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Abstract

Recently, the search of new materials with improved performance, such as higher
strength, lower weight, fire resistance, less sensitive to fatigue,... has been fostered
and driven by industries such as aerospace, energy, and nuclear. The development
of composite materials has been an important step to achieve these goals since
it allows the combination of different materials in order to improve the overall
performance of the resulting composite. Composites, such as layered woven
composites or mixtures, are already heavy used in industry. These composite
materials are tailored to improve one or several specific properties, for example
higher strength or lower weight. However, composite materials are able not
only to improve the existing material properties but also to add new properties.
Self-sensing capabilities have drawn significant attention recently due to the
increasing requirements of safety and optimization. Self-sensing structures are
able to provide information in real time about its current state. Often self-sensing
systems are distributed in large structures which poses a problem for the energy
supply. Piezoelectric materials have been studied in depth for energy harvesting
due to its capability to convert strain to charge and charge to strain. This is
known as the piezoelectric effect and is used in many applications, from powering
small devices to acoustic sensors. The use of these materials to harvest energy
from the surrounding vibrations in the environment has been extensively studied
by the scientific community, although commercial devices are still scarce.

In this context, porous piezoelectric materials are a good option which can fulfil
some of the above mentioned requirements: low density, strain-sensing capabilities
and energy harvesting properties. Porous piezoelectric materials are composed of
a piezoelectric material matrix with embedded air pores, which make them very
light (up to 50% in some cases) while maintaining their piezoelectric properties.
The presence of air reduces its material coefficients, such as stiffness, piezoelectric
coupling and dielectric values, which opens the possibility to tailor the material
properties by controlling the percentage of air inside the matrix. The reduction
of capacitance is seen as beneficial for energy harvesting, since it reduces the
wasted energy in the self-induced electric field. Therefore, the porous piezoelectric
material are studied for energy harvesting applications. However, given the lack
of reliable material models for these type of composite, it is seems the necessity
to develop material models which can predict accurately the properties of the
piezoelectric composite. This is a requirement prior to the use of the material in
application or optimization.

In this thesis, the modelling of porous piezoelectric materials is presented
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and discussed, from the material point of view using homogenization techniques,
to the application of the material for energy harvesting purposes. The text is
divided in two main parts, material modelling and energy harvester modelling.
In the material modelling different methods to obtain the equivalent material
properties are presented and used on the porous piezoelectric material. It is seen
that the polarization has a great impact on the final properties of the composite
and hence a model is presented to account of it using finite element approach.
The models results are compared with measurements on experimental samples.
In the second part, an study on the energy harvesting capabilities of the material
is done. Different methods are used, single degree of freedom and multiple
degree of freedom, to study the material under linear and non-linear forces. The
energy harvesting modelling is supported with some experiments on the non-linear
behaviour of an impact energy harvester. Finally the conclusion of both parts are
presented and discussed.
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Motivation

Piezoelectric materials have drawn considerable attention over the last decades,
not only for energy harvesting purposes, but also for actuation or sensing appli-
cations. In most of these applications, it is beneficial to have high piezoelectric
coefficients in order to harvest more power or generate more strain. However
those high piezoelectric coefficients have associated high dielectric coefficients.
The dielectric coefficients measure the amount of energy which goes into the
generation of a parasitic self-inducted electric field, which cannot be used. Until
now, most of the conventional approaches in energy harvesting weredriven by
the desire to increase the piezoelectric coupling, paying little attention to the
dielectric coefficients. In this thesis, a different approach is followed. Using porous
piezoelectric materials, the dielectric coefficients can be reduced by increasing the
amount of air inside the material matrix. The presence of air alsodecreases the
other materials coefficients, hence a correct optimization and design must be done.
The porous piezoelectric materials open the possibility to control those material
parameters at the fabrication stage which allows us adapt the material to the
desired requirements. By modifying the dielectric coefficients, the wasted energy
can be decreased and the power output increased.

Although porous piezoelectric materialsare relatively old and well-known, most
of the works are experimental studiesfocused on sensor applications. Not many
studies are focused on predicting, from a theoretical point of view, the material
properties of the porous piezoelectric materials for different percentagesof air in
the matrix or for differentpore shape. These material properties are defined by
the material coefficients. Obtainingthese coefficients is a very important step,
previous to the design of applications of the material.
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Thesis Structure

The objective of this thesis is to study the modelling of the porous piezoelectric
materials as well as its applicability for energy harvesting. Therefore, this thesis is
divided intotwo main parts. The reader should notice that, given the two different
topics developed in this thesis, each part and chapter has a short review of the
state of art. The authors prefer to keep the completeness and consistency of each
chapter, to merge different literature review in the same text. Therefore, this
thesis lacks of a literature review chapter.

The present thesis is organised in two main parts with six chapters in total.
In the first chapter, the introduction to the thesis is presented . The principles

of linear piezoelectric theory are presented, followed by a short state of theart
review on the application of piezoelectric materials and its fabrication process.

In the first part, the modelling of the porous material is presented. In Chapter 2
the main analytical homogenization techniques are reviewed and compared in
Section 2.2. They are compared with numerical FE homogenization (Section 2.3)
and applied to the porous material (Section 2.4). This chapter is concluded with
the comparison of the models with experimental data in Section 2.5.

In Chapter 3, following the approach followed in the previous chapter, the
models are improved to account for the polarization process. This process is part
of the manufacturing and has a strong impact in the final equivalent material
parameters. The improved model is presented in Section 3.2 and compared with
experimental data in order to validate it in Section 3.4.

Later, in Part III an energy harvesting study is done on the porous piezoelectric
materials. In Chapter 4 the linear energy harvesting methods are studied from two
approaches, single-degree of freedom in Section 4.2 and multi-degree of freedomin
Section 4.3. Conclusions are extracted and presented in Section 4.4.

In Chapter 5 a non-linear energy harvester is studied. This harvester uses
mechanicalimpactsas asource of non-linearity to improve the harvester performance.
A short literature review on the impact energy harvesters is presented in Section 5.1.
followed by the finite element formulation developed in Section 5.2 to model the
energy harvester behaviour during the impact. The chapter is concluded with
Section 5.6.

The final conclusions are presented in Chapter 6 which summaries the main
contributions of this thesis.
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List of Symbols and Notation

The complete list of symbol is detailed here. It should be notice also that the
notation used in this thesis is a modification of the Einstein notation where
repeated subscripts are summed over the range 1-3 when the subscript is lower
case and over the range 1-4 when the subscript is upper-case. In cases where
the indicial notation is not used, tensors are introduced using bold and capital
letters (e.g. C stands for elastic tensor) and vectors using bold and arrow over
them (e.g. ~v stands for velocity). A comma in the sub-index denotes partial
differentiation. An overbar on the symbol denotes a volume-averaged quantity or
macro-parameter.

W Work
Σij Electromechanical stress tensor
σij Mechanical stress tensor
Zij Electromechanical strain tensor
εij Mechanical strain tensor
Ui Electromechanical displacement tensor
ui Mechanical displacement tensor
Ei Electrical field
Di Electrical displacement
φ,i Voltage or electric potential
Cijkl Elastic material matrix
enij Piezoelectric material matrices measured at con-

stant strain and electrical field
dnij Piezoelectric material matrices measured at con-

stant stress and electrical field
εε
ij Dielectric material matrix at constant strain

εσ
ij Dielectric material matrix at constant stress
cr Percentage of volume of phase r respect the total

volume
(•)M Parameter relative to matrix material
(•)I Parameter relative to inclusion material
(•)∗ Parameter relative to the equivalent homogenized

material
(•)∗(XX) Parameter homogenized using the approach XX
E Electromechanical material tensor
S∗ Eshelby tensor
I Identity tensor
i Current
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φ Voltage
R Resistance
Q Charge
w Displacement of the neutral axis of the beam
(•)p Parameter referred to the piezoelectric layers
(•)e Parameter referred to the elastic layers
(•)r Parameter referred to the r mode
hp Thickness of piezoelectric layer
he Thickness of elastic layer
hpc Distance between the gravity center of the section

and the center of the piezoelectric layer
Yp Elastic modulus piezoelectric material
Ye Elastic modulus support material
b Width of the beam
ψr(x) Mode shape of the r mode
ηr(t) Time term of the r mode
L Length of the beam
λr Dimensionless frequency parameter of the rth

mode
IY Bending stiffness
ωr Natural frequency of the r mode
κr Modal coupling of the r mode
Cp Capacitance of the piezoelectric layers
θ Modal backward coupling
θ̃ Equivalent backward coupling
ξ Modal damping coefficient
Eapp Applied electric field
FOMij Figure of merit (FOM)
dh Hydrostatic strain coefficient
gh Hydrostatic voltage coefficient
τ Aspect ratio
m Mass per unit length
kp Coupling coefficient
δ (•) Virtual magnitude
ρ Density
u̇ Velocity
ü Accelerations
τ Surface traction stresses tensor
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Chapter 1

Piezoelectric Materials for
Energy Harvesting

1.1 Introduction
Nowadays humans live in an environment that is every day more hyper-connected.
To the very well known smart devices such as computers, laptops, tablets and
smartphones, we have to add smart TVs, music systems, home control systems,
lighting systems, etc. Devices which, until now, were not connected, hence
requiring little energy, are now connected to the internet ad sharing information.
These devices constitute the “Internet of Things” (IoT) which is defined as a
“network of physical devices, vehicles, home appliances and other items embedded
with electronics, software, sensors, actuators, and network connectivity which
enables these objects to connect and exchange data” [1]. The Internet of Things
market will grow to about $520 billions in 2021, which doubles the $235 billions
spent in 2017 [2]. This network will connect millions devices, some of which will
be autonomous and located in inaccessible places collecting information, such
as meteorological stations. Others will belong to huge arrays of small devices
which can monitor a diverse range of situations from large fields of crops to the
structural health of buildings or aircraft. These devices require a stable supply of
energy to perform their tasks. However, it is not always possible to have a wired
connection to the electrical network and sometimes batteries are not the most
efficient and reliable option. In this case, the most desirable option is to harvest
the energy from the surrounding environment.

There are different ways to harvest energy from the environment, and the most
important ones are based on one of the following physical effects: photovoltaic,
thermoelectric, electrostatic, electromagnetic and piezoelectric [3, 4]. The last
three (see Figure 1.1) depend on vibrations from the environment whereas the pho-
tovoltaic effect generates an electric potential on a cell when solar light illuminates
it. This effect allows the development of solar cells with a very favourable energy
density-power ratio, but its dependency on solar light, makes them less appropriate
for places where the cells can get obscured or for environments with reduced light
access or long dark seasons [3]. The generators based on the thermoelectric effect
have proved to be reliable, with almost no noise or vibrations. Unfortunately,
the fabrication methods are not yet mature enough for mass production. The
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Figure 1.1: Energy harvesting principles. Left, piezoelectric effect; cen-
tre, electromagnetic principle and right, electrostatic principle. From
[5].

electrostatic effect is based on charging a capacitor made by two plates moving
with respect to each other [5, 6]. Some examples of electrostatic energy harvesters
are presented in [7, 8]. The electromagnetic effect is based on the coupling be-
tween magnetic and electric fields, generating an electric current when there is a
variation of the magnetic field and vice-versa [9, 10]. Some examples are given
in [11, 12]. The piezoelectric effect is the ability exhibited by some materials to
convert strain to electrical energy and electrical energy to strain. The materials
present a good relation between power density-voltage and covers a large range of
applications, from energy harvesters to sonars, pressure sensors, strain sensors,
ink-jet printers, etc. Piezoelectric materials are very durable, and able to work in
extreme conditions which makes them ideal materials for energy harvesters. The
energy is harvested from vibrations in the surrounding environment. This thesis
focusses on generating energy from this type of material, or more precisely from
porous piezoelectric materials, which will be introduced in Chapter 2.

The piezoelectric effect was discovered by Jacques and Pierre Curie in 1880
[13]. They realised when applying a deformation to quartz and Rochelle salt, a
voltage difference was measured across the test material. The converse effect,
where a mechanical deformation occurs when an electrical field is applied, was
mathematically predicted by Lippmann [14] in 1881 from the fundamental principle
of thermodynamics. The piezoelectric effect is present in some natural materials
such as crystals (Quartz, Tourmaline) and synthetic ceramics (PZT, BaTiO3).
When strain is applied to the material, this strain generates an unbalance in the
electrical charge equilibrium, breaking the symmetry of charges and generating
an electric field (see Figure 1.3). The material under no deformation has its
charges located in a symmetrical manner so they cancel each other. Similarly,
the converse effect is found in these materials, where strain is developed when
an electric field is applied. This electric field displaces the electrically charged
atoms, generating a relative displacement between them which is transduced at
the macroscale as strain. The latter effect is defined as the “actuator” effect since
it generates mechanical deformation from a source of electric energy. The former
is defined as the “sensor” effect and it generates electric charge from mechanical
strain. In the linear range of the material, higher strains generate higher electric
potentials. The value of these potentials is defined by the piezoelectric theory
explained in Section 1.2.1. In this thesis, we assume that the piezoelectric coupling
between strain and electric field is linear and this coupling is expressed using the
piezoelectric material tensor. This tensor couples the mechanical deformations
(εxx, εyy, εzz, εyz, εxz, εxy, ) with the electric fields (Exx, Eyy, Ezz) as explained
in the following section.

Modelling of Porous Piezoelectric Material and Potential Applications to Vibration Energy
Harvesting
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1.2 State of Art of Piezoelectric Energy Har-
vesting

1.2.1 Theory of Linear Piezoelectricity

Piezoelectricity is the name given to the effect that couples the mechanical and
electrical fields [15] and it is found in different crystals and ceramics. Depending
on which field is applied on the material, the effect can be classified as direct or
converse. The direct effect produces an electrical field from an applied mechanical
strain, and the converse, sometimes called inverse effect, produces a mechanical
deformation when an electrical field is applied to the material. The nature of
piezoelectric materials make these effects reversible or interchangeable, meaning
that the presence of one requires the presence of the other.

The behaviour of piezoelectric materials is governed by the piezoelectric
constitutive laws which are briefly reviewed in this section. Firstly, the basic and
principle set of equations which govern the mechanical and electrical fields are
presented. In this thesis only the linear material behaviour is considered.Due to
the multiphysics nature of the piezoelectric effect, we need to use a consistent
notation which accounts for this coupled nature. The notation used here is a
modification of the Einstein notation (repeated subscripts are summed over the
range 1-3) and was developed by Barnett and Lothe [16] and by Dunn and Taya
[17]. This notation is used in [18] and is identical to the Einstein notation with the
exception that lower case subscripts have the range 1-3 while upper-case subscripts
have the range 1-4 and repeated upper-case subscripts are summed over 1-4. In
cases where the indicial notation is not used, tensors are introduced using bold
and capital letters (e.g. C stands for the elastic tensor) and vectors using bold
with an arrow over them (e.g. ~v stands for velocity). A comma in the sub-index
denotes partial differentiation [19]. In this notation, ZMn is the elastic strain and
electric field coupled vector, and is expressed as

ZMn =

{
εmn M = 1, 2, 3,

En M = 4,
(1.2.1)

The strain and electric field are obtained from the elastic displacements um and
electric potential φ,i, as

εmn =
1

2
(um,n + un,m)

Em = −∇φ,i = −φ,m (1.2.2)

Let us introduce UM , which is the space of admissible displacements um and
admissible potential φM restricted to a given domain Ω with boundary Γ and
volume V , is given by

UM =

{
um M = 1, 2, 3,

φ M = 4,
(1.2.3)

Germán Martínez Ayuso
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Thus the tensor ZMn is derivable from Ui. Similarly, we obtain the stress and
electric displacement coupled vector which is defined as

ΣiJ =

{
σij J = 1, 2, 3,

Di J = 4,
(1.2.4)

Having defined these parameters, the piezoelectric constitutive laws are reviewed
based on the IEEE Standard on Piezoelectricity [20].

In linear piezoelectric theory, the electrical enthalpy takes the form

H =
1

2
Cijklεijεkl − ekijEkεij −

1

2
εε
ijEiEj (1.2.5)

where Cijkl, ekij and εε
ij are the elastic constant tensor (measured at constant

electric field), piezoelectric constant tensor and dielectric constant (measured
at constant strain) respectively. It is assumed that H depends on εij and Ei,
therefore the stress tensor and electrical displacement tensor can be obtained by
differentiating the electrical enthalpy with respect to the strain tensor and the
electric tensor respectively. 

σij =
∂H
∂εij

Di = − ∂H
∂Ei

(1.2.6)

where

∂εij
∂εji

= 0 , i 6= j (1.2.7)

The electric displacement field Di is the vector field which describes the effect
of an electric field on the charges within a dielectric material, such as polarization
charges or bound charges.

Since the strain tensor is a second order tensor and the electric field is a first
order tensor, the piezoelectric tensor is a third order tensor, represented as a
matrix of dimension 6 by 3. The total number of independent constant are 45:
21 elastic, 18 piezoelectric and 6 dielectric constants. In the case of transversely
isotropicpiezoelectric materials, given the symmetry between two of the materials
axes, the number of independent constants reduces to 10: 5 elastic, 3 piezoelectric
and 2 dielectric. Given this definition, the stress tensor and displacement tensor
can be written using Equation (1.2.6) as:{

σij = Cijklεkl − ekijEk

Di = eiklεij + εε
ikEk

(1.2.8)

In these equations, the independent variables are the elastic strain εmn and
the electric field En. Depending on the independent variables, these equations
can be represented as:

Modelling of Porous Piezoelectric Material and Potential Applications to Vibration Energy
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• Elastic stress-Electric field{
εij = sEijklσkl − dkijEk

Di = diklσij + εσ
ikEk

(1.2.9)

• Elastic stress-Electrical displacement{
εij = sDijklσkl + gkijDk

Ei = −giklσij + βΣ
ikDk

(1.2.10)

• Elastic strain-electric displacement{
σij = cDijklεkl − hkijDk

Ei = −hiklεij + βZ
ikDk

(1.2.11)

The piezoelectric material properties may be represented by enij, dnij , gnij and
hnij , depending on which properties are considered to be independent. These
representations are described by different parameters, however, they refer to
the same underlying material and their use is equivalent.These coefficients are
summarized in Table 1.1. In this thesis the main forms used are the charge-stress
(enij) and the charge-strain form (dnij ). We can pass from one form to another
using:

Cijkl =
(
SE
ijkl

)−1 (1.2.12)
ekln = dijnCijkl (1.2.13)
εε
kl = εσ

kl − dijnCijkldnij (1.2.14)

The electro-elastic material matrix can then be represented as

EiJMn =


Cijmn j,m = 1, 2, 3,

enij j = 1, 2, 3; m = 4,

eimn j = 4; m = 1, 2, 3

εε
in j,m = 4,

(1.2.15)

The inverse of the electro-elastic material matrix (EiJMn) is the compliance
electro-elastic matrix FAbiJ . The properties of these matrices are derived from
their constitutive elements Cijmn, enij and εε

in, which means these matrices are

Table 1.1: Possible representations of the piezoelectric tensor based on
the independent variables of the mechanical and electrical fields.

Mechanical Field
Stress Strain

Electrical
Field

Charge enij dnij
Voltage gnij hnij

Germán Martínez Ayuso
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symmetric. With this notation we obtain the constitutive laws of piezoelectric
materials in matrix form as

ΣiJ = EiJMnZMn (1.2.16)
ZAb = FAbiJΣiJ (1.2.17)

Equivalently, the stresses ΣiJ can be rewritten as [21]



σ11

σ22

σ33

σ23

σ13

σ12

D1

D2

D3



=



C11 C12 C13 C14 C15 C16 −e11 −e12 −e13
C21 C22 C23 C24 C25 C26 −e21 −e22 −e23
C31 C32 C33 C34 C35 C36 −e31 −e32 −e33
C41 C42 C43 C44 C45 C46 −e41 −e42 −e43
C51 C52 C53 C54 C55 C56 −e51 −e52 −e53
C61 C62 C63 C64 C65 C66 −e61 −e62 −e63
e11 e12 e13 e14 e15 e16 εε

11 εε
12 εε

13

e21 e22 e23 e24 e25 e26 εε
21 εε

22 εε
23

e31 e32 e33 e34 e35 e36 εε
31 εε

32 εε
33



·



ε11

ε22

ε33

ε23

ε13

ε12

E1

E2

E3


(1.2.18)

The values and distribution of the non-zero parameters inside this matrix
can vary significantly depending on the type of material. Some examples of the
distribution of the non-zero values of this tensor can be found in [20]. The ceramic
piezoelectric materials used in this thesis exhibit transverse isotropic behaviour and
its structure is defined in IEEE Standard for piezoelectricity as C4V, represented
in Figure 1.2. The number of independent coefficients of these materials in the
elastic matrix is 5, in the dielectric matrix is 2 and in the piezoelectric matrix
is 3. In these types of transversely isotropic materials, the physical properties
are symmetric about an axis which is normal to a plane of isotropy [22] . The
piezoelectric effect is developed in the material when the charge symmetry is
broken. This happens when the material reaches the Curie temperature where

Figure 1.2: Piezoelectric electroelastic matrix structure for transversely
isotropic materials. From [20].

Modelling of Porous Piezoelectric Material and Potential Applications to Vibration Energy
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Figure 1.3: Polarization of piezoelectric material PZT-5A: When the
piezoelectric material reaches the Curie temperature there is a change
in its microstructure. The new configuration presents an unbalanced
electric field distribution (remanent polarization field). Left and right
pictures, configurations under and over the Curie temperature respec-
tively. From: [23]

it changes from tetragonal to cubic structure. Above the Curie temperature,
the structure is symmetric (cubic lattice) therefore there are no dipoles present
and the piezoelectric effect is not shown. Below the Curie temperature, the
material presents an asymmetric structure (tetragonal lattice) and its piezoelectric
properties are permanent. The polarization process is explained more in detail
in Chapter 3.

The material orientation and its structure defines the way the energy harvester
operates. Depending on the applied strain and its direction, different piezoelectric
coefficients are activated . To activate the piezoelectric coefficients e24 or e15, shear
strain is applied to the material [24]. The coefficient e33 is normally activated
using a force along the polarization direction [25, 26]. Finally, the piezoelectric
coefficients e31 and e32 are activated in direction (1,2) perpendicular to the
polarization direction (3). The exploitation of the coefficients e31 and e32 is useful
for both sensors and actuators due to several reasons. First, the high voltages
required to polarize the material limit the thickness of the piezoelectric layer to a
few millimetres. This is limiting for devices working in the e33 mode, but not e31
actuators/sensors which can extend over large areas with the corresponding large
electrodes. Second, in the e31 mode the electrodes are orientated in a different
direction to the strain is applied, which can improve the durability of the electrodes
and allow piezoelectric patches to be placed in beams which have lower natural
frequencies than stack devices. The lower natural frequencies means that it is
easier to tune the harvester to match the same frequency as the excitation from
the environment. Having the harvester resonate in this way increases the energy
harvested. The e31 mode is the most common configuration of the piezoelectric
material for energy harvesting, and hence will be used later in this thesis.

Germán Martínez Ayuso
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(a) Examples of linear response (blue) and
non-linear (hardening) responses (green and
orange)

(b) Non-linear jump due to multiple solu-
tions.

1.2.2 Piezoelectric Energy Harvesting
Piezoelectric materials have received a lot of attention in recent decades. They are
used as sensors (e.g. strain gauges) [27, 28, 29, 30], as actuators (e.g. ink printers
in industrial applications) [31, 32] or energy harvesters [4, 33, 34]. Many authors
have investigated the use of the piezoelectric materials for energy harvesting.
Sodano extensively reviewed its applications in references [34, 35, 36]. An
interesting review on the vibration energy harvesting is given by Siang et al. [37].
In that review, apart of the piezoelectric effect, many more different effects are
discussed such as electrostatic, flexoelectric, electromagnetic, etc. A review paper
more focussed on piezoelectric energy harvesting using MEMS was presented in
Saadon and Sidek [38]. Among many papers in energy harvesting, the author
highlights Kim et al. [39] which is another interesting review on piezoelectric
energy harvesting where different types of energy harvesters are considered (beam,
shell, stack, etc.) and Liu et al. [40] which reviews different materials, mechanisms
and applications.

One of the most comprehensive studies on piezoelectric modelling was done by
Ertuk and Inman [15, 41, 42] who studied the cantilever bimorph energy harvester.
This model has two piezoelectric patches attached to each side of the cantilever
beam which is excited using sinusoidal displacement at its base. They used
analytical solutions assuming a limited number of modes and their results were
validated experimentally. There have been several attempts to use non-linearities
to increase the energy harvester performance or tolerance to mistuning between
the excitation frequency and its natural frequency for example, by widening
the response around the natural frequency. However this sometimes involves a
decrease in the amplitude of the response at the peak as seen in Figure 1.4a or the
presence of a jump due to the presence of multiple solutions. Friswell and Adhikari
explored the possibilities of piezoelectric devices to harvest energy under non-
linear vibrations [43] and broadband excitation [44]. Some authors have combined
piezoelectric patches with non-linear electromagnetic excitation in order to tune
the natural frequency of the beam and adapt it to the excitation frequency [7, 45].
Cammarano et al. [46] studied the impact of the resistive load on energy harvesters
with a stiffening nonlinearity. They found that the nonlinear energy harvesters
with stiffening nonlinearities have similar optimal resistance load, allowing themto
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reach similar levels of voltage output as the linear counterparts over a wider
range of frequencies. Other authors focused on optimizing the geometry of the
harvesters such as [47] who developed a zigzag structure to enhance the power
output by increasing the strain on the piezoelectric patches. Or Masana and
Daqaq [48] who developed an electromechanical nonlinear model of an axially
loaded energy harvester. A overview of the developments in the field of energy
harvesting is given in Priya and Inman [49]. Different technologies are summarized,
such as piezoelectric, electromagnetic, or thermoelectric. Several applications
are also introduced, specially in the field of biomechanics and structural health
monitoring (SHM). Lewandowski et al. [50] studied the feasibility of a piezoelectric
implant powered by muscles from a theoretical point of view. The generator
concept is based on the hypothesis that more electrical power can be converted
from stimulated muscle contractions than is needed for the stimulations. They
suggested Barium Titanate (BaTiO3) as a possible material for this type of
harvester because it has piezoelectric properties and is biocompatible, reducing
the amount of complications post-operation. Sodano [51] presented an energy
harvester implemented in a backpack which it is able to harvest between 0.015
and 0.04 W, depending on the weight loading and the number of piezoelectric
straps. These piezoelectric straps are made of polyvinylidene fluoride (PVDF)
and they are designed to work as a stack (using the e31 coefficient), and hence
it is anticipated that the actual power would be higher than the predictions
due to bending effects. In Mateu and Moll [52] an energy harvester made of
piezoelectric film-bending beams is implemented inside a shoe. Due to the limited
space for the beams to deflect, the power output is very limited and this space
needs to be considered as a key factor. No experiments support this study and no
other factors such as comfort have been considered. Deterre et al. [53] presented
the design, fabrication, and testing of a micro spiral-shaped piezoelectric energy
harvester that collects energy from blood pressure. This device has important
applications for powering small implantable medical devices such as pacemakers
or health monitoring devices. In Zhu et al. [54] an energy harvester of the size
of a credit card is presented as a node for sensor applications (See Figure 1.5).
This harvester produced a maximum output power of 240 W (for excitation at a
frequency of 67 Hz, with an amplitude of 0.4 g). The harvester is fabricated using
film printing technology and its generated power is sufficient to enable periodic
sensing and transmission. Piezoelectric materials have also found important
applications in the field of SHM and energy harvesting [49]. In Elvin et al. [55] a
self-powered damage sensor using piezoelectric patches is presented. A network of
these strain sensors is embedded in the structure and it is able to measure strain
and transmit it to a central node when dynamic loads are applied to the structure
such as moving vehicles. Ha and Chang [56] investigated the suitability of energy
harvesting techniques using a network of piezoelectric sensors and actuators on a
structure. They concluded that the total power requirement of the piezoelectric
device (based on Lamb-wave transmission of energy) far exceeds the current energy
harvesting capability. The electromechanical impedance (EMI) technique using
piezoelectric sensors, has been successfully applied to structural health monitoring
[57, 58, 59, 60, 61]. Recommended articles about piezoelectric materials for SHM
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are Na and Baek [62] and Tuloup et al. [63].
There is significant research on the optimization of the geometry of energy

harvesters, but little has been done on the optimization of the material used
for the piezoelectric layers. The properties of a material may be changed by
mixing the material with other materials in order to improve the overall properties
of the resultant composite material. It should be noted that the efficiency of
a material for energy harvesting is roughly defined by two parameters: the
electromechanical coupling and the capacitance. The electromechanical coupling
defines the energy transformed from strain to the electric field or the vice-versa
and it depends directly on the piezoelectric coefficients (e , d ). The capacitance
is defined by the energy lost in the generation of parasitic electric fields inside the
material and depends on the dielectric coefficients. One approach to increasing
the efficiency of piezoelectric devices is to improve the mechanical properties in
order to harvest more energy. This can be achieved by mixing elastic materials
within a piezoelectric matrix. The additive matrix presents better material
properties, such as higher elastic modulus, higher yield strength, etc. Typical
materials used as additives are polymers, which much more flexible and less
brittle than the piezoelectric ceramics. The resultant composite generally presents
properties within the range defined by the piezoelectric and elastic properties
of its components. The other approach is to improve the electric properties by
modifying the piezoelectric and dielectric coefficients by adding a new phase to
the composite material. Capacitance is one of the main phenomena responsible
for the losses in the energy harvester, and therefore it is reasonable to aim
to reduce the capacitance in order to optimize the material and consequently
the energy harvester. Porous piezoelectric materials are able to reduce the
capacitance because its dielectric properties, responsible for the capacitance, can
be controlled by increasing or decreasing its porosity. Hence this represents
a good alternative to the traditional PZT-polymer composites; little emphasis
has been given to them, although they exhibit good piezoelectric properties
and low capacitance [64]. Early experimental work on this type of material
was reported by Roncari [65] who gave a comprehensive review of the different

Figure 1.5: Energy harvester of the size of a credit card. From [54].
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methods to prepare porous piezoelectric ceramics. Li et al. [66] characterized
porous piezoelectric material from experimental results. Bowen et al. [67] reviewed
how the porosity affects the piezoelectric and dielectric coefficients through the
experimental figures of merit (FOM) for different fabrication processes, such as
freeze-casting or self-raising and the burn out polymer spheres process (BurPS).
Roscow et al. [68] used piezoelectric porous materials for energy harvesting
depending on their piezoelectricity, pyroelectricity and ferroelectricity properties.
Ferroelectric materials are those materials which possess one or more ferroelectric
phases. The ferroelectric phase is a particular state exhibiting spontaneous
polarization which can be reoriented by an external field [69]. This polarization
might produce a coupling between the electric field and the mechanical field
or between the thermal field and the electric field. The former coupling is
referred as piezoelectric coupling and converts electrical energy from/to mechanical
vibrations. The later is known as pyroelectric coupling and converts energy from/to
temperature fluctuations [68] . Roscow [70] reviewed the manufacturing processes
for porous piezoelectric materials. Martínez-Ayuso et al. studied the use of these
porous materials for energy harvesting using harmonic base excitation [71] and
using mechanical impacts as the source of vibration [72].

As stated above, the material properties of porous piezoelectric composites
depend on the percentage of each phase in the material. Hence, for each percent-
age step there will be a unique change in the material coefficients. Performing
experiments over the whole range of the percentage variations is costly, and hence
the most efficient approach is to predict the material properties using a homoge-
nization scheme. In the next chapter, the homogenization of porous piezoelectric
material is undertaken using different schemes, which includes both analytical
and numerical methods. The complete set of material properties is obtained, i.e.
mechanical, electrical and dielectrical properties. This homogenization process is
further developed in Chapter 3 by including the polarization.

1.2.3 Fabrication Process
To manufacture porous piezoelectric material, commercially available barium
titanate powders (BaTiO3, d33=147 pC/N, relative permittivity εT33/ε0 =1470
[70, 73], deionized water and poly (acrylic acid) (PAA, Mv 100,000, Sigma Aldrich)
and polyethylene glycol (PEG, Mv 8,000, Sigma Aldrich) are used as the starting
materials, the freezing vehicle, the dispersant and the binder/pore forming agent
(PFA), respectively.

There are two main methods to manufacture porous materials, namely the
burned out polymer sphere method (BURPS) and the freeze casting method. In
the BURPS method, the samples are made by ball milling PZT-5H or barium
titanate powder, PVA binder, a volatile additive and water. The amount of
volatile additive defines the percentage of porosity. After apply pressure at 50
MPa, a heat treatment at 400 ◦C is applied to burn off the additive, followed by 2
h at 1125 ◦C to sinter the ceramic material [67]. In this method, the resulting
inclusions are sphere-like or slightly ellipsoidal.

For the freeze-casting method , the technique consists of freezing a mixture
of barium titanate powders, 3 wt.% dispersant and 3 wt.% binder. The slurry
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(a) (b) (c) (d)

Figure 1.6: Freeze casting method. a) Suspension of piezoelectric
particles. b) Growing of the ice pillars. c) Structure after sublimation
of the ice pillars. d) Stratification of porous structure across mould.
From Deville et al. [77]

is poured into a transparent aligned cylindrical polydimethylsiloxane (PDMS)
mould, which is then transported to a copper cold finger and placed in a liquid
nitrogen container. Given the low temperatures, ice pillars grow from the bottom
(in contact with the liquid nitrogen) to the top of the mould. The frozen barium
titanate pillars are then freeze-dried under reduced pressure to remove the ice
dendrites. Later the samples are sintered to consolidate and densify the structure
by raising the temperature up to 500 ◦C for 2 hours to remove the organic
additives, followed by heat-treatment at 1200 ◦C for 2 hours and then finally
allowed to cool down naturally. This heat treatment leads to a porous structure
with unidirectional channels in the case of unidirectional freezing[74]. More details
about this method and the details of the freezing of the suspension and aqueous
solution chemmical composition can be found in [75, 76] Finally the sintered
ceramics are cut to a diameter of 10 mm and a thickness of 1 mm with a cutting
machine.

After the manufacture of the porous disks, the piezoelectric strain coefficient,
d31, was measured using a Berlincourt Piezometer (PM25, Take Control, UK),
which applies an alternating force of 0.1 N at a frequency of 97 Hz. The applied
force frequency is low compared with any sample resonances, yet high enough
that a conclusive and accurate measurement can be obtained. The magnitude of
the applied force is not important, as long as the material is still operating in
the linear regime.Measurements of the relative permittivity of the sintered porous
barium titanate were carried out at room temperature using an impedance analyser
(Solartron 1260, Hampshire, UK). However, not all the material properties required
to model the composite using the finite element (FE) method can be obtained
without more advanced testing. For example, the elastic modulus cannot be
measured with the widely used resonance technique because the air in the porous
material attenuates the resonance, reducing the reliability of the measurement.
Other mechanical tests which measure these elastic properties might destroy the
patches. Therefore, to avoid these problems, homogenization processes are used
to predict the complete set of material properties [78].
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Chapter 2

Homogenization of Porous
Piezoelectric Composites

2.1 Introduction
Chapter 1 highlighted that piezoelectric materials play an important role in scav-
enging energy from vibrations from the surrounding environment. Unfortunately,
these materials also have some disadvantages, such as energy losses due to the
electrical field induced in the material [18]. These losses are proportional to the
dielectric coefficients. When the material has high dielectric coefficients, the
electric field stored inside the material due to its capacitative properties is higher,
which results in less usable energy . In recent years, the efforts of researchers
from different disciplines have led to the development of composite materials
which improve the overall behaviour of the raw materials. The use of composite
materials has beenexpanded and generalized to different industrial applications,
such as naval or aerospace. These composite materials aim to achieve specific
required values of parameters, such as elasticity, strength, thermal properties or
piezoelectric coupling, by mixing different materials, called phases, in specific
percentages. These mixes are limited mainly by the material properties of the
raw materials, but other factors, such as the fabrication process, can limit the
composition too. Since composites are a mix of different materials, their properties
are always in between the maximum and minimum values for the raw materials.
One approach to enhance the properties of the piezoelectric materials is to improve
the elastic properties to allow higher strains which generate more energy in the
case of energy harvesters. This can be achieved by mixing the brittle PZT with
more flexible materials such as polymers, so that the resultant composite has
better overall elastic properties, such as the Young’s modulus or the fracture
limit. These final properties depend on the properties of the material added to the
piezoelectric phase, e.g. its structure, electromechanical properties, percentage
added, etc.

In this thesis, a different approach is proposed, which aims to improve the
overall behaviour of the energy harvester using an improved composite material
with lower dielectric coefficients, such as porous piezoelectric materials. Composite
science allows the decrease in the dielectric coefficients using a material with lower
dielectric values, for instance air which has almost zero permittivity. The drawback
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of this approach is that the elastic and piezoelectric coefficients also decrease,
but at a different rate than the dielectric coefficients. In this sense, the porous
piezoelectric materials represent a good alternative to the traditional PZT-polymer
composites. Nevertheless little emphasis has been given to porous piezoelectric
materials, although they exhibit good piezoelectric properties and low capacitance
[64]. The detailed study of how to optimise these parameters with respect to
the percentages of the phases is critical for the correct design and optimisation
for possible applications. Initially , experiments are the best way to obtain
a prediction of the final material properties, but their disadvantages are quite
important:

• Expensive. The cost associated with the realization of experiments can be
quite high, not only because of the materials used, also because of the tools
used for the fabrication or the sensors used for the characterization process.

• Time. The experiments require time to realise a single test. This time varies
depending on the fabrication process, but in some cases can be quite long,
and is an important factor to control in the experimental study.

• Repeatability and errors. Due to the nature of the experiments, smalls
errors or differences can be introduced in the test which results in different
values of the parameters for similar tests. In some cases, these differences
can be considerable.

• Discrete nature. The experiments only provide information of the tested
material, requiring a mathematical model for the extrapolation of other
parameter values.

Due to all these factors, it is preferred to use analytical or numerical models which
can predict the material properties of the equivalent composite. These models
have to be validated with experimental results in order to ensure the applicability
of the model to the given material. The application of these models can help
to optimize the percentage of each phase or the distribution of the phases in
case of functionally graded materials. The process to obtain or estimate a priori
the material properties of a composite material is called homogenization. The
homogenization process to obtain the homogenized propertiescan be performed
using different methods or approaches, such as:

• Finite Element Method. Based on solving the cell problem using the finite
element method and later averaging the stresses and strains.

• Mean-Field Homogenization. Based on solving analytically the inclusion
problem.

• Asymptotic Homogenization. Based on computing the homogenization
solution using a parameter ε which tends asymptotically to zero.

• Generalized Method of Cells. Based on assuming a piece-wise uniform strain
and stress distribution inside each subcell of the analysed volume.
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In this thesis, two main methods are used: the numerical finite element scheme
and the analytical mean-field homogenization. These are the main methods to
homogenize composite materials and they are explained in the following sections.
Many authors have investigated the homogenization of piezoelectric materials
using analytical approaches. One of the earliest works using analytical models
of piezoelectric composites was by Newnham [79] who explored the properties,
connectivity patterns, and symmetry of the composite. He realised the relation
between the connectivity and the field and the force concentration. Nemat-Nasser
and Hori [80] wrote the book “Micromechanics: Overall Properties of Heteroge-
neous Materials” in 1993, which is considered to be one of the main works on
the homogenization of heterogeneous materials. In this book, an analytical study
of different heterogeneous composites was given, from composites which contain
inhomogeneities to those which have micro-cracks. Dunn and Taya [81] extended
the Mori-Tanaka method, one of the most reliable analytical homogenization
methods, to include the electrical coupling of piezoelectric materials. Also, they
calculated the corresponding Eshelby tensor [81] which is required to calculate an-
alytically the relation between the strain inside the inclusion and the macro-strain
[82] and hence the electro-mechanical matrix of the corresponding homogenized
material. In addition to the analytical models, homogenization can be performed
by a numerical approach using FE techniques. Different authors have highlighted
the validity of such techniques for different fields such as elasticity [19, 83, 84, 85],
plasticity [86, 87], non-linearities [88, 89], and complex microstructures [19, 90].

Until now, few studies have been performed on the homogenization of porous
piezoelectric material. Dunn and Taya [21] used the analytical Mori-Tanaka
approach to evaluate the properties of porous PZT. Lewis et al. [91] accounted for
the distribution of inclusions in porous piezoelectric material showing a good match
with experimental results, but not accounting for the inclusion shape. Roscow et
al. [92] estimated the homogenized properties of porous piezoelectric materials
with randomly distributed inclusions using FE techniques, and accounted for the
polarization effect. Kar-Gupta and Venkatesh [93] used a finite element model
to analyse the influence of the porosity percentage and the orientation of the
inclusion on the effective parameters. Other authors have studied the distribution
of inclusions using statistical approaches to account for randomness in the location
of the inclusions [94, 95].

The two main types of homogenization scheme used in this thesis are the
mean-field homogenization theory and the finite element method. The former is an
analytical theory on which many analytical approaches to homogenize composite
materials are built, such as the Mori-Tanaka scheme or the Self-consistent theory.
Section 2.2 summarises the analytical homogenization approach based on the
Hill-Mandel principle and the Eshelby solution for inclusions in an infinite matrix,
to derive the well-known Mori-Tanaka method and the Self-consistent scheme. In
addition, two methods to estimate the limits of the properties are given. The
second approach is a numerical method which uses the finite element method to
simulate the discrete nature of the composite material, to test it virtually and to
estimate the equivalent material properties by averaging of the properties over the
whole domain. This is explained in Section 2.3 where the boundary conditions
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and homogenization assumptions are detailed. The numerical homogenization
method uses commercial FE software to obtain the equivalent material properties.

2.2 Analytical Homogenization

2.2.1 Introduction
Since linear behaviour is assumed through the composite, it is logical to assume
thatthe response of the composite material is a superposition of the response of
the different phases averaged in some way. The composite response is determined
by the homogenized composite properties called “effective properties” or “macro-
properties”, denoted with an overbar over the correspondent variable symbol.
These macro-properties, Σ and Z, also have to be consistent with the energy
conservation principle, that means the virtual work Won a given material volume
(V ) at the macro-scale must be equal to the virtual work at the micro-scale. Thus

δW =
1

V

∫
V

δWdV (2.2.1)

The overbar denotes a volume-averaged quantity or macro-parameter. This
principle is also called the “Hill-Mandel condition”. The simplest way of under-
standing a heterogeneous material is seeing its macroscopic behaviour as defined by
different elastic parameters called “effective elastic properties” which are constants
and depend on the constituents of the composite material. These assumptions are
derived from the linear behaviour assumed at all the material points contained in
the composite material. Therefore the following condition must be satisfied, for
both mechanical and electrical behaviour,

σ : ε =
1

V

∫
V

σ : ε dV , D : E =
1

V

∫
V

D : E dV (2.2.2)

where V is the domain where the homogenization is performed. From this
condition, we can obtain

Σ
I
=

1

V I

∫
V I

ΣdV , Σ
m
=

1

V m

∫
V m

Σ dV (2.2.3)

Z
I
=

1

V I

∫
V I

ZdV , Z
m
=

1

V m

∫
V m

ZdV (2.2.4)

and therefore

σI =
1

V I

∫
V I

σdV , σm =
1

V m

∫
V m

σdV (2.2.5)

εI =
1

V I

∫
V I

εdV , εm =
1

V m

∫
V m

εdV (2.2.6)

D
I
=

1

V I

∫
V I

DdV , D
m
=

1

V m

∫
V m

DdV (2.2.7)

E
I
=

1

V I

∫
V I

EdV , E
m
=

1

V m

∫
V m

EdV (2.2.8)
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The Hill-Mandel condition is fulfilled when we apply linear displacements,
uniform tractions, mixed boundary conditions or periodic boundary conditions on
the analysed volume [80, 96]. The choice of boundary conditions will be discussed
later. When we apply one of these boundary conditions, the variables such as
strain, stress, electrical displacement and electrical field in a finite volume V are
equal to the macro equivalent variable, namely macro strain, macro stress, macro
electrical displacement, and macro electrical field. Hence we can extrapolate the
results of a representative volume to the macro scale.

From the assumptions made previously, Equation (2.2.2) are simple volume
averaged quantities over a suitable cell, called a representative volume element
(RVE), that can estimate the overall properties [17, 21, 97, 98]. The chosen volume
must be statistically representative of the material at the macroscale. Accordingly
to these suppositions, the volume-averaged fields of the composite with N phases
can be obtained using the averaged summations as

Σ =
N∑
r=1

crΣ
r (2.2.9)

Z =
N∑
r=1

crZ
r (2.2.10)

where cr is the volume fraction of the phase r. The matrix is the phase r = 1.
Following this approach, the constitutive equations for the composite can be
expressed in terms of the volume-averaged fields.

Σ = E Z (2.2.11)

Define the strain-potential gradient concentration tensor, or simply the con-
centration tensor, Ar, for each phase r as the tensor which relates the average
strain and potential gradient in phase r to that in the composite. Hence

Zr = Ar Z (2.2.12)

which together with equation 2.2.10 gives:

Z =
N∑
r=1

crZ
r =

N∑
r=1

crA
r Z (2.2.13)

I =
N∑
r=1

crA
r (2.2.14)

This relationship must be fulfilled by all the concentration tensors [97]. Combining
this relation with the above equations, yields the electromechanical modulus of
the composite in terms of the constituent moduli as

E =
N∑
r=1

crE
rAr = EM +

N∑
r=2

cr(E
I − EM)Ar (2.2.15)

The procedure used to evaluate the concentration tensor defines the different
methods, such as the self-consistent or Mori-Tanaka methods, as discussed in the
following sections.
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Figure 2.1: Eshelby tensor definition: Relates the strain tensor between
inside and outside of the inclusion.

2.2.2 Eshelby Solution
A composite material can be described as one or more well-defined phases inside a
matrix made of other material different from those of the phases. These phases have
a defined boundary with the matrix, so these phases have specific shapes (layers,
fibers, spheres, ellipsoids, etc.). Depending on the geometry of the inclusions,
the procedure is different. The study of the analytical solution of an ellipsoidal
inclusion inside a matrix was pioneered by Eshelby [82] in 1957. He considered that
the matrix is infinitely larger than the inclusion. This assumption holds for non-
high inclusion percentages, and some authors reported the maximum percentage
is about 50 percent of the volume[21, 81]. Eshelby developed relations between
the stress and strain in the inclusion and the matrix through a concentration
tensor called the “Eshelby Tensor” S∗. This tensor relates the constrained strain
inside the inclusion (Z∗)with the strain outside of the inclusion Z [82]. Hence:

Z = S∗ Z∗ (2.2.16)

This solution, based on the linearity of the material behaviour, solves the Green’s
function for the elliptical shape. The solution has been extended by varying the
dimensions of the ellipsoid axis, for fibers (one of the axis is infinite), spheres
(all axis are equal) or cracks (one of the axis is zero) or for non-elliptical shapes
as arbitrary polygonal ones or those characterized by the finite Laurent series
[99, 100]. For an ellipsoidal inclusion in a homogeneous infinite matrix, the Eshelby
Tensor is constant, due to the uniform relationship between the stress and strain
fields. This relationship was demonstrated in reference [82] using a tensor Dijkl

(please note this is different from the electric displacement tensor Di used later)
which relates the displacement gradients to the stress inside the inclusion. The
Eshelby tensor can be calculated using different approaches, such as calculating
the electro-elastic Green’s function or solving the integrals associated with the
inclusion problem.

Based on the previous works of Degg [101], Dunn and Taya extended this
tensor to include piezoelectrical materials [81] obtaining the Eshelby tensor for
piezoelectric materials which accounts for the mechanical and electric field. Dunn
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and Taya obtained the Eshelby tensor expressed as implicit integrals. Later,
Mikata [102] obtained this tensor explicitly and this is the form we are using in
this thesis. To obtain the Eshelby tensor for a given material, only the elastic
properties of the matrix (isotropic, transverse isotropic, orthotropic, etc) and the
shape of the inclusion are required, and this tensor changes depending on the
geometry considered such as, fibre, sphere or ellipsoid. In our case, we consider
a piezoelectric material matrix behaviour which is transverse isotropic and with
spherical inclusions. As mentioned before, in this thesis, the approached proposed
by Mikata [102] is followed in order to obtain the piezoelectric Eshelby tensor
which is given by (indicial notation is used here):

SMnAb =


1

8π
FiJAb(IinmJ + IimnJ) M = 1, 2, 3

1

4π
FiJAbIin4J M = 4

(2.2.17)

where:

IinMJ = a1a2a3

∫
|x|=1

1

µ3
xixnK

−1
MJdS (2.2.18)

µ =
√
a21x

2
1 + a22x

2
2 + a23x

2
3 (2.2.19)

KMJ = E−1
pMJqxpxq = E−1

pJMqxpxq (2.2.20)

and ai is the lenght of the semi-axis of the ellipsoid in the xi direction. µ is a factor
which accounts for the shape of the inclusion. xi are the integration variables
and Eijkl is the constitutive tensor. It should be noticed that the Eshelby tensor
is not a real tensor from the mathematical point of view, because it does not
transform according to the tensor transformation rule [102]. In his paper, Mikata
uses several transformations in the previous equations to obtain the Eshelby tensor
for a general ellipsoid in a transverse isotropic piezoelectric material which is the
case of this thesis. For the sake of brevity, the mathematical development and the
final equations are not stated in this thesis, since they are not the objective of the
research. The author refers to Mikata [102] to obtain these equations and further
understanding about how the Eshelby tensor is obtained. The Eshelby tensor by
itself cannot be used to homogenize a composite material, but it is the basis of
the analytical homogeneization and will be used in the most important theoretical
approaches such as the Mori-Tanaka method and the self-consistent scheme [103].

2.2.3 Mori-Tanaka Method
The Mori-Tanaka method [104] was developed for calculating the average inter-
nal stress in one matrix which contains precipitates with eigenstrains. Later,
Benveniste [105] extended this approach to composite materials, considering
anisotropic phases and ellipsoidal phases [106]. In this method each inclusion
behaves as an isolated inclusion, embedded in an infinite matrix with properties
EM that is loaded remotely by an applied strain. Hence each inclusion is subjected
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to the averaged stress fields acting on it from all the other inclusions, through the
superposition of stresses. The procedure of this method is detailed next. Firstly,
an influence tensor has to be calculated for every phase r which is denoted as
AI,r

0 . This concentration tensor is assumed to be equal to the relation between
the strain in the inclusion with the strain in the matrix [103], EM , as

EI,r = AI,r
0 EM (2.2.21)

This concentration tensor is written in terms of the Eshelby tensor, S∗, as

AI,r
0 =

[
I + S∗ (EM

)−1 (
EI,r − EM

)]−1

(2.2.22)

These concentration tensors are then averaged to obtain a general influence tensor
(AI,r

(MT )) as

AI,r
(MT ) =

[
cIrI + cM

(
AI,r

0

)−1

+
N∑
j=1

cIrA
I,j
0

(
AI,r

0

)−1
]−1

(2.2.23)

Finally we obtain the effective electro-elastic material tensor (E∗) by Equa-
tion (2.2.15) as

E∗
(MT ) = EM +

∑
r=1

cIr
(
EI,r − EM

)
AI,r

(MT ) (2.2.24)

This method is also considered to be consistent since the inverse of the elec-
tromechanical matrix E∗ is equal to the compliance electromechanical matrix
F∗.

2.2.4 Self-consistent Method
The self-consistent method of Hershey [107] and Kroner [108] was originally
proposed for aggregates of crystals and extended by Hill [109] for application
to composites. The self-consistent method (SCM) approximates the interaction
between the phases by assuming that each phase is embedded in some equivalent
medium with electroelastic properties E∗, which represents the influence of all
other inclusions [18, 110]. A priori, the value of E∗ is unknown, so an iteration
scheme has to be used. According to Norris [111], the SCM has two groups,
symmetric models where the phases are interchangeable and none of them are
dominant, or asymmetric models were one phase is taken as a matrix phase, and
the rest are all inclusions. Asymmetric models are preferred by Wu [112] and
Boucher [113] although, for the sphere inclusion shape, both approaches lead to
the same result. In general, the self-consistent method gives a sufficient prediction
of the behaviour of poly-crystals but it is less accurate in the case of two-phase
composites [114]. In the present thesis, a variant of the self-consistent method is
used based on the Zouari approach [115]. The procedure relies on a progressive
introduction of the inclusions in the matrix. For each step, the behaviour of the
homogenized medium is obtained by the self-consistent method and is used as the
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matrix for the following step. In the SCM, we account for the influence of each
phase through an influence tensor, which is also related to the Eshelby tensor. We
can obtain the influence tensor at each step N as

Ar
N,(SCS) =

[
I + S∗ (E∗

N−1

)−1 (
EI,r − E∗

N−1

)]−1

(2.2.25)

The parameter Ar
N,(SCM) is the concentration tensor for the self-consistent method

(SCM) for the phase r in step N . This parameter is introduced in Equation (2.2.15),
which gives the electromechanical properties E∗

N for the self-consistent scheme as

E∗
N,(SCM) = EM +

N∑
r=1

(
cIr,N − cIr,(N−1)

) (
EI,r − EM

)
Ar

N,(SCS) (2.2.26)

The main difference between the self-consistent scheme and the Mori-Tanaka
method is that Mori-Tanaka accounts for the effect of other inclusions through the
concentration tensor, whereas the self-consistent method considers this effect using
the effective properties of the embedded material inclusions as matrix properties.

2.2.5 Modified Halpin-Tsai Bounds
These bounds are one of the most popular approaches for composite homogeniza-
tion. They are based upon the “self-consistent method” developed by Hill [98]
which Hermans [116] employed to obtain a solution in terms of Hill’s “reduced
moduli”. Later Halpin and Tsai reduced Hermans solution to a simpler analytical
form and extended its use to different geometries. In this thesis, a variation based
on the Halpin-Tsai bounds will be used. This variation was developed and used
by Odegard [97], and it establishes a geometrical relation between the different
electroelastic matrices averages with their percentage of inclusions:

E∗
iJKl = EM

iJKl

1 +
∑N

r=2 η
r
iJKlc

r

1−
∑N

r=2 η
r
iJKlc

r
(2.2.27)

where

ηriJKl =
EI

iJKl − EM
iJKl

EI
iJKl + EM

iJKl

(2.2.28)

The upper and lower values are defined by considering one material or the other as
the matrix material ([E][M ]), being the higher bound when the stiffer material is
considered, in this case the piezoelectric material. The lower bound is calculated
considering the air as the matrix material which in our case is not physically
meaningful. Furthermore the result is zero due to negligible stiffness of the air.
Hence

Upper bound → E∗
iJKl = Epiezo

iJKl

1 + ηriJKlc
r

1− ηriJKlc
r

(2.2.29)

where

ηriJKl =
Eair

iJKl − Epiezo
iJKl

Eair
iJKl + Epiezo

iJKl

(2.2.30)
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2.2.6 Hashin-Sthrikman Bounds
The approach of Hashin and Shtrikman [117] was to calculate the tightest bounds
possible for a two-phase material. This method is based on the Mori-Tanaka
method. It leads to upper and lower bounds, which can be calculated by applying
the Mori-Tanaka method considering the matrix material to have the best proper-
ties for the upper bound, and interchanging phases for the lower bound. In our
case, the piezoelectric material has better properties, so using it for the material
matrix, gives the lower bound.

Upper bound → E∗
(HS+) = EI + cM

[(
EM − EI

)−1
+ cISI

(
EI
)−1
]−1

(2.2.31)

Lower bound → E∗
(HS−) = EM + cI

[(
EI − EM

)−1
+ cMSM

(
EM
)−1
]−1

(2.2.32)

As we can see, the upper Hashin-Shtrikman bound cannot be calculated, because
it involves the inverse of the inclusion electroelastic material matrix, which in our
case (air) is considered as zero. Since the stiffness of the air inclusion is negligible,
the bound defined in Equations (2.2.31) and (2.2.32) as the higher bound, E∗

(HS+),
tends to zero in the resultant electromechanical stiffness matrix, and in contrast,
the lower bound, E∗

(HS−), represents the maximum values for this method. Hence,
for the porous material case, the results are inverted, but to keep consistency with
the literature, in this thesis these results are not inverted. Hence, in this thesis,
similar to the Halpin-Tsai bounds, only the lower bound is obtained and shown in
the results.

2.3 Numerical Homogenization

2.3.1 Representative Volume Element (RVE).
To apply the Finite Element Method (FEM), we need to define the dimensions and
characteristics of the model or the part of the model we are going to design. The
part to bemodelled should be statistically representative of the macro-element,
and it is called a“representative volume element” (RVE). We can ensure that
the element is representative by choosing the correct size of the RVE, which for
material homogenization is normally a cube with a specific side length LRV E. The
size of the RVE should be big enough to account for all the properties of the
model, e.g. the number of phases, the percentage of the phases, etc., but small
enough to make the computation time reasonable and with the precision required.
That the RVE is sufficiently small means that the averaged field variables, e.g.
stress and strains, vary at most linearly within the RVE, a condition known as
scale separation (or 1st order homogenization) [80]. That the RVE is sufficiently
large means that the averaged field variables for a given macroscopic “point” do
not change significantly with a further increase of the RVE size. The size of the
RVE is discussed more carefully by Nemat-Nasser and Hori [80]. Obviously, the
RVE size will be also conditioned by the size of the inclusions. The porous regions
or inclusions are air spheres whose diameter depends on the fabrication method.
For polymers made using self-raising powder, the diameters are between 30-90
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(a) Inner inclusion view. (b) Mesh element view.

Figure 2.2: Different views of the representative volume element. a)
Inner inclusion view. b) Mesh element view.

µm [67]. When the BurPS process is chosen, which burns out polymer spheres
when the mix is exposed to high temperatures, the diameters are between 70-200
µm [67]. In some cases, for example when poly(methyl methacrylate) is used, the
diameters can be over the 200 µm. These processes are detailed in Section 1.2.3.
Knowing the distribution of the inclusions inside the matrix and their size, we
can choose an appropriate RVE size. The distribution of inclusions in the RVE in
the numerical model developed in this thesis corresponds to an homogeneous and
perfect distribution, as seen in Figure 2.2. This geometry does not fully represent
the random distribution of pores present in real samples. However, it allows us,
in a simple manner, to compare this model with the analytical results which do
not account for randomness effects since they do not include the location of the
inclusions. Also, this approach helps to reduce the computational cost significantly
since only one distribution model is considered. The samples manufactured in the
laboratory have a random location of the inclusions, however, if this randomness
is equally distributed from a macroscopic point of view, the results between the
random and non-random distributions are comparable. If randomness or clustering
effects are important, these features can be included in the FE homogenization
by implementing inclusion location distributions such as the Gauss distribution,
constant randomness, etc.

On this previously defined RVE, the effective properties of the material are
obtained by volume averaging (or homogenization). For a random micro-structure,
the true effective properties are obtained as the converged values when LRV E

becomes sufficiently large. However, in practice, to avoid excessive computational
costs, it is necessary to choose a cell of finite size. For our non-random case it is
only required to use a size which represents the smallest periodic geometry which
is still representative of the material configuration. If the RVE is statistically
representative of the composite geometry and properties, then E = F

−1 as seen in
Equations (1.2.16) and (1.2.17). A consistent averaging technique is expected to
satisfy this inverse relation with reasonable accuracy.

Germán Martínez Ayuso



32 2.3. NUMERICAL HOMOGENIZATION

2.3.2 Periodic boundary conditions

A numerical model is simulated to check the analytical results, using a finite
element model, based on the simulated RVE. These elements have properties
corresponding to the phase they are contained within. The definition of the
element properties is straightforward as soon as we know the properties of the
phases (PZT and air) and the geometrical distribution.

To define completely a numerical model, appropriate boundary conditions
have to be defined. These boundary conditions have to represent the behaviour of
the heterogeneous material RVE in a specific situation, for example in a traction
test (Dirichlet conditions or Neumann conditions) or inside a matrix of a repeated
RVE (Periodic Boundary Conditions). The most common boundary conditions in
micro-mechanics homogenization were, until recently, kinematic uniform boundary
conditions or Dirichlet boundary conditions. Under these conditions, uniform
displacements are applied to the boundary, fixing some points of the RVE. On
the opposite side, the static uniform boundary conditions, or Neumann boundary
conditions, applied by uniform tractions to the edge of the RVE are considered.
According to Hill [98], an RVE is well-defined when the responses under Dirichlet
and Neumann boundary conditions converge. This convergence of the effective
properties as a function of the size of the unit cell has been studied by Huet
[118] and Amieur et al. [119]. In addition to the mentioned uniform boundary
conditions, mixed boundary conditions were proposed by Hazanov and Huet
[120]. These boundary conditions were proposed due to the difficulty in setting
up experimentally the uniform conditions (Dirichlet and Neumann conditions).
Huet [118] and Hazanov [121] demonstrated that these mixed boundary conditions
yield better approximations of the effective properties than the uniform ones.
Finally, periodic boundary conditions can be formulated for unit cells when the
volume represents a periodic structure. Terada [19] investigated the application
of periodic boundary conditions in micromechanics. He showed that:

• Periodic boundary conditions applied on a relatively small RVE provides
reasonable estimation of the effective properties even if the medium doesn’t
have actual periodicity.

• Periodic boundary conditions give a more reasonable estimate of the effective
moduli than either Dirichlet or Neumann boundary conditions.

For these reasons, periodic boundary conditions are imposed in our model. Further
information about the formulation and justification of these conditions can be
found in [19]. As shown in Figure 2.3b, the chosen boundary conditions imply that
the opposite edges have identical deformation, and opposite stress direction [122].
These conditions simulate the boundary conditions created by an infinite matrix
surrounding the RVE, as shown in Figure 2.3a. This matrix is supposed to consist
of an infinite series of RVEs repeating in all directions. This assumption allows us
to choose the minimum RVE which ensures a representative geometry, and hence
simplify the model to a single one. For a hexahedral RVE in x ∈ [0, Lx],y ∈ [0, Ly]
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(a) Periodicity: RVE inside
an infinite matrix of RVEs.

(b) Periodic boundary condi-
tions definition

Figure 2.3: Periodic boundary conditions for a representative volume
element

(a) Corners (b) Edges without cor-
ners.

(c) Surfaces without
edges.

Figure 2.4: Example of the coupling between nodes located on the
boundaries depending on the location on the RVE boundary.

and z ∈ [0, Lz], these conditions are expressed mathematically as:

~Σi(0, y, z) = − ~Σj(Lx, y, z) ~Zi(0, y, z) = ~Zj(Lx, y, z) (2.3.1)
~Σi(x, 0, z) = − ~Σj(x, Ly, z) ~Zi(x, 0, z) = ~Zj(x, Ly, z) (2.3.2)
~Σi(x, y, 0) = − ~Σj(x, y, Lz) ~Zi(x, y, 0) = ~Zj(x, y, Lz) (2.3.3)

To simulate the periodic boundary conditions in ANSYS®, a macro written by the
thesis authorlinks all boundary nodal displacements depending on their position,
as Figure 2.4 shows [123]. To link correctly the values of the displacements between
opposite nodes, the relative positions of these nodes with respect their surface
have to be the same. This means that the meshes should be equal on opposite
faces. To achieve this, we mesh the primary surfaces and copy this mesh to the
secondary surfaces. When all surfaces are generated, we generate the volume
mesh. Berger et al. [123] used only one element in the transverse direction due
to the transverse isotropic behaviour, but here we consider the volume is a 3D
cubic volume with side equal to L. Also the nodes have only three mechanical
(directions X, Y and Z) and one electrical (voltage VOLT) degrees of freedom, so
appropriate relative displacements between surfaces in the correct directions have
to be set up to simulate the tangential stresses.
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2.3.3 Finite Element Model
To model the representative volume of our porous piezoelectrical material, first we
need to define the materials that will be used. Formed by two phases, the RVE
is made of two materials: air and piezoelectrical material. The air phase will be
meshed and modelled as a material with low elastic properties, about 100 N/m2

which is small compared to the piezoelectric elastic properties, which has order
109 N/m2. The relative permittivity of the air is defined as 1. The air parts are
meshed in order to fulfil the requirements of Equations (2.2.5) to (2.2.8) which
means the values measured have to be averaged over all parts of the RVE. Also,
although the permittivity of air is very low, it is not zero, and hence we need
to mesh the air inclusions. Furthermore, meshing the air allows us to build a
general purpose framework for computational optimization and it decreases the
possibilities of numerical issues arising from the use of zero elastic properties in the
FEM model. The piezoelectrical material chosen is the synthetic ceramic PZT-5A,
which is one of the most used in engineering. The properties of this material are
given by Erturk and Inman [15]. The PZT-5A is a transversely isotropic material
and the properties are detailed in Equation (2.3.4).

EM =



121 75.4 75.2 0 0 0 0 0 5.4
121 75.2 0 0 0 0 0 5.4

111 0 0 0 0 0 −15.8
21.1 0 0 0 −12.3 0

Symmetric 21.1 0 −12.3 0 0
22.9 0 0 0

0 0 0 0 12.3 919 0 0
0 0 0 12.3 0 0 919 0

−5.4 −5.4 15.8 0 0 0 Symm. 826.6


(2.3.4)

Units =

 C (GPa) eT (C/m2)

e (C/m2) εε/k0

 k0 = 8.854 · 10−12(pF/m) (2.3.5)

where k0is the permittivity of free space. Once the material properties of the
different phases are defined, the next step is to model the geometry of the volume.
The geometry is composed of two spheres in a matrix, one in the center and
the other distributed equally in the corners of the RVE. We should note that
imperfections in the sphere shapes are possible as result of the fabrication process
but for now they are ignored.

As detailed in Section 1.2.3, there are three main processes to generate porosity
in a piezoelectric matrix. Using the BurPS process, the overlapping of inclusions
is minimum, reduced only to spheres “touching” each other, because the spheres
are actually material spheres which cannot overlap each other. The shape of
the inclusions is consistent, because the spheres maintain their shape during the
process of increasing heat until they disappear. Also an elaborate and careful
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fabrication process can lead to a relatively homogeneous and regular distribution.
The second most common process to manufacture porous piezoelectric materials
is the self-raising method. In this process, the final inclusion size is finer than in
the BurPS case. In this process, the porous inclusion are grown from inside of the
matrix. The deformation of the inclusion and overlapping are both likely because
the bubbles of air created in the process intersect and connect to each other,
changing their size and shape making very difficult to predict their final shape.
The third process is freeze-casting, in which the porosity appears when ice pillars
sublime. This process leads to cylindrical shapes mainly with tree-like percolation
schemes. In our model, we suppose the test is prepared using a BurPS process,
so the possible deformation of the inclusions and the overlapping of particles are
neglected. Also a regular distribution of the inclusions in the matrix is considered.
Although clearly some heterogeneity can occur in the matrix, a reliable fabrication
process should avoid conglomeration effects, shape deformations and particles
overlapping. Also the comparison with the analytical theories is then more fair.
The geometry of the model is defined by an inclusion in the centre of the RVE
and a segment of an inclusion at each corner, as shown in Figure 2.2. The size of
the RVE is chosen to reduce computational cost but is still representative of the
geometry of the material.

In the finite element model one of the most important steps is to configure
the boundary conditions, and periodic boundary conditions will be used here. In
terms of the modelling, this means that each node (i) has its displacements related
with those of node (j) on the opposite surface. These displacements are related
through the strain applied in the model as Berger et al. [123] explained. Thus

U j
M − U i

M = ZMn(x
j
n − xin) ⇒

{
ujm − uim = εmn(x

j
n − xin)

φj − φi = En(x
j
n − xin)

To avoid rigid body motion, the displacements, rotations and voltage of one of
the points are fixed to zero. In our case, the point (0, 0, 0) is fixed. The geometry
is programmed into the FEM software ANSYS® using its programming language
APDL. A script with all of the geometry and boundary conditions was written as
a function of the displacement applied and the percentage of inclusion.

2.3.4 Evaluation of the different effective coefficients

The boundary conditions are applied and the results are obtained using the
ANSYS® integrated solver, namely the stress and strain for each element and
node. The macro parameters are obtained through the volumetric mean using
Equations (2.2.5) to (2.2.8). These equations are approximated by the weighted
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average over the RVE volume as

σ =
1

V

∑
V

σe Ve

ε =
1

V

∑
V

εe Ve

D =
1

V

∑
V

De Ve

E =
1

V

∑
V

Ee Ve

(2.3.6)

where the subindex “e” means the element number. From the volumetric mean
of the parameters, the material parameters of the homogenized material are
calculated by substituting into Equation (2.3.7).



σ11

σ22

σ33

σ23

σ13

σ12

D1

D2

D3



=



C11 C12 C13 C14 C15 C16 −e11 −e12 −e13
C21 C22 C23 C24 C25 C26 −e21 −e22 −e23
C31 C32 C33 C34 C35 C36 −e31 −e32 −e33
C41 C42 C43 C44 C45 C46 −e41 −e42 −e43
C51 C52 C53 C54 C55 C56 −e51 −e52 −e53
C61 C62 C63 C64 C65 C66 −e61 −e62 −e63
e11 e12 e13 e14 e15 e16 εε

11 εε
12 εε

13

e21 e22 e23 e24 e25 e26 εε
21 εε

22 εε
23

e31 e32 e33 e34 e35 e36 εε
31 εε

32 εε
33



·



ε11

ε22

ε33

ε23

ε13

ε12

E1

E2

E3


(2.3.7)

To obtain these 81 parameters which appear in Equation (2.3.7), and constitute the
electroelastic material properties matrix, we need at least 81 equations. Following
the continuum mechanics principles, we can establish some symmetries with respect
to the material principle axes which will lead to many of these parameters being
zero or related. For more detail about how to obtain the non-zero parameters, any
continuum mechanics book may be consulted, such as [124]. Also we notice that
the piezoelectric material is transversely isotropic and the air can be considered
homogeneous, so that the composite material may have equal or higher anisotropy
compared to its components; in our case the composite will be transversely
isotropic too. In addition, the electromechanical coupling coefficients located in
the upper triangular half have equal values and opposite signs with respect to the
lower half. Thus only 10 parameters are needed to define a transversely isotropic
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material (5 mechanical, 3 piezoelectric and 2 dielectric), as Equation (2.3.8) shows.

σ11

σ22

σ33

σ23

σ13

σ12

D1

D2

D3



=



C11 C12 C13 0 0 0 0 0 −e31
C21 C11 C13 0 0 0 0 0 −e31
C31 C31 C33 0 0 0 0 0 −e33
0 0 0 C44 0 0 0 −e15 0

0 0 0 0 C44 0 −e15 0 0

0 0 0 0 0 C66 0 0 0

0 0 0 0 e15 0 εε
11 0 0

0 0 0 e15 0 0 0 εε
11 0

e31 e31 e33 0 0 0 0 0 εε
33



·



ε11

ε22

ε33

ε23

ε13

ε12

E1

E2

E3


(2.3.8)

To obtain the values of the electroelastic matrix E, we will follow the procedure
given below.

• A displacement Ui is applied to the RVE

• The model is solved using FE

• Average the stresses/electric displacement Σij and strains/electric field Zij

• Substitute the averaged values into Equation (2.3.8) to obtain the corre-
sponding material parameter

• Repeat applying different displacements until all the necessary material
parameters are obtained

Since the periodic boundary conditions relate the deformations on opposite sides,
the expected deformation averaged volume values will be very small, except
for the displacement-electrical field applied as part of the characterization test.
Also, the stresses and electrical displacements on opposite faces will be equal
in value but different in sign, and therefore their average values will be close to
zero, except the one which depends directly on the strain-electric field applied.
Hence each electroelastic material parameter is calculated as the ratio between
the stress-electrical displacement considered and the strain-electrical field applied,
neglecting the rest of the parameters because of their low influence. In total,
nine displacement configurations are applied in order to generate nine different
configurations where the main strains are: εxx, εyy, εzz, εyz, εxz, εxy, Ex, Ey

and Ez. Each of these configurations generates 9 equations, derived from the
nine elements of the strain-electric field vector. But, since the periodic boundary
conditions ensure that there is no overall deformation except the one applied,
only the unknowns present in the row corresponding to the non-zero averaged
strain can be calculated from the corresponding configuration. Hence the material
parameters can be obtained from the relation

Enm =
Σn

Zm

forn,m ∈ [1, 9]
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where the subindex m corresponds to the strain-electric field applied and the n
the corresponds to the stress-electrical displacement response.

2.4 Results and Comparison
The results obtained by the analytical and numerical models are shown in Figure 2.5
and Figure 2.6. Figure 2.5 shows the five mechanical coefficients necessary to
define a transverse isotropic material. In our case, the analytical theories are used
in an extreme case since we perform electromechanical homogenization between two
very different phases (air-PZT). Nevertheless the results show a good agreement
between the analytical and numerical results. The Mori-Tanaka approach is one
of the most advanced and reliable methods for analytical homogenization, and our
porous case shows a good agreement with the numerical results. This agreement
holds for the whole range of inclusion percentage. For the mechanical coefficients,
the self-consistent scheme also shows good agreement with the Mori-Tanaka and
the numerical results, which is expected due to the similar assumptions (Mean
field homogenization theory and Hill-Mandel condition). As we commented in
Section 2.2.6, the Hashin-Shtrikman method is a modification of the Mori-Tanaka
approach to calculate an upper bound and a lower bound. Hence, the lower
bound should be equal to the Mori-Tanaka results, as Figure 2.5 shows. The
upper bound cannot be calculated, as explained in Section 2.2.6. The Halpin-Tsai
approach gives, without doubt, the most divergent results, showing in almost
all cases important differences with respect to the other methods, especially for
the coefficient C13. As stated before, the Halpin-Tsai method is a geometrical
rule similar to the common mixture rule, and therefore the underlying basis of
the method is different from the other methods. It is interesting to notice that
the coefficient which presents the most difference between all the methods is C44

which is related to shear. Most of the methods agree in the results for the
mechanical coefficients which validates the proposed methodology. Nevertheless,
it should be noticed that the proposed methods are all based on “Mean-field
homogenization” which is an assumption for the averaging process. Hence, similar
results are expected for all methods.

Figure 2.6 shows the piezoelectric and dielectric parameter results. There are
larger differences between the analytical models and the numerical results. This
is due to the nature of the model which has been extended from the mechanical
part to the electric field [17]. This leads to considerable differences between the
different methods and an important variation of the results with respect to the
numerical methods. The Mori-Tanaka method shows the best agreement with
the numerical results for the piezoelectric coefficient, specially for e31 which is the
most important for energy harvesting applications. The self-consistent method
has a more marked decrease in its values after 15% of inclusions with respect
to the other methods. For lower percentages the results are similar to the other
methods. After 20% inclusions, the results diverge greatly becoming positive at
around 25%. Positive values of the piezoelectric coefficients makes no sense from
the homogenization point of view, since the piezoelectric coefficient e31 for the
matrix are negative and for the air is zero. Hence a composite material should
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Figure 2.5: The estimated mechanical coefficients of porous piezoelectric
material obtained with different homogenization methods.

have negative values. The coefficient becoming positive is an indicator of the
non-validity of the method for high percentages of inclusions. The Halpin-Tsai
method shows the same tendency as the mechanical coefficient results. Due to its

Germán Martínez Ayuso



40 2.4. RESULTS AND COMPARISON

0.1 0.2 0.3 0.4 0.5 0.6

-5

-4

-3

-2

-1

0

1

2

0.1 0.2 0.3 0.4 0.5 0.6

4

6

8

10

12

14

0.1 0.2 0.3 0.4 0.5 0.6
2

4

6

8

10

12

0.1 0.2 0.3 0.4 0.5 0.6

400

600

800

1000

1200

1400

1600

0.1 0.2 0.3 0.4 0.5 0.6

400

600

800

1000

1200

1400

1600

Mori-Tanaka
Self-Consistent
Hashin-Shtrikman
Halpin-Tsai
Numerical Results

Figure 2.6: The estimated piezoelectric and dielectric coefficients of
porous piezoelectric material obtained with different homogenization
methods.

geometric basis, this method shows smooth and similar results for all coefficients.
In the case of the Hashin-Shtrikman bounds the results are in between the self-
consistent method and the numerical results, and are best for the capacitative
coefficient which is plotted as relative permittivity k33.

Modelling of Porous Piezoelectric Material and Potential Applications to Vibration Energy
Harvesting



CHAPTER 2. HOMOGENIZATION OF POROUS PIEZOELECTRIC COMPOSITES 41

In contrast, the dielectric coefficients presented in Figure 2.6 show a better
agreement between all theories and the numerical results. This should be consid-
ered carefully because of the nature of the terms. The electroelastic matrix has
numbers with very different orders, for example 1012 for the mechanical coefficients
and 10−12 for the dielectric coefficients. In addition to the difference between
the phase properties, the mechanical properties for the piezoelectric material are
around 10 GPa and for the air are around 100 Pa. For the dielectric coefficients
this difference is smaller, 1600 for the PZT-5A and 1 for the air inclusions. We
assume this difference in the phase parameters can lead to variations that are
much smaller for the dielectric coefficients than for the other parameters. Hence,
the results for the dielectric coefficients might show less differences between all of
the methods compared, with the Mori-Tanaka method again showing the best
agreement with the numerical results.

It is interesting to notice the linearity of the numerical results with respect to
the percentage of inclusions. In the case of the mechanical coefficients, this linearity
is not so clear. This linearity arises from the small impact of the electromechanical
coupling with respect to the impact of the inclusion percentage, as this percentage
is the main driver for the change in these parameters. The same logic can be
applied to the dielectric coefficients, which again show the dominance of the
percentage of inclusions over any other coupling.

2.5 Comparison with experiments
In the previous section the results of the homogenization schemes were presented.
In this section these results are compared with experimental measurements on
porous piezoelectric samples.

Table 2.1: Material properties and dimensions of the tested patches
made of barium titanate (BaTiO3) [68, 92, 125].

Sample Porosity Thickness Diameter Coeff. d31 Coeff. d33 Rel. Permittivity
number (%) (mm) (mm) (pC/N) (pC/N) εσ33/k0

1 66 2.07 11.137 -1 59 290
2 55 2.00 11.240 -6 69.5 445
3 50 1.86 11.273 -12 85 526
4 32 1.50 11.247 -19 95 808
5 20 1.27 11.260 -25 99.5 1199

In order to validate the finite element model, a set of experiments are designed.
Several piezoelectric patches with different percentages of porosity were prepared
at the University of Bath. The porosity of the test disk range between 20% and
66% with different values of thickness and radius, as shown in table 2.1. The
fabrication methods used is the BURPS detailed in Section 1.2.3. After the
manufacture of the porous disks, the material coefficients are measured at room
temperature. The d31 was measured using a Berlincourt Piezometer (PM25, Take
Control, UK) and the relative permittivity using an impedance analyser (Solartron
1260, Hampshire, UK).
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Figure 2.7: The estimated piezoelectric and dielectric coefficients of
porous piezoelectric material obtained with different homogenization
methods.

The results obtained from the homogenization process for the piezoelectric
coefficients d31 and d33 and the relative dielectric coefficient εσ

33/k0 are presented
in Figure 2.7 and compared with the values measured on the patches right
after its fabrication. As we can see in Figure 2.7, the results given by the
homogenization theories are not good enough, specially for the coefficient d33
where the homogenization theories predict a constant value (or almost constant)
for the whole range porosity. Interestingly, this coefficient is never predicted as
decreasing with the porosity, which is what it is observed in the experiments. The
experiments seems to show an almost flat coefficient for ranges between 20% and
50% porosity, which it is similar to the predicted flat behaviour. However, the
data is very scattered, which suggest a not fully robust manufacturing process
or technique. More experimental data is necessary in order to validate the
right behaviour of the coefficient d33 . The results for d31 are not good either,
presenting an overestimation of the values for almost all theories. In this case,
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the self-consistent is the theory which best represent the behaviour given in
the experiments. However, the trend predicted, almost linear decrease with
the porosity, is in agreement with the experiments. Surprisingly, the dielectric
coefficient εσ

33 is very well approximated by all the theories, at the given percentage.
Again the numerical method approximates very well the Mori-Tanaka results. As
we can see from these results, some important physics is not currently represented
by the analytical models, nor by the numerical model.

One possible cause for the difference in the coefficients between the experiments
and numerical simulations is the presence of un-poled material in the samples. In
the simulations, the piezoelectric material was assumed to befully poled, which is
very difficult to achieve in practice, especially for materials with inclusions such as
porous piezoelectric materials. The presence of inclusions changes the distribution
of the electrical field during the polarization stage leading to concentration of the
electrical field around the inclusions and lower electric field in other parts [92]. In
these parts, if the electric field is lower than the coercive electric field required
to polarise the material grains, then these parts do not exhibit the piezoelectric
effect.

Also it has been observed that not all the inclusions are spherical as it was
assumed. In the case of the disk manufactured using the free-casting method,
the shape of the inclusions tends to be more cylindrical than spherical. The
cylindrical inclusions reduce in-plane properties whilst maintaining the benefits of
the through thickness properties and this causes differences between the values of
the material coefficients in different directions. Using the assumption of spherical
inclusions could overestimate some parameters. As stated in [126], the in-plane
properties of the porous piezoceramic (d31 ) with spherical inclusions are larger
than their corresponding values for the ones with cylindrical inclusion shapes.
This might be a reason for the difference between experimental measurements
and predicted values.

Further examinations of the disk samples reveal some cracks which potentially
could decrease the piezoelectric values. The porous materials are prone to cracking,
especially at high volume of inclusions. The fabrication method also introduces
some cracks due to the pressure applied during the manufacturing process. These
cracks were already discussed in reference [67], mentioning their origin and their
orientation perpendicular to the axial pressure applied during the manufacturing
process. In our case, the axial pressure direction coincides with the polarization
direction.
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2.6 Conclusions
In this chapter, different methods for homogenization of composite material have
been presented and compared. Using different analytical methods developed in
[18], a comparison between these results and their corresponding finite element
estimates is performed. From the comparison of both approaches the following
conclusions can be drawn:

I The analytical models are well-developed for the elastic homogenization of
the composite material, with only small differences to the numerical methods,
independent of the nature of the constituents of the composite.

II The same methods give good estimates of the piezoelectric properties for
small percentages of inclusions. Especially for the piezoelectric coefficient, e31,
the Mori-Tanaka method gives good estimates of the composite coefficients,
making this analytical approach suitable for energy harvester design.

III Although the analytical and numerical methods show reasonable agreement
in the dielectric parameters, these parameters show some errors due to their
order which is much smaller than the other values in the electroelastic material
matrix.

IV When compared to experimental results, the analytical models does not
reflect the real material behaviour. This might be due to the presence of
cracks or to the polarization which is not included in the models.

In the next chapter, we will introduce the polarization as one of the key
aspects for the correct agreement between experimental and numerical data.
Also, a method is proposed to model simple cracks in piezoelectric material and
determine their impact on the piezoelectric coefficients.

Modelling of Porous Piezoelectric Material and Potential Applications to Vibration Energy
Harvesting



Chapter 3

Polarization of Porous
Piezoelectric Composites

3.1 Introduction
In the previous chapter, the homogenization of porous piezoelectric materials is
discussed under different theories, from analytical to numerical schemes. In this
chapter, the homogenization goes a step further by including a very fundamental
part of the manufacturing process, the polarization. During polarization a poling
electric field aligns the ferroelectric domains in a similar direction in order to create
a transversely isotropic material able to generate electric fields or deformations.
This electric field is distorted by the presence of inclusions, and in thecase of
aporous material these are air pores. The porosity (P) is defined as the volume
of the pores with respect to the total volume of inclusions and matrix material.
Porosity in piezoelectric materials has already been highlighted as a beneficial
characteristic for different applications such as hydrophone sensors [127, 128],
energy harvesting [71, 92, 129] or microelectronic devices due to their good tunable
characteristics [130, 131]. In reference [71], a theoretical energy harvester with a
porous piezoelectric patch is modelled using the approach presented in [15]. In
that paper, the impact of the porosity on the natural frequency of the harvester
was studied. Different configurations of porosity were compared. One of the
conclusions is that the porosity allows a better redistribution of the piezoelectric
material concentrating the piezoelectric material where more strain is present and
introducing air inclusions where there are low or no strains. This allows us to
optimize the mass of the harvester, which can be beneficial for certain applications
where the weight is restricted such as aerospace applications.

Porosity in piezoelectric materials has already been highlighted as a beneficial
characteristic for different applications such as hydrophone sensors [127, 128],
energy harvesting [68, 71, 92, 125, 129] or microelectronic devices due to their
good tunable characteristics [130, 131]. In reference [92], porous piezoelectric
barium titanate (BaTiO3) is sandwiched with non-porous barium titanate in order
to improve the overall behaviour of the composite. Each of the materials, porous
and non porous, addresses one purpose. A porous layer is used to increase the
acoustic sensitivity by decreasing the permittivity of the composite material, and
dense layers are used to sandwich this porous layer and increase the flexural
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strength. It is found that the figures of merit (FOMs) of this composite increase
when the relative thickness of the porous layer is increased which might also
increase the energy harvested. Additionally, experimental evidence is supplied
from samples manufactured in the laboratory. In that paper, the impact of
the manufacturing and poling processes on the complex distribution of the poled
material is highlighted as a key parameter in order to understand the behaviour and
possible applicability of porous materials for energy harvesting. Roscow et al. [68]
studied the figure of merit for energy harvesting. These figures are relationships
between material parameters with the purpose of evaluating the performance of
a given material for energy harvesting or sensing. These relationships are: the
material coupling coefficient (k2ij = d233/

(
εσ
33 s

E
33

)
), the hydrostatic strain coefficient

dh (dh = d33 + 2 · d31), and the hydrostatic voltage coefficient gh (gh = dh/ε
σ
33)

[67, 132]. These relationships are applied to porous materials, explaining how
they are affected by the porosity and presenting experimental values for these
relationships. Appropriate tailoring of the spatial material distribution can lead
to an improvement of the overall performance of the energy harvester.

In porous piezoelectric materials, there is a decrease in all the material coef-
ficients but at different rates due to the porosity [70]. These differences in the
ratios might generate beneficial increases in the porous FOM. The porosity has
an interesting effect on the d33 piezoelectric coefficient which is the material
coefficient which relates the electric field generated and strain when both are ap-
plied in the poling direction. This parameter remains almost constant for volume
fractions of inclusions between 15% and 40% where there is a relatively large
decrease in permittivity, and therefore the porous materials present advantageous
characteristics for sensors or energy harvesting applications which require high
coupling coefficients. This has been interpreted by some authors [92] as an effect
of the incomplete polarization of the material. This cannot always be counteracted
by increasing the poling electric field because of the electrical breakdown risk.
Therefore studying the distribution of the poling electric field is important in
order to optimise the porous ceramic material coefficients.

The application of these composite materials requires the ability to model
its complex behaviour and this is driven by the interaction between the different
phases of the composite. In the case of porous piezoelectric material, the two
phases are air and piezoelectric material, commonly barium titanate or lead
zirconate titanate (PZT). These phases are very different and hence we need to
ensure that our model respects the behaviour presented experimentally by the
composite. Homogenization techniques are frequently employed to predict the
composite material properties from the material properties of the phases. One
of the first approaches to piezoelectric composites is in reference [79] where the
connectivity and the symmetry patterns are presented and studied. In Dunn
and Taya [17, 81] the previous work of analytical homogenization based micro-
mechanics theories of Eshelby [82] is extended to piezoelectric composites. The
homogenization is based on the Mean-field homogenization theory. It uses the
Eshelby tensor, which is a relationship between the strain generated by the
inclusion and the strain in the composite, to obtain the homogenized material
properties of the composite. This work is the theoretical base for applying some
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of the most successful homogenization theories for elastic composite materials
to piezoelectric media, such as the Mori-Tanaka or Self-consistent theories. For
example, in [133] the Mori-Tanaka theory is applied to 1-3 composites where the
matrix is a porous piezopolymer. The results show that the porosity in the matrix
enhances the performance of the composite expressed in terms of coupling. In
Kar-Gupta and Venkatesh [93], the authors employ an analytical scheme based
on equilibrium of deformations to homogenize piezoelectric fibres embedded in a
polymer matrix. The piezoelectric materials have been studied in depth since then
using these micro-mechanical approaches, and some examples are in references
[134, 135, 136, 137, 138, 139, 140]

A comprehensive review of homogenization methods used in porous materials
is presented in Chapter 2 and [18]. Different homogenization methods, analytical
and numerical, are described and compared, such as the Mori-Tanaka and self-
consistent schemes, and the finite element method. The effect of porosity on
the electromechanical material parameters was studied using different analytical
methods, such as Mori-Tanaka, Self-Consistent and two boundary methods, namely
the Hashin-Shtrikman and Halpin-Tsai bounds. The results are compared with a
numerical model based on the finite element approach; only a single inclusion is
considered and the material is assumed to be fully polarized. Good agreement
between the finite element approach and Mori-Tanaka theory is attained. However,
as stated in reference [78], the assumption of a fully polarized model might lead
to an overestimate of the piezoelectric coefficients.

Other homogenization methods based on the finite element method have
become very popular due to the flexibility of the tool and its ability to represent the
discrete nature of the piezoelectric domains and its manufacturing process. In Kar-
Gupta and Venkatesh [141] the study of the homogenization of porous composite
materials using the finite element method to characterize the electromechanical
parameters is pioneered. In that paper, the material properties of cylindrical pores
embedded in piezoelectric matrix are studied. The porosity is presented as the main
parameter to control parameters such as acoustic resonance, electromechanical
coupling or permittivity. The manufacturing process is neglected and only one
cylindrical inclusion is modelled using a 2D model and the plane strain assumption.
In Challagulla and Venkatesh [132] a finite element numerical model is used to
study porous piezoelectric foams. Using different types of micro-structures with
different connectivities, the piezoelectric equivalent properties are obtained. These
results are compared with analytical results, finding good agreement between
them. In Bosse et al. [142], the effect of the foam shape and its aspect ratio on
the equivalent electromechanical properties are studied for piezoelectric foams
using a 3-D finite element model. It is found that the FOM are increased up to
175% for the dh coefficient and 1000% for the gh coefficient. In that paper, the
representative volume element and the foam pore are cuboidal, neglecting any
pore shape. In Iyer and Venkatesh [143] a finite element model was used to study
how the pore connectivity affects the FOM. Spherical and cylindrical shapes for
the pores were considered, the former being more appropriate for hydrophone
applications due to its enhanced hydrostatic FOM (dhgh). More finite element
homogenization schemes can be found in references [123, 139, 144, 145, 146, 147].
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In order to predict accurately the material properties of these composite
materials, all possible factors should be considered carefully and included in the
modelling process, for example the manufacturing process. One of the most
important processes in the manufacturing is the poling. This consists of applying
an electric field to a ferroelectric material in order to align the domains in the
same direction. Microscopically, all of the ferroelectric domains are poled, but
the random orientation of these domains induce the cancellation or reduction of
the piezoelectric effect at the macroscopic level. The applied poling electric field
aligns the domains where the electric field reaches a specific value known as the
coercive field. Although the coercive field is an intrinsic property of each material,
the polarization is affected also by the porous composite structure, since the
distribution of composite phases alters how the applied electric field distributes
inside the composite [148]. The polarization mechanism is discussed more detailed
in references [149, 150, 151, 152]. In the case of composite materials made with
inclusions with low permittivity such as air, the electric field tends to concentrate
inside of these inclusions due to the lower values of permittivity [153]. Highly
porous materials are therefore more difficult to polarize than dense ceramics due
to the complex electric field distribution generated by the presence of inclusions
[154]. In Galassi [155] the manufacturing of porous piezoelectric materials is
reviewed for different manufacturingtechniques which are divided into two groups,
dry and wet techniques. The former methods involve the treatment of compacted
powder, whereas the later ones require the preparation of solutions or suspensions
of the piezoelectric powder. However the polarization process is always done on
the already manufactured and dry piezoelectric material.Among the dry methods,
the BUrn Out Polymer Spheres (BURPS) method is the main method , whereas
free-casting is the main wet method. The BURPS method is one of the most
used for fabrication of porous piezoelectric ceramics because it gives good control
of the final porosity percentage and its scalability. The pore morphology can
be changed by using different pore forming agent [156]. In this method, the
piezoelectric material powder (PZT or BaTiO3) is mixed in different proportions
by weight and are uniaxially pressed at 300 MPa to form disks. Later, the pore
forming agent is burnt off by increasing the temperature up to 400 °C for 2 h.
Finally, in an air atmosphere at 1300 °C, the ceramic discs are sintered without
pressure for 2h. More information about this fabrication method can be found
in reference [70, 73]. Experimentally it is shown that the pore size distribution
and the micro-structural differences cause the changes in the physical properties
such as acoustic and piezoelectric response of the PZT materials. In Zhang
et al. [156] the impact of different pore forming agents in the microstructure and
electrical properties of the porous PZT is studied. In Khachaturyan et al. [154] the
polarization-switch mechanism is studied. The electric field distribution is studied
during the polarization, accounting for the porous shape and its orientation with
respect to the porosity volume. The influence of isometric and anisometric pores is
also studied. In both cases, the pore size is irrelevant for the polarization switching
mechanism. Stanculescu et al. [157] studied how the porosity affects the dielectric
loss (tangential or imaginary part of the dielectric permittivity) in addition to
the real part of the permittivity. The dielectric loss is shown experimentally
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to depend on the the electric field, the frequency and the temperature. The
study is performed on (Ba, Sr)TiO3 composites with connectivity 0-3 and 2-2.
In Shieh et al. [158] the polarization surfaces of different piezoelectric materials
are compared against existing micro-mechanical and phenomenological models
of ferroelectric switching. A phenomenological model is “a scientific model that
describes the empirical relationship of phenomena to each other, in a way which
is consistent with fundamental theory, but is not directly derived from theory”
[159].It is stated that the micromechanical models are more suitable to represent
the behaviour of the switching mechanism than the phenomenological models
which might suppose a simplification of the underlying physics.

Many authors have studied how the electric field distribution affects the
equivalent dielectric permittivity, but few have accounted for the piezoelectric
coefficients in their studies. In Lewis et al. [91], the authors show that the
distribution of the poled and un-poled material inside the piezoelectric matrix
considerably affects the equivalent piezoelectric coefficients. A random distribution
of poled and un-poled materials is studied, and the detailed inclusion geometry
was not considered, focusing more on the macro behaviour. Roscow et al. [92]
also studied the piezoelectric coefficient d31 , since they intended to improve the
performance of the composite for energy harvesting purposes. In reference [78],
it is experimentally shown that the polarization has an important effect on the
final piezoelectric coefficients of the manufactured porous material. The authors
stated that polarization should be considered at the modelling stage in order to
achieve a good match between predictions and experiments. The idea of elongated
inclusions from manufacturing imperfections and the presence of cracks in the
porous material as a source of the mismatch between the piezoelectric coefficients
in the numerical predictions and experiments is also introduced. Stanculescu
et al. [157] mentioned that the anisotropy of pores increases with the porosity
percentage, therefore, it is expected that the pore shape will deform at high
porosity levels. This anisotropy in the pore shapes leads to decreases in the elastic,
piezoelectric and dielectric constants [160]. Some cracks can also appear in the
porous piezoelectric materials as reference [67] shows. These cracks are commonly
observed for high porosity materials (more than 50% porosity) and they appear
in the perpendicular direction to the die pressing direction. In reference [64] the
presence of cracks perpendicular to the die pressing direction is also reported. It
is also mentioned they have an important effect for high porosity, contributing
to the decrease in the dielectric coefficient. These cracks might also decrease the
piezoelectric coefficients by decreasing the connectivity inside the matrix. The
characterisation of this decrease provoked by cracks or pore anisotropy remains
a challenge which should be addressed in order to obtain accurate models to
predict the material properties. In addition, accurate models of the electric field
distribution might help to decide the value of the polarization field in porous
piezoelectric materials. For dense materials, the applied electric field should be
high enough to polarize the maximum amount of the material, but lower than the
electric breakdown strength field. However, in porous piezoelectric materials this
value is severely affected by the porosity, being reduced up to 70% in some cases
[161]. With this uncertainty in the upper limit of the applied electric field and
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the uncertain distribution of porosity inside the material, the correct application
of the electric field is a key factor in the manufacturing of porous material.

In this chapter, a study of the sensitivity of the main piezoelectric and dielectric
coefficients to the polarization process is performed for porous piezoelectric mate-
rials. A finite element cell model for polarization of porous materials is presented.
The electric field distribution around spherical inclusions inside the piezoelectric
matrix is considered in this model. Appropriate boundary conditions are enforced
in order to simulate the cell being embedded in a periodic matrix of cells using
periodic boundary conditions. This model presents a good agreement with experi-
mental results presented in the literature. These experimental results are obtained
from measurements of the material coefficients of samples manufactured in the
laboratory which data has been published in references [70, 73]. The model is
extended later to account for two possible cases discussed in the literature, which
are: the presence of anisotropy in the pore shapes and the presence of cracks. The
first case considers the presence of anisotropy in the pores for high percentages
of porosity as mentioned in reference [157]. This anisotropy is studied using
ellipsoidal inclusions with different geometries, but always aligned perpendicular
to the poling electric field, which is the most common orientation [66]. For the
second case, the presence of cracks is considered. Cracks might appear at high
porosity ranges as stated in references [67, 70]. Representing cracks is difficult
since cracks depend on a high number of variables, some of them with an uncertain
nature such as porous distributions, imperfections, presence of contaminants, etc.
Therefore, in this thesis, only simple crack geometries are considered which follows
the crack models described in reference [67]. These models are compared with the
same experimental data in order to discuss the possible presence of anisotropy
in the pore shapes or cracks. The samples presented in references [70, 73], and
used in this thesis, have a low degree of pore anisotropy as shown in scanning
electron microscopy (SEM) pictures from the references, but it will be shown that
considering low anisotropy in the pore shapes improves the agreement with respect
to the experimental data. In addition, in these samples, the presence of cracks
has not been reported by inspecting the lower percentages (0-30% percentages
of porosity per volume) using SEM [70], and it will be shown that simple crack
geometries cannot improve the match between the experimental data and finite
element model.

The chapter is organised as follows. First, in Section 3.1 an introduction into
the state of the art about homogenization and modelling of polarization is pre-
sented. Then, the finite element modelling of the polarization process is presented
in Section 3.2. In this section, the different geometries and homogenizations
are explained, as well as the modelling of the polarization and homogenization
processes. Finally, the results and discussion are presented in Section 3.3 and
Section 3.4 respectively.

3.2 Finite Element Modelling
In this section, it is not intended to explain the complete basis of the computational
homogenization, but rather outline the main steps and considerations in this
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process. The setup of the finite element model is the same as described in
Section 2.3, in terms of the element formulation, boundary conditions (Figure 3.1),
etc. The differences are the modelling of the polarization and the different
variations in the pore shape. For further details about the finite element model,
the reader is referred to Section 2.3 and reference [18], where the most common
homogenization techniques are applied to porous piezoelectric materials. After
applying boundary conditions to the RVE, the equivalent material parameters are
calculated as explained in Section 3.2.5.

3.2.1 Representative volume modelling

From the available homogenization techniques, the finite element (FE) method
is the most appropriate technique to model the polarization process, due to its
flexibility and capability to model discrete piezoelectric domains. In reference
[157] the finite element method simulation is presented as an accurate method to
model the permittivity of the porous materials at high porosity levels. As stated
in Section 3.1, many authors [132, 141, 142, 143] have used FE techniques due to
its flexibility and accuracy for modelling piezoelectric porous material behaviour
as well as its manufacturing process. In this section, it is not intended to explain
the complete basis of the computational homogenization, but rather outline the
main steps and considerations in this process. For further details, the reader is
referred to Chapter 2 and reference [18], where the most common homogenization
techniques are applied to porous piezoelectric materials.

To model composite materials in an efficient way, in statistical terms a represen-
tative volume of the composite structure has to be identified. This Representative
Volume Element (RVE) has to be sufficiently small to be solvable and large enough
to be representative of the structure of the composite as a whole. The choice of
these RVEs depends on the geometry of the composite and the problem to address.
The RVEs are composed of matrix and inclusions, and their shapes are discussed
in the next sections. These RVEs are modelled using the ANSYS® Finite Element
package [162].

To ensure the representativeness of the RVE with respect to the material at the
macro scale, appropriate boundary conditions have to be applied. In the numerical
homogenization literature, multiple boundary conditions are proposed, but the
most widely used for homogenization are four. The Dirichlet conditions apply
a static uniform displacement at the boundaries of the RVE [98], the Neumann
conditions propose instead a static force [98], and the mixed boundary conditions
mix displacements and stresses to represent experimental conditions [120]. The
fourth is periodic boundary conditions, which simulate the RVE embedded in an
infinite matrix of RVEs [19] as Figure 3.1 shows. Periodic boundary conditions
imply that the opposite edges have relative deformation, and opposite stress
direction [122]. References [18, 19] show that these periodic boundary conditions
give a good approximation of our micro-scale representative volume with respect
to the macro-behaviour of the material.

After applying boundary conditions to the RVE, the equivalent material
parameters are calculated as explained later in Section 3.2.5.
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(a) (b)

Figure 3.1: Periodic boundary conditions: a) Matrix with periodicity
of RVEs. b) Boundary conditions around the RVE in a generalised 2D
RVE. Figures obtained with permission from [18]

3.2.2 Inclusion modelling

An initial model (Model A) which assumes perfectly spherical inclusions represent-
ing the pores is developed. This shape assumption is justified due to nature of the
BURPS manufacturing process where spherical particles of pore-forming agent
are burnt out when a high temperature is applied. Pore-forming agents such as
polymer additives, for example, Poly-ethylene oxide (PEO) [70] or poly(methyl
methacrylate) (PMMA) [156] do not present high anisotropy in the pore mor-
phology. Since in the samples used here, the additive is also a polymer, the
anisotropy due to pore forming agent is neglected in this analysis. The polymer
additives are common in the manufacturing of piezoelectric ceramics and more
information about the different additives and their impact on the micro-structure
of the ceramics are given in reference [163].

To represent the geometry of this composite, a three dimensional finite element
model is developed. This model contains a spherical inclusion (a pore) at the
centre and one eighth of another sphere inclusion at each of the RVE corners, as
Figure 3.2 shows. The radii of these two perfect spheres are equal and they change
according to the porosity percentage, ranging from 1% to 50% of air volume respect
the total volume of the RVE. This model is able to represent how the electric
field distributes around the inclusions during the poling process, as Figure 3.2
shows, and how this electric field affects the polarization of the material elements
and its distribution. These un-polarized elements (dark elements) align with
the inclusions in the direction of the applied electric field. The low permittivity
inclusions act as a shield avoiding the polarization of the elements, below and
behind them. In our case five volumes are generated, one per inclusion. These
volumes are responsible for the decrease in the material coefficients, as shown later
in Section 3.3. For comparison purposes, another model (model 0 ) with the same
geometry as model A is developed. This model has all its ferroelectric domains
poled and aligned in the same direction. This model represents the theoretical
maximum of the piezoelectric values.
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(a) (b) (c)

Figure 3.2: Polarization of the model A: spherical inclusion model.
The pore inclusions are shown in yellow and the poled ferroelectric
elements in dark blue. The un-poled elements are shown in white to
make clear the clustering of the poled piezoelectric domains around the
low permittivity inclusions in the poling electrical field direction (grey
arrows). a) Air inclusions in the RVE. b) BaTiO3 material elements.
c) Distribution of un-poled elements following the poling direction.

3.2.3 Imperfections in the inclusion shape

During the manufacturing process, many factors might affect and lead to imperfec-
tions in the final shape of the inclusions, from excessive load during manufacturing
[67], to an inappropriate selection of pore forming agent [156]. These factors might
lead to anisotropy in the pore shape or even cracks, which affect the equivalent
material parameters [67, 155, 160]. In reference [156] it is stated that the pore
shape is affected by the pore forming agent. Different pore-forming agents generate
different pore shapes.

Excessive pressure during the manufacturing might occur due to the difficulty
in assessing the appropriate required stress to compress the samples. Low stresses
during the manufacturing compaction might lead to an incomplete or defective
bonding between the piezoelectric domains, thereby generating fragile micro-
structures. Excessive stress might generate micro-cracks or deformed pores,
which might alter the material properties. This pressure has to be calibrated
experimentally based on inspecting the material using scanning electron microscopy
(SEM) images. In the case of excessive pressure during the die-casting process, Li
et al. [66] suggest that the pores are compressed in the direction perpendicular
to the applied load, which in most of the cases is the same direction as the
applied electrical field. Then, it seems reasonable to assume that, since disk
shaped samples are subjected to axial load in the direction of the thickness, all the
imperfections are perpendicular to the load direction or poling direction. Following
this approach, the pore anisotropy can be regarded as the result of the deformation
of the spherical inclusions in the direction of the applied load to generate oblate
ellipsoids. To study this anisotropy, an ellipsoidal oblatemodel is proposed (model
B). This model contains ellipsoidal inclusions with their shorter axis aligned with
the polling electric field. The other two axes remain equal and perpendicular
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(a) (b) (c)

Figure 3.3: Geometry of the model B: Ellipsoidal model. The central
inclusion is an ellipsoid with the minor axis aligned through the Z
axis which is parallel to the polarization direction. The other two axes
remains equal. Percentage of inclusions for the presented model is
equal to 14%. a) Oblique view of model. τ = 0.35. b) Side view of
model. τ = 0.35. c) Side view of model. τ = 0.75.

to the applied electrical field. The geometry is presented in Figure 3.3 and it is
composed of one ellipsoid at the centre of the RVE and one eighth of a second
ellipsoidal inclusion at each corner of the RVE. Let us define the ratio between
the shorter axis and any of the other two equally long axes as “aspect ratio” (τ).
This parameter is used to define the ellipsoid using the following equation:

V = 4π(a b c)/3 = 4π(τ a3)/3 (3.2.1)

where a,b and c are the semi-axis of the ellipsoid in the x, y and z directions.
These parameters have to fulfil a = b 6= c and c = τ a. The influence of the aspect
ratio is studied in this chapter through a parametric study of the aspect ratio
parameter. In Figure 3.3, the model geometry is presented for two different aspect
ratio values, 0.75 and 0.35, to illustrate the model concept. No changes in the
orientation of the ellipsoid are considered in this study.

When the uniaxial compression in a die is not appropriately applied or the
sample is under high loads during its service life, small cracks can appear and
propagate along the sample. To approximate such a defect, a crack model is
developed. It should be recalled that the porosity is a key parameter in order
to obtain an accurate dielectric parameter. Hence a flat crack model should be
avoided. In order to meet all the requirements (flat crack with high porosity values),
a modification of model A is proposed, adding a flat crack around the inclusion as
Figure 3.4 shows. This model presents some resemblance with the cracks described
in references [64, 67], where optical micrographs of porous piezoelectric materials
with a high percentage of inclusions (higher than 40%) shows the presence of
cracks perpendicular to the poling direction and to the applied pressure during
the manufacturing process. Of course, a real crack will differ considerably from
the proposed crack model. However, this model should give some insight into the
possible effects of cracks in piezoelectric media. In this section, the equivalent
material properties are obtained for piezoelectric porous material after polarization
and the deformations or cracks which might appear during the service life are
not considered. This can be extended to assume that there is no propagation of
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(a) (b) (c)

Figure 3.4: Geometry of the model C: Crack model. The central
inclusion is an sphere with an area projected in the Z axis equivalent
to the ellipsoidal central inclusion of the ellipsoidal model. Percentage
of inclusions for the presented model equal to 15%. a) Oblique view of
model. τ = 0.35. b) Side view of model. τ = 0.35. c) Side view of
model. τ = 0.75.

cracks (static behaviour of the cracks). This might not be fully accurate when
the material is under significant dynamic loads, for example vibrations for energy
harvesting, however the static assumption should agree with the measurements
obtained in the lab.Since the ceramics are high stiffness materials, some cracks
might also form when the material expands after releasing the applied stress
during the manufacturing process (uniaxial pressing).

The model is intended to approximate in a simple manner the geometry of a
crack keeping some key parameters equal to the previous models such as the cross
sectional area and volume, so they can be compared between all models. Starting
with the geometry of model B, the central inclusion is replaced by a sphere with
the same volume as the corresponding ellipsoid and a flat crack occupies the
same area as the removed ellipsoid with a thickness equal to 5% of the radius
of the sphere. A study on the thickness of this crack was performed for 5% and
1% showing there is almost no impact of this value in the equivalent material
parameters for the aspect ratios considered (0.35 and 0.75). This value has an
important effect on the concentration of electric field at the crack tip but, since
this effect is highly localized, it does not affect the equivalent material parameters.
Thus a further study or consideration of the crack thickness is not considered in
this thesis. Hence, the volume of this model is equal to the ellipsoidal volume,
but with a different distribution of the air volume. The objective is to show
the impact of the crack through the cross sectional area of the crack. This area
is perpendicular to the direction of the polarization electric field and its size is
defined by the aspect ratio. The ellipsoids at the corners are replaced by spheres
with the same volume as these ellipsoids. The geometry of this model is presented
in Figure 3.4.

It is shown later that cracks and ellipsoidal inclusions have similar effects on
the equivalent material parameters, reducing their values.

Germán Martínez Ayuso



56 3.2. FINITE ELEMENT MODELLING

Figure 3.5: Piezoelectric polarization. The applied electric field E and
the polarization P are related through a hysteresis loop, similar to the
magnetic polarization. From Dahiya and Valle [164]

3.2.4 Polarization Modelling
In the polarization process, termed “poling”, each of the ferroelectric domains
are subjected to an electric field which aligns them in the same direction as the
applied electric field. The polarization of each of the domains depends on its
material properties and the direction of the electric field present on these elements.
The electric field at each domain is affected by the geometry and permittivity
values of the composite. In this thesis it is assumed that the polarization occurs
instantaneously after the domain reaches the coercive field, although in reality
the final polarization depends on the value of the applied electric field. A higher
applied electric field generates a higher degree of polarization and hence higher final
piezoelectric coefficients. The relation between polarization and applied electric
field is similar to magnetic polarization (see Figure 3.5) However, approximating
the polarization through a binary state is suggested in reference [91] and hence
it is also used here. The material chosen for the matrix is barium titanate
(BaTiO3) and air for the inclusions. The air is modelled as a material, with
very low elastic modulus

(
sEair

−1 ≈ 100Pa
)
, in order to represent accurately the

dielectric constant of air (εσ/k0 ' 1). Also, in order to obtain the electrical
distribution inside the inclusion, the inclusion should be meshed.

The polarization state of the barium titanate has to be considered, being
poled or un-poled. When the material is poled, the piezoelectric domains are
aligned in the same direction. Then, the piezoelectric effect and transverse
isotropic behaviour are exhibited. Its poled material properties are defined in
Table 3.1. These material properties are taken from [165] for dense BaTiO3,
but the permittivity values have been changed since measurements have been
undertaken of manufactured materials. In contrast, when the material is un-poled
there is no piezoelectric effect (dxx = 0) and the material is isotropic. The isotropic
material properties are defined by two parameters s11 and ν12. They are obtained
following the approach presented in reference [166]using the equations:

s11 =
sE11 + sD11

2
, ν12 =

1

2

−sE12
sE11

+
−sE13√
sE11s

E
33

 (3.2.2)
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where sE and sD are the compliance matrix measured at constant applied
electric field and at constant applied electrical displacement respectively. The sub-
indexes refer to the material direction considered from the compliance matrix.The
permittivity values are obtained throughout averaging the poled values. The
resistance of the un-poled material to be polarized is given by the coercive electric
field parameter (Ecoer) and it is equal to 0.5 MV/m [91].

The finite element model has been designed to be as representative as possible
of the real fabrication process. The procedure is similar to the approach presented
in reference [91] and starts by representing the geometry with all of the material
in the un-poled state. An electric field is applied to the model by constraining
the voltage at the top and bottom surfaces of the RVE to a value equal to the
applied electric field (Eapp) times the thickness of the RVE. The influence of the
polarization field is studied through a sweep of the applied electric field (Eapp)
between 90% and 110% of the coercive electric field (Ecoer). After solving the
model and obtaining the electric field in each of the elements, a loop through each
one of the elements is performed to check if the electric field in that element is
higher or lower than the coercive electric field.

The electric field in the element (Eelem) is the negative gradient of the electric
scalar potential and it is calculated in the FE model by interpolating the negative
gradient of the voltage at the nodes of the element. The orientation of that electric
field is also obtained since the material element orientation of the poled material
has to be aligned parallel to the electric field at the element centre. If the electric
field in the element is higher than the coercive electric field, the element becomes
polarized and the material properties of that element are replaced by the poled
material properties oriented in the direction the electric field at the element. In
any other case, the material of the element remains un-poled, which means it
remains as an isotropic material with zero piezoelectric coefficients. Since the
polarization electric field is applied slowly, we neglect the dynamic effects in the
charge application.

After the alignment of all elements, the model is solved again for the same
applied poling field and its elements reoriented according to the conditions de-
scribed above. This process is repeated until convergence is achieved based on the
number of elements polarized at the nth iteration (Nn

polarized) with respect to the
total number of piezoelectric elements (Ntotal elem). The convergence level assumed
here is 0.5%. or,

Convergence :
Nn

polarized

Ntotal elem

< 0.5% (3.2.3)

Table 3.1: Material properties of the poled and un-poled Barium Ti-
tanate (BaTiO3). k0 = 8.854 · 10−12 Farad. Modified material proper-
ties based on Morgan Advanced Ceramic: Material Ceramic B. [165]

Coefficient sE sE sE sE sE sE sE sE d d d d εσ εσ εσ

Un-poled 8.45 8.45 8.45 -1.27 -1.27 9.72 9.72 9.72 0 0 0 0 1566 1566 1566
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Figure 3.6: Convergence of the polariza-
tion procedure for the crack model rep-
resented by the increment in percentage
of the polarized elements for different ap-
plied electric fields (Eapp) and different
values of porosity (P). The applied elec-
tric field 90%, 100% and 110% of the
coercive field correspond to the blue, red
and green colours. Solid lines ( ) and
dashed ( ) for 7.5% and 17% of porosity
respectively.
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Figure 3.7: Convergence of the homog-
enization procedure for the crack model
for different sizes of mesh. In blue and
red, the values of the constant C11 and e31
respectively. Solid lines ( ) and dashed
( ) for 7.5% and 17% of porosity respec-
tively. Applied electric field is equal to
110% of the coercive electric field.

The convergence ratio of the poling process is presented in Figure 3.6, where a
relatively low number of iterations are required to achieve the required convergence.
In Figure 3.7, the influence of the element size is analysed, and shows that the
convergence of the material properties is achieved for a low number of elements.
This is due to the linearity of the homogenization procedure and the lack of
concentrations of stress or electrical displacements in the model since there are
no sharp edges or very small inclusions. It should be noted that, although the
homogenization procedure applied after poling the material is linear, the complete
poling process is a highly non-linear problem.

Once the material polarization has reached convergence, the characterization
procedure starts. This procedure has been explained in the previous chapter.

3.2.5 Material Characterization

Once the RVE material has reached polarization convergence, the characterization
of the RVE starts. This process is explained in detail in Chapter 2 and Martínez-
Ayuso et al. [18] and is briefly summarized here. Characterization is the name
given to the procedure to obtain the equivalent electromechanical properties of
a composite material knowing its individual material properties of each phase
and using some assumptions. The equivalent electromechanical parameters are
obtained using the Hill Mandel condition which can be summarized as the equiva-
lent parameters, such as stresses or electric field, are approximately the averaged
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element parameters for the total volume of the RVE, given by

σ =
1

V

∑
V

σe Ve , ε =
1

V

∑
V

εe Ve (3.2.4)

D =
1

V

∑
V

De Ve , E =
1

V

∑
V

Ee Ve (3.2.5)

where the bold parameters are tensors and V represents volume. The line over
the parameter means the parameter is averaged for the total volume and the
sub-index e means the parameter is referred to a single element.

A set of electromechanical deformations (strains, shears and voltage) are
applied for each case using one possible deformation in each of the possible
directions (x, y and z), namely uxx, uyy, uzz, uxy, uyz, uxz, Ex, Ey and Ez giving
a total of 9 cases. The model is solved for each of the cases to obtain stresses,
strains, electrical displacements and electric fields in each element. After averaging
the equivalent parameters following eq. (3.2.5), the values of the electromechanical
constitutive matrix are obtained using



ε1

ε2

ε3

ε4
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ε6
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(3.2.6)

where the sub-indexes 1, 2, 3, 4, 5 and 6 represents the sub-indexes 11, 22,
33, 23, 13 and 12 following the Voigt notation. Therefore, the corresponding
equivalent elastic parameters sEij are obtained by dividing the corresponding strain
(εi) by the equivalent stress (σj). The piezoelectric material parameters dij
are obtained dividing the electric displacement (Di) by the equivalent stresses
(σj), and the dielectric equivalent parameters εσ

ij by dividing the corresponding
electric displacement (Di) by the corresponding electric field (Ej) [18]. The
periodic boundary conditions ensure that, for a very small element size, the
summation of all the strains and electric fields in the RVE in any direction is
approximately zero, except for the displacement/voltage applied in the specific
case direction. This allows us to directly divide stresses/electric displacement
between the strains/electric fields to obtain the equivalent material coefficients s,
d and εσ.
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(a) Fully polarized model:
Cross section parallel to
the applied electric field.

(b) Model A: Cross section
parallel to the applied elec-
tric field.

(c) Model A: Electric field
distribution in the poled
material. The un-poled
material is not shown
(Gap).

(d) Fully polarized model:
General view of the piezo-
electric matrix.

(e) Model A: Expansion of
the pore due to applied elec-
tric field.

(f) Model A: Electric field
distribution in the central
inclusion.

Normalized electric field.(Percentage of coercive electric field)

Figure 3.8: Normalized total electric field distribution with respect to
the coercive field (100%) inside a fully polarized piezoelectric matrix
material (a and d) and a partially polarized matrix (b c e and f). The
applied electric field is represented by grey arrows and it is equal to the
coercive field. The porosity percentage is 20%.

3.3 Results and Discussion

3.3.1 Electric field distribution around a single inclusion
In this section, the effect of the polarization and the pore shape on the piezoelectric
and dielectric coefficients are studied. Firstly, the electric field around a spherical
inclusion inside a fully polarized material is studied. The presence of inclusions
alters the electrical field distribution as Figure 3.8 shows. In addition, when an
electric field is applied to a non-conductive (dielectric) material, it generates a
separation of electric charges and hence an electric field. This electric field is
called the polarization electric field and is different inside the inclusion and outside
the inclusion. Inside the inclusion this electric field is parallel and it has the
same direction as the applied external electric field. Outside the inclusion, the
polarization field opposes the applied electric field (Figure 3.9a). This polarization
electric field decreases the magnitude of the applied electric field in the vicinity of
the inclusion. In addition, the interface between inclusion and matrix provokes
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(a) (b) (c)

Figure 3.9: Polarization electric field and electric field distortion due
to the inter-phase change. (a) Polarization electric field concept. In
red the positive charges and in blue the negative charges distribution
around the pore. (b) Electric field vector in the piezoelectric matrix.
(c) Electric field vector in the air inclusion.

a change in the direction of the electric field, similar to optical refraction. This
change of direction depends on the relative permittivity of the materials and the
angle of incidence to the surface of the inclusion. The change in direction follows
Snell’s rule with velocity replaced with permittivity [167].

sin θ1
sin θ2

=
εσ
2

εσ
1

(3.3.1)

where θ1 is the angle of the incident electric field and θ2 is the refracted electric
field angle. The subindex 1 and 2 refer to the matrix and the inclusion respectively.
From this equation, the electric field distortion can be obtained, as shown in
Figures 3.9b and 3.9c. The distortion in the electric field direction is crucial,
because it concentrates the electric field in specific places and decreases it in others.
In Figure 3.8a, the normalized electric field in the matrix is clustered around the
top and bottom hemispheres (C and D), which are aligned perpendicular to the
polarization electric field direction. In these zones, the electric field is up to 6
times higher than at the right and left hemispheres (poles A and B), where a
weakened electric field is present. It should be noted that, although weakened,
the electric field at the poles A and B has the same sign as at the poles C and
D. Therefore, after increasing the electric field far enough, the poles A and B
will bepolarized. The effect of the electric field distribution in the 3D matrix can
be observed in Figure 3.8d where the zones with lower electric field are located
between the inclusions and aligned in the polarization electric field direction
(darker zones). These zones remain un-poled after the polarization process due
to insufficient electric field to align the ferroelectric domains. Since these zones
are not poled, they do not contribute to the effective material coefficients, which
therefore become lower. Comparing Figures 3.8a and 3.8b, we can see the changes
between the fully polarized model and the polarization model A with applied
electric field equal to 100% the coercive field. It can be seen there is an increase
of the electric field magnitude around the corners due to the presence of the
poles C and D of the inclusions located at those corners. The clustering of the
electric field in the poles C and D and its corresponding weakening in the poles
A and B leads to an accumulation of poled domains as layers perpendicular to
the electric field, as Figure 3.8c shows. This layering of the material should
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not affect the dielectric coefficients, since the dielectric coefficient is similar for
poled and un-poled material. But in the case of the elastic behaviour, it might
potentially favour crack propagation, since the un-poled layers have slightly lower
stiffness than the poled ones and there are clearly defined material inter-phase
surfaces which might weaken the material. It has been stated already that in
porous piezoceramics, the crack propagation can greatly affect the final material
coefficients.

The clustering of the poled material around the spheres also produces an
expansion of the pore. This expansion is more important in the direction per-
pendicular to the applied electric field where, since the poles C and D become
polarized and they are subjected to an electric field, the domains in these poles
experience a constriction because of the piezoelectric coefficient (d31). However
this effect is small as can be seen in Figure 3.8e where the increase in radius is
around 1.5 %� for the presented case. In this figure, the displacements are scaled
up by 104 : 1 and no electric field is displayed. Therefore, it can be concluded
that, due the small magnitude of this deformation, the deformation of the pore
due to the applied electric field can be neglected.

Finally the normalized electric field distribution inside the inclusions is pre-
sented in Figure 3.8f. In this figure, there are two high electric field clusters at
the poles aligned with the electric field (poles E and F inside the ellipsoid). This
might be due to the change in phase, the different permittivity and the curvature
of the inclusion which deviate the incident electric field to the mentioned poles,
following Snell’s law. This can be seen clearly in Figure 3.9c where the electric
field penetrates the inclusion perpendicular to the surface in the left hemisphere
concentrating at the pole E. A similar concentration happens at the pole F because
of the inclusion curvature. These poles pair with the poles A and B in the matrix
however the matrix counterpart has lower electric field magnitude.

3.3.2 Spherical model discussion
First, the analysis of model A is presented in Figure 3.10. The model results are
compared with the experimental data and the fully polarized model, in order to
validate the approach. The experimental results correspond to samples which were
manufactured using the BurPS method and the data is published in references
[70, 73]. The pores on these samples are randomly distributed, therefore the poling
behaviour of each sample might be different despite of being poled in the same
way. In addition, the cracks present uncertainty which increases the scattering of
the samples. Different coefficients show different trends, but all of them decrease
when the porosity increases. The piezoelectric coefficient d31 shows an important
decrease in magnitude, especially for porosity percentages up to 20% as Figure 3.10
shows. For higher percentages, the reduction is still present but at a lower rate.
In contrast, the d33 coefficient shows an important reduction for percentages lower
than 15% but then remains almost constant for the rest of the measured range.
Overall, the reduction in the coefficient d33 is lower than for d31. The dielectric
coefficient εσ

33 shows an almost linear dependency with respect to the porosity.
The model 0 is also included in this comparison. The equivalent coefficients of this
model show a decreasing trend as the experimental values, but these results are far
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Figure 3.10: Results of the spherical model (Model A) for different values of
applied electric field, aspect ratio and percentages of inclusions. The applied
electrical field corresponds to 90% ( ), 95% ( ), 100% ( ), 105% ( )
and 110% ( ) of the coercive field. The experimental values ( ) from reference
[70, 73]and the results of the fully polarized model ( ) are also represented.

from the experimental results, since it does not account for the polarization. An
exception is the dielectric coefficient εσ

33 which presents an excellent match with
the experimental results, showing a very strong correlation with the percentage
of inclusions. Since all the domains exhibit the piezoelectric effect, and they are
aligned in the same direction, the values of this model represent the theoretical
maximum for the selected material parameters. Note that the fully polarized
model represents an ideal model and, in practice, it is difficult to manufacture
in the laboratory due to the disturbance in the electric field due to the presence
of inclusions, among other factors such us imperfections, contamination of the
mixture, etc. Increasing the polarization field helps the experimental results to
approach the theoretical maximum, but the risk of electrical breakdown increases
too.

The results for model A are presented in Figure 3.10. In this figure, the applied
electric field is given by different dashed coloured lines and ranges from 90% to
110% of the coercive field. As expected, when a larger electric field is applied,
more elements are polarized and therefore the equivalent material parameters
tend to approximate the fully polarized model. It can be seen also that after 105%
increasing the applied electric field does not lead to a significant increment in the
number of polarized elements. This is due to the saturation of the poles formed
around the inclusions. With increasing applied electric field, the poles C and D
keep increasing their electric field, but the elements at those poles are already
polarized, and hence only the domains located at poles A and B can be polarized.
The model predicts that about 98.5% of all piezoelectric domains become polarized
when the applied electric field is double the coercive field, reaching approximately
(99%) the fully polarized model values for the piezoelectric coefficient d33 and
εσ
33. When applying two times the coercive field, the applied electric field in some

parts of the RVE almost reaches the electric field breakdown (Ebd). The electrical
breakdown or dielectric breakdown happens when the electric field applied to a
dielectric material (insulator) is so high that the material becomes electrically
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conductive. This value waspredicted by Neusel and Schneider [168] and is around
101 − 102 MV/m for BaTiO3 depending on the thickness and permittivity of the
sample. Electrical breakdown happens in two different ways, but both happen
when a high electric field (E > Ebd) is applied. The first breakdown occurs when
the ceramic is destroyed by the large current generated. This destruction occurs
by the melting of the material, evaporation, or mechanical failure breakdown the
generation of micro discharge channels that can grow as macro cracks [169, 170].
In the second breakdown, the insulator material experiences a large increase in its
conductivity for small increments of voltage when a high electric field is applied
[170]. The failure mode of the piezoelectric ceramics happens when the material
melts under high electric field. More information about the electric breakdown
of piezoelectric materials is given in reference [171]. The dielectric breakdown
strength measures the resistance of the materials to electrical breakdown. In the
case of the porous piezoelectric materials, the electrical breakdown strength is
severely affected by the porosity, decreasing its magnitude to 70% of the non
porous equivalent for 10% porosity [161]. Therefore, in practice, it is not possible to
reach fully polarized model values by increasing the applied electric field, because
of the risk of electrical breakdown. To avoid this breakdown, it is imperative
to know the applied electric field as well as its distribution. It should be noted
that the dielectric breakdown strength depends on the thickness of the pellet
[161, 168, 172], in addition on the porosity, and so the quoted value might not be
the most appropriate in our case. In our model, the dielectric breakdown is not
calculated since it is a material property.

The change in the piezoelectric coefficient d33 in model A is predicted correctly,
obtaining similar trends with respect to the experimental values. Between 10%
and 50% of porosity, the values of d33 remain relatively constant, as the experiment
and model show. The experimental values are close to the values given by the
results for 105% of the coercive field. All the experimental measurements are in
between the 100% and 110% of the applied electric field. The evolution of the
coefficient d33 might be the result of the balancing of two factors, first the porosity
which decreases the piezoelectric coefficients, and second, the concentration of
electric field, which increases them. When the piezoelectric material is removed
due to porosity, the electric field concentrates into the remaining ceramic material
in order to flow through the material. For high porosity samples the amount of
piezoelectric material is severely reduced, and thus all of the electric field clusters
at very small volumes, which become polarized, increasing the piezoelectric
coefficients. The author believes, that at around 10% porosity, the polarization
due to the electric field concentration reaches a significant value with respect to
the porosity, being able to change the rate of the decrease in the piezoelectric
coefficients. A different trend is shown for the piezoelectric coefficient d31which
does not represent accurately the material behaviour for porosity percentages
higher than 10%. The model shows a slow but constant decrease of the coefficient
for the given range of porosities. However, experimental results show a more
stepped change. This decrease is likely to be due to the sphere inclusion which
bends the electric field making it parallel to the inclusion surface. This parallel
orientation is replicated by the polarized elements, giving a symmetry of the
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Figure 3.11: Impact of the aspect ratio in a fully polarized model. The applied
electric field is considered infinite. The different aspect ratio values are expressed
with colours and shapes: 0.35 ( ), 0.75 ( ), 1 ( ) and 1.2 ( ).

electric field with respect to a virtual axis parallel to the applied electric field as
Figure 3.9a shows. This global symmetry in the RVE generates opposite electric
fields in the perpendicular direction to the applied electric field which is related
to the piezoelectric coefficient d31. Given the infinite periodicity of the material
properties (periodic boundary conditions), these electric fields cancel each other
and hence the corresponding piezoelectric coefficient d31 decreases. The dielectric
coefficient shows minor changes with respect to the applied electric field. This
is a logical conclusion, since the dielectric properties do not change that much
between polarized and un-polarized material (1500-1600 εσ/k0 in the polarized
material vs 1556 εσ/k0 for the un-poled material). Later, in the discussion of the
model B, it is shown that the aspect ratio has little effect on the values of the
dielectric coefficient. Model A presents a good approximation for some important
material coefficients such as the piezoelectric coefficient d33 and the dielectric
coefficient εσ

33, but it does not predict accurately the evolution of the coefficient
d31 for increasing porosity after 10%.

3.3.3 Ellipsoidal model discussion
Prior to presenting the results for the polarization of model B, the impact of the
aspect ratio is studied using a fully polarized model. Figure 3.11 shows the results
for different aspect ratio values (0.35, 0.75, 1 and 1.2) without considering the
polarization effect. The impact of the aspect ratio is limited in this case. The
values of the piezoelectric coefficients vary very little and the dielectric coefficient
is almost the same for any given aspect ratio value. As stated earlier, given the
similar material properties of the poled and unpoled material, the effect of the
polarization on the dielectric coefficient εσ

33 is almost negligible . Together with
the discussion from the previous model, it can be assumed that the dielectric
coefficient is not affected by the aspect ratio nor the polarization effect for the
considered composite structure (spherical inclusions with connectivity 3-0), being
only dependent on the porosity percentage in the composite. This is supported
by reference [173] which suggests that the inclusion shape is not relevant for
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Normalized electric field.(Percentage of coercive electric field)

(a) (b)

(c) (d)

Figure 3.12: Comparison of poled regions and their electric field values
for the sphere model (upper figures) against high aspect ratio model
(lower figures). Two different electrical configurations are displayed:
applied electric field equal to coercive field (left) and fully polarized and
aligned model (right). In the figures at the left, the unpoled domains
are not plotted (gaps).

the homogenized electrical properties, being only important for the electric field
distribution, and hence for the equivalent elastic and piezoelectric parameters.

First, the distribution of the electric field is studied in Figure 3.12 where
the electric field of the sphere and the ellipsoidal models are compared, for two
possible configurations. The applied electric field is equal to the coercive field
or for the fully aligned and polarized model. For high aspect ratio models, the
electric field concentrates at the poles C and D. This is an effect of the repulsion
between electrical charges, which concentrates electrons (and electric field) on high
curvature areas and the electric field refraction. It is also true that the amount of
volume affected by these poles is reduced as Figure 3.12 shows. In contrast, the
poles A and B, which are unpoled, increase the amount of influenced volume. In
the case of the fully polarized examples, it can be seen that the gradient of the
electric field is much higher inside the inclusion. The electric field concentrates
into the inclusion where it reaches electric fields around 180% of the coercive field,
and up to 10 times the electric field in the matrix. When the applied electric field
is equal to the coercive field, it can be seen that due to the concentration of electric
field in the inclusion, important amounts of ferroelectric domains remain unpoled,
forming a clear sandwich structure composed of poled and unpoled material. It can
be concluded then that the aspect ratio increases the charge density at the poles C
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Figure 3.13: Results of the ellipsoidal model (Model B) for different values
of applied electric field, aspect ratio and percentages of inclusions (axis X).
The applied electrical field is represented with shapes: #, � and ♦ for applied
electrical field equal to 90%, 100% and 110% of the coercive field respectively.
The aspect ratio is represented with colours: blue, green, orange and brown for
values equal to 0.35, 0.5, 0.75 and 1 (spherical ) respectively.

and D, and reduces its affected volume. The electric field is concentrated at those
poles, reducing its presence in the rest of the RVE. These high concentrations of
electric field are prone to electrical breakdown. Under the same applied electric
field the ellipsoid models give a lower number of polarized elements, and thus,
lower piezoelectric coefficients. The results of model B are presented in Figure 3.13
for different values of aspect ratio, applied electric field and porosity. The aspect
ratio values are 1, 0.75, 0.50 and 0.35 and they present a progressive change
between spherical inclusion shape (aspect ratio equal to 1) and the extreme case
of a flat crack (aspect ratio equal to 0). They aim to study the pore anisotropy
presented in the Introduction section of Chapter 3. For comparison purposes,
the sphere model is included too. To avoid geometry overlapping the maximum
percentage of inclusions is limited to 35% for aspect ratio equal to 0.35, and to
50% for the rest of the cases. This model shows an important decrease in the
piezoelectric coefficients when the porosity and aspect ratio increase. High aspect
ratio models are related to very low piezoelectric values, for example, at 30%
porosity the model with applied electrical field equal to 110% of the coercive field
and aspect ratio equal to 0.35 obtains similar results to the models with 90% of
the coercive field applied. This can be regarded as an increment of the unpoled
material which is related to the electrical field distribution as shown in Figures 3.8
and 3.12. However, under a low applied electrical field (90%), higher aspect ratio
yields higher piezoelectric coefficients due to the higher electrical field at the
poles C and D. This trend is reversed for medium-high applied electrical field.
The ellipsoidal model presents a general decrease in all the material coefficients
for increasing aspect ratio at medium-high applied electric fields. The dielectric
coefficient seems to be not much affected by the applied polarization field, as
has been stated before. The aspect ratio impact on this coefficient is moderate,
supposing a decrease about 30% of the coefficient value with respect to the sphere
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model for the model with aspect ratio equal to 0.35 and porosity equal to 30%.
The piezoelectric coefficient d33 gives similar behaviour to the sphere model, with
a more important decrease of the parameter at low porosity percentages and
high aspect ratio. For an applied electric field equal to the coercive field, the
aspect ratio is not a dominant parameter, and shows little effect for aspect ratios
between to 0.35 or 0.75. For low applied electric field, the aspect ratio produces an
increment of the piezoelectric coefficient, specially for high porosity percentages.
A similar trend can be shown in the piezoelectric coefficient d31, where aspect
ratio gives a more rapid reduction of the parameter compared to the sphere model.
At low applied electric fields, the aspect ratio is shadowed by the lack of polarized
material hence has a negligible effect. Aspect ratio values lower than 0.35 might
decrease the dielectric coefficient even more which already shows a good agreement
between the experimental results and model A. Therefore, there is little benefit in
modelling lower aspect ratio model than the current ones.

3.3.4 Crack model discussion

The electric field distribution of model C is detailed in Figure 3.14. In this figure,
the normalized electric field with respect to the coercive field is presented for the
poled material and for two aspect ratio values: 0.35 and 0.75. The applied electric
field is equal to the coercive field. In the matrix, it can be seen that the electric
field concentrates around the crack, reaching values up to 320% of the coercive
field. Inside the inclusion and the crack, the electric field reaches values up to
430% and 1800% of the coercive field for the 0.75 and 0.35 aspect ratio models
respectively. The electric field decays rapidly with distance from the crack. As
with the ellipsoidal model, the inclusions and crack absorb an important part of
the electric field which leaves low electric field regions.

The model results are presented in Figure 3.15, for ellipsoidal ratios equal
to 0.35, 0.5 and 0.75 respectively. In addition and for comparison purposes,
the sphere model is included too. The results show almost identical trends
with respect to the sphere model and the ellipsoidal model, but with higher
piezoelectric values compared to the ellipsoids. The crack model gives similar
dielectric coefficients to the sphere model, as expected, since the porosity is the
same for both. For the piezoelectric values, the crack model gives lower magnitudes
than the sphere model, but higher than the ellipsoidal model. The coefficient d31
shows a continuously decrease in its magnitude, as shown by the experimental
values presented previously in Figure 3.10. However, the crack model for high
aspect ratio values lack the constant behaviour exhibited by the piezoelectric
coefficient d33 for porosities between 10-50% shown by the experimental data and
the sphere model.

This model gives a higher impact at high porosities, which is when the cracks
take more relevance. Also, the importance of the cross sectional area of the
inclusions is demonstrated. The models with high aspect ratio have more air
material in its cross section, and this is reflected as a drop in the piezoelectric
coefficients.
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Normalized electric field.(Percentage of coercive electric field)

(a) (b)

Figure 3.14: Comparison of poled regions and their electric field values
for model C for two different aspect ratio values: 0.35 (left) and 0.75
(right). The applied electric field is equal to the coercive field. The
un-poled domains are not plotted (gaps).
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Figure 3.15: Results of the crack model (Model C) for different values of applied
electric field, aspect ratio and percentage of inclusions (axis X). The applied
electric field is represented with shapes: #, � and ♦ for applied electric field
equal to 90%, 100% and 110% of the coercive field respectively. The aspect ratio
is represented with colours: blue, green, orange and brown for aspect ratio equal
to 0.35, 0.5, 0.75 and 1 respectively.

3.3.5 Validation of the polarization approach

In this section, the validation of the models are done against experimental data,
and they are shown in Figure 3.16. Hence, from the conclusions of the models, the
most accurate results are obtained with an applied electric field equal to 105% of
the coercive field. It can be seen that the best match is obtained for the ellipsoidal
model with an aspect ratio equal to 0.75 and 0.85. Figure 3.17 shows an SEM
image of a sample of BaTiO3 with 60% porosity with some pores highlighted,
where the pores vary in shape and size. Measures at these pore shapes shows
that the average aspect ratio is 0.836 and its standard deviation is 0.106, where
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Figure 3.16: Comparison against the experiments ( ) from reference [70, 73]of
the three models: sphere , ellipsoidal (aspect ratio: 0.75 - , aspect ratio:
0.85 - ) and crack (aspect ratio: 0.75 - ). The applied electric field is
equal to 105% of the coercive field.

the anisotropy may be due to high compression loads during uniaxial pressing.
Different samples might have different aspect ratio ratios, and therefore, this
example only intends to demonstrate that the anisotropy of the pore exists and it
might be around aspect ratios equal to 0.83. The measured aspect ratio is very
close to the ellipsoidal model with aspect ratio equal to 0.85 which already gives
a good approximation of the main values and trends of the material parameters.

The piezoelectric coefficient d31 shows the best match with the ellipsoidal
model with an aspect ratio equal to 0.75. This model gives a very good prediction
of the coefficient d33 , although it underestimates its magnitude for porosities
higher than 30%. The coefficient d33 shows a better match with the ellipsoidal
model for an aspect ratio equal to 0.85. However, it should be noted that these
coefficient results are relatively scattered, showing important differences in the
results for the same porosity. For example, at 28% the d33 ranges between 105
and 83.5 pC/N. This variability might be due to the incorrect polarization due to
a non-homogeneous distribution of the pores, or insufficient applied electric field.
However, all models show similar trends and results for the dielectric coefficient
εσ
33 since this coefficient depends mainly on the porosity percentage.

The values obtained in this chapter for the Barium Titanate with aspect ratio
equal to 0.85 and applied electric field equal to 105% of the coercive field are
summarized in Appendix A along with a short discussion on the piezoelectric
coefficients enij.
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Figure 3.17: SEM photograph of a porous piezoelectric sample
(BaTiO3) with high porosity (60%). The pores are highlighted in
yellow and its aspect ratio computed. The results shows that the aspect
ratio is around 0.836

3.4 Conclusions
A detailed study has been performed on how the polarization electric field and
the geometry of the inclusions affect the piezoelectric and dielectric coefficients of
porous piezoelectric ceramics. Common inclusion shapes have been studied, namely
spherical, ellipsoidal and ellipsoidal with a crack. Different aspect ratios and
applied electric fields have been considered. The main conclusions are summarized
as:

I High values of the applied polarization field lead to high values of the equiva-
lent parameters. However, there is a limit in the applied electric field due to
electric breakdown because of electric field concentration at the poles.

II The presence of inclusions means that important regions of the material are
not polarized because of their effect on the electric field, distorting and/or
absorbing it.

III The electric field is concentrated around the poles of the inclusions due to
refraction of the electric field. In the case of high aspect ratio models, the
concentration of the electric field can reach values up to 200% of the coercive
field at the high curvature poles. In the crack model, the maximum electric
field concentration is found at the crack tip.

IV The symmetry in the electric field distribution with respect to the polarization
axis is responsible for the important decrease in the piezoelectric coefficient
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d31. Increasing the porosity, increases the amount of electric field distortion
in the opposite directions and hence, decreases the equivalent parameters.

V The quasi-constant values of the coefficient d33 might be due to the progressive
polarization of the domains located at the poles aligned with the polarization
field (poles A and B). Increasing the porosity, also reduces the amount of
volume where the electric field can flow, and hence the polarization of the
piezoelectric domains increases. Thus because of the counter balance between
polarization and porosity, d33 remains relatively constant.

VI The model predicts that the dielectric coefficient is not affected by the aspect
ratio or the applied polarization field for the geometries evaluated here. This
parameter presents an almost linear correlation with the porosity percentage.

VII When the inclusion shape is accounted for during the modelling of the
polarization process, the predicted piezoelectric coefficients are able to closely
match the experimental values.

VIII Future work should aim to model higher number of inclusions in order to
account for effects such as distribution of porosity or clustering [91, 92]. In
addition, there is an interest to extend this approach to model material
manufactured using other processes such as freeze-casting where the pore
shape is closer to cylindrical or conical [75, 76].

In the next chapter, the application of the porous piezoelectric materials for
energy harvesting is studied.
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Chapter 4

Linear Energy Harvesting

4.1 Introduction
Energy harvesting is the process where energy is extracted from the surrounding
environment to power small devices. Piezoelectric materials are used for this
purpose, since they can extract electrical energy from vibrations directly. From a
general point of view, the energy harvester performance depends on the material
properties, the geometry of the harvester and the external energy source. The
material properties must be studied carefully in order to maximize the energy
converted. In this thesis, the capability of the porous piezoelectric materials for
energy harvesting is assessed. The most common way to study a piezoelectric
material for energy harvesting applications is through its figures of merit (FOMij).
These are parameters obtained from the material coefficients which assess its
performance without any account of the geometry of the harvester or external
excitations. The two most common figures of merit

FOM31 =
d231
εσ

33

(4.1.1)

FOM33 =
d233
εσ

33

(4.1.2)

Many FOMs are available in the literature. For energy harvesting applications,
the most important are dh, gh and k2ij.

dh =d33 + 2 · d31 (4.1.3)

gh =
dh
εσ
33

(4.1.4)

k233 =
d233

εσ
33 sE33

(4.1.5)

Depending on the material direction considered, two possible FOM are used for
energy harvesting assessment, FOM31 and FOM33. The coefficient dh expresses
the total amount of charge generated per unit of stress without accounting for
losses due to the capacitance of the material. The coefficient gh does account
for the capacitance by including the permittivity coefficient. The k2ij is similar
to FOMij butalso accounts for the elasticity of the material. Other FOMs can
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give useful insight into the material performance on specific applications, such as
strain sensors, hydrophones, etc. However these applications are not studied in
this thesis.

The energy harvesting FOMs for porous piezoelectric materials have been
studied by several authors. In reference [68], a review of the manufacturing
processes for porous piezoelectric materials is presented. This study is focused
on piezoelectric and pyroelectric coefficients. In both cases, the porosity leads
to an improvement in the performance of the material. This improvement is
due to the decrease of the permittivity coefficient because of the reduced dielec-
tric coefficient of the resultant composite porous material.This decrease is more
important than the correspondent decrease in the piezoelectric coefficients. In
reference [67], different porous piezoelectric materials are studied through its
figure of merit. It is shown that the coefficient gh and the product ghdh increase
when the porosity increases, which means a higher coupling. In that study, the
poly(methyl methacrylate) (PMMA) presents the highest piezoelectric values. The
manufacturing process used is the burn out polymer spheres (BURPS) , already
introduced in Section 1.2.3. In reference [92], a sandwich layer piezoelectric energy
harvester is presented. Using porous material as the core of the layered structure
and non-porous on top and bottom, this structure obtains anincrease in the energy
harvesting figure of merit FOM33. It is also highlighted the importance of a
correct polarization of the materialto achieve the maximum piezoelectric values.
In reference [174], the freeze casting method is presented as a higher quality
method to manufacture porous piezoelectric material than, for example, BURPS.

In Figures 4.1, the FOMs are calculated using the results obtained in the
previous chapter. These results correspond to the ellipsoidal inclusions with aspect
ratio 0.85 and applied electric field equal to 105% of the coercive field. These are
the closest values to the experiments and hence the results are expected to be close
to those present in real applications. In this figure, the coefficients dh and gh give
an insight into the material coupling. These coefficients increase with the porosity.
The coefficient dh increases its value due to the rapid decrease in the coefficient d31
and the steady value of d33 . The gh is related to the dh hence it follows the same
trend. The FOM31 and FOM33 are the main energy harvesting FOM and they
can give us a true insight into the real energy harvesting capabilities. In the case
of FOM31, the values shows an important decrease for low porosity, and remains
stable for high porosities. This is a reflection of the behaviour of the coefficient
d31 which presents an important decrease of its value along the whole range of
porosity studied. The values of d31 and d33 are already discussed in chapter 3.
The flat behaviour after 15% is due to the decrease in the dielectric coefficient
which counterbalances the decreasing d31 . More promising is the coefficient
FOM33 which presents a similar behaviour for low porosity, but later increases
its value after 20% to reach an overall improvement of 30% with respect to the
dense porous material. Again, this figure of merit reflects the behaviour of the
coefficient d33 which decreases for low porosities and keeps stable for porosities
higher than 15%. For porosities higher than 15%, the still decreasing dielectric
coefficient (εσ

33) provides the improvement on this figure.
These FOMs allow us to discuss the material performance in advance of the
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Figure 4.1: Figures of merit obtained from the polarization models
presented in Chapter 3 for BaTiO3. Aspect ratio of pores 0.85, applied
electric field equal 1.05 the coercive field.

design of the energy harvester. As shown in Figure 4.1, the porous piezoelectric
materials should provide an improvement on the energy harvesting capabilities
when the coefficient d33 is used. This coefficient is related to the voltage generated
in the direction of the polarization with the strain in the same direction. The
most common devices that operate in this mode are stack vibrators. Because
the material is compressed axially, these devices are very stiff. Hence their
operating frequency is very high, around orders of 1 kHz-10 kHz. The high natural
frequencies make them not very suitable for energy harvesting applications. To
reduce their natural frequency, big masses are attached to these devices. One
example is presented in Figure 4.3. This figure represents the model studied in
reference [175]. In that paper, the authors propose to use large piezoelectric film,
polarized through the thickness, in a stack energy harvester. Since the piezoelectric
layers are quite thin, the natural frequency is not very high, between 800-1000
Hz. However, an inertial mass has been added in order to decrease even more the
natural frequency. The model uses the coefficient d33 to generate energy from
the axial deformations. In reference [44], another stack harvester in presented.
This harvester is designed to work when the excitation is stochastic, namely white
Gaussian noise. The modelling of this white noise is made using stochastic theories.
In reference [176], another stack energy harvester is presented and modelled using
finite elements techniques. In this case the piezoelectric material is located in a
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(a) Axial (b) Bending (c) Torsion

Figure 4.2: Strain configurations applied to an energy harvester. From https:
//www.smart-material.com/ index.html

Figure 4.3: Piezoelectric energy harvester in stack configuration made
of a single piezoelectric film working in d33 . From [175]

metallic frame which amplifies the strain and hence the voltage. It is claimed that
the device provides high power output, enough to power small devices.

For porous piezoelectric material, the use of the FOM31 seems to present
no benefit, due to the lower values of coupling. This FOM is related to the
piezoelectric coefficient d31 . When d31 is used, the harvester mode is classified
as bending mode. The bending mode harvester is very common in the literature
due to its much lower resonance frequency compared with the stack mode. Some
examples are given in reference [15] where the authors use a bimorph cantilever
beam which has frequencies around 180 Hz. In reference [177] a cantilever impact
energy harvester is excited with impact in order to excite high modes which
provide more power. More examples of bending mode energy harvesters can be
found in the references [34, 36] where extensive reviews of the piezoelectric energy
harvesting state of art are detailed.

Each mode has its advantages for modelling an energy harvester. The stack
mode presents higher voltage and power output since it uses a higher material
coefficient. However, due to its higher natural frequency, its applicability is very
limited. In the case of the bending mode, the natural frequency is generally
much lower than the stack mode. However, its piezoelectric coefficient d31 is
around 50% of the d33 , therefore its power output, in ideal conditions (both
at resonance frequency), is much lower. Several attempts have been made in
order to make the harvester work in bending mode and use the d33. Macro Fiber
Composites (MFC) are composite piezoelectric patches which use small strips
of piezoelectric material which are orientated following thed33 direction. These
compositesallowhigher voltage output than conventional d31 harvesters, keeping
the natural frequency much lower than the d33 harvesters. Until now, the most of
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the research works have used the bending mode. Therefore, for completeness, the
simulations presented in this chapter account for both modes, bending and stack.

In the previous chapters, a complete framework for composite homogenization
was presented. This framework allows us to predict the material properties of
porous piezoelectric materials given the piezoelectric matrix properties and the
percentage of air inside it. Furthermore, if the polarization electric field is provided,
the scheme can predict with a high degree of accuracy the effective piezoelectric
coefficients. This framework has been validated with experimental results from
the laboratory. In this chapter the basis of the linear energy harvesting modelling
are presented. The three approaches to the modelling of the energy harvesters
are discussed. Firstly, single degree of freedom (SDOF) models are introduced. A
short review of the literature available is done to apply this simple model to the
porous piezoelectric materials. Later, multi-degree of freedoms analytical models
are introduced. These models present higher complexity than the SDOF models.
The method is also applied to the porous piezoelectric materials and the results
are discussed.

4.2 Linear SDOF Energy Harvester
From a general point of view, the performance of an energy harvester is defined by
two parameters, the piezoelectric coupling and the capacitance. They depend on
the material coefficients and the geometry. The coupling measures the amount of
mechanical energy that the material can convert to electrical energy or vice-versa.
The capacitance measures the energy lost in generating a self-induced parasitic
electrical field. This electrical field remains confined in the material and depends
on the permittivity of the material. Clearly it is desirable to have high coupling
and low capacitance, in order to maximize the energy conversion rate.

The effect of these parameters can be studied in a very simplified and efficient
way using a single degree of freedom approximation. These models solve the
dynamic equations of the system assuming the mass, damping and stiffness
matrices are scalars. This condensation can be done during the formulation of
the problem or using the modal shapes in a modal analysis. SDOF models have
been frequently used to study materials performance, for example the FOM are
based on SDOF assumptions [178, 179] or compare different harvester models
or technologies. In reference [178], the FOM are presented and related with
energy equations which assume one degree of freedom. In reference [179] SDOF
models are used to compare the performance of electromagnetic, piezoelectric,
magnetostrictive, and electrostatic transducer technologies. Their “effectiveness”
valuesare compared, concluding that the piezoelectric effect is one of the most
suitable for high voltage and low current harvesters. SDOF models of energy
harvesters are frequently used in pre-assessments or as simplifications of each
parts of more complex harvesters. In reference [180] a SDOF is used to model
a shear-mode piezoelectric energy harvester. In that paper an enhancement is
obtained due to the higher strain in the piezoelectric layer due to the shear stress.
However, it is considered that the material is polarized along the direction of the
electrodes which might pose a difficulty in its manufacturing. In reference [181] a
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practical application of SDOF is presented to harvest energy from a passing train.
In that paper, the authors highlight that the applicability of the model is limited
to excitation frequencies around 1% different compared to the design frequency.
This is one of the problems of single degree of freedom models. Some attempts
to decrease the sensitivity of the energy harvester power with respect to the
natural frequency have used coupled technologies and/or non-linear behaviours.
For example in reference [182], a piezoelectric and electromagnetic harvester
is modelled and tested experimentally. In these models, there are interactions
between mechanical, piezoelectric and electromagnetic physics and for each one
of them an single degree of freedom approximation is used. This makes the
model not very appropriate for high level of excitations. In reference [44] random
excitations are studied using a stochastic approach on an SDOF model. Using
Gaussian white noise as input, the importance of a low mechanical damping
and high electromechanical coupling is shown in order to obtain the maximum
power. The applications of SDOF models are limited to frequencies close to the
resonance frequency. If the excitation frequency is close to the natural frequency, a
single degree of freedom model can represent accurately the behaviour of complex
devices.

Looking at the impact on these coefficients, the coupling is proportional
to the piezoelectric coefficients and the stiffness [15]. On the other side, the
capacitance depends on the permittivity of the material as well as other non-
material parameters like area covered by the electrodes, thickness, etc. These
coefficients are calculated according to the geometry of the harvester. However, in
this chapter it is intended to compare the dense energy harvester with the porous
harvesters, therefore only the material contributions are considered. The geometry
of the model is the same for porous and non-porous unless it is stated in a different
way. The two possible configurations of porous energy harvester are axial mode
and bending mode. Each of the modes requires different geometry configuration in
order to activate the required coefficient however it is assumed in this section that
both geometries are equivalent. The use of the coefficient e33 in bending mode can
be achieved through composites such as Macro Fiber Composites (MFC). These
composites are made of small strip of piezoelectric material polarized along the
longitudinal direction. Hence the coefficient e33 is oriented parallel to the beam
and is excited during bending. The type of composites have a higher voltage
output than the common e31 harvesters due to the higher coupling.

4.2.1 Modelling of SDOF Energy Harvesters

In this section, a single degree of freedom model of a base excited cantilever
energy harvester is presented. The model represents a cantilever beam with
two piezoelectric patches, one on the top and one on the bottom surface. The
piezoelectric patches cover both surfaces of the beam completely. This harvester
is simplified to a mass-spring-damper system as Figure 4.4 shows. The dynamic
behaviour of the system is modelled using the coupled electro-mechanical equations
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Figure 4.4: Proposed SDOF energy harvester model based on mass-
spring-damper system.

[183] as follows:

mübeam + c u̇beam + k ubeam − kp φ = FBE (4.2.1)

Cp φ̇ +
φ

R
+ kp u̇beam = 0 (4.2.2)

where the dot represents the derivative with respect to time. The displacements
and voltage are represented by u and φ respectively.The beam mass is m, the beam
damping is c and the beam stiffness is k. The parameter kp is the piezoelectric
coupling between the electrical and mechanical fields. The effect can be also seen
as added damping to the system. The mass, stiffness and coupling coefficient
depend on the porosity of the material. The term fBE corresponds to the force
that arises from the base excitation and it is assumed to be harmonic.

Before defining the parameters of the equations, let us define the bending
stiffness and natural frequency of the system:

IY (P) =
2we

3
Ye
h3e
8

+ Yp(P)
2wp

3

[(
hp +

he
2

)3

− h3e
8

]
(4.2.3)

ωn(P) =
1

2π

√
k(P)

m(P)
(4.2.4)

where w, h and L are width, thickness and length of the piezoelectric ((•)p) and
elastic ((•)e) layers respectively. Parameters such as elastic modulus, piezoelectric
coefficient and dielectric coefficient depend on the porosity (P) of the material.
The stiffness, mass and damping values of Equations (4.2.1) and (4.2.2) can be
obtained as:

m(P) = weheρe + 2wphpρp(P) (4.2.5)

k(P) =
3IY (P)

L3
(4.2.6)

c(P) = 2ξ
√
k(P)m(P) (4.2.7)

where the term IY represents the stiffness as a product of the inertia of the beam
I, accounting for the different materials in the section, and the elastic modulus
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Y for the stiffer material.The damping is expressed as ξ and is obtained from
experiments and is assumed to be20% of the critical damping Cv. This value is
not critical, since the objective is a comparison between the performance of the
different piezoelectric coefficients in similar situations. The piezoelectric coupling
(kp) is given as:

kp = wpe3Xhp (4.2.8)

where e3X is the corresponding piezoelectric coefficient. As has been stated
previously , in order to compare the performance of the piezoelectric coefficients,
the geometry has to be equivalent when using either e31 or d33 . The equations
stated in this section are for a cantilever beam which is a typical application of
e31, however these equations are proposed here just as an example.

The parameters Cp and R represent the total capacitance of the piezoelectric
patches and the resistance of the external circuit respectively. It should be noticed
that the electrical variables such as capacitance, voltage and resistance are scalar
as well as the stiffness, mass and damping. The capacitance is given by the
following equation:

Cp(P) =
εσ
33(P)Lpwp

hp
(4.2.9)

R(P) =
1

ωnCp(P)
(4.2.10)

Equation (4.2.10) represents the optimal resistance for a linear energy harvester
[46] and it is used in this thesis as a first approximation to the optimal resistance
for any porosity value. Later, the variation on the resistance is shown. These
differential equations are solved assuming harmonic base excitation:

FBE = fBEe
jωexct = −mAω2

exce
jωexct (4.2.11)

where A is the amplitude, ωexc is the frequency of the excitation, j is the imaginary
unit (

√
−1) and t is time. Here the amplitude of the displacement of the base

excitation is assumed equal to the unit. The harmonic external excitations
assumption allows us to assume that the response of the system is harmonic too.

u = uAe
jωt+Φ (4.2.12)

φ = φAe
jωt+Φ (4.2.13)

where the subindex A means that the value refers to the amplitude of the harmonic
signal. When these equations are introduced in Equations (4.2.1) and (4.2.2),
the parameter which depends on the time can be cancelled, remaining the steady
state solution. This is explained more in detail in Section 4.3.1.

4.2.2 Results for base excited SDOF models
In this section the results of the presented model are shown for the energy harvester
given in Appendix B. The objective of this section is to study how the porosity
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Figure 4.5: Displacement at the tip of the energy harvester for different porosity
values (P). , , , , , and for 0%, 10%, 20%, 30%, 40%
and 50%.
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Figure 4.6: Voltage at the tip of the energy harvester for different porosity
values (P). , , , , , and for 0%, 10%, 20%, 30%, 40%
and 50%.
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Figure 4.7: Power at the tip of the energy harvester for different porosity values
(P). , , , , , and for 0%, 10%, 20%, 30%, 40% and
50%.
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Figure 4.8: Power FRF at the tip of the energy harvester for different porosity
values (P). , , , , , and for 0%, 10%, 20%, 30%, 40%
and 50%.
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Figure 4.9: Power FRF at the tip of the energy harvester for different porosity
values (P). The cross is the value obtained with the predicted linear equation 4.2.10.

, , , , , and for 0%, 10%, 20%, 30%, 40% and 50%.

affects the voltage, power, displacements and natural frequency of the SDOF
harvesters. Both piezoelectric coefficients, e31 and e33, are studied in order to
compare them, since its behaviour is different with the porosity. It should be
noticed that, although the porosity changes the stiffness and mass of the system,
the loadresistance used at each porosity percentage has been optimized using the
presented linear Equation (4.2.10). In addition, it should be noticed that the
values presented in this section are obtained only for comparison purposes. The
values for a real energy harvester might differ from the provided here.

Four different results are presented for each coefficient, namely displacement
at the tip (Figure 4.5), voltage at the resistor (Figure 4.6), power generated at the
resistor (Figure 4.7) and power frequency response function (FRF) (Figure 4.8)
which is given as the ratio between the output power and the acceleration input
at each frequency.

Power FRF =
φ(ω)2

R(ω)fBEω2
(4.2.14)

In Figure 4.5, the displacement of the harvester is displayed. Since it is
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assumed to represent a beam, the displacement shown corresponds to the tip
displacement. It can be seen that the magnitudes are similar for all frequencies
and independent of the coefficient activated. This is a logical conclusion since the
natural frequency does not dependon the piezoelectric coefficients, only on the
mass and stiffness.

In Figure 4.6, the voltage generated by the harvester at the resistor is shown.
Here the influence of the piezoelectric value can be clearly seen. For the lower
piezoelectric coefficient e31, the voltage with 50% porosity is 5% of the voltage
with no porosity. In case of the piezoelectric coefficient e33, the presence of 50%
porosity reduces the voltage to 35%. This is reasonable, since the piezoelectric
coefficient is reduced.

In Figures 4.7 and 4.8, the power output and power FRF are presented for the
two considered coefficients. It can be shown that the porosity not only reduces
the natural frequency but also reduces the harvested power dramatically in the
case of the e31. The values relative to e33 are much higher compared to the e31
coefficient.

It has been assumed that the optimal natural resistance of the harvester is
equal to the linear case given by Equation (4.2.10). In Figure 4.9 it is proven
that the impact of the porosity on the optimal resistance can be easily predicted
using the linear equation accounting for the changes in capacitance given by the
porosity. However, it should be noticed that the values of optimal resistance does
not change much with the porosity.

4.3 Linear Beam Energy Harvester
In this section, a typical cantilever beam is presented and studied using analytical
solutions based on Rayleigh-Ritz superposition and Euler-Bernoulli assumptions.
In this section, the procedure follows the A. Ertuk and D. Inman book “Piezoelec-
tric Energy Harvesting” [15].

The energy harvester geometry is represented in Figure 4.11 and defined as
cantilever bimorph beam. The cantilever beam topology is chosen because of its
lower natural frequencies compared to plates or clamped-clamped beams. This
allows easier resonance between the energy harvester natural frequencies and
the vibrations in the surrounding environment which are low frequency in many
cases. Also, it allows higher strains at the clamped side which is beneficial for
energy harvesting. However, the rest of the beam remains at very low strain,
which generates little energy. Some authors have studied the optimal length of the
piezoelectric patch in order to harvest the most energy keeping the piezoelectric
patch as small as possible [184]. In that paper, the authors show that, in a
cantilever energy harvester, the capacitance and piezoelectric coupling change
with the length. Higher lengths increase the capacitance and hence the energy
losses, whereas shorter patch lengths decrease the piezoelectrical coupling. This
coupling has its maximum value where the higher strain is, which is normally at
the clamped side [184]. Using Finite Element Analysis (FEA), it is proven that
there is an optimal length of the patch for a given patch shape. This approach also
proves that not only the coupling must be optimised, but also the capacitance.
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Figure 4.10: Deformation of a section of an Euler-Bernoulli beam
where the sections remains plane to neutral axis.

4.3.1 Analytical Modelling of a beam energy harvester
A beam can be modelled either as a Timoshenko beam or as an Euler-Bernoulli
beam. The selection between both options depends on its geometry (ratio length-
thickness) and/or the degree of accuracy required which leads to neglect the shear
or not. If the ratio of length-thickness of the beam is very high (h/L >> 10), the
shear can be neglected, and then the Euler-Bernoulli beam assumptions give a
good grade of accuracy. In the case that the beam is quite thick (h/L << 10), the
shear can affect considerably the dynamic behaviour of the beam, and therefore it
must be considered. In such case, Timoshenko beam assumptions offer a good
set of approximations to model the energy harvester. Most energy harvesters are
very slender in order to reduce the natural frequency. In this case, our energy
harvester is also modelled as an Euler-Bernoulli beam. This beam type assumes
that its cross section does not deform and it remains plane and normal to the axis
of the beam all the time as Figure 4.10 shows. Therefore, for small deformations,
the deformed centre of the beam follows an arc shape, which means the rotation
of the section and its deformation are related by:

ε = −z∂
2wrel

∂x2
(4.3.1)

where w is the displacement of the beam expressed as:

w = wrel + wbase (4.3.2)

where the wrel is the displacement of the beam relative to the clamped point and
wbase is the displacement of the base of the beam. In our case, we consider our
section symmetric with respect to the axis Y and Z and constant along axis X. The
consequence of all these assumptions is that only stresses in the direction of the
axis of the beam (Axis X in Figure 4.11) are considered. Two piezoelectric patches
are attached to the superior and inferior surfaces of the beam as Figure 4.11
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details, in order to capture the maximum strain at the root of the beam. In
addition, we consider that the thickness of the patch is small enough to assume a
constant voltage across the thickness which allows us to relate the voltage with
the electric field by [15]:

E3(t) = −φ(t)
hp

(4.3.3)

As the piezoelectric materials are polarized in one direction (material axis 3),
they only develop electric field in that direction. This can be achieved, for the
type of piezoelectric material considered (C4V, see Section 1.2.1), using one of
the three possible strains configuration which correspond to the axial, bending
and shear work modes. The strains configurations are detailed in Figure 4.2. The
axial mode is related to the piezoelectric coefficient e33 and it normally requires
high frequencies to be excited. Whereas the bending mode is related with e31 and
the shear mode with e15. The shear mode is not considered in this thesis.

Constitutive equations

We proceed now to present the mathematical treatment which allows us to obtain
an analytical solution for a cantilever beam energy harvester under harmonic base
excitations. Starting from the basic beam equations and constitutive laws of the
piezoelectric material, we obtain a set of equations which allows us to obtain the
displacement and voltage on a resistor. These equations will be used to study
the impact on the energy harvester of different parameters such as resistance,
frequency, length of the energy harvester, amplitude, etc. As it is stated in
Section 1.2.1, the constitutive equations for linear piezoelectricity can be derived
from an electric enthalpy function H. Resuming from Equation (1.2.5), we have:

H =
1

2
Cijklεijεkl − ekijEkεij −

1

2
εε
ijEiEj (4.3.4)

which gives us

σij = Cijklεkl − ekijEk

Di = eiklεij + εε
ikEk (4.3.5)

The current i is related with the voltage φ, and charge Q through the next
equalities:

i (t) =
dQ (t)

dt
=
φ(t)

R
(4.3.6)

which combined with the charge equation for infinite parallel plate capacitor:

Q =

∫
A

D · n dA (4.3.7)

one can obtain:
φ(t)

R
=

d

dt

(∫
A

D · n dA
)

(4.3.8)
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Since the electric field generated is always (for non-shear strains) in the direction
of the polarization (material direction 3) and the Euler-Bernoulli beam allows only
strains in the axial direction (material direction 1), the piezoelectric coefficient
used is e31. Equation (4.3.7) can be simplified since from now on, the only electric
field (and hence electrical displacement) is in the material axis 3. This direction is
perpendicular to the area over we are integrating the electrical displacement, and
hence we can reduce the vector product of Equation (4.3.8) to a scalar product.

φ(t)

R
=

d

dt

(∫
A

D3 dA

)
(4.3.9)

The electric displacement can be replaced by the second constitutive equation of
the piezoelectric materials (Equation (4.3.5)):

φ(t)

R
=

d

dt

(∫
A

(e31εxx + εε
33Ez) dA

)
(4.3.10)

= −e31hpcb
∫
x

∂3wrel

∂x2dt
dx− εε

33A

2hp

dφ(t)

dt
(4.3.11)

where b is the width of the beam, hp is the thickness of the piezoelectric layer, he
is the thickness of the elastic or support layer and hpc is the distance between the
centre of the beam and the centre of the piezoelectric layer (hpc = (he + hp)/2). It
should be noticed that the integration of the capacitance should be done over both
piezoelectric layers which for series connections means a that both thicknesses
must be included, hence the number two in the denominator of the capacitance
term.

Dynamic analysis using modal shapes

To solve the above equation and assuming linearity, one can follow the Ritz method.
In this method, the displacement is a superposition of products between known
functions independent of time known as shape functions ψr(x), and functions
which depends on time known as time functions ηr(t).

wrel(x, t) =
∞∑
r=1

ψr(x) ηr(t) (4.3.12)

where ψr(x) are the mass normalized eigenfunctions which depends on the bound-
ary conditions and ηr(t) are the modal coordinate which depends only on time.
In order to simplify the system, we assume proportional damping which means
we can model the damping as proportional to the vibrations of the non-damped
system. Hence, the modal shapes ψr(x) are the modal shapes of the undamped
free vibration system.

These modal shapes can be calculated using Equation (4.3.12) and the appro-
priate boundary conditions to solve the Euler-Bernoulli beam equation:

IY (P)
∂4w(x, t)

∂x4
+m(P)

∂2w(x, t)

∂t2
= 0 (4.3.13)
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where IY is the equivalent bending stiffness of the beam section and m is the
mass per unit lenght of the beam. The term IY is calculated integrating the
stiffness of each of the layers respect to the neutral axis, which for a bimorph
symmetric beam gives:

IY =
2b

3

(
Ye
h3e
8

+ Yp

[(
hp +

he
2

)3

− h3e
8

])
(4.3.14)

The complete mathematical development is detailed in Appendix C. From that
appendix, we recall the final form of the equations:

ω2
rηr(t) + 2ξrωr

∂ηr(t)

∂t
+
∂2ηr(t)

∂t2
+ θ̃φ(t) = FBE (4.3.15)

εε
33bL

2hp

dφ(t)

dt
+
φ

R
+

∞∑
r=1

κr
dηr(t)

dt
= 0 (4.3.16)

where ωr is the natural frequency, ξr is the modal damping ratio, θ̃ is the backward
coupling coefficient, κr is the modal coupling and F is the modal forcing. The
subindex r refers to the rth mode. Then the capacitance for a harvester whose
piezoelectric layers are connected in series is defined as:

Cp =
εε
33bL

2hp
(4.3.17)

Equations (4.3.15) and (4.3.16) are second order ordinary differential equations
(ODE) whose solutions depend on the forcing applied which has to be known.
The unknown parameters are the time term and the voltage. Solving the previous
equations using all the possibles modes is computationally expensive, since there
are an infinite number of modes. Therefore only the first five modes are used to
compute the response. This reduction in the number of modes implies a reduction
in the degrees of freedom of the system, passing from an infinite number of degrees
of freedom (continuous approach) to only five. The system is then classified as a
multi-degree of freedom system (MDOF).

Electrical connection

In case of multiple patches, they can be connected in two different ways [15]: series
and parallel. In series connection, the piezoelectric patches are connected in such
way that their voltage add up to each other, whereas in parallel connection, the
current of each patch sums each other. In this thesis, only the series connection
is considered for simplicity.

To connect the piezoelectric patches in series, we should connect the positive
pole of one patch to the negative pole of the other. Since the section is symmetric,
the stresses have the same value but different sign (or direction) in the top and
bottom surfaces of the beam. Here we should notice that, since the piezoelectric
material is anisotropic, its coordinate system has to be defined. The piezoelectric
material coordinates are 1, 2, and 3 and correspond with the axis X, Y and Z
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X

Z

Rφ(t)

Superior Layer PZT Polarization

Inferior Layer PZT Polarization

Base Excitation

Figure 4.11: Schematic view of the cantilever beam energy harvester
and the circuit configuration.

respectively, being the material polarized along the axis 3 or Z in global coordinates.
The polarization of the piezoelectric patches is opposite to each other of as shown
in Figure 4.11 which means the electric field has opposite directions in both
patches for positive strain. However, the strain in the bottom layer is equal in
magnitude (due to symmetric section) and opposite in sign with respect to the
upper layer. Thus the electrical field of both layers have the same direction in
both patches. Then the direct connection between the bottom of the superior
layer and the top of the bottom layer is possible as Figure 4.11 shows.

Energy harvester under harmonic base excitation

One of the most commo ns ways to excite a linear energy harvester is using
harmonic base excitation. Harmonic excitation can be expressed in two forms,
i.e. as trigonometric form F = Asin(ωt+ Φ) or as exponent form F = Aejωt+Φ,
where ω is the frequency of the forcing or excitation, “j” is the imaginary unit
(j =

√
−1) and Φ is the phase angle. In this case, is reasonable to assume

that, since the excitation is harmonic, the response of the system is harmonic
too. Then both the excitation and the response of the system can be expressed in
exponential form.

F (t) = FAe
jωt (4.3.18)

ηr(t) = HA,re
jωt (4.3.19)

φ(t) = VAe
jωt (4.3.20)

In this equation, the subscript A refers to amplitude of the parameter. Notice
that ηr(t) and φ(t) represent the time response term, from the Equation (4.3.12),
and the voltage response respectively. The terms HA and VA are the amplitudes
of the time and voltage responses respectively.

Using these assumptions the terms depending on time vanish when substituted
back in theEquation (4.3.15) and Equation (4.3.16). This makes sense, because
in a harmonic excitation the response is periodic with respect to time, since we
neglect transient effects. Therefore the complete response can be represented by
the response of once period or cycle. This response is called the steady-state
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response. (
ωr + 2ξωrω − ω2

)
HA�

��ejωt − θ̃VA�
��ejωt = FA�

��ejωt (4.3.21)

CpVAωj�
��ejωt +

VA
R

�
��ejωt +

∞∑
r=1

κrHAjω�
��ejωt = 0 (4.3.22)

From Equations (4.3.21) and (4.3.22) we can now obtain the values of VA and HA

since they are uncoupled, and from them the values of the ηr(t) and φ(t) using .

VA =

∞∑
r=1

−jωκrF
ω2
r − ω2 + j2ξrωrω

1

R
+ jωCp +

∞∑
r=1

jωκrθ̃

ω2
r − ω2 + j2ξrωrω

(4.3.23)

HA =
F − θ̃VA

ω2
r − ω2 + j2ξrωrω

=

F − θ̃

∞∑
r=1

jωκrF

ω2
r − ω2 + j2ξrωrω

1

R
+ jωCp +

∞∑
r=1

jωκrθ̃

ω2
r − ω2 + j2ξrωrω

 1

ω2
r − ω2 + j2ξrωrω

(4.3.24)

Equations (4.3.23) and (4.3.24) are the same as the one expressed in Ertuk
and Inman book [15, Chapter 3] From these equations we can obtain also the
displacement recalling Equation (4.3.12) since now the time terms are known as
well as the mode shapes.

wrel(x, t) =
∞∑
r=1

[(
F + θ̃VA

) ψr(x)e
jωt

ω2
r − ω2 + j2ξrωrω

]
(4.3.25)

These equations are used the next sections to calculate the voltage output generated
by a porous energy harvester and the impact of the resistance on the energy
harvester performance.

From the previous equations, the optimal resistance can be obtained for the
voltage and power by differentiating the equations with respect to the resistance
and equating them to zero. But first, it is a common assumption to neglect the
influence of the piezoelectric coupling because these terms are normally very close
to zero (κr · θ̃ ≈ 0), hence:

VA =

∞∑
r=1

−jωκrF
ω2
r − ω2 + j2ξrωrω
1

R
+ jωCp

(4.3.26)

=

(
1

R
+ jωCp

)−1 ∞∑
r=1

−jωκrF
ω2
r − ω2 + j2ξrωrω

(4.3.27)
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Differentiating the previous equation the following can be obtained:

dVA
dR

= −

∞∑
r=1

−jωκrF
ω2
r − ω2 + j2ξrωrω(
1

R
+ jωCp

)2

−1

R2
(4.3.28)

Thus the derivative of the voltage with respect to the resistance depends on the
inverse squared of the resistance, which is never zero. In addition, the derivative
of the voltage tends to zero when the resistance tends to infinity, which means
that the voltage is maximum or minimum when the resistance is infinity. In fact,
it will be shown from the results given later that the voltage increases and is
always maximum at the maximum resistance. In the case of the power:

P =
|VA|2

R
(4.3.29)

It is well known that:

|a+ bj|2 = a2 + b2 (4.3.30)

Assuming only one mode is excited (i.e. ωr ≈ ω) then the contribution of the
other modes can be neglected. Hence:

P =
|VA|2

R
(4.3.31)

=
1

R

(
1

R2
+ ω2Cp

2

)−1
ω2κ2rF

2

(ω2
r − ω2)2 + 4ξ2rω

2
rω

2
(4.3.32)

=

(
1

R
+Rω2Cp

2

)−1
ω2κ2rF

2

(ω2
r − ω2)2 + 4ξ2rω

2
rω

2
(4.3.33)

To obtain the optimal resistance, the previous equation is differentiated with
respect to the resistance:

dP

dR
=

∞∑
r=1

ω2κ2rF
2

(ω2
r − ω2)2 + 4ξ2rω

2
rω

2

d

dR

(
1

R
+Rω2Cp

2

)
(4.3.34)

=
∞∑
r=1

ω2κ2rF
2

(ω2
r − ω2)2 + 4ξ2rω

2
rω

2

(
−1

R2
+ ω2Cp

2

)
(4.3.35)

The previous equation is zero when:

−1

R2
+ ω2Cp

2 = 0 (4.3.36)

RωCp = 1 (4.3.37)

This result agrees with the literature [46, 185] and it is applicable to porous
piezoelectric energy harvesters.
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Figure 4.12: Voltage of the energy harvester for different porosity values (P)
for e31 and e33. , , , , , and stand for 0%, 10%, 20%,
30%, 40% and 50% porosity.
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Figure 4.13: Power of the energy harvester for different porosity values (P)
for e31 and e33. , , , , , and stand for 0%, 10%, 20%,
30%, 40% and 50% porosity.
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Figure 4.14: FRF of the power for different porosity values (P) for e31 and e33.
, , , , , and stand for 0%, 10%, 20%, 30%, 40% and

50% porosity.
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Figure 4.15: Maximum voltage of the energy harvester for different porosity
values (P) and resistances (R) for the coefficients e31 and e33.
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Figure 4.16: Maximum power of the energy harvester for different porosity
values (P) and resistances (R) for the coefficients e31 and e33.
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Figure 4.17: Maximum power FRF of the energy harvester for different porosity
values (P) and resistances (R) for the coefficients e31 and e33.
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4.3.2 Results for MDOF Energy Harvester
The presented analytical model is applied to the porous piezoelectric material.
The material and geometry properties are the same as the ones used in the SDOF
models, Section 4.2, and detailed in Appendix B.

The results of the analytical MDOF model presented are organised in two
main groups: frequency dependent results and resistance dependent, for both
piezoelectric coefficients e31 and e33 in the porosity range 0-50%. The outputs are
focused on the energy production, namely voltage amplitude, power and power
FRF.

In Figures 4.12 to 4.14, the dynamics of the model over a wide range of
frequencies is presented. This range, from 0 to 2500 Hz covers the first two modes
of the harvester, around 200 Hz and 1900 Hz, depending on the porosity. In these
results, the resistance is optimised following Equation (4.2.10). As the results show,
the natural frequency is significantly affected by the porosity, especially the second
mode. The porosity reduces this frequency which means the stiffness decreases at
a higher rate than the mass. The voltage output is compared in Figure 4.12. The
voltage output is much higher in case of the piezoelectric coefficient e33 than the
coefficient e31 as it was anticipated in the previous sections. The voltage output
in case of the e31 and e33 coefficients decrease with the porosity Also, it seems
there is a change in the behaviour for high porosities when the coefficient used
is e31. The voltage for 50% porosity is higher than for 40% porosity and almost
equal to 30%. This change is due to the more favourable relationship between the
piezoelectric coefficients, the stiffness and the dielectric coefficient.

The power and power FRF results shown in Figures 4.13 and 4.14 present
decreasing power for high porosity in case of the piezoelectric coefficient e31. In
case of e33, the values are similar between different porosities. The power is
calculated for the optimal resistance which ranges between 10 kΩ to 50 kΩ. The
power shows similar values between both modes for a given coefficient. As it is
stated before, the maximum power given by the second mode shows almost no
dependency with respect to the porosity. The power FRF is a measure of the
efficiency of the harvester, expressed as a ratio between the voltage output and
the acceleration input. Although the power amplitude is higher in the first mode
for the piezoelectric e31 with respect the second mode, the FRF shows an opposite
trend due to the higher frequency of the second mode. It can be concluded that
work in second mode is less efficient than the work at the first resonance frequency.
In general, these results agreed with the results presented in Section 4.2 in the
range of frequencies studied. In this case the range of frequencies is from 0 Hz to
2500 Hz.

The second set of results includes a study on the sensitivity of the energy
harvester to the resistance and porosity. The results are plotted as surfaces, where
the z value is the maximum value obtained for the given parameter, namely,
voltage, power or power FRF. This maximum value is obtained for different
combinations of resistance and porosity in the given range of frequencies, from 0Hz
to 2500Hz. The results are shown in Figures 4.15 to 4.16. In case of the voltage,
it increases significantly with respect to the resistance around 100 kΩ. Normally
this change in the voltage indicates that the optimal resistances are around those
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values. The e33 coefficient again performs better than the e31 coefficient due to its
higher value of the material coefficient. In the case of the power, higher powers are
located around the optimal resistance. The power shows an important decrease
for lower percentages for e31 . The power obtained from e33 is higher than for e31
but still shows similar trend with an important decrease at the lower percentages
of porosity. Again in terms of power and efficiency, the piezoelectric coefficient e33
presents a higher performance compared to the coefficient e31. However, neither
of them perform better than the dense material.

4.4 Conclusions
In this chapter, a complete study on the capabilities of the porous piezoelectric
materials has been undertaken. Two different approaches have been used to study
the material: using a single degree of freedom approximation (SDOF) and a
multiple degree of freedom approximation (MDOF)

A single degree of freedom model of an energy harvester has been presented
and studied. Using a spring-mass-damper system, a cantilever energy harvester
has been modelled, driven by two different coefficients: e31 and e33. A multi-
degree of freedom model based on Euler-Bernoulli assumptions has been also
developed to model an energy harvester made of porous piezoelectric materials.
Different percentages of porosity as well as different resistance values have been
tested against the model. Different parameters have been used to compare the
performance of the piezoelectric coefficients, such as voltage output, power output
and efficiency (power FRF).

The results presented show no benefit from the addition of pores to the
piezoelectric materials. Initially, given the positive results of the FOM31, it was
expected to increase the power output when using porous material in the d33
configuration. However, the results showed the opposite trend. This might be
due to the monotonic decrease of the piezoelectric coefficients e (C/m2) with
the porosity (See Appendix A). Although both coefficients, e and d , represent
the same material behaviour, each one represents that material behaviour under
different conditions. The e expresses the capability of the material to convert
stress to charge, and the d the capability of convert strain to charge. For energy
harvesting approaches, it is preferred to have material with a rate of conversion
of stress to electric field, which means high e coefficients. It can be concluded
that the decrease in the piezoelectric coefficients is not counterbalanced by the
decrease in the capacitance which was the hypothesis that motivated this thesis.
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Chapter 5

Non-linear Energy Harvesting

In the previous chapters, the homogenized material properties of porous piezo-
electric materials have been obtained using different methods (analytical and
numerical) and accounting for the main features of the manufacturing process
such as polarization of the material. Later the material has been studied for energy
harvesting purposes. Using simple single degree of freedom models, the material
has shown some interesting figure of merit changes which might be beneficial
for energy harvesting. However, the analytical MDOF model showed no benefit
from the porosity, either for e31 nor e33 . It is concluded that, for linear energy
harvesters, the decrease in capacitance does not counterbalance the decrease in
piezoelectric coefficient. Hence the amount of energy is lower than for the dense
materials.

In this chapter, another approach to the porous energy harvester is investigated
using non-linear impact. It is known that impacts excite higher frequencies of the
harvesters which in general provides more energy. The reduction in capacitance
might be beneficial when several modes are highly excited. This chapter starts with
a short review on the impact modelling and its applications to energy harvesting.
Later a finite element beam formulation is presented. This formulation includes
the modelling of the contact and electric elements. The FE model is validated
through a hammer test and sinusoidal excitation test on a linear energy harvester
(no impacts). Later this model is used to simulate the impact energy harvester.
As a first stage, in order to prove the benefits of impacts for energy harvesting, the
test harvester is not made of porous material, but rather a Macro Fiber Composite
(MFC) piezoelectric patch. Prior to studying the non-linear impacts on porous
piezoelectric materials, it seems logical to first study its effect on non-porous
materials, which are better known and easier to manufacture. Since the objective
is also to validate the impact model through experimental tests, it is desirable to
perform the test on materials less sensitive to manufacturing defects or cracks than
the porous piezoelectric materials. Later, if the approach is proven successful, it
can be applied to porous materials.The FE results are compared with experiments
results and conclusions are presented. These validation tests are performed on
the linear harvester (no impacts).
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5.1 Impact energy harvesters: State of Art
In Chapter 4 there is an emphasis in the material modelling for energy harvesting
purposes. The excitation used in that chapter is the common harmonic base
excitation. In this chapter, the emphasis is moved toward the excitation energy
source. Linear energy harvesters are based on tuning the natural frequency of
the harvester to match the excitation frequency [44], so that the amplitude of the
vibration, and hence the power output, is maximum. The excitation frequency is
then a constraint in the design of the energy harvester. Normally, natural sources
of vibration, such as wind or waves, or machinery are used to excite the energy
harvester. These sources of vibration are normally low in frequency (<100 Hz)
and therefore, the first vibration mode of the harvester is designed to match the
excitation frequency. However, higher modal frequencies might generate more
energy than lower ones.

In this chapter, the primary excitation source is impact at the tip of the
harvester and, at the same time, harmonic base excitation. Impacts have been
proved to be an efficient way to excite higher frequencies using low frequency
excitation. This conversion mechanism allows the conversion of low frequencies
to high frequencies (1kHz - 1MHz) [186] depending mainly on factors such as
the impact stiffness or contact duration. Using this principle, some authors have
developed different models of impact energy harvesters. The use of mechanical
impact as a source of vibrations for energy harvesting has been addressed by some
authors. One of the first contributions to the field of impact energy harvesting was
made by Umeda et al. [187], where the dynamic system was solved analytically
using an equivalent circuit. The importance of the quality coefficient and the
existence of an optimal resistance was presented. The quality coefficient is a
dimensionless measure of the energy dissipation and is defined in that paper as:

η =
WE

W imp

(5.1.1)

where WE is the electrical energy dissipated in the electrical load and W imp is the
energy of the impact. Cavallier et al. [186] studied an experimental rotational
impact piezoelectric energy harvester. This harvester uses a silicon cantilever beam
as the vibrating energy storage element and mechanical shocks as the excitation
source. The advantages of shock excitations that produce a higher voltage output
are highlighted. Renaud et al. [185] investigated the performance of a cantilever
beam EH with impact. This harvester was modelled as asingle-degree-of-freedom
system, the dynamic equations are solved again establishing an equivalent electrical
modelwhere the stiffness is represented as a capacitance, the damping as a resistor
and the mass as an inductance element. In this way, the mechanical part can be
represented as a circuit which can be coupled with the electrical circuit through a
transformer. The impact was applied as an instantaneous velocity load at the tip.
This model gives a good insight of the dynamic behaviour of an EH, although, the
equivalent electrical model (mechanical + electrical)does not allow the detailed
modelling of the contact. Jacquelin et al. [177] modelled the impact between
two cantilever beams and a seismic mass using the anti-oscillator approach. The
dynamic equations were solved for a limited number of degrees of freedom using
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the Rayleigh-Ritz procedure and the Hertzian contact law is included [188]. The
authors concluded that the maximum power obtained is due to the transient
(impact) regime; this power is much higher than the power obtained in the
linear steady state (harmonic excitation) although the steady state power for
the linear case is more constant with time. Gu and Livermore [189] modelled
analytically and tested experimentally a piezoelectric energy harvester impacting
against a small beam. It was highlighted that an impact energy harvester is
more efficient than its linear equivalent . The shift toward higher frequencies is
shown and the importance of an appropriate tailoring of the mechanical damping
is presented in order to improve the power obtained. However, in that paper
the impact of the base excitation frequency and the resistance is not assessed.
Vijayan et al. [183] investigated two piezoelectric cantilever beams impacting
with each other. The contact is modelled using a linear spring with high stiffness.
In this harvester, the power is highly sensitive to the clearance and thickness
ratio. The presence of impacts generates more peaks in the frequency response at
different frequencies which means more modes are excited and more power can be
harvested. A first attempt to use tailored material properties in order to favour the
impact was reported by Martinez-Ayuso et al. [190]. In that paper, a composite
porous piezoelectric material is used in order to improve the performance of the
energy harvester. The low importance of the resistance is noticed as well as the
good behaviour of the energy harvester in off-resonance frequencies. Most of
the presented studies involves numerical simulations, and, in many cases, their
boundary conditions might be difficult to reproduce in the laboratory or in real
applications. For example reference [190] assumes a regular impact of a ball and
is modelled as a simple two degree of freedom approximation. Although this
approach might be feasible, its experimental validation will pose some difficulties
given the difficulty to predict the exact moment of the impact between the ball
and the beam. One solution might be to enclose the bll in a cage which restricts
its movement to only one direction. However this produces extra impacts between
the ball and the cage walls. These impacts are not perpendicular hence friction
might play an important role in the harvester dynamics. Therefore, in order to
obtain a reasonable approximation in the laboratory the approach presented in
this chapter diverges from that the presented in reference [190]. The presented
impact energy harvester is attached rigidly to a base which is excited sinusoidally.
The deformation of the harvester due to this excitation will be determined by
the contact between the beam and the rigid stopper. It should be noticed that
the rigid stopper is also attached to the excited base, hence the relative distance
between beam clamp and the stopper is always constant.
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5.2 Finite Element Formulation

5.2.1 Principle of Virtual Work for piezoelectric materials
The finite element formulation is established in terms of a weak form of the
differential equations of the problem. This form involves the virtual work equation:

δW = f u (5.2.1)

where W is work, f is force and u is displacement. The principle of virtual work
can be stated as follows: “If a continuous body is in equilibrium, the virtual work
of all forces moving through a virtual displacement is zero” [191]. Which can be
summarized in the next equation:

δW = 0 (5.2.2)

The energy of a body can be classified as internal energy or external energy.
Internal energy is energy stored into the body because of its deformation, electrical
field, etc. External energy is the energy acquired by the body because of the
loads applied on it. The principle of virtual work states that, if the body is in
equilibrium, the increment of energy due to internal and external energy is zero
which is expressed mathematically as follows :

δW = δWinternal − δWexternal = 0 (5.2.3)

This principle represents the general behaviour of the material and it is applicable
to any elastic or non elastic material under any linear or non linear load. In this
formulation, the damping is not included in the energy equations. In this thesis
proportional damping is assumed, which allows the damping to be added at the
end of the finite element formulation. The proportional damping can be modelled
in two different ways. First, Rayleigh damping is obtained by multiplying the mass
and stiffness matrices by α and β coefficients which are obtained from experiments.
Second using individual modal damping ratios that are obtained from experiments.
This method is explained later in this chapter. The energy in the principle of
virtual work can be particularized for a deformable body with mechanical and
electric physics as:

Mechanical

δWu,internal =

∫
Ω

ρüδudV +

∫
Ω

σδεdV (5.2.4)

δWu,external =

∫
Ω

ρextf δudV +

∫
Γσ

τδudA (5.2.5)

Electrical

δWφ,internal =

∫
Ω

D δEdV (5.2.6)

δWφ,external =

∫
Γφ

τφδφdAφ (5.2.7)
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where Γ and Ω are the surface and volume domains where the mechanical
surface loads τ or charge surface loads τφ and the volume forces ρext are applied
respectively. The virtual quantities are expressed with the δ symbol. The internal
energy δWinternal is the energy of a body because of its deformation or electrical
field. The first term is related to the kinetic energy of the body. The second and
the third terms are related to the elastic and electric energy stored in the body.
In this thesis, it is assumed there are no external free charges in the piezoelectric
material, other than the one generated by its piezoelectric effect, hence:

∂Di

∂xi
= 0 (5.2.8)

where xi is the spatial coordinate vector.The external energy δWexternal is stored
energy in the body as a consequence of external loads acting on it. The first term
is related with the volume forces and the second with the surface forces. In case
of the electrical external forces, since external body charges are not considered,
that term in not included here, showing only the external surface charge term.
Only linear constitutive laws of materials are considered in this thesis for the
materials under study, namely the piezoelectric linear and the elastic materials.
Consequently no material non-linearities are studied in this text. The piezoelectric
material follows the linear piezoelectric constitutive law, defined as:

σ = Cε− eE

D = eε+ εεE (5.2.9)

Any other non piezoelectric material is considered to be elastic and to follow the
elastic constitutive law (Hooke’s law).

σ = Cε (5.2.10)

Substituting these equations into the principle of virtual work and accounting
for the two possible type of materials, piezoelectric (sub-index “p”) and elastic
(sub-index “e”), the principle of virtual work can be formulated as:

δW = 0 (5.2.11)
δW = δWinternal − δWexternal (5.2.12)

δW =

∫
Ωe

ρeüeδueudVe +

∫
Ωe

δεeCeεedVe+

−
∫
Ωe

ρefeδuedVe −
∫
Γσ,p

τeδuedAe+

+

∫
Ωp

ρpüpδupdVp +

∫
Ωp

δεpCpεpdVp −
∫
Ωp

δεpe
T
p EpdVp+

+

∫
Ωp

δEpepεpdVp +

∫
Ωp

δEpε
σ
pEpdVp+

−
∫
Ωp

ρpfpδupdVp −
∫
Γσ,p

τpδupdAp −
∫
Γφ,p

τφ,pδφdAφ (5.2.13)

Germán Martínez Ayuso



104 5.2. FINITE ELEMENT FORMULATION

In this equation, the first two lines refers to the elastic body. The kinetic energy
is the first term, followed by the elastic energy. The second line represents the
energy that the body storesas consequence of the external body forces, volume and
surface respectively. The rest of the lines are the contribution of the piezoelectric
body energy. Equivalently to the elastic body, the first term represents the kinetic
energy, followed by the energy stored as elastic deformation. In this case there
are three extra terms, two of them correspond to the energy derived from the
piezoelectric effect. These two terms have different signs and they are responsible
for the conversion of the mechanical energy into electrical energy and vice versa.
The third term is related to the energy stored as electric field. The last line of
the equation correspondsto the external loads applied to the piezoelectric body:
external mechanical volume forces and external surface forces, mechanical and
electrical.

5.2.2 Kinematics of an Euler-Bernoulli beam
The beam elements are one-dimensional representations of a more complex 2D or
3D physical model. In order to reduce the dimensionality of the problem, a set of
assumptions need to be employed which, while condensing the problem dimension,
keeps the representativeness of the numerical model. The dimension conserved
goes along the neutral axis of the beam in the longitudinal direction. In addition,
considerations have to be made when the model considered is 2D or 3D. In the
case of 2D some displacements must be neglected. The beam model scheme is
presented in Figures 4.11 and 5.1. In Figure 5.1, the 2D beam is presented, where
the displacements u, v and w correspond to the displacements in the direction x,
y and z. The axis z is perpendicular to the other two. The local coordinate of
the beam fibre y is measured with respect to the neutral axis 0-0. The neutral
axis represents the location where the beam fibers are not under tension nor
compression and its obtained through the following equation:∫

A

Cx y dA = 0 (5.2.14)

In this case, the Euler-Bernoulli assumptions are employed to model a 2D
beam element as Figure 5.1. These assumptions are:

1. The cross-section of the beam is infinitely rigid in its own plane.

2. The cross-section remains plane after any deformation.

3. The cross-section of the beam remains normal to the deformed axis of the
beam.

These assumptions are reasonable for slender beams subjected to bending or
extension loads with linear materials. Since the beam cross section is infinitely
rigid, all the deformations are located around its longitudinal axis (x). Then these
assumptions mean that the displacement field of beam element is represented
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Figure 5.1: Deformation of a section of an Euler-Bernoulli beam.
Source from [193]

mathematically as: 
u = ux − θy − ψz

v = uy

w = uz

(5.2.15)

where θ and ψ are the rotationsof the beam defined as:

θ =
dy

dx
, ψ =

dz

dx
(5.2.16)

It should be noticed that the values of θ and ψ are obtained from assuming
small rotations of the section. Since our model is a 2D model, the terms related
with z must be neglected. Also to simplify the problem and avoid geometrical
non-linearities, small deformations are assumed. In the most of cases this is a
valid assumption when the excitation forces are not too high. Small strains are
expressed mathematically as [192]:

δεij =
1

2

(
∂δui
∂xj

+
∂δuj
∂xi

)
(5.2.17)

Given the displacement field u , the strain field can be obtained through differen-
tiation of this displacement field. In that case, the assumption of a rigid cross
section has important consequences, since it enforces that the following strains
are equal to zero.

εy = 0 εz = 0 εyz = 0 (5.2.18)

Also, supposing that the sections remain plane after deformation enforces that:

εxy = 0 εxz = 0 (5.2.19)
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Piezoelectric Layer

Piezoelectric Layer

Elastic Layer
qu1 qu2

qv1 qv2

qθ1 qθ2

qφ1 qφ2
Neutral

axis Elastic Layer

Integration
fields

η

ξ 10

t

L

Figure 5.2: Piezoelectric beam element with two nodes and three degrees
of freedom at each none. The local coordenates are also shown.

which means that the only deformation is the onerelated to the longitudinal
direction, hence the strain tensor can be written as:

ε = εx =
du

dx
=
dux
dx

− y
d2y

dx2
(5.2.20)

This equation summarizes the kinematics of an 2D Euler-Bernoulli beam, and it
will be applied to the principle of virtual work equation.

5.2.3 Finite Element Discretization
In order to solve the Equation (5.2.13) with the proposed assumptions derived
from the beam kinematics (Equation (5.2.20)) using the finite element approach,
these equations have to be discretized into elements and nodes. It is assumed
that the beam is a straight elastic structure with uniform geometry and material
properties, at least in each of the elements. The structure is made of different
layers as Figure 5.2 shows. The section does not need to be symmetric, as long as
the centre of coordinates is at the neutral axis. In the case of multilayer beams, the
Euler-Bernoulli model leads to a good approximation, as long as the bonding layer
between each of the layers is rigid in shear. Otherwise, the third Euler-Bernoulli
hypothesis (sections always remain always perpendicular to the neutral axis) is
invalidated.

To calculate the continuous displacements of the beam, the displacement field
is approximated by the interpolating functions. The nodal values are the values
of the displacement field at the nodes, and they are written as q [192]. These
functions interpolate the results obtained at the nodes. The nodes define the
elements which conform the representation of the structure. Our general element
has 2 nodes, with three mechanical degrees of freedom and one electrical degree
of freedom at each node, as Figure 5.2 shows. The degrees of freedom are axial
displacements (u), vertical displacements (v) and rotations (θ) for the mechanical
field and voltage (φ) for the electrical field. For each of the fields, mechanical and
electrical, one set of interpolating functions is used. In case of the mechanical
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field, the functions used are the standard cubic Hermite shape functions which
allow us to interpolate the displacement field as:

u =

{
u = NT

uqu

v = NT
v qv

(5.2.21)

The shape functions are formulated in the element local coordinate system. The
element has unit length and in our case, the nodes are located at coordinates 0
and 1. Other elements might differ on these coordinates, for example start at -0.5
and end at 0.5. The local coordinate is ξ and it corresponds with the lenght of
the element.

ξ =
x

L
(5.2.22)

It should be noticed that the shape functions depend only on the local coordinate ξ,
not on time. Hence the nodal values do not depend on the displacement within the
element. However they do depend on time. The values of these shapes functions
are given by:

Nu =

[
(1− ξ)
ξ

]

Nv =


1− 3ξ2 + 2ξ3

L(ξ − 2ξ2 + ξ3)
(3ξ2 − 2ξ3)
L(−ξ2 + ξ3)

 (5.2.23)

and nodal values are:

qu =

[
qu1
qu2

]
(5.2.24)

qv =


qv1
qθ1
qv2
qθ2

 (5.2.25)

where the sub-index 1 and 2 refer to the nodes 1 and 2 respectively (See Figure 5.2.
In a vectorial fashion, the displacement field can be expressed as:

u =
[
Nu Nv

] [ qu

qv

]
(5.2.26)

The nodal values are the unknowns in our mechanical problem. The solution at
the nodes is exact (under the given assumptions), and it is later approximated
(interpolated) with the shape functions for the rest of the element.

For the electrical field, the procedure is similar, but some assumptions related
to the connection of the patches need to be introduced. In the element used in this
thesis, the contributions of all piezoelectric layers at a given element are condensed
in two electrical degree of freedom, one per node. Hence the connection between
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Figure 5.3: Series electrical connection between layers. From [192]

these layers needs to be accounted for in order to condensate the appropriate
contribution of each layer. Only the series connection is considered in this thesis.
This type of connection sums the voltage of each of the piezoelectric layers. In
addition, similarly to the mechanical field, in the electrical field some degrees of
freedom need to be fixed in order to avoid underconstraining the problem, or what
is commonly called in the mechanical field, to avoid rigid body motion. One of
the poles of each piezoelectric layer is connected to ground for this purpose as
Figure 5.3 shows, which makes the voltage equal to zero at that interface. Since
the voltage is zero at one of the interfaces of each piezoelectric layer, the voltage
degree of freedom actually represents the voltage difference between the top and
bottom interfaces of the piezoelectric patch. Furthermore, it can be assumed
that the voltage follows a linear distribution across the thickness of the patches
[15, 192]. Then the electrical field is given by:

E = −∇φ = − ∂φ

∂xi
=


Ex = −∂φ

∂x

Ey = −∂φ
∂y

(5.2.27)

The discretized electric field can be expressed in term of the voltage at the nodes
as:

E =


−∂Nφ

∂x
qφ

−∂Nφ

∂y
qφ

(5.2.28)

where the electric shape functions are linear and defined as [194]:

Nφ =


(
1

2
+ η

)
(1− ξ)(

1

2
+ η

)
(ξ)

 (5.2.29)

where η is the local coordinate across the thickness. This coordinate can be
integrated numerically in a similar way to the integration of the local coordinate
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ξ. The integration across the thickness means that the proposed beam element is
not a pure one-dimensional element. However, this integration is required by the
electrical field computation and it should be seen more as a consequence of the
coupling between the different physics. In that sense, the ratio one dimension per
field is still kept in our proposed element.

The electrical nodal displacements are given as:

qφ =

[
qφ1
qφ2

]
(5.2.30)

where the sub-index 1 and 2 refers to the electrical degrees of freedom 1 and 2
located in nodes 1 and 2 respectively (See Figure 5.2). It is interesting to notice
that Equation (5.2.29) involves bilinear functions depending on the length of the
element and its thickness.

5.2.4 Equations of Motion

Defined the discretization of the problem, now we proceed to introduce the assump-
tions (Equation (5.2.20)) and the discretizations (Equations (5.2.21) and (5.2.28))
into the principle of virtual work (Equation (5.2.13)). These procedure is summa-
rized here for each of the terms of the piezoelectric body. For the elastic body the
procedure is equivalent, but accounting for the lack of the electric and piezoelectric
terms. For conciseness, the complete integration of the principle of virtual work
equation is omitted. Summarizing in this section the main steps and terms

∫
Ωp

ρpupδupdVp = δq

∫
Ωp

[
Nu Nv

]
ρp

[
Nu

Nv

] [
qu

qv

]
dVp (5.2.31)

∫
Ωp

δεpCpεpdVp = δq

∫
Ωp

[
Nu Nv

]
Cp

[
Nu

Nv

] [
qu

qv

]
dVp (5.2.32)

∫
Ωp

δεpe
T
p EpdVp = −δq

∫
Ωp

[
Nu Nv

]
eTp


∂Nφ

∂x
∂Nφ

∂y

 [ qφ

]
dVp (5.2.33)

∫
Ωp

δEpepεpdVp = −δqφ

∫
Ωp

[
∂Nφ

∂x

∂Nφ

∂y

]
ep

[
Nu

Nv

] [
qu

qv

]
dVp (5.2.34)

∫
Ωp

δEpε
σ
pEpdVp = δqφ

∫
Ωp

[
∂Nφ

∂x

∂Nφ

∂y

]
εσ

p


∂Nφ

∂x
∂Nφ

∂y

 [ qφ

]
dVp

(5.2.35)
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The term related to external loads can be generalized as:

∫
Ωp

ρpfpδupdVp = δq

∫
Ωp

[
Nu Nv

]
ρpfpdVp (5.2.36)

∫
Γσ,p

τpδupdAp = δq

∫
Ωp

[
Nu Nv

]
τpdAp (5.2.37)

The previous equations give as a result the mass, stiffness, piezoelectric and
dielectric matrices, which are denoted by:

Mp =

[
Mu 0
0 Mv

]
=

∫
Ωp

[
Nu Nv

]
ρp

[
Nu

Nv

]
dVp (5.2.38)

Kp =

[
Ku Kuv

Kvu Kv

]
=

∫
Ωp

[
Nu Nv

]
eTp


∂Nφ

∂x
∂Nφ

∂y

 dVp (5.2.39)

Kuφ,p =

[
Kuφ

Kvφ

]
=

∫
Ωp

[
Nu Nv

]
eTp


∂Nφ

∂x
∂Nφ

∂y

 [ qφ

]
dVp (5.2.40)

Kφu,p =
[
Kφu Kφv

]
=

∫
Ωp

[
∂Nφ

∂x

∂Nφ

∂y

]
ep

[
Nu

Nv

]
dVp (5.2.41)

Kφφ,p =
[
Kφφ

]
=

∫
Ωp

[
∂Nφ

∂x

∂Nφ

∂y

]
εσ

p


∂Nφ

∂x
∂Nφ

∂y

 dVp (5.2.42)

and the external forces can be summarized as:

fΩ =

[
fΩ,u

fΩ,v

]
=

∫
Ωp

[
Nu Nv

]
ρpfpdVp (5.2.43)

fΓ =

[
fΓ,u
fΓ,v

]
=

∫
Γp

[
Nu Nv

]
τpdVp (5.2.44)

QΓ =
[
QΓ

]
=

∫
Ωp

[
Nu Nv

]
τpdVp (5.2.45)
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For the external forces, the units of F and Q are force and charge respectively.
These integrations are made over the volume with actual nodal coordinates
(physical element), however integration techniques can be applied in order to
reduce the numerical cost. For that reason, the physical element is converted
to an isoparametric element called a reference element. This element has unit
length, and in our case, it starts at 0 and ends at 1 as Figure 5.2 shows. Its
integration is fast and the number of evaluations required is also low. In the
physical element, the coordinate system has x and y components, whereas in the
reference element the coordinates are ξ and η. The conversion between reference
element and physical element is made through the Jacobian which is:

J =

∣∣∣∣∂X∂ξ
∣∣∣∣ (5.2.46)

where:

X =

[
x
y

]
, ξ =

[
ξ
η

]
(5.2.47)

The Jacobian for the electric shape functions is already included as 1/L and
1/h, whether in the mechanical shapes functions (Equation (5.2.23)) need to be
added to the shape functions and the differential of volume when the physical
domain is converted to the reference domain. In addition, Gaussian quadrature is
recommended in order to reduce the computation of the shape functions.

The Equations (5.2.31) to (5.2.35) are introduced into Equation (5.2.13)

δqMeq̈ + δqKeq − δqFΩ,e − δqFΓ,e

+δqMpq̈ + δqKpq + δqKuφ,pqφ − δqφKφuq + δqφKφφqφ

−δqFΩ,p − δqFΓ,p − δqφQΓ,p = 0 (5.2.48)

As we can see, there are two virtual quantities, q and qφ which can take any
possible value. Therefore, to fulfil the requirement that the Equation (5.2.48) is
equal to zero, the product which is multiplying each type of virtual displacement
needs to be zero. These means that the terms of the previous equation can be
grouped into two separated equations:

�
�δq
(
Meq̈ +Mpq̈ +Keq +Kpq +Kuφ,pqφ

)
= ...

...��δq
(
FΩ,e + FΓ,e + FΩ,p + FΓ,p

)
(5.2.49)

�
��δqφ

(
−Kφu,pq +Kφφ,pqφ

)
=

�
��δqφ

(
QΓ,p

)
(5.2.50)

Then the virtual terms can be removed since they are at both sides of each
equation.

Meq̈ +Mpq̈ +Keq +Kpq +Kuφ,pqφ = ...

...FΩ,e + FΓ,e + FΩ,p + FΓ,p (5.2.51)
−Kφu,pq +Kφφ,pqφ = QΓ,p (5.2.52)
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Then, if the different matrices are coupled to each other, the following can be
obtained:

Mq̈ +Kq +Kuφqφ = FΩ + FΓ (5.2.53)
−Kφuq +Kφφqφ = QΓ (5.2.54)

which, expressed vectorially , gives the very well known dynamic equation:[
M 0
0 0

] [
q̈
q̈φ

]
+

[
K Kuφ

−Kφu Kφφ

] [
q
qφ

]
=

[
FΩ + FΓ

QΓ

]
(5.2.55)

In this equation, the unknowns are the nodal values, displacements, velocities
and accelerations, and the rest of the variables are knowns. The formulation of
the external loads is discussed in next sections for two cases: external resistor
loads and impact. The Equation (5.2.55) is integrated numerically using a time
integrator scheme. In our case, the very well known “Newmark method” is used.
The Newmark method is a second-order integration scheme, which allows the
integration of the accelerations (second derivatives of displacements) and velocities
(first derivative of displacements) as functions of the displacements. It is based

on a Taylor series expansion of the displacements and velocities, and it proposes
an averaged acceleration between time tn and tn+1. The system , with only nodal
displacements as unknowns, is then solved using a Newton-Raphson iterative
algorithm. These methods are explained detailed in reference [191], which is the
author’s recommendation for further reading about finite element implementation.

5.2.5 Electrical external loads: Resistor
In piezoelectric energy harvesting, the voltage difference generated in the piezoelec-
tric material is used to power small devices. Although many components can be
attached to the energy harvester, their effect can be simplified by electric circuit
laws to only one element of each type, normally to a resistor, and in some cases
inductors and capacitors are included as well. In this section, the implementation
of a resistor element in the finite element method is discussed. Since we only
consider one of each component, all the electrical magnitudes are scalar. However,
the proposed beam element has many electrical degrees of freedom. To condense
the electrical degrees of freedom present in the beam to only one equivalent value,
the capacitance of all elements is summed as:

Kφφ = ~MTKφ
~M (5.2.56)

Kφu = Kφ
~M (5.2.57)

Kuφ = ~MTKφφ (5.2.58)

where ~M is a mapping vector for the electric degrees of freedom.

The resistor’s behaviour is governed by the equation:

φ = iR (5.2.59)
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where current i is given as a function of charge Q as:

i = −dQ
dt

(5.2.60)

The resistance can be then related to voltage and charge as:

φ = −dQ
dt
R (5.2.61)

This equation poses the problem of the coupling between charge and voltage
through its derivative. In order to solve or de-couple those variables, a numerical
integration scheme needs to be used. This approach is similar to the one used to
solve the differential dynamic equations using the Newmark method. The proposed
scheme is the trapezoidal rule, proposed in reference [195]. This implementation
assumes that the increment of the charge through an increment of time ∆t at the
time step tn+1 is averaged by the first derivative of the charge Q̈ at the current time
step tn and the next one tn+1. The average is parameterized using a parameter θ
which is proposed to be 1/2, the same value as the first order integration parameter
(γ) in the Newmark method. The integration rule is summarized then as:

Qn+1 −Qn

∆t
= θQ̇n+1 + (1− θ)Q̇n (5.2.62)

Since the dynamic equations are solved at tn+1, the formulation of the integration
rule needs to be as a function of φn+1 and Qn+1. Recalling Equations (5.2.59)
and (5.2.60), the formulation of the stiffness matrix of the resistor and its load
vector is developed as follows:

Qn+1 = ∆θQ̇n+1 + (1− θ)∆Q̇n +Qn (5.2.63)

Substituting the first derivative of the charge by the current:

Qn+1 = −∆t θin+1 − (1− θ)∆t in +Qn (5.2.64)

Qn+1 = −∆t θ
φn+1

R
− (1− θ)∆t

φn

R
+Qn (5.2.65)

The term Qn+1 is arranged in a similar fashion to the dynamic equations:

∆t θ
φn+1

R
= −(1− θ)∆t

φn

R
+Qn (5.2.66)

Kresisφn+1 = QRS,n (5.2.67)

where the term QRS,n represents the effective external electric load due to the
resistor. Equation (5.2.67) can be summed to the dynamics equations (Equa-
tion (5.2.55)) in a direct manner.

The procedure for other types of elements, such as inductors,will follow a
similar procedure, using different integrations schemes in order to account for
different derivatives of the voltage. However, the implementation of capacitors is
straightforward since its equation is:

Cpφ = Q (5.2.68)

A capacitor Cp has the same units (Farad) as the dielectric matrix, hence it can
be added directly to the dynamic equations 5.2.55.
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5.2.6 Mechanical external loads: Contact

The second example of external loads is impact. Impacts are forces or electric
charges applied to a body in a short interval of time. A very well known example
of impact is the contact between bodies. Throughout this thesis, the term contact
and impact are equivalent. In this section, the basic principles of contact are
explained and applied to an impact energy harvester. It is not intended to present
exhaustively these principles,but rather to summarise the proposed case. For
further reading, the authors propose the reference [196] where more details are
given about the contact mechanics problem, its formulation and different methods
of solution.

In a contact, there are no forces acting over the bodies until the moment
that they touch each other, when a force appears to prevent relative penetration.
This sudden change in the boundary conditions of the problem generates a strong
non-linearity. The value of this force depends on the algorithm used to model the
contact. C ontact problems are normally formulated as constrained optimization
problems. There are several methods to solve these optimization contact problems,
but the most important are the penalty method and Lagrange multiplier method.
In the penalty method, a small penetration of the bodies is allowed. Using a
predefined contact stiffness, this penetration generates a contact force which is the
correction or penalty over the penetration. This penetration supposes a relaxation
of the problem, but it is shown in reference [191] that for high enough values of the
contact stiffness, the solution converges to the correct value. However, high values
of the stiffness contact can generate ill-conditioned or close to singular stiffness
matrices which might pose problems during solving. The penalty method does
not add new unknowns to the problem hence the contact stiffness can be summed
to the dynamic equations. In the case of the Lagrange method, the problem is
solved using the Lagrange multipliers approach. These Lagrange multipliers are
unknowns which are used to formulate extra kinematic constraints. The kinematic
constraints refer generally to the penetration between the different parts (nodes
and degrees of freedom) of the colliding bodies. The Lagrange multipliers are
equivalent to the reaction forces and their values are unknown and hence part of
the solution. Because of their nature, relating different degrees of freedoms, these
constraints generate zeros on the diagonal of the stiffness matrix and non-zero
elements off diagonal. These make the matrix singular, so specific numerical
approaches needs to be used in order to solve them . Also because of these extra
constraints, the size of the system to be solved increases, however, this method
is more precise since it does not allow penetration of the bodies. As we can see
both methods have advantages and disadvantages. There are other methods and
algorithms, but most of them are based on one or both of these methods.

In this thesis, the penalty method is used for its simplicity. It is proven in
reference [196] that both methods can lead to the same solution, under specific
conditions.
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Penalty Method

As stated before, the penalty method is one the most well known and applied
methods to solve optimization problems such as contact. In the simplest case,
which is with only one point of contact, the reaction force at the contact point is
given by the equation:

Fcontact = Kcontact g (5.2.69)

where g is the distance between bodies. As the contact force only operates when
the bodies are touching each other, the gap between them must be zero. To
improve the robustness the algorithm, that condition is converted to equal or
less than zero [196], which allows an small penetration between bodies. This
penetration depends on parameters such as time step, velocity of colliding bodies
and contact stiffness. Then Equation (5.2.69) needs to be re-defined as:

Fcontact =

{
Kcontact g If g ≤ 0

0 If g > 0
(5.2.70)

In this equation the restoring force is linearly dependent on the penetration or
gap. This is similar to the linear spring equation and hence it has been used in
many applications [177, 183]. In 1881, H.R. Hertz studied analytically the impact
between curved bodies [197]. He arrived to the conclusion that, in a perfect case
(no energy loss, elastic deformation), the restoring force can not depend linearly
on the penetration. He proposed a modification of the previous equation based
on the analytical solution of two perfect spheres [188, 197].

Fcontact =

{
Kcontact g

3/2 If g ≤ 0

0 If g > 0
(5.2.71)

In this method, the dependency between restoring force and the penetration
is non-linear which increases the computational cost. The Hertz contact law
approximates fairly accurately the restoring forces on contact between non-rough
surfaces [198].

In this thesis, the contact is modelled using a penalty method approach
over the Hertz contact law. In our case, the contact is calculated between a
flexible beam element and a rigid body (stopper). The flexible beam is the beam
element defined in the previous sections. Since the stopper is completely rigid,
its behaviour is not modelled, being the impact on the flexible body represented
by a contact kinematics constraint. Moreover, the contact area is assumed to be
very small, hence it can be represented perfectly by a single point. The chosen
algorithm is classified as a master-slave algorithm where one of the colliding bodies
is classified as “Master” and the other ones as “slave”. The algorithm intends to
avoid penetration of the slave body into the master one. In commercial packages,
this is the most common approach. However, it is also common practice to set the
contact in pairs, in such way that each body is master in one set of contact and
slave in the others [162]. This ensures robustness of the algorithm. In addition,
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we suppose there is no friction between the bodies, therefore, no tangential force
is generated between them.

The algorithm to solve the contact problem is summarized here, for more
details about this procedure, the author proposes reference [191].

• Search of candidate points. At the beginning of each time step, the
closest point to contact needs to be found. For that, the following equation
needs to be solved.

0 = (Xs − Xm)
T · ~en (5.2.72)

where Xs and Xm are the coordinates of the nodes of the slave (s) and master
(m) bodies. ~en is the normal vector between colliding objects referred to
the master element and it is unknown. ~en is obtained as:

~en =
Xs − Xc

norm(Xs − Xc)
(5.2.73)

where the coordinates Xc are the coordinates of the closest point of the
master body to the slave body.

• Calculate the existing gap. Known the best candidate point for contact,
the calculation of the gap needs to be calculated using the equation:

g = (Xs − Xm)
T · ~en (5.2.74)

• Check if there is contact. The contact happens when the gap is equal
or less than 0.

g =

{
≤ 0 There is contact
> 0 There is no contact.

(5.2.75)

In the case where there is no contact, the contact procedure can be stopped
here until the next time step.

• Obtain natural coordinates of the contact point In order to check
that the contact happens in the predicted element, the equivalent natural
coordinates for the contact point in the master element are calculated. Given
the master tangent vector (~t) and the normalized tangent vector (~eT ):

~t = Xm,1 − Xm,2 (5.2.76)

~eT =
~t

norm(~t)
(5.2.77)

The natural coordinates of the contact point with respect to the element
are:

ξ =
(Xs − Xc)

T

norm(~t)
~eT (5.2.78)

For the contact to happen in the considered master element, the values of ξ
must be between 0 and 1, or equal to them.
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• Calculate the contact force. When the contact occurs in the considered
element, we can proceed to calculate the reaction force using the Hertz
contact law:

Fn = Kn g
3/2
n ~en (5.2.79)

The sub-index n refers to the considered degree of freedom. The parameter
Kn is known as the contact penalty and it is assumed to be known from
the beginning, or at least approximated. This value needs to be obtained
experimentally since it depends on the material of the colliding bodies and
their geometry. For initial calculations, the contact penalty can be estimated
as a fraction of the elastic modulus of the material, for example:

Kn =
A2Cnnnn

10 V
(5.2.80)

where A and V are the area and volume respectively of the contact element.
In case of the colliding bodies are made of different materials, it can be
averaged between the possible values.

• Calculate contact stiffness. The stiffness matrix of the contact is pre-
defined as:

Kn,contact = Kn~en~e
T
n (5.2.81)

• Solve the system The terms Fn and Kn,contact are added to the external
forces vector and the stiffness matrix respectively. Then the system is solved
using the proposed iterative procedure (Newton-Rhapson).

The contact algorithms require small time increments in order to achieve
convergence. High contact penalty values are desirable in order to reduce at
maximum the penetration of the bodies, hence in case of penetration the restoring
force generated by this high penalty value might lead to numerical instability.
The way to reduce this restoring force, without reducing the contact stiffness, is
using a very small time step. Thus small time steps need to be used to ensure
the convergence of the algorithm. In our case, the time steps used range between
10−6 and 10−7.

5.3 Validation of the numerical model
The presented formulation was coded in Matlab by the author and validated
against the results shows in the previous sections.

Using the same model as described in Appendix B, the natural frequencies
have been obtained and compared with the solution obtained in Erturk and Inman
[15]. Table 5.1 shows that the agreement is good between both models. In the
case of the “short circuit”, the piezoelectric patches are connected to each other,
and hence the voltage cancels because it has different signs, but same amplitude,
at the top and bottom piezoelectric layers. Hence it can be assumed that the mass
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Figure 5.4: Modes shapes for the cantilever bimorph beam model. In
black, the undeformed shape, and in blue the deformed shape corre-
sponded to each mode at the given frequency.

and stiffness matrices (stiffness includes the dielectric matrix also), responsible of
these natural frequencies, are correct.

In the case of the “open circuit” the piezoelectric patches are not connected to
any external element and hence they store energy from the system by acting as
capacitors. Since both values for the open circuit, namely the analytical and FE
model, are very close to each other, it can be assumed that the formulation of the
piezoelectric matrix is also correct.

Also, in the case of the open circuit, the piezoelectric matrix also affects the
natural frequencies, and is the key difference between the open and short circuits.
Also, the mode shapes have been plotted in Figure 5.4.

Table 5.1: Comparison of natural frequencies between analytical solu-
tion (Erturk and Inman [15]) and the presented FE model.

Short Circuit Open Circuit
Analytical FE Model Analytical FE Model

185.1 185.11 191.1 191.08
1159.7 1160.1 1171.6 1172
3245.3 3248.4 3254.1 3260
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Figure 5.5: The experiment setup for testing the beam sample. The
beam, shaker and data acquisition are shown.

5.4 Linear Experimental Testing of Energy Har-
vester

In this section, the model presented in the previous sections is calibrated and
compared with experimental linear results from hammer test and sinusoidal base
excitation test. These test are used to calibrate some model parameters such as
contact stiffness and damping. Once the model is calibrated, it will be compared
with the experimental results including non linear impacts.

5.4.1 Energy Harvester Model and Setup
The experimental device is shown in Figure 5.5 and consists of a beam mounted
in a cantilever configuration onto a shaking table to provide base excitation. The
beam is made of steel whose properties and dimensions are detailed in Table 5.2.
A single Macro Fiber Composite (MFC) piezoelectric patch (Smart Material type
M8528-P2) is bonded to the beam close to the root (the spacing between the
support and the patch is approximately 9 mm). The material properties and
dimensions are obtained from the manufacturing website and they detailed in
Table 5.2. The piezoelectric patch is connected to a resistor as Figure 5.6b shows
and then to the data acquisition system.

For the impact test, the contact point is located at the tip, at 10mm for the
free end. Figure 5.6a shows the side view of the beam with the direction of the
base excitation and highlighting the gap between the undeformed beam and the
steel tip at the contact area.
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Beam Support Piezo Patch

Length (mm) 315 85
Width (mm) 30 30
Thickness (mm) 0.98 0.3
E (GPa) 65 30.336
ρ (kg/m3) 2750 5440
d31 -170
CP (nF) 177

Table 5.2: Material properties of the elastic beam and the MFC patch.

5.4.2 Calibration Of Numerical Model: Hammer Test

In order to characterize the test beam, a hammer test is performed. This test
consists on a series of impacts on the beam tip with a force sensor located in a
hammer . The beam has an accelerometer located at its tip in order to measure
the response. An example of the impact is given in Figure 5.7a where the time
series of a single impact is shown. The signal is similar to a half-sine signal. The
beam response must decay completely between each impact. Measurements on
the physical beam are obtained using impact excitation approximately 15mm
from the root of the beam with the table fixed. These impacts are averaged and
post-processed using the data acquisition software. A rectangle window is applied
to the time series recorded. Since our objective is to excite high frequencies,
the hardest tip (steel) is chosen for the hammer. This tip is very stiff with
the maximum excitation bandwidth around 7 kHz. However, this bandwidth is
reduced severely due to the flexibility of the beam. In Figure 5.7b, the averaged
power spectrum result of the hammer test is shown. This figure represents the
amount of power that goes into each of the frequencies. It is shown that the
impact with steel tip can excite the beam up to 200 Hz. After 300 Hz, the amount
of energy that goes into higher modes is almost negligible. Figure 5.7a is used to
calibrate the contact stiffness. The hammer test is simulated using the developed
FE model and the value of the contact stiffness is adjusted until the force responses
of experimental beam and FE model match. In this case, there is no external
resistance connected. The piezoelectric patch is connected directly to the data
acquisition whose resistance is very high, hence the beam is considered to be in

(a) (b)

Figure 5.6: 5.6a Side view of the beam with excitation and contact.
5.6b Schematic of the experiment setup.
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Figure 5.7: Force applied at the tip using the hammer (5.7a) and
hammer averaged power spectrum (5.7b).
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Figure 5.8: Transfer functions results for the acceleration (5.8a) and
the voltage (5.8b). FE model results ( ) and experimental values
( ) are shown.

open-circuit configuration.
The result from the hammer test and the measured frequency response functions

(FRF) for acceleration and voltage, are detailed in Figures 5.8a and 5.8b. These
FRFs are calculated as the ratio between output (acceleration at the tip and/or
voltage) and input (force applied). From the experimental FRF (5.8a), the natural
frequencies can extracted and they correspond to the peaks in the FRF. Once the
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Table 5.3: Natural frequencies and damping ratios of the energy har-
vester in open circuit. Obtained from hammer test for a range of
frequencies from 0 Hz up to 1000 Hz.

Natural Frequencies (Hz)
Percentage difference (%) Measured Damping Ratios (%)

Numerical Measured

9.0126 9.375 -3.87 0.194
49.713 49.84 -0.26 0.925
133.18 134.1 -0.69 0.864
262.59 272.3 -3.57 0.359
435.28 452.5 -3.81 0.126
648.38 670 -3.23 0.274
910.45 947.5 -3.91 0.160

natural frequencies have been obtained, the damping for each of the modes can
be extracted using the half-power method, which estimates the damping as:

ξ =
ωhp1 − ωhp2

2ωn

(5.4.1)

where ωn is the natural frequency of the nth mode and ωhp1 and ωhp2 correspond
to the frequencies where the response is equal to the peak response divided by
the square root of 2. The results are shown in the Table 5.3, and show that there
is a reasonable difference between the predicted and measured natural frequencies.
The damping ratios are also very low, which is common for slender beams. This
method allows us to calculate the modal damping of each of the modes. This can
be used directly in the numerical analysis if using modal reduction, or used to
construct an approximate damping matrix. The damping matrix is approximated
as:

C =
[
Φ1 Φ2 Φ3 ... Φn

]−1


2ξ1ω1 0 0 ... 0

0 2ξ2ω2 0
...

0 0 2ξ3ω3
... . . . 0
0 . . . 0 2ξnωn




ΦT

1

ΦT
2

ΦT
3
...
ΦT

n


−1

(5.4.2)

where Φn is the modal shape of the nth mode and ξn is the correspondent damping.
Once the damping matrix is obtained, the hammer test can be modelled as

a time simulation. To correctly represent the input force, the measured force at
the hammer tip in the hammer test is taken as the input of the numerical model
(See Figure 5.7a). This means that differences with respect to the experimental
input can be prevented. Hence, if the model is an accurate representation of
the harvester, its output will be very similar to the experimental response.
The outputs in Figures 5.8a and 5.8b show a very good agreement in terms of
acceleration response. This figure shows the transfer functions of the acceleration
and voltage, where the transfer function is the ratio input-output in the frequency
domain.The results show that the natural frequencies are captured very well by
the FE model. Also, the amplitudes are very similar between the model and
experiments for the first five modes and up to 300 Hz which is the maximum
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frequency excited by the impacts. In the case of the voltage, there are some
differences, for example the presence of resonances in the voltage FRF from the
FE response. This difference in the voltage output might be due to the assumption
of s olid piezoelectric patch which is far from reality in case of MFC patches [199].
Another reason for the difference might be the over-simplification of the external
circuit to only one resistor. Nevertheless the FE model approximates the beam
response with enough accuracy to enable further tests and it will allow future
optimisation studies.

5.4.3 Calibration Of Numerical Model: Sinusoidal Base
Excitation Test

After the hammer test, we proceed to perform a sine test. In this test, the beam
is excited with a sinusoidal base excitation and its acceleration and voltage are
measured. This test is very useful for comparison of time responses between
experiments and numerical tests. In a sinusoidal test, the time response repeats
over time (cycles) and its dependency with respect to the initial conditions can be
neglected. Also, sinusoidal tests allow the solution of the system using harmonic
analysis which is very fast and easy to solve. In addition, the impact tests also
have base excitation loads and so it seems reasonable to evaluate these loads in the
linear regime and check that the model represents the physics of the experiment.

The test is perform by exciting the base of the beam at 13.5 Hz, which is
close to the first natural frequency. The amplitude of the acceleration signal is
around 2.5 N/m2. Different resistors have been attached to the harvester, but
in the results only two extreme values are shown, namely 25KΩ (approximately
short circuit) and 1MΩ (approximately open circuit). The signal is measured
for 30 seconds, which is enough for the transients to decay. The acceleration at
the base excitation is shown in Figures 5.9a and 5.9b, where the results are in
good agreement. The acceleration at the tip in Figures 5.9c and 5.9d are also in
good agreement, matching amplitude and frequency. It is interesting to notice the
noise at the wave crest, and this noise is likely to be high frequency vibrations
corresponding to the higher modes.

The results of the experiment are shown in Figure 5.9. These results are
used to correct the piezoelectric coefficient d33 in order to match the response of
the numerical model to the experimental results. This value has to be adjusted
because the beam element is formulated assuming dense piezoelectric layers which
is not the case for the MFC patches. Assuming that the MFC patches are dense
might overestimate the mechanical properties of the MFC leading to low strains
in the patch and hence decreased voltage with respect to the engineered patches.
Also the MFC patches are specially designed to maximize the efficiency of the
piezoelectric conversion effect. The efficiency of these MFC patches is much higher
than solid patches. Also the MFC patches are subject to manufacturing tolerances.
Therefore, the coefficient d31 used in the model corresponds to an increase of 70%
with respect to the nominal value.

Once the model is correctly calibrated and their parameters corrected, the
sinusoidal test is performed. The results are compared with the FE model
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Figure 5.9: Sine test: Time signal of base acceleration (a, b), acceleration (c,
d) at the tip and voltage (e, f) for different resistance values, 25 kΩ (left) and 1
MΩ (right). FE model results ( ) and experimental values ( ) are shown.

predictions in Figure 5.9. In this case the excitation frequency is 13.5 Hz. The
acceleration at the base excitation is shown in Figures 5.9a and 5.9b, where the
results are in good agreement. The acceleration at the tip in Figures 5.9c and 5.9d
are also in good agreement, matching amplitude and frequency. It is interesting to
notice the noise at the wave crest, this noise might be high frequency vibrations
corresponding to the higher modes. Finally, the results for the voltage output are
given in Figure 5.9e where the results match with a high degree of accuracy.
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Figure 5.10: Schematic view of the impact setup and the base excitation
direction.

5.5 Non linear Test of Impact Energy Harvester
Once the FE model is completely validated, we proceed to perform the impact
test. In this test, the test rig is excited with a sinusoidal force and various load
resistors are connected across the piezoelectric patch. At the tip of the beam,
a force sensor is attached to a very stiff bracket and located at 1 mm from the
beam, as shown in Figure 5.10. Two excitation frequencies are tested: 6 Hz and
13.5 Hz. Both frequencies are close to the resonant frequency of the first mode at
9.1 Hz. After the transients had decayed the base acceleration, tip acceleration,
piezoelectric voltage and contact force were measured at a sample rate of 1536
Hz for approximately 85 s. The contact stiffness coefficient is assumed to be
kc = 1000N/m3/2. The model is run for 20s, and the last 10s is used for the
analysis after the transients have decayed. The model is solved using the mode
superposition method. Since the base excitation is measured by the accelerometer
located on the base, this acceleration can be converted to an equivalent force
which is applied to the FE model. The measured acceleration at the base suggest
that the equivalent force is around 200 N for the case studied. The average power
harvested between times T1 and T2 is estimated as

Pave =
1

T2 − T1

∫ T2

T1

V (t)2

R
dt. (5.5.1)

When comparing the results at different frequencies and force amplitudes the
average power needs to be normalised for the different level of energy input. Here
we normalise the estimated average power by the square of the force applied; for
a linear system this metric would not change with the force level applied.

The time results are shown in Figure 5.11, where the contact force (Figure 5.11a)
and the acceleration at the tip (Figure 5.11b) are compared. Clearly, the results
do not match completely. However, the range of results is similar, in terms of
magnitude and frequency. The reasons for these differences are many, i.e. an
incorrect quantification of the high modes damping which is important when
impact occurs. Also, the value of the contact stiffness has been estimated from the
experiments themselves, approximating the values of the contact force between
model and experiments. Defects in the experimental setup are also possible, for

Germán Martínez Ayuso



126 5.5. NON LINEAR TEST OF IMPACT ENERGY HARVESTER

4 4.1 4.2 4.3 4.4 4.5 4.6 4.7 4.8 4.9 5
−0.5

0

0.5

1

1.5

Time (s)

C
on

ta
ct

Fo
rc

e
(N

)

(a)

4 4.1 4.2 4.3 4.4 4.5 4.6 4.7 4.8 4.9 5

−500

0

500

Time (s)

A
cc

el
er

at
io

n
(m

/
s2

)

Acceleration at the tip comparison

(b)

Figure 5.11: Time results. a Contact force comparison and b) tip
acceleration comparison. FE model results ( ) and experimental
values ( ) are shown for a base excitation of 13.5 Hz and no resistor
is connected.

example, the contact point is very small, if it is not located appropriately it
might favour torsion modes which are not reflected by the numerical model. A
completely rigid connection has been assumed between the beam and the test rig,
which might not be fully adequate. However, the obtained values are reasonable
and it allows us to model the dynamic behaviourwith certain accuracy degree.

Figure 5.13 shows the estimated power as the excitation frequency varies for
the linear case, and also the case with impact for three excitation levels. The
linear harvester performs best near resonant, as expected. The impact has caused
a hardening response causing the resonant frequency to increase. Jumps in the
estimated power are clearly visible; these results have been obtained by stepping
up in frequency, ensuring a continuous beam response during the frequency change,
to maintain the solution on a particular solution branch for as long as possible.
The frequency is then swept down through the resonant region. Some multiple
solutions are apparent for some excitation frequencies near the jump region.

For the cases with impact, higher modes can be excited. The power generated
for an excitation of 13Hz and 200N is relatively large; Fig. 5.12 shows the voltage
output for the last 1s of the simulation and clearly shows that the second mode is
excited at approximately four times the excitation frequency.

Figures 5.14a and 5.14b show effect of the load resistance for two different
excitation cases, above and below the first natural frequency of the linear system.
Here the power is normalised by the average base acceleration squared. The
experimental results show the same trends as the simulated results, namely that
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Figure 5.12: The voltage output with impact for an excitation of 13Hz
and 200N.
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Figure 5.13: The average power generated by impact.

close to the linear resonant the linear harvester performs better and above the
linear frequency, close to the nonlinear resonant frequency, the impact harvester
performs better. The optimum load resistance is also slightly lower for the impact
harvester.

The simulated results show that the nonlinear resonance had a jump in the
frequency response with multiple solutions. Figure 5.15a shows the experimental
voltage response at 13.5 Hz with the 100 kΩ load resistor, and shows the beam
jumping between two different solutions. This may be highlighted by calculating
the FFT of the voltage for different periods of time covering different solutions, as
shown in Figures 5.15b and 5.15c. Clearly it is shown the excitation frequency and
its harmonics, which highlights that an essentially periodic response is dominant.
The component at four times the excitation frequency (i.e. 54 Hz) is the second
highest component because this is close to the second beam natural frequency
(49.84 Hz). However for the response shown on the right, there are also significant
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Figure 5.14: a The effect of load resistance on average power generated,
with and without impact, for the experiment an excitation of 6 Hz.
b The effect of load resistance on average power generated, with and
without impact, for the experiment an excitation of 13.5 Hz.

responses at half the excitation frequency and its harmonics. There is limited
excitation of the beam resonance although for the response shown on the left
there are noisy peaks around 12 Hz and 50 Hz. The average power generated in
the time intervals shown in Figures 5.15b and 5.15c are 31.1 µW and 48.1 µW
respectively. In Figure 5.15c,the response does have higher amplitudes at the
higher frequencies.
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Figure 5.15: a The voltage output with impact for an excitation of 13
Hz and 200 N. b, c The FFT of the voltage response at different times,
10s-21s and 42s-53s respectively, for the experiment excited at 13.5Hz.

5.6 Conclusions
This chapter has investigated a vibration energy harvester consisting of a base
excited beam with piezoelectric patch impacting on a stiff support near the tip of
the beam, in order to assess the benefit of impacts for energy harvesting. The
literature suggests that the impacts would excite the higher modes of the beam,
leading to the generation of higher levels of energy from the piezoelectric transducer.
This has been seen in the discussed model, where the excitation frequency must
be reasonably close to the first resonance frequency, otherwise the response of
the beam would be insufficient for impact to occur. The excitation frequency
and the low damping typical of beam structures (and required for efficient energy
harvesting) means that impacts cannot be considered as isolated, where the beam
response decays between impacts. Thus the typical beam response is periodic,
often at the excitation frequency although subharmonics can be present. This
means that the transient response at higher modes is generally not present, and
hence the higher modes are often not excited. However, if a harmonic of the
excitation frequency matches one of the higher modes, then the response at this
harmonic will be increased. But overall the effectiveness of this type of impact
harvester to excite the higher modes is very limited.

The main effect of the impact is to stiffen the system and hence increase
the resonance frequency. However the level of power generated at the resonance
frequency is similar to the linear case. The stiffening level and hence resonance
frequency increases with the amplitude of the excitation, because the time in
contact increases. A similar effect would occur with changing the gap between the
undeformed beam and the contact, and this could possibly be used as a semi-active
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system to tune the resonance frequency to the excitation frequency, although the
range of variation of the resonance frequency may be too limited.

Modelling of Porous Piezoelectric Material and Potential Applications to Vibration Energy
Harvesting



CHAPTER 5. NON-LINEAR ENERGY HARVESTING 131

Germán Martínez Ayuso



132 5.6. CONCLUSIONS

Modelling of Porous Piezoelectric Material and Potential Applications to Vibration Energy
Harvesting



Part IV

Conclusions

133





Chapter 6

Conclusions

In this thesis, the main objective is to study porous piezoelectric materials for
energy harvesting applications. This main objective has been divided into two
research lines, one about the modelling of porous piezoelectric materials and
another about the energy harvester modelling. Therefore, this thesis is divided in
two main parts.

The first part estimates the equivalent material properties of the composite,
given the material properties of each of its components as well as its percentage
with respect to the total. Two different analytical methods are studied, namely
the Mori-Tanaka and Self-consistent methods, as well as two method to estimate
bounds on the properties, the Halpin-Tsai and Hashin-Sthrikman approaches.
Those results are compared with those from a finite element homogenization tech-
nique, showing good agreement, especially for the Mori-Tanaka method. The effect
of these homogenization schemes on the elastic, piezoelectric and the dielectric
coefficients is studied. The elastic and dielectric parameters present all very good
agreement between the different methods. The impact on the figures of merit of
the porous material is also studied, showing favourable values with respect tothe
dense piezoelectric materials. It is predicted that porous piezoelectric materials
might present important advantages for energy harvesting compared to dense
piezoelectric materials as a consequence of the beneficial ratio between the piezo-
electric coefficients and the permittivity when the porosity is increased. However,
these models do not accurate represent the values shown by experimental samples.
Hence, the polarization is seen as the main cause of this difference. Polarization
is a crucial factor to consider when fabricating piezoelectric porous materials and
predicting their final equivalent material properties. Polarization is the process
in which a strong electrical field is applied to un-poled piezoelectric materials in
order to align the ferroelectric domains. This process is modelled by replicating
conditions close to the manufacturing process using the finite element method for
different pore geometries such as spherical and ellipsoidal. The impact of cracks
in the material is also studied from a static point of view, to assess the impact of
the crack surface on the piezoelectric coefficient. The results are compared with
experimental values measured on samples manufactured in the laboratory, showing
a good agreement with the proposed ellipsoidal model. The importance of the pore
shape is highlighted since different shapes affect the electrical field distribution in
different ways, affecting also the amount of piezoelectric material not polarized,
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and decreasing hence the piezoelectric coefficients. The equivalent pore shape of a
real sample is predicted with the numerical model, showing good agreement by
comparison with high resolution scans of the material. It is concluded that the
presented model accurately represents the material behaviour and can be used to
predict the material properties of the porous piezoelectric material.

In the second part, the capability of porous piezoelectric materials for energy
harvesting is studied. Two different regimes are considered, linear and non-
linear. For linear energy harvesting, the analytical equations for single degree
of freedom (SDOF) and multiple degree of freedom (MDOF) cantilever beam
harvesters are presented and developed. The MDOF model is based on Euler-
Bernoulli assumptions and the Rayleigh-Ritz method. The external load studied
is harmonic base excitation. The effect of the porosity on the power harvested
is investigated, as well as the changes induced in the optimal resistance and
natural frequencies for both models. The results shows that the porosity decreases
the piezoelectric coupling and hence decreases the amount of power harvested.
The reduction in capacitance and stiffness provided by the porosity does not
counterbalance the decrease in the piezoelectric coefficient. Hence it is concluded
that the material is not appropriate for linear energy harvesting.

A non-linear approach is followed in order to complete the energy harvesting
study. The source of non-linearity chosen is impact. The impact is between the
energy harvester tip and a rigid body. The results shows that the model can
approximate the impact beam with a good degree of accuracy. However, for these
configurations the benefit of impact is very limited due to the necessity to match
one of the frequencies of the higher mode harmonics. Otherwise, the excitation is
not sufficient to excite those higher modes, and the performance of the harvester
is severely decreased. It is concluded that the impact shows no benefit for energy
harvesting in the current configuration.

The main contributions of this thesis can be summarized as:
• The analytical homogenization methods are accurate for predicting elastic

and dielectric properties in composite porous piezoelectric materials. But
for the piezoelectric coefficients, another approach must be used.

• Employing appropriate numerical homogenization techniques based on finite
elements, the piezoelectric properties of the composite can be accurately
predicted. These FE models must include the polarization effect through
simulating conditions close to those during manufacture.

• Analytical methods can be used to predict the dynamic behaviour of the
energy harvesters.

• The porous piezoelectric material does not show advantages for energy
harvesting with respect to the dense materials. This is mainly due to the
constant decrease in the piezoelectric coefficients which is not counterbal-
anced by the decrease in capacitance.

• Impact can excite higher modes which is beneficial for energy harvesting.
However, its applicability is very limited because the frequency of impacts
must match one of the higher mode subharmonics which might be difficult.
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Future research

In the author’s opinion, some topics discussed in this thesis present promising
possibilities for future research. The following topics are proposed for future
research:

• Approximation to macro-scale. In order to ensure the representative-
ness of the proposed homogenization models, it is recommended to model
higher number of inclusions. Effects such as the distribution of porosity or
clustering might be important in the final homogenized properties.

• Extension to other fabrication processes. There is an interest to
extend the homogenization technique to model material manufactured using
other processes. These processes might generate other pore shapes or have
different manufacturing method. An example is the freeze-casting method
which is every day more used and it generates pore shapes closer to cylindrical
or conical.

• Extension to other materials. The developed framework is quite general
and representative. Hence it might be applied to any type of piezoelectric
material . Modelling the manufacturing process can also be included since
the changes necessary to model other manufacturing processes can be easily
implemented.

• Other impact approaches for energy harvesting. The proposed im-
pact approach, based on a beam impacting a rigid body, does not show
advantages. However, another type of impact which does not constrain the
displacement might be still beneficial in term of energy output.
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Appendix A

Material properties of Barium
Titanate

In this appendix, the material properties of the porous piezoelectric material
Barium Titanate (BaTiO3) are detailed. These properties are obtained in Chap-
ter 3 for an applied electric field equal to 105% of the coercive field and aspect
ratio equal to 0.85. These properties are used in Chapter 4 for energy harvesting
purposes.

Table A.1: Material properties of Barium Titanate (BaTiO3) obtained
from finite element homogenization scheme which include polarization
effect. Applied electrical field 105% of the coercive field and aspect
ratio (aspect ratio) equal to 0.85.

Porosity (P) C1111 e31 e33 εε
33

(%) (GPa) C/m2 C/m2 εε
ij/k0

0 158.336 -3.135 14.512 1214.660
05 132.694 -1.819 11.129 1198.229
10 116.033 -1.144 9.160 1139.589
15 103.272 -0.739 7.866 1062.903
20 92.4454 -0.478 6.846 981.541
25 82.8147 -0.300 5.994 901.438
30 74.0960 -0.156 5.225 822.970
35 66.6353 -0.045 4.617 745.336
40 58.9215 0.039 4.086 670.217
45 50.2929 0.090 3.545 598.803
50 41.2693 0.100 2.952 531.264

It is interesting to notice the change in sign in the e31 for very high percentages
of porosities (P > 40%). This change can be explained using the models presented
in Chapter 3. In that chapter, a strong electric field is applied to porous piezo-
electric materials with spherical pores. The electrical field flows around the pores
interfaces following its tangent, which in some part of the pores is perpendicular
to the polarization field direction. The piezoelectric grains align parallel to the
electric field, hence tangent to the interface. Therefore, an important part of
the piezoelectric grains align perpendicular to the polarization field. If the pores
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Figure A.1: Material properties of the ceramic Barium Titanate
BaTiO3 with respect to porosity between 0% and 50%. Obtained from
homogenization scheme using finite element and including polarization
effect. Applied electrical field 105% of the coercive field and aspect
ratio (aspect ratio) equal to 0.85.

have high aspect ratio, or they are very large or numerous (high porosity), the
amount of polarized grains perpendicular to the polarization field increases. These
piezoelectric grains have the material axis 33 coincident with the RVE axis 11 or
22, which means the piezoelectric coefficient e33 contributes to the piezoelectric
e31. Since the e33 is positive, the e31 becomes also positive.
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Appendix B

Energy harvester properties

In this appendix, the geometrical properties of the energy harvester discussed in
Chapter 4 are presented.

Geometry Elastic Material Properties
Beam Length (mm) 30 Elastic Modulus (GPa) 70

Piezoelectric Thickness (mm) 0.15 Poisson’s ratio 0.3
Elastic Layer Thickness (mm) 0.05

Analysis Parameters
Modal Damping Ratios 0.2, 0.2, 0.20, 0.2, 0.2

Table B.1: Geometrical properties of the beam, material properties of
the elastic support material and analysis parameters.

X

Z

Rφ(t)

Superior Layer PZT Polarization

Inferior Layer PZT Polarization

Base Excitation

Figure B.1: Schematic view of the 2D cantilever beam energy harvester
and the circuit configuration.
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Appendix C

Euler-Bernoulli beam

The boundary conditions corresponding to a cantilever beam are:

wrel(0, t) = 0 No displacements at the clamped side. (C.0.1)

∂wrel(x, t)

∂x

∣∣∣∣
x=0

= 0 No rotations at the clamped side. (C.0.2)

IY
∂2wrel(x, t)

∂x2

∣∣∣∣
x=L

= 0 No moments at the free side. (C.0.3)

IY
∂3wrel(x, t)

∂x3

∣∣∣∣
x=L

= 0 No shear at the free side. (C.0.4)

Applying these boundary conditions to the Euler-Bernoulli equation 4.3.13
and solving it with the Ritz method, we obtain the modal shapes as:

ψr(x) =

√
1

mL

[
cos

λr
L
x− cosh

λr
L
x+

sinλr − sinhλr
cosλr + coshλr

(
sin

λr
L
x− sinh

λr
L
x

)]
(C.0.5)

where L is the length of the beam and λr is the dimensionless frequency parameter
(eigenvalue) of the r th mode obtained from the characteristic equation:

1 + cosλ coshλ = 0 (C.0.6)

These modal shapes can be normalized using the following orthogonality conditions:

∫ L

0

ψs(x)mψr(x)dx = δrs (C.0.7)∫ L

0

ψs(x) IY
d4ψr(x)

dx4
dx = ω2

rδrs (C.0.8)

where δrs is the Kronecker delta defined as:

δrs =

{
1 for r=s
0 for r 6= s

(C.0.9)
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and ωr is the undamped natural frequency of the rth vibration mode, calculated
as:

ωr = λ2r

√
IY

mL4
(C.0.10)

From Equations (4.3.11) and (4.3.12) we can obtain then:

εε
33bL

hp

dφ(t)

dt
+
φ

R
+

∞∑
r=1

κr
dηr(t)

dt
= 0 (C.0.11)

where κr is the modal coupling term in the electrical equation defined as:

κr = e31hpcb
dψr(x)

dx

∣∣∣∣
x=L

(C.0.12)

It should be addressed here that the coupling term κr represents the piezoelec-
tric effect and it depends from the strain through the mode shapes ψr(x). The
mode shapes represents the natural vibration shape of the beam, hence they can
take different forms where the strain can takes positive or negative as Figure C.1
presents. In cases where the electrode is along the whole patch, the presence of
positive and negative values of strain generate positive and negative values of
current that is in contact with each other cancelling then their effects. Due to
this, from the energy harvesting point of view, the main operating mode of a
cantilever energy harvester with full electrode is the first mode. Following with
Equation (C.0.11),it can be represented as a circuit equation, grouping some
terms:

Cp =
εε
33bL

hp
(C.0.13)

ip = −
∞∑
r=1

κr
dηr(t)

dt
(C.0.14)

To obtain:

Cp
dφ(t)

dt
+
φ(t)

R
− ip = 0 (C.0.15)

In this equation, the piezoelectric material is modelled as a current source i with
a capacitor Cp to represent the energy losses. The external electrical loads are
represented as a resistor. In this equation we have only consider one piezoelectric
patch. To account for the other patch, we can use the Kirchhoff’s law for circuit
to the equivalent electrical circuit represented in Figure C.2. In this figure, two
piezoelectric patches with its correspondent current source and capacitance are
connected in series and to a resistor. Applying Kirchhoff’s law, we can obtain an
equivalent electrical law for the complete system:

Cp

2

dφ

dt
+
φ

R
− i = 0 (C.0.16)
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Figure C.1: Modes shapes for a cantilever bimorph beam. In black,
the undeformed shape, and in blue the deformed shape corresponded to
each mode at the given frequency.

The previous can be applied to Equation (C.0.11) and substituting the capacitance
for its equivalent parameter Cp.

Cp

2

dφ(t)

dt
+
φ

R
+

∞∑
r=1

κr
dηr(t)

dt
= 0 (C.0.17)

In Equation (C.0.17) the unknowns are the voltage function φ(t) and the time
terms ηr(t). Since we only have one equation, we need another one in order to
solve for the unknown values. This equation is derived from the Euler-Bernoulli
beam Equation (4.3.13). Since we want to consider damping, we add a strain
depending damping, remaining the equation as:

∂2M

∂x2
+m

∂2w(x, t)

∂t2
+ CsI

∂5wrel(x, t)

∂4∂x
= 0 (C.0.18)

substituting the total displacement for the Equation (4.3.2), one can obtain:

∂2M

∂x2
+m

(
∂2wrel(x, t)

∂t2
+
∂2wb(x, t)

∂t2

)
+ CsI

∂5wrel(x, t)

∂4∂x
= 0 (C.0.19)

∂2M

∂x2
+m

∂2wrel(x, t)

∂t2
+ CsI

∂5wrel(x, t)

∂4∂x
= −m∂2wb(x, t)

∂t2
(C.0.20)
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i top

i bottom

Cp

Cp

R

Figure C.2: Schematic view of the equivalent circuit of an energy
harvester with its piezoelectric patches connected in series. The “top”
means top piezoelectric layer and “bottom” means bottom piezoelectric
layer.

The moment can be obtained through integration of the stress along the Z direction.

M(x, t) =

∫
A

σzdA = b

∫
A

σzdz...

= b

 −he
2∫

−he
2
−hp

σpzdz +

he
2∫

−he
2

σezdz +

he
2
+hp∫

he
2

σpzdz

 (C.0.21)

In this equation, the stresses can be expressed as function of the strains through
the constitutive law of each material:

σ11,p = Y11,p ε11,p − e31E3 (C.0.22)
σ11,e = Y11,sε11,e (C.0.23)

The strain can be expressed as a function of the transverse displacements using the
Equation (4.3.1) which relates the second derivative of the displacement (rotation)
with the strain in the section. The stresses can be then expressed as:

σ11,p = −zY11,p
∂2wrel(x, t)

∂x2
− e31

φ

hp
(C.0.24)

σ11,e = −zY11,e
∂2wrel(x, t)

∂x2
(C.0.25)

We should remind here, that the material direction 1 coincides with the global axis
X and the material direction 3 coincides with the global axis Z which is parallel to
the piezoelectric patches thickness direction. In addition, we have substitute the
electric field E3 for the equivalent voltage using Equation (4.3.3). Substituting
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the corresponding stress expression back in Equation (C.0.21) we obtain:

M(x, t) = b

 −he
2∫

−he
2
−hp

−z2Y11,p
∂2wrel(x, t)

∂x2
− ze31

φ

hp
dz +

he
2∫

−he
2

−z2Y11,e
∂2wrel(x, t)

∂x2
dz...

+

he
2
+hp∫

he
2

−z2Y11,p
∂2wrel(x, t)

∂x2
+ ze31

φ

hp
dz

 (C.0.26)

It should be notice, that in the previous equation the sign of the piezoelectric
coefficient e31 of the bottom layer has been changed. As it has been commented
before, the top and bottom piezoelectric layers has opposite orientation due to
the series connection. This opposite orientation is reflected in the piezoelectric
coefficient as a change in sign for the bottom layer. Otherwise, the electric terms
will cancel due to opposite electric voltage. After some integrations, we can express
Equation (C.0.26) as

M(x, t) = −∂
2wrel(x, t)

∂x2

[
b

(
Y11,p

2

3

((
he
2

+ hp

)3

−
(
he
2

)3
)

+
2

3
Y11,e

(
hp
2

)3
)]

...

− φ(t)
be31
hp

((
he
2

)2

−
(
he
2

+ hp

)2
)

(C.0.27)

The equivalent stiffness IY previously introduced in Equation (4.3.14) can be
identified in the previous equation as the content of the square bracket. In
fact, the equivalent stiffness is defined from the beam equation following this
approach. Also, we proceed to substitute all the terms multiplying the voltage for
an equivalent term called backward coupling

θ =
be31
hp

((
he
2

)2

−
(
he
2

+ hp

)2
)

(C.0.28)

To avoid the voltage to vanish when differentiate twice respect the x coordinate,
we need to introduce the Heaviside function following Ertuk and Inman approach.
Finally we obtain the bending moment as:

M(x, t) = −Y I ∂
2wrel(x, t)

∂x2
− θφ(t)(H(x)−H(x− L)) (C.0.29)

Substituting back in the beam Equation (C.0.20) one can obtain:

Y I
∂2wrel(x, t)

∂x2
+ CsI

∂5wrel(x, t)

∂x4∂t
+m

∂2wrel(x, t)

∂t2
...

+ θφ(t)
∂2(H(x)−H(x− L))

∂x2
= −m∂2wb(x, t)

∂t2
(C.0.30)
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As it as been said before, in a linear system we can assume that the solution can
be described as a superposition of mode shapes and time terms.

wrel(x, t) =
∞∑
r=1

ψr(x)ηr(t) (C.0.31)

Introducing this in our equation leads to

Y I
∞∑
r=1

∂2ψr(x)

∂x2
ηr(t) + CsI

∞∑
r=1

∂4ψr(x)

∂x4
∂ηr(t)

∂t∂t
+m

∞∑
r=1

ψr(x)
∂2ηr(t)

∂t2
...

+ θφ(t)
∂2(H(x)−H(x− L))

∂x2
= −m∂2wb(x, t)

∂t2
(C.0.32)

If we multiply the previous equation by the mode shapes ψs(x) and integrating
over lenght we obtain:

Y I

∫ L

0

ψs(x)
∞∑
r=1

∂2ψr(x)

∂x2
ηr(t)dx+ CsI

∫ L

0

ψs(x)
∞∑
r=1

∂4ψr(x)

∂x4
∂ηr(t)

∂t∂t
dx...

+m

∫ L

0

ψs(x)
∞∑
r=1

ψr(x)
∂2ηr(t)

∂t2
dx...

+ θφ(t)

∫ L

0

ψs(x)
∂2(H(x)−H(x− L))φ(t)

∂x2
dx = ... (C.0.33)

−
∫ L

0

ψs(x)m
∂2wb(x, t)

∂t2
dx (C.0.34)

Here we should recall the orthogonality conditions. Each mode is orthogonal to
each one and its product is defined by the Equations (C.0.7) and (C.0.8), then
the previous multiplication of the introduced mode shape by the summation of
the mode shapes lead to 1 or 0 depending on ψs(x) is equal to ψr(x) or not.
Substituting equations Equations (C.0.7) and (C.0.8) in Equation (C.0.34) we
obtain:

ω2
rηr(t)+

CsI

IY
ωr
∂ηr(t)

∂t
+
∂2ηr(t)

∂t2
+ θ φ(t)

∫ L

0

ψs(x)
∂2(H(x)−H(x− L))

∂x2
dx =

−
∫ L

0

ψs(x)m
∂2wb(x, t)

∂t2
dx (C.0.35)

In modal analysis, the strain damping is substituted by:

2ξωr =
CsI

IY
ωr (C.0.36)

In addition the coupling term can be replaced by:

θ̃φ(t) = θφ(t)

∫ L

0

ψs(x)
∂2(H(x)−H(x− L))

∂x2
(C.0.37)

= θφ(t)
∂2ψs(x)

∂x

∣∣∣∣
x=L

(C.0.38)
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The force term can by replace by a more general term F :

F = −
∫ L

0

ψs(x)m
∂2wb(x, t)

∂t2
dx (C.0.39)

Substituting all those terms back in Equation (C.0.35) and together with Equa-
tion (C.0.17) we obtain the system of partial differential equation we need to
solve.

ω2
rηr(t) + 2ξrωr

∂ηr(t)

∂t
+
∂2ηr(t)

∂t2
+ θ̃φ(t) = F

εε
33bL

hp

dφ(t)

dt
+
φ

R
+

∞∑
r=1

κr
dηr(t)

dt
= 0 (C.0.40)

This equation is a second order partial differential equation (PDE) whose
solution depends on the forcing applied which has to be known. The unknown
parameters are the time term and the voltage. Typically, in an energy harvester
the forcing F is the base excitation. In more general cases where the forcing is
not base excitation, we can obtain the time term expression from the Duhamel
integral for damped systems [15].

ηr(t) =
1

ωr

√
1− ξ

∫ t

0

F (τ)e−ξrωr(t−τ) sinωr(t− τ)dτ (C.0.41)
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