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Abstract

Let (E,.Z, 1) be a o-finite measure space. For a non-negative symmetric measurable
function J(x,y) on E x E, consider the quadratic form

E(f.f) =1 /E (@) = £ T ) pldo) ()

2
in L2(1). We characterize the relationship between the isoperimetric inequality and
the super Poincaré inequality associated with &. In particular, sharp Orlicz-Sobolev
type and Poincaré type isoperimetric inequalities are derived for stable-like Dirichlet
forms on R”, which include the existing fractional isoperimetric inequality as a special
example.

AMS subject Classification: 47G20, 47D62.
Keywords: Isoperimetric inequality, non-local Dirichlet form, super Poincaré inequality, Or-
licz norm.

1 Introduction

For local (i.e. differential) quadratic forms, the isoperimetric inequality is a geometric in-
equality using the surface area of a set to bound its volume, see, for instance [21, 35, 37] and
references therein, for the study of isoperimetric inequalities and applications to symmetric
diffusion processes. In this case, the surface area refers to the possibility for the associated
diffusion process to exit the set.



In the non-local case, the associated process is a jump process which exits a set without
hitting the boundary, so it is reasonable to replace the surface area of a set A by the jump
rate from A to its complementary A°. In this spirit, the famous Cheeger inequality [14]
for the first eigenvalue was extended in [30, 17| to jump processes (see also [43] for finite
Markov chains). See [15, 16, 51, 53, 42, 50, 32, 33| for the study of more general functional
inequalities of symmetric jump processes using isoperimetric constants. These references
only consider large jumps (i.e. the total jump rate is finite). In this paper, we aim to
investigate isoperimetric inequalities for non-local forms with infinite jump rates, for which
small jumps will play a key role.

To explain our motivation more clearly, let us start from the following classical isoperi-

metric inequality on R"™:

n—1

(L.1) o(0A) = npa(A) " i

where A is a measurable subset of R" with finite volume, 0A is its boundary, w, is the
volume of the n-dimensional unit ball, i is the Lebesgue measure and py is the area measure

induced by pu:
dist(-, A) < (A
po(0A) := limsup p(idist(, >€— eh) — i )‘
el0

In particular, the equality in (1.1) holds for A being a ball. By the co-area formula, (1.1) is
equivalent to the sharp L!-Sobolev inequality (i.e. the energy form is of L' type)

(1.2 Il < — [ IVI@Ida, feWHERY,
nwn R™

where for any p > 1, || fll, == ( [g. |f(2)|P dz) "7 and W»(R") is the homogeneous Sobolev
2(n—1)

space of differentiability 1 and integrability p. For n > 2, applying (1.2) to f = |g| »2 and
using the Cauchy-Schwarz inequality, we obtain the sharp Sobolev inequality:

2(n — 1) 12 .
gl 2= < W(/R” |V9($)!2d9€) . g e WR2(R).

These inequalities are also available for the a-stable Dirichlet form. For any « € (0,2An),
there exists a universal constant C' > 0 such that the fractional Sobolev inequality

) — 2 1/2

|z — y|"te

holds. By an approximation argument, this inequality can be extended to f € W/%2(R%).
Here and in what follows, for p > 1, W/2P(R9) is denoted by the fractional homogeneous
Sobolev space, which is the completion of C2°(R™) with respect to

f(x) — f(y)? Y
(Awwwx—m%wﬂdwm) '
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Correspondingly to (1.2), [36, Theorem 1.1] (or [27, Theorem 4.1] with sharp constant) gives
the following L!-Sobolev inequality

(13) ||fH < O/R |f(£L‘) — f(y)| dx dy, f c Wa/2,1(Rn)

n—o/2 T n R |x _ y|n+a/2

for some constant C' > 0. The proof of (1.3) addressed in [36, 27] relies on the Hardy
inequality for fractional Sobolev spaces. We note that the Sobolev embedding theorems
involving the spaces W, /s, also can be obtained by interpolation techniques and by passing
through Besov spaces, see for example [7, 8]. For the treatment of fractional Sobolev-type
inequalities we can refer to [1, 5, 46, 40] and the references therein.

According to Theorem 2.1(1) below, (1.3) holds if and only if

1 drd
(14) R = inf —nm/ L—i—/? > O,
wAE0.00) 1y (A)* 52 Jaxae [z =y

and furthermore, x € [%, m], where C' is the sharp constant in (1.3). Due to this
fact, we also call (1.3) a Sobolev type isoperimetric inequality. In the literature (e.g. see
2, 10, 12, 13, 49]), for any s € (0,1) and Borel set A C R",

P = [

is called the fractional s-perimeter of A. The limiting behaviors of fractional s-perimeters
as s — 1— and as s — 0+ have attracted a lot of attention. The reader can be referred
to [23, 10] for the case s — 1—, and [36, 24] for s — 0+. The other important result for
s-perimeters is the fractional isoperimetric inequality, which is closely related to the constant
k defined by (1.4). An isoperimetric type inequality for s-perimeters has been proved by
Frank and Seiringer in [27], and later the corresponding stability version was established in
28, 26].

dx dy
T — y’n+s

In this paper, we aim to establish isoperimetric inequalities for the following non-local
form on a o-finite measure space (F,.%, u):

1

(15 S = [ (@) = 50w 9) nde) i)

where J(z,y) is a non-negative symmetric measurable function on £ x E.

Instead of the fractional Hardy inequality used in [36, 27] and the Besov or interpolation
spaces used in [7, 8], in our paper we will apply the super Poincaré inequality of &, which was
introduced by the first author in [51]. This inequality can be regarded as a deformation of the
Nash-type inequality, but is easier to verify in applications. The proof here is self-contained.

We also mentioned that isoperimetric inequalities for symmetric diffusions have already
been studied in the literature, see [11, 31, 51, 3, 4] and the references therein. In partic-
ular, Ledoux’s approach of Buser’s inequality was used in [51, 3| to illustrate the relation
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of the super-Poincaré inequalities with isoperimetry. A notion of Orlicz hypercontractive
semigroups was introduced in [3], and their relations with various functional inequalities
were studied. A measure-Capacity sufficient condition, in the spirit of Maz’ja [35], was
established for super-Poincaré inequality inequality in [4]. In the present setting, we are
concerned with non-local forms. We will directly derive the equivalence of L' Orlicz-Sobolev
inequality (involving the L'-norm of the jumping kernel for non-local forms) and L!-Poincaré
type inequality, and also characterize the relationship between the isoperimetric inequality
and the super Poincaré inequality. In particular, one of our general results (see Theorem 2.2
below) implies the following Orlicz-Sobolev type isoperimetric inequality (1.7) on R”™.

Following [41, Section 1.3|, a function N : [0,00) — [0, o0] is called a Young function if
it is convex and increasing with N(0) = 0 and N(o0) := lim,_,+ N(s) = oco. We consider the
following Orlicz norm induced by N (see [41, Section 3.2]):

||fHN::inf{r>O:/n (|f( )|>d <1}

{f € B(R") : ||fllxn < oo}. It is easy to see
N{(es) for ¢ > 1. So, N(oo) > 0 is equivalent

where inf ) = co by convention. Let Ly(R") =
from the convexity and N(0) = 0 that ¢N(s) <
to N(oc0) = 00, and

(1.6) I llew < W fllw < M fllew,s

For two Young functions Ny and N, we say that N is not dominated by Ny if sup,.q Esg

00, where we set 8 =1,2=1,5=o00and Z =0 for r > 0. In this case, we write N; £ Ns.
For a € (0,2), let 77, be the class of functions h : (0,00) — (0, 00) satisfying

(i) h(s) and sh(s)~" are increasing in s.

s t=1/n 7,.(1—1
= / dt/ ——dr < 0.
0 0 h(r)

It is easy to see that @, is continuous, strictly increasing and concave with ®,(0) = 0. Thus,
Ny, = @,:1 is a Young function.

(ii) For any s > 0,

Theorem 1.1. For any o € (0,2) and h € J,, there exists a constant C' > 0 such that

00 =0 [ 1) = fl L dedy, S € L (R

lz —y

which implies

(1.8) inf (N,;l(u(m—l) / dedy) - 0.

1(A)e(0,00) AxAc | — y|n+a

Consequently:



(1) For any oy, a9 € (0,2), let

N (s) = smoi/2 Agias2, NY ()= sioi/2 \ gi-as2, g > (),

1,02 a1,02
Then there exists a constant C' > 0 such that

|f(x) = f(y)l

‘ZL’ _ /y‘n—&—al/Q Vi ’.73 _ y’n+a2/2

(19) vy, <C dedy, f € L, (R"),

R xR"™

[f(z) = f)

@ — y[r 2N | — y|rtea/?

(1.10)  [[fllny, ., <C

R xR"™

dedy, f€ Lny , (R").

These inequalities are sharp in the sense that (1.9) (resp. (1.10)) fails if NJ, ,, (resp.
N o) is replaced by a Young function N £ NJ . (resp. N, ).

1,02 aq,02

(2) For any o € (0,2) and q,p € R, let X\ > 2 large enough such that both N©99+(s) :=
{slog? (A + s) } "7 and N9~ (s) := {slog” (A +s7') }"=°% are Young functions.
Then there exists a constant C' > 0 such that for all f € Lyiosa+(R"),

{log(2 + |z —y["1)}*
1) Wl <€ [ 1) - f) R dray,
and for all f € Lyiogs.-(R"),

log(2 + | —y|)}?
(1'12) HfHNL"g*Pv* < C/R”xR" |f($) - f(y)l{ |£L‘ _ ?Jln+oz/2’ } dz dy'

These inequalities are sharp in the sense that (1.11) (resp. (1.12)) fails if N/°9%F (resp.
Nlos:r=) s replaced by a Young function N £ NS¢+ (resp. NoP—).

According to Theorem 2.1(1) below, (1.7) and (1.8) are equivalent in more general case,
so an L! Orlicz-Sobolev inequality of type (1.7) is also called an Orlicz-Sobolev type isoperi-
metric inequality. It is easy to see that when oy = as = o and ¢ = p = 0, the inequalities
(1.9), (1.10), (1.11) and (1.12) coincide with (1.3). The Orlicz-Sobolev type isoperimetric in-
equalities (1.9)—(1.12) are equivalent to the corresponding Poincaré type ones, see Corollary
2.7 for details.

The inequalities (1.9), (1.10), (1.11) and (1.12) are seen as variants of the L'-Sobolev
inequality (1.3) for standard a-stable-like Dirichlet forms on R™. One of our contributions is
to establish the L' Orlicz-Sobolev inequality (2.3) as well as the corresponding Poincaré type
inequality for general non-local Drichlet forms. In particular, given o € (0,2) and h € 7,
we are mainly concerned on the Orlicz-Sobolev type isoperimetric inequality (1.7) on R?
with the qualitatively-optimal Young function N,. However, our results are not robust in
the sense that the corresponding results for local Dirichlet forms can not be covered from
them by letting @ — 2—, since the corresponding constants involved in these inequalities



may tend to infinite as a« — 2—. See Remark 4.6 for additional comments on non-local
Dirichlet forms with finite reference measures.

In the remainder of the paper, we will work with the form (1.5) under a general frame-
work. In Section 2, we characterize the link between the super poincaré and isoperimteric
inequalities. In Section 3, we first apply the main result derived in Section 2 to prove
Theorem 1.1, then make extensions to the truncated and discrete a-stable Dirichlet forms.
Finally, by using a perturbation argument, we derive isoperimetric inequalities in Section 4
for a-stable-like Dirichlet forms with finite reference measures.

2 Super Poincaré and isoperimetric inequalities: gen-
eral results

Let (E,.Z, 1) be a o-finite measure space, and let J(z,y) be a non-negative symmetric mea-
surable function on E x E. In this section, we investigate the link between the isoperimetric
inequality and the super Poincaré inequality for the following symmetric quadratic form

1

2.1) E(f,9) = 5 /ExE(f(w) = fW)(g(z) — g(y))J (z,y) p(dz) p(dy),

f.g€ 2(8) = {feL*n):E(f f) < oo}

Moreover, we assume that Z(&) is dense in L?(p) so that (&£, 2(&)) is a symmetric Dirichlet
form.

According to [51], we say that (&, Z(&)) satisfies the super Poincaré inequality with rate
function (5 : (0,00) — (0, 00), if

(2.2) I£12 < v&(f. )+ B f€2(6),r>0.

Here and in what follows, for any p € [1,00], || - ||, denotes the LP-norm with respect to f.
Since &(f, f) > 0, we may and do assume that /3 is decreasing on (0,00). See [51, 52, 54]
and references within for the super Poincaré inequality and applications.

For a Young function N, let || - ||y be the Orlicz norm induced by N and the measure
w, and let Ly(pu) = {f € B(E) : ||flln < oo}, where B(E) is the class of measurable
functions on E. The left derivative of Young function N, denoted by N’ , always exists and
is non-decreasing left continuous on (0, 00), see e.g. [41, Section 1.3]. For any non-negative
decreasing function f on [0, 00), let

fH(r):=inf{s >0: f(s) <r}, r>0,
where inf () := oo. Similarly, for any non-negative increasing function f on [0, 00), let
S =inf{s > 0: f(s) 27}, r20.

In the following four subsections, we first observe the equivalence of an L! functional in-
equality and the corresponding isoperimetric inequality, then investigate the link between the
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super Poincaré and isoperimetric inequalities, and finally extend the main results to the case
with killing. For notational simplicity, in this section we set J(dz, dy) = J(z,y) p(dx) u(dy),
and J(A,B) = [, gz J(x,y) p(dz) p(dy) for any A, B C E.

2.1 L' functional and isoperimetric inequalities

Consider the L' Orlicz-Sobolev inequality

(2.3) Ifllv <C [f(x) = f(y)l J(dz,dy), f e Ln(p),

ExXE

and the L' Poincaré type inequality

(2.4) 1712 < ¢ /E @) = P dy) + Gl IR 1 € L),

where N is a Young function and C, Cy, Cy > 0 are constants. The following result provides
their equivalent isoperimetric inequalities.

Theorem 2.1. (1) The inequality (2.3) implies

(2.5) sl ANTH (A THI(Ax A} 2 5

holds for k = 5&. On the other hand, if N’ (s) >0 for s > 0 such that

then (2.5) implies (2.3) for C = ﬁ
(2) The inequality (2.4) implies
(2.6) p(A) <201T(A x A%) + Cop(A)?, p(A) € (0, 00)

for Co = Cy. On the other hand, (2.6) implies (2.4) for Cy = 2C5.
Proof. (1) For A C E with u(A) € (0,00), let f = 14. Then

2.7 | 15@) = 5w e, dy) = 204 x ),
ExXE
Moreover, for any r > 0, by the definition of N=! we see that
[ M@ ntde) = NGHut) <1
E

implies r > N~ (u(A)~1). Therefore, ||f||x > N~ (u(A)~!). Combining this with (2.3) and
1

(2.7), we prove (2.5) for k = 55.



On the other hand, let ¢y > 0 and (2.5) hold. It suffices to prove (2.3) for C' = ZC}M

any f > 0 with || f||y = 1. By Fubini’s theorem and (2.5), we have

[ 15w - s tanay) =2 /{ (Y :() dr) J(de,dy)

ZQ/OOOJ({(:c,y)if() r>fly r>2“/ N-1

(2.8) f >7)

ds.

< W(N(f) > N(r))
‘2“/ WV () > NNV () > M) >d7"
W(N(f) > s)

‘2“/ N(N-1(s))u(N(f) > 5)N-!

Since f > 0 and || f||x = 1, we have

(W(N(f) >s)71)

HN() > ) < B =

, s>0.

pN(f) 1

Noting that N’ o N~! is increasing, by letting t = N~ (u(N(f) > s)~!) we obtain

NLNTH))u(N(f) > s)NHu(N(f) > 5)7)

< NLNTH(N(f) > 8)" DN (f) > s)N (N (f) > 5)7)
_ N _ 1
 N(@t) " en

Substituting into (2.8) and noting that || f||y = 1, we arrive at

[E 1) = )] I, dy) > 2eeyu(N () = 2rey = 2wy

Thus, (2.3) holds for C' = Q;CN

(2) As in (1), by applying (2.4) to f = 14 we prove (2.6) for C, = Cy. On the other
hand, let f € L?(u) with || f||; = 1. Then pu(f? > s) < s7/2, so that, as in (2.8), (2.6) yields

e[ 1P - Pl dy) =20 [T s (< s ds
> [T 59 = ol > 7Y s 2 = Co [ U] VR s
= (%) =2, [ 151> V) A5 = (%)~ 2Con1F) = () — 2Con 1)

Therefore, (2.6) implies (2.4) for Cy = 2C5.



2.2 From super Poincaré to isoperimetric

Let P; be the (sub-) Markov semigroup associated with the symmetric Dirichlet form (&, 2(&)).
Theorem 2.2. Assume that (2.2) holds with $(c0) := lim, oo f(r) = 0. Let v : E X E —

0, 00) with y(z,y) > 0 and y(z,y) = y(y,z) for x #y, and define

B —P
0.() = sup essy, sup L) = L)l
llgllo<1 TH#Y ’7($7y)

/dr/ t)ydt < oo, s>0,

then N, = @;1 is a Young function, and there exists a constant C' > 0 such that

t > 0.

If

(2.9) 1]l < C /E (@) = @) J(dr.dy). S € Ly, (.

To prove this result, we consider the symmetric measure

on F x E, and introduce the isoperimetric constants

, J (A x A) . .
mf{—,u(A) . u(A) € (0, )}, > 0,

where inf () := co. We have the following result.

(2.10) Ky(S) i=

Lemma 2.3. For any increasing function G : [0,00) — [0, 00) with G(0) =0 and G(s) > 0

for s >0, it holds that

11
e [ [ m @) as<g [ 1) - )l hn ). s -
Consequently:
(1) If ky(s) > 0 for some s > 0, then
R12) < g [ 1@ = PO ) + IR € )

(2) If ky(s) > 0 for all s > 0 such that

todr
@p:/———<mt>a
0= ) e

then N := ®~! is a Young function, and

(213) <5 [ 1@ = f0)I I dodg). S € L)
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Proof. For any f € #(F) with u(G(|f|)) = 1, we have
u(fl>s) <G(s)™h, s >0
As in (2.8), this and the definition of ,(s) imply that

1

3 [, W@ = f a5 [ 1) =171 )

o0

= [ R ) < ez [T () (A > wda

/]
/d,u/ ,‘iv du.

We have proved (2.11). Below we prove assertions (1) and (2) respectively.
Assertion (1). For any f € #(F) with || f||; = 1, we have

(2.14) ;mﬂ>syg§ 6> 0.

Since k., (s) is decreasing in s, applying (2.11) to f? with G(s) = s'/2, we derive

1 ’ ~f? s ~1/2
(2.15) ééwvw Hwawmw;éwlﬁmt)w
:/ Hv(ul/z)u(‘f2>u)du2’%(5)/ w(f? >u)du, s>0.
0 -

On the other hand, by (2.14) we have

S S 1 2
,uf2>udu§/ —du=-, s5>0.
|onrsnaes [ a2

u

Combining this with (2.15) and

12 = / u(f? > ) du,

we prove (2.12).
Assertion (2). Let N = ®~!'. Then N satisfies N(0) = 0, and solves the equation
dN(s)

(2.16) o ky(N(s)™)  ae. s>0,

where djg(s denotes the Radon-Nikodym derivative of N with respect to the Lebesgue mea-

sure. Since k- (s) is strictly positive and decreasing in s, and since ®(t) < oo for t > 0, it is
easy to deduce from (2.16) that N is a Young function, and

I 7 qN (s
| m e yas= [ as = v,

10




Combining this with (2.11) leads to

1<5 [ 1@ = Fwl e dy), w(N(f]) =

which in turn implies (2.13). O

According to Lemma 2.3, for the proof of Theorem 2.2 we only need to estimate the
isoperimetric constants . (s) using (2.2). The following result can be regarded as an exten-
sion of a result of [11] (see also [31]) to non-local forms.

Lemma 2.4. Let vy and 6,(t) be in Theorem 2.2. If

/0 )ds < 00, t>0,

then the super Poincaré inequality (2.2) implies

1—e!

)2 56 )

s > 0.

(2.17)

Proof. For any f,g € 2(&), we have
ol = P = nlfla = Po)) = [ (7. P.g)ds

- %/0 ds /ExE(Psg(l‘) = Pog(y)(f(2) — f(y)) J(dz, dy)

<Ll ([oas) [ 1)~ sl @
= O [ 11(0) — sy )

Thus,

(2.18) e =) < 230 [ 1) - sl s o)

Next, by [51, (3.4)], the super Poincaré inequality (2.2) is equivalent to

1213 < I1F13 exp(=2t/r) + B(r)IIfIF (1 — exp(=2t/r)), t,r>0.

In particular, for any A C F with u(A) < oo, we have
(219)  |IPyaLall < p(A) exp(—t/r) + p(AVB(r) (1 — exp(—t/r)), 7> 0.
Now, for s > 0 and A C E with 0 < u(A) < s, (2.18) gives

220)  plLa- A1) < 220 / 114(9) — La(@)| 1 (An,dy) = ©,(1) (4 x A°).

11



On the other hand, we have

u(|La — PALal) = /

(1—Pt1A)du+/ PtlAdu
A Ac

> [ (1= P di=p(4) - [ Paadn =) = |PLal}
A A

This together with (2.19) yields that for any ¢, > 0,

u1La = PiLal) 2p(A) (1~ p(A)B() (1~ exp(—t/r)).

Taking r =t = 71(1/(2u(A))) in the inequality above, we get that

1—e!
pllLa— PLa) > 1A,
Combining this with (2.20) we arrive at
J, (A x A°) 1—e! 1—e!

W(A) © 20, (B (1/u(A) © 20,5 1(1/(25)))

where in the last inequality we have used the facts that 0 < p(A) < s, 8 is decreasing and
©, is increasing. Therefore, (2.17) holds. O

Proof of Theorem 2.2. Let @, be in Theorem 2.2. Since /3(s) is strictly positive and deceasing
on (0, 00), it is easy to see that N, := ®-' is a Young function. Since #(c0) = 0, by Lemma
2.4 we have r,(s) > 0 for all s > 0, and

CI)(t)::/O m?jl) < 1_261/0 0. (5 (u/2)) du
S /O O, (87 (r)) dr = : _4e_1<1>7(t), t>0.

Thus, N,(s) := &' (s) < & (4s/(1—e7')) := N(4s/(1 —e™')). Combining this with (2.13)
and (1.6), we prove (2.9). O

2.3 From isoperimetric to super Poincaré

Let (&,2(&)) be given by (2.1). For a non-negative symmetric function v on E x E, let
Jy(dz,dy) = y(x,y) J(dz,dy), and k,(s) be the isoperimetric constant defined by (2.10).
For a Young function N, we aim to deduce the super Poincaré inequality (2.2) from the
Orlicz-Sobolev type isoperimetric inequality

(2.21) Ifllv <C [f(x) = f(y)l Jy(dz, dy), | € Ln(p).

ExXE

12



To this end, we also consider the Poincaré type isoperimetric inequality

(2.22) 1£12 < T/E . |f2(x) = fA(y) o (dz, dy) + Bi(r) || fIIT, >0, f € L*(n)

for some decreasing function f : (0, 00) — (0, c0).

Theorem 2.5. Assume (2.21) for some Young function N such that s — s~ 'N(s) is in-
creasing on (0,00). Then:

(1) For any s >0,
1

>
ra(s) 2 2CsN—1(s71)
(2) (2.22) holds with

Bi(r):=2inf{s>0: CsT'N7'(s) <r}, r>0.

(3) If the density J(x,y) := M‘(]é;ii%;) and vy satisfy

(2.23) ey = essysup [ 9,y (e,y) uldy) < o,
z JE

then (2.2) holds with

B(r) = 4inf{s >0: sIN1(s) < %}, r > 0.

Proof. For any s > 0 and A C E with u(A) € (0,s), take f = N7} (u(A)"1)14. Then
|flly =1 and due to (2.21),

1 < 207,(A x AN~ (u(A)™).

Therefore,
1

> — inf ———.
fr(s) 2 2C re(0.s) rN=1(r-1)
Since sN~1(s7!) is increasing in s > 0, this implies (1).
It is easy to see that (2) follows from (1) and Lemma 2.3(1). It remains to prove (3). By
(1), Lemma 2.3(1), and the Cauchy-Schwarz inequality, we obtain

IFI2 < CsNY (s /

ExXE

1£2(@) = ()| F(dw,dy) + 2SI

<osv ) ([ (@) - oy J(dw,dy>)1/2
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2
([ @+ st sanan) -+ 21

< 20\/36,sN " (WS PISIE + IR

< SIS+ ACPe, (N S + 2SR 5 >0,

where in the third inequality we have used (2.23). This implies (2.2) for the desired 5. O
Similarly, we have the following result.
Theorem 2.6. Assume that (2.22) holds with $1(00) :=lim, e B1(r) = 0. Then:

(1) For any s >0,
1

li,\/(S) 2 Tl A
46,7 (1/(2s))
@) If t
O(t) := 4/ BrHr/2)dr < 0o, t >0,
0
then (2.21) holds with N := ®~1.
(3) (2.23) implies (2.2) with
B(r) =261 (Vr/(2\/2¢,)), r>0.
Proof. By Theorem 2.1(2), (2.22) implies
p(A) < 2r (A x A9 + Bi(r)u(A)?, r>0.

Thus,
| < 2TJ,Y(A X A°)

N n(A)
Taking r = 3;1((2s)7!) in the inequality above, we get that

+ Bi(r)u(A) < QT% + Bi(r)s, r>0.

J4(A x A°) S 1
pA) T AB(1/(2s)

This implies (1).
(2) immediately follows from (1) and Lemma 2.3(2), and (3) can be proved by the argu-
ment for Theorem 2.5(3). O

As a consequence of Theorem 2.5(2) and Theorem 2.6(2), we have the following corre-
spondence of (2.21) and (2.22).

Corollary 2.7. Let p1,p2,p > 1 and g € R be constants. Then,

14



(1) (2.21) holds with N(s) = s"* A sP* if and only if (2.22) holds with

p1 __Pp2

pi(r) =clr T Vyr rp21) r>0

for some constant ¢ > 0.

(2) (2.21) holds with N(s) = sP* \V sP? if and only if (2.22) holds with

P1 P2

Bi(r) :=c(r T Ar P2-1) >0

for some constant ¢ > 0.

(3) Let A > 2 such that N(s) := sP{log(A + s~ 1)}? is Young function and s — s~ N(s) is
increasing on (0,00). Then, (2.21) holds with N(s) if and only if (2.22) holds with

Bu(r) :=cr mi{log(2+ )} 7T, >0
for some constant ¢ > 0.

(4) Let A > 2 such that N(s) := sP{log(\ + s)}4 is Young function and s — s 'N(s) is
increasing on (0,00). Then, (2.21) holds with N(s) if and only if (2.22) holds with

Bi(r) = cr_ﬁ{log(Q + 7“_1)}_1’%1, r >0

for some constant ¢ > 0.

2.4 Extension to the case with killing

We will add a potential term to the Dirichlet form (&, Z(&)) given in (2.1). Let V be a
non-negative measurable function on (F,.%) such that the class

D(E) = {f € ) S(1.0) = (0 + [ 2 Vian) < oo}

is dense in L*(u), where V(dz) := V(x)u(dz). Then (&, 2(&y)) is a Shrodinger type
symmetric energy form in L?(u), where

(2.24) Eo(f.9) = E(f.9) / f(@)g(x) V(dz), f.g€ D(&).

It is standard that by enlarging the state space we are able to reduce to present setting
to the case without killing, see [30, 17]. More precisely, let F := E'U {A} for an additional
state A, and define

fi(dz) = 1p(z) p(dz) + da(dz),
J(dz,dy) = 1pxpJ(dz, dy) + Liayxe(®,y) 0a(dz) V(dy) + 1ex(ay (2, y) V(dz) da(dy),

15



where 0, is the Dirac measure at point A. Since J(dz,dy) = J(z,y) p(dz) p(dy), we have

J(dz, dy) = J(z,y) p(dz) a(dy),

where

J(z,y) == 1pxp(z,y)J(z,y) + Liarxe(@,9)V(Y) + Lpxiay(z, y)V ().

Next, for a non-negative symmetric function v on £ x E and a non-negative function &
on FE, let

Y(@,y) = 1pxp(z, y)v(@,y) + Layxe(@, y)E(y) + Lexqay (@, y)E(@).
Then for any x € F,

/?(x,y)QJ(:c,y)ﬂ(dy)z/v(w,y)QJ(:c,y)u(dy)+£(w)2V(fv)-

E E

Finally, for any measurable function f on F, we extend it into f defined on E and by
letting f(A) = 0. Then

1

225) Grlf.g) = E7.0)=3 [ (Fla) = Fw)lale) ) Ta.dy). f.9 € P(&).

Let PV be the (sub)-Markov semigroup on L?(u) associated to (&, 2(&y)), while P, is the
corresponding semigroup on L?(fi). We have

|Pg(x) — Pg(y)|

O(t) := sup essgxgsup —
et ety (@)
P, - P P,
= Sup €SS, Sup max { |Pig(z) tg(y)‘, |Pig()l }, t> 0.
lglloe< ay v(@,y) §(x)

With the aid of all the notations above, by applying Theorem 2.2 and Theorem 2.5 to &
and i1 we obtain the following result.

Theorem 2.8. Suppose that the super Poincaré inequality (2.2) holds for (&y, 2(&y)) replac-
ing (&, 2(&)) with some decreasing function (5 : (0,00) — (0,00) satisfying that f(c0) = 0.
If

- s BTHr) _
B (s) ::/ dr/ B(t)dt < 0o, s> 0,
0 0
then ]V7 = @;1 is a Young function, and there exists a constant C' > 0 such that
220 Ifls <0( [ 1@ - bt s + [ 1@l via)
ExE E
holds for all f € Ly (p).
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On the other hand, suppose that

zeFE

sup ([ 2002 90.0) ) + 6PV @) < o

If (2.26) holds for some Young function N replacing N, and satisfying that s — s ' N(s)
is increasing on (0,00), then there exist constants ci,ca > 0 such that (2.2) holds for

(&, 2(8v)) replacing (&, 2(&)) with

B(r) := ¢ inf {s >0: s 'N(s) < 02\/F}7 r>0.

3 Proof of Theorem 1.1 and extensions

3.1 Proof of Theorem 1.1

By Theorem 2.1(1), it suffices to prove (1.7) and assertions (1) and (2). Let £ = R"
and p(dz) be the Lebesgue measure. Consider the symmetric a-stable process on R™ with
jumping kernel

‘](:Evy) = 1{x7éy}|x - y|—(n+o¢)’ NS R™.
Let P, be the Markov semigroup generated by the Dirichlet form
1
S0 =y [ (H@) ~ F)gle) ~ g dedy, fg € D).
R xR"”

It is well known that for some constant ¢; > 1, we have the heat kernel upper bound (see
for instance [20, Theorem 3.2])

C1

(3.1) 1P 2y < G

t>0,

as well as the gradient estimate (see for instance [45, Theorem 1.3 and Example 1.4])

Pf(y) — P
(32) VP f|w = sup limsup LW = BS@ =
zeR?  y—zx ’y - [E’ t fe

[ flloos  f € L), t > 0.

The heat kernel upper bound (3.1) is equivalent to the Sobolev/Nash inequality with dimen-
sion 2n/a (see [22] or [20, Section 3]), or the super Poincaré inequality (2.2) with
(3.3) B(r) =cor™™ r >0

for some constant co > 1, see [51, 52] or [54].
Now, for any h satisfying conditions (i) and (ii), the gradient estimate (3.2) yields

[Fig(z) — Pig(y)] 2¢y 5
O(t) := sup ess,x, sup < sup — <1 A —)
(3.4) o<t ary Bz —yl) >0 h(s) t1/e
. 5 ( 1 A s ) 2cq £ 0
= 4C1 Su =
B \R(s) " ns)tt/a) — n(t/e)’ ’
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where the last step follows from the fact that h(s)™! is decreasing while sh(s)™! is increasing
so that the sup is reached at s = ¢!/ which solves ﬁ = W
Finally, let v(z,y) = h(|x — y|). By (3.3) and (3.4), we have

s s e gy
. (s) ::/ dr/ O(t)dt < 201/ dr/ e = c3Pp(cys), s>0
0 0 0 0 h(tt/e)

for some constants c3,cqy > 1. Therefore, by Theorem 2.2 and the property (1.6), we prove
(1.7) for some constant C' > 0.
Below we verify (1.9)—(1.12) and their sharpness respectively.

(a) For (1.9). Let a =1 and h(s) = s'=®1/2 A s1792/2 for s > 0. Then

s t—1/n
d’f’ n—ayq/2 n—ag/2
Dp(s) = [ dt — < Vs >0
r($) /0 /0 ) S 05(3 S ), 5>

holds for some constant c5 > 0. So,

Ny, = &' > gN)

1,02

holds for some constant cg > 0. Therefore, (1.9) follows from (1.7).
To verify the sharpness of (1.9), let N be a Young function such that N A N7, .. We
have

, , N(s)
(3.5) (hmsup—i—hmsup)— = 00.
sl0 sToo Nc/y\l,ag (S)
Let
fo(z) = (s —|z|)", s>0,2€R"
Then

[fo(x) = fs(0)] < (s Az — yD){ 1B, (%) + 10,5)(Y) }

Thus, there exist constants c7, cg > 0 such that

/ ’fs<x>_fs<y)| d:vdy
R™ xR"™

‘1} _ y‘n+a1/2 Vi ’x _ y’n+a2/2

s\ |r—yl
. <9 d d
(3.6) - L@@w/;m—mM“”vm—mm””y

S 07/ (Sl—al/Q /\81_a2/2) dr S CS(Sn—‘,—l—al/Q /\Sn—l—l—az/Q), S Z 0.
B(0,s)

If (1.9) holds for N replacing N/, ,,, then

||fs||N S CO(Sn+1—a1/2 /\Sn+1_a2/2), s>0

18



holds for some constant ¢y > 0. Therefore, there exist constants cg, ¢;o > 0 such that

1> / N({CO(SnJrlfal/Q A 8n+17a2/2)}—1fs<x>) dr
]Rn
(37) > / N(Cg(Sal/Q_n v/ Sa2/2—n>> dx
{s/4<|x|<3s/4}
> Cloan(Cg(Sa1/2_n Vv sa2/2_”)), s> 0.
Noting that

inf s"NJ. . (co(s™/27m v s22/27m)) > 0,

s>0 a1,a2

from (3.5) and (3.7) we conclude that

1> <lim sup + lim Sup)ClOSnN<Cg(Sa1/2_n Vv SO“?/Q_”)) = 00,
sJ0 sToo

which is impossible.

(b) For (1.10). Let a =1 and h(s) = s'7®1/2 v/ s1722/2 for s > 0. Then

A ) )
/ dt/ (— '(sn_zl/ /\sn_?/ ), 5s>0

holds for some constant c¢; > 0. So,

Ny =&, > N

a1,02

holds for some constant ¢f > 0. Therefore, (1.10) follows from (1.7).
As in (a), we have

/ ‘fs(x) B fs(y)‘ dxdy S C{Y(Sn-i-l—oq/Q Y, Sn+1_a2/2),
R” xR™

T — y|n+a1/2 A ‘Qf _ y‘n+a2/2

for some constant ¢, > 0. Moreover, for any Young function N with N £ N,
any constant cy > 0, we have

s > 0.

a1 ag?

(lim sup + lim sup) / N({co(s”+1_a1/2 % s”+1_a2/2)}_1fs(x)>dx = 00,
Rn

s0 sToo

so that (1.10) does not hold for N replacing N, ..
(c) For (1.11). Let Ag > 2 such that
h(s) := s**{log(\o +s 1)}, s>0

satisfies condition (i). Then there exists a constant ¢;; > 0 such that

-1 n—a/2

/dt/n rie/s” dr<cns—n s >
{log(Xo +’f"1)} = {log(2+s)}e” T

19
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Thus,
Nj, i= &1 > ¢ Nlooat

holds for some constant c¢j5 > 0. Therefore, (1.11) follows from (1.7). The sharpness can be
verified with reference functions f; as above.

(d) For (1.12). We take
h(s) = s*?{log(Ao + 5)}?, 5>0

for some g > 2 large enough such that condition (i) is satisfied. Then there is a constant
¢ > 0 such that

—a/2

1
n a/2 C/ S" -
dt dr < 11 > ().
/ / {log( A0+7~)} "= Tlog(2 + s )1 s20

o— -1 / lOQva*
Ny, = ®; ' > ¢ N~

Hence,

holds for some constant ¢}, > 0. Therefore, from (1.7) we can get (1.12). Similar to (c), one
can verify the sharpness of (1.12) by using reference functions f; as above.

3.2 Extension to the truncated a-stable form

Theorem 3.1. Let n > 2, a € (0,2), and let h : (0,00) — (0,00) satisfy condition (i) in
Theorem 1.1 and

(i)

a 2
s t nVt n
dr
0 0 h(ra Arz)

Let Nh = é;l. Then there exists a constant C' > 0 such that

B9 Wl <[ W@l e, e Ly ),

X

Consequently, for Na(s) 1= gnmarz A\ s7-1, there exists a constant C' > 0 such that

(3.9) ummscl W@ =Wl 44y e ny @),

—yl<1y |7 —y[rres?

This inequality fails if N, is replaced by a Young function N £ N,.
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Proof. Consider the following truncated a-stable Dirichlet form

1

So)=5 [ U@ 0 o) drdy, f.9€ ()

2 |ZL‘ _y|d+a

Let P, be the associated Markov semigroup. Then, by [19, Proposition 2.2] and [45, Theorem
1.3 and Example 1.5], we have

1

(310) HPtHLI(M)_)Loo(N) S W, t > O,
and
C1 0o
(3.11) VP flloe < an”oo, ferl®p),t>0

for some constant ¢; > 1. By (3.10) and [52, Theorem 4.5], the super Poincaré inequality
(2.2) holds with

(3.12) B(r) = co(r™evr ), r>0

for some constant ¢; > 1. On the other hand, by (3.11) and the argument of (3.4), for any
h satisfying condition (i),

|Pg(r) — Pig(y)|

6(t) : = sup ess,x, sup

" h(|lz —
o 2(in Sy
sSup —— = .
=R\ e A 2) T Rt A gy

Thus, let v(z,y) = h(|x — y|). By (3.12) and (3.13), for s > 0,

E B=1(r) s (r/e2)=/mVv(r/cg) =2/ dt -
(I)’Y(S) = /O‘ d?”/o (9(15) dt S 2C1£ d?”/o m S ng)h<C4S>

holds with some constants cs, ¢4 > 1. Therefore, by (ii’) and Theorem 2.2 we prove (3.8) for
some constant C' > 0.
Below we verify (3.9) and its sharpness. Let h(s) = s*/2 V s for s > 0. Then

é o S d r*a/’ﬂ\/’l"*Q/n dt < n,a/g v et > O
h(S).—O TO m_65(5" 8"), S ~Z

holds for some constant c5 > 0, where in the inequality we have used the fact that n > 2.
So, ) 3 3
Nj, :== @, > 6N,

holds for some constant c¢g > 0. Therefore, (3.9) follows from (1.7).
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Let fs be the function in the argument of Theorem 1.1. Then there exists a constant
c7 > 0 such that

s A -
/ ‘f ( ) n+a dilf dy < 2/ d.lf/ ; ‘anro:lz//‘Q dy
{|lz—y|<1} ’m - ’ B(Os {ly— z|<1} ’.CL’ - ’

Let N be a Young function such that N A N,. We have

N
<1imsup+limsup> = (s) = 00.
s40 sToo

Suppose that (3.9) holds for N. Then
[ follv < co(s"1 702 A s™), s >0

holds for some constant ¢y > 0, so that

1> /n ]V<{co(s”+1—0‘/2 A s")}_lfs(x)> dz

> / N(Cg(Sa/Q_n V') dz > 098"N(08(sa/2_" V'), s> 0.
{s/4<|x|<3s/4}

Combining this with all the estimates above, we obtain that

1> (lim sup + lim SUp)CgSnN(CS(Sa/Q_n Vv 31_”)) = 00,
sJ0 sToo

which is impossible. Therefore, (3.9) does not hold for N, and so we verify the sharpness of
(3.9). ]

3.3 Extension to discrete a-stable Dirichlet form

In this subsection, let £ = Z" and p be the counting measure. Under this setting, the Orlicz
norm || - ||x for a Young function N is essentially determined by N(s) for small s > 0. In
particular, for any two Young functions N; and No, ||+ ||, < ¢]| - ||n, for some constant ¢ > 0
if and only if there is a constant ¢ > 0 such that N;(s) < ¢ Ny(s) holds for all s € [0, 1].
Moreover, since |z — y| > 1 for z # y, we have 2 < 2 + |z — y|™! < 3, and for a; < a,

‘l’ . y‘n+a1/2 vV ’Q? o y’n+a2/2 — ‘513' . y‘n+a2/2, ’Q? . y’n+a1/2 A |33' . y|n+a2/2 ’n+a1/2'

=lz—y

Therefore, in assertion (1) of Theorem 1.1 we will take oy = a2 = «, and in assertion (2) we
only consider N8P~ := {s log? (A + s71) }"“’/2 with some constant A > 2.
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Theorem 3.2. Assertions in Theorem 1.1 hold for the counting measure p on Z" replacing
the Lebesgque measure on R™. More precisely, for any o € (0,2) and h € H,, there exists a
constant C' > 0 such that

h(lz = yl)

Iflve<C Y 1f@) = fy) 7 — g fe Ly, (Z%).
T, YEL" xFYy
Consequently:
(1) There exists a constant C > 0 such that
[f(z) = f(y)] -
HanJ;/Q <C W, f c [,n—ay2 (Z )

z,YEL™ xH#Y

This inequality fails if || - | _=__ is replaced by || - ||Ly for a Young function N with

—a/2

n—a/2

limsups = N(s) = oo.
5—0

(2) For any a € (0,2) and p € R, there exists a constant C' > 0 such that for all f €
LN(llog,p,— (Zn),

2+ |z —y)}”
T — y|n+a/2 ’

1
||f||Né097p,f <C Z |f(z) — f(y)|{ 0g

z,YEL" xFY

This inequality fails if N9P~ is replaced by a Young function N with

. N(s)
lim sup ——-—"—
s—0 Na 9P, (S)

= o0.
Proof. According to the proof of Theorem 1.1, it suffices to construct a symmetric sub-
Markov semigroup P; on L?*(p) such that the associated Dirichlet form (&, 2(&)) is compa-
rable with

=t S YOOE g o (e 2 6. 5) < o)

_ n+ao
T, YyEL™ xFYy |:E y|
ie., (&) = 2(&,) and there exists a constant C' > 1 such that
(3.14) CTEf ) S Gl [) SCEf. ), [ € D(E)=D(6);

and moreover, both (3.1) and (3.2) are satisfied for P;, where in (3.2)

IVEflloo = sup  [Pf(z) = Bf(y)l-

x,yeZ”Jw—y\:l
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Condition (3.1) can be easily deduced from the Nash inequality for (&,, Z(&,)) (see
for example [39, Proposition 2.1]), but to prove explicit gradient estimate (3.2) we need
additional arguments. Below we first construct the required semigroup P, then verify these
two estimates.

(1) Construction of P,. Let g.(z,y) and Q* be the transition function and the semi-
group for discrete time simple random walk Y’ = (Y})r>o on Z", respectively. It is known
(see [48] or [29, Theorem 5.1]) that there are constants ¢; > 0 (i = 1,---5) so that

_ _ 2
(3.15) ar(z,y) < kil/Q exp <%) , T,y €L k>1,
C —Cy| T — 2
(3.16) @ (@) + auia (,9) = 705 exp< 4Ik | ) vy €T k> |t —vyl
and

IVQ*flloo :=sup  sup  |Q“f(y) — Q“f(2)|

(3.17) TEL yeIn |y—a|=1
<csk ™| flloey, k=1, f € L®(Z).

Consider the discrete subordination of Y’ by the Bernstein function (r) = r®/? with

€ (0,2), see [6]. Denote by X' = (X})r>0 the corresponding discrete time subordinated
Markov chain on Z", and by px(z,y) the transition function of X’. Then, according to [6,
Proposition 2.3 and Example 2.1],

(3.18) Zc E)p(x,y), k>1,z,y€Z",
k=1
where Ik /2)
o -«
CW, k) = .
21— «a/2) T(k+1)
We claim that
(3.19) C ey < — €7 x +
. T i D\ YY) S, LY 7Y
o =yl =7 [ =y

holds for some constant ¢y > 1. Indeed, by [25],
(3.20) cg k2D < e(ah, k) < gk @ k> 1

holds for some constant ¢; > 1. Then, by (3.16), (3.18) and (3.20), we have

1 o0 o0
pl(w,y)2§(;( gk (T, y +;cw,k+ qk+1(x,y)>
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1 Co

1
=z 072 L 1+a/2 (@ (@, y) + qrnr (2, 9)) 2 cs Z Ttz = z — y|rro
k=1 k=lz—y|?

On the other hand, according to (3.15), (3.18) and (3.20),

1
pi(z,y) < o7 Z W%(Ia y)
k=1

o) |z— y|2
1 —C2|$_?J|2
<o| St Y e (U

k=|z—y|?
C10
= |z =yt

Thus, (3.19) is proved.

Let N, be a Poisson process independent of X’ and Y’. Set X; = X, and Y, = Yy, for
all £ > 0. Therefore, by (3.19), X = (X})t>0 is a continuous time symmetric Markov chain
on Z" such that the associated Dirichlet form (&, 2(&)) is comparable with &,, i.e., (3.14)

holds for some constant C' > 1. Let P, be the Markov semigroup of X;.
(2) Proofs of (3.1) and (3.2). Let @; be the Markov semigroup of Y;. We have

B thk
tZ e

Then, by (3.15), for any f € L*(Z") and t > 0,

L . tkk n/2
1Qeflloo < e[| flloc + cre Z 1 lloo
(3.21) k=1
_ _ C12
< e flloo + cint d/2||f||oo < szl flloos

where in the second inequality we have used the expansion for inverse moments of Poisson
distribution, see [56, (29) in Corollary 3|. By (3.17), we also have that for any f € L>(Z")
and ¢t > 0,

_ = t’fk 1/2
(3.22) IVQ: flloo < e | flloe + coe tz

k=1

C13
1lloo = 575 1 Flloc

where in the last inequality we have used again [56, (29) in Corollary 3].

On the other hand, let S; be the a;/2-subordinator, which is independent of X, X', Y and
Y’. According to [38, Proposition 1.2], we know that X; and Y, enjoy the same distribution.
That is,

Pf = /Ooo Q.fP(S, €ds), t>0,feL¥Z").
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This along with (3.21) an 2) yields

d (3.2
Piflleo B
H”}JﬁH / n/2p St € ds) < cyat™ n/a’ t>0,f€ Loo<Zn)

IV Sl

Al

where we used the fact that ES;* = c,\t~ 2V for all £, A > 0, see [44, (25.5)]. Therefore,
(3.1) and (3.2) hold. O

< 013/ “2P(S, € ds) < etV >0, f € Lo(Z),

4 Isoperimetric inequalities for a-stable-like Dirichlet
forms: a perturbation argument

Let n > 2 and « € (0,2). Let W € Z(R") be such that py (dz) := e~V dz is a probability
measure. Consider the following a-stable-like Dirichlet form (&, w, Z2(&aw)):

. |f(x) = f(y)I?
(4.1) Eaw(f, f) = /R"XR" Wdy:uW(dx)u

9((g{)oc,I/V) ::{f € LQ(Rn7MW) : '@(ga,W)(fa f) < OO}

Obviously, C*(R™) C Z(&.w). See [55, 18] for explicit criteria of Poincaré-type (i.e.,
Poincaré, weak Poincaré and super Poincaré) inequalities for this Dirichlet form.

Since it is not clear how to verify the regularity property (e.g. gradient estimates) for
the associated semigroup P, we could not apply Theorem 2.2 for non-negative symmetric
function 7(z,y) satisfying v(z,y) — 0 as y — x. So, in this section, we will establish
isoperimetric inequalities for (&, w, Z(&,w)) by using a perturbation argument. The main
result of this section is the following.

Theorem 4.1. Letn > 2 and o € (0,2). Let W € B(R™) be such that py (dz) = e V@ dx
s a probability measure. Set
(=)
O() == inf ————, [ >1

|CIZ|>l ‘x|n+a/2? -

(1) If lim;_,oo ®(1) > 0, then there are constants ci,co > 0 such that for any f € C°(R"),

(4.2) pw (f?) < e /R N @)~ F)l dy o (dz) + cop (| f])2

|z — y|rtel?

(2) Let W be locally Lipschitz continuous. If lim;_,. ®(I) = oo, then for any r > 0 and
feCemy),

4 e [ Ty o) + 1
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where

1
B(r) = inf {201 (3_2"/0‘ +s57") ( sup eW(Z)/2> 1S5+ B

. <e(rAl
|2|<i+1 [-1) ~ calr ML)

C3
and sup VW@ < —}
|z|<l+2 S
with some constants ¢y, co,c3 > 0.

To prove Theorem 4.1, we need the following Poincaré type isoperimetric inequality for
the truncated a-stable Dirichlet from on R™.

Lemma 4.2. There is a constant ¢ > 0 such that for all f € C°(R"),

/f(x)de < r/{lwlg} @) = T 4, 4y 4 20l 4 o) (/ 1](x) da:)2, r>0.

|1‘ _ y|n+a/2
Proof. This follows from (3.9) and Corollary 2.7(1). O
For any D C R"”, consider the isoperimetric constant
1 1 V(@) 4 W W)
kw (D) :== inf {—/ ————— puw(dx) pw(dy) : A C D, uw (A) > O}
P Z2 M @) Sy Ta =g (A (40 )
1 _
.y £@) ~ £(v)

pw(f) ) | —ylrres?

where the second equality in (4.4) can be verified by the co-area formula, see [30, Theorem
3.1].

Lemma 4.3. Let n > 2 and o € (0,2). Let B, ={|-| <1} for 1> 0.
(1) If
(4.5) lim &y (BS) > 0,

l—00

(4.4)

Ay (d2) : £ 0, Flow = 0,y () > o} |

then (4.2) holds with some constants c1,co > 0.
(2) Let W be locally Lipschitz continuous. If
(4.6) lim ky (Bf) = oo,
l—o0

then (4.3) holds with

1
B(r) = inf {201 (S_%/a +s7") | sup V@2 sy ———— < (rnl)
|z|<l+1 /{W(Blfl)

and sup VWG < @}
|z|<l+2 S

for some constants cy, ca, c3 > 0.
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Proof. For any | > k > 1, let ¢, € C}(R™) such that ¢;x(z) = 1 for all |x] <1, ¢ x()

=0

for all |x| > | + k, and |Vi,| < 2/k on R". Then, according to Lemma 4.2, for any

feCx(R") and r > 0,

/f2 @1 fa<ty da

g/fQ(x)e x)wl,k(a:)dx

< r/ | F2(@)e ™V @y (@) — fAy)e VW (y)]
 Sayl<y

|z — y|nte/?

dx dy

2
v (e ) ([ e i)

20— 2ol
= T/p: y|<1} | |x(_) |n+a(/2)| dye ™ )wl,k(ﬂf) dx

/ () V@ g / k() — fl,ijgyﬂ dy
flo—yi<ty [T —y["e
B 11— eV @-W)|
rof fa)eV® dl‘/ Yix(y) dy
/ flo—yi<ty |7 =yl

+ (r_%/a + 7‘_") ( sup eV ® ) (/ [f|(x e W@ dx)
|z|<l+k

1f2(x) = f*(y)] W ()
dy d
= r/u yl<1} ¢ '

|£L‘ _ |n+a/2

CQ’I“ 2|VW (2)| 2 —W(z)
(/ f ) + c3r <| |<sll}5)€+1e ) (/ [f(x)e da:)
el ( ) (fineroa)

where in the last inequality we have used the facts that for all z € R¢,

ZGR"

V() — Yk (y)] 1
4.7 / | = dy < ((sup [V il(2 - gy<2
( ) {lz—y|<1} |.Z' - y|n+a/2 ( ‘ lk|( )) {|z—y|<1} ‘:Ij — y‘n*1+a/2 L

and, by the elementary inequality |e” — 1| < el"l|r| < el for all r € R,

[ =S
Le\Y)ay
fla—yi<y T —y[*re

11— eV@-Ww)|
< sup / oz W
el <tk 1 J (la—y|<1 yl<i+k) |x—y\
W@=WWIW(z) — W
e )
Y e W,
lo|<l+k+1 J {|o—y|<1,|y|<l+k} |95— Yl
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1
< ( sup VAT (2 ) / S —
2| Stk Ve (lo—yl<1} [T — y|n1Te/2
< C3< sup e2\VW(Z)I>.
B |2 <l4+k+1

On the other hand, by the definition of kw (Bf_), we have

/f 1 — 1{\x|<l}) dz
< /fQ(x)e_W (1= pp(z)) do

= mw(;fk) / — %kﬁf)_) ?jn{i(/g)(l — Yokt W] gy ) g
= (%m Utn(—) y\n;(/yé)'d eV dy
o | e est) Lt gy g
(ka |f|:c(—) |n+a(/‘z)|d e V@ dy
rry [ S e [y
= wéf_k) = y_\wa(/yé)'dye‘wdm

C2 2 —W(z)
+ — T)e dx,
kK'W<BlC—k) /f (=)

where the last inequality follows from (4.7) again.
Combining both inequalities above, we have

2 1F2(@) = W], w
wff) < (T " ’fW(Blc—k)) /R"XRn |z — y|rtor2 dye da

(4.8) o (P ) ( sup ew“m) pw (I11)?

|z|<I+k

+ ((C_lj +c3  sup e2lvw(z)|>r + L) pow (f?).

|2 <l+k+1 k kw (Bf_)

(1) Taking | = 2k, we have
(&)

2 2\VW(z>|> _ G
<k+03 sup e T+k‘liw(Bf,k)

2| <l+k+1
Co

_ (& 2\VW(z)|>
(k: +c3 sup e T—I—k/{W(B,‘;)'

|z|<3k+1
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Since ky (Bf) is increasing with respect to [, under (4.5) we can choose k£ > 1 large enough
and then take r > 0 small enough such that

C2 2|VW(z)|> C2 1
— +c3 sup e r+ o ——= < —.
( k |2|<3k+1 kkw(Bg) — 2

This along with (4.8) yields (4.2).
(2) Taking k =1 in (4.8) and using (4.6), we know that (4.3) holds with

2 T
r) =inf { 2¢; (s~ 2V £ 57" sup VA2 e — = < -
Alr) { 1 ( ) ( 3 kw(Bfy) ~ 2

|z|<l+1

Co 1
and (Cz T ey sup teVW(z)|>5 +—= < _}.
|2|<i+2 rw(Biy) ~ 2

Note that

1
B(r) <inf {201 (372"/“ + S*”) sup V@2 gy — —
/iw(

— < ca(r A1)
lz|<it1 By )

and sup 2 VWl s < 65}.
|z|<14+2
Then, we prove (4.3) with the desired S. O

Lemma 4.4. For any a € (0,2), there is a constant ¢y > 0 such that

W (@)

Cc 3 -
K/W(Bl> 2 Co |]i1|12fl |m|n+a/27 [ 2 1.

Proof. According to the definition of ky (Bf), we have

1 W(z)=W(y) 4 1 1 W(z)=W(y) 4 1
kw(Bf) > inf inf/ ¢ il dy > = inf/ ° i dy
ACBj 2€A [ pe |z — y|rtes? 212>l Jyy<y |7 —y|ter?

W (z)
>c; inf eW(“’)/ ;2 dy > co inf e—z'
2] > i<ty 17— y|r e/ a2t || te/

This proves the desired assertion. O

Theorem 4.1 is a direct consequence of Lemmas 4.3 and 4.4, and so we omit the proof
here.
The example below indicates that Theorem 4.1 is sharp in some sense.

Example 4.5. Let W (x) = 5(n +¢)log(1 + |z]?) + ¢, for e > 0.
(1) (4.2) holds if and only if € > «/2.
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(2) (4.3) holds if and only if € > /2. Furthermore, when ¢ > «/2, (4.3) holds with

2n n+e

B(r)=ci(1Ar) o 2,

Proof. The sufficiency for both conclusions is easily seen from Theorem 4.1. To verify the
necessary, we will make use of the reference functions used in [55, Corollary 1.1]. For any
[ > 1, define g, € C*°(R™) such that |Vg| < 2/l and

=0, if x| <,
a(x) < €[0,1], if |x| € [l,2]],
=1,  if |z >2l

Then there exists a constant ¢y > 0 independent of [ such that for all z € R™ and [ > 1,

/ 97 (y) — g7 ()| dy < 2/ l9i(y) — gi1()] dy

’33 _ y’n+a/2 n ‘.’L’ _ y‘n+a/2
4 1 1
(49) Al e Ly
L S (e (la—ylz1y [T — Y| T2
Co
S e
Obviously,
C C
(4.10) pw (g7) > l—l pw (g1)? < 572 [>1

hold for some constants ¢, co > 0. Note that, since 1 — g, € C°(R™), we can directly apply
gi into (4.2) and (4.3).
(1) Combining (4.9) with (4.10), we see that for any ¢ > 0,

- 1 97 (y) — gi ()|
! (97) —cpw(g)? ] |x — y[n+es/?
—oo Uw\9; CUw g1 r—Yy

dy oy () < lim — 2" 0
x 1m =
Y Hw T l—=oo 117 — cepl ™2

provided € € (0, «/2). Thus, the inequality (4.2) does not hold.
(2) We first prove that if ¢ < /2, then for any § : (0,00) — (0,00) the inequality (4.3)
does not hold. Indeed, if this inequality holds, then, by (4.9) and (4.10),

l_s — [o/2 [2¢

a o r o) sy

holds for some constants co, ¢1,ca > 0. Since € € (0, /2], we obtain
. Cor . cfB(r)
o= B e T T s en r>0

Letting » — 0 we conclude that ¢; < 0, which is however impossible. Furthermore, by
Theorem 4.1(2), it is easy to prove (4.3) with the desired rate function B(r). O
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We close this section with the following remark.

Remark 4.6. Isoperimetric inequalities for local Dirichlet forms with finite reference mea-
sures can not be obtained by simply letting & — 2— in the corresponding inequalities given
in Theorem 4.1. Actually, it is known that Cheeger-type (dimension free) isoperimetric in-
equalities for local Dirichlet forms with respect to the probability measure py = Z, Le=lal?
holds if and only if 8 > 1, see [47, 9, 3]. However, according to Example 4.5(1), isoperimetric
inequalities for the local Dirichlet form (&, w, Z(&.w)) given by (4.1) holds for the proba-
bility measure pig(dz) = Z; (1 + |z])~¢% with § > /2. So, the properties of isoperimetric
inequalities for local Dirichlet forms with finite reference measures and these for nonlocal
Dirichlet forms are essentially different. The same for Poincaré-type inequalities for non-local
Dirichlet forms studied in [55, 18].
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