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Abstract

We study the asymptotic behavior of positive groundstate solutions to the quasilinear
elliptic equation
—Apu+euP Tt —u U =0 in RY (P:)

where 1 < p < N, p < qg<l < 4oco and € > 0 is a small parameter. For ¢ — 0, we give a
characterisation of asymptotic regimes as a function of the parameters ¢, [ and N. In par-
ticular, we show that the behavior of the groundstates is sensitive to whether ¢ is less than,
equal to, or greater than the critical Sobolev exponent p* := J\Zr)—i;'
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1 Introduction

The present paper is devoted to the study of positive solutions to the quasilinear elliptic equation
—Apu+eur !t —ut 4yl =0 in RV, (P:)

where

Ayu = div(|VulP~2Vau),
is the p-Laplacian operator, 1 <p < N, p < ¢ <l and € > 0 is a small parameter. Our main aim
is to understand the behaviour of positive groundstate solutions to (P.) as € — 0.

By a solution to (P.) we mean a weak solution u. € W?(RY) N L{(RYN). These solutions are
constructed as critical points of the energy

&)= [ [vupde— [ Fuds, &)

p

where

F.(u) = / fe(s)ds,
0
and the expression fg is a suitable bounded truncation of
fo(s) := —¢ls|P72s + |87 25 — |s|'2s. (1.1)

Throughout the paper by groundstate solution to (P.) we mean a positive weak solution which
has the least energy & amongst all the other non-trivial solutions.

In the first part of the paper, for all 1 < p < N and p < ¢ < [, we prove the existence of a
radial groundstate solution u. of (P.) for all sufficiently small € > 0, see Theorem 2.1, extending
classical results of Berestycki and Lions [3] from the Laplacian (p = 2) to the p-Laplacian setting,
for any 1 < p < N. As a byproduct of the method [3] which is adapted to the present quasilinear
context, the weak solutions to (P.) which are found, are essentially bounded and decay uniformly
to zero as |x| — oco. We recall that, as in the known case p = 2 treated in [3], the symmetry



of the solutions is achieved as a limit of a suitable (minimising) sequence of radially decreasing
rearrangements constructed from a possibly non-radial minimising sequence. Theorem 2.1 in
Section 3.2 summarises all the above results about the existence and basic properties of these
groundstates to (P:).

We point out that for large € > 0 equation (P:) has no finite energy solutions, so the restriction on
the size of ¢ is essential for the existence of the groundstates. The uniqueness (up to translations)
of a spherically symmetric groundstate of (P:) is rather delicate. For p < 2, Serrin and Tang
[33, Theorem 4] proved that equation (P:) admits at most one positive groundstate solution. For
p > 2 the uniqueness could be also expected but to the best of our knowledge this remains an
open question. We do not study the question of uniqueness in this paper and none of our result
rely on the information about the uniqueness of the groundstate to (P:).

The question of understanding the asymptotic behaviour of the groundstates u. of (P:) as ¢ — 0,
naturally arises in the study of various bifurcation problems, for which (P.) at least in the case
p = 2 can be considered as a canonical normal form (see e.g. [8], [40]). This problem may also be
regarded as a bifurcation problem for quasilinear elliptic equations

—Apu = fo(u) in RY,

whose nonlinearity f. has the leading term in the expansion around zero which coincides with the
ones in (P.). Let us also mention that problem (P:) in the case p = 2 appears in the study of
phase transitions [6,25,44], as well as in the study of the decay of false vacuum in quantum field
theories [7].

Loosely speaking, to understand the asymptotic behaviour of the groundstates u. as € — 0, one
notes that elliptic regularity implies that locally the solution u. converges as ¢ — 0 to a radial
solution of the limit equation (see Theorem 6.4)

—Apu —ui™t Tt =0 in RV, (Po)
It is known that (here and in the rest of the paper p* := £~ is the critical Sobolev exponent):

N—
when ¢ < p* equation (Pp) has no non-trivial finite energy solﬁtion, by Pohozaev’s identity (3.1);
whereas for ¢ > p* equation (Fp) admits a radial groundstate solution. Existence goes back to
Berestycki-Lions [3] and Merle-Peletier [23] in the case p = 2 and, in the context of the present
paper, it is proved in the general p-Laplacian case (see Theorem 4.3); uniqueness questions have
been studied by Tang [38, Theorem 4.1], see also Remark 4.4 .

In Theorem 2.8 we prove using direct variational arguments that, as expected, for ¢ > p* solutions
ue converge as € — 0 to a non-trivial radial groundstate solution to the formal limit equation
(Py). The fact that for ¢ < p* equation (Fp) has no non-trivial positive solutions, suggests that for
q < p* the solutions u. should converge almost everywhere, as € — 0, to the trivial zero solution
of equation (Pp) (see estimate (2.2)). This however does not reveal any information about the
limiting profile of u.. Therefore, instead of looking at the formally obtained limit equation (Pp),
we are going to show that for ¢ < p* solutions u. converge to a non-trivial limit after a rescaling.
The limiting profile of u. will be obtained from the groundstate solutions of the limit equations
associated with the rescaled equation (P:), where the choice of the associated rescaling and limit
equation depends on the value of p and on the space dimension N in a highly non-trivial way.

The convergence of rescaled solutions u. to their limiting profiles will be proved using a variational
analysis similar to the techniques developed in [24] in the case p = 2. Note that the natural energy
space for equation (P;) is the usual Sobolev space

WHP(RY) := {u cu € LP(RY) and Vue LP(RN)},

with the norm
ullip = llullp + [[Vullp,



while for ¢ > p* the natural functional setting associated with the limit equation (Pp) is the
homogeneous Sobolev space DVP(RY) defined for 1 < p < N as the completion of C§°(RY)
with respect to the norm ||Vu||z». Since WLP(RY) ¢ DLP(RY), it follows that no natural
perturbation setting (suitable to apply the implicit function theorem or Lyapunov-Schmidt type
reduction methods) is available to analyse the family of equations (P:) as e — 0. In fact, even for
p = 2 a linearisation of (Py) around the groundstate solution is not a Fredholm operator and has
zero as the bottom of the essential spectrum in L?(RY). In the case of the p-Laplace equations
the difficulty in applying classical perturbation methods is even more striking, as for 1 < p < 2
the energy associated with the p-Laplacian is not twice Fréchet differentiable.

In order to understand the limiting profile of u. in the case ¢ < p*, we introduce the canonical
rescaling associated with the lowest order nonlinear term in (P ):

xT

%). (1.2)

ve(x) = E_ﬁus(

Then (P:) reads as

—Apy + Pt =it —earyl! in RY, (Re)
from which we formally get, as € — 0, the limit problem
—Apv 4Pt =7t in RV, (Ro)

We recall that for ¢ > p* equation (Ry) has no non-trivial finite energy solutions, as a consequence
of Pohozaev’s identity (3.1); whereas for p < ¢ < p* equation (Ry) possesses a unique radial
groundstate solution. Existence was proved by Gazzola, Serrin and Tang [15] and uniqueness by
Pucci-Serrin [29, Theorem 2]. The particular rescaling (1.2) allows to have, when p < ¢ < p*,
for both (R.) and the limit problem (Ry), a variational formulation on the same Sobolev space
WLP(RY). This indicates that problem (R.) could be considered as a small perturbation of the
limit problem (Rp). In particular in the case p = 2 the family of the groundstates (v.) of problem
(R.) could be rigorously interpreted as a perturbation of the groundstate solution of the limit prob-
lem (Rp) using the perturbation techniques and framework developed by Ambrosetti, Malchiodi et
al., see [2] and references. However, for p # 2 the Lyapunov—Schmidt reduction technique, in the
spirit of [2] is not directly applicable. Instead, in this work, using a direct variational argument
inspired by [24, Theorem 2.1] we prove (see Theorem 2.2) that for p < ¢ < p* groundstate solutions
(ve) of the rescaled problem (R.) converge to the (unique) radial groundstate of the limit problem
(Ro).

In the critical case ¢ = p*, the limit problem (Ry) has no non-trivial positive solutions. This
means that in this case the canonical rescaling (1.2) does not accurately capture the behaviour
of (ug). In the present paper, extending the results obtained in [24] for p = 2, we show that for
g = p* the asymptotic behaviour of the groundstate solutions to (P.) after a rescaling is given by
a particular solution of the critical Emden-Fowler equation

~AU=UP"1 inRV. (R.)

It is well-known that equation (R,.) admits a continuum of radial groundstate solutions. We will
prove that the choice of the rescaling (and a particular solution of (R,)) which provides the limit
asymptotic profile for groundstate solutions to equation (P.) depends on the dimension N in a
non-trivial way (see Theorem 2.3).

Wrapping up, we provide a characterisation of the three asymptotic regimes occurring as € — 0,
i.e. the subcritical case ¢ < p*, the supercritical case ¢ > p* and the critical case ¢ = p*, extending
the results of [25] and [24], to both a singular (p < 2) and degenerate (p > 2) quasilinear setting.

Asymptotic notation

Throughout the paper we will extensively use the following asymptotic notation. For ¢ < 1 and
f(e),g9(e) > 0, we write f(e) < g(e), f(e) ~ g(e) and f(e) ~ g(e), implying that there exists



€o > 0 such that for every 0 < € < g¢:
f(e) < g(e) if there exists C > 0 independent of € such that f(e) < Cg(e);
fle) ~g(e) if f(e) < g(e) and g(e) S f(e);

f(e) = g(e) if f(e) ~ g(e) and lim._,¢o % -1

We also use the standard Landau symbols f = O(g) and f = o(g), with the understanding that
f>0and g > 0. As usual, C, ¢, ¢1, etc., denote generic positive constants independent of €.

2 Main results

The following theorem summarizes the existence results for the equation (P.). The proof is a
standard adaptation of the Berestycki and Lions method [3]. For completeness, we sketch the
arguments in Section 3.2.

Theorem 2.1. Let N > 2,1 <p < N and p < q <l. Then there exists e. = e.(p,q,1) > 0 such
that for all € € (0,e.), equation (P.) admits a groundstate u. € WHP(RN) n LYRN) N CLY (RN).
Moreover, uc(x) is, by construction, a positive monotone decreasing function of |x| and

ue(|z]) < Ce 02l z e RN,
for some C,6 > 0.

For p < 2, Serrin and Tang proved [33, Theorem 4] that equation (P.) admits at most one
positive groundstate solution. For p > 2 the uniqueness to the best of our knowledge remains an
open question. As anticipated earlier, none of our subsequent results rely on the uniqueness of
groundstates of (P.). In what follows, u. always denotes a groundstate solution to (P:) constructed
in Theorem 2.1 for an € € (0,e,.). When we say that groundstates u. converge to a certain limit
(in some topology) as ¢ — 0, we understand that for every e > 0 a groundstate of (P;) is selected,
so that (u:)ce(0,c,) is a branch of groundstates of (P.), which is not necessarily continuous in .
In the present work we study the limit behaviour of such a branch of groundstates when € — 0.

2.1 Subcritical case p < g < p*

As anticipated earlier, since in the subcritical case the formal limit equation (Pp) has no ground-
state solutions, the family of groundstates u. must converge to zero, uniformly on compact subsets.
We describe the asymptotic behaviour of u. performing the rescaling (1.2) which transforms (Px)
into equation (R.). In Section 7, using the variational approach developed in the main part of
this work we prove the following result, which extends [24, Theorem 2.1] to the case p # 2.

Theorem 2.2. Let N > 2, 1< p< N, p<q<p* and (u:) be a family of groundstates of (P:).
As e — 0, the rescaled family

ve(x) 1= E_GTIPUE(%) (2.1)

converges in WHP(RN), LY(RY) and C’llo’ff (RYN) to the unique radial groundstate solution vo(x) of
the limit equation (Ry). In particular,

1

ue(0) =~ ga=r vg(0). (2.2)

2.2 Critical case ¢ = p*

In this case we show that after a suitable rescaling the correct limit equation for (P:) is given by
the critical Emden-Fowler equation

~AU =071 inRY, (R.)



It is well-known by Guedda-Veron [16] that the only radial solution to (R.) is given, up to the
sign, by the family of rescalings

Un(l) :== Ur(jzl/2) - (A>0), (2.3)
where ™
W1/ Ne |

U = | 24

el o= | S | (2.0

and where p’ := -7 and K = %. Recently in [12] it has been observed that +U) are the

only nontrivial radial solutions to Apu + [ulP” ~2u = 0 in DVP(RN). Sciunzi [32] and Vétois [42],
respectively in the ranges p > 2 and p < 2, proved that any positive solution to (R,) in D'P(RY)
is necessarily radial about some point; this combined with [16] gives a complete classification of
the positive finite energy solutions to (R.).

Our main result in this work is the following theorem, which extends [24, Theorem 2.5] to the
case p # 2.

Theorem 2.3. Let N > 2,1 <p < N, p* =q <1 and (u:) be a family of groundstates of (P:).
There exists a rescaling
Ae : (0,e4) — (0,00) (2.5)
such that as € — 0, the rescaled family
N—

ve(z) := e 7 us(Ne)

converges in DVP(RYN) to the radial groundstate solution Uy(x) of the Emden—Fowler equation
(R.). Moreover,
= 1<p<+N,
(* —p)

A 2 (E(log i))_ T p=VN, 20
A (= e VN <p<N,

and .

_pr—p

e pl-p) 1<p< VN,

(a=p*)
_*—p) —p)
Ae S Qe 20D (log %) p(—p p=+VN, (2.7)

_ 2 =N)(1=p*)+p?

g P2A-p")(p—1)+p] vVN <p<N.

Remark 2.4. The lower bound (2.6) on A; can be converted into an upper bound on the maximum
of ue,

eTw 1<p<VN,
1
u:(0) < 4 (e(log l)) = p=+N, (2.8)

€
eT=G=DF VN < p < N,
see Corollary 5.20.
For 1 < p < /N lower bound (2.6) and upper bound (2.7) are equivalent and hence optimal.
For VN < p < N, the upper bounds in (2.7) do not match the lower bounds (2.6). However,
under some additional restrictions we could obtain optimal two—sided estimates.

Theorem 2.5. Under the assumptions of Theorem 2.3, we additionally have

*

= 1<p< VN and N > 2,
_ (" =p)
Ao (5(1og i)) " p=VN and N > 4, 29)

[ S
e [0=p")(p—1)+7] vVIN < p < % and N > 4,



and l
el=-» 1<p<+vN and N > 2,
1
ue(0) ~ < (g(log l)) P p=VN and N >4, (2.10)

€

e
T -1F7 /N < p< ¥ and N > 4.

In the above cases v. converges to Uy(z) in L'(RN) and CL%(RN).

loc

Remark 2.6. In the case p = 2 and N > 3, two—sided asymptotics of the form (2.9) were derived
in [25] using methods of formal asymptotic expansions. Later, two sided bounds of the form (2.9)
were rigorously established for p = 2 in [24, Theorem 2.5]. The barrier approach developed in
[24, Lemma 4.8] in order to refine upper bounds on A, in the difficult case vVN < p < N cannot
be fully extended to p # 2, see Lemma 5.11. In this difficult case, the matching upper bounds of
the form (2.6) are valid for VN < p < N+l and N > 4.

Remark 2.7. Theorem 2.5 leaves open the following cases, where matching lower and upper bounds
are not available:

0N24and%§p<N
oN:3and\/§§p<3
° N:2and\/§§p<2

Note that the case N = 3 and p = 2 is not included in Theorem 2.5. However, matching bound
(2.9) and (2.10) remain valid in this case. This is one of the results in [24, Theorem 2.5]. We
N+1

conjecture that the restriction p < =5~ is merely technical and is due to the method we use.

2.3 Supercritical case ¢ > p*

Unlike the subcritical and critical cases, for ¢ > p* the formal limit equation (Fp) admits a
nontrivial solution. Using a direct analysis of the family of constrained minimization problems
associated with (P.), we prove the following result, which extends [24, Theorem 2.3] to the case

p#F2

Theorem 2.8. Let N > 2, 1 <p < N, p* <q <1 and (ue) be a family of groundstates of (P-).
As e — 0, the family u. converges in DY (RY), LY(RYN) and C’llo’ff (RYN) to a groundstate solution
uo(x) of the limit equation (Py), with

up(z) ~ |z|" 7t as |z| = oo.

Moreover, it holds that
ue(0) > ug(0),

and that el|uc|h — 0.

2.4 Organisation of the paper

This paper is organised as follows. Section 3 is devoted to the existence and qualitative properties
of groundstates u. to (P:); in Section 4 we deal with existence and qualitative properties of
groundstates to the limiting PDEs (Fy), (Rp), (Rs). Both sections contain various facts about
the equation (P.) and limiting equations which are involved in our analysis. In the rest of the
paper we study the asymptotic behavior of the groundstates u.. In Section 5 we study the most
delicate critical case ¢ = p* and prove Theorem 2.3 and Theorem 2.5. In Section 6 we consider
the supercritical case ¢ > p* and prove Theorem 2.8. In Section 7 we consider the subcritical case
q < p* and prove Theorem 2.2. For the reader convenience we have collected in the sections A and
B of the Appendix some auxiliary results which have been used in the main body of the paper.



3 Groundstate solutions to (F.)

3.1 Necessary conditions and Pohozaev’s identity

According to Pohozaev’s classical identity [26] for p-Laplacian equations, a solution to (P:) which
is smooth enough, necessarily satisfies the identity

/|Vu|pdac:p*/F(u)dx, (3.1)
RN RN
for 1 < p < N. Identities of this type are classical, see for instance [28] for C? solutions and [9]

for bounded domains. In the present paper the following version of Pohozaev’s identity has been
extensively used.

Proposition 3.1. Suppose f : R — R is a continuous function such that f(0) = 0, and set
F(t) = [ f(s)ds. Let

ue CLSRY),  and |VulP, F(u) € L*(RY)

with u such that
—Apu = f(u)
holds in the sense of distributions. Then u satisfies (3.1).

Proof. We first assume that p < 2. By the classical regularity result of Tolksdorf [39], see also
Theorem 2.5 in [31], we have
we WEPRN), p<2.

loc

Having checked the existence and local summability of the second weak derivatives in this case we
argue as follows. Multiply the equation by z;0;u(x) and integrate over Bp = B(0, R) and denote
by n(-) the outer normal unit vector. Observe that the vector field

v = 2;0;u|VulP"*Vu

is such that v € C(RY,RY) and dive € L}, (RY). By the divergence theorem (see e.g. Lemma
2.1 in [22]) we have

/ Apuz;0;u(z)de = / |Vu(o)[P~20;u(c)o; Vu - ndo
Br

OBrRr
—/B |Vu(z)|P~2Vu(zx) - V]z;0;u(x)]dz.

Write the last integral as A; + B;, where
A; = / |Vu(z)[P~2|0;u(z) | da,
Br

1
B; = - O0i(|Vu(x)|P)z;dx.
P JBr

An integration by parts in B; yields

1 1

B, = —/ [Vu(o)Ponido — —/ |Vu(z)|Pdx.
p BBR p BR

On the other hand we have also

fu(x)z;0pu(x)dx

Br



= _ F(u(x))dz —|—/ F(u(x))o;n;do.

Br OBRr
Summing up on ¢ we have

(%) N F(u(x))dz + (1 - %) /BR |Vu(z)Pde = / |Vu(a)|P~2Vu -0 Vu-ndo

Br OBRr

E/BBR|VU(O-)|pU.ndU+/ F(u(z))o - ndo.

p 9Br
The right hand side is bounded by

ME) = (1+ )R [ [Vu(o)P do+ R/ |F(u(z))|do.
p OBRr OBR
Similarly as in Lemma 2.3 from [22], since F(u), |Vu[P € L}(RY) there exists a sequence Ry, — 0o
such that M (Ry) — 0. By using the monotone convergence theorem in (*) we obtain the conclusion
in the case p < 2.
For p > 2 a regularisation argument similar to [11, p. 833] (see also [12,17,20]) allows to work

with a Cllo’?-approximation u. € C? which classically solves

p—2

—div ((5 + |Vug|2) 2 Vug) = f(u) in Bag,
Ue = U on 0Bsp.

The proof can be then carried out with obvious modifications of the proof given in the case
p < 2, performing the e-limit before letting R — 400 along a suitable sequence (Rj)ken, and this
concludes the proof. O

3.2 Existence and variational characterisation of the groundstates

To prove the existence of groundstates, we first observe that the method of Berestycki-Lions [3]
although focused on the case p = 2 is applicable in the present quasilinear context, we sketch
the proof referring to [3] for the details. In fact, observe that f-(s) = |s]972s — |s|!72s — g|s|P~2s
satisfies

(f1) —oo < 1iminf&81) < 1imsupisl) = —¢<0.
s—0t+ sP~ 50+ sP—
(f2) —oo = limsup fi(f)l <0, where p* = AI;_fp,

s—+oco S

(f3) There exists e, > 0 such that for all € € (0,e,) the following property holds: there exists
¢ > 0 such that F.(¢) = [{ f-(s)ds > 0.

To prove the existence of an optimiser, one carries on with the constrained minimisation argument
as in [3], based on the truncation of the nonlinearity f., which allows to use W1?(RY) for the
functional setting. For all € € (0,e,) in the present context p # 2 a suitable truncated function
fa : R — R is provided by:

0, u <0,
folu) = {ut™t —ul=t —ewPt we0,1], F-(u) = [ fo(s)ds, (3.2)
0
—&, u > 1.

Replacing in (P.) the nonlinearity with the above bounded truncation f.(u) makes the minimisa-
tion problem

S. :mf{ / \VwlPde; we WHPRY), p* /Fs(w)dx: 1} (S.)

RN RN



well-posed in W1P(RYN) even for supercritical | > p*. Standard compactness arguments using
radially symmetric rearrangements of minimising sequences allows to obtain a radially decreasing
optimiser we, see also Appendix A. If w. is an optimiser for (S:) then a Lagrange multiplier 6.
exists such that ~

~Apw. =0 fo(w:) inRY. (3.3)

Note that by construction f.(u) € L(RN) and then by a classical result of DiBenedetto, see e.g.
Corollary p. 830 in [11], any solution u € W1?(RN) to the truncated problem with f. is regular,
ie. u € Cllo’s‘(]RN ). Then the maximum principle implies that any solution for the truncated
problem is strictly positive and solves the problem

—Apwe =0 fe(we) in RY, (3.4)

involving the original nonlinearity. The exponential decay estimate (3.10) on w. follows by
Gazzola-Serrin ([14, Theorem 8]). As a consequence of the regularity and summability, w. satisfies
both Nehari’s identity

/|Vw5|pd:13 = HE/fg(wE)wgdx, (3.5)
RN RN

and Pohozaev’s identity (3.1)
/|Vw8|pdx = Ggp*/FE(wg)d:E. (3.6)
RN RN

The latter immediately implies that
0. = S;. (3.7)

Then a direct calculation involving (3.7) shows that the rescaled function

ue(x) == we(z/ /S:) (3.8)

is the radial groundstate of (P.), described in Theorem 3.2 below.

One more consequence of Pohozaev’s identity (3.6) is an expression for the total energy of the
solution . .
Eolu) = (= - =

p p

(see [3, Corollary 2]), which shows that u. is indeed a groundstate, i.e. a nontrivial solution with
the least energy. Another simple consequence of (3.6) is that (P-) has no nontrivial finite energy
solutions for € > ¢,. The threshold value e, is simply the smallest value of € > 0 for which the
energy &, is non-negative and can be computed explicitly.

)Sé\f/p,

To summarize, in the spirit of [3, Theorem 2] we have the following

Theorem 3.2. Let N > 2,1 <p < N and p < q <l. Then there exists e. = €.(p,q,1) > 0 such
that for all € € (0,¢.), the minimization problem (S.) has a minimizer w. € WHP(RN)NLYRY)N
CLY(RN). The minimizer w, satisfies

loc
~Apw. = Sefe(we) inRY. (3.9)
Moreover, w.(x) is a positive monotone decreasing function of |x| and
w.(|z]) < Ce0lel, zeRY, (3.10)
for some C,§ > 0. The rescaled function

ue(x) = we(x/ {/575)

is a groundstate solution to (P:).
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In view of (3.2) and since we are interested only in positive solutions of (P.), in what follows
we always assume that the nonlinearity f.(u) in (P:) is replaced by its bounded truncation f.(u)
from (3.2), without mentioning this explicitely.

Remark 3.3. Equivalently to (S:), we can consider minimising the quotient
V!5

(p*R‘[v Fa(w)dx) Wenm

S (w) = w E Mq,

where
M, = {o < we Wh(RY), /Fs(w)dx > o}.
]RN

Setting wy () := w(Ax), it is easy to check that S.(wy) = S.(w) for all A > 0. Therefore it holds
that

Se :wler}\f/lasg(w). (3.11)

Moreover the inclusion M., C M., for €5 > g > 0, (3.11) implies that S, is a nondecreasing
function of € € (0, &.).

4 Limiting PDEs

4.1 Critical Emden-Fowler Equation
In this section, we recall some old and new results for the critical Emden-Fowler equation
—Ayju=u" ", we DYPRY), u>0, (R.)

where 1 < p < N, p* = pN/(N — p) is the critical exponent for the Sobolev embedding. We
observe that any nontrivial non-negative solution to (R,) is necessarily positive as a consequence
of strong maximum principle (see [41]). Solutions of (R.) are critical points of the functional

1 1 .
J(u) = —/ |Vu|Pdz — —*/ |ulP dx. (4.1)
P Jry p” Jry

By the Sobolev embedding D'?(RN) c LP"(RN), J is defined in D*?(R™). Since by [18] all the
minimising sequences for

. = inf { / VwlPde; we DYP(RY), /|w|p*dx 1}, (S.)
RN RN
are relatively compact modulo translations and dilations, critical points for [J are provided by

direct minimisation, after suitable rescaling of positive solutions W to the Euler-Lagrange equation
for S,

—A,W = WP "t inRY. (4.2)
Here since
/ VW [Pdz = 9/ WP dz =,
RN RN

it follows that S, = 6. Positive finite energy solutions to this equation are classified after the works
of Guedda-Veron [16] and of Sciunzi [32] and Vétois [42] mentioned in the introduction, which we
recall in the following
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Theorem 4.1. Let 1 <p < N. Then every radial solution U to (R.) is represented as

(4.3)

AP /pg1/P N1/p kv
AR |

U(lz]) = Uno(lz]) := [

for some A > 0, where p' := pfl and k = %, [16].
In fact, every solution U to (R.) is radially symmetric about some points y € RN and therefore it
holds that

U(z) = Uy y(z) =

’ ’ k/p/
AP /pE1/p N 1/p
, (4.4)

A+ [z — gy’

for some X\ >0 and y € RN, [32,42].

In the case p = 2 and N > 3 this result is classical, see [5]. Hence, the radial groundstate of
(R.) is given by rescaling the function

’ k/p/
Ll/p N1/p
UI,O(:E) = 1+ |SC|p/ ’ (45)
and moreover it holds that i N
VU ol[5 = [[Uxol 5 = S2/7, (4.6)

see e.g. [37]. In conclusion all the positive minimizers for (S, ) are translations of the radial family

W(z) := Uxo( {/Ssx). (4.7)

4.2 Supercritical zero mass equation

This section is devoted to the supercritical equation
—Apu— |u|"?u+ u)2u=0 in RV, (Py)

where 1 < p < N and p* < g <.
Remark 4.2. Note that by Pohozaev’s identity (3.1), equation (Py) has no solution in DLP(R¥) N
CHYRN) ¢ < p*.

loc
We prove the following existence result in the spirit of Merle-Peletier [23] to the case p # 2.
Theorem 4.3. Let N > 2,1 < p < N and p* < q < l. Equation (Py) admits a groundstate

solution ug € D¥P(RN) N LYRN) N Cllo’? (RYN), such that ug(x) is a positive monotone decreasing
function of || and

uo(x) ~ |$|7% as x| = oo. (4.8)

Remark 4.4. The uniqueness result of [38] is applicable to fast decay solutions to (FPy). However

the regularity hypothesis H1 as stated at p. 155 in [38] would require p* > 2, namely p > 13—1[2

Proof. Following Berestycki-Lions [3] in the present zero-mass case context we solve the variational
problem in D'?(RY) namely

Sp = inf{/|Vw|pdz’w€D1*p(RN), p*/Fo(w)d:c: 1}, (So)
RN RN

where

Fyo(w) = /Ow fo(s)ds,
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and fo(s) is a bounded truncation of the nonlinearity

fols) = [s|"2s — |s|'"?s,

e. g.
0, u <0,

Jolw) = { wr=t —wi=1, we[0,1], (4.9)
0, u > 1.

The above bounded truncation makes the minimisation problem well-posed in D*?(R™). Arguing
as for the positive mass case the existence of a radially decreasing optimiser u is standard.

The global boundedness of the truncation allows to use the classical result of DiBenedetto, see
e.g. Corollary p. 830 in [11], to show that u € C.%(RY).

Then the maximum principle implies that any solution for the truncated problem solves in fact
(Po) and is strictly positive.

Note that by Ni’s inequality A.3 and the C’llo’ff (RN) regularity it follows that u € L>®(RY). By
interpolation with Sobolev’s inequality this implies that u € LY(RY) for all [ > p*.

With the lemmas below on the asymptotic decay we conclude the proof. o

The following lemma about asymptotic properties of solutions is taken from [13].

Lemma 4.5 ([13, Corollary 8.3.]). Let 1 <p < N. Assume that

g(z])
1+ [zf?’

V()| <

where g : RT — R is bounded and continuous and satisfies the following conditions:

[ee) t +
(C1) mtl*N{%lxlN*dlwl ldt‘ < .
(C2) H‘%dm‘ < 0.
Assume that
—Apu+ V(z)uP~t =0, in RN\ By (0), (4.10)

admits a positive supersolution. Then (4.10) admits a solution which satisfies
N—p
Uo(x) ~ |z|” »=1 as |x| — oo. (4.11)
Corollary 4.6. If
c
(1 + Ja[)pto’

and ¢ is sufficiently small then (4.10) admits a positive solution that satisfies (4.11)

V(z) =

Proof. We can take
g(al) = |=|°.
Then (C1), (C2) are elementary to check. O

The decay estimate (4.8) is proved in the following lemma.

Lemma 4.7. Let ug € D*?(RY) N LYRY) be a positive radial solution of (Py). Then

uo(z) ~ 2| 7% as |z| — oo (4.12)
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Proof. Since ug € DVP(RN) N LY(RY) is radial then by the Ni type inequality A.3, we have
up < c|x|7¥, in RN\ B (0).

ans since [ > p* then we have for some d; > 0

— _N-op_ c .
ug " < el P = jzpre R™\B1(0), (4.13)
implying
- c .

for sufficiently large constant C independent of z. Now set
—Apug + (ub P)ub ™t =ud™t >0, inRY,
and then we have

C 1o

. ] N
A =0 R

pruo +

As a consequence, ug is a supersolution of (4.10) and then by comparison principle (see Theorem
B.1 in the Appendix), we obtain

wp > clz|" 7 in 2| > 1. (4.14)

Similarly, we can set
—Ayup — (udP)uh ™t = —ubt <o, in RY,

and since ¢ > p* we have for some d3 > 0,

=P £ I~ 52 (a—D) ¢ :
ud P < x| < e in |z > 1,
implying
C/
q—p N
uy < T+ o’ in R,
and hence o
—Apug — =l < in RY.

(1 + |a]yptoe "0

Now since ug € Diﬁi(RN) is a subsolution of (4.10), then by Lemma B.2 ug satisfies condition

(S) and hence by comparison principle Theorem B.1, we have
7 —N=p .
ug < d|z|” Pt in |z| > 1, (4.15)

and hence from (4.14) and(4.15) the conclusion follows. O

5 Proof of Theorem 2.3 and Theorem 2.5: critical case ¢ =

ES

p

In this section we analyse the behaviour of the groundstates u. of equation (P.) as € — 0 in the
critical case ¢ = p* and prove Theorem 2.3. Although our approach follows the ideas of [24], the
present p-Laplacian setting requires substantial modifications.
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5.1 Variational estimates for S.

Equivalently to the Sobolev constant (S,), we consider the Rayleigh type Sobolev quotient

w e DYP(RY), w #0,

which is invariant with respect to the dilations wy(z) := w(a/X), so that

Sy = S.(w).

inf
0#weDLP(RN)
We define the gap
0. =S, — S,. (5.1)
To estimate o, in terms of €, we shall use the Sobolev minimizers W, from (4.7) as test functions
for (S.). Since Wy € LP(RV) only if 1 < p < v/N, we analyse the higher and lower dimensions
separately. It is easy to check that Wy € L*(RY) for all s > %:;), with

N N-—p

IWAlls = A7 TV W f)s = A7 G20 w2,

and that, if 1 < p < v/N then Wy € LP(RY) it holds that
WAL = A I[Wallp.
In the case of dimensions p = v/N and VN < p < N, given R > p, we introduce a cut-off function

Nr € C§°(R) such that nr(r) = 1for [r| < R, 0<nr < 1for R < |r| < 2R, nr(r) =0 for |r| > 2R
and |ng(r)] < 2/R. We then compute as in e.g.[35, Chapter III, proof of Theorem 2.1]

IV (W (@))|[5 = S*+O((§)]zf), (5.2)
IneWullh: = 1—0((§)7ﬁ), (5.3)
il = O -o((F) 7). e
and
neW,ll = O(uplogR)z’ PV (5.5)

p“—N
—1

O(M%RP—), VN <p<N.

As a consequence of these expansions we get an upper estimate for o. which plays a key role in
what follows.

Lemma 5.1. It holds that

I—p*
= 1<p< VN,
(N—p)(1=p*)

0<o. e 7E i N <p<N, (5.6)
(=p")
(00g ) ™7 p= V.

Hence, 0c — 0 as e — 0.
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Proof. We first observe that since
Sy < Su(we) < Se(we) = Se,

it follows that o. > 0. We now obtain the upper bounds on o..

Case 1 < p < v/N. Note that W, € M. for all sufficiently small ¢ and sufficiently large u, and
we have

S

SE(WM) S —(N—p) (1—p*) (N—p)/N’ (57)
(1 —EpPBy — 7 b ﬁz)
where . .
p p
fp= Bl B= el
b
We now optimise the right hand side of the estimate (5.7) picking p such that the function
— p — =2 (1-p*)
Ve(p) := Bpep? + B~ :
achieves its minimum. This occurs at
lhe ~ £ TFHTH (5.8)
and we have -
i, ~ ~E
min Ye Ve(pe) ~ €
In the present case 1 < p < v/N, we may conclude that
S* l—p*
S.(Wy) £ s = 5 (14 0((pe))) = 8.+ O(75),  (5.9)
(1 — e (Ma))

and (5.8) is the value of y. such that the bound (5.6) is achieved on the function W, .

Casep > v N. We assume here that R > u. Using nrW,, as test function and using the calculation
in (5.2)-(5.5), we get

5w, < (5. +0((2) 7))

_, . R 7(1\;:9)1+N _N-»p
e -o((Z) T )T
I
and hence as % — 00, we have

S.(naWi) < S (1+ v, R))

where
Ry\—3-F Nep p>-N  _N-pg_
Ve(p, R) := (;) Cepr TR g e 7P (5.10)
If in particular we choose
e =€ @=PH-DFp R, = 5_%, (511)
we then find that
(N—p)(1=p*)

e (:uaa Ra) ~ gpll=—p")p—D+r]’
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and, similarly to the above case, the bound (5.6) is achieved on the test function ng_W,_ provided
e and R, are as in (5.11).

Case p = v/N. Again we assume that R > . Testing again against nrW, and by(5.2)-(5.5) with
p= \/N, we get

s < (s.+0((£) )

0
(1= (o((B)™) +co(woe )
- _WNopl Ly

s opa-o(() T )T

and then as % — 00, we have

S.(naWi) < S (1+ v, R))

where Y
R\~ —N=p e
Ye(p, R) := (;) +euPlogR+p~ 7 . (5.12)
Choose
1\ ™= a—m
R.i=e v, o= (510g g) e (5.13)
and hence

1 (é;ﬁp*))
Ve (e, Re) ~ (slogg) )

Thus the bound (5.6) is achieved by the test function ng, W, _, where p. and R. are defined in
(5.13). O

5.2 Pohozaev estimates

For € € (0,e4), let w. > 0 be a family of the minimizers for (S:) (or equivalently (3.11)). This
minimizers w, solve the Euler Lagrange equation

—Apwe =S (—ew? 4wl T —wh) inRY (5.14)

with the original (untruncated) nonlinearity.

Our next step is to use Nehari’s identity combined with Pohozaev’s identity for (5.14) in order
to obtain the following useful relations between the norms of we.

Lemma 5.2. Foralll <p< N, set k := gggi;’:g > 0. Then, it holds that

[lwelli = kelluwe[5,

be =14 (k+ Dellwe|[5.

[lwe|
Proof. Since w, is a minimizer of (S.), identities (3.5)-(3.6) read

= p'e p*
o *?stHg*TstHf- (5.15)

.
pe = ellwellp = [Jwelli, 1= 1|

1= [Jwe]

An easy calculation yields the conclusion. O
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Lemma 5.3. For all1 < p < N, we have

N
(kb + Dl <

— pS*_ oe(1+0(1)).

Proof. Using that w, is a minimizer for (S), by Lemma 5.2 it follows that

[Vwe|[f Se

P (N—p)/N’
(1 o+ el )

namely,

SN (1 (ko el ) < S2ND.

Setting o, := S — Si, as € — 0 we obtain

_ |
ST (4 el fwe] [} < 0o =577 4 o(02),

N—p
and this concludes the proof. O

We note that the above results allow us to understand the behavior of the norms associated with
the minimizer w, to (Se). In fact we have the following

Corollary 5.4. Ase — 0, we have

ellwelly =0, [lwell; =0, [Jwellfe — 1.

5.3 Optimal rescaling

We are now in a position to introduce an optimal rescaling which captures the convergence of the
minimizers w, to the limit Emden-Fowler optimiser Wj.

Following [35, pp.38 and 44], consider the concentration function
Q-(\) = / |we P da,
B

where B) is the ball of radius A centred at the origin. Note that Q.(-) is strictly increasing, with
li A) =
)\IE%) Q:(A) =0,

and i
lim Q:(\) = [|wellp. — 1, ase — 0,
A—00

by Corollary 5.4. It follows that the equation Q.(\) = Q. with

Q- ::/|W1(x)|17*d:c <1,
B

has a unique solution A = A. > 0 for ¢ < 1, namely

Qa()‘s) = Q. (5.16)

By means of the value of ). implicitly defined by (5.16), we set

N—-p

ve(x) = A 7 we(Ae), (5.17)
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and easily check that

= 140(1), [[Veell2 = [[Vwe|l2 = S. + o(1). (5.18)

[|velp= = [lwe|

namely (v¢) is a minimizing family for (S.). Moreover
[l ds = .
By

The following convergence lemma follows by the Concentration-Compactness Principle of P.-L.
Lions [35, Theorem 4.9].
Lemma 5.5. For all1 < p < N, it holds that

IV (ve = Wh)llp =0,

and
[[ve — Wi

p* *}0,

as € — 0.

Proof. By (5.18), for any sequence €, — 0 there exists a subsequence (g5) such that (v.,) converges
weakly in DVP(RY) to some radial functions wy € DVP(RY). By the Concentration-Compactness
Principle [35, Theorem 4.9] applied to ||v€||;*1v€, we have in fact that (ve, ) converges to wg strongly

in DY?(RY) and LP" (RN). Hence, |[wo|[,- = 1 and therefore wy is a radial minimizer of (S.),
that is necessarily wg € {Wx}aso. Note that it also holds

[P ds = ..
By

As a consequence wy = Wj. Since the sequence (g,) was arbitrary, the whole sequence (v,)
converges to Wi strongly in DVP(RN) and LP" (RY), and this concludes the proof. O

5.4 Rescaled equation estimates

Our next step is to obtain upper and lower estimates on the rescaling function A\., which is
implicitly determined by (5.16). The rescaled function v, introduced in (5.17) is such that

: (R2)

" —(N—p)(i=2
~Agve = 8. (=N o2 T W= )“’vgfl)

as (S;) is achieved by w.. By construction, for v. we obtain

; P(l;P*) ;
lvelli =A™ "7 well, lvelly = AP [wel 5

Putting Lemmas 5.2 and 5.3 together we then achieve the relation

p(l—p*)

Ae T ||vell; = Alkellve| [ S o, (5.19)

which yields the following

Lemma 5.6. Let 1 <p < N. Then

_(Pl**g) Pt
o PP <A Serol.
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Proof. The statement will follow by (5.19) combined with the observation that

hi‘n_gélf ||vs||l > 07 hlan_gélf ||U€||p > 0.

The former is a consequence of Lemma 5.5 and Holder’s inequality, which yields L!(B;) C L?" (By)
since [ > p*, hence

cl|veXp, |1 > [|v-XB, |

o 2 [[Whidp,|
= [[W1 Xz,

pe = (W1 — ve) X, |
p —o(1).

Here X', is the characteristic function of Br. To show the latter, by the embedding i (B1) C
LP?(By) since p* > p, we obtain

p*

e, [lpr = [[0=XB, |lp = [[Widp, [|p — [[(W1 = v2) X, [|p = [[Wi &, ||, — o),
and this concludes the proof. O

By (5.6) and Lemma 5.6 we obtain both an estimate from below

_®*—p)

e »l-p) 1<p< VN,
_ ("=p) I R
A > oo PP > )T TTr =D VN <p<N, (5.20)
~ ~ _(@*-p)
(s10gd)) ™7 p=VN.
and from above i
e pp(l:g) 1< p <V N,
_ @2 -N—pM)tp?

Ae < {7 PPl VN <p <N, (5.21)

. (—p*)
e (zJp(l—zz:)) (1og %) =) p= \/N
We note that in the case 1 < p < v/ N the above lower and upper estimates are equivalent, therefore
we have the following

Corollary 5.7. Let 1 < p < \/N. Then |jv.||; and ||v.||, are bounded.
Proof. This is an immediate consequence of (5.19)-(5.21). O

In the case p > v/ N we take into account the growth of ||v.||, to obtain matching bounds. In this
case instead of (5.21) we use the more explicit upper bound

(2 —N)(1=pH)+p?
Efl/po.sl/lﬂ e pg[(lfp*)(prl)fp] VN < p < N.
S Hvelly (-5 (5.22)

23 ] RV
Ve p 5_p(17p)(10g%)19 P p:\/ﬁ,

~

which follows from (5.19) and (5.6).

5.5 A lower barrier for p > 2

To refine the upper bound (5.21) we shall construct a lower barrier for w, in the critical regimés
V/N < p < N. For p > 2 this will be done using the following uniform estimate.
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Lemma 5.8. Given p >0 and v > 0, set
h(r) :=r"Ye H".
Assume that p > 2 and that N —1 —2y(p —1) < 0 and v(N —p —y(p — 1)) < 0. Then for all
w>0andr >0,
— Aph 4 P (p = 1)RP

p—2 _1_ _ p—1 —p_ _
<2 (N-1 - 29(p 1)), p1 e WN=p—1P—1),,1
rp—1 rpP

Remark 5.9. If p = 2 then (5.23) becomes an equality.

(5.23)

Proof. By direct calculations, we have

2
— Aph+pP(p— AP~ = (p— 1)p? {MP_Q - (u + l)p }hp_l
.

N (/LJr z)p—2 {MN —1-2v(p—-1) " v(N fpf2'y(p -1)) } -1

For all i > 0 and r > 0, by monotonicity we have

{M” — (u+ %)p_Q} <0,
(e

Therefore, assuming that N —1 —2y(p—1) <0 and (N —p —v(p — 1)) < 0 we can estimate,

{MN—l—%p 1) +7(N—p—7(p—1))}hp—1

— Aph+pP(p—1)hP~E <

r2

vp 2(1\7—1—27( ))hpfl+7p*1(N—p—7(p—1))hp71
rP ’

<pu

uniformly for all g > 0 and r > 0. O

Remark 5.10. In the case 1 < p < 2 by monotonicity, convexity and Taylor for all 4 > 0 and r > 0

we have )
—
0< {MP_Q— (n+7) }S @2 -ppr—iL.

Similarly, we can estimate

p—2 _ e
(Wr%) > = 2= (5.24)
or, alternatively,
p—2 p—2 p—3
(u+ 1) > (1) - (2*p)(1) - (5.25)
r r r

Therefore, assuming that N — 1 —2y(p —1) <0 and (N — p — y(p — 1)) < 0 we can estimate,

_ Aph + up(p _ 1)hp71 < ,upfl (2 _p)(p - 1)7hp71
- r

N ( (5.24) or (5.25) ) {MN— L-2(p-1 N -p-ap- 1))}hp—1_

r r2

(5.26)

Both (5.24) and (5.25) introduce a large positive term in (5.26) which we cannot control.
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To estimate the norm ||v.||,, we note that

—(N-p)=2

—Ayve + Sgs)\g|v8|p_1 = S&-|’U€|p*_1 S-e p|UE|l_1 > —Vg(x)vg_l,

where we have set
N—
Va(a) == 5ar VO ),
By the radial decay estimate (A.3) we have

ve(z) <

(l p*)
By (5.18) and since Ao @ < 5 5 0 Lemmas 5.1 and 5.6 yield, for sufficiently small € > 0, the
following decay estimate

—(N-p) =t +p o 1P (1) —(N-p)=2

- p|x|f 2 (l-p)

Ve(z) := ScAe < S

< oV +pll wtd),

where § := %(l —p) —p > 0 and the constant C > 0 does not depend on ¢ or x. Hence, for
small £ > 0 the rescaled functions v, > 0 satisfy the homogeneous inequality

—Apve + SeeNPvPT + Vo (z)0P™t >0, 2 RN (5.27)
The following result provides a suitable lower barrier to (5.29) below.

Lemma 5.11. Assume N >4 and 2 <p < % Then there exists R > 0, independent on € > 0,
such that for all small € > 0,
he(w) 1= |a] ot e VESAle]

satisfies
~Aphe + (p— 1)SceXPRP  + Vo(z)h2™1 <0, |z| > R. (5.28)

Proof. By Lemma 5.8 with v = % we conclude that there exists R > 1, independent of € > 0,

1
such that

— Aphe + (p— 1)SceNPRE™Y + Vo (z)h2 ™!

vp *(N-1-2y(p—1))
rp—1

_ 2 p)tp C
hg 1—|—)\5 p+§ g 1

_(ES)

_N-p_
g{—#F%N+1—2m¢&ﬁA,+G& P””ﬂ} plwl for |z > R.
It is convenient to denote s := {—p* > 0. Taking into account that —T(l— )+p=s(1-N/p) <
0, we can use the lower bound (5.20) on A to estimate
_N-p_
— PN 41— 2p)(eS) P A+ CAZ 7 T

(N—p)(i—p)—p?

1
< _71)—2(]\[ +1— QP)SPEP EESVED + O pEG-D+7]

s(p—1) (N=p)(i—p)—p?

< —AP 2@V-+1-2p)spgp<plww + e EeET <,

for all sufficiently small £ > 0, provided that p < (N + 1)/2, which completes the proof. O

Lemma 5.12. Assume N >4 and 2 <p < % There exists R > 0 and ¢ > 0, independent on
e > 0, such that for all small e > 0,

ve(z) > cla| "t e VS el (|z] > R).

22



Proof. Define the barrier
N—p
he(x) = |z|” 72 6*6555A5|m|,

which satisfies
~Aphe + S AR 4 Vo(2)h27t <0, |z| > R. (5.29)

by Lemma 5.11. Note that Lemma 5.5 and Lemma A.4 in the Appendix imply
[(ve = W1)Ba\Bay2lloc = 0,

and hence
ve(|z]) = Wi (Jz]), for |z| = R.

Hence for all sufficiently small € > 0, we have
ve(R) > Wi (R), for|z|=R.

Since h.(R) is a monotone decreasing function in ¢, then by a suitable choice of a uniform small
constant ¢ > 0 we obtain

and hence
ve(R) > che(R), for all smalle > 0.

Then the homogeneity of (5.29) implies
—Ap(che) + S NE(che )Pt + Vi(x)(che)P™t <0, in|z| > R,
for all small € > 0. Define a function che by

chey = che — k™! < che, for all k > 0,

then
—Ap(che k) + Ve(z)(che k)P 1 + SN2 (che x)P~1 <0, inlz| >R (5.30)
and
Ve > che > che g, for |z| = R.
Now, since
che — 0, as |z| — 4o0,

then for k large enough there exists Ry > R such that
cher =0, for |z| = Ry,

and since v, > 0, then
Ve > che f, for |z| = Ry.

As a consequence, from (5.29) and (5.30), using the comparison principle (see Theorem B.1 in the
Appendix) we obtain
Ve > che gy for R < |z| < Ry,

which can be achieved for every k. Since Ry — oo as k — 0o, the assertion follows. O

23



5.6 Critical dimensions N >4 and VN < p < % completed

We now apply Lemma 5.12 to obtain matching estimates for the blow-up of ||vc||, in dimensions
N>4and VN <p< 5.

p2=N
p—1

Lemma 5.13. If N >4 and VN < p < 2EL then [Jv.[|p 2 (ﬁ)

Proof. Since VN < p < %, we directly calculate from Lemma 5.12:

o0
L A e i (0
RN\ Bg R
and as € — 0 (i.e. ﬁ — 00), we have
()/;
eSeXe 2
PN _ C 5T
R
and this completes the proof. O

As an immediate consequence of the above result, by (5.22), we obtain an upper estimate of A,
which matches the lower bound of (5.20) in dimensions N >4 and VN < p < XH

Corollary 5.14. If N >4 and VN < p < X then \. < e~ 707

We now move to consider the case p = v N.

Lemma 5.15. If N >4 and p = /N then it holds that [[ve B 2 log( {'7%/\ ).

Proof. Since p = /N, by Lemma 5.12 we immediately get

2_
Jvellh > / N oo (r)[Pdr > P / P g
RN\Br R

1
P/eSc e

= ¢ / r~tdr > log(
R

and this concludes the proof. O

_*—p)

Corollary 5.16. If N >4 and p = VN then it holds that \. < (5(log 9) s

Proof. By (5.19) and (5.6) we get

1
CelP1
e8I

Clearly,
551 < %AE < 5527
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for some 612 > 0 and € small enough, by (5.20) and (5.21). It follows that

1 1 1 1
og —— ~ log —.
g Ven &7
Hence,
Ly NSRS
X5 (c00g ) = (ctog2)) "7,
and
1.\~
< (etog 1),
and this concludes the proof. O
5.7 Proofs

The sharp upper estimates on A yield the following

Corollary 5.17. Let either 1 <p <N, or N >4 and VN < p < % Then
[[velle = O(1).

The boundedness of the L' norm also allows one to reverse the estimates of ||vc|, via (5.19).

Corollary 5.18. It holds that

o(1), 1<p<+VN,
||ve |2 = § O(log 2), p=+VN, N >4,

(I=p")[p—(*—p)(p—1)

[ ) ]
O(g *—p)[T—pF)(P—1)+p] ), VN <p< %7 N > 4.

We now prove that the L' bound implies an L> bound.
Lemma 5.19. Let either 1 <p < \/N, or N >4 and VN <p< % It holds that
[[velloe = O(1). (5.31)
Proof. We start observing that by (R}) v. is a positive solution to the inequality
—Apve — Ve(z)oP™t <0, xRV,

with
Ve(z) := Sev? 7P(x).

By Lemma A.5 in the Appendix, we obtain
[ve(@)] < Cillvello|=| ™" @ # 0, (5.32)
which combined with Corollary 5.17 yields
V(a) < S:CF ol Pl ~N® P < Cufal PP

for some uniform constant C, > 0 independent on € or x. Hence, v, is a positive solution to the
inequality
~Apve — Vi(z)oP™t <0, zeRY, (5.33)

with Vi(z) = Ci|z|~P?"/t € L§ (RYN) for some s > N/p, since [ > p*. With these preliminaries
in place, one can invoke here the result on local boundedness Theorem 7.1.1 in [30, p.154] for
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subsolutions of (5.33) to conclude. However, to make the proof selfcontained, we provide a simple
argument to justify (5.31).

Integrating the inequality (5.33) over a ball
/ —Apve(z)de < / Vi (z)vP ™ (z)d,
B‘I‘(O) B‘I‘(O)

and by the divergence theorem, taking into account the monotonicity of v. with respect to |z| we
have

/ —Apve(y)dy = / |V (o) P2V (o) - vdo =
Bz (0) 9By(0)
= |V (z)P~! / do = C1|Voe ()P~ )N 1.
9B (0)

On the other hand

Bz (0) 0

|z

< Gl (O)P! / PN g = Gyl (O)P e N
0

since —Egﬁ + N > 0. Hence

Cy
-1
Ve (z) P77 < 2|V -1

/ Vi(r)o? =} (r)dr < Csloo (0)[7~ | =77 /1, (5.34)

By (0)

for some Cy4,C5 > 0 independent of ¢ and . Integrating again from 0 to zq after writing (5.34)
in this form

d - B
L 0e(Jal) < Coluw (0) 120 0/ 07D,

we have

p(l=p*)
V(0) < we(xo) + Crve(0)]zo] 7=, (5.35)
for some C7 independent of ¢ and 2. We pick A small enough such that for all |zo] < A we have
p(l=p*) p(l=p™)
v:(0)(1 — C7 A=D1 ) < 0 (0)(1 — Crlxo| @D ) < v (x0).

Then
Csv:(0) < ve(xp), for all zg, |zo| < A,

(1-p*)
where Cg =1 — C7Apl<17*p1) . Hence by taking the power | and integrating we obtain

/ Colv(0)|'dz < / [v. ()] de.

|z|<A lz|< A
which by Corollary 5.17 immediately concludes the proof. o

By elliptic estimates for the p-Laplacian, we have the following
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Corollary 5.20. Let either 1 < p < \/N, or N >4 and VN <p< % It holds that v. — Wy
in CO*(RN) and L¥(RN) for any s > p*. In particular,

loc

v.(0) ~ Uy (0).

Proof. As a consequence of the L*> bound of Lemma 5.19 and the convergence of v, to the Sobolev
minimiser Wy in DVP(RY) via the compactness result in Lemma A.5 we obtain the convergence
in L¥(RY) for any s > p*. Since we can write (R?) in the form

—Apve = ge(ve),
and by Lemma 5.19 we have

|19e (ve)ll Lo vy < C,

uniformly with respect to €, then by [11, Theorem 2] we have
||U8||cllt;j(RN) <C,

uniformly with respect to €. It follows that by the classical Arzela-Ascoli theorem that for a
suitable sequence € — 0 we have

ve = W1 in C’l’a,(RN),

loc

where o < o. O

Proof of Theorem 2.3. The proof follows immediately from Lemma 5.5 and Lemma 5.6, which
yield the upper and lower estimates on .. o

Proof of Theorem 2.5. The proof follows from the sharp upper bound on A. in Corollaries 5.14-
5.16, and from Corollary 5.20. In particular since from Corollary 5.20 and in view of (3.8) we
have

N—p

ue(0) ~ Ae * v(0),

then by the sharp estimate of A\. we have the exact rate of the groundstate u.(0) in the present
critical case L
et-» 1<p<+V/N, N>2

N-—-p
UE(O) ~ Ep[(lfp*)(pil)jp] \/N <p< %5 N > 45 (536)
(ellog 1)) p=VN, N> 4.

6 Proof of Theorem 2.8: supercritical case g > p*

In this section, we consider the supercritical case ¢ > p* and prove Theorem 2.8 stated in the
Introduction, which essentially says that for ¢ > p* groundstate solutions u. converge as ¢ — 0
to a non-trivial radial groundstate solution of the formal limit equation (Fp). This result extends
[24, Theorem 2.3] to p # 2.
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6.1 The limiting PDE

From the results of Section 4 we know that for ¢ > p* the limit equation
~Apu—ult 47t =0 in RY, (Po)

admits positive radial groundstates solutions ug € DYP(RY) N LY (RY), which are, since they are
radial, fast decaying, namely such that

uo(x) ~ |$|7% as |z — oo. (6.1)

Note that by construction ug € Cllo’s‘ (RY). Moreover uy admits a variational charachterization in

the Sobolev space D'P(RY) via the rescaling

X

uo(x) := wo(—),
So
where wyq is a positive radial minimizer of the constrained minimization problem
Sy 1= inf{ / |Vw|pdac‘w e DYP(RY), p* /Z:“O(w)dx = 1}, (So)
RN RN

where w
Fo(w) = / fo(s)ds,
0
and fo(s) is a truncation of the nonlinearity
fo(s) = |s|"s — |s|"™?s,

as described in Section 4. Then the minimization problem (Sp) is well defined on D*?(RY). The
minimizer wy satisfies the Euler-Lagrange equation

—Apwy = So(w871 — wéﬁl).

Moreover, wy satisfies Nehari’s identity

/|Vw0|pdx:,5’0(/|w0|qu—/|w0|ldac),
RN RN RN

which yields

1= [wo||d — [[wol|;- (6.2)
From the Pohozaev identity

1 1

[ 1vuipds = s (5 [ woltdo ~ 7 [ wol'as),
q l

RN RN RN

we have

p* p*
1:?||wo||3*7||w0||§~ (6.3)

Hence from (6.2) and (6.3) we obtain the relation
P P
[lewol 1§ = [woll; = 7 wollg = ~lwolly =1,

from which we obtain the expressions

q(l —p*)
p*(l—q)

(g —p")

l
w = .
|| 0||l *(l q)

[|woll§ =
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6.2 Energy estimates and groundstate asymptotics

The relations between S, and Sy is provided by introducing the convenient scaling-invariant quo-
tient
[ |Vw|Pdz
So(w) := =l w e Mo, (6.4)

(p*R[V I (w)d:c) e

where
My = {w € DVP(RY), /Fo(w)d:c > 0}.
]RN

Note that, by a rescaling argument, this is equivalent to (Sp) :

So = wleI}\f;lo So(w)

Lemma 6.1. For all1 < p < N, it holds that

0<S.—5y—0, as e—0.

Proof. To show that Sp < S, simply note that
So < Sp(we) < Sc(we) = Se. (6.5)

To estimate S. from above we test (S.) with the minimizer wg. By (6.1), we have wy € LP(RY)
if and only if 1 < p < v/N. We break the proof by analysing the higher and lower dimensions
separately.

Case 1 < p < v/N. Using wy as a test function for (S.), we obtain

N <5400, (6.6)
ep p P
(1- T”wO”Lp(]RN)) N

Se < Ss(wo) <

which proves the statement for 1 < p < v/ N.

In the cases p = VN and VN < p < N, given R > 1 we pick a cut-off function np € C*(R)
such that nr(r) =1for [r| < R,0 <nr < 1for R < |r| < 2R, nr =0 for |r| > 2R and |ny| < 2/R.
By (6.1), for s > NL_p we obtain

/ |V (nrwo(x)|Pde = So + O(R_%),
RN
s s _(N—-p)s
/]RN [nrwo (z)|°dx = ||w0||LS(RN)(1 —O(R™ » 1 -i-N))7

/ o (@)Pdz = | CUBED p=VN,
nrwo(z)|Pdr = b2 N
Ry OR#+»1), VN<p<N.

Case p=+/N. Let R = ¢!, Testing (Sc) with nrwo and since ¢ > p*, we get

S. < S-(nmwo) < (S0 + O(R™5F) )+

N—p

v ~

¥ _(N-p)g ep* * ()l
(%Ilwong@ —O(R™ 71 ) - %O(logR) - p7||w0||§(1 _o(R~ +N)))

=t 1
= So+ O ) g SSoJrO(slogg),

(1 - 0(5%) - O(Elog%)) "
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from which the claim follows.
Case VN <p < N. Let R = e~7. We test (Se) with npw and as ¢ > p*, we obtain

S. < S-(mmwo) < (S0 +O((R) 7))+
SN = SRORTE) — B hulli(1 - O((R) )

p* _

(Zllwollz1 - O(R
q

Pé\;:q) N—p

So + O(E ) — < So + 0(5—13(;771) )’

<
(1 - o(sﬁ) —O0(e™ zf<pi]¥>+1>) N
O

<1 for all s > p*.

~

which completes the proof.
Lemma 6.2. It holds that ||we||co < 1 and ||wel|s

Proof. Note that by (3.8) we have
|[welloo = [[tie][oc < 1.

By Sobolev’s inequality and Lemma 6.1 we have
lwel[b. < STHIVwe | = 9718 = 871 S0 (1 + o(1)).

Hence for every s > p*,
[wel5 < [lwell5-
which concludes the proof. o
Lemma 6.3. For all1 < p < N, we have
ellwellp =0 as e—0.
Proof. Observing that w, is an optimiser to (S), it follows that
* * « €
1=p /Fs(wg)d:c:p /Fo(wg)—p 5||w5||£. (6.7)
RN RN
Hence
J |Vw.|Pdx
RN _ Se
o . (N-p)/N
(1+ el e}

S (wa) = —
’ (p*]]i{’ Fo(wg)dx) W

If by contradiction we had limsup,_,q ¢[[we|[) = m > 0, then by Lemma 6.1 for any sequence

en — 0, we would obtain
S So(1+o(1
En 0( O( )) < So,

So < Sowe, ) = OEY
(1+ Zenllwe, I17)
O

and this, as it is clearly a contradiction, concludes the proof.
Theorem 6.4. Let 1 <p < N and q > p*. Ase — 0, the family of groundstates u. converges to
and CLY(RN) to (Py). In particular

a groundstate ug in DVP(RY), LY(RN)
ue(0) > ug(0).

Furthermore ug is fast decaying, namely

uo(x) ~ |$|7% |z| = oo.

as
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Proof. Since the family w. is bounded in D1?(R”) then there exists a subsequence w, such that

we, = in DYRY) and w., @ ae in RY, asn— oo

n

where w € DVP(RY) is a radial function. By Sobolev’s inequality, the sequence (w., ) is bounded
in LP" (RY). Using Lemma A.5 we conclude that

we, = w in L(RY\ B.(0)) forr>0andsé€ (p*,c0).
Taking into account Lemma 6.3 and (6.7) we also obtain

/Fo(ﬁ;)d:c = Jim [ Fo(we,)dx = Jim (145" = e, ) = 1.
RN RN
By the weak lower semicontinuity property of the norm we also have that
V]2 < lim inf [V, [ = So.
i.e. w is a minimizer for (Sp). We now claim that
Vwe, — Vi a.e. onRY, (6.8)

and then by Brezis-Lieb Lemma [4], (w,, ) converges strongly to @ in D'?(RY). In fact, arguing
as in [22, Theorem 3.3] (see also [21, Proposition 2.3], define a bounded function

s it |s] <1,
T .= .
=it sl > 1,

Is]

and consider a sequence (By,) of open subsets of RY such that |J By = RY. Then if
k=1

lim (|Vwe, [P2Vw,., — |V@|P2VD) - VT (w,, — w)dx — 0, (6.9)
By,

for every k, then
Vwe, — VW a.e. on By,

and hence by a Cantor diagonal argument, (6.8) is satisfied.

To show (6.9), we introduce a cut-off function

(2) 1 if |z| <k,
) =
p 0 if |z[>k4+1,

and since

(IVwe, [PV, — |[VO[P?VE) VT (we, — D) > 0,
then

0 < / (IVwe, [PV, — |[VO[P?VE) VT (we, — ®)dz

By,

< / [(|Vw5n|p_2Vw8n—|V7I}|p_2V1D)VT(wEn—u?)}p(m)dm
Bri1

< ‘/(|vw6n|P*2VwEn—|vw|P*2vuv)v(pT(wgn—uv))dx‘
Bri1

+ ’/(|Vw5n|p72Vw5n7|V1D|p72V1D)T(w€nfﬁ))Vpdz’%0,

By 4+1
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as n — 0o. In fact

’ / (IVwe, P2V, — [Vwo[P~2Vd)V (pT (w., — ﬁ;))d:c‘

B 41

< ‘/|Vwa P2V, V (pT(w., — 1) dm‘ +‘/|Vﬁ;|p_2va(pT(w8n —u?))dm‘

_‘/fawainwan— dw‘—i—‘/f —u?)dx‘—)()

by local compactness. Moreover, by Holder’s inequality and since 7" is bounded and w., —w — 0
a.e. on RV, then by dominated convergence theorem, we have

‘ [ (|Vuw., [P-2Vuw., — |Vo|P~-2Va)T(w., — @)Vpd:c‘

Bit1

< c / T (we, — |P|vp|de)5 -0,

and hence (6.9) follows. As a consequence (w., ) converges to w in DMP(RM) and in L¥(RY) for
any s > p*, where w is a minimizer of (Sp) satisfying the constraint. Similarly to the proof of
Corollary 5.20, using Lemma 6.2, by uniform elliptic estimates we conclude that (we, ) converges
to o in C’llo’ff (RM). The decay follows from Lemma 4.7. This concludes the proof. O

Proof of Theorem 2.8. The statement follows directly from Theorem 6.4 and Lemma 6.3. O

7 Proof of Theorem 2.2: subcritical case p < g < p*

In this section, we consider the subcritical case p < ¢ < p* and prove Theorem 2.2 showing
that, after the canonical rescaling (1.2), the groundstate solutions u. converge as ¢ — 0 to the
unique non-trivial radial groundstate solution to the limit equation (Rp). This result extends
[24, Theorem 2.1] to p # 2.

Since by Pohozaev’s identity the equation (FPy) has no positive finite energy solutions, to under-
stand the asymptotic behaviour of the groundstates u. we consider the rescaling in (1.2), which
transforms (P.) into (R.), whose limit problem as € — 0 is (Ry).
Pick G; : R — R, a bounded truncated function such that
l—q
Gelw) = —huft — ~puf — <7
q p !

Jwl’,
for 0 <w<e 77, Ge(w) <0 for w > e~ 77 and Ge(w) =0 for w < 0. For € € [0,e%), we set
5. = inf { / VulPde |we W), /G )z =1}, (1)

RN

a well-defined family of constrained minimisation problems, which share, together with the limit
problem (S}), the same functional setting W?(RY). By Theorem 3.2, (S’) possesses a radial
positive minimizer w, for every e € [0,e*). The rescaled function

ve(x) == wg( z ),

S/

B
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is a radial groundstate of (R;).

We estimate (S.) by means of the dilation invariant representation

[ IVw[Pdx
RN
Sl(w) = NN w e ML,
(p* i Gg(w)dac)
RN
where M. := {0 < w € W'P(RY), [ G.(w)dz > 0}. We have
RN
st = inf S(w)
and for € small enough we have
Sé < S(I)(ws) < S;(ws) = S;' (7.1)

This follows by observing that as p* [ Go(w.)dz =1 and G.(s) is a decreasing function of ¢ for
RN

each s > 0, we have w. € M, and the second inequality follows again by monotonicity. Observe

that by continuity wo € M. for sufficiently small €. As a consequence, by testing(S.) with wo,

that for € small enough, we have that

So

— < S|+ O0(co¥).
(1= 55 ol

Si < Sl(wo) = )(N—p)/N =

Hence S, — Sj. Reasoning as in Lemma 5.2 , we obtain that

|lwellg =

(l—qp*  p(l—q)

Inserting this identity into the definition of Sj(w.) and using the convergence of S, to Sy, one can
easily check that

* *

PO =) g g g = L), 2)

p(g—p) 0 p*(¢—p)

Therefore p* f Go(wz)dr — 1 as e — 0. We have then achieved that a rescaling A\. — 1 exists
RN

such that p* [ Go(w.)dz =1 and S.(w.) — S} with . (z) := w.(A\2). It follows that (w.) is a
RN

minimizing one parameter family for (S§) that satisfies the constraint used in the method which

yields Theorem 3.2. By Theorem 3.2 we conclude that for a suitable sequence €, — 0, it holds

We, — W strongly in W1P(RY), and since A. — 1, it holds that w., — @, where 1 is the minimizer

of (S)) satisfying the constraint. By the uniqueness of minimizer of (Ry), we have & = wg. An

obvious modification of the proof of Lemma 5.19, using ||we||p+, yields that ||we]lco S 1 as e — 0.

By uniform elliptic estimates we conclude that w. converges to wy in L*(RY) for any s > p and

in C’l’o‘(]RN), and therefore the proof of Theorem 2.2 is complete.

loc

o
ti [ |

A Radial functions

We recall that for u € L'(RY), the radially decreasing rearrangement of a function u is denoted
by u* and it is such that for any o > 0 it holds that

‘zERN:u(:c)* 204’ = ’xGRN u(z)] >«

)
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where ’ . ’ denotes the Lebesgue measure in RY. We recall that

F(u)dx = F(u")dx,
RN RN

for every continuous F' such that F(u) is summable.
The following fundamental properties of rearrangements can be found e.g. in [43]:

Lemma A.1. Let 1 <p < oo and u,v € LP(RN). Then u*,v* € LP(RY) and
lullp = llullp, — [[u® = o™[lp < Jlu—vflp.

Lemma A.2. Let 1 < p < N and u € DVP(RY) (respectively, in WHP(RYN) ). Then u* belongs to
DYP(RN) (respectively, in WEP(RY)), and we have

/|Vu*($)|pd$§/ |[Vu(z)Pdx.
RN RN

We will be frequently using the following well-known decay and compactness properties of
radial functions on RV,

Lemma A.3 ([36]). Assume that 1 < p < N. Then there exists C = C(N,p) > 0 such that for
all uw € D2P(RY),

ju(@)| < Cla|~ 77 ||Vl Lo @). (A.1)

Lemma A.4 (Compactness of the radial embedding [36]). Let 1 < p < N. Then we have the
following continuous embedding
WEP(RN) — LYRY) (A.2)

forp < q < p* = ]\1;—]_\[1) when p* < oo and for p < g < oo when p* = oco. Furthermore, the

embedding is compact for p < q < p*.

Lemma A.5. (1) Let s > 1 and let u € L*(RY) be a radial nonincreasing function. Then for
every x # 0,

=N
B

u(2)] < Cla

Julls, (A.3)

where C' = C(s, N), see e.g. [3].
(2) Let u, € DVP(RYN) be a sequence of radial functions such that u, — u in D¥?(RYN). Then,
passing if necessary to a subsequence, it holds that

Up —u in L°(RN\B,(0)) and L*(RN\B,(0)) Vr>0,s>p"
Proof. Since (un)nen € DVP(RY) is a radial sequence, setting f,,(|z|) = u,(x) from the funda-
mental theorem of calculus and Holder’s inequality for all |z| > |y| > r > 0 it holds that

||

[un(z) — un(y)| < / [FL0)ldt < |z —y [V y| O NPISN = 7P| | vy
[yl

and as a consequence, since u, — u is bounded, for all z,y € RV \ B,.(0) and a uniform constant
C > 0 we have that

fun () = wn(y)| < Crl= Nz —y|'7" (A4)
Namely, (un)nen is bounded in C%V/# (RN \ B,(0)) and by the locally compact embedding it
is strongly convergent to u in LS (RN \ B,.(0)). This and Lemma A.3 yield the convergence in

loc

L*(RY\ Br(0)). O
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B Comparison principle for the p-Laplacian

Let G C RY be a domain. We say that 0 < v € Wli)’cp(G) satisfies condition (S) if:
(S) there exists (0,,)neny C WE(RY) such that 0 < 6,, — 1 a.e. in RY and

/R(Gnv,v) —0, as n— 4oo.
G

where R is defined by

R(w,v) := ’Vw’p - V( wpl)‘Vv‘IFQVv. (B.1)

(U
Notice that if G is bounded and v € W1P(G) then condition (S) is trivially satisfied with § = 1 in
G. In case of an unbounded domain G, condition (5) ensures that the subsolution v is sufficiently
small at infinity, in order to respect the comparison principle (see [19]).

Using condition (S), we formulate a version of comparison principle for a p-Laplacian with a
general negative potential (see e.g. [19,27,34]).

Theorem B.1 (Comparison principle for p-Laplacian). Let 0 < u € Wli)’cp(G) N C(G) be a super-

solution and v € W,oP(G) N C(G) a sub-solution to the equation

loc
—Apu+ VulP2u=0 in G, (B.2)
where V- € L2 (G). If G is an unbounded domain, assume in addition that 0G # 0 and v*

loc

satisfies condition (S). Then u > v on G implies u > v in G.

Below we prove a simple sufficient condition for assumption (S) to hold.

Lemma B.2. If 0 < v e D"?(RN) then v satisfies (S).

rad

Proof. Following [19,34], define

1, 0<r<R
R2
na(r) =4 g, R<r<R
0,  r=R

and note that |nr| < 1 a.e. in RY and || < @r‘l. We are going to show that

/R(nRv,v) —0 as R — oo
RN

Using the Picone’s identity [1,10] and inequalities [34, Lemma 7.4], it is straightforward to deduce
the inequalities

R(nrv,v) < alv(r)l”, (1<p<?2), (B.3)
< elnru P2 omr) P +eslv r) P (0> 2). (B.4)

Case 1 < p < 2. Using (B.3) and Ni’s decay estimate Lemma A.3 on v € DY (RM),

rad
_N-p
v<clz| r,

by a direct calculation we obtain

R? R?
—p 1 p
[ R < e [ o ar < e [ L
RN R R
L —0 asR— o (B.5)
(log R)r—1 : :
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Case p > 2. By Holder and (B.5) we conclude

+oo +oo ijz +oo %
[ 2ttt < ([ e tan) ([ )
0 0 0

R? P
< el ) (/ |v<nR>;>|prN1dr> 50 as R .
R

o

Taking into account (B.4) and once again (B.5), the conclusion follows. O

Remark B.3. While the statement of Lemma B.2 is sufficient for our purposes, it is far from
optimal. See [19, Appendix B] for constructions of radial functions v ¢ DV?(RY) which satisfy
assumption (S).
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