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Abstract
The computational modelling of the heart motion within a cardiac cycle is an extremely challenging problem due to (a) the complex multi-scale interaction that takes place between the
electrophysiology and electrochemistry at cellular level and the macro-scale response of the heart
muscle, and (b) the large deformations and the strongly anisotropic and quasi-incompressible
behaviour of the myocardium. These pose an extreme challenge to the scalability of electromechanical solvers due to the size and conditioning of the system of equations required to obtain
accurate solutions, both in terms of wall deformation and transmembrane potential propagation.
In the search towards an efficient modelling of electro-activation, this paper presents a coupled
electromechanical computational framework whereby, first, we explore the use of an efficient stabilised low order tetrahedral Finite Element methodology and compare it against a very accurate
super enhanced mixed formulation previously introduced by the authors in [1] and, second, we
exploit the use of tailor-made staggered and staggered linearised solvers in order to assess their
feasibility against a fully monolithic approach. Through a comprehensive set of examples, culminating in a realistic ventricular geometry, we aim to put forward some suggestions regarding
the level of discretisation and coupling required to ensure sufficiently reliable results yet with an
affordable computational time.
Keywords: Cardiac electromechanics, Mixed Formulations, Polyconvexity, Finite Elements

1. Introduction
Cardiovascular diseases (CVD) are considered one of the main causes of death, especially in
the developed world. With a constantly increasing ageing population, the burden that CVD
patients put on the healthcare system (both in terms of infrastructure and staff time) has been
recognised as an urgent matter in need of immediate attention, before it becomes unsustainable
[2–4]. The support that computational mechanics can provide through the design of in-silico
diagnostic tools is nowadays well-acknowledged by experts in the field, especially in challenging
cardiopathies such as heart infarction or dysrhythmia. Over the last decade, great effort has been
devoted to attempting the computational modelling of heart-related CVD with two objectives
in mind: first, to help clinicians by equipping them with novel diagnostic tools and, second, to
better understand the very complex electro-chemo-bio-mechanical phenomena underpinning the
behaviour of the heart.
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In a nutshell, the cardiac wall is comprised of layers of collagen and bands of muscle fibres (cardiomyoytes) which contract with the propagation of the cardiac action potential. This
depolarisation generates a set of ion interchanges which trigger the cross-bridge cycle [5] and,
eventually, restore the initial cell membrane potential (repolarisation) [6]. This rapid multi-scale
process initiates at cell level and culminates with the macro-contraction of the heart muscle
(constantly repeating with every heartbeat). The modelling of this highly complex space-time
coupled phenomenon requires the careful interaction of electrophysiology [7], electrochemistry [8]
and nonlinear continuum mechanics [9–12], in conjunction with in-vivo material characterisation
[13, 14], accurate medical imaging and state-of-the art numerical algorithms for new computer
architectures [15, 16].
Electrophysiology is devoted to describe the time evolution of the cardiac action potential,
classically simulated through a set of diffusion-reaction equations activated via a sophisticated
source term encapsulating the chemical activity. A variety of numerical models have been proposed over the years [7, 17], referred to as either bidomain [18–20] or monodomain [7, 21–24]
models, the latter being preferred due to their relative ease of implementation. Regarding electrochemistry, since the pioneering work of Hodgkin and Huxley [8] in ionic modelling, available
numerical models have improved in accuracy due to the increased availability of experimental data
[13, 25–33]. Unfortunately, this led to prohibitively expensive numerical models, until the work of
Bueno-Orovio et al. [34] put an end to this trend by proposing an extremely efficient alternative.
As for material characterisation, since the original work of Demiray [35], numerous constitutive
models have been introduced, capable of accounting for the anisotropy, transmural gradient fibre
orientation and viscoelasticity of the myocardium [11, 36–39]. Nowadays, the strain energy law
proposed by Holzapfel and Ogden [10] stands as the norm in the field. The electro-mechanical
activation is incorporated via the so-called active stress [37] or active strain [40] approaches. A
challenging aspect of this model is the strong anisotropy induced by the fibre component of the
model as well as the quasi-incompressibility constraint of the matrix, which hinder the use of
standard computational solvers, due to the stiff conditioning of the resulting system of equations.
Several research groups have pursued the complete coupled electromechanical simulation of
the heart, starting with the work of Nash and Panfilov [41] on a simplified two-dimensional
domain. The work of Watanabe et al. [15] adds the surrounding fluid interaction as part of a
three-dimensional idealised ventricle. Vigmond et al. introduce a new approach by using cable
methods and highlight the greater computational cost associated with the fluid sub-problem
compared to the chemo-electrical one [42]. Göktepe and Kühl [43–45] developed a fully implicit
electro-mechanical model where the electromechanical feedback was implemented via a monolithic
scheme. Quarteroni, Rossi et al. [16, 23, 46, 47] have extensively worked on the development of
an active strain coupled electromechanical solver. In addition, Baillargeon et al. [24] presented
an entire heart simulation including a lumped model of the surrounding cardiovascular system
mimicking the blood dynamics. Finally, some recent efforts have been devoted to the problem
optimisation [48, 49] in this context.
Surprisingly, from the computational standpoint, most of the coupled cardiac models listed
above assume quasi-incompressibility modelled via the penalty method and use displacementpotential based (x-φ) Finite Element formulations with linear tetrahedral technology3 [23, 24,
45, 47]. Unfortunately, it is well-known that this Finite Element approach can be susceptible of
experiencing bending and volumetric locking as well as spurious pressure oscillations [50, 51]. To
prevent this, the mixed formulation proposed by some of the authors in [50, 52–55] was adapted
to cardiac electromechanics in our previous work [1], with the ultimate goal of overcoming the
aforementioned numerical difficulties [50, 55–59]. Specifically, in Reference [1], a monolithic fully
3

Complex geometries, generated from medical imaging and segmentation reconstruction, currently advocate
for the use of tetrahedral technology due to the relative ease to generate suitable three-dimensional meshes.
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implicit scheme was introduced leading to a highly accurate method capable of reproducing the
two-way electromechanical feedback. The work also studied the loss of ellipticity and polyconvexity of the Holzapfel and Ogden model [60–62] and presented a new super enhanced mixed
Finite Element formulation, short-named as MFA. In this MFA formulation, elemental strain
and transmembrane potential gradient fields are incorporated in the methodology and resolved
locally through a static condensation procedure. In addition, a comprehensive study was carried
out where both active strain (MFA-γ) and active stress (MFA-Ta ) approaches were compared
in combination with two widely-used ionic models for a series of simplified three-dimensional
examples.
Unfortunately, the high computational cost associated with the (large scale) modelling of the
electro-mechanical coupling in a truly realistic ventricular geometry, still represents a bottleneck
to the scalability of these algorithms (e.g. in terms of assembly, static condensation and system
solution). Crucially, our previous work [1] constitutes an ideal benchmark and the perfect platform
in order to assess the performance, reliability and limitations of less demanding coupling schemes
and more affordable Finite Element formulations, as well as providing a quantitative evaluation of
the importance of the electromechanical feedback in a complete cardiac simulation. As a result,
our efforts in this paper will be devoted to (a) assess the suitability of an alternative stabilised
linear finite element formulation for displacement, pressure and intermembrane potential (x-φ-p
formulation) [50, 51], comparing it against the super enhanced MFA formulation proposed in [1]
and (b) alleviate the computational cost associated with the solution of the resulting stiff system
of equations, through the implementation of alternative staggered and staggered linearised solvers
[63–65], without compromising the overall accuracy of the scheme.
The paper is organised as follows. Section 2 introduces the fundamentals of the kinematics
in nonlinear continuum mechanics and the governing equations used to describe the behaviour
of the heart during the cardiac cycle. In Section 3, relevant aspects concerning the passive
response of the myocardium, its electrophysiology and the coupling between the mechanics and
the electric physics are briefly recalled. Section 4 presents the three alternative formulations which
will be investigated in this paper, namely, the widely used x-φ formulation, the sophisticated
MFA formulation in [1] and a proposed stabilised x-φ-p formulation. Section 5 details the
specific (low order) Finite Element discretisation technologies employed as well as three alternative
coupling algorithms, namely, monolithic, staggered and staggered linearised. An ample spectrum
of numerical examples is included in Section 6 in order to test the suitability of the various
discretisations and implementations, with the objective to put forward some suggestions regarding
the level of discretisation and coupling required in the search for an approach which is sufficiently
accurate yet with an affordable computational time. Finally, Section 7 provides some concluding
remarks and a summary of the key contributions of this paper.
2. Kinematics and governing equations
Let us consider the motion of a continuum (representing in this case the human myocardium)
defined by an initial configuration of domain Ω0 with boundary ∂Ω0 and outward normal N . After
the motion, the continuum occupies a final configuration defined by a domain Ω with boundary
∂Ω and outward normal n. The pseudo-time (t) dependent mapping field φ links a material
particle from initial configuration X ∈ Ω0 to final configuration x ∈ Ω according to x = φ (X, t)
(refer to Figure 1). Three kinematic measures are typically introduced, namely, the deformation
gradient tensor F x , its cofactor H x and its determinant Jx , defined as
F x = ∇0 x;

1
Hx = F x
2

F x;

1
Jx = H x : F x ,
3

(1)

where ∇0 (•) denotes the Lagrangian (initial configuration) gradient operator, and for any two
second order tensors A and B, in (1)b denotes the tensor cross product operation defined as
3

(A B)iI = Eijk EIJK AjJ BkK [50, 59, 66]. The coupled system of partial differential equations
governing the motion x and the evolution of transmembrane potential φ are now introduced. The
conservation of linear momentum4 can be expressed in a Lagrangian setting as

DIVP + b0 = 0
in Ω0 × [ 0 , T ] 

P N = t0
on ∂t Ω0 × [ 0 , T ]
(2)


x = φx
on ∂x Ω0 × [ 0 , T ]
where ∂Ω0 = ∂x Ω0 ∪ ∂t Ω0 and ∂x Ω0 ∩ ∂t Ω0 = ∅, P represents the first Piola-Kirchhoff stress
tensor, b0 a force per unit undeformed volume and t0 a force per unit of undeformed area.
Satisfaction of rotational equilibrium requires P F Tx = F x P T . The time-dependent evolution of
the transmembrane potential φ, considering a monodomain approach [21, 22], can be expressed
in a Lagrangian setting as

DIVQ + fφ = φ̇
in Ω0 × [ 0 , T ] 

(3)
Q·N = 0
on ∂Ω0 × [ 0 , T ]


φ = φ0
in Ω0 × 0
˙ represents the time derivative, φ0 denotes the resting potential, Q represents the electric
where (•)
flux vector across the cell membrane [44] and fφ the electrical source term.

Figure 1: Motion map of the continuum Ω0 and the kinematic measures {F x , H x , Jx }.

3. Constitutive equations
For the closure of the governing equations (2)-(3), constitutive laws are needed for the evaluation of P , Q and fφ .
3.1. Passive response of the heart
The passive response of the heart is usually described with an invariant representation of a
strain energy functional Ψ (∇0 x) in terms of the kinematic measures {Fx , Hx , Jx }. In addition,
the strain energy must describe the underlying anisotropic structure of the cardiac tissue, characterised by a transmural spatially varying set of muscle fibres, represented by the triad {f 0 , s0 , n0 }
at each Lagrangian particle X ∈ Ω0 (refer to Figure 2) [9, 46, 67]. As such, the strain energy
4

It is customary to neglect inertial effects in equation (2) (quasi-statics).
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Figure 2: Anisotropic structure of the cardiac tissue. Representation of the triad {f 0 , s0 , n0 } in the Lagrangian
setting (left), accounting for their spatial variability (centre). Idealised set of ventricles (right).

is additively decomposed into its isotropic-deviatoric, volumetric and anisotropic contributions,
denoted as Ŵ , U and W ani , respectively, as
Ψ (∇0 x) = W (F x , H x , Jx , f 0 , s0 ) = Ŵ (F x , H x , Jx ) + U (Jx ) + W ani (F x , H x , Jx , f 0 , s0 ) . (4)
For instance, Holzapfel and Ogden [10] proposed the following strain energy functional for the
characterisation of the myocardium
a
κ
Ŵ (F x , Jx ) = eb(IIF̂ x −3) ;
U (Jx ) = (Jx − 1)2 ;
2b
2



2
as  bs hI4,s −1i2
af  bf hI4,f −1i2
af s  bf s I8,f
ani
0
0
0 s0 − 1
e
−1 +
e
e
, (5)
W (F x , f 0 , s0 ) =
−1 +
2bf
2bs
2bf s
with {a, κ, af , bf , as , bs , af s , bf s } positive material constants and where h•i represents the Macaulay
brackets h•i = (• + |•|) /2, II(•) denotes the second invariant of (•) and with the anisotropic
invariants I4,f 0 , I4,s0 , I8,f 0 s0 defined as
IIF̂ x = Jx−2/3 Fx : Fx ;

I4,f 0 = F x f 0 · F x f 0 ;

I4,s0 = F x s0 · F x s0 ;

I8,f 0 s0 = F x f 0 · F x s0 .

(6)

The loss or ellipticity and polyconvexity [60, 62, 68] of the above model was analysed in our
previous publication [1], where a possible regularisation approach was also put forward. The first
Piola-Kirchhoff stress tensor P and the fourth order elasticity tensor C can be easily obtained as
P = ∂∇0 x Ψ (∇0 x) ;

2
C = ∂∇
Ψ.
0 x∇0 x

(7)

or, alternatively, in terms of the kinematic measures {Fx , Hx , Jx } as [52–54]
P = ∂F x W + ∂H x W
and

F x + ∂Jx W H x ,

(8)

2
C = ∂F2 x F x W + Fx ∂H
W Fx + ∂J2x Jx W Hx ⊗ Hx
xHx
2
W + ∂F2 x Jx W ⊗ Hx + Hx ⊗ ∂J2x F x W
+ ∂F2 x H x W Fx + Fx ∂H
xF x
2
+ Fx ∂ H
W ⊗ Hx + Hx ⊗ ∂J2x H x W Fx + I (∂H x W + ∂Jx W Fx ) ,
x Jx

with IiIjJ = δij δIJ and with (A A)iIjJ = AiIpP AqQ Ejpq EJP Q and (A
for any fourth and second order tensors A and A, respectively.

5

(9)

A)iIjJ = AqQjJ ApP Eipq EIP Q

3.2. Active response of the heart
The (active) coupling of the stress tensor with the transmembrane potential φ is typically
accounted for following either an active stress or an active strain approach. In the active stress
approach [37, 41, 45], an additive decomposition of P is defined with a coupled (active) P Active
contribution and a purely mechanical (passive) P Passive contribution as
P = P Active + P Passive ;

P Active = Ta F x f 0 ⊗ f 0 ;

P Passive = ∂F x W + ∂H x W

F x + ∂Jx W H x ,
(10)
where Ta represents the active cardiomyocite contraction stress and the passive term P Passive
adopts an identical representation to that in (8). On the other hand, the active strain approach
A
[23, 40, 46] is based on a multiplicative decomposition of F x = F E
into its elastic (passive)
xF
E
A
A
F x and coupled (active)
F contributions, where F is formulated in terms of the electrically

activated stretches γf 0 , γs0 , γn0 as
F A = I + γf 0 f 0 ⊗ f 0 + γs0 s0 ⊗ s0 + γn0 n0 ⊗ n0 .
In this approach, the strain energy Ψ depends on the elastic component F E
x as



E
E
E
F x , H x , Jx , F A , H A , J A .
Ψ ∇0 x, F A = W F E
x , H x , Jx = W

(11)

(12)

with H A and J A the cofactor and Jacobian of F A , respectively, defined accordingly as in (1)b
and (1)c . Consideration of W E in (12) leads to an expression for P similar to that in (8) as
P = ∂F x W E + ∂H x W E

F x + ∂Jx W E H x .

(13)

3.3. Electrophysiology of the heart
In analogy with Fick’s Law, it is customary [30, 34] to define Q in (3) as
Q = D∇0 φ,

(14)

where D represents the second order conductivity tensor [44], expressed in terms of the electrical
conductivities diso and dani [23, 44, 46] as
D = diso Jx−2 H Tx H x + dani f 0 ⊗ f 0 .

(15)

The source term fφ in (3) depends on φ and on q ∈ Rnq , the latter representing the set of
internal variables [8, 13, 25, 28], with nq the total number of internal variables. A set of first
order differential equations [8, 30, 32–34] describe the evolution of q as
q̇ (φ) = g (φ, q (φ)) ,

(16)

with g : Rnq +1 → Rnq . It is customary to assume an additive decomposition of fφ as
fφ (φ, q (φ)) = Istim + Isum (φ, q (φ)) ,

(17)

with Isum : Rnq +1 → R and where the first term Istim in (17)b enables the initial propagation of
the electrical wave (3). The expressions for Isum is dictated by the choice of the ionic model. In
this paper we consider the model proposed by Bueno-Orovio [34]. The reader is referred to [34]
for the expressions of Isum for this specific model g (φ, q (φ)) (16).

6

3.4. Electro-Mechanical activation of the heart
As described in Section 3.2, two coupling approaches, denoted as active stress and active
strain can be used for the cardiac electro-mechanical activation. In the active stress approach, an
ordinary differential equation is defined for the evolution of the active cardiomyocite contraction
stress Ta as
Ṫa = hTa (Ta , φ) ,
(18)
with hTa : R2 → R. The model proposed by Nash and Panfilov [41] considers the following
expression for hTa (18)

(φ + 84)
1
if u > 0
,
(19)
hTa = ε (u) (kTa u − Ta ) ;
ε (u) =
;
u=
10
if u < 0
85.7
where kTa is a constant with dimensions of stress [41]. On the other hand, in the active strain
approach, the evolution equation for the electrical stretch γf 0 (11) can be expressed as

(20)
γ̇f 0 = hγf 0 γf 0 , φ, q (φ) ,
with = hγf 0 : Rnq +2 → R. The remaining electric stretches {γs0 , γn0 } in (11) are usually related
to γf 0 [1]. In Reference [23], Rossi et al. proposed the following thermodynamically consistent
expression for the function hγf 0
hγf 0

1
=
µ̂A c2Ca

2I4,f 0

FA +

1 + γf 0

!
3 − 2I4,f 0

,

(21)

where µ̂A represents a viscous-type term, cCa denotes the calcium concentration and FA is the
dimensionless active force along the fibre direction f 0 , defined as

F (l) if l ∈ [lmin , lmax ]
2
FA = α (cCa − cCa,0 ) χ[lmin ,lmax ] (F (l)) ;
χ[lmin ,lmax ] (F (l)) =
;
0
if l 6∈ [lmin , lmax ]
3

F (l) =

l = I4,f 0 l0 ;

d0 X
+
dn cos (nl) + en sin (nl) ,
2
n=1

(22)

where α is the active force of a sarcomere, cCa,0 , the resting calcium concentration, {lmin , lmax }, the
minimum and maximum sarcomere lengths and {d0 , dn , en }, constants reported in [69]. Finally,
following [23], the electrical stretches {γn0 , γs0 } are defined satisfying det F A = 1 as
γn0 = 4γf 0 ;

γs0 = (1 + γf 0 )−1 (1 + 4γf 0 )−1 − 1.

(23)

4. Variational formulation for cardiac electro-mechanics
In this Section, the weak forms associated with the governing and constitutive equations in
Sections 2 and 3 are presented.
4.1. Standard two-field x-φ formulation
In this formulation, the unknown fields and their virtual variations are U = {x, φ} ∈ Vx × Vφ
and δV = {δx, δφ} ∈ Vx0 × Vφ , respectively, with


(24)
Vx = x : Ω0 → R3 ; (x)i ∈ H 1 (Ω0 ) ; Vφ = φ : Ω0 → R; φ ∈ H 1 (Ω0 ) ,
and
Vx0 = {x ∈ Vx , x = 0 on ∂x Ω0 } ,
7

(25)

which result in the following (two) weak forms for this formulation WU = {Wx , Wφ }
Z
Z
Z
P : ∇0 δx dΩ0 −
δx · b0 dΩ0 −
δx · t0 dΓ = 0;
Wx =
Ω0
Ω0
∂t Ω0
Z
Z
Z
δφ φ̇ dΩ0 +
∇0 δφ · Q dΩ0 −
δφfφ dΩ0 = 0,
Wφ =
Ω0

Ω0

(26)

Ω0

where in order to capture the nearly/truly incompressible nature of the myocardium, a high value
of κ (featuring in the volumetric functional U (Jx ) in (5)) is typically adopted [44].
4.2. Stabilised three-field x-φ-p formulation
In this formulation, an additional Lagrange multiplier field (to weakly enforce the incompressibility condition) p ∈ Vp and its virtual variation δp ∈ Vp are added to the set of unknowns
U = {x, φ, p} ∈ Vx × Vφ × Vp and virtual fields δV = {δx, δφ, δp} ∈ Vx0 × Vφ × Vp , respectively,
with
Vp = {p : Ω0 → R;
p ∈ L2 (Ω0 )} ,
(27)
resulting in (three) weak forms for this formulation WU = {Wx , Wφ , Wp }
Z
Z
Z
Wx =
(P + pHx ) : ∇0 δx dΩ0 −
δx · b0 dΩ0 −
δx · t0 dΓ = 0;
Ω0
Ω0
∂t Ω0
Z
Z
Z
Wφ =
δφ φ̇ dΩ0 +
∇0 δφ · Q dΩ0 −
δφfφ dΩ0 = 0;
Ω0
Ω0
Ω0
Z
Wp =
δp (Jx − 1) dΩ0 = 0.

(28)

Ω0

It is well-known that the functional spaces {Vx , Vp } must be carefully chosen in order to fulfil
the inf-sup or LBB condition [70, 71]. In this work, we circumvent the inf-sup condition by means
of a Streamline Upwind Petrov-Galerkin (SUPG) stabilisation [50, 51, 72, 73], by introducing the
stabilised virtual field δxst as
δxst = δx − τx (H x ∇0 δp) ;

τx =

αh
,
2µ0

(29)

where h represents the characteristic length of the element of the mesh, µ0 is a positive material
constant taken as the shear modulus in the origin of deformations and α the dimensionless stabilisation parameter. The use of δxst in the specific case of a {P1 , P1 } interpolation for the {x, p}
fields leads to a modified (stabilised) expression for Wp as
Z
Z
st
Wp =
δp (Jx − 1) dΩ0 −
τx (H x ∇0 δp) · (H x ∇0 p) dΩ0 = 0.
(30)
Ω0

Ω0

4.3. Super enhanced mixed formulations: MFA-Ta for active stress and MFA-γ for active strain
We now briefly revisit the two mixed formulations introduced in [1] in the context of cardiac
electro-mechanics. These formulations do not exhibit shear and volumetric locking and have
been shown to be very convenient in this context. In the MFA-Ta formulation, the unknown
fields are U = {x, φ, p} ∈ Vx × Vφ × Vp , new fields D = {F , H, J, A} ∈ VD and their dual
ΣD = {ΣF , ΣH , ΣJ , ΣA } ∈ VD , with VD = VF × VH × VJ × VA as


VF = F : Ω0 → R3×3 ; (F )iI ∈ L2 (Ω0 ) ;
VH = H : Ω0 → R3×3 ; (H)iI ∈ L2 (Ω0 ) ;

VJ = {J : Ω0 → R;
J ∈ L2 (Ω0 )} ;
VA = A : Ω0 → R3 ;
(A)I ∈ L2 (Ω0 ) ,
(31)
8

where both sets of additional fields D and ΣD are forced to converge weakly to
{F , H, J, A} * {F x , H x , Jx , ∇0 φ};

{ΣF , ΣH , ΣJ , ΣA } * {∂F W, ∂H W, ∂J W, DA} . (32)

Notice that (32)a represent the compatibility conditions whereas (32)b represent the constitutive equations. In addition to the previously defined virtual fields δV = {δx, δφ, δp} ∈
Vx0 × Vφ × Vp , further required virtual fields are δD = {δF , δH, δJ, δA} ∈ VD and their dual
δΣD = {δΣF , δΣH , δΣJ , δΣA } ∈ VD . In this formulation, weak forms WU = {Wx , Wφ , Wp } are
identical to those in (28), except that the stress tensor P is now defined as in (10) but in terms
of the unknown fields {ΣF , ΣH , ΣJ , F } as
F x + ΣJ H x + Ta (φ) F f 0 ⊗ f 0 .

P = ΣF + ΣH

(33)

In order to enforce (32), two sets of weak forms denoted as WΣD = {WΣF , WΣH , WΣJ , WΣA }
and WD = {WF , WH , WJ , WA }, are added
Z
Z
WΣF =
δΣF : (F x − F ) dΩ0 ;
WF =
δF : (∂F W − ΣF ) dΩ0 ;
Ω0
Ω0
Z
Z
WΣH =
δΣH : (H x − H) dΩ0 ;
WH =
δH : (∂H W − ΣH ) dΩ0 ;
Ω0
Ω0
Z
Z
(34)
WΣJ =
δΣJ (Jx − J) dΩ0 ;
WJ =
δJ (∂J W − ΣJ ) dΩ0 ;
ZΩ0
ZΩ0
WΣA =
δΣA · (∇0 φ − A) dΩ0 ;
WA =
δA · (DA − ΣA ) dΩ0 ,
Ω0

Ω0

where W depends on the unknown fields {F , H, J}. Finally, the second order diffusion tensor D
in (34)i adopts an equivalent expression to that in (15) in terms of {H, J} as
D (H, J) = diso J −2 H T H + dani f 0 ⊗ f 0 .

(35)

Similarly, in the MFA-γ mixed formulation, WU = {Wx , Wφ , Wp } are identical to those in
(28) but the first Piola-Kirchhoff stress tensor P is now defined as,
P = ΣF + ΣH

F x + ΣJ H x .

(36)

The weak forms WΣD = {WΣF , WΣH , WΣJ , WΣA } and WA are equivalent to those in (34).
However, the multiplicative nature of the active strain approach leads to alternative expressions
for {WF , WH , WJ } as (refer to (13))
Z

WF =
δF : ∂F W E − ΣF dΩ0 ;
ZΩ0

WH =
δH : ∂H W E − ΣH dΩ0 ;
(37)
Ω0
Z

WJ =
δJ ∂J W E − ΣJ dΩ0 ,
Ω0

where W depends upon {F , H, J, F , H A , J A } and not on {Fx , Hx , Jx , F A , H A , J A } as in (12).
Notice in (37) the extra dependence with respect to the field φ (due to the dependence of W E
with respect to {F A , H A , J A }, in contrast to those in (34).
E

A

5. Computational implementation
This Section presents the discretisations in space and time used in this work. The discretisation
in space follows the Finite Element method and for the discretisation in time the backward Euler
method is used. Due to the coupled (electro-mechanical) nature of the problem, alternative
solution strategies can be put forward, such as monolithic and staggered, which will be presented
in detail.
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5.1. Finite Element spatial discretisation
The computational domain Ω0 is tessellated into a finite number of non-overlapping elements
e ∈ E such that
[
Ω0 ≈ Ωh0 =
Ωe0 .
(38)
e∈E

The unknown fields for the two-field x-φ formulation (Section 4.1) are discretised as {x, φ} ∈
h
V × Vφ with
Xnx
Xnφ
h
h
Vx = {x ∈ Vx ; x =
xa Nax };
Vφ = {φ ∈ Vφ ; φ =
φa Naφ },
(39)
xh

a=1

a=1

where a denotes the nodes used for the interpolation of the above variables and n(•) , the number
of nodes (per element) associated with the variable (•). In addition, for the stabilised three-field
h
x-φ-p formulation (Section 4.2), the pressure field is discretised as p ∈ Vp with
Xnp
h
Vp = {p ∈ Vp ; p =
pa Nap }.
(40)
a=1

Finally, the additional set of unknown fields D and ΣD introduced in the super enhanced
h
mixed MFA-Ta and MFA-γ formulations (Section 4.3) are discretised as D ∈ VD and ΣD ∈
h
h
h
h
h
h
VD , where VD = VF × VH × VJ × VA with
XnF
XnH
VF = {F ∈ VF ;
F =
F a NaF };
VH = {H ∈ VH ; H =
H a NaH };
a=1
a=1
(41)
XnA
XnJ
Aa NaA }.
Ja NaJ };
VA = {A ∈ VA ;
A=
VJ = {J ∈ VJ ;
J=
a=1

a=1

h

Similarly, appropriate functional spaces are used for the test functions {δx, δφ, δp} ∈ Vx0 ×
h
h
h
V × Vp and δD ∈ VD and δΣD ∈ VD , with
φh

h

h

Vx0 = {x ∈ Vx ;

x = 0; on ∂x Ω0 }.

(42)

Three Finite Elements discretisations will be tested and compared in the following examples,
namely: (i) {P1 , P1 } interpolation for the fields {x, φ} when using the two-field x-φ formulation
(Section 4.1); (ii) {P1 , P1 , P1 } interpolation for the unknown fields {x, φ, p} when using the stabilised three-field x-φ-p formulation (Section 4.2); (iii) {P2 , P2 , P0 } interpolation for the fields
{x, φ, p} and piecewise discontinuous {P1 , P1 , P0 , P1 } interpolation for the fields {F , H, J, A}
and their dual {ΣF , ΣH , ΣJ , ΣA } when using the super enhanced mixed MFA-Ta and MFA-γ
formulations. For the MFA formulations, a tailor-made static condensation procedure [1] is used
in order to condense out the (element-wise) discontinuous fields without unnecessarily increasing
the number of unknowns of the solver.
5.2. Computational coupling strategies
For the advancement in time of the electro-mechanical fields x and φ, a one-step backward
Euler method is used, progressing the solution from time step tn to tn+1 with a time step ∆t =
tn+1 − tn . Three coupling strategies will be explored and compared in the search of an optimum
methodology which can render accurate results without a prohibitively expensive computational
solver, namely: (a) monolithic approach; (b) staggered approach and (c) staggered linearised
approach. Algorithms 1 and 2 will be used to illustrate the various coupling strategies.
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5.2.1. Monolithic approach
In a monolithic implementation, both electrical and mechanical fields are advanced simultaneously from a time step tn to the next tn+1 with ∆t = tn+1 − tn . Both in the two-field x-φ
and stabilised three-field x-φ-p formulations, the assembly of the residual vector T and tangent
stiffness matrix K resulting from the discretisation of the electro-mechanical weak forms WU (in
(26) or (28)a,b and (30)) is carried out simultaneously at each iteration k of the Newton-Raphson
algorithm, and the values of the unknown fields U are updated iteratively5 .
For the super enhanced mixed MFA-Ta and MFA-γ formulations, contributions T and K
associated with the weak forms {WU , WD , WΣD } are assembled at each iteration k of the NewtonRaphson algorithm. A static condensation procedure (condensing out the degrees of freedom for
D and ΣD ) is carried out and the values of the fields U are updated. Immediately after this, the
remaining fields {D, ΣD } are also updated (in a typical second stage of the static condensation
procedure). The reader is referred to the pseudo-code version of the monolithic solver depicted
in Algorithm 1 for further details.
5.2.2. Staggered approach
In a staggered implementation, electrical and mechanical fields are solved separately in order
to advance the solution from a time step tn to the next tn+1 with ∆t = tn+1 −tn . Due to the higher
time variability (specially in the vicinity of sharp gradients) of the transmembrane potential in
comparison with that expected for the deformations of the myocardium, a time sub-stepping
approach is used whereby the transmembrane potential is advanced in time for N time steps
∆t during which the mechanical fields are not updated (e.g. stay frozen). This is equivalent
to consider a larger pseudo-mechanical time step ∆tm = N ∆t. Thus, for the two-field x-φ and
stabilised three-field x-φ-p formulations, the electrical problem is advanced first during N time
sub-increments before proceeding to the solution of the Mechanical Problem. As such, for every
electrical time step, the assembly of the residual vector T and tangent matrix K resulting from
the discretisation of the weak form Wφ is first performed. This is carried out at each iteration
k of the Newton-Raphson algorithm associated within each (electrical) time step ∆t. Then, we
proceed to the update the value of the transmembrane potential φ.
After N electrical time sub-steps (see conditional statement in the pseudo-code in Algorithm
2), we freeze the field φ and proceed to the solution of the mechanical fields through a NewtonRaphson algorithm. We assemble the residual vector T and tangent stiffness matrix K associated
with the discretisation of the (mechanical) weak forms WU m = {Wx , Wp } at each iteration k.
Then, we update the value of U m = {x, p}. An identical procedure is established for the super
enhanced mixed MFA-Ta and MFA-γ formulations. The reader is referred to the pseudo-code
version of the monolithic solver shown in Algorithm 2 for further details.
5.2.3. Staggered linearised approach
Most of the computational time in the staggered approach is spent in the solution of the
so-called Mechanical Problem, due to the assembly, possible static condensation and solution of
the system of equations. Inspired by the work in [63–65], a possible strategy to reduce this time
consists of approximating this problem by its consistent linearisation within the mechanical time
step increment ∆tm = N ∆t. For instance, for the x-φ-p formulation, the linearisation of the two
5
Note that the last (stabilisation) term in (30) can potentially be treated in a explicit manner in order to
preserve the symmetry of the solver, namely, the cofactor terms H x are evaluated at time step tn
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weak forms associated with the fields x and p in (28)a and (30) can be formulated as follows,
Z
Z
Z 

lin
lin
lin
P + (pHx )
: ∇0 δx dΩ0 −
δx · b0 dΩ0 −
δx · t0 dΓ = 0;
Wx =
Ω0
Ω0
∂Ω0
Z
Z
(43)

lin
lin
st,lin
δp Jx − 1 dΩ0 −
τx [(H x ∇0 δp) · (H x ∇0 p)] dΩ0 = 0
Wp
=
Ω0

Ω0

where we have replaced P and pHx in (28)a with their suitable linearised counterparts P lin and
(pHx )lin , respectively, and Jx and (H x ∇0 δp) · (H x ∇0 p) in (30) with their linearised terms Jxlin
and [(H x ∇0 δp) · (H x ∇0 p)]lin , respectively. These linearised fields can be expanded as,
P lin = P ∗ + C ∗ : ∇0 ∆x + (∂φ P )|∗ (φ∗∗ − φ∗ );

(pH x )lin = p∗ H ∗x + p∗ F ∗x

∇0 ∆x + H ∗x ∆p;

Jxlin = Jx∗ + H ∗x : ∇0 ∆x;
lin

[(H x ∇0 δp) · (H x ∇0 p)]

(44)

= (H ∗x ∇0 δp) · (H ∗x ∇0 ∆p) + ((F ∗x ∇0 ∆x)∇0 δp) · (H ∗x ∇0 p∗ )
+ (H ∗x ∇0 δp) · ((F ∗x ∇0 ∆x)∇0 p∗ ),

where upper indices (∗) and (∗∗) are used to indicate the time instants upon which the evaluation took place, namely, the beginning and the end of the considered mechanical time step,
respectively6 . In addition, the symbol ∆ is used to denote the variation of a field within the
given mechanical time step. Note that the linearisation of the stabilisation term in (44)d can be
simplified to just the first term on its right hand side in order to preserve the symmetry of the
solver, with its ensuing time reduction in terms of assembly. Moreover, notice that alternative
approximations for the last term on the right hand side of above equation (44)a are possible. For
instance, high order terms can be further included into above Taylor series expansion, namely,
p
1/p! (∂φ...φ
P )|n (φ∗∗ − φ∗ )p or a non-consistent approximation of the term ∂φ P can be adopted
whereby whilst the deformation is evaluated at time instant (∗), the transmembrane potential is
evaluated at time instant (∗∗). Similarly, for the super enhanced MFA formulations presented
in Section 4.3, the linearised version of the compatibility and constitutive equations in (34) are
Z
Z

WΣF =
δΣF : (F x − F ) dΩ0 ;
WF =
δF : ∂F W lin − ΣF dΩ0 ;
ZΩ0
ZΩ0


WΣH =
δΣH : H lin
WH =
δH : ∂H W lin − ΣH dΩ0 ;
(45)
x − H dΩ0 ;
ZΩ0
ZΩ0


WΣJ =
δΣJ Jxlin − J dΩ0 ;
WJ =
δJ ∂J W lin − ΣJ dΩ0 ,
Ω0

Ω0

∗
∗
with Jxlin defined above in (44)c and H lin
x = H x + Fx
in (45) are obtained as

∇0 ∆x. The remaining linearised terms

lin 
∗


∂F W
∂F W
: ∆F
 ∂H W  =  ∂H W  + [HW ]∗  : ∆H  ,
∂J W
∂J W
∆J


(46)

where [HW ]∗ represents the Hessian operator of W (with respect to the triad of kinematic fields
{F , H, J}) [1] evaluated at the time instant (∗).
6

In above formulae (44), we have made use of the directional derivatives of the cofactor and the Jacobian in
terms of their simpler cross product expressions [59].
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1
2
3
4

5

6
7
8
9

10
11
12

13

14
15
16
17

18
19
20
21

Procedure Monolithic Solver
Initialise U = {x, φ, p}
Initialise D and ΣD (if MFA-Ta /MFA-γ formulation)
Initialise q according to initial conditions (3)c
Set t = 0 and n = 1 /*(n:=time iteration)*/
/* ———————————– Start Time loop ———————————– */
while t < tmax do
/* ——————— Start Newton-Raphson algorithm ———————*/
i = 1 /*(Newton-Raphson iteration)*/
while k∆U k > tolerance do
forall elements do
Compute q and fφ and active terms Ta or γf 0
/*——————— Monolithic Local Assembly———————*/
-Compute T and K from weak forms WU in 4.1 (if x-p formulation)
-Compute T and K from weak forms WU in 4.2 (if x-p-φ formulation)
-Compute T and K for weak forms {WU , WD , WΣD } in 4.3 (if MFA-Ta
formulation). Perform static condensation procedure
-Compute T and K for weak forms {WU , WD , WΣD } in 4.3 (if MFA-Ta
formulation). Perform static condensation procedure
end
Global assembly of residuals and matrices
Obtain incremental ∆U ni (iterative solver)
Update U ni+1 = U ni + ∆U ni
Update D ni and ΣnDi : static condensation (MFA-Ta /MFA-γ)
end
Update U , q: tn+1 → tn
D and ΣD : tn+1 → tn
tn+1 = tn + ∆t, n+ = 1
Adjust new ∆t according to changes in q
end
Algorithm 1: Pseudo-code for the Monolithic Solver
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1
2

3
4
5

6

7
8
9
10
11
12
13
14

15

16
17
18

19
20
21
22
23
24
25
26

27

28
29
30

31

32
33

Procedure Staggered Solver
Initialise U e = φ and U m = {x, p}
Initialise D e = A, ΣDe = ΣA , D m = {F , H, J} and ΣDm = {ΣF , ΣH , ΣJ }
(MFA-Ta /MFA-γ formulation)
Initialise q according to initial conditions (3)c
Set t = 0
Set ne = 1 and nm = 1 /*(time iteration for electrical and mechanical staggered
problems)*/
while t < tmax /*(Start Time loop)*/ do
/*—————————–Solve Electrical problem—————————–*/
Freeze U nmm and {D nmm , ΣnDmm } (MFA-Ta /MFA-γ formulation)
i = 1 /*(Newton-Raphson iteration)*/
while k∆U e k > tolerance do
forall elements do
Compute q and fφ and active terms Ta or γf 0
-Compute T and K from weak form Wφ in 4.1 (x-p formulation)
-Compute T and K from weak form Wφ in 4.2 (x-p-φ formulation)
-Compute T and K for weak forms {Wφ , WA , WΣA } in 4.3 (MFA-Ta
formulation). Perform static condensation procedure
-Compute T and K for weak forms {Wφ , WA , WΣA } in 4.3 (MFA-γ
formulation). Perform static condensation procedure
end
Global assembly of residuals and matrices
e
= U neie + ∆U neie
Get incremental ∆U nei (iterative solver). Update U nei+1
Update D neie and ΣnDee : static condensation (MFA-Ta /MFA-γ)
i
end
/*—————————Solve Mechanical problem—————————*/
if mod(n, N ) = 0 then
Freeze U ne e and {D ne e , ΣeDe e } (MFA-Ta /MFA-γ)
i = 1 /*(Newton-Raphson iteration)*/
while k∆U m k > tolerance do
forall elements do
-Compute T and K from weak forms (WU m ) in 4.1 (x-p formulation)
-Compute T and K from weak forms (WU m ) in 4.2 (x-p-φ formulation)
-Compute T and K for weak forms ({WU m , WDm , WΣDm }) in 4.3
(MFA-Ta formulation). Perform static condensation procedure
-Compute T and K for weak forms ({WU m , WDm , WΣDm }) in 4.3
(MFA-γ formulation). Perform static condensation procedure
end
Global assembly of residuals and matrices
Get incremental ∆U nmmi (iterative solver). Update U nmmi +1 = U nmmi + ∆U nmmi
Update D nmmi and ΣnDmm : static condensation (MFA-Ta /MFA-γ)
i
end
Update U m : tn+1 → tn . Update {D m , ΣDm }: tn+1 → tn (MFA-Ta /MFA-γ)
end
Update {U e , q}: tn+1 → tn . Update {D e , ΣDe }: tn+1 → tn (MFA-Ta /MFA-γ)
n+ = 1 and tn+1 = tn + ∆t
end
Algorithm 2: Pseudo-code for the Staggered Solver
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6. Numerical examples
In this Section, a comprehensive set of numerical examples is presented in order to assess the
capability of the different computational strategies described in the previous Section. On the one
hand, the low order x-φ and x-φ-p formulations will be compared against the more accurate super
enhanced mixed MFA-Ta and MFA-γ formulations. On the other hand, staggered and staggered
linearised approaches will be analysed against the more accurate monolithic approach. Through
these comparisons, we aim to put forward some suggestions regarding the levels of discretisation
and coupling required in the search for an approach which is sufficiently accurate yet with an
affordable computational time.
6.1. Numerical example 1: a benchmark example for cardiac mechanics
Through the design of this benchmark example we aim to:
• O1.I Compare the stabilised x-φ-p formulation against the more accurate super enhanced
mixed MFA formulation and in the process pave the way towards the most realistic simulation of the human myocardium. Notice that the x-φ formulation has not been considered
for this example due to its well-reported poor behaviour in incompressible scenarios.
• O1.II Select the appropriate amount of stabilisation needed in the x-φ-p formulation in
order to prevent the appearance of volumetric locking and spurious oscillations akin.
• O1.III Study the influence of the aspect ratio and the anisotropy contribution, in a bending
dominated scenario, for the x-φ-p formulation against the more accurate MFA formulation.
A cantilever beam of span L = 10 mm, rectangular cross section (width b = 1 mm and
height h) and Dirichlet boundary conditions as shown in Figure 3a is considered. The beam is
subjected to a constant
parabolically
distributed shear force at X = L (see Figure 3a ) acting


along the direction 0 0 −1 and of maximum magnitude per unit undeformed area qmax . The
beam is considered incompressible and without electro-activation effects, and the constitutive
model is characterised by the following additively decomposed strain energy functional into its
isotropic-deviatoric and anisotropic contributions, defined as
h  2
i
a
−
exp b Jx 3 F x : F x − 3 + af hI4,f 0 − 1i3 ,
(47)
Ψ (F x , Jx ) =
2b
with {a, b} = {0.496 kPa, 7.209}. The material parameter af , associated with the anisotropic
contribution, takes values in the range af /a ∈ [0, 105 ]. The direction of anisotropy is characterised
by the vector f 0 (see Figure 3b ) defined as
f 0 = [cos β, 0, sin β];

β (X, Z) =

π
X (2Z − h) .
3Lh

(48)

We first select a low aspect ratio L/h = 3.33 and study the influence of the stabilisation
parameter α in the response of the x-φ-p formulation. It is well-known that for relatively low
aspect ratios (where bending locking is not predominant), the possible presence of volumetric
locking can be circumvented with a correct choice of α [58]. Based on previous experience [50],
we select three different values of α = {0.025, 0.05, 0.075}. We observe in Figure 5 that for a
value of qmax = 14.625 Pa, the deformed configuration and the contour plots of p for the three
different values of α are extremely similar to those provided by the accurate MFA formulation.
The invariance of the results with respect to the three values of α, permits us to select either of
them for subsequent examples (thus α = 0.075 henceforth).
We now turn our attention to the study of the influence of the aspect ratio and the anisotropy
content. With that in mind, (a) four aspect ratios L/h = {3.33, 10, 20, 50} are considered; (b)
15

(a)

(b)

Figure 3: Numerical example 1. (a) Geometry and boundary conditions of the cantilever beam. (b) Representation
of the vector f 0 (see (48) for its mathematical definition) characterising the anisotropy of the beam.

(a)

(b)

Figure 4: Numerical example 1. Structured meshes used for: (a) stabilised x-φ-p formulation and (b) MFA
formulation for the case L/h = 3.33.

(a)

(b)

(c)

(d)

Figure 5: Numerical example 1. Contour plot distribution of the Lagrange multiplier p (Pa) for: (a) MFA mixed
formulation; (b)-(d) x-φ-p formulation with α = 0.025, α = 0.05 and α = 0.075, respectively. Aspect ratio
L/h = 3.33 and maximum shear stress qmax = 14.625 Pa.
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different values for the anisotropy ratio af /a = {0, 10−2 , 10−1 , 10−0 , 101 , 102 , 103 , 104 , 105 } are
selected; (c) the values for the maximum parabolic shear stress per unit undeformed area are
qmax = {33.75, 3.05, 0.76, 0.122} Pa, corresponding to aspect ratios of L/h = {3.33, 10, 20, 50},
respectively; (d) for the MFA7 formulation, four different meshes are selected depending on
the aspect ratio L/h (see Table 1); (e) as for the x-φ-p formulation, for the lowest aspect ratio
L/h = 3.33 we only consider one level of refinement. For higher aspect ratios L/h = {10, 20, 50},
two levels of refinement are selected. The coarsest refinement is defined by a structured mesh
with four elements across the thickness of the beam (x-φ-p (4)), which results in the same number
of degrees of freedom x as for the equivalent discretisations used for the MFA formulation. On
the other hand, the finest level of refinement is defined by a structured mesh with ten elements
across the thickness of the beam (x-φ-p (10)).
Number of degrees of freedom and element size for each cantilever beam and mixed formulation
L/h = 3.33

L/h = 10

L/h = 20

L/h = 50

x-φ-p (4)

x:
p:
∆h:

54675
18225
0.125 mm

x:
p:
∆h:

3075
1025
0.25 mm

x:
p:
∆h:

10935
3645
0.125 mm

x:
p:
∆h:

63315
21105
0.05 mm

x-φ-p (10)

x:
p:
∆h:

-

x:
p:
∆h:

36663
12221
0.10 mm

x:
p:
∆h:

139293
46431
0.05 mm

x:
p:
∆h:

843183
281061
0.02 mm

x:
p:
F -ΣF :
H-ΣH :
J-ΣJ :
∆h:

3075
480
17280
17280
480
0.50 mm

x:
p:
F -ΣF :
H-ΣH :
J-ΣJ :
∆h:

10935
1920
69120
69120
1920
0.25 mm

x:
p:
F -ΣF :
H-ΣH :
J-ΣJ :
∆h:

63315
12000
432000
432000
12000
0.10 mm

MFA

x:
p:
F -ΣF :
H-ΣH :
J-ΣJ :
∆h:

54675
11250
405000
405000
11250
0.25 mm

Table 1: Numerical example 1. Number of degrees of freedom for the different formulations employed. x-φ-p (4)
stands for 4 elements across the thickness and x-φ-p (10) stands for 10 elements across the thickness.

From Figure 6 and Table 2, it can be observed that when no anisotropy is present, a very
small relative error of 0.36% in the displacement of node A in the Z direction, namely (x)Z,A , is
obtained with the x-φ-p formulation for the lowest aspect ratio. This clearly shows that the stabilisation parameter α has been correctly tuned. For higher aspect ratios L/h = {10, 20, 50}, the
formulation exhibits bending locking and the relative error increases up to 14%. When anisotropy
is present (i.e. af /a 6= 0), Figure 6 and Table 2 show that the relative error increases. This additional anisotropy-induced source of locking has been reported in [74] and resolved through a
mixed formulation imposing weak convergence to the anisotropic invariant I4,f 0 (and I4,s0 and
I8,f 0 ,s0 ). However, it is important to remark that even if this source of locking is removed, there
is still a 14% of bending locking present that can only be alleviated via mesh refinement. It
is remarkable to observe that with the finest mesh and aspect ratio L/h = 50, more than 106
degrees of freedom (for fields x and p) are needed in order to decrease the error to 6.68% for
the isotropic case, whilst less than 70000 degrees of freedom (for fields x and p) are used in the
MFA formulation.8 Therefore, the accuracy of the x-φ-p formulation is seriously compromised
for aspect ratios of L/h > 10. All in all, we can foresee that at least 10 elements across the
thickness of the myocardium must be used in order to obtain an acceptable level of accuracy
7

Since no electro-activation effects are considered, both formulations MFA-Ta and MFA-γ coincide and hence
we denote both as MFA in the purely mechanical case.
8
The degrees of freedom of the discontinuous fields {F , H, J, ΣF , ΣH , ΣJ } are not counted since they are
condensed out.

17

for the x-φ-p formulation. Naturally, an even finer discretisation would be needed for the x-φ
formulation. On the contrary, only two elements across the thickness of the myocardium would
yield excellent accuracy in the case of the MFA formulation.

Figure 6: Numerical example 1. Value of displacement in the Z direction at node A (see Figure 4a ) for different
aspect ratios (L/h) and anisotropy ratios (af /a). Results displayed using the MFA mixed formulation and the
stabilised (α = 0.075) x-φ-p mixed formulation. (4) and (10) indicate that 4 and 10 elements in the Z direction
of the beam have been used, respectively.
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Normalised deflection (x)A,Z /L of the cantilever beam
qmax = 33.75 Pa
x-φ-p (4)
-0.47125 (0.36%)
-0.46245 (1.50%)
-0.44868 (3.01%)
-0.42975 (5.20%)
-0.33419 (7.62%)
-0.23622 (4.08%)
-0.18848 (9.64%)
-0.17192 (9.66%)
-0.16528 (10.01%)
L/h = 20
qmax = 0.76 Pa
x-φ-p (4)
x-φ-p (10)
-0.28534 (13.87%)
-0.30928 (6.64%)
-0.28528 (13.86%)
-0.30921 (6.64%)
-0.28475 (13.84%)
-0.30863 (6.62%)
-0.27985 (13.66%)
-0.30333 (6.41%)
-0.25127 (13.16%)
-0.27270 (5.76%)
-0.19155 (13.87%)
-0.20967 (5.72%)
-0.13861 (17.01%)
-0.15549 (6.90%)
-0.11116 (20.39%) -0.12441 (10.90%)
-0.09991 (22.32%) -0.10938 (14.96%)

L/h = 3.33
af /a
0
10−2
10−1
100
101
102
103
104
105

MFA
-0.46955
-0.46950
-0.46258
-0.45334
-0.34840
-0.25570
-0.20859
-0.19031
-0.18367

af /a
0
10−2
10−1
100
101
102
103
104
105

MFA
-0.33129
-0.33121
-0.33051
-0.32413
-0.28936
-0.22239
-0.16702
-0.13963
-0.12862

MFA
-0.32725
-0.32708
-0.32558
-0.31319
-0.26262
-0.19244
-0.14634
-0.12726
-0.12154
MFA
-0.33259
-0.33256
-0.33229
-0.32972
-0.31124
-0.25748
-0.19890
-0.16307
-0.14595

L/h = 10
qmax = 3.05 Pa
x-φ-p (4)
x-φ-p (10)
-0.27700 (15.36%)
-0.30471 (6.89%)
-0.27688 (15.35%)
-0.30457 (6.88%)
-0.27582 (15.28%)
-0.30337 (6.82%)
-0.26673 (14.83%)
-0.29306 (6.43%)
-0.22574 (14.04%)
-0.24785 (5.62%)
-0.16304 (15.28%)
-0.18116 (5.86%)
-0.11886 (18.78%)
-0.13556 (7.37%)
-0.09946 (21.85%)
-0.11347 (10.84%)
-0.09169 (24.56%)
-0.10403 (14.41%)
L/h = 50
qmax = 0.122 Pa
x-φ-p (4)
x-φ-p (10)
-0.28633 (13.91%)
-0.31036 (6.68%)
-0.28631 (13.91%)
-0.31029 (6.70%)
-0.28611 (13.90%)
-0.31012 (6.67%)
-0.28419 (13.81%)
-0.30802 (6.58%)
-0.26966 (13.36%)
-0.28633 (8.00%)
-0.22308 (13.36%)
-0.24279 (5.70%)
-0.16800 (15.54%)
-0.18637 (6.30%)
-0.13276 (18.59%) -0.28633 (14.26%)
-0.11628 (20.33%) -0.12647 (13.34%)

Table 2: Numerical example 1. Value of displacement in the Z direction at node A (see Figure 4a ) for different
aspect ratios (L/h) and anisotropy ratios (af /a). Results displayed using the MFA mixed formulation and the
stabilised (α = 0.075) x-φ-p formulation. The specifications (4) and (10) have been used to indicate that 4 and
10 elements in the Z direction of the beam have been used, respectively. Relative error highlighted in bold font.
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6.2. Numerical example 2: simulation of the cardiac cycle with different mixed formulations
The objective O2.I of this example is, taking as starting point the previous example results,
to verify the conclusions obtained therein, specially regarding the comparison of the x-φ and
stabilised x-φ-p formulations against the more accurate MFA-Ta formulation for the more challenging scenario represented by the electro-activation of the myocardium within a cardiac cycle.
The main features of this example are:
Geometry: We consider an idealised geometry of two ventricles defined by four truncated
ellipsoids as previously presented in [1] (see Figure 7a ). The two outermost ellipsoids are centred
at the origin, i.e {X, Y, Z} = {0, 0, 0} mm and the lengths of their semi-axes are {50, 50, 70} mm
and {45, 45, 65} mm. The two innermost ellipsoids are centred at {X, Y, Z} = {0, −10, 0} mm
and the lengths of their semi-axes are {40, 40, 63} mm and {35, 35, 60} mm. The four ellipsoids
are truncated by the plane Z = 0 and only half of them are simulated as shown in Figure 7.

(a)

(b)

(c)

Figure 7: Numerical example 2. (a) Geometry of the two ventricles. (b) Representation of the fibre f 0 . (c)
Contour plot of η for the interpolation of f 0 . Blue and red regions correspond to η = 1 and η = 0, respectively.

Fibres direction: For the parametrisation of the fibres orientation, the family of unit fibre
vectors f 0 is considered first to lie on the local tangent plane of the four ellipsoidal surfaces and,
second, the unit fibre vector f 0 is assumed to form angle of +60o or −60o with respect to its local
circumferential axis. Specifically, an orientation of −60o is considered for the first (outermost)
and third ellipsoids and an orientation of +60o is used for the remaining two ellipsoids (refer to
Figure 7b ). A regularisation of the fibre family f 0 is carried out as described in [12], whereby the
Poisson equation ∇0 · (∇0 η) = 0 is solved in the Ω0 for the intermediate variable η, with η = 1 on
the ellipsoidal surfaces associated with a +60o orientation and η = 0 on the remaining ellipsoidal
surfaces (refer to Figure 7c ). Finally, from η, the regularised fibre orientations {f 0 , s0 , n0 } are
obtained following the procedure described in [23].
Discretisation: Two different discretisations are used to compare the stabilised x-φ-p (and xφ) formulations against the super enhanced MFA-Ta formulation. This was carefully carried out
in order to maintain a comparable number of solver unknowns across the different formulations.
Thus, the MFA-Ta mesh (see Figure 8 (left)) resulted in {525705, 175235, 112088} degrees of
freedom for the x, φ and p fields, respectively9 . The stabilised x-φ-p (and x-φ) mesh (see Figure
8 (right)) resulted in {578745, 192915, 192915} degrees of freedom for the same fields.
9

The degrees of freedom for the discontinuous fields {F , H, J, A} are {4035168, 4035168, 112088, 1345056} (the
same for their work conjugates {ΣF , ΣH , ΣJ , ΣA }). Notice that these degrees of freedom are condensed out by
means of a standard static condensation procedure [1])
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Figure 8: Numerical example 2. Unstructured meshes considered in the heartbeat simulation: discretisation used
for the MFA-Ta formulation (left) and for the stabilised x-φ-p and x-φ formulations (right).

Boundary conditions: Dirichlet boundary conditions are applied on the red (displacements
constrained in the OZ direction) and white (displacements constrained in all directions) coloured
regions in Figure 9a . For the remaining boundaries, homogeneous Neumann boundary conditions
are considered. For the cardiac action potential field, homogeneous Neumann boundary conditions
are considered everywhere (see equation 3b ). The mesh displayed in Figure 9a corresponds to the
discretisation used for the MFA-Ta formulation. For the mesh used for the x-φ-p (and x-φ)
formulation, a very similar region to the white area in Figure 9a was carefully selected for the
application of the corresponding Dirichlet boundary conditions.
Initial conditions: Initial conditions for the cardiac action potential are triggered through
an arbitrary stimulation intensity function Istim applied on the red coloured region in Figure
9b . As above, the mesh displayed in Figure 9b corresponds to the discretisation used for the
MFA-Ta formulation. Similarly, for the mesh used for the x-φ-p (and x-φ) formulation, a very
similar region to the red area in Figure 9b was carefully selected for the application of the initial
(electrical) conditions.

(a)

(b)

(c)

Figure 9: Numerical example 2. (a) Regions for the application of Dirichlet boundary conditions for displacement
field. In red: restricted displacements in OZ direction; in white: restricted displacements in all directions. (b)
Region (in red) where the initial electrical stimulation occurs. (c) Nodes where the electrical dispersion is measured.

Time integration: An adaptive time-stepping strategy is used for the time integration of
the cardiac action potential equation (3). An initial small time step ∆t is required in order
to correctly capture the rapid initial depolarisation taking place which can then be gradually
increased without compromising the overall accuracy of the simulation. The time step ∆t used
at a given time t is automatically chosen by measuring the rate of change in absolute value of
the internal variables in the ionic model. The minimum and maximum values for ∆t are 0.3 ms
and 50 ms, respectively. The backward Euler scheme is used for the time integration of: (a) the
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cardiac action potential equation (3); (b) the evolution equation for the field activation Ta (19);
(c) the ordinary differential equations for the vector of internal variables q (see (16)).
Material parameters: Table 3 contains the values adopted for the relevant material parameters for: (a) Holzapfel-Ogden model [10] in (5); (b) ionic model proposed by Bueno-Orovio et al.
[34]; (c) active stress approach with activation model as proposed by Nash and Panfilov [41]; (d)
parameters controlling diffusion in (35). In addition, a value of κ = 10 kPa has been used in the
x-φ formulation in order to enforce near incompressibility.
Numerical strategy: A monolithic approach is used (see Section 5.2.1 and Algorithm 1).
Parameters for the Holzapfel-Ogden constitutive law
a = 0.496 kPa
b = 7.209

af = 15.196 kPa
bf = 20.417

as = 3.283 kPa
bs = 11.176

Parameters for the Bueno-Orovio ionic model
−
uo = 0.0
θv = 0.3
τo1 = 400
τv1
=
−
uu = 1.55
θw = 0.13
τo2 = 6
τv2 =
us = 0.9087 θo = 0.006 τso1 = 30.0181 τw+ =
u−
θv− = 0.006 τso2 = 0.9957
τv+ =
w = 0.03

60
1150
200
1.4506

∗
w∞
=
−
τw1 =
−
τw2
=
τf i =

0.94
60
15
0.11

af s = 0.662 kPa
bf s = 9.466
τs1 =
τs2 =
τsi =
τw∞ =

2.7342
16
1.8875
0.07

−
kw
=
ks =
kso =
Istim =

65
2.0994
2.0458
0.9

Parameters for the activation model proposed by Nash and Panfilov
kTa = 12.5 kPa/µM
Additional parameters
diso = 8 · 10−4 m2 /s

dani = 12 · 10−4 m2 /s

Table 3: List of material parameters used in numerical example 2 for the active stress approach.

Figure 10 shows at points A, B and C (see Figure 9c ), the time evolution of the X, Y
and Z components of the displacement, respectively, and of the transmembrane potential φ.
The evolution of the transmembrane potential is almost identical for the three formulations.
However, as anticipated (refer to the previous example), the mechanical response (displacements)
is severely affected by the choice of formulation. Clearly, the displacements predicted by the
x-φ-p formulation are closer to those predicted by the MFA formulation, in comparison with
those obtained by the x-φ formulation. These results are illustrated in more detail in Figures 11,
12 and 13. Figure 11 shows how the wave front for the transmembrane potential φ is practically
coincident regardless of the employed methodology. However, Figures 12 and 13 highlight distinct
discrepancies in the mechanical response (displacements) between the three formulations. We
introduce the quantity of interest εx , quantifying the error of the x-φ-p (and x-φ) formulation
with respect to the MFA formulation, defined as
x =

||x − xMFA ||
,
max(||x||)

(49)

where xMFA denotes the deformed position obtained with the MFA formulation at a given Gauss
point of the computational domain. In particular, a value of εx of 25% is observed in the x-φp formulation whereas a larger error of up to 50% is observed when using the x-φ formulation.
Therefore, the results obtained confirm that extremely fine discretisations are potentially required
when employing the x-φ-p and x-φ approaches. On the contrary, coarser meshes are acceptable
when employing the MFA formulation, yielding very accurate results.

22

(a)

(b)

(c)

(d)

(e)

(f)

Figure 10: Numerical example 2. (a)-(b) Time evolution of the displacement in X direction and transmembrane
potential φ at node A. (c)-(d) Time evolution of the displacement in Y direction and transmembrane potential φ
at node B. (e)-(f) Time evolution of the displacement in Z direction and transmembrane potential φ at node C.
Results obtained with the MFA-Ta , x-φ-p and x-φ formulations (activation type: active stress).
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x-φ-p

MFA-Ta

x-φ

18 ms

25 ms

35 ms

52 ms

60 ms

300 ms

Figure 11: Numerical example 2. Evolution of the cardiac action potential wave front. Results obtained with
MFA-Ta formulation (left), x-φ-p formulation (centre) and x-φ formulation (right). Snapshots for times t =
{18, 25, 35, 52, 60, 300} (ms) of the cardiac cycle (activation type: active stress).
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8 ms

25 ms

35 ms

52 ms

60 ms

100 ms

200 ms

300 ms

Figure 12: Numerical example 2. Contour plot of εx in (49). Error of x-φ-p formulation with respect to the
MFA-Ta formulation. Snapshots for various times t = {8, 25, 35, 52, 60, 100, 200, 300} (ms) of the cardiac cycle
(activation type: active stress).

8 ms

25 ms

35 ms

52 ms

60 ms

100 ms

200 ms

300 ms

Figure 13: Numerical example 2. Contour plot of εx in (49). Error of x-φ formulation with respect to the MFA-Ta
formulation. Snapshots for various times t = {8, 25, 35, 52, 60, 100, 200, 300} (ms) of the cardiac cycle (activation
type: active stress).
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6.3. Numerical example 3: Monolithic vs. Staggered and Staggered Linearised approaches.
In this example, we consider the same setting as that described in the previous example in
terms of geometry, fibres direction, boundary and initial conditions and time integration scheme.
The initial focus is on the super enhanced MFA formulation. Both active strain and active stress
approaches will be explored in the context of two different coupling strategies: monolithic and
staggered. Specifically, the objectives of this example are:
• O3.I To assess numerically the accuracy and feasibility of the staggered solver presented
in Section 5.2.2 with respect to the monolithic solver presented in Section 5.2.1 for: (a)
MFA-Ta active stress and (b) MFA-γ active strain approaches.
• O3.II To determine the accuracy of the staggered scheme when the ratio N between the
mechanical time step ∆tm and the electrical time step ∆t increases.
For the MFA-Ta active stress approach, Figure 14 shows at points A, B and C (see Figure
9c ), the time evolution of the X, Y and Z components of the displacement, respectively, and
of the transmembrane potential φ obtained with the monolithic solver and the staggered solver
for different values of the ratio N = {1, 2, 4, 6, 8, 10}. Remarkably, the time evolution of φ is
almost identical irrespective of the solver. In addition, the evolution of the displacements are also
extremely similar. Notice from the zoomed detailed regions in Figure 14 that for the staggered
schemes, the displacements remain constant throughout the time span ∆tm = N ∆t, during which
the Mechanical Problem is frozen. These results are further supported in Figures 15 and 16, where
it can be seen that the wave front for the transmembrane potential φ is practically coincident for
both monolithic and staggered solvers (the latter with N = 10). Similarly as above, we introduce
an error indicator for the mechanical response quantified by a parameter εx defined as
x =

||x − xmono ||
,
max(||x||)

(50)

where xmono denotes the deformed position obtained with the Monolithic Solver. As can be seen
by the values of this indicator, this error is extremely low irrespective of the value of N adopted.
These results permit to conclude that for the active stress approach, the staggered solver yields
extremely similar results to those obtained with the monolithic solver. This conclusion has been
confirmed for a range of values of N up to 10, making this approach extremely advantageous from
the computational standpoint.
For the MFA-γ with active strain approach, a similar study is conducted, and results are
displayed in Figures 17, 18 and 19. It is very interesting to remark that the staggered solver
becomes now unstable for a value of N larger than 7, which is the reason why these results are
not displayed. For N ≤ 7, the staggered solver converges and we can see how, similarly to the
active stress approach, the time evolution of the transmembrane potential is almost identical
irrespective of the solver used. However, some differences can be observed when comparing the
displacements predicted by the monolithic and the staggered solvers during the plateau phase,
which corresponds to the time of maximum contraction, around 270 ms. This can be attributed
to: first, the multiplicative decomposition of the deformation gradient tensor which results in
a higher level of nonlinearity of the constitutive law, as opposed to the additive decomposition
used in the active stress approach and, second, the dependence with respect to the anisotropic
invariant I4,f 0 in the activation law (see equation (21)).
The error in the mechanical response, quantified by the parameter εx defined in (50) can
reach up to 10%, as opposed to the 1% obtained when considering the active stress approach
(refer to Figure 16). It is also worth stressing that the higher degree of nonlinearity introduced
by the multiplicative decomposition of the deformation gradient tensor leads to an increase in
the number of iterations required for the convergence of the Newton-Raphson for the Mechanical
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 14: Numerical example 3. Comparison of monolithic and staggered solvers with the MFA-Ta formulation:
(a)-(b) Time evolution of the displacement in X direction and transmembrane potential φ at node A. (c)-(d) Time
evolution of the displacement in Y direction and transmembrane potential φ at node B. (e)-(f) Time evolution
of the displacement in Z direction and transmembrane potential φ at node C. Results obtained (activation type:
active stress).
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Monolithic Solver
Staggered Solver (N=10)

8 ms

18 ms

25 ms

35 ms

44 ms

52 ms

60 ms

300 ms

8 ms

18 ms

25 ms

35 ms

44 ms

52 ms

60 ms

300 ms

Figure 15: Numerical example 3. Evolution of the cardiac action potential wave-front. Snapshots for various times
t = {8, 18, 25, 35, 44, 52, 60, 300} (ms) of the cardiac cycle. Results obtained with MFA-Ta formulation using the
monolithic solver (up) and the staggered solver (down), activation type: active stress).
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20 ms

35 ms

50 ms

100 ms

N=1

N=2

N=4

N=6

N=10

Figure 16: Numerical example 3. Contour plot of εx in (49) for snapshots associated with various times t =
{20, 35, 50, 100} (ms) of the cardiac cycle. Results obtained with MFA-Ta formulation and staggered solver for
different values of the ratio between the mechanical and electrical time steps N = {1, 2, 4, 6, 10}, (activation type:
active stress).
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Problem. Naturally, this leads to an obvious reduction in the overall computational efficiency of
the staggered approach, which was critically observed for values of N beyond N = 4. Therefore, we
can conclude that: (a) the maximum value of N before stability is compromised in the staggered
solver is smaller when considering the active strain approach instead of active stress; (b) in the
active strain approach, the staggered solver yields extremely similar results to those obtained
with the monolithic solver with regards to the time evolution of φ, in agreement with the results
obtained when considering the active stress approach; (c) in the active strain approach, staggered
and monolithic solvers evidence higher discrepancies in the time evolution of the displacements
than in the case of active stress; (d) the fastest staggered solver for active strain corresponds
to N = 4. Beyond this value, the higher number of iterations required in the Newton-Raphson
algorithm for the mechanical problem entails a reduction of the efficiency of the algorithm.
We now turn our attention to the comparison of the monolithic and staggered algorithms but
particularised to the case of the stabilised x-φ-p formulation (just for active stress, to simplify
the following exposition). As such, we use the same setting as above and the objectives remain
the same, namely, O3.I and O3.II. The mesh used is identical to that in Figure 9b . Relevant
results are presented in Figures 20, 21 and 22. Once again, the time evolution of φ is virtually
identical irrespective of the solver. In addition, the time evolution of the displacements is also
very similar when comparing the different coupling strategies, although not as much as when we
considered the MFA-Ta formulation (see Figure 14). These results permit us to conclude that:
(a) staggered and monolithic approaches yield very similar results regarding the time evolution
of the transmembrane potential; (b) some differences, albeit minor, can be observed in terms
of the displacement field; (c) the difference in results between staggered and monolithic solvers
is smaller for the case of the MFA formulation than for the x-φ-p formulation; (d) a value of
N = 10 would result in an extremely advantageous computational approach.
We finally explore the potential for considering the staggered linearised approach presented
in Section 5.2.3, in the search of an extremely optimum computational approach. As such, our
objective O.3.III is to determine the accuracy of the staggered linearised approach, comparing
it against the staggered solver for different ratios N between the mechanical and electrical time
steps. The main results are summarised in Figures 23 and 24. Figure 23 displays the results
obtained with the staggered solver with N = 1 and the staggered linearised solver for different
values of the ratio N = {1, 4, 10}. It is interesting to observe that the time evolution of φ is almost
identical irrespective of the solver. However, we observe a discrepancy for the displacements which
is more pronounced as the ratio N in the staggered linearised solver is increased. Notice how
the error in the mechanical response, quantified by the parameter εx can reach a value of around
5% for N = 1, and inadmissible values of up to 60% as N is increased up to N = 10. It is
clear that the linearised expression adopted for the evaluation of the first Piola-Kirchhoff stress
tensor is the key reason for the differences observed. This could potentially be alleviated either
by exploring a more accurate linearised expression of the stress tensor or by reducing the size
of the time step ∆t. All in all, these results permit us to conclude that: (a) the time evolution
of the transmembrane potential φ remains almost identical for both staggered and staggered
linearised solvers, irrespectively of the value of N ; (b) for N = 1, there is good agreement in
terms of displacements between the staggered and the staggered linearised approaches; (c) for
increasing values of N , the staggered linearised approach can yield very inaccurate results in
terms of displacements if a non-careful linearised approximation of the stress tensor is employed.
All the large scale examples presented in this paper were coded in FORTRAN and executed
in a desktop computer with a ten-core Intel Xeon E5-2630v4 2.20 GHz processor and 64 GB
of RAM memory. For the solution stage, the parallel LU decomposition solver provided by the
library PARDISO [75] was selected for the monolithic solver and the Mechanical Problem in the
staggered solvers. Alternatively, the well-conditioned stiffness matrix in the Electrical Problem
admits iterative solvers, for which the GMRES method from the package MI24 [76] was considered.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 17: Numerical example 3. Comparison of monolithic and staggered solvers with the MFA-γ formulation:
(a)-(b) Time evolution of the displacement in X direction and transmembrane potential φ at node A. (c)-(d) Time
evolution of the displacement in Y direction and transmembrane potential φ at node B. (e)-(f) Time evolution
of the displacement in Z direction and transmembrane potential φ at node C. Results obtained (activation type:
active strain).
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Monolithic Solver
Staggered Solver (N=7)
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Figure 18: Numerical example 3. Evolution of the cardiac action potential wave-front. Snapshots for various times
t = {8, 18, 25, 35, 44, 52, 60, 300} (ms) of the cardiac cycle. Results obtained with MFA-γ formulation using the
monolithic solver (up) and the staggered solver with N = 7 (down), activation type: active strain).
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20 ms

35 ms

50 ms

100 ms

N=1

N=2

N=4

N=6

N=7

Figure 19: Numerical example 3. Contour plot of εx in (49) for snapshots associated with various times t =
{20, 35, 50, 100} (ms) of the cardiac cycle. Results obtained with MFA-γ formulation and staggered solver for
different values of the ratio between the mechanical and electrical time steps N = {1, 2, 4, 6, 7}, (activation type:
active strain).
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(f)

Figure 20: Numerical example 3. Comparison of monolithic and staggered solvers with the x-φ-p formulation:
(a)-(b) Time evolution of the displacement in X direction and transmembrane potential φ at node A. (c)-(d) Time
evolution of the displacement in Y direction and transmembrane potential φ at node B. (e)-(f) Time evolution
of the displacement in Z direction and transmembrane potential φ at node C. Results obtained (activation type:
active stress).
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Figure 21: Numerical example 3. Evolution of the cardiac action potential wave-front. Snapshots for various
times t = {8, 18, 25, 35, 44, 52, 60, 300} (ms) of the cardiac cycle. Results obtained with x-φ-p formulation using
the monolithic solver (up) and the staggered solver with N = 10 (down), activation type: active stress).
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Figure 22: Numerical example 3. Contour plot of εx in (49) for snapshots associated with various times t =
{20, 35, 50, 100} (ms) of the cardiac cycle. Results obtained with x-φ-p formulation and staggered solver for
different values of the ratio between the mechanical and electrical time steps N = {1, 2, 4, 6, 10}, (activation type:
active stress).
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The required computational time was slightly greater for the active strain approach (due to the
higher nonlinearity of the passive response model which leads to a larger number of NewtonRaphson iterations), and both approaches experience appreciable performance improvement with
the inclusion of staggered solvers. The computational times for all the large scale simulations
are organised in Table 4 according to the selected numerical strategy, proving the considerable
time reduction when a x-φ-p formulation with a staggered solver is employed instead of MFA
formulations with a monolithic solver. The computational save stems from the reduction in time
in terms of assembly and static condensation, in comparison with the more demanding MFA
formulations, due to their extended multi-field nature.
Computation time for the MFA-γ mixed formulation (in hours)
Monolithic
195.7

Stag. N = 1
106.7

Stag. N = 2
57.33

Stag. N = 4
37.57

Stag. N = 6
37.93

Stag. N = 7
38.63

Computation time for the MFA-Ta mixed formulation (in hours)
Monolithic
181.23

Stag. N = 1
83.4

Stag. N = 2
55.73

Stag. N = 4
47.93

Stag. N = 6
36.47

Stag. N = 8
34.73

Stag. N = 10
30.07

Stag. N = 6
14.27
-

Stag. N = 10
11.32
4.83

Computation time for the x-φ-p mixed formulation (in hours)
Nonlinear
Linearised

Monolithic
90.33
-

Stag. N = 1
50.78
17

Stag. N = 2
31.58
-

Stag. N = 4
17.4
6.83

Table 4: List of measured computational times for the MFA-Ta , MFA-γ and x-φ-p mixed formulations.
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Figure 23: Numerical example 5. Comparison of staggered solver with N = 1 and staggered linearised solver
(for various N ) for x-φ-p formulation: (a)-(b) Time evolution of the displacement in X direction and potential
φ at node A. (c)-(d) Time evolution of the displacement in Y direction and transmembrane potential φ at node
B. (e)-(f) Time evolution of the displacement in Z direction and transmembrane potential φ at node C. Results
obtained (activation type: active stress).
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Figure 24: Numerical example 5. Evolution of the cardiac action potential wave-front. Snapshots for various times
t = {8, 36, 42, 60, 100, 200, 250, 300} (ms) of the cardiac cycle. Results obtained with x-φ-p formulation using the
staggered solver with N = 1 and the linearised staggered solver with N = {1, 4, 10}, activation type: active stress).
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6.4. Numerical example 4: a realistic geometry
In this final numerical example, we select one of the possible techniques presented in previous
sections and study the response of the myocardium through the simulation of a realistic geometry. Specifically, the objective O4.I of this example is to use a suitable numerical strategy for
a pre-selected Finite Element formulation in order to analyse the electro-activation process in a
non-simplified geometry such as the one represented by the pair of idealised ventricles previously
analysed (refer to Figure 7). The more realistic geometry is depicted in Figure 25a . The fibre
directions are represented in Figure 25b -25c , where a regularisation (smoothing) of the fibre orientation has been carried out as described in Section 6.2. Figure 25b represents the fibre orientation
resulting scalar field η. Boundary and initial conditions are described in Figure 26. Regarding the
material parameters for the passive response, namely the activation model and the ionic model,
we use the same as those detailed in Section 6.2.

(a)

(b)

(c)

Figure 25: Numerical example 6. (a) Geometry of the two realistic ventricles. (b) Representation of the fibre f 0 .
(c) Contour plot of η for the interpolation of f 0 . Blue and red regions correspond to η = 1 and η = 0, respectively.

(a)

(b)

Figure 26: Numerical example 6. (a) Regions for the application of Dirichlet boundary conditions for displacement
field. In red: restricted displacements in OZ direction; in white: restricted displacements in all directions. (b)
Region (in red) where the initial electrical stimulation occurs.

The Finite Element formulation employed is that of the x-φ-p approach, where a sufficiently
fine mesh discretisation has been employed in order to alleviate the presence of possible bending
locking. As such, a minimum of 10 finite elements across the thickness have been used following the
conclusions extracted from our first numerical example. This level of discretisation is consistent
with the mesh considered, as displayed in Figure 26a . The corresponding degrees of freedom add
up in total to {703914, 234638, 234638} for the fields x-φ-p, respectively. Results displayed in
previous examples reported an excellent accuracy of the staggered solver (in comparison with the
monolithic solver), especially for the active stress approach. Thus, we advocate for this solver
and consider a ratio between the mechanical and electrical time steps of N = 10. Notice that,
although it might seem more appealing, in principle, the use of the staggered linearised solver,
this can yield inaccurate results for this high value of the ratio N .
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With this combination of Finite Element formulation and numerical strategy, we present in
Figures 27 and 28 the results for the contour plot distribution of relevant quantities of interest for
different time snapshots. This information is arranged in a similar manner to that in the large
scale numerical examples from [1], which allow to shed some light into crucial aspects of cardiac
action potential propagation and global motion. In particular, we would like to highlight that (a):
even though the same diffusion values from Table 3 were used, the realistic ventricles get fully
depolarised in 35 ms whereas the idealised ones required 60 ms, probably due to the different
structure of the heart chambers; (b) a smoother field for the right Cauchy tensor component
CXX is obtained compared to that in [1] thanks to the employment of a finer mesh; (c) the use
of a realistic geometry emphasises the twisting effect as a result of the transmural anisotropy
variation; (d) the combination of a x-φ-p formulation with a staggered solver reduces the overall
computational time up to sixteen times without any loss of certainty, as supported by the findings
in the previous examples.
7. Concluding remarks
The computational simulation of the heart muscle represents a major challenge due to the
complex intertwining of the different electro-chemo-mechanical processes interacting across different space and time scales. In the search towards an efficient yet accurate computational solver
in cardiac mechanics, this paper has presented a coupled multi-scale framework where alternative formulations, discretisations and coupling strategies have been presented and analysed in
the context of idealised and realistic ventricular geometries. First, a stabilised linear finite element formulation for displacement, pressure and transmembrane potential (x-φ-p formulation)
has been compared against the super enhanced MFA formulation recently proposed in [1] and the
widely used penalty-based x-φ approach. Second, a staggered solver and a staggered linearised
solver have been assessed in terms of accuracy against the monolithic solver in [1], for both active
strain and active stress electro-activation.
Through a set of numerical examples, we have been able to conclude that: (a) at least 10
elements across the thickness of the myocardium must be used in order to attain an acceptable
level of accuracy in terms of deformations when using the x-φ-p formulation, whilst only 2 elements are needed in the case of the MFA formulation; (b) even finer discretisations are needed
if the widely used x-φ formulation is to be preferred, as otherwise untrustworthy results will be
obtained; (c) the strong anisotropy of the Holzapfel-Ogden model can induce some form of locking which can be totally circumvented with the MFA formulation and, partially, with the x-φ-p
formulation; (d) both x-φ-p and MFA formulations render extremely similar results in terms of
transmembrane potential propagation but slight differences are observed in terms of deformation
patterns; (e) these differences are more pronounced in the case of active strain electro-activation
due to the strongest nonlinearity of the electro-mechanical coupling; (f) the staggered solver is
extremely competitive (specially in case of active stress electro-activation) allowing time step
ratios of up to 10 between the electrical and mechanical physics without compromising the accuracy of the results; (g) the proposed staggered linearised solver yields extremely accurate results
for the transmembrane potential propagation but struggles to provide accurate results in terms
of deformation unless the same time step is used for both individual physics or a more careful
linearisation is adopted. This is due to the high variability of the transmembrane potential, specially in the vicinity of sharp gradients, leading to non-negligible deformation updates within a
mechanical time step.
Acknowledgements
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Figure 27: Numerical example 4. (activation type: active stress; ionic model : Bueno-Ovorio; activation law : Nash
& Panfilov; mixed formulation: x-φ-p formulation; Numerical Strategy: staggered solver with N = 10). Snapshots
for time t = {5, 20, 40, 100} (ms) of the cardiac cycle. Contour plot of φ (mV), cardiomyocite stress Ta (Pa), right
Cauchy-Green tensor component CXX and three internal variables, namely {v, w, s}.
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Figure 28: Numerical example 4. (activation type: active stress; ionic model : Bueno-Ovorio; activation law : Nash
& Panfilov; mixed formulation: x-φ-p formulation; Numerical Strategy: staggered solver with N = 10). Snapshots
for time t = {150, 200, 320, 1000} (ms) of the cardiac cycle. Contour plot of φ (mV), cardiomyocite stress Ta (Pa),
right Cauchy-Green tensor component CXX and three internal variables, namely {v, w, s}.
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[74] P. Wriggers, J. Schröder, F. Auricchio, Finite element formulations for large strain anisotropic
material with inextensible fibers, Advanced Modeling and Simulation in Engineering Sciences
3 (2016) 25.
[75] C. G. Petra, O. Schenk, M. Lubin, K. Gärtner, An augmented incomplete factorization
approach for computing the schur complement in stochastic optimization, SIAM Journal on
Scientific Computing 36 (2014) C139–C162.
[76] HSL, A collection of fortran codes for large-scale scientific computation, http://www.hsl.
rl.ac.uk, 2007. Accessed: 2018-1-30.

48

