and, in a forthcoming



SEOANE ET AL. Wl L EY 29

work, we will also provide a rigorous derivation of this approach. The electromagnetic and mechanical fields are discre-
tised using high-order H(curl) and H! conforming finite elements ensuring the continuity requirements for each of the
fields are met and the potentially small skin depths are accurately resolved. This greatly improves our previous work,*?
which was limited to the case of axisymmetric configurations and small velocities and accelerations. Furthermore, the
new Lagrangian approach results in a staggered solver, which presents several computational advantages compared to the
fixed point used in our previous Eulerian approach. Single physics problems were used to prove the optimal convergence
of the software. Finally, this tool was applied to the solution of industrially relevant MRI models, including the challeng-
ing case of transversal gradient coils. Comparisons with the previous axisymmetric software were made for the case of
longitudinal gradient coils to validate the new 3D solver. The next steps of our research will focus on the simulation of
more complex MRI configurations.
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APPENDIX

PROOF THAT DIV(u~'S({AP€, 44C)) = 0 in Q¢ \ (supp(#*€) UsuppJ”°))
We first write = 1S({AP€, 24€) in the form

s =t (B @ 3° + 5 @ B - (3B ).

where B¢ := curl #°. For simplicity, we drop the subscript 0 in the following, then, using index notation, this can be
written as

1Sy = 7 (BB + BB~ (3B 6.
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Thus, assuming p is constant in the region of consideration, which will be the case in Q¢, then
(divu™'S) = u™'Sy,;
_ -1 DC pAC C pAC AC pDC AC C AC pDC AC pDC
=u (Bi,j B/ + BB + B B) + B'°B)] — B/'B) - B/°B] )

and by renaming the index k as j we have
-1 — -1 DC _ pDC c c C\ pDC . RDCRAC cpDC
K Siy = H ((Bi,/ - Bj; )fo + (’Bfi -3 )B.i + BB} + B Bj,j)
_ -1 DC _ pDC c c ¢\ pdC
=t (B0 - BF) 3¢ + (2 - 2 B°).
where, in the final step, the last two terms vanish due to div BOD ¢ =0and divﬂg‘c = 0 in R3. Next, using the property that
(Vu - (Vu)hy); = (Uip — up vy = €irp(esjii ;) )Vp = ((curl u) X v); then

div(u™'S) = p~" ((curl BYC) x B} + (curl B)) x BY),

so that div(y~'8) = =1 (JPC x B + #4¢ x B)°) in supp(#4€) U supp(J°°) and
div(u™'S) = 0,
in QF \ (supp(#€) U supp(F”)).



