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This paper is concerned with strong convergence and almost sure convergence for neu-
tral stochastic differential delay equations under non-globally Lipschitz continuous coef-
ficients. Convergence rates of 6-EM schemes are given for these equations driven by
Brownian motion and pure jumps, respectively, where the drift terms satisfy locally
one-sided Lipschitz conditions, and diffusion coefficients obey locally Lipschitz condi-
tions, and the corresponding coefficients are highly nonlinear with respect to the delay
terms.
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1. Introduction

With the development of computer technology, numerical analyses have wit-
nessed rapid growth since most equations cannot be solved explicitly. There is an
extensive literature concerned with numerical solutions for stochastic differential
equations (SDEs) and stochastic differential delay equations (SDDEs). In 1955,
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Maruyama [13] put forward Euler-Maruyama (EM) scheme for SDEs. After that,
there has been a strong interest in numerical methods to all kinds of differential
equations. Gikhman and Skorokhod [2] showed that under global Lipschitz and
linear growth condition, the EM scheme converges to the exact solution with order
1/2 for SDEs, while for additive noise case, the convergence rate is 1. Kloeden
and Platen [8] also studied numerical methods under global Lipschitz conditions.
However, global conditions sometimes are too strict. In order to cover a larger part
of SDEs, Higham et al. [3] studied strong convergence of Euler-type methods for
nonlinear SDEs. They gave convergence rate of EM scheme and backward Euler
scheme for SDEs under local Lipschitz and one-sided Lipschitz condition. Later,
Mao and Sabanis [10] showed that the EM scheme will converge to exact solutions
for SDDEs under local Lipschitz condition. Higham and Kloeden [4] presented and
analyzed two implicit methods for It6 SDEs with Poisson-driven jumps where coef-
ficients satisfy local Lipschitz conditions. Bao and Yuan [1] investigated conver-
gence rate of EM scheme for SDDEs, where the corresponding coefficients may be
highly nonlinear with respect to the delay variables. There is also some other liter-
ature concerned with strong convergence of explicit and implicit Euler-type meth-
ods to SDEs or SDDEs under non-global Lipschitz conditions, see [5, 6, 11, 18] for
example.

Neutral stochastic differential delay equations (NSDDEs) play an important
role in stochastic analysis. As to its numerical analysis, Wu and Mao [16] exam-
ined numerical solutions of neutral stochastic functional differential equations and
established the strong mean square convergence theory of EM scheme under local
Lipschitz condition; Zhou [17] established a criterion on exponential stability of
EM scheme and backward scheme to NSDDES; Zong and Huang [19] were con-
cerned with pth moment and almost sure exponential stability of the exact and
EM-scheme solutions of NSDDEs; Ji et al. [7] generalized the results of [1] to
NSDDESs; Tan and Yuan [15] proposed a tamed 6-EM scheme and gave conver-
gence rate for NSDDEs driven by Brownian motion and pure jumps under one-
sided Lipschitz condition. Motivated by Bao and Yuan [1] and Zong et al. [18],
the drift and diffusion coefficients may be highly nonlinear with respect to delay
variables. Will the -EM scheme converge to exact solutions strongly and almost
surely for NSDDEs if the drift terms satisfy locally one-sided Lipschitz condition
and diffusion coefficients obey locally Lipschitz conditions, and the corresponding
coefficients are highly nonlinear? In this paper, we shall give a positive answer
when the corresponding coefficients are highly nonlinear with respect to the delay
terms.

The rest of paper is organized as follows: in Sec. 2, strong convergence rate and
almost sure convergence rate are given for NSDDEs driven by Brownian motion
under nonglobally Lipschitz condition, while in Sec. 3, the Brownian motion is
replaced by pure jumps, under similar conditions, the convergence rates are also
provided.
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2. Convergence Rates for Brownian Motion Case
2.1. Preliminaries

Let (Q, #,{%#}t>0,P) be a complete probability space such that {.%;};>¢ is right
continuous and increasing while %, contains all P-null sets. (R™,(-,-),|-]) is an
n-dimensional Euclidean space. Denote R™*¢ by the set of all n x d matrices A with
trace norm ||A|| = \/trace(AT A), where AT is the transpose of matrix A. For given
7 € (0, 00), define the uniform norm ||(]|cc := sup_, <g<o [€(0)] for ¢ € C([—7,0]; R™)
which denotes all continuous functions from [—7,0] to R™. W(¢) is a d-dimensional
Brownian motion defined on (Q,.%,{% }i>0,P). In this section, we consider the
following NSDDE on R™:

d[X(t) — D(X(t — 7))] = b(X (£), X (t — 7))dt + o(X (t), X (t — 7))dW(t), t >0,
(2.1)

with initial data X (t) = £(t) € L, ([~7,0];R") for t € [-7,0], that is, { is an F-
measurable C([—7, 0]; R™)-valued random vector such that E||¢[|E, < oo for p > 2.
Here, D : R — R, and b : R® x R" — R", ¢ : R* x R" — R™*¢ are continuous
functions. In order to guarantee the existence and uniqueness of solutions to (2.1),
we first introduce functions V;,i = 1,2, 3 such that for any x,y € R™,

0< Vi(z,y) < Li(1+ |2 + |y"), i=1,2,3, (2.2)

for some L; > 0,1; > 1. Furthermore, in the sequel, for any x,y,z,y € R", we shall
assume that

(A1) There exists a positive constant K; such that
(w = D(y) — &+ D(), bz, y) — b(z,5)) < Kile —2* + Vi (y, 9)*ly — 91,
and
[b(z,y) = b(z, 9)| < Vi(y, 9)ly — yl.
(A2) There exists a positive constant K5 such that
lo(z,y) = o(z,9)|| < Ko|z — 2|+ Va(y,5)ly — 9.
(A3) D(0) =0 and [D(y) — D()| < Va(y, §)ly — .

Remark 2.1. There are some examples such that (A1)-(A3) hold. For example,
set

D(y) =y, blx,y) =z —2>+4° oz,y)=z+y*

for any x,y € R. It is to easy to check that (A1)-(A3) hold with Ky = 2, K, =1,
Vi(z,y) = 1+ |2* + [y|%,i = 1,3 and Va(z,y) = 2(1 + |z|® + |y|) for arbitrary
x,y € R.
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Remark 2.2. Assumption (A1) is much weaker than the following local Lipschitz
condition:

b, y) = b(@ P < Kilr — 2 + [Va(y, 9)PPly — 3%, (2.3)

which is studied in [7]. There are examples satisfying (A1) but not local Lipschitz
condition (2.3). For example, define D(y) = 0, b(z,y) = = — |z|2 + y3,2 > 0, let
Z =0,y =0, one can see that b(x, y) does not satisfy local Lipschitz condition (2.3)
as x tends to 0, however we can compute

(z = D(y) — 2+ D(y), bz, y) — b(Z, y))

=(z -2~ (z—2)(2 —32) + (z — B)(y° - 7°)

<@-2’+@-5)(y’ -7’ <

IN

o — 2 4+ Valy,5)ly — 5,
where in the first inequality we use the fact that x — z and 22 — Z2 have the same
sign. This means that (A1) holds. Thus, our assumption covers more cases than [7].
Remark 2.3. With assumption (A3), we immediately arrive at

ID(y)| < Va(y,0)lyl < La(1 + [y| + [yl ™). (2.4)
With assumptions (A1)-(A3), we have
{x = D(y), b(z,y)) = (x — D(y) = 0+ D(0),b(x,y) — b(0,0)) + (= — D(y),(0,0))

1 1
< Kile® + [Vi(y, 0)Plyl* + 3@ = D)I* + 5[6(0,0)*

< (KT + Dl + [Vily, 0 Plyl® + [Va(y, 0)Pyl* + %Ib(O, 0)/%,
and
lo(z, )] < 2]lo(z,y) = o(0,0)[* + 2/lo(0,0)||?
< 4K3)al* + 4Va(y, 0)1%[yl* + 2] o (0,0)*.

Denote K = max{2(K? + 1),4K3,[b(0,0)|%,2[/c(0,0)||*}, and |V (y,0)]* = 2max
{IVi(y,0)]? + |V3(y,0)|2,2[Va(y, 0)|?}, we can rewrite the above inequalities as

2(z = D(y), b(z, ) V [lo (@, y)lI* < K1+ |2*) + [V (y, 0)*ly|*. (2.5)

Lemma 2.1. Let (A1)-(A3) hold. Then there exists a unique global solution
to (2.1), moreover, the solution has the properties that for anyp > 2, T > 0,

B ( sw (x(P) <c. (26)

0<t<T

where C' = C(&,p,T) is a positive constant depending on the initial data & and p, T .
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Proof. Under assumptions (A1l)-(A3) and Remark 2.3, similar to the proof of [9,
Theorem 3.4], we can show that that (2.1) has a unique local solution by using
truncated method. To verify that, (2.1) admits a unique global solution, it is suffi-
cient to show (2.6). In the following, generic constants will be denoted by C, which
may be different from one place to another. Applying the It6 formula and using
(2.5), we have

X(8) — DX(t— )P
< [£(0) — D(E(—m)?
+p/|x X(s — 7)P=2(X(s) — D(X(s — 7)),

b(X(s), X(s—71)))ds

y 2l / 1X(s) = D(X(s — )P lo(X(s), X (s — 7)) *ds

T / IX(s) — D(X (s — 7)P"2(X (s) — D(X(s — 7)),
X(s), X (s — 7))dW (s),

2 t
<160) = D) + 55 [ 1X(5) = DX (s = )P0+ X (9) s

+5 [ 1X(s) = D(X (s = )P V(X (s = 7), 0)*| X (s — )| ds

| X (s) = D(X(s = 7)[P7*(X(s) = D(X (s — 7)),
o(X(s), X(s—7))dW(s))
=1 6(0) = D(E(=m)F + 1 (1) + Ia(t) + (1), (2.7)
By the Young inequality
jal?[o'™7 < Bla] + (1 = B)bl, Va.beR, §e0,1],

we see

E( sup 11<u>)
0<u<t

< CIEI/O X (s) — D(X(s—T))\pds—i—CE/o (1+|X(s)[)ds

< C]E/O 14 |X(s)]P+|V5(X(s—7),0)"|X (s —7)[P]ds

1950006-5
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Using the Young inequality again, we obtain

]E( sup | I>(u ) < C]E/ IX(s) — D(X(s — 7))Pds

0<u<t

+ CE/O V(X (s —7),0)[P|X (s — 7)|Pds.

< CIE/O [1X ()P + [V(X (s — 7),0)P| X (s — ) |P]ds

Application of the Burkholder-Davis—Gundy (BDG) inequality, the Young inequal-
ity and (2.5) yields

E( sup |13<u>|)
0<u<t

< CE ( [ 1K) = DO (s = )Pl (x(e) X (s - r>>||2ds)

=

=

= (oi‘i‘;'x(w DX (u =)~ / lo(x S_T>>||zd5>
—5 (] s, X0 - D<X<u_7>>p> p

< (e /HU X(s— ) ds)g)%
<%E<oiiitx<“"D(X( ) e ([ 1ot xto- )’

IN

1 (s () - D))

0<u<t
t
+ CE/ 1+|X(s)P+[V(X(s—7),0)P|X (s —7)|P]ds. (2.8)
0
That is, after taking sup of (2.7) and using (2.4), we obtain

E( sup |X(u)—D(X(U—T))p> < CHSH&‘FC\D@(—T))V)‘FCE/ | X (s)[Pds
0<u<t 0
+CE/O V(X (s = 7),0)[P| X (s — 7)|ds
+CE/ V(X (s — 7), 0)[P|X (s — 7)|Pds
0

1950006-6
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t
< C(IE1E ™7, + CE [ 1X(9)Pas
0
t
+ C]E/ V(X (s — 1), 0)P|X (s — 7)Pds
0

t
+ C]E/ Va(X (s — 7), 0)P|X (s — 7)|Pds.
0
By (2.2), we see that

E( sup | X (u) —D(X(U—T))Ip) < C(IENS*17, p) +C]E/O [ X (s)[Pds

0<u<t
t

+CE / X (s — )| +DPds, (2.9)
0

where [ =11 VI3 V l3. Then, with (2.4), we derive from (2.9) that

(s 1x(")

0<u<t

< 0z (s 10X =) + & (s ¥ - DX (- 7))

0<u<t 0<u<t

< (¢, p) + CE < sup X(u)|(ls+1)p)

—Tr<u<t—T1

t t
+CE / X (s)|ds + CE / X (s — )|+ ds
0 0

< C’(||§||glo+1)1’,p) + CE < sup X(u)|(l+l)p>

—Tr<u<t—7

t
+C'/ E( sup X(u)|p) ds,
0 0<u<s

where in the last step we have used the Young inequality. The Gronwall inequality
then leads to

0<u<t 0<u<(t—7)Vv0

E ( sup X(“)V’) < C(ll¢&P, p) + CE ( sup X(u)|(l+1)p>- (2.10)
For ¢ € [0, 7], the above inequality implies

E( sup |X<t>P) < (e, p).

0<t<rt

For t € [0,27], (2.10) gives

E( sup X<t>|p) scugﬁ”p,pwcﬁ( sup X<t>|<l+1>P) < C(lel &V, p).

0<t<2T1 0<t<r

1950006-7
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By induction, for k =1,2,...,[T/7], we have

0<t<kr 0<t<(k—1)7

E( sup X(t)l”) < C(f&“”ﬁp)erE( sup |X(t)<l+1>p>

< C(e]l¢ P, p) + CE ( sup IX(t)(l“)kp) <c

0<t<r

The desired result then follows. O

We now introduce §-EM scheme for (2.1). Given any time 7' > 7 > 0, without
loss of generality, assume that 7' and 7 are rational numbers, and there exist two
positive integers such that A = = = %, where A € (0,1) is the step size. For

m

k=-m,...,0,set y, =&(kA), for k=0,1,...,M — 1, we form

Yt — D(ytk+1—rv1) =Yt — D(ytkfm) + ob(ytk+1 ’ ytkﬁ»lfm)A
+ (1 - 0>b(ytk ) ytkfm)A + U(ytk ) ytk—m)AWtk7 (2'11)

where t, = kA, AW, = W (tk41)—W (t). Here 6 € [0, 1] is an additional parameter
that allows us to control the implicitness of the numerical scheme. For § = 0,
the 6-EM scheme reduces to the EM scheme, and for § = 1, it is exactly the
backward EM scheme. For a given y;,, in order to guarantee a unique solution
Y. to (2.11), the step size is required to satisfy A < ﬁ according to a fixed
point theorem (see Mao and Szpruch [12] for more information), where K is defined
as in assumption (A1). In order for simplicity, we introduce the corresponding split-
step theta scheme to (2.1) as follows: For k = —m, ..., —1, set z;, =y, = {(kA),
and for k=0,...,M — 1,

{ytk = D(ytk—m) + Zgy, — D(Ztk'—m) + 6b(ytk7ytk—m)A7
Btppr — D(Ztk+17m) + Ztp D(Ztk—m) + b(ytk7ytk—m)A + U(ytk’ytk—nl)AWtk'
(2.12)

Through computation, we can easily deduce that y;, ., in (2.12) can be rewritten
as the form of (2.11). Due to the implicitness of §-EM scheme, we also require
OA < i, where K is defined as in Remark 2.3. Thus, throughout this paper, for
6 =0, welet A €(0,1) and for 6 € (0,1], we set A* € (0, (2K V4K3?)~16~1), and

0 <A <A™

2.2. Moment bounds

Lemma 2.2. Let (A1)~(A3) hold. Then for 6 € [,1], there ezists a positive con-
stant C independent of A such that for p > 2,

E( sup |ytk|p) <C.
1

0<k<M

1950006-8
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Proof. By (2.12), we see
2tn — Dzt s)|? = |20, = Dzoy )P + 2020, — D2ty _,0)5 0(Ytss Yt )A)
10 Yo ) PA% + |0 (Y, Yoo ) AW, |
+2(2t, — D(2t, ) + 0yt Vi) A 0 (e, Ytr ) AWE,)
= |2ty = Dzt )1? + 20yt — D(Wer_)s b(Ytss Yt )A)
+ (1= 20)[b(yers Yoo ) PA% + 0 (Yo Yer ) AW, |2
+ 2, — D(y_,,) + (1= )by, Yo, ) A,

U(ytk y Yti—m )AWtk>

Noting that § >  and substituting b(ys,, v, ,.)A = 5[y, — D, ..) — 21, +
D(z,_,, )] into the last term, and using (2.5) yields

|Z75k-+1 - D(Ztk+1—m)|2

< |Z75k- - D(ztk—m)|2 + 2A<ytk - D(ytk—m)7 b(ytk7ytk—m)>

2
+ |a(ytk ) ytk—m)AWtk |2 + §<ytk - D(ytk—m)7 U(ytk7ytk—m)AWtk>

1-06
- QT<ZW - D(Ztkfm)’ U(ytk ) ytkfm)AWtk>

< |Z75k- - D(ztk—m)|2 + AK(I + ‘ytk|2) + A‘V(ytk—m70)‘2‘ytk—m|2
2
+ |U(ytk ) ytk—m)AWtk |2 + §<ytk - D(ytk—m)’ U(ytk’ytkfrn)AWtk>

1-6
0 <Ztk - D(ztk—m)7 U(ytk7ytk_m)AWtk>~

Summing both sides from 0 to k, we get

-2

|Z75k-+1 - D(ztk+1—m)|2

k k
< ‘Zto - D(Zt—m)‘Q + KT + AKZ ‘yti|2 + AZ |V(yti—m’0)|2|yti—m‘2

i=0 i=0
k - 9 F
+ ;\ O(Ytss Yti ) AW, 52 Y, — DY) 0 (Y, Yt, ) AWE,)
1-6 &
—272% —D(2t, ), 0(Yta Yer ) AW, (2.13)
Using the elementary inequality
Zml <nP~ 1Z|xl|p p>1, (2.14)

1950006-9
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we then have

2p

|Ztk-+1 - D(Ztk+l—7n)

k p
< 67|21, — D(z1_,,)* + KT)? + 6"~ KPAY (Z e >

i=0

k p k p
+ 6;0—1A;D (Z |V(yti—n170)‘2‘yti—7n 2) +6p_1 (Z ‘U(ytz‘7ytz‘—m)AWti 2)
a=0

a=0
k p
+ 6])7141) Z<ytz - D(yti—m,)7 U(yti ’ yti_m)AWti>
=0
k p
+ 6])7121) Z(zti - D(Ztifm)7 U(yti ) yti—m)AWti> (215)
=0

For 0 < j < M, it is easy to observe that

P J
_ 2p
Sup Yt, < A7, 2.16

and

p J
sup (ZV Werns O e, m|2> ] < MPY CE(V (Yt 0PIyt 1PP)-

0sk<j \i=o =0

(2.17)

Since we have E|AW;. |?P = (2p — 1)!!AP, then, by assumption (A2) and (2.5), we
compute

k p
E sup ) (Z ‘U(ytwytwm)AWti 2> ]

0<k<j i=0

J
< ]V[pil]E (Z ||U(yti73/ti_m)

i=0

PIAW, |2p>

J
< MPt Z E”U(ytw ytrifm)HQPE‘AWti ‘21)

=0
< M2 - "N’ZE (U o)+ 1V i Ol 27
J J
S C + CZE|ytz ‘21) + CZE(‘V(yti—m?0)‘2p‘yti—m ‘21))’ (2’18)

=0 i=0

1950006-10
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Convergence for NSDDFEs under non-globally Lipschitz continuous coefficients

With (A2)—(A3) and (2.5), the Holder inequality and the BDG inequality, we get

k P

Z<yti - D(yti—m)’ U(yti ) yti—m)AWti>
=0

E | sup

0<k<j

P
2

J
< CE (Z e, — D(yti_mn?a(yti,yti_a%)
=0

J
<OARG+1)E'EY |y, — Dy, )P (L + [y, ]?)

=0
AV (Yt 0P Lyt )

D
2

J
< CES Iy, ? + Vst s O lyes_ PV (L + [ys, )
1=0
+ |V(yti7m ’ O)P‘ytwm |2]

D
2

J

i
SC+CY Elye [ +C Y E(Valye, 017y, |*P)

i=0 i=0
J

+ O BV Yo Oy, I*P)- (2.19)
i=0

Similarly, with (A2), the Young inequality and the BDG inequality again

k p

Z<Zti - D(Zti—m)’ U(yti ) yti—m)AWti>
i=0

E | sup

0<k<j

; :
<CE (Z |26, — D(Zti_m)l20(yti,yti_m)2A>

i=0

i
<CAR(j+1):7'E (Z |2, = D(ze, )P (1 + e, )
=0

+ V(yti_m,0)2yti_m|2]5>

J

< CAE(j+1)57'E ( sup |z, — D(ze,, 1P Y _[K (1 + [y, )
0<k<j+1 par

+ V(yti_m,0)2yti_m|2]5>

1950006-11
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p—1

1 o J
=E (— sup |z, — D(Ztk_m)lp> (C DK+ e, )
0<k<j+1 i—0
1
P
+ ‘V(ytifm ) 0)|2|yti7m ‘2] 2>
1 P ! 2p
< EE sup |Ztk- - D(Ztk—m)| + CZE‘ytJ
0<k<j+1 i—0
J
+C+CY E(V (Yt s O lye, ™) (2.20)
=0

Applying (2.16)—(2.20) to (2.15), we get

E ( sup |Ztk- - D(Ztk—m)|2p>
0<k<j+1

J J
<CHOY By + O S E(V (e 0l )

i=0 =0

J

+C Z E(|V3(yti—m, ’ O)‘Qp‘ytz‘—m
=0

2p)

J j
<C+CY Ely | +C Y Elye,, [ (2.21)
=0 =0

Since yi, — D(yt,,_,.) = 2t — D(24,,_,.) + 00(ys,., Yt )A, we deduce from (Al)-
(A3), (2.5) and the fact that |z — y|P > 217P|z|P — |y|P, then

|Ztk- - D(Ztk—m)|2
= ‘ytk - D(ytk—m)|2 + 92A2‘b(ytk7ytk—m,)‘2 - 20A<ytk - D(ytk—n1)7
b(ytkvytkfm»

> ‘ytk|2 - |V3(ytk—m7 0)|2|ytk—m,‘2 - QA[K(]- + |ytk |2)

DO | =

+ |V(ytk—m ) O)‘Q‘ytkfm |2]
1
= (5 OKA) P = V(0 O + OV 3 0Pl

—OKA, (2.22)

1950006-12
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Convergence for NSDDFEs under non-globally Lipschitz continuous coefficients

this implies

1 1
e )? < (5 - 9KA> [z, — D(ze,_, ) 1> + [V (0t 0) 2

+O0AV (s Oy, | + 0K A]

1 —1
< (5 - em) T2t = Dzt ) + 20V oy O)Plyt, |2+ OK A

By the elementary inequality (2.14) again, we derive from (2.2) and (2.21) that
E ( sup ytklm’)
0<k<j+1

-p
< (l _ gAK) ap—1 lE ( sup |z, — D(Ztk_m)|2p>
2 0<k<j+1

+ 2”E< sup IV(ytk_m,O)Q”lytk-m%) + (PAK)?
0<k<j+1

J j—m
<SC+CY Ely [P +C Y Ely, [P0+

=0 1=—m

+2PE< sup IV(ytk,,l,O)IQ”Iytkm2p>
0<k<j+1

J j—m
<C+ CZEWH‘QP +C Z E‘yti|2p(l+1) + CE ( sup |ytk—m2p(l+1)>

=0 i=—m 0<k<j+1

J
<C+ CZE ( sup - |ytk2p> + CE ( sup ythp(l+1)>'
i=0

0<k<i 0<k<(j4+1—m)VO0

In case of j < m — 1, we see

j
E( su 2p) <C+C E (
<OSk£mytk| ;

Further, for j < 2m — 1, it follows by the Gronwall inequality that

sup ytk|2p) <C.
0<k<i

E ( sup ytk|2p) <C+CE ( sup ytk|2p(l+1)> <C.
0<k<2m 0<k<m

The desired assertion follows by the method of induction. |
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Remark 2.4. By [18], for 6 € [0, 1), besides assumptions (A1)—(A3), if we further
assume that there exists a positive constant K such that for any = € R",

bz, 0)] < K(1+|z]),

we can also show that pth moment of #-EM scheme is bounded by a positive constant
independent of A.

2.3. Convergence rates

We find it is convenient to work with a continuous form of a numerical method.
Noting that the split-step §-EM scheme (2.12) can be rewritten as

k k

Rtppr — D(Ztk+1—rv1) = Zty — D(Zt_m) + Z b(yti7 yti—m)A + Z U(ytﬂyti—m)AWti
=0 i=0
k
= £(0) — D(E(—7)) — Ob(£(0), E(—TNA + > byt pr,_, ) A
1=0
k
+ > oW Yt ) AW,
1=0

Hence, we define the corresponding continuous-time split-step §-EM solution Za (t)
as follows: For any t € [—7,0), Za(t) = £(t), Za(0) = £(0) — 0b(£(0), E(—7))A;
For any ¢ € 0,77,

d[ZA(t) = D(Za(t — 7))] = b(Ya(t), Ya(t — 7))dt + o (Ya(t), Ya(t — 7))dW (t),
(2.23)

where Y (t) is defined by
Ya(t) :=ys, fort € [tg,tri1),

thus Ya(t — 7) = y;,_... We now define the continuous #-EM solution Ya(t) as
follows:

Ya(t) — D(Ya(t — 7)) = Za(t) — D(Za(t — 7)) + 0b(Ya(t), Ya(t — T)A.  (2.24)

It can be verified that YA (tx) = yt,, K = —m, ..., M. In order to obtain convergence
rates, we impose another assumption as follows:

(A4) For x7ivy € Rn,‘b(ﬂj,y) - b(‘fay” < ‘/1($,f)|$ - ‘f|
Remark 2.5. From assumptions (A1) and (A4), one sees that
[b(z, y)| < [b(z,y) = b(=,0)] + [b(z,0) = b(0,0)[ 4 [b(0, 0)]

< Va(@, 0) =] + Va(y, 0)[yl + [b(0, 0)],

1950006-14
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Convergence for NSDDFEs under non-globally Lipschitz continuous coefficients

and further,
b(z, y) = b(z, )| < [b(z,y) = b(Z,y)[ + [b(Z, y) — b(Z,7)|
< Vi(z, o)l — 2| + Vi(y, 9)ly — gl
Lemma 2.3. Consider the 0-EM scheme (2.11), and let (A1)~(A4) hold. Then, for

any p > 2, the continuous form of 6-EM scheme solution Ya(t) satisfies that

E( sup Va0l ) <,

0<t<T

and

s

E ( sup [¥a(t) - mmp) < oat,
0<t<T

where C' is a constant independent of A.

Proof. For any p > 2, by the elementary inequality (2.14), we have

( sup [28(0) - D(Zstu—m)P )

0<u<t

<377 YZA(0) = D(Za(—7))|P + 377 'E ( sup

0<u<t

)

/Ou b(Ya(s),Ya(s —7))ds

)
Using the Holder inequality, the BDG inequality, and together with (A2)-(A4),
(2.2) and Lemma 2.2 yields

43R ( sup /0 " o(Va(s), Va(s — 7))dW (s)

0<u<t

(s 17a0) - DZatu- 7))

0<u<t
t
< 3771 Za(0) — D(Za(—T))P + 3P—1tp‘1E/ [b(Ya(s), Ya(s — 7)) ds
0

b
2

1 CE ( / o (Vas), Fals - r>>||2ds)

<C+CE / (VA (P (5), )7 [V (s)1”
+Vi(Pals — 1), 0)P[¥a(s — 7P + [b(0, 0)[7)ds
+CE [ [Fa() +|V(Tals = 1)PI¥a(s - n)l)ds
0
tisps tis(lﬂ)ps . .
§C+CE/O IVa( )\d+CE/O IV ()] DPds < © (2.25)

1950006-15
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With the relationship (2.24), similar to (2.22), we get

VAl < (5 -0KA) 12860~ DiZatt— )P

+2[V(Ya(t —7),0)2|Ya(t — 7)|* + 0K Al

We then derive from (2.25) that

 (sup WaP) < ¢+ CE( s 1Za) - DiZstu-)P )

0<u<t 0<u<t

+ CE ( sup |Ya(u — T)|(l+1)p>

0<u<t

0<u<(t—7)V0

<C+CE ( sup |YA(u)|(l+1)p>.

Following the process of Lemma 2.1, we can show that the pth moment of Ya () is
bounded by a positive constant C. Denote by Za(t) := z, for t € [tx, tr41), We see
from (2.23) that

ZA(t) = D(Za(t = 7)) — Za(t) + D(Za(t — 7))

= b(Ya(s),Ya(s — 7))ds + / o(Ya(s),Ya(s — 7))dW(s),

tr tr

Denote by ®(Za(t), Za(t)) :== Za(t) — D(Za(t — 7)) — Za(t) + D(Za(t — 7)), then

/ o (Va(s), Va(s — 7))dW(s)

tr

t<t<tpi1

E( sup q’(ZA(t)»ZA(t))p)

/t bV (s). Va(s — ))ds

k

< 2P E ( sup

te <t<tpt1

+2P71E ( sup

te <t<tpt1

p)
With (A2), (A4) and Lemma 2.2, the Holder inequality, and the BDG inequality,
we get

E( sup |<I>(ZA(t),ZA(t))p> < or-1pr-1E [/ttk“ Ib(Va(s), Va (s —T))V’ds}

e <t<tp41

+CE Utk“ o (¥a(s), ¥a(s - T))H?ds] :

ty

< CAP + CA% < CAS. (2.26)
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On the other hand, using relation (2.11) and definitions of Ya(t) and Za(t), we
have the following relationship between YA (t) and Za(t),

Ya(t) = D(Ya(t = 7)) = Za(t) = D(Za(t — 7)) + 0b(Ya(t), Ya(t — 7)A.
(2.27)
Combining (2.24) and (2.27) gives
Ya(t) = Ya(t) = D(Ya(t = 7)) = D(Ya(t = 7)) + ®(Za(t), Za(t))
+O[b(Ya(t), Ya(t — 7)) — b(Ya(t), Ya(t — 7)) A.
Using similar skills of (2.22), we derive from (A1) and (A3)

[Ya(t) = Ya(t)]?
1 -t _ _
< (5 — QGK:%A) {®(ZaAt), ZA®)|? + [|Va(Ya(t —7), Ya(t —7))|?

+20A|V(Ya(t — 1), Ya(t — 7)) ][Ya(t —7) — Ya(t — 7)|* + 20AK?}.

Obviously, due to (2.26),

E ( sup |Ya(u) — YA(U)|p>

0<u<t

<CE ( sup |®(Za(u), Z(u))p) +CE ( sup [Va(u—7) — Ya(u— T)|P)

0<u<t 0<u<t

< CA% +CE ( sup  |Ya(u) — YA(u)|p>.

0<u<(t—7)Vv0

The desired result follows by repeating the techniques of Lemma 2.1. O

Theorem 2.4. Let assumptions (A1)—~(A4) hold and 6 € [5,1]. Then for p > 2,

we have

E( sup [Ya(t) —X(t)”> < CA%,

0<t<T
that is, the convergence rate of 0-EM is %

Proof. Denote by e(t) := Za(t) — D(Za(t — 7)) — X(t) + D(X(t — 7)), then

e(t) = e(0) + /0 b(Ya(s),Ya(s—7)) —b(X(s), X (s —7))]ds

1950006-17
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where e(0) = —0b(£(0),{(—7))A. Application of the It formula yields

|”+p/ ()P~ Ya(s),Ya(s = 7)) = b(X(s), X (s — 7)))ds

1
+ =p(p

7P — 1)/0 le(s)P2[lo(Ya(s), Ya(s — 7)) — o(X(s), X (s — 7))|*ds

+p/0 le(s)[P~*(e(s), o (Ya(s), Ya(s — 7)) — o(X(s), X (s — 7))dW (s)).

Rewriting |e(t)|P as

le(®)” < le( |”+p/| )P=2( Ya(s),Ya(s = 7)) = b(Ya(s), Ya(s — 7)))ds
+p/ le(s) [P~ Ya(s), Ya(s — 7)) = b(Ya(s), Ya(s — 7)))ds
+p/ le(s) [P~ Ya(s),Ya(s — 7)) = b(X(s), X(s — 7)))ds

3 —2) (% < o 2

+§p(p—1)/0 le(s)[P"[lo(Ya(s),Ya(s = 7)) — o(Ya(s), Ya(s — 7))[I"ds
+ ;p(p - 1)/0 le(s)P2[lo(Ya(s), Ya(s — 7)) — a(Ya(s), Ya(s — 7))[I*ds
+gp(p—1)/ le(s)P2[lo(Ya(s), Ya(s — 7)) — o(X(s), X (s — 7))[|*ds
+p/ le(s) [P~ Ya(s),Ya(s = 7)) = o(X(s), X (s — 7))dW(s))

=:1e(0)|" + Hy(t) + Ho(t) + Hs(t) + Hy(t) + Hs(t) + Hg(t) + Hy(t).
By (A3), (A4), (2.24), Lemma 2.3, the Young inequality and the Holder inequality
E|XY| < (EIX|P)7 (EY]9)7, pg>1, 1/p+1/q=1,

we have

E( sup H1<u>|)
0<u<t

< CIEI/O \e(s)|pds+CIE/0 1b(Ya(8), Ya(s — 7)) —b(Ya(s),Ya(s — 7)) [Pds

< CE/O [Ya(s) = X()I” + [Va(Ya(s — ), X (s — )’
X |Ya(s—=7) = X (s —1)[P + PAP|b(Ya(s), Ya(s — 7))|P]ds

1 CE / VA (Va(s), Ya () [P[Ta(s) - Ya(s)Pds

1950006-18



20 Reading

May 23, 2019 9:17 WSPC/1664-3607 319-BMS 1950006

Bull. Math. Sci. Downloaded from www.worldscientific.com

by UNIVERSITY OF WALES SWANSEA PERIODICALS DEPT - THE LIBRARIAN on 06/18/19. Re-use and distribution is strictly not permitted, except for Open Access articles.

Convergence for NSDDFEs under non-globally Lipschitz continuous coefficients
t
<CE / IYa(s) — X(s)[Pds
0
' 2p1d 2p1d
+C/ [E|V3(Ya(s —7), X (s — 7)|?P]2[E|Ya(s — 7) — X (s — 7)|P]2ds
0

+CAP]E/O [Vi(Ya(s),0)|Ya(s)| + Vi(Ya(s — 7),0)[Ya(s — 7)|
+[6(0, 0)[]Pds

+C [ EMA(Ta(), Yalo) PP EIVa(s) - Ya(s)7]Hds

0
t
SC’/ E( sup |YA(u)—X(u)|p> ds + CAP + CA%.
0

0<u<s

By (A1), Lemma 2.3, the Young inequality and the Holder inequality,

B ( s I

0<u<t

< C]E/ |e(s)\pds+C]E/ Ib(Ya(s), Va(s — 7)) — b(Ya(s), Ya(s — 7))|Pds
0 0
<CE /0 le(s)|Pds
—|—C’E/ |V(YA(5—T),YA(S—T))V’WA(S—T) —Ya(s—7)Pds

0

¢ p

< C/ E ( sup |Ya(u)— X(u)|p> ds+ CAP + CA=.
0 0<u<s

Due to (Al) and (A2), Lemma 2.3 and the Young inequality,

(s o) + Ho(w) )
< CIE/O le(s)[P2[Ya () — X (s)[2ds
+CIE/O le(s)|P2Vi(Ya(s —7), X (s — 7)) *|Ya(s — 1) — X (s — 7)|*ds
+CIE/O le(s)|P72|Va(Ya(s —7), X (s — 7)) *|Ya(s — 1) — X (s — 7)|*ds
+CE/O le()[P210b(Ya (s), Ya (s — 7)) Al[b(Ya(s), Ya(s — 7))
—b(X(s),X(s—1))|ds
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t

< C’E/ [Ya(s) — X (s)[Pds + CA?
0

¢
SC’/ E( sup YA(u)—X(u)VD) ds + CAP.
0 0<u<s

In the same way as the estimation of H;(t) and Hs(t), we get

]E( sup |Hy(u ) < C’/ ( sup YA(u)—X(u)V’) ds + CAP + CA%,

0<u<t 0<u<s
and
]E( sup |Hs(u ) < C’/ ( sup |Ya(u) —X(u)|p) ds + CAP + CA%.
0<u<t 0<u<s

Furthermore, by (A3), Lemma 2.3, the BDG inequality and the Young inequality,
similar to the process of (2.8), we compute

(s I

0<u<t

1
2

< CE ( [ P2V 61, Va5 = 1) = o(X (), X (s - r>>||2ds)

p—1

<E (% S, e(u)p> N ( (C/Ot lo(Ya(s), Ya(s — 7))

— o(X(s),X(s— ’7’))”2(318) 2 )
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< %E< sup G(U)p> +C Ot]E< sup [Ya(u) — X(UV) ds

0<u<s
+CA% + CAP.

Consequently, by sorting H;(t)-H7(t) together, we arrive at

]E( sup Je(u )<c/ <Sup YA(u)—X(u)p> ds + CAB.

0<u<t 0<u<s

By the definition of e(t), we derive from (A3) that
Ya(t) = X@)F <37 e + 37 [0b(Ya(t), Ya(t — 7)) AP
+37 7 D(Ya(t — 7)) = D(X(t —7))I?
<37 He(®)|” + 3771 OPAP[B(Ya (1), Ya(t — 7))
+ 3PV (Ya(t — 1), X(t — 7)) P|Ya(t —7) — X(t — TP
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Taking (A1) and Lemma 2.3 into consideration,

B (s Valw) - Xl )

0<u<t

< CE ( sup |e(u)|p) + CAP + CE ( sup |[Ya(u—17) — X(u— T)p>

0<u<t 0<u<t

t
< C/ E ( sup |Ya(u) — X(u)|p) ds + CA®
0

0<u<s

+CN’+CIE< sup |YA(u)—X(u)p>.

0<u<(t—7)V0

The Gronwall inequality yields

E ( sup |Ya(u) — X(u)p> < CA% +CE ( sup |Ya(u) — X(u)|p>.

0<u<t 0<u<(t—7)V0

Again, the desired result is followed by an induction. O

With strong convergence rate given in Theorem 2.4, we can easily show the
following result on almost sure convergence.

Theorem 2.5. Let (A1)—(A4) hold and 0 € [3,1], then the continuous form of 0-
EM scheme (2.11) converges to the exact solution of (2.1) almost surely with order

a < %, i.e. there exists a finite random variable (, such that

sup [Ya(t) — X ()] < GA”
0<t<T

for a € (0,1).

Proof. Define a sequence Ay, k = 1,2,... such that A; > As > --- and assume

1 q
Dok Agf P < 00. By the Chebyshev inequality and Theorem 2.4, for sufficiently
large p and a < %

0<t<T 0<t<T

522 (s a0 - X1 > a7) < S8 s, v, 0 - xCOP) a7
k k

<oy Al <
k

The Borel-Cantelli lemma implies that there exists a finite random variable (, such

that

a O
sup [Ya, () — X(1)| < CaAR.

0<t<T

1950006-21
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3. Convergence Rates for Pure Jumps Case

In this section, we further impose some notation. Let N(-,-) be a Poisson random
measure with characteristic measure A on a measurable subset U of [0, 00) with
MU) < oo, and N(du,dt) = N(du,dt) — A\(du)dt is a compensated martingale
process. We consider the following NSDDE with jumps on R"™:

A[X(t) — D(X(t —7))] = b(X (t), X (t — 7))dt
+ / (X (t), X (t —7),u)N(du,dt), t>0, (3.1)
U

with initial data X (0) = £(0) € L ([-7,0;;R") for 6 € [-7,0], i.e. £ is an Fo-
measurable D([—7, 0]; R™)-valued random variable such that E||£||Z, < oo for p > 2,
where D([—7,0]; R™) denotes the space of all cddldg paths ¢ : [-7,0] — R™ with
uniform norm ||¢||co 1= SUP_,<g<o|C(0)|. Here, D : R™ — R", and b : R" x R" —
R™ h:R*"xR"xU — R" are measurable functions. We further assume that b is a
continuous function and [, [u[’A(du) < oo for p > 2. Similar to Brownian motion
case, for x,y,Z,y € R™, we shall assume that:

(A5) There exist positive constants K> and r > 1 such that
h(z,y,u) — h(Z,7, u)l
< [Balo — 7| + Va(y, 9)ly — glllul’,  and  [h(0,0,u)| < [ul"
Remark 3.1. With assumption (A5), we have
Az, y,u)| < [A(,y,u) — h(0,0,u)] +[A(0,0,u)| < [1+ Kala| + Va(y, 0)lyl]|ul"-

Lemma 3.1. Let (Al), (A3) and (A5) hold. Then there exists a unique global
solution to (3.1), moreover, the solution has the properties that for any p > 2,
T >0,

IE( sup |X(t)p> <c, (3.2)

0<t<T

where C' = C(&,p,T) is a positive constant depending on the initial data § and p,T.
Proof. We omit the proof here since it is similar to that of Lemma 2.1. |

We now introduce the §-EM scheme for (3.1). Given any time 7' > 7 > 0,
assume that T' and 7 are rational numbers, and there exists two positive integers
such that A = =~ = %7 where A € (0,1) is the step size. For k = —m,...,0, set
Yy, = §(kA); For k=0,1,...,M — 1, we form

Ytppr — D(ytk+l—m) = Yt), — D(ytk‘—m) + ab(ytk+l7ytk+l—m)A + (1 - a)b(ytk ) ytk—m)A

+/ h(ytk’ytkfnl’u)ANk(du)7 (33)
U
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where t, = kA, and ANy (du) = N(tpy1,du) — N(t,du). Here 6 € [0,1] is an
additional parameter that allows us to control the implicitness of the numerical
scheme. For # = 0, the 8-EM scheme reduces to the EM scheme, and for 8 = 1, it
is exactly the backward EM scheme. Here, we always assume 6 > 1/2. The corre-
sponding split-step §-EM scheme to (3.1) is defined as follows: For k = —m, ..., —1,
set zy, = yp,, = {(kA); For k=0,1,...,M — 1,

Yt = D(ytk‘—m) + Zg, — D(ztk—m) + ab(ytk ) ytk‘—m)A7
Ptppr = D(Ztk+17m) + 2t — D(Ztk—m) + b(ytk’ytk*m)A (34)

+ / h(ytk s Yti—mo U)ANk(du)
U

It is easy to see yy, , , in (3.4) can be rewritten as the form of (3.3). Due to the implic-
itness of #-EM scheme, we require 0 < A < A*, where A* € (0, (2K V4K?)710~1),
Ky and K are defined as in (Al) and Remark 2.3 with o = 0, respectively.

3.1. Moment bounds

Firstly, we introduce an important lemma coming from [14].

Lemma 3.2. Let ¢ : Ry x U — R" be progressively measurable and assume that
the right side is finite. Then, there exists a positive constant C such that

]E(Ob;i}; /OS/UQS(T—,U)N(du, i) p) SC]E/Ot/UgZ)(s,u)p/\(du)ds,

forp>2.
Lemma 3.3. Let (Al), (A3) and (A5) hold. Then, there exists a positive constant
C independent of A such that

E( sup yml’”) <C,

0<k<M

forp>2.

Proof. It is easy to see from (3.4)

‘Ztk+1 - D(Ztk+1—m)‘2

= ‘Ztk - D(Ztkfm)‘2 + 2<Ztk - D(Ztk—m)7 b(ytk’ytk—nl>A>
2
+ ‘b(ytwytkfm)‘QAQ + ’/U h(ytk’ytkfnl’u)ANk(du)

+2 <Ztk —D(zt,_,.) + b(ytk7ytk_m)A7/ h(ytk,ytk_m7u)ANk(du)>
U

= ‘Ztk - D(Ztkfm)‘2 + 2<ytk - D(ytk—m)7 b(ytk’ytk—nl>A>
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2
(1= 20)[b(yr e, ) PA? + ' RTINS
U

+2 <ytk - D(ytk—m) + (1 - o)b(ytk’ytk—m)A’ /U h(ytk’ytkm7u)ANk(du)>'

Substituting b(ye,, Yt,_,,) With ¢, , z¢, into the last term, and using assumption
(A1) leads to

‘Ztk+1 - D(Ztk+1—m)|2

< |Ztk - D(Ztkfm)|2 + 2A<ytk - D(ytkfm)’ b(ytk7ytk—m)>
2

+ ‘/ h(ytk’ytkfnl’u)ANk(du)
U

2 ~
+ 5 <ytk - D(ytkfm)’ /U h(ytwytkmau)ANk(du)>

1-6 -
- QT <Ztk - D(Ztkfm)’ /U h(ytwytkmau)ANk(du)>
< |Z75k- - D(ztk—m)|2 + AK(l + ‘ytk ‘2) + A|V(ytk—m’0)‘2‘ytk—m|2

2

+ ’/ h(Yeys Yen_,. s w) AN (du)
U

2 ~
#3 (o= Dl [ M)A a@0))
U

1-0 -
_ 2T <ztk — D(ztk_m)7/ h(ytk,ytk_m7u)ANk(du)>.
U

Summing both sides from 0 to k, we deduce that

‘Ztk+1 - D(Ztk+1—rvl)‘2

k k
S |Zt0 - D(zt—m)‘Q + KT + AKZ |yt7, ‘2 + A Z |V(yti—m?0)‘2‘yti—m |2
=0 1=0

Yt u)ANi(du)

Xk:< - yti_m),/Uh(yti,yti_m,u)ANi(du)>

=0

k
-0 Z -
- 9 <Ztl D Ztl m) / h(ytﬂyttm7u)ANl(du)>'
U

=0
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Consequently,

‘Ztk+1 - D(Ztk+1—rvl)‘2p

k p
< 6" |2ty — D(z_,,)]> + KT)P + 6" ' KPAP (Z e, 2)
1=0

L p
+6PTIAP (Z |V(yti_m,0)2yti_m2>

=0

¥

+6°7! (i

/ h(yti yYti—ms U)ANZ (du)
U

=0
k p
#0703 (o= D) [ W) AR )
i=0 U
k p
_,’_6p—12p Z <th‘ - D(Zti—m)7/ h(yti’yti—m7u)ANi(du)>
i=0 U

Here we only have to estimate the last three terms according to Lemma 2.2. With
assumption (A5), we find that for 0 < j < M,
2)7

k
E | sup
L<k<]’ (;
J
< ]\41)716'E (Z/ h(ytwytirn’u)Qp)\(dU)>
i=0 U

/ h(ytl s Yti—m s U>AN1 (du)
U

+ VoYt 0) e, 177 [u]*P) N (du)

J
<CY B [ (1+ Kl
i=0 YU

J J
S C + CZE|ytz ‘21) + CZE(“/Q(yti—m70)|2p|yti7m ‘21))'

i=0 i=0
Applying (A3), (A5), Lemma 3.2 and the Holder inequality and noticing that
Jo luPA(du) < oo for p > 2, we compute
p]

4
2

k

> (o= Dlonc ) [ Mo A i)}

i=0

E | sup

0<k<j

J
<CE (Z ‘yti - D(ytifm)|2/ |h(yti7yt'im?u)2)\(du)>
i=0 v

+ V2 (Ut O)lye, . [17[u[”" Adw)

i—m?

J
<CES [y, — Dy, )" / 1+ Koy,
i=0 1%
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J
< CES (s, e O)Ple . P) / 1+ Koy,
1=0 U

+ VoWt s Oy, 17 |ulP" A(dur)

J J
<C+ CZEL% ‘21) + CZE(“/}’(yti—rn70)|2p|yti7m ‘21))

=0 =0

j
+C Y E(Va(Ytims O Ye:— [*P)-
i=0

Similarly, by (A5) and Lemma 3.2 again

k

Z<Zt _D Ztl m /hytuytz mo U AN du

1=0
/ e, Yoy ) A(du>>

J
<CE (Z 0, = DGt P [ [Rald+ )
U

=0

E | sup
0<k<j

d

< CE <Z|Zt — (Ztl m
=0

+ V(i O [yei |2]§|upr>\(dU)>

J
< CE ( sup |z, — D(ze,_, )P Y _[Ka(l + [y, *)
0<k<j+1 =
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+ “/Q(yti—mJ O)|2|yti—m, |2]%>

<IE

5 sup |21, — D(z¢, ., )|*"

0<k<j+1

i i
+C+CY Elye | +C Y E(Va(yei_ O lye, . |I7).

i=0 i=0
This implies that

E l sup |z, — D(Ztkm)%]
0<k<j+1

J
<C+CY Ely, o Oy )

=0 i=0
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i
+C Y E(Va(Wt s 0) 71y, ™)

=0
J J
S C + CZE|ytz |2p + CZE‘yti—nl ‘2p(l+1).

=0 i=0

Following the steps of (2.21), the desired assertion can be derived by similar
skills. |

3.2. Convergence rates

Firstly, we define the corresponding continuous-time split-step §-EM solution Za ()
as follows: For any ¢ € [—7,0), Za(t) = £(t), Za(0) = £(0) — 0b(£(0),&(—7))A; For
any t € (0,77,

d[Za(t) = D(Za(t = 7))]

=b(Ya(t), Ya(t —7))dt + /U R(Ya(t), Ya(t — 7),u)N(du,dt), (3.5)

where YA (t) is defined by
Ya(t) :=ws, fort € [tg,tri1),

thus Ya(t — 7) = v;,_,,. Further, the continuous form of §-EM solution Ya () is
defined by (2.24).

Lemma 3.4. Consider the 0-EM scheme (3.3), and let (Al), (A3)—(A5) hold.
Then, for any p > 2, the continuous form Ya(t) of 0-EM scheme has the following
properties:

E( sup Va0l ) <,

0<t<T

and

E ( sup [¥a(0) - Va (0P ) < €A,

0<t<T
where C' is a constant independent of A.
Proof. The proof is similar to that of Lemma 2.3. Here, we only give the most

critical part to show the differences to the Brownian motion case. For ¢ € [ty, trt1),
(3.5) gives

Za(t) — D(ZA(t — 7)) = Za(tk) + D(ZA(tk—m))

b( A(8),YA(s —7) d3—|—//h s),Ya(s — 7),uw)N(du, ds).
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Denote by ®(Za(t), Za(tr)) = Za(t) — D(Za(t — 7)) — Za(tr) + D(Za(tk—m)),
then

U <t<tp41

E( sup I@(ZA(t)7ZA(tk))p>

§2p‘1]E< sup /bYA $), Va(s — 7))ds

b <t<tpyi

/t/ h(Va(s), Va(s — 7),u) N (du, ds) p).

Application of (A4), Lemmas 3.2, 3.3 and the Holder inequality gives that

+ 2P R ( sup

e <t<tpiy1

E( sup <I>(ZA(t)7ZA(tk))p>

e <t<tpy1

tet1 _ _
<o e [ pFa). Yat - ) ds

tr

trk41 B B
+ CIE/ / |h(Ya(s), Ya(s — 7),u)|PA(du)ds
tr U
< CA? +CA < CA.

Following the proof of Lemma 2.3, we will get the desired result. |

Theorem 3.5. Let assumptions (Al), (A3)-(A5) hold, then the 0-EM solution
YA (t) and the exact solution X (t) has the following relationship:

B (s va() - x(7) < cal,

0<t<T

forp>2.

Proof. Let e(t) = Za(t) — D(Za(t — 7)) — X (t) + D(X(t — 7)), it is obvious that

/ / (s — 7),u) — h(X(s), X (s — 7), )] N (du, ds),
where e(0) = —0b(£(0),£(—7))A. Define
u(t) = b(Ya(t), Ya(t — 7)) = b(X(t), X (t — 7)),
and

v(t) = h(Ya(t), Ya(t — 7),u) — h(X(t), X (t — T), u).
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Application of the It6 formula yields
t
le@)]” < [e(0)” +P/ le(s)[P2(e(s), u(s))ds
0

t P _le(s)|P = ple(s)P2{e(s), v(s u)ds
+/0/Uue<s>+v<s>| e(s)” — ple(s)P2(e(s), v(s)]A(du)d

+ t [ 1e6s) + w07 = e(s) PV ()
|p+p/| (5)1P~2e(s), (s ds+c//| )IP=2Ju(s) 2A(du)ds
+c/ / [w(s)[P A(dw) ds+// )P — le(s) PN (du, ds)

=: [e(0)[? + Hy(t) + Ha(t) + H3(t) + Hy(t).

IN

Similar to the derivation of Theorem 2.4, with (A5) and the results of Lemmas 3.3
and 3.4, we calculate

E (()itigtHl(U)l)
< C]E/ |e(s)\Pds+c1E/ b(Ya(s), Ya(s = 7)) = b(Ya(s), Ya(s — 7))[Pds
0 0
+CE/0 Ib(Ya(s),Ya(s — 7)) —b(Ya(s), Ya(s — 7))|Pds
—|—C’E/0 [b(Ya(s),Ya(s — 7)) —b(X(s), X (s —7))[Pds
< C/o E (0;125 [YA(u) — X(u)|p> ds + CAP

i C/o [E(L+ [Ya(s)[" + [Ya(s)|") ]2 [E|Ya(s) — Ya(s)]**]2ds

+C/0t[E(1+|YA(3_7-)|l1

+[Ya(s — 7)[")PI2[E[Va(s — 7) — Ya(s — 7)[*)2ds

¢ /Ot[Eﬂ +[Ya(s)" + X ()]") )2 [EIYa(s) - X (s)[*"] 2ds
+C/Ot[E(1 + [Ya(s —1)|1
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+|X (s — 7)[H)P)F[E[Ya(s — ) — X (s — 7)|*]Eds

t

< c/ E ( sup |Va (u) — X(u)p> ds + CAP + CA%.
0 0<u<s

Similarly, we obtain

E( sup Hg(u)|) +1E< sup Hg(u)>

0<u<t 0<u<t

t

< c/ E ( sup |Va (u) — X(u)p> ds + CAP + CA3.
0 0<u<s

Furthermore, by Lemmas 3.2-3.4 and the Holder inequality, we compute

(s, I

0<u<t

i (éﬁ t e(u)p> 4 CE ( /0 t /U |v(s)|p)\(du)ds)

t
%E( sup e(u)p> —|—C’/ ]E( sup YA(u)—X(u)p> ds + CAP + CA:.
0

0<u<t 0<u<s

IN

IN

Putting H; (t)—H4(t) together, we arrive at

t

E ( sup e(u)p> < C/ E ( sup |Ya(u)— X(u)|p) ds + CA=.
0<u<t 0 0<u<s

Consequently, following the process of Theorem 2.4, the desired result will be

obtained. O

Remark 3.2. We see from Theorems 2.4 and 3.5 that the strong convergence
rate of -EM scheme for NSDDEs is % for the Brownian motion case, while for
the pure jumps case, the order is ﬁ, that is to say, lower moment has a better
convergence rate for NSDDEs with jumps, whence it is better to use the mean-

square convergence for jump case.

Theorem 3.6. Let (Al), (A3)-(A5) hold, then the continuous form of 6-EM
scheme (3.3) converges to the exact solution of (3.1) almost surely with order

a < ﬁ, i.e. there exists a finite random variable (, such that

sup [Ya(t) — X(t)] < (A7,
0<t<T

for a € (0, ﬁ)

Proof. The desired result can be obtained with Theorem 3.5, and the procedure
is similar to that of Theorem 2.5. O

1950006-30



20 Reading

May 23, 2019 9:17 WSPC/1664-3607 319-BMS 1950006

Bull. Math. Sci. Downloaded from www.worldscientific.com

by UNIVERSITY OF WALES SWANSEA PERIODICALS DEPT - THE LIBRARIAN on 06/18/19. Re-use and distribution is strictly not permitted, except for Open Access articles.

Convergence for NSDDFEs under non-globally Lipschitz continuous coefficients

Acknowledgment

We are indebted to the editor and referee for the valuable comments and sugges-
tions, which have improved our paper.

This paper was supported by NSFC (Nos. 11561027, 11661039), NSF of Jiangxi

(Nos. 20181BAB201005, 20171BAB201010, 2018 ACB21001).

References

[1] J. H. Bao and C. Yuan, Convergence rate of EM scheme for SDDEs, Proc. Amer.
Math. Soc. 141 (2013) 3231-3243.

[2] I. I. Gikhman and A. V. Skorokhod, Stochastic Differential Equations (Springer-
Verlag, Berlin, 1972).

[3] D. Higham, X. Mao and A. Stuart, Strong convergence of Euler-type methods for
non-linear stochastic differential equations, STAM J. Numer. Anal. 40 (2002) 1041—
1063.

[4] D. Higham and P. E. Kloeden, Numerical methods for nonlinear stochastic differential
equations with jumps, Numer. Math. 101 (2005) 101-119.

[5] M. Hutzenthaler, A. Jentzen and P. E. Kloeden, Strong convergence of an explicit
numerical method for SDEs with nonglobally Lipschitz continuous coefficients, Ann.
Probab. 22 (2012) 1611-1641.

[6] M. Hutzenthaler, A. Jentzen and P. E. Kloeden, Divergence of the multilevel Monte
Carlo Euler method for nonlinear stochastic differential equations, Ann. Probab. 23
(2013) 1913-1967.

[7] Y. Ji, J. Bao and C. Yuan, Convergence rate of Euler-Maruyama scheme for SDDEs
of neutral type, preprint (2016), arXiv:1511.07703v2.

[8] P. E. Kloeden and E. Platen, Numerical Solution of Stochastic Differential Equations,
Applications of Mathematics (Springer, Berlin, 1992).

[9] X. Mao, Stochastic Differential Equations and Applications, 2nd edn. (Horwood
Publishing, Chichester, UK, 2007).

[10] X. Mao and S. Sabanis, Numerical solutions of stochastic differential delay equations
under local Lipschitz condition, J. Comput. Appl. Math. 151 (2003) 215-227.

[11] X. Mao and L. Szpruch, Strong convergence rates for backward Euler-Maruyama
method for non-linear dissipative-type stochastic differential equations with super-
linear diffusion coefficients, Stochastics 85 (2013) 144-171.

[12] X. Mao and L. Szpruch, Strong convergence and stability of implicit numerical meth-
ods for stochastic differential equations with non-globally Lipschitz continuous coef-
ficients, J. Comput. Appl. Math. 238 (2013) 14-28.

[13] G. Maruyama, Continuous Markov processes and stochastic equations, Rend. Clircolo.
Math. Palermo 4 (1955) 48-90.

[14] C. Marinelli, C. Prévot and M. Rockner, Regular dependence on initial data for
stochastic evolution equations with multiplicative Poisson noise, J. Funct. Anal. 258
(2010) 616-649.

[15] L. Tan and C. Yuan, Strong convergence of a tamed theta scheme for NSDDEs with
one-sided Lipschitz dirft, Appl. Math. Comput. 338 (2016) 607-623.

[16] F. Wu and X. Mao, Numerical solutions of neutral stochastic functional differential
equations, STAM J. Numer. Anal. 46 (2008) 1821-1841.

[17] S. Zhou, Exponential stability of numerical solution to neutral stochastic functional

differential equation, Appl. Math. Comp. 266 (2015) 441-461.

1950006-31



20 Reading

May 23, 2019 9:17 WSPC/1664-3607 319-BMS 1950006

Bull. Math. Sci. Downloaded from www.worldscientific.com

by UNIVERSITY OF WALES SWANSEA PERIODICALS DEPT - THE LIBRARIAN on 06/18/19. Re-use and distribution is strictly not permitted, except for Open Access articles.

L. Tan & C. Yuan

[18] X. Zong, F. Wu and C. Huang, Theta schemes for SDDEs with non-globally Lipschitz
continuous coefficients, J. Comput. Appl. Math. 278 (2015) 258-277.

[19] X. Zong and F. Wu, Exponential stability of the exact and numerical solutions
for neutral stochastic delay differential equations, Appl. Math. Model. 40 (2016)
19-30.

1950006-32



