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Abstract

We establish integral formulas and sharp two-sided bounds for the Ricci curvature,
mean curvature and second fundamental form on a Riemannian manifold with bound-
ary. As applications, sharp gradient and Hessian estimates are derived for the Dirichlet
and Neumann eigenfunctions.
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1 Introduction

Let (M, g) be a d-dimensional complete connected Riemannian manifold with boundary 0M,
and let N be the inward unit normal vector field of OM. We also denote g(u,v) = (u,v) for
two vector fields u,v. For V. € C*(M), let L = A+ VV and p(dz) = " @vol(dx), where
vol is the volume measure. Then L is symmetric in L?*(1) under the Neumann condition
(N flaar = 0) or the Dirichlet condition (f|oasr = 0). We estimate the gradient and Hessian
of the Dirichlet and Neumann eigenfunctions for L by using the following quantities:

e Bakry-Emery curvature on M: Ric” = Ric— Hessy, where Ric is the Ricci curvature.

e Second fundamental form of OM: Iy(u,v) = —(V,N,v), u,v € TOM.
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e Weighted mean curvature of OM: Hy = tr(Isp) — NV = —Lpg on OM, where py is
the Riemannian distance to the boundary M. When V = 0, Hy is the usual mean
curvature of M.

Let po be the area measure on OM induced by p. For a nonnegative function f, we
denote

ulf) = /M Fdu, polf) = /8 fdpo

We call (\,¢) € (0,00) x C?(M) an eigenpair of L, if L¢p = —A¢ holds. Let Eigy(L) be

the set of eigenpairs (A, ¢) with u(¢?) = 1 for the Neumann problem (i.e. N¢|sy = 0),

and let Eig, (L) be that for the Dirichlet eigenproblem (i.e. ¢|gn = 0). We aim to estimate

po(0?), na(|Vel?) and u(||Hessy||3 ) for Dirichlet and Neumann eigenfunctions respectively.

Before state our results, we first recall known boundary estimates derived in [1, 2].
According to [2], there exists a constant C' > 0 such that

(1.1) pa(IVe*) < CX, (X, ) € Bigp(A).

When M does not contain any trapped geodesic, i.e. any geodesic starting from a point in
M will eventually go beyond M (it is the case when M is a domain in R?), then there exists
a constant ¢ > 0 such that

(1.2) uo(IV6]2) = A, (A, 6) € Eigy(A).

So, as a general result, the order of A in (1.1) is sharp. But, in general, (1.2) is not true,
see [2] for counterexamples, which include semi-spheres and cylinders. This indicate that for
boundary estimates of eigenfunctions, a smooth domain in R? may be essentially different
from a Riemannian manifold with boundary.

However, for Neumann eigenfunctions the estimate (1.1) does not hold. According to [1],
when M is a bounded smooth domain in R and L = A, there exists a constant C' > 0 such
that

(1.3) pa(¢?) < O3, pa(|Ve]?) < CA3, (), ¢) € Eigy(A),

where the order of X in both estimates is sharp for the disc in R2.

In this paper, we aim to derive sharp Hessian estimate for (\, ¢) € Eig, (L), and extend
(1.3) to general compact Riemannian manifolds with boundary which, in turn, to imply
sharp Hessian estimates for (X, ¢) € Eigy(L).

We first consider the Hessian estimate for Dirichlet eigenfunctions. We will see that
the following result is a straightforward consequence of (1.1) and the integral formula (2.2)
proved in the next section.

Theorem 1.1 (Diriclet eigenfunctions). Let M be a d-dimensional connected compact Rie-
mannian manifold with boundary OM. Let K, K5,01,02 € R be constants such that

K < Ric¥ < Ky, 6 < Hy < 6.



Then

(14) Kid+d1po(|VE*) < A — p([[Hessy[lg) < Ko+ d2p10(IVI*), (A, ¢) € Eigp(L).
Consequently, there exists a constant C' > 0 such that

(1.5) |u([[Hess[s) — A < CA, (X, ¢) € Eigp(L).

In particular, if Ric¥ =0 and Hy = 0, then (1.5) holds for C' = 0.

Proof. Since Lo = —\¢, (1.4) follows from (2.2) in the next section. Next, by repeating the
argument in [2], we may prove (1.1) for Eig, (L) replacing Eig,(A). So, (1.5) follows from
(1.4). O

By (1.4) and the sharpness of (1.1) as explained above, the order of A in estimate (1.5)
is sharp as well.

The situation for the Neumann problem is more complicated. We address the main result
below but leave the proof to Section 3.

Theorem 1.2 (Neumann eigenfunctions). Let M be a d-dimensional connected compact
Riemannian manifold with boundary OM. Let K, Ko, k1, ke € R be constants such that

K, < Ric¥ < Ky, k1 <Iy < k.
Then
(1.6) KiX+ripo(|VO*) < A% — p([[Hessy|[7rg) < Kad + kopa(IVE*), (A, ¢) € Eigy(L).
Moreover, there exists a constant C' > 0 such that
(1.7) Ho(#) < CAT, pp(|Vo) < CXT, (X, 0) € Fign(L).
Consequently, there exists a constant C' > 0 such that
(1.8) [u([[Hessl3s) = N < OX5, (A, ¢) € Eigy(L).
If in particular Ric¥ = 0 and Iy = 0, (1.8) holds for C' = 0.

By (1.6) and the sharpness of (1.3) for the disc in R? as explained in [1], the order of A
in (1.8) is sharp as well.

In Section 2, we establish integral formulas and two-sided bounds for the above mentioned
geometry quantities, which will be used in Section 3 to prove Theorem 1.2.



2 Integral characterizations of Ric",I; and Hy

In this section, we assume that M is a Riemannian manifold with boundary which is not
necessarily compact nor connected. Let C§°(M) be the set of smooth functions on M with
compact support. We consider the following two classes of reference functions for the Neu-
mann and Dirichlet problems respectively:

CY¥(M):={f € C5*(M): Nflos =0}, CF(M):={f€C(M): flom = 0}.

By Bochner-Weizenbock and integration by parts formulas, we have the following integral
formulas for Ric"', 1y and Hy .

Theorem 2.1. Let C¥ (M) and C¥ (M) be in above. We have

@1 [ {@s = IHess s - Rie' (VLIN}de = | T(VEVS)dpa ] € CFOM);
M oM

22) [ (s = Wesylfus = Ric” (VLN an = | TSR dpo, S € CFOD),

oM
Proof. By Bochner-Weizenbock formula,

(23)  SLVIP = [Hessyllhs + (VL. V) + Ric! (V£ V), € Co(M)

Next, the integration by parts formula gives

4 — VL VFdu = LANT{d L)
(2.4) /M< 1.V f)dy /8M(f)fua+/M(f)u,
1 1
(2.5) . /M LIV fdys = — /d NI = - /a Hessy (V1. N)dpo

Integrating (2.3) with respect to du and using (2.4), (2.5), we arrive at

[ @ = eyl - Rict (V1.9 } an
(2.6) M
= /8M {Hessf(N,Vf) = (Nf)Lf}dus, f € CZ(M).

With this formula we are able to prove (2.1) and (2.2) as follows.
Firstly, for f € C{(M), we have N f|onr = 0 and, by [3, the formula after (3.2)],

Hess{ (N, Vf)lom = —(Vor N,V )lonr =1o(Vf, Vf)|om-

Then (2.1) follows from (2.6).



Next, for f € Cx (M), we have f|aops = 0. So, Vfloyr = (Nf)N and
(2.7) Hessf(N, Vf)‘aM = (Nf)Hessf(N, N)laM

Let {v;}%=] be orthonormal vector fields in a neighborhood of a point # € M, such that
Vui(z) =0 and (N,v;)(z) = 0. Then

Af(x) = Hessy (N, N)(z) + iHessf(vi,vi)(a:).

i=1

Combining this with V flonr = (N f)N|oar and (v;, N)Y(x) =0 = (N, V,v;)(x), we arrive at

SH

-1

Af(z) —Hesss (N, N)( ZHQSSf v, v)(x) =Y vi(Vfu)(x)

d—1
= Zvi{(NfﬂN, vi) Hz) = Z{(Nf)MN, vi) }Hz)
= —{(Nf)tr(Ip)}(x) = —(HoN f)(x).

This, together with (2.7), yields

Hess (N, V f)lon = (NF)(Af + HoNf) = {Ho(N f)* + (N f)Af }Hom
Combining with V floar = (N f)N|on leads to

{Hess;(N,Vf) = (Nf)Lf}om = {Ho|VfI> = (Nf)(VV,V ) }Hom
= |VfI?(Ho — NV)|osr = Hv|V [ |om-

Substituting into (2.6), we prove (2.2). O

We now characterize bounds of Ric", Iy and Hy . For a symmetric 2-tensor @), we write
Q>0 (or @ <0)if Q(v,v) <0 (or Q(v,v) < 0) holds for all vectors v. For two symmetric
2-tensors @1, (2, we write Q1 > @y (equivalently, Q2 < @) if @1 — Q2 > 0 (equivalently,
Q2 — Q1 <0).

Theorem 2.2. Let () and QQy be continuous symmetric 2-tensors on M and OM respectively,
and let g € C(OM).

(1) Ric” > Q and Iy > Qp if and only if

/ [(LF)? — |Hess/|ys — Q(V £,V f) }dp
(2.8) M

oM



(2) Ric” <Q and Ty < Qp if and only if

(2.9)

/M {(Lf)? = [Hess;|}s — Q(V S, V) }dp

oM

(3) Ric” > Q and Hy > q if and only if

(2.10)

/M {(Lf)* — |[Hesss||7;s — Q(Vf, V) }du

> / oV fl2dus, f € C(M).
oM

(4) RicY < Q and Hy < q if and only if

(2.11)

Proof. According to Theorem 2.1, we only need to prove the sufficiency in all assertions.
According to (2.1) and (2.2), the inequalities (2.8) and (2.10) are equivalent to the fol-

/M {(Lf)2 - HHessfH%IS —Q(V, Vf)}d,u

< / AV [ Pdue, f € CH(M).
oM

lowing ones respectively:

/M [Ric" —Q}(Vf,Vf)du+ /W {To = Qa} (Vf,Vf)dus >0, feCF(M),

/M (Ric" = QY(V,V [)du + /M {(Hv =)V fI’}duo 2 0, f € CF(M).

By the following Lemma 3.2, the first implies Ric” > @ and Iy > Qp, while the second
yields Ric” > @Q and Hy > q. Thus, assertions (1) and (3) hold. Similarly, we can prove

assertions (2) and (4).

Lemma 2.3. Let Q, Qg be continuous symmetric 2-tensors on T'M and TOM respectively,

and let h € C(OM).

(1) @ >0 and Qy > 0 if and only if

(2.12)

/ QY f)du + / Qu(Vf.V )duo >0, f € C(M).
M oM

(2) @ >0 and h > 0 if and only if

(2.13)

/ QY1 Y f)du + / BV Py >0, € C(M).
M oM
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Proof. The necessity in these assertions are trivial. Below we prove the sufficiency.
(a) @ > 0. For f € C°(M \OM) C C¥(M)NCy (M), we have V f|ap = 0 so that each
of (2.12) and (2.13) implies

/M QVE V=0, feCe(M\aM),

According to [4, Lemma 2.2] for M \ OM replacing M, this implies @ > 0 in M \ OM. By
the continuity of @, it holds on M.

(b) Qo > 0. Let g € OM and X, € T,,0M with | Xo| = 1, we aim to prove Qa(Xo, Xo) >
0. To this end, we take the normal coordinates in a neighborhood O(z) of zy such that

(1) zo=0¢€ RY, Xy = O |z=0;

(2) For some constant ry > 0,

d
O(xg) = {(x1,~~~ ;2 e R0 < 2, Z 2" |? < ro};

i=1

(3) (OM)NO(zo) = {z = (a*, -+ ,2%) € O(xo) : 2% = 0}, on which N = 0.

Under this local coordinate system, let & = (z',---,2%*,0) for = (2',--- , ). Then there
exist symmetric matrix-valued continuous functions (¢");<; j<4 and (qa )1<, j<d—1 such that

d
d—

Qa(Vf,V)dus = Z F0:f)(0; )} (@)dd on (9M) N O(p).

(2.14)

Now, for any n > 1 and = € R?, let

; nzt,  i=1,
(<Z5n($)) B {nxi, 2 <3 <d.
Let f € C3°(O(w0)) with N floar = 0, i.e. O4f|pa—o = 0. Then

fon=Ffo¢n€ CSO(O('TO))a adfn|:1[:‘i:0 =0, n>1
So, by (2.12) and (2.14) we obtain

0</ Z{qwafn (0, )} dx+/_2{q (0:£a) (05 fu) }(2)d

i,j=1

= /R ) {nl‘d > (470 6.1)(0:)(0;f) + 207 Z(qu o &) (Ouf) (05 f)



g ¢;1><alf>2}<x>da:

N / {n2—dz<qgfo¢;1><af><af )+ 2n% dz 00,0

1,j=2

gl o 0011 )
Multiplying by n?* and letting n — oo, we arrive at
0<a0) [ @@ | € (0M) NGOG,
Rd—1

Combining this with the second equality in (2.14) and noting that Xy = 0:|,,, we obtain
Qo(Xo, Xo) > 0.

(c) h > 0. Let g € C§°(0M) with compact support D C OM. There exist a neighborhood
0 in M of D, and a constant 7y > 0, such that py € C;°(0) and the Fermi coordinates

035z =(0r)€0Mx[0,r)

exists, where = (6,7) means x = expy[rN]. Let v € C§5°([0,00)) such that |,/ =
L, ¥|ro,00) = 0. For any n > 1, define

Orvy(nr), ifx=(0,r)e0,
1) o L3O (.7)
0, otherwise.
Then f, € C¥ (M) and

IV falloar = 9%loar, |V ful < {1V glloo + 19lloo (L +70l17loo) } Lgporo/my

where VM is the gradient on M. So, applying (2.13) for f, replacing f we may find out
a constant C' > 0 such that for any n > 1,

/ (hg?)duy > / QY £, V f,)d
oM
>-c [ LIV g1 + e+ ol )2 e
{po<ro/n}NC
By letting n — oo we arrive at
/ (th)dua >0, ge C(OM),
oM

which implies h > 0 as g € C§°(OM) is arbitrary. O



3 Proof of Theorem 1.2

To prove Theorem 1.2, we present some lemmas.

Lemma 3.1. There exists a constant C > 0 such that
[ 1vokdns < C(A a ¢2dua), (A, ) € Bigy(L).
oM M

Proof. Let rq > 0 such that py is smooth on 0,,M := {ps < ro} and the Fermi coordinate
system x = (0,7) € OM x [0,7¢] exists on My, := {ps < ro}. Under this coordinate system
we have

(3.1) L=o{Apy +VMV}+0*+ Z,

where a € C®°(OM x [0,1]) is strictly positive with a(-,0) = 1, Ay, and VM are the
Laplacian and gradient on the (d — 1)-dimensional Riemannian manifold M respectively,

and Z is a C' (hence, bounded) vector field on M. Using the integration by parts formula
on OM, (3.1), and Lo = —A\¢, we obtain

| 1w6Rdna == [ of80+ ) on,
oM oM

= [ {oHessy(N.) + 620 - 6L0 o

oM
1
<OH1ZIE) [ G+ [ VoPdua+ [ oHessy(N, N)dus
oM oM oM

Since A > A\Y > 0, this implies

4
(3.2) / IVo|*duy < c1) ¢*dps + 3 ¢Hess, (N, N)dus, (X, ¢) € Eigy(L)
oM oM oM

for some constant ¢; > 0. To estimate [, ¢Hessy(N, N)duy, we take v € C5°([0, 00)) such
that ¥|pre/2) = 1,7|2ro/3,00) = 0. By Lo = =X, Nop|ons = 0 and using integration by parts,
we have

¢Hessy(N, N)duo = | &N (v(ps) Vo, Vo)dpia

oM oM

33 = [ {= 0Lt00) 0, 9) + (L0)300) V0, T
= [ #bio0) V. D

where [Y(ps)Vpa, L] := (7(pa)Vps)L — L(v(pa)Vps) is a continuous second order differential
operator on the compact set {py < ro}. Combining this with [ Y ¢*dp = 1, we derive

(3.4) PpHessy (N, N)dug| < 02</M(¢2 + |Vo|* + ||Hess¢||§is)du) ’

‘8M
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for some constant ¢, > 0. Combining with (3.2), u(¢?) = 1 and u(|V¢[?) = A, we arrive at

4
(3.5) / |Vo|*duy < c1 ) ¢*dpg + 2 (1 + A+ / ||Hess¢||%5du> :
oM oM 3 oM

But by (1.6) we have
/ |[Hess||7gdp < A% + ¢\ +/ IVodug
oM oM

for some constant c3 > 0, (3.5) implies the desired estimate for some constant C' > 0. ]

Lemma 3.2. There exists a constant C > 0 such that
¢*duy < CX3, (X, ) € Bigy(L).
oM

We first prove a priori estimate then make improvement. To this end, we introduce some
notation.
For any r > 0, let 0,M = {pys = r} and u} be the area measure on it induced by p. For
0<r <rg, let
Mm,m = {7"1 < po < 7’2}, /ubgl’m = 13r1M:ugl + 16r2M,ug2‘

Obviously, M = OM, u = pp.
Let 0 > 0 such that py € C;°(Mys), and the Fermi coordinate system (0, r) € oM x [0, J]
gives a diffeomorphism between M s and OM x [0, d]. Under this coordinate system we have

(3.6) w(dl,dr) = (0, r)us(d0)dr

for some strictly positive function ¢ € Cp°(0M x [0, d]). In particular, there exists a constant
co > 0 such that

(3.7) / (6, 7)Prio(d8)dr < / Pdu, e BOI).
OM x0,0] M

Lemma 3.3. There exists a constant ¢ > 0 such that

iy < eVn [ du (0,6) € Big(L) i= Bigy (L) UEigp(L). 7 € 03]
orM M

Proof. By the symmetry, we only prove the inequality for r € [0,§/2]. For r € [0,9/2], define

v(s) = 5_rsin<(

™

sS—7r)T

o—r

), s € [r,0].
Then |V7(ps)| < 1 and

7r 2w
sup | Ly(pa)| < sup |Lps| + 5 <sup|Lpg| + — =t < 0.

MT,S MT,(S Mr,(s
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Let N be the inward normal unit vector field of 9M, 5. Then

Nv(po)lom, s = 7' (1) Lipg=ry = V' (0)1{po=ry = Llon, -
So, by integration by parts, there exists a constant ¢ > 0 such that for any (¢, ) € Eig(L),

Pip+ [ = [ PNy
BTM 8§M aMr,é

_ /M {6*L1(ps) + (VA(p), V) hdu

< /M (c6% + 16| - [V 0l)dpt < ¢+ /@IVIP) = e+ VA,

[l
Combining (1.6) with Lemmas 3.1 and 3.3, we conclude that
(3:8) ([ Hessg|[frg) = X < A2, (. 0) € Bigy(L).
Lemma 3.4. For any (¢, \) € Eigy (L), under the Fermi coordinates (0, \) € OM x [0, 0] let
1
(3.9) h(r) =< *(0,7)1p(d0), 1 € 10,9).
A Jom

Then there ezists a constant C' > 0 depending only on Mys and L such that for r € [0, 0]
with b (r) > 0,

" LAGIE
R'(r) > hr) - C.
Proof. (1) Obviously, we have h'(r) = % Jonr @0rddpis and
(3.10) W) =3 | (@0 + 0020} r)da, 1€ 0.6

Let Ny, be the inward unit normal vector field of 0My, = {ps = 0} U{py = r}. Noting that
Or¢lr—o = Nploasr = 0, and Lo = —A¢ implies
G0y, Ll = (Lo)Y ™0, — ¢~ L(0,9),

where [0,, L] :== 0,L — Ld, is a continuous second order differential operator on the compact
set {pg < d}, by (3.6) and the integration by parts formula, we have

2 2 ,
3 / ({6020}, ) + {ON?6}(,0))dug = 5 / {60 No 0,0} dpig
)\ oM A 8M0,r

B §/Mo,r (¢w71L(ar¢> - {L((ﬁwil)}aﬂlﬁ)dpj + ; /&M(a?‘qﬁ)ar(@/}l)dug

By 2 / (69 (£.0,16 — 6(0,0) L™ — 2(V6, T61)0,0 ) di
A Mo,r

2 -1
+5 | w000 du
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By (3.4) and (3.8), we obtain

2

| {oN"0}(.0))d

for some constant oy > 0. Next, since [0,, L] is a continuous second order differential
operator on the compact domain M s, i1(¢?) = 1, u(|]V¢|?) = X and (3.8) holds, we may find
out constants aw, a3 > 0 such that

(07

(3.13) 1< 52 [ {IT0P + 161V + [Hessyllns) b < a.
M

Moreover, obviously
2 2 2 —1 r
L=~ (ar(b) d,u,g + 3 (¢ar¢)a7“w dﬂa
A Jowm A Jo.m
Combining this with (3.11)-(3.13), we we arrive at =
, 4 2 e
B1) W25 [ @eFdm o+ [ (00000 g, rel.)

Since h'(r) = % Jonr @0rddpia, by Cauchy-Schwarz inequality we obtain

4 2 | (r)?

This together with (3.14) implies

(3.15) (1) >

2 — r
G —m+XAM@&@@wUMmTEWﬂ-

(2) Since N¢?|gnr = 0, =1 € Cp°(My ), and

(3.16) / (|Lo?| + |[V?]) < 4\ + 2V/A,
OM
by the integration by parts formula, there exist constants as, ag > 0 such that
2 1
s [ @@= [ (oo - ot
A Jo.m A Jo,m
> —§ / (62001t — ash(r) > —ag — ash(r).
MO,T

This and (3.15) yield

h”(T) >



So, it suffices to find out a constant ¢ > 0 depending only on L and M;s such that
(3.17) h(r) <e, re€]0,0].
By (3.7) and pu(¢?) = 1, we have

200

8 2
hir)dr = — 6 dé\)d —
/0 (r)dr A/{)Mww ol df)dr < 2

So, there exists o € [0, 0] such that

2c Co 200
1 — < — =
(3.18) h(rg) < S 1,

where \; is the first non-trivial Neumann eigenvalue of L on M. On the other hand, by
Integration by parts formula and noting that 0,¢(0,r) = 0 for r = 0, for r € [0, 6] we have

I (r) \ | @) =5| [ @y
r 6M0r

<5 [, (L T 9

Combining this with (3.16), we find out a constant c¢; > 0 such that
| (r)] < e, 7 €10,4].
This together with (3.18) implies (3.17) for ¢ = ¢; 4 dc¢y. Then the proof is finished. O

Proof of Lemma 3.2. Due to Lemma 3.4, this result can be proved by modifying the argu-
ment in [1, Proof of Proposition 2.4]. Let C' be the constant in Lemma 3.4.
(1) We first prove that for large enough A > 0,

(3.19) r € [0,26/3] with A'(r) > 0 implies |h'(7)|* < 4Ch(r).

If the assertion is not true, then there exists ry € [0, 26/3] such that A'(rq) > 0 and |h/(ro)|* >
4Ch(r)(1 + h(ro)). Then by Lemma 3.4

%{W(m? —ACh(r)}],_,, = 2K (ro)h" (ro) — 4CH'(ro)

Z %:0)))3 - Goh/(’l“o) = 20h/(7"0) Z 40\/ Oh(’l"o) >0

So, there exists e € (0,d—rg) such that 2/(r) > 0 and |I/(r)|* > 4Ch(r) hold for r € [rg, ro+¢].
By a continuity argument we conclude that

(3.20)

(3.21) R(r) >0, |[W(r)|> > 4Ch(r), r € [ro,d].

13



Indeed, if not then
i = inf{r € [ro, 8] : |/ (r)|* < 4Ch(r)} € [ro +¢,8] C (70, ).
We have 1/(r) > 0 for r € [ro, 1] and |I/(ry)|* = 4Ch(r;), so that (3.20) holds for | replacing
ro. Thus, due to continuity, there exists 1o € [rg, 1) such that
%{|h/(7‘)\2 —4Ch(r)} > 0, 1 € [ra,m].
Since by the definition of r; we have |h/(ry)|> — 4Ch(ry) > 0, this implies

\R'(r))|* = 4Ch(r)) = sup {|h'(r)|* —4Ch(r)} >0,

re(ra,ri]

which contradicts to |h/(r1)|? = 4Ch(r1). So, (3.21) holds and thus,

S VR 2 VT, e .o

This implies h(r) > C(r — ry)? for r € [ry, ], and hence, by (3.7),

2(5— %) < 0/6(r—ro)2dr

</6h(r)dr<@/ ¢2du:@

which is impossible for large enough A. The contradiction means that for large enough A > 0,

(3.19) holds.
(2) We then prove that for large A > 0,

(3.22) |W'(r)|? < 5Ch(r), 7 €10,26/3].

By the Neumann condition we have h'(0) = 0, so that the inequality in (3.22) holds in a
neighborhood of 0. Thus, if (3.22) does not hold, then

ro :=inf {r € [0,26/3] : |/ (r)|* > 5Ch(r)} € (0,25/3]

exists, and
() = 5Ch(m). (KR = 5CH()) ], >
Combining this with (3.19), we obtain h'(ry) < 0 and
d ., . . , . 5O
0 < 5{|h (r)]* — 5Ch(r)}’T:T2 = 21/ (r9)W" (13) — 5CR (ry) = 2K/ (r )(h (ry) — 7)

So, B (ry) < 2. But by Lemma 3.4 and |I/(r2)|* = 5Ch(r) we have

" |h/(7‘2)|2
> —(C =4
h"(rqy) > h(r) C C,
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which is a contradiction. Therefore, (3.22) has to be true.
(3) By (3.22), when A > 0 is large enough we have

d ' 5Ch V
—/h(r) = (r) 2 _VACh) _ Vi =:—c, r€][0,20/3].
dr 2+/h(r) 2+/h(r) 2
So, \/h(r) > \/h(0) — \/cr holds for r € [0,25/3]. Let M = M? where ¢ is in (3.7). If
h(0) > Mc)\ 23 we would have
)\71/3

Vh(r) > VMc(AT — 1) >

where we take A > 0 large enough such that A~'/3/2 < 2§/3. Combining this with (3.7) and
(3.9), we arrive at

5 VMe, re[0,A713)2],

1/3
2 M /2 1

20T« / h(r)dr < —/ &(0, )2 115(d0)dr
A 8 0 A Jorx[o,4]

for large enough A > 0, which is however impossible. This means that when A > 0 is large
enough we have h(0) < McA=2/3 equivalently,

*dpy < MV,
oM

which completes the proof. ]
We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Since L = —\¢, estimate (1.6) follows from (2.1). Moreover, esti-
mates in (1.7) are included in Lemma 3.1 and Lemma 3.2. Combining (1.6) with (1.7) we
prove (1.8). O
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