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Abstract 

A comfort-based optimal method has been developed for designing floors using tuned inerter mass systems (TIMS) 

to reduce the vertical-vibration response of floors subjected to human-induced excitations. Acceleration response of the 

floor and output force of TIMS were first derived via stochastic analysis. Subsequently, variation patterns in 

acceleration-response and output-force ratios were studied and compared by changing values of TIMS parameters. Based 

on the results of this parametric investigation, a comfort-based optimal design method and the corresponding procedure 

to be followed were developed. In the proposed method, the weighted average of the required additional tuned mass and 

TIMS output force are expected to be minimized whilst realizing the expected level of satisfaction in terms of target 

comfort performance of the floor structure (i.e., target acceleration response ratio). For different design targets, optimized 

TIMS parameters can be obtained using the proposed design method, and such design cases have been demonstrated by 

performing time-history analysis under different external human-induced excitations. Results of the said analysis 

demonstrate that the proposed design method effectively satisfies comfort-performance objectives of a floor with optimal 

actual mass through use of an inerter system. In addition, the proposed method can be used to maintain a balance 

between the control cost, additional tuned mass, and structural comfort performance. 

Keywords: inerter; human-induced excitation; comfort-based design; floor vibration. 

 

1 Introduction 

Structural control has been proven to be an effective means for mitigating dynamic responses of structures subjected 

to different types of excitations [1-3]. Many researches have been performed to propose various strategies for reducing 

the unrecoverable damage caused by natural phenomena, such as earthquakes, as well as satisfying the desired level of 

comfort from structures [4-7]. In practical applications, excessive floor-vibration responses of spatial structures and 

large-span bridges owing to human-induced excitations lead to structural insecurity and physical discomfort [8-10]. This 

problem is becoming increasingly common with the growing use of high-strength materials, low-stiffness supporting 
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components, and large-span structures. Resonance may occur when the walking frequency of humans approaches a value 

close to the natural frequency of the floor structure. In accordance with an extant study on floor vibration [11], this 

phenomenon is induced by the low stiffness and damping of floor structures. To control the excessive vibration of floor 

structures, several optional approaches can be adopted for structural design [4, 12, 13]. Commonly adopted methods 

include the use of components with higher stiffness, viscous damping, tuned mass dampers (TMDs). TMDs [14-16] can 

be set within floor structures with a view to attenuate the inherent vibration response. A typical TMD comprises a mass 

element, damping element, and spring element; it is attached to the floor structure and absorbs floor vibration energy by 

tuning the frequency of the floor structure. TMDs represent a type of vibration mitigating system that operates over a 

narrow frequency range and is effective in controlling floor vibrations due to human-induced excitations. For a 

footbridge system equipped with vertical and lateral TMDs, Elsa et al. [17] discussed the design strategy and 

effectiveness evaluation on the basis of experimental investigations. With the main objective of satisfying comfort 

requirements under human-induced vibrations, Tubino [15] developed an optimal design method for TMDs along with a 

specific optimization criterion. To determine the robustness of TMDs, Lievens et al. [18] proposed a robust optimization 

approach, wherein uncertainties associated with changes in environmental conditions and vibration-reduction measures 

were considered. 

Generally, however, the actual mass of the mass element in traditional TMDs is large, and sometimes, it is difficult 

to install such a TMD within floor structures. This difficulty can be overcome by adding an inerter element incorporated 

within the TMD to reduce the weight of a conventional TMD. An inerter is a device comprising two terminals that can 

move freely to provide a resisting force proportional to their relative acceleration, and based on the principle of the 

two-terminal mass element, a small actual mass can be magnified into a large apparent mass [19-21]. At the end of the 

last century, to amplify viscous-damping forces, Arakaki et al. [22] used the ball screw mechanism to transform linear 

motion into high-speed rotation by vicariously utilizing the inerter mechanism. Around the same time, the concept of the 

inerter was introduced in the field of mechanical control by Smith [23], who developed inerter equipment using 

gear-system devices. Unlike the traditional one-terminal mass element, an inerter is a two-terminal mass element, 

wherein the applied force is proportional to the relative acceleration of the terminals (Fig. 1). This force can be expressed 

as follows. 

 ( )2 1I inF m u u= − , (1) 

where 
IF  denotes the axial force of the inerter, which is opposite to the external force in equilibrium; 

inm  denotes the 

inertance; and 
1u  and 

2u  denote acceleration values at the two inerter terminals. 

 

 
Fig. 1. Schematic of two-terminal inerter element. 
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Different implementation mechanisms have been proposed for the inerter system, such as the rack-and-pinion [23], 

ball screw [24, 25], electromagnetic [26], and hydraulic [27] mechanisms. In the inerter system, the inerter, damping, and 

spring elements are used as the energy absorbing, energy-dissipation, and frequency-tuned devices, respectively. To 

illustrate the basic design theory of a structure equipped with an inerter system, Ikago et al. [28] proposed a simple 

design method for a single degree of freedom (SDOF) structure equipped with an inerter system. They performed shake 

table tests for a small-scale inerter system to verify the effectiveness of their proposed design method. Pan et al. [29] 

proposed an optimal design method for the inerter system that satisfied the performance and cost-control demands of the 

end application. Later, the close-form solutions of Root-Mean-Square (RMS) responses of structure with the three inerter 

systems were derived theoretically by Pan and Zhang [6]. Based on the derived solutions, they further proposed a 

performance-demand-based practical design approach for the three classic inerter systems in the extreme response 

condition. The mentioned optimal design methods were basically developed for the condition of the structure equipped 

with classic inerter system under the seismic excitation, which cannot be directly applied for the comfort-based issue. 

The concept of the inerter has been used in different areas of civil engineering [28, 30-32]. A type of 

electromagnetic inertial mass damper comprising a ball screw in combination with a rotating inertial mass was developed 

to control vibrations of structures subjected to earthquakes [33]. The effectiveness of the inerter system in controlling the 

response of rigid superstructures was confirmed by Wang et al. [34]. A seismically excited system equipped with an 

inerter damper for vibration isolation of primary SDOF and two-degree-of-freedom structures was studied by Lazar et al. 

[35]. Further, the seismic response of a tank was controlled by an inerter system used in combination with a hybrid 

control method [30, 36]. 

For greater reduction in dynamic response, the concept of tuning was used to integrate an inerter element into 

conventional TMD configurations [2, 37-39]. For base-isolated structure, De Domenico and Ricciardi [32, 40] proposed 

the optimal design of inerter-based TMD systems within a stochastic framework, and Hashimoto et al. [41] compared 

different types of inerter-based structural control layouts with the inerter installed in different configurations and 

positions. Pietrosanti et al. [42] proposed the optimal design method of the inerter-based TMD system for base-fixed 

structure by following three different design methodologies. However, in the layout suggested by their design approach, 

the inerter element was mounted between the tuned mass and ground, which is not suitable for vibration control of the 

floor structure, since the control device must be directly fixed on the floor structure. One type of TMD including a 

special inerter was proposed by fixing the inerter element between the tuned mass and adjacent floor, and this damper 

was proven to possess a broad spectrum of applicability [43]. To verify the effectiveness of such a system, an experiment 

was performed [44]. Compared to conventional TMDs, the tuned mass required in the tuned inerter mass system (TIMS) 

was reduced effectively through the use of an inerter element. It was also demonstrated that the use of the inerter 

improved the performance of the system when compared to TMD systems with comparable effective mass (including 

both inertance 
inm  and tuned mass 

tm ) [32, 40]. Similarly, a skyhook semi-active inerter configuration was analyzed 

for comfort-based optimal design using different control laws [19]. 
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Extant researches have mainly focused on developing different kinds of TMDs in combination with inerters, but the 

design method and potential use of TMDs have not received sufficient attention. Comfort-based utilization of TMDs 

equipped with inerters to inhibit floor vibrations produced by human-induced excitations still has potential research value, 

especially in terms of design methodologies. The greatest advantage of a TMD–inerter combination is that a small actual 

mass is used in the control system of the floor compared to that used in conventional TMDs. To more effectively mitigate 

floor vibrations due to human-induced excitation and alleviate installation problems through use of a small actual mass, a 

TMD–inerter combination was used in this study (Fig. 2). This simplified model of the floor structure [11, 15, 45] is 

widely used for the design and analysis of mitigation of floor vibration due to human-induced excitation. In the proposed 

TIMS design, a tuned mass 
tm  was connected to the floor structure via spring element 

dk  and damping element 
dc . 

A viscous- or eddy-current-damping element can be used as the energy-dissipation element in TIMS. The inerter element 

with apparent mass 
inm  was placed between the tuned mass element and floor structure. 

Based on the target comfort performance level and control cost factor, a comfort-based optimal design method has 

been developed designing TIMS-equipped floor structures to reduce vertical vibration responses of floors subjected to 

human-induced excitations. Equations of motion of a TIMS-equipped floor structure were established. Using random 

analysis, solutions of stochastic responses were obtained. Subsequently, expressions for optimization indicators, namely, 

the comfort performance indicator 
A , control cost indicator 

dF , and tuned mass ratio 
t , were derived. Next, a 

series of floor structures equipped with TIMS were designed in accordance with different comfort requirements through 

use of the proposed method. To verify the effectiveness of the proposed design method, several design cases were 

examined via time-domain analysis.  

 

 

Fig. 2. Mechanical diagram of TIMS. 

 

2 Theoretical analysis of floor equipped with TIMS 

2.1 Mechanical model 

A floor structure subject to human-induced excitations can be transformed into a single-degree-of-freedom (SDOF) 

structure for dynamic analysis. To evaluate the vibration control efficiency of TIMS with regard to SDOF system [11, 15, 

45], a calculation model of the floor structure equipped with TIMS was established (Fig. 3). The floor structure was 

simplified to represent an SDOF system of mass m  attached to the supporting ground via spring and damping elements 

k  and c , respectively. Further, x  and 
tx  denote displacements of the floor structure m  and TIMS tuned mass 

tm , 
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respectively. 

 

 
Fig. 3. Schematic of the floor structure with TIMS. 

 

2.2 Governing equation of motion 

 The governing equation of motion for the system depicted in Fig. 3(b) can be expressed as 

 
( ) ( ) ( ) ( )

( ) ( ) ( ) 0

in t d t d t

t t in t d t d t

mx cx kx m x x c x x k x x F t

m x m x x c x x k x x

+ + + − + − + − = −


+ − − − − − =

,  (2) 

wherein x  and x  denote acceleration and velocity of the floor structure; 
tx  and 

tx  denote acceleration and velocity 

of the tuned mass in TIMS; and ( )F t  denotes the force of human-induced excitations. 

The natural frequency 
s  and inherent damping ratio   of the floor structure can be determined using following 

relations. 

 = ,  
2

s

s

k c

m m
 


= .  (3) 

To simplify the above governing equations, the dimensionless tuned mass ratio 
t , inerter-mass ratio 

in , stiffness 

ratio  , nominal damping ratio  , and pedestrian weight ratio p  can be defined as follow. 

 ,  ,  ,  ,  
2

pt in d d

t in p

mm m k c

m m k mmk
    = = = = = . (4) 

Subsequently, Eq. (2) can be rewritten as 

 

2 2

2

( ) 2 ( ) ( ) [ ( ) ( )] 2 [ ( ) ( )] [ ( ) ( )] ( )

( ) [ ( ) ( )] 2 [ ( ) ( )] [ ( ) ( )] 0

s s in t s t s t p h

t t in t s t s t

x t x t x t x t x t x t x t x t x t a t

x t x t x t x t x t x t x t

      

    

 + + + − + − + − = −


+ − + − + − =

  (5) 

 By using Newmark’s algorithm [46], this equation can be solved to obtain numerical solutions for the controlled 

floor structure equipped with TIMS, i.e., the dynamic response of the floor structure subject to human-induced 

excitations. 

 

2.3 Human-induced excitations 
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 Resonance may occur when the natural frequency of the floor attains a value approximately equal to the frequency 

of daily human activities [47]. Human-induced excitations along the vertical direction can be expressed as follow [48], 

which is widely used for the simulation of human-induced excitation in the time domain, 

 
1

( ) [1 sin(2 )]= ( )
k

p i i p h

i

F t m g i ft m a t  
=

= + − , (6) 

where ( )F t  denotes the human-induced excitation; t  denotes time; pm  denotes weight of a single pedestrian; and 

f  denotes walking frequency. Further, 
i  denotes the factor of the 

thi  harmonic dynamic load; 
i  denotes the 

initial phase of the 
thi  dynamic load; and k  represents harmonic load orders considered for the load. Lastly, ( )ha t  

denotes the acceleration due to human-induced excitation. 

Based on the theory of vibration-signal analysis, the human-induced-excitation model proposed by Bachmann and 

Ammann [49] was used in this study. Vertical harmonic loads of the first three orders were considered; subsequently, 
i  

and 
i  were determined using following relations. 

 

1

2 3

1 2 3

0.4 0.25( 2)

0.1

0,  / 2

f

 

   

= + −

= =

= = =

. (7) 

The mass of a single pedestrian pm  was assumed to be 70 kg, whereas the normal walking frequency of the 

pedestrian was considered to lie in the range of 1.8–2.5 Hz [48, 50]. As a representative example, a time-history curve of 

the human-induced excitation ( )ha t  at 2.2 Hz has been depicted in Fig. 4. For a given floor equipped with TMD and 

TIMS, its maximum response can be simulated under action of quasi-resonant vibrations, the frequency of which 

approximately equals that of the floor structure [15, 18, 48]. 

 

 

Fig. 4 Time history of typical human-induced excitation ( f =2.2 Hz [50]) . 

 

In the given frequency band of pedestrian walking motion, with the consideration of variations in walking 

frequencies, the human-induced excitations can be further considered as a random process, proposed by some researchers 

[15, 51]. Accordingly, the governing equation of motion for the system Eq. (4) will be solved as a random process as 

follow.  
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2.4 Stochastic solutions 

If the human-induced excitation considered as a random process [15, 51], theories of random vibration will be 

employed to estimate the stochastic dynamic response of floor structures controlled via use of TIMS. Assuming the floor 

structure to be initially static (i.e., ( ) ( ) ( ) ( )0 0 = 0 0t tx x x x= = ) and the input excitation to represent harmonic motion 

with a circular frequency  , Eq. (5) can be transformed into the Laplace domain as follows. 

 

2 2 2 2

2 2 2 2

[ (1 ) 2 ( ) (1 )] ( ) [ 2 ] ( ) ( )

[ 2 ] ( ) [ ( ) 2 ] ( ) 0

in s s in s s t p h

in s s t in s s t

s s X s s s X s A s

s s X s s s X s

          

        

 + + + + + − + + = −

− + + + + + + =

, (8) 

wherein is =   ( i = imaginary number) and ( ) ( ) ( ), , andt hX s X s A s  denote Laplace transforms of parameters

( ) ( ), ,tx t x t  and ( )ha t , respectively. Based on Eq. (8), displacement responses in terms of the floor structure and tuned 

masses ( ) ( ) and tX s X s  can easily be deduces as follows. 

 ( )
( )2 2

= ( )
(

2

, , , , ),

in s s

p h

in s

t

t

X s A s
D

s s   

  




  

+ +
−

+
, (9) 

 ( )
( )2

= ( )
( , , , ,

2

, )

in s s

t p h

i tn s

X s A s
D

s s   




   

+ +
− , (10) 

wherein 

 
( ) ( )

( ) ( )

4 4 3

2 2 2 2 2 2 3 3

2 2 2 2
( ,,

4
, ,

2
, )

2

in in s in s s s s

i

t

n s

t t t

t

ts in s s s ss st

D
s s

s s

           
   

          

 
 



+ + + + + + +

+ + + + + +

 
 =
 +  

. (11) 

The transfer function between the Laplace transforms of floor structure’s displacement ( )X s  and human-induced 

excitation ( )hA s  can be expressed as follows. 

 

 ( )
2

i

( )
i

( )
A

p h s

s X
H

A

s

s
= 

 = . (12) 

This function describes the explicit relationship between the floor structure’s acceleration response and external 

human-induced excitation. Comfort-control costs can be evaluated in accordance with the normalized TIMS output force 

( )df t  obtained from Eq. (5) as under. 

 2

, , ,( ) ( ) ( ) ( ) ( ) ([ [)] ( ) ( ) 2 [] ( ) ( )]s id d n sk d m d c t t tf t f t f t f t t t t t t tx x x x x x  = + + = − − + −+ .  (13) 

As expressed in Eq. (13), normalized output forces 
df  are obtained from normalized spring force ,d kf  of 

dk , 

normalized inertia force ,d mf  of 
dm , and normalized damping force ,d cf  of 

dc . Using the Laplace transform, the 

transfer function corresponding to the output force relative to the input provided by TIMS can be expressed as follows. 

 ( )
2

i

2( 2 )[ (
i

) ( )]

( )d

s in s

p h

t

F

s

s s X s
H

A

X s

s

  





= 

−
 =

+ +
.  (14) 

Subsequently, the output power spectrum ( )YS   of the system can be presented as follows. 
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 ( ) ( ) ( )
2

i XYS H S =   ,  (15) 

wherein ( )XS   denotes the input power spectrum and ( )iH   denotes the transfer function between the input 

variable x  and output variable y . To evaluate the total degree of dynamic response and comfort control costs, RMS of 

the output variable was chosen as the target function and expressed as 

 ( ) d
u

l
Y sY sS




   =  ,  (16) 

wherein 
s

 =  denotes the circle frequency ratio and 
l  and 

u  denote the lower and upper bounds of the 

integration interval, respectively. Substituting Eq. (15) into Eq. (16), the RMS value can be rewritten as follows: 

 ( ) ( )
2

i d
u

l
Y s s sXH S




    =  .  (17) 

To calculate the value of 
Y , the square moduli of transfer functions for ( )iA sH   and ( )i

dF sH   of the floor 

structure can explicitly be expressed as 

 ( )
( )

( )

2
4 2 2 2 2 2

2

i
, , , ,

4

,
A s

in

s in t

t

H
E

        


 


  

+ + − 
  

= ,  (18)

 ( )
( )

( )

2
4 2 2

2

2 24

,
i

, , , ,dF s

t i

ti

n

n

H
E

      


   

+ − 
  

= ,  (19) 

wherein 

 ( )
( )( )

( ) ( )( )

2
2 2

2
2 2 2 2 2 2 2

(4
,

4 1 1

)
, , , ,

in t

t

t in

n

t

iE
        

  
        

  
    

+ + + − −

+ − −

 
 =
 
 

+ + −


− − +

.  (20) 

Here, the RMS value 
A  of acceleration responses of the floor structure equipped with TIMS and output force 

dF  under the human-induced excitation ( )
haS   can be expressed as 

 ( ) ( )
2

i d
u

h
l

A A s a s sH S



    =  , (21) 

 ( ) ( )
2

i d
h

u

d d
l

F F a s sH S



    =  , (22) 

where ( )
2

iA sH   and ( )
2

i
dF sH   can be calculated using Eqs. (18) and (19), respectively. 

2.5 Evaluation indicators 

Dimensionless indicators (i.e., the acceleration response ratio 
A , output force ratio 

dF , and additional tuned 

mass ratio 
t ) to evaluate the dynamic performance of the floor structure and vibration-mitigation efficiency of TIMS 

can be defined as follows [48]. 

 ( )
( ) ( )

( ) ( )

2

2

i d
, , ,

i d

u

h
l

u

u
u h

l

A s a s s
A

A t in

A
A s a s s

H S

H S









   
    

    
= =




, (23) 
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 ( )
( ) ( )

( ) ( )

2

2

i d
, , ,

i d

h

u

d
d l

d u

du
du

l
h

F a s s
F

F t in

F
F a s s

H S

H S









   
    

    
= =




, (24) 

 ( )t t t  = . (25) 

where 
A  denotes ratio of the RMS acceleration response of the floor structure equipped with TIMS to that of the 

original floor structure; 
dF  denotes ratio of the RMS value TIMS output force to that of the resistance force of the 

original floor structure (provided by inherent damping and stiffness); and 
t  equals 

t . Parameters 
uA  and 

duF , 

respectively, denote the RMS acceleration response and resistance force of the original floor structure. In addition, 

( ) ( )i  and i
u duA s F sH H   denote corresponding transfer-function moduli expressed as follows. 

 ( )
( )

2
4

4 2 21
i

4 2
uA sH






 


+ + −
= , (26) 

 ( )
( )

2

4

2
2

2 2

1 4

1 4
i

2
duF sH

 




 
=

+

+ + −
. (27) 

Substituting Eqs. (26) and (27) into Eqs. (23) and (24), final expressions for 
A  and 

dF  can be obtained. 

Considering the frequency range of human-induced excitations, integral operations for indicators 
A  and 

dF  in Eqs. 

(23) and (24) were performed between lower and upper bounds 
l  and 

u , respectively, of human-induced 

excitations. 

3 Optimal design of floor structure equipped with TIMS 

3.1 Parametric study 

As discussed in section 2.4, the comfort-performance state of the floor structure and inertia force of TIMS 

demonstrate a nonlinear correlation with TIMS parameters 
t , 

in ,  , and  . To analyze the vibration mitigation 

effect of TIMS and explore the impact of TIMS parameters on dynamic performance of the floor structure, a parametric 

analysis was performed in this study.  

A floor structure with an inherent damping ratio 2% =  and mass 1000m =  kg was established, and its natural 

frequency was chosen to be 2 Hz, thereby ensuring its consistency with that of the human-induced excitation and thus, 

satisfying the resonance requirement. Assuming the TIMS tuned mass ratio 0.10t =  and inerter-mass ratio 

0.05,  0.10,  0.20m = , in successive cases, values of 
A  and 

dF  were calculated using Eqs. (23) and (24) with 

variable nominal damping and stiffness ratios—  and  , respectively. Considering the existing variation of walking 

frequency, the human-induced excitation, which is usually narrow-band random processes, was simulated by the white 

noise [15, 51]. Fig. 5 and Fig. 6 depict contour plots of results obtained for 
A  and 

dF , wherein values of   and   

are represented along the X- and Y-axis, respectively. Following observations can be made from the contour plots.  
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1) With regards to 
A  corresponding to the floor structure equipped with TIMS, as depicted in Fig. 5, the 

minimum-value region (i.e., the cool-colored area) is located in the inner part of the contour curve. The topography of 

contour curve resembles that of a valley. With the increase in 
in , the bottom of valley (i.e., the minimum value of 

A ) 

shifts towards the upper-right corner of the curve, which indicates that a combination of large values of   and   is 

more effective in dissipating the vibration energy and further suppressing the vibration level of the floor. Observed trends 

concerning variations in the values of 
A , as depicted in Fig. 5 (a)–(c), are nearly identical, although specific values are 

different. The acceleration mitigation effect of TIMS is positively related to changes in the value of 
in . With regard to 

trends concerning values of 
dF , as depicted in Fig. 6, the maximum value of 

dF  can be realized as   approaches its 

lower bound. As the value of 
in  increases, the location of maximum 

dF  moves upwards along the Y-axis. In this 

single-peaked mountain topography, the observed peak value and its corresponding location are positively related to 

TIMS design parameters, especially 
in . 

2) A comparison of the different contours of 
A  and 

dF  depicted in Fig. 5 and Fig. 6 indicates that observed 

variation trends for 
A  and 

dF  are largely different. The location of minimum 
A  is different from that of minimum 

dF . For sake of performance-oriented design, if the target performance (evaluated by 
A ) is preset, the points on the 

contour line of 
A , the value of which is consistent with the target performance demand can satisfy the control 

requirement. However, among these points, TIMS output forces can assume values vastly different from each other. To 

facilitate an economic TIMS design, the optimal parameter set must be located at the critical point, corresponding to 

where the value of 
dF  is minimum. Such a point would also mark the intersection of the valley curve of 

A  and peak 

line of 
dF . To determine this optimal parameter set, a solution to the nonlinear constraint problem is proposed in this 

study. 

 

 
(a)                               (b)                               (c) 

Fig. 5. Contour plots depicting variations in value of 
A  corresponding to floor structure equipped with TIMS under 

human-induced excitation for [0.05,  1.0]  , and [0.001,  1.0]  —(a) 0.05in = ; (b) 0.10in = ; and (c) 

0.20in = . 
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(a)                               (b)                               (c) 

Fig. 6. Contour plots depicting variations in value of 
dF  corresponding to floor structure equipped with TIMS under 

human-induced excitation for [0.05,  1.0]  , and [0.001,  1.0]  —(a) 0.05in = ; (b) 0.10in = ; and (c) 

0.20in = .  

 

3.2 Optimal design method 

For a floor structure subjected to human-induced excitations, the acceleration response is always limited by the issue 

of comfort. From the practical engineering viewpoint [6, 29], it is better to minimize the cost of vibration mitigation 

along with the satisfaction of the performance level expected from the floor, thereby representing an economic solution. 

In addition, if the overall mass of the vibration-control system is large, it leads to difficulties associated with its 

installation and use. Considering the mass-enhancement effect of the inerter element in TIMS, overall mass of the 

vibration-control system can be reduced via use of an inerter element. This is an effective means to reduce the 

acceleration response with a relatively small tuned mass. This is the essential difference between TIMS and other control 

systems. In other words, a satisfactory design represents a trade-off between the dynamic performance level of the floor, 

overall mass of the vibration-control system, and corresponding control cost. The similar numerical approach for 

optimization has been successfully used by the same authors for the design of structures with inerter systems for the 

mitigation of seismic responses [6, 29].  

For the floor structure equipped with TIMS, the above comfort issue can be represented in the form of the floor’s 

acceleration (i.e., acceleration response ratio 
A  in Eq. (23)); control cost can be reflected by the output force ratio 

dF ; 

and value of 
tm  can represented by the additional tuned mass ratio 

t . Using the integration operation expressed in Eq. 

(23) and (24), the total response over the specified frequency domain of human-induced excitations can be considered. 

The optimal design problem can, therefore, be formulated as follows. 

 
( ) ( ) ( )minimize , ,

s.t.

dA F t   
 



x
x x x

x X

,  (28) 

wherein { , , , }t in   =x  denotes the vector corresponding to undetermined design parameters, and X  represents the 

feasible domain of design parameters. As described in Eq. (28), the optimization problem is of the multi-objective (MOP) 

type. Based on the requirement of a comfort-based design method for floor structures, the acceleration response of a 
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designed structure is expected to be in accordance with the target comfort performance level, which has been preset in 

advance. To realize such a comfort-based optimization, the ε-constraint approach [52] has been employed, so that the 

MOP can be transformed into an equivalent single-objective problem (SOP). The weighted average of 
dF  and 

t  was 

chosen as the new objective function, and the target value of the floor’s acceleration response 
A  was considered 

mathematically as an extra constraint condition in the MOP-to-SOP transformation of a floor structure equipped with 

TIMS. The new nonlinearly constrained SOP of a floor structure equipped with TIMS can, therefore, be expressed as 

 
( )

( )

, , ,

,lim

minimize         , , ,

subject to               , , ,

d d t
t in

F F t in t

A t in A


   

       

     

 + 

=

, (29) 

where ,limA  denotes the target acceleration response ratio of the floor structure and must be determined in accordance 

with the desired performance level of the design. Parameters  and 
d tF    denote weight parameters corresponding to 

dF  and 
t , respectively, which satisfy following constraints. 

 

=1

0 1

0 1

d t

d

t

F

F





 





 +


 


 

. (30) 

The optimal design method also applies to TMD design. If the optimized value of 
in  equals zero, TIMS may 

degenerate into TMD. A computer program called Optimal Design of TIMS (ODTIMS) has been developed in MATLAB 

for solving the optimization problem numerically whilst using the proposed technique, whose numerical method can also 

be found in the references [6, 29]. 

3.3 Design procedure 

With reference to the optimal TIMS design equation described in subsection 3.2, the design procedure can be 

illustrated using the flowchart depicted in Fig. 7, and corresponding TIMS optimization steps can be explained as follow. 

Step 1: Perform pre-analysis of the original floor structure to evaluate its initial comfort performance. Based on the preset 

performance demand and pre-analysis results, determine the target acceleration response ratio ,limA . 

Step 2: Determine weight parameters 
dF  and 

t
  so that influence of the output force and tuned mass can be 

considered. Substitute 
dF , 

t
 , and ,limA  into Eq. (29), thereby establishing the optimal design equation for TIMS.  

Step 3: Solve Eq. (29) to obtain optimized TIMS design parameters— ,  , ,  and t in    . 
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Fig. 7. Flowchart for realizing comfort-based optimal TIMS design. 

 

4 Case study 

This section describes application of the proposed optimal design method for designing a TIMS based on the target 

acceleration response level of a floor with minimum control cost. With regard to these design parameters, the vibration 

mitigation effect of TIMS has been illustrated. 

4.1 Evaluated acceleration response of TIMS-equipped floor in frequency domain 

A series of floor structures similar to those described in Section 3.1 are expected to be equipped with TIMS for 

acceleration mitigation. The details of target comfort performance levels in design cases were determined and have been 

listed in Table 1. For each design case, values of 
dF  and 

t
  were determined to be 0.5. Substituting values of 

dF , 

t
 , and ,limA  into Eq. (29), TIMS design parameters were obtained via optimization in MATLAB using ODTIMS. 

Corresponding values are listed in Table 2. 

 

Table 1. Design cases for floor structure with TIMS. 

Case ID Case-I-1 Case-I-2 Case-I-3 

A  0.65 0.50 0.25 

 

Table 2. TIMS Design parameters for Cases I. 

Case ID in      
t  

dF  

Case-I-1 0.1887 0.1980 0.0156 0.0934 0.0275 

Case-I-2 0.2409 0.2731 0.0294 0.1307 0.0482 

Case-I-3 0.8840 1.4625 0.0945 0.2805 0.0868 

 

To illustrate the role of an inerter in TIMS, a comparison was performed between TIMS and TMD, wherein TMD 

parameters were set to be identical to those of TIMS. Subsequently, values of ( )iAH   and ( )i
dFH   

corresponding to the floor structure and TIMS and TMD, respectively, were obtained using Eqs. (18) and (19). The 

power spectral density curve reflects the distribution of the structural response with the walking frequency, which 

START

Pre-analysis of original 

floor

END
,  , ,  and t in   

( )

( )

, , ,

,lim

minimize  , , ,

     s.t.           , , ,

     

d d t
t in

F F t in t

A t in A


   

       

     

  +  


=

Target acceleration 

response ratio ,limA

Establish the optimum equation: Solve optimum equation 

to obtain                    

Determine comfort 

performance demand

Determine weight 

parameters      and 
dF t
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potentially illustrate the characteristics of acceleration mitigation effects provided by TMD and TIMS. Corresponding 

curves for ( )iAH   and ( )i
dFH   are depicted in Fig. 8 and Fig. 9. As illustrated in Fig. 8, acceleration responses 

of the floor structure subjected human-induced excitations—within an approximate frequency range of 1.8–2.5 

Hz—could be efficiently controlled by TIMS designed using the comfort-based optimal method. Compared to the floor 

structure equipped with TMD, the maximum acceleration response of floor structure was observed to be suppressed by 

design TIMS significantly. Meanwhile, the acceleration response can be reduced over a larger frequency bandwidth 

owing to application of an inerter. Close inspection of Fig. 9 reveals that another significant advantage of using an inerter 

corresponds to reduction in the TIMS output force, as evaluated by ( )i
dFH  , in conjunction with satisfaction of the 

target comfort performance level. Over the given narrow frequency band of human-induced excitations, the TIMS output 

force was observed to be much lower compared to that observed in the TMD case, thereby demonstrating benefits of the 

use of an inerter. It can, therefore, be concluded that over the given frequency band, wherein the acceleration mitigation 

effect of TIMS is greater, the TIMS output force of TIMS is also lower compared to TMD. This comparison illustrates 

that the inerter plays an important role in reducing the output force of the control device along with satisfaction of the 

target comfort performance level. 

 

 

(a)                           (b)                         (c) 

Fig. 8. Transfer function curves of ( )iA sH   for floor structure equipped with TIMS and TMD—(a) Case-I-1; (b) 

Case-I-2; (c) Case-I-3. 

 

(a)                           (b)                         (c) 

Fig. 9. Transfer function curves of ( )i
dFH   for floor structures equipped with TIMS and TMD—(a) Case-I-1; (b) 

Case-I-2; (c) Case-I-3. 
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4.2 Comparison study 

As discussed above, through use of the proposed optimal design method, the designed TIMS is effective in 

suppressing the acceleration response of floor structures. The target comfort performance level can be satisfied by the 

designed TIMS with optimal output force. As mentioned in Section 3.2, the weight of the tuned mass in TIMS can be 

reduced with the help of the mass enhancement action of the inerter. To realize the tuned mass reduction effect, 

parametric design of TIMS is a key concern, which has been addressed in the proposed optimal design method.  

To illustrate the tuned mass effect of TIMS designed using the proposed method, a comparative analysis of TIMS 

and TMD was performed, wherein TMD was designed through use of a classical design method for TMD, proposed by 

Den Hartog [53], wherein the stiffness and nominal damping ratios—
TMD  and 

TMD , respectively—of TMD are 

determined based on the given TMD tuned mass ratio 
TMDt −

 in accordance with the following relations. 

 TMD TMD TMD

TMD TMD2

TMD TMDTMD

3
,  

1 8(1 )(1 )

t t t

t tt

  
 

 
− − −

− −−

= =
+ ++

. (31) 

After attainment of the three TMD parameters (i.e., 
TMD , 

TMD , and 
TMDt −

), the acceleration mitigation effect 

can be calculated using Eq. (23) and evaluated in terms of 
A . In this comparative analysis, the authors considered a 

series of cases, wherein the floor structure considered in Section 4.1 was set to be equipped with TMD and TIMS to 

satisfy the same comfort performance level. In accordance with the classical TMD design method described in Eq. (31), 

TMD parameters are mainly dependent on the preset value of 
TMDt −

, which was assumed to be 0.50, 0.25, and 0.10 in 

this section, a described in Table 3. Table 3 also lists corresponding values of 
TMDA −

 obtained for the TMDs.  

 

Table 3. Design cases for floor structure with TIMS in Case II. 

Case ID Case-II-1 Case-II-2 Case-II-3 

TMDt −
  0.50 0.25 0.10 

TMDA −
 0.1656 0.3154 0.7159 

 

Under the condition of the same design target in terms of the comfort performance level, values of 
A  obtained for 

the TIMS-equipped floor structure were expected to be identical to those of 
TMDA −

 listed in Table 3. To take full 

advantage of the inerter system for reducing the additional TIMS tuned mass, the comfort-based optimal design method 

was used to obtain TIMS design parameters. Values of weight parameters 
dF  and 

t
  were, respectively, assumed to 

be 0.0 and 1.0, thereby indicating that the optimal design target of the proposed method was to minimize the TIMS tuned 

mass along with satisfaction of the desired comfort performance level. Substituting values of 
A , 

dF , and 
t

  into 

Eq. (29), optimal design parameters were obtained by solving the optimal design equation; the said optimized values are 

listed in Table 4. The factor 
TMD TMD( ) /t t t t   − −= −  refers to the tuned mass reduction ratio used to evaluate the 

effect of TIMS mass reduction. The corresponding value of 
t  for each case is also listed in Table 4. Table 4 supports 

the conclusion that the proposed optimal design method is effective in providing a lightweight device (i.e., designed 
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TIMS). Compared to the TMD approach for realizing a floor-structure design with the same target comfort performance 

level, the tuned mass ratio 
t  of the TIMS was observed reduced by 70.32% (Case-II-1), 53.04% (Case-II-2), and 25.80% 

(Case-II-3), respectively, when employing the proposed TIMS approach. 

 

Table 4. Design parameters for floor structure equipped with TIMS in Case II. 

Case ID in      
t  

TMDt −
 

t  

Case-II-1 0.0236 0.2137 0.0105 0.1484 0.50 -70.32% 

Case-II-2 0.0187 0.1352 0.0134 0.1174 0.25 -53.04% 

Case-II-3 0.0118 0.0891 0.0087 0.0742 0.10 -25.80% 

 

4.3 Time history analysis 

Based on optimized TIMS design parameters, this section presents results of time-domain analyses performed to 

evaluate the effectiveness of the designed TIMS and proposed design method. Governing equations of TIMS- and 

TMD-equipped floor structures can be solved numerically using the Newmark-   method. The thirty human-induce 

excitations are generated based on Eq. (6) by changing the walking frequency in the limited frequency band, which 

considered the first three orders of the vertical harmonic loads [48, 49]. The relevant average results of 
A  and 

dF  

were calculated from the time history analysis for the floor under 30 human-induced excitations and listed in Table 5. 

Expected values of 
A  and 

dF  listed in Table 5, were obtained from Table 1. As can be realized from Table 5, 

incorporation of the designed TIMS serves to effectively suppress acceleration responses of the floor. The average 

acceleration response ratio 
A  was observed to closely approximate its value calculated using Eq. (29). As an example, 

dynamic responses of floor structures with and without incorporation of TIMS in Case-I-3 are depicted in Fig. 10. 

Inspection of Fig. 10 reveals that acceleration responses of the floor can be simultaneously suppressed by the designed 

TIMS. During initial states of excitation, use of TIMS demonstrates a significant dynamic response mitigation effect to 

reduce maximum acceleration responses. 

 

Table 5. Average responses  and 
dA F   of floor structures equipped with TIMS in Cases I and II. 

Case ID 
A  

dF  

Expected value Average value Expected value Average value 

Case-I-1 0.6500 0.6520 0.0275 0.0274 

Case-I-2 0.5000 0.5024 0.0482 0.0487 

Case-I-3 0.2500 0.2496 0.0868 0.0845 
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Fig. 10. Acceleration response comparison between original and TIMS-equipped floor structures in Cases-I-3 ( f =2.2 Hz). 

 

As regards Case-II-2, acceleration responses of the TIMS- and TMD-equipped floor structures in the same time 

domain are depicted in Fig. 11. Across the entire time domain, acceleration response of the TIMS-equipped floor 

structure was found to be in line with that of the TMD-equipped floor structure with high accuracy. The RMS value of 

the acceleration response of the TIMS-equipped floor (represented by the blue horizontal line in Fig. 11, 0.71 2m s ) 

nearly coincides with that of the TMD-equipped floor (represented by the red horizontal line in Fig. 11, 0.70 2m s ). In 

addition, the maximum acceleration of the TIMS-equipped floor (1.17 2m s ) is lightly larger than that of the 

TMD-equipped floor (1.02 2m s ), which is not closely related to the comfort-based issue of the floor structures. The 

designed TIMS was, therefore, found to be effective as a light device capable of achieving the desired comfort 

performance level of the floor. Compared to the traditional TMD technique used to obtain the same comfort performance 

level, the value of 
t  corresponding to TIMS can be reduced so that its application can be extended by reducing the 

actual mass of the system, which can be installed more flexibly within a structure. 

 

 

Fig. 11. Acceleration response comparison between TMD- and TIMS-equipped floor structures in Case-II-2 ( f =2.2 Hz). 

 

5 Conclusions 

This study describes development of a comfort-based optimal design method for TIMS-equipped floor structures to 

reduce their vertical vibration response when subjected to human-induced excitations. Based on the theory of random 

vibration analysis, expressions for optimization indicators of the TIMS design method have been deduced. Subsequently, 
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the proposed optimal design method was employed to obtain TIMS parameters. A series of design cases have been 

established and investigated under different comfort performance levels desired to be achieved by the floor structure. 

TIMS-equipped floor structures corresponding to each design case have been designed and examined via time-domain 

analysis, based on the results of which following conclusions have been drawn. 

(1) Using the proposed comfort-based optimal design method, the resulting TIMS-equipped floor structure provides 

effective results with regard to acceleration mitigation with optimal output force and additional TIMS tuned mass. Use of 

the proposed technique provides a balance between the floor’s acceleration response, vibration control costs, and tuned 

mass. 

(2) Compared to the traditional TMD, acceleration responses of the floor can be more effectively reduced through 

use of the TIMS with the same tuned mass. This implies that a higher comfort performance can be obtained using the 

TIMS inerter element. 

(3) Nearly identical comfort performances can be realized using TIMS- and TMD-equipped floor; however, tuned 

mass of the proposed TIMS is considerably smaller compared to that of the traditional TMD method. The mass 

enhancement effect of the inerter element can be fully utilized when employing the proposed comfort-based design 

approach. 

(4) Considering the lower additional tuned mass, applications of the TIMS technique can be extended and its 

installation made more flexible. The corresponding experiment study needs to be conducted in the near future. 
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