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Entanglement is a central concept in quantum information and a key resource for many quantum
protocols. In this work we propose and analyze a class of entanglement witnesses that detect the
presence of entanglement in subsystems of experimental multi-qubit stabilizer states. The witnesses
we propose can be decomposed into sums of Pauli operators and can be efficiently evaluated by
either two measurement settings only or at most a number of measurements that only depends on
the size of the subsystem of interest. We provide two constructive methods to design the local
witness operators, the first one based on the local unitary equivalence between graph and stabilizer
states, and the second one based on sufficient and necessary conditions that the respective set of
constituent Pauli operators needs to fulfill. We theoretically establish the noise tolerance of the
proposed witnesses and benchmark their practical performance by analyzing the local entanglement
structure of an experimental seven-qubit quantum error correction code.

I. INTRODUCTION

Entanglement is one of the fundamental aspects of
quantum physics. It is used as a resource, for in-
stance in quantum communication protocols [1, 2] or in
measurement-based quantum computing [3, 4]. From a
fundamental viewpoint, the presence of entanglement al-
lows one to rule out certain local realistic descriptions
of Nature [5, 6]. Recently, entanglement has also moved
into the focus of other research areas beyond the field of
quantum information science: examples include studies
about the role of entanglement in quantum phase tran-
sitions [7-10], the presence of long-ranged quantum cor-
relations as a signature of topologically ordered states in
condensed matter systems [11-15], or in the AdS/CFT
correspondence, where the entanglement entropy in a
conformal field theory contains information about the
spacetime geometry of the anti-de Sitter space [16-19].

Experimentally, a variety of physical systems including
trapped ions [20], photons [21], cold atoms [22], or super-
conducting qubits [23], are used to create complex multi-
qubit quantum states where entanglement can be studied
from a fundamental point of view [24, 25], or used as a
resource for quantum communication [1, 2], computation
[26] and simulation [27]. In these systems the study of
entanglement through tomographic techniques like com-
pressed sensing [28-30] is feasible for small systems [31]
but becomes impractical as the number of qubits in the
systems increases. Two common approaches to overcome
this difficulty are MPS tomography [32-35], which ef-
ficiently reconstructs the state of systems close to ma-
trix product states, and entanglement witnesses [36—38]
which are observables that detect the presence of entan-
glement with a reduced number of measurements.

Entanglement witnesses have been developed for di-
verse scenarios, including multi-qubit states [24, 39, 40],
continuous variable systems [41-43], thermal states [44—
47], high-dimensional states [48-51], or as a way of not

only detecting, but also quantifying the amount of entan-
glement [52-55]. In the context of quantum communi-
cations, measurement-device-independent witnesses [56—
59] can be used to prevent eavesdropping by certifying
entanglement beyond measurement imperfections.

With respect to the construction of optimal witness op-
erators, work has mainly focused on the decomposition of
witnesses into Pauli operators [60, 61], or on reducing the
number of required measurement settings [62, 63]. Most
efforts are devoted to the detection of genuine entangle-
ment, but there are also witnesses that detect the entan-
glement depth [64, 65], the entanglement with respect
to partitions [66], or witnesses that provide information
about the Schmidt number [67-69].

In this work we focus on local witness operators [70-
72], i.e. witnesses that detect the entanglement among
qubits inside subsets §2 of larger multi-qubit systems (see
Fig. 1(a)). As we will show, the entanglement detected
by a local witness is intimately related to localizable en-
tanglement [73-75], which is the maximum entanglement
that can be localized in a region (subset of qubits) 2
by means of single-qubit projective measurements on the
qubits outside (2. In fact, we show that if a local witness
detects entanglement in a subsystem (2, the localizable
entanglement in {2 is non-zero.

The use of multiple local witnesses for multiple regions
{2 reveals the existing entanglement structure of exper-
imental states. With this information it is possible to
answer e.g. whether qubits in a given region or pairs of
qubits are entangled. It also allows one to study the en-
tanglement of the subsystem of interest coupled to an
environment represented by the rest of qubits. In the
preparation of complex many-qubit quantum states, such
information may be useful to detect in which spatial re-
gions and within which subsets of particles errors have
occurred.

The local witnesses we propose are constructed for sta-
bilizer states and represent a generalization of the local
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FIG. 1. Schematic summary of features and construction techniques of local entanglement witnesses. (a) Given an experimental
multipartite state p, if the measurement of a local witness Wy, yields a negative expectation value, a non-zero amount of
entanglement can be localized in 2 by local measurements on the qubits outside 2. (b) A local witness constructed for a
stabilizer state |S) can be decomposed into a sum of stabilizer elements s; defined by a subset W C S of the stabilizer
group S. Importantly, the number of stabilizers in Wy, equals the number of qubits in 2. (c) We propose two constructive
methods to find valid sets Wy. (c.1) The graph-based method consists in first finding a local unitary Urg (a product of
single-qubit unitaries) that maps the stabilizer state of interest onto a locally equivalent graph state, Urg|S) = |G). Then,

the subset W§ = {g, :

u € 2} of graph state generators that constructs a local witness for |G) is identified, and the inverse

transformation yields the generator W, = UL_éWgULE. (c.2) The stabilizer-based consists in checking the four conditions
summarized in Theorem 1, which the stabilizers s; € W must satisfy to construct a valid local witness for (2.

witnesses proposed in [70] for graph states. Stabilizer
states play a role in many areas of quantum information,
e.g. in quantum error correction, where fragile quantum
information of logical qubits is distributed over many
physical qubits and collectively encoded in entangled sta-
bilizer quantum error correcting codes [76, 77]. We show
that, like genuine entanglement witnesses [60], local wit-
nesses for stabilizer states can be decomposed into sums
of Pauli operators, which belong to the stabilizer group
that define the state of interest (Fig. 1(b)).

In order to find valid decompositions of local witnesses
into sets Wy, of stabilizer operators (see Fig. 1(b)) we
propose two methods, which will be called the graph-
based method and the stabilizer-based method in the
remainder of the paper. The graph-based method (see
Figure 1(c.1)) consists of finding multiple graph states
and the local unitary operations (product of single-qubit
unitary operators) connecting them, then constructing
multiple local witness for each graph state, and finally
transforming them into local witnesses for the stabilizer
state via the inverse unitary operations. It was shown
in [78] that for every stabilizer state it is always possible
to find such local unitary operations and locally equiva-
lent graph states. The stabilizer-based method resumed
in Fig. 1(c.2) establishes sufficient and necessary criteria
that the stabilizers in W, must satisfy to guarantee that
it can be transformed into a local witness of some graph
state with only local unitary operations.

Apart from providing information about the entangle-
ment in subsets of qubits, the number of measurement
settings required to evaluate the local witnesses does not
depend on the total number of qubits in the state. There-

fore, they can be applied efficiently to states with an in
principle arbitrarily large number of qubits. In order
to reduce even further the number of measurements re-
quired we use the techniques in [62] to propose two types
(Fig. 1(c)) of modified local witnesses that require even
less measurement settings. These techniques are based
on reducing the number of stabilizers that appear in the
decomposition of the witness while keeping the ones that
can be measured with the same measurement setting. For
instance, with only two measurement settings it is possi-
ble to evaluate all the modified local witness of one type
for all the subsystems of the experimental state. The
downside of reducing the number of measurements is that
the tolerance to noise of the witness decreases. To ana-
lyze this quantitatively, we benchmark the performance
of the witnesses for noisy quantum states, described a
white noise model as previously used e.g. in [38]. We
also study the tendency of some witnesses to have a more
negative expectation value than others, which means that
they are finer entanglement detectors [79].

To test the performance of the proposed local witnesses
in practice, we use both methods to construct multiple
local witnesses for multiple subsystems (Fig. 1(f)) of a
seven-qubit error correcting code. The analyzed state is
a quantum error correction code corresponds to a mini-
mal instance of topological color code, and encodes one
protected logical qubit in entangled states of seven phys-
ical qubits [80]. Additionally, we use experimental data
from a recent experimental realization [81] of this state
to evaluate all local entanglement witnesses put forward,
and thereby shed light on the local entanglement struc-
ture of the experimental state.



In Section II we revise the concept of genuine entan-
glement witness operators and particularize them to sta-
bilizer states. In Section III, we introduce the local wit-
nesses for stabilizer states, propose modified local wit-
nesses that require a reduced number of measurement
settings, and compare their respective noise tolerance.
Section IV describes the two methods to construct these
operators. In Section V, we present the results of the
construction of local witnesses for the seven-qubit color
code and then apply them to the experimental realiza-
tion of this state to map out its entanglement structure.
Section VI presents our conclusions and an outlook.

II. GENUINE ENTANGLEMENT WITNESS
OPERATORS

Entanglement witnesses are observables that provide a
sufficient (thought not necessary) condition for the pres-
ence of entanglement. They detect entanglement in noisy
experimental quantum states, as long as the difference
with the ideal state is sufficiently small. In this section
we revise the concept of genuine entanglement witness
operators and how to construct them for stabilizer states
as explained in [38, 60]. Evaluation of these witnesses re-
quires a number of measurements that grows in general
exponentially with the number of qubits in the state.
This motivates us to apply the methods from [61, 62] to
reduce the required number of measurement settings.

A. Witnesses as entanglement detectors

An entanglement witness that detects the genuine V-
qubit entanglement is an observable which is guaranteed
to have a non-negative expectation value if applied to any
separable state, and a negative expectation value for at
least one genuine entangled state [36]. Therefore, a neg-
ative expectation value unambiguously signals the pres-
ence of N-partite genuine entanglement. A witness W
prepared for the ideal expected state |¢) is an operator

W = a1 — |9) (], (1)

where [¢)) is a non-separable pure state and ajy) is the
maximal Schmidt coefficient of all bi-partitions of |¢)
[60].

Note that the witness expectation value is directly re-
lated to the quantum state fidelity F' = (¢|ply) by
(W), = ayy — F', and therefore a sufficiently high quan-
tum state fidelity suffices to signal the presence of en-
tanglement. For many states the state fidelity can be
either estimated efficiently [82] or be directly determined
[60] via a few measurement settings. For stabilizer states
|S), which we focus on here, the projector |S) (S| can be
decomposed into a sum of the stabilizers that define the
state.
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FIG. 2. Example of a stabilizer state. (a) Seven-qubit color
code lattice containing 7 qubits in the vertices of 3 plaquettes
colored in red R, blue B and green G [80]. (b) Generator
set S containing all the generators s; (and their products)
that completely define the stabilizer state |S), which in this
example is the logical state |+1). (c) Stabilizer S containing
all the 128 products of generators (including the identity I),
whose elements are called stabilizers.

B. Stabilizer states

A stabilizer state |S) [76, 83] is an N-qubit state com-
pletely defined by N independent generators s; (the gen-
erator set), which mutually commute and act trivially on
the state, |S) = s; |S). The Pauli operators s; are tensor
products of N single-qubit Pauli operators {I, X,Y, Z}
multiplied by factors 1, +i. We denote the usual single-
qubit Pauli operators and the identity as X, Y, Z and I.

The set S containing all generators and their prod-
ucts (including the identity operator I) forms the sta-
bilizer group, containing 2"V elements, called stabilizers
(Fig. 2(c)). We say that S spans S and we will use the
notation [S] = S.

We will use the fact that the choice of the generator set
is not unique, because generators contained in it can be
recombined and still generate the same stabilizer state,
but may require different measurement settings. A re-
combined generator set S() contains products of the
generators in S, and these products are controlled by
a non-singular N x N binary matrix R:

N
SR _ SZ(_R): SER):HSfu ,i=1,....,N 3, (2

Jj=1

where s? =TI and 5} = 5;.
For instance, the following recombined generator set
spans the same stabilizer as the generator set in Fig. 2(b):

R) _f2.X Z.X Z.X X X X X
s )_{SRSRvsBSBvSGSGvsRvsB7SGa3L}a (3)

where the Z-type generators have been multiplied by the
X-type generators of the same plaquette, so they have
transformed into stabilizers containing only Y Pauli ma-
trices.



Recombinations preserve the stabilizer S, so they also
preserve the projector onto the stabilizer state |S):
I+ s 1
—t= > 0s VR4

Sysi= I —5—=u~

s{Mesm) 8i€S

Analogously, a generator subset W, € S of n < N
independent and commuting stabilizers of S can be re-
combined by n X n non-singular binary matrices Rp,. All
the recombined generator subsets W}ZRQ ) span the same
subset of 2™ stabilizers (including the identity I):

[W}ZR”)} =[Wa]CS V Rog. (5)

Then, the projector onto the common +1 eigenspace
of all the stabilizers in Wy, is preserved under recombi-
nations:

(Re2)

I+
I —5—

) gy ()

=H¥

5;€EWq

1
- Y s

5:€[Wa]

for all R;.

C. Standard and modified genuine witnesses for stabilizer
states

For all non-separable multi-qubit stabilizer states |S)
the maximal Schmidt coefficient of all bipartitions is
a)sy = 1/2, and the fidelity operator is the projector
onto the +1 eigenvalue of the N stabilizers. Then, the
standard genuine witness constructed for the stabilizer
state reads

1 I+ s;
— - .

The standard genuine witness is the same if we use
any recombined generator set S instead of S because,
as pointed out above, recombinations preserve the pro-
jector of Eq. (4). For instance, the genuine witness for
the seven-qubit color code is preserved if one uses the
recombined generator set S in Eq. (3) instead of S in
Fig. 2(b). To compute the expectation value of this wit-
ness it is necessary to measure 2%V — 1 stabilizers, which
becomes in general impractical for large N. One way
to overcome this problem is to construct modified wit-
ness operators that includes a smaller number of terms.
One option is to consider what we call the the alternative
witness [61, 62] in the following,

N -1 1
M@:;——fl—fEZ&. (8)

This requires measuring only the N stabilizers in a gen-
erator set S. In this case, substituting S by a recombined
generator set S changes the alternative witness, which
however remains a genuine witness.

If the stabilizer state |S) has a generator set S com-
posed entirely by X-type and Z-type stabilizers s and
s]Z respectively, i.e. each involving single-qubit Pauli op-
erators X and Z only, (for instance Calderbank-Steane-
Shor (CSS) codes [84, 85]), this allows to construct a

two-measurements witness,

3 I+sX I+s?
7”:,], t - C
Wam = 3 II 5 1T — (9)
sXes sZes

Note that its evaluation requires only two measurement
settings, with all qubits measured in the X and the Z
basis.

For the two-measurement witness we have chosen the
measurement settings X1 Xo--- Xy and 2175 --- Zn but
rotated versions o103 - - - on and ojoh - - - oy can be used
instead as long as 0, # o,,. For instance, in Ref. [70]
the authors construct modified witnesses for bi-colorable
graph states, where one measurement setting consists in
measuring X on every even qubit and Z on every odd
qubit, and vice versa for the second measurement setting.
These operators are witnesses because their expectation
value is larger than the expectation value of the standard
genuine witness for any state [61, 62],

<W> < <Wa> ) <W>p < <W2m>p vp, (10)

P
which guarantees non-negative expectation values for any
separable state p.

The reduction in the number of measurement settings
comes at the price that modified witnesses are in general
less tolerant to noise. They detect entanglement only in
a subset of the states where the standard genuine witness
also detects entanglement.

III. LOCAL ENTANGLEMENT WITNESS OPERATORS

As stated above, we call a local witness an observable
that detects the entanglement of a subsystem of qubits
(Fig. 1(a)). This type of entanglement coincides with lo-
calizable entanglement [73-75]. In previous works, local
witnesses were proposed for graph states in [70, 71]. Here,
we discuss how they can be constructed and why they are
detectors of entanglement. Then, we use the fact that ev-
ery stabilizer state is equivalent to some graph state up
to a local unitary (i.e. a product of single-qubit unitary
operations) [78] to show that local witnesses for stabilizer
states also detect this entanglement.

A local witness can be decomposed into a sum of sta-
bilizers, and the number of stabilizers that must be mea-
sured to evaluate its expectation value only depends on
the number of qubits in the subsystem. On the other
hand, the evaluation of multiple local witnesses allows



one to resolve the entanglement structure of a state. This
requires the measurement of a number of stabilizers that
grows with the number of subsystems in addition to the
number of qubits in each one. However, using the same
ideas applied to the modified genuine witnesses, it is pos-
sible to reduce the number of measurements. We show
that in fact, only two measurement settings are often
enough to reveal the entanglement structure with a mod-
ified version of the local witnesses.

A. Graph states

We now review some key concepts of graph states that
enable the construction of the local witnesses as pro-
posed in [70]. A graph state |G) is an N-qubit stabi-
lizer state [86] associated to an underlying undirected
graph, like the one depicted in Fig. 3(a), formed by N
sites (representing the qubits) and a set E of links or
edges | = {u, v} connecting sites p and v. A graph, like
the one in Fig. 3(a), can be represented by a N x N ad-
jacency matrix I' with elements I, = 1(0) if the sites
i, v are (ar not) linked, or, equivalently, by the N x (1;[ )
incidence matrix Mg,

My, = 1if pel and € F (1)
Bl =0 otherwise ’

with the index p indicating the uth site and [ one of the
(];[) pairs of sites.

A graph state is non-separable if and only if the un-
derlying graph is connected [86]. A graph is connected
if it can not be separated into two components with-
out breaking a link. The rank modulo 2 of Mpg is
related to the number m of connected components of
the graph: rank (Mg) = N — m [87]. In particular,
rank (Mg) = N — 1, if the graph is connected.

For a graph state |G), there is one graph state generator
gy associated to each qubit p,

gu:Xp H Zy, (12)
veN,

where N, is the neighborhood of the site p.
An equivalent representation of a graph state is

N
G) = U7 R —=(l0,) +11,)).  (13)
AL 0 @ g5 (o + .«

where controlled-phase gates

I, + 7 I, —7Z
cz _ v v v v
U;U/ - 2 IM 2 ZN

(14)

act on all pair of qubits (sites) connected by a link in
the underlying graph.

We need to define analogous concepts within the sub-
system {2 where we aim to detect entanglement. From a
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FIG. 3. Graph state concepts. (a) Underlying graph of a
4-qubit graph state, and neighborhood N; of the site 1. (b)
Adjacency matrix I'. (c) Incidence matrix Mg. (d) Unitary
operation Urc,1 that realizes a local complementation on the
qubit 1. (e) Graph defining the locally equivalent graph state
|G) obtained after applying Urc,1, and subsystem of qubits
2 ={2,3,4}. (f) Natural generator set of a graph state. (g)
Generator subset W§ that constructs a local witness for |G)
in £2. (h) Subgraph of the reduced graph state |Gp) in (2.
(i) Reduced incidence matrix Mg,. The order of columns
in Mg, is not important for this work. (j) Basis of |Gga)
composed by the reduced graph state generators gq ..

graph state it is possible to extract a reduced graph state
|Gq) for each subsystem {2 of n < N qubits. The under-
lying graph is the reduced graph (Fig. 3(h)) composed
by the sites in {2 and the subset of links E, C E con-
necting them. It is represented by the reduced incidence
matrix Mg, (Fig. 3(i)) that describes the links in Ej.
Thus, the reduced graph is connected and hence, |Gp) is
non-separable, if and only if:

rank (Mg,) =n— 1. (15)

The graph state generators g, of the reduced graph
state |G) can be obtained from the generator subset of
n graph state generators corresponding to the qubits in

2 (Fig. 3(g)):
Wg={gu: neR, g.16) =19} (16)

From this set one can construct the reduced graph state
generators (Fig. 3(j)),

gou=QQ g ¥ pen. (17)
ves?

Here, g, € {I,X,Z} is the single-qubit Pauli operator

that appears for qubit v in the graph state generator
cwWg

Iu Q-



These reduced graph state generators form a com-
plete generator set Gy, of the reduced graph state |Gp)

(Fig. 3(1)),

90 1G90) =1Ga) ¥V pe 2. (18)

Since the controlled-phase gates equal their inverse op-
eration, the unitary that disentangles {2 from the rest
Q of qubits US,|G) = |Ga) ® |Gg) is the product of
controlled-phase operations that break the links connect-
ing 2 with 2,

vs.= [l vs’. (19)
{p,v}eT

where
T={{pv}eE: pneR,ve} (20)

This unitary applied to the generator subset Wg leads
to the reduced graph state generators gp, ,, (Fig. 3(j))

UfngpUdgiZ =9g0.®1s, (21)

and hence

U(il =1Gn) (Gal® Is. (22)

B. Local witnesses for graph states

Following the approach in [70], the entanglement
of an N-qubit state p is localized in a subsystem (2
by means of local measurements on the rest of qubits
2. The entanglement does not increase under these
measurements, so the remaining entanglement in the
reduced state p, obtained after the measurement was
present in p. On pg a genuine witness W is evaluated to
detect the remaining entanglement. The key observation
is that, instead of executing these measurements, we can
instead evaluate a local entanglement witness Wy, on the
global state p because the expectation values coincide,
W),, = (Wa),. Therefore, a negative expectation
value of the local witness W, detects the presence of
entanglement in the reduced state pp, and thus the
entanglement in the subsystem {2 of the global state p
is detected.

Let us briefly recall the effect of Z measurements on
a pure graph state |G). All 2V~" possible outcomes of
the measurements of qubits v in {2 can be represented by
a binary number x of length N — n, with the bit x, =
0(1) for outcome +1(—1). The reduced state obtained
from |G) after the outcome z on the measurement of Z
on every qubit v € 2 is Z,|Gp) [86], i.e. the reduced
graph state |Gp) up to outcome-dependent single-qubit
Z operations, Zg = I, and lel = Z,. The effect of

the latter is equivalent to the action of the disentangling
unitary in Eq. (19) and tracing over the rest of qubits,

Ga) (Gal = tr, (US, 19 @I UST) . (23)

If the same process is applied to a mixed N-qubit state
p, the reduced state is

ph=tro (Ufisﬂ%gil) : (24)

One can check that this reduced state is the average
over all possible outcomes states pp , obtained after the
same measurement process, multiplied by the outcome-
dependent single-qubit operations,

p% = przxpﬂ,mzl' (25)

The normalized state corresponding to outcome x

1 I+ (~1)™ 2,
pas=—trg [ p]] % (26)
Pa L

is obtained with a probability p,.
Once the reduced state p% is obtained, a genuine witness
of the form Eq. (1)

W92 = qig 110 — [Ga) (Gal (27)

allows one to detect entanglement in the region. Again,
the expectation value of this genuine witness evaluated
in p% equals the expectation value of the following local
witness evaluated in the original state p,

I+g
g _ M
Wea = gyl — H 5 (28)
gMEWg
yielding, using Eq. (22),
W) o = (W5, . (29)

As pointed out in section II A, W92 acts as a witness
only if |Gp) is a non-separable state. Therefore, W§ must
be chosen such that the genuine witness W9¢ is prepared
for a non-separable graph state |Gp).

This expectation value is the average of the genuine
witness evaluated on all reduced states after the mea-
surement,

WG, =D e V9, i (30)

Since p, are positive coefficients, if the expectation
value of the local witness is negative, at least one
<WgQ>prn,le with p, # 0 is also negative, indicating
that an outcome state pg 5 is non-separable (recall that
Z, preserves entanglement). Thus, the entanglement has



been localized in the subsystem {2 by the corresponding
measurement.

This is due to the connection between local witnesses
and localizable entanglement [73-75]. This quantity pro-
vides the maximum amount of entanglement L (p) that
can be localized on average in a subsystem {2 by means
of local measurements on the rest of qubits. Every mea-
surement M specifies a set of 2V =" outcome states pg ;
and probabilities p,, so for a given M the average entan-
glement localized is:

LQ(P) - m.AE}tXL/(\ZA(p) ) L'./(\Z/l(p) - szE (p(),x)a (31)

where E (pg ;) is an entanglement measure. Thus, if at
least one of the outcome states pp . is entangled, the
the entanglement measure F (pp ) # 0 is non-zero and
consequently, the localizable entanglement is non-zero
Lo(p) # 0. Analogously, if a local witness has negative
expectation value, there is at least one outcome state po .
with p, # 0 resulting of the particular measurement of Z
for which the witness W9¢ in Eq. (30) detects entangle-
ment. Hence, as we show in more detail in Refs. [72, 88],
local witnesses detect localizable entanglement because
a negative expectation value of the first implies that the
value of the second is non-zero.

C. Local witness operators for stabilizer states

Now we want to construct a witness for the stabilizer
state |S), i.e. we want to measure only stabilizers s; € S
of its stabilizer. We can show that if we find a gener-
ator subset Wy, C S that is locally equivalent to some
generator subset of graph state generators Wg, the lo-
cal witness constructed with Wy, instead of Wg is also a
local witness that detects the entanglement of 2.

We say that one generator subset Wy, of stabilizers
is locally equivalent (LE) to a generator subset Wg of
graph state generators if there is a local unitary Vg and
a recombination Ry, such that:

VigWS vl = ws. (32)

Hence, we can construct the following local witness
that is decomposed only into stabilizers of the stabilizer
state |S) and we will call standard local witness:

Wao =351~ 11 — (33)

si€Wg

Note that the standard local witness is locally equiva-
lent to the witness for a graph state VLEWQVLTE = Wg
Then, the expectation value of Wy, evaluated on an state
p coincides with the expectation value of WY, evaluated
on the locally equivalent state V, EpVLJr or

Wa), = W9) (34)

VLE/)VLTE )

which has the same entanglement properties. Again,
WY, is a witness only if the reduced graph state |Gp)
associated to Wg is non-separable.

If the standard local witness has negative expectation
value, the entanglement detected can be understood in
an analogous way. In this case, the measurements of
the qubit v € £2 outside the subsystem are performed in
the basis VL_E1 7, Vi, g. The outcome-dependent correction
is V, b} Z,Vig, which is again a local unitary operation
that does not change the entanglement properties of the
outcome states. The average of all the outcome states
corrected in this way is

po =trp (UdispU(LS) ) (35)
Here the disentangling unitary is
Udgis =V, g USViE. (36)

Then, a negative expectation value of the local witness
implies that at least one outcome state is genuinely
entangled, and therefore entanglement has been localized
in (2.

Now, the problem reduces to finding the generator sub-
set W, of stabilizers that constructs a valid local witness
for the subsystem (2. The conditions on Wy, are summa-
rized in the next Proposition.

Proposition. 1. The stabilizer state |S) with stabilizer S
has a local witness of the form of Eq. (33) for the sub-
system {2 that is constructed from the generator subset
W C S of stabilizers if and only if the following condi-
tions are satisfied:

(A) Wy, is locally equivalent to some generator subset of
graph state generators, i.e. there is a local unitary
Vi and a recombination Ry, such that:

VieW v =w. (37)
(B) The reduced graph state |Gp;) is non-separable.

Proof. Property (A) guarantees that the local witness
W, constructed from Wy, satisfies Eq. (34). Property
(B) guarantees that WY, is a valid local witness. Pro-
vided the local-unitary equivalence between the states
p and Vg, EpVLT g their entanglement properties coincide.
Therefore, given Eq. (34), Wy, detects entanglement only
if p is entangled. Hence, the local witness constructed
from Wy, satisfying proposition 1 is a valid local wit-
ness. O

This takes into account that it is possible that a gen-
erator subset Wy, can not be transformed directly into
some Wg by a local unitary, but that there is a recom-

bined generator subset W((ZR ) for which such a local uni-
tary exists. For instance, the following generator subsets



of stabilizers of the seven-qubit color code differ only in
a recombination Ry, but the first one can not be trans-
formed directly into graph state generators:

Wiosay ={sns%, 5%, 55, s&} (38)
R
Witshay = {5, shshsl, 55, s}, (39)

More concretely, the first two elements sgsﬁ =
Y1Y5Y3Y, and sIZ{ = Z1Z3737Zy of Wiy 234y can not be
transformed into two graph state generators with the
same local unitary V. But the local unitary Vg =

HyHsH, composed by three Hadamard operators trans-
Rq)

1,2,3,4} into graph state gener-

forms the stabilizers in W{(
ators:

sp = X1 X2 X3Xy
shshst = 7, 73757,
5% = 7973757

s& = 73242677 +—

g3 = Z122X3724
g1 = X1Z3Z577
9o = X2Z375 76
94 = Z3Xy4ZsZ7

(40)

111

Note also that the only condition of the local unitary
Vg is that it transforms a generator subset Wy, of the
stabilizer state |S) into a generator subset ng2 of a graph
state |G), but it is not forced to transform |S) into |G).
This fact will become important below where we prove
that the stabilizer-based method indeed finds more wit-
nesses than the graph-based method.

D. Modified local witnesses

The evaluation of the standard local witness of Eq. (33)
requires the measurement of 2™ —1 stabilizers. This num-
ber can be reduced further following the same techniques
employed for the modified genuine witnesses. Once a
valid subset W, that satisfies Proposition 1 is found, it
can be used to construct modified local witnesses that
require less measurement settings. For instance, with n
measurements we can compute the value of the alterna-
tive local witness:

n—1 1
Waoa=-—5—1-3 > s (41)
5:€Wg

Similar to the two-measurement local witness, if the
subset Wy, is entirely composed by X-type and Z-type
stabilizers, one can construct a two-measurements local
witness:

I+s?

L (2)

I+ s
TS_H

SiZEWQ

N W

Waoom=-T- ]]

Slx ceWgq

that can be evaluated with just two measurement set-
tings. If Wy, is not of this form, a recombined generator
subset W((ZRQ) can be used instead. For instance, the gen-
erator subset in Eq. (38) is not of this form because the
first element contains Pauli operators Y, but the genera-
tor subset in Eq. (39) has the right form. In this example

one can construct the following two-measurements local

witness from the generator subset wike)

{1,234}
3 I+s%
W{1,2,3,4},2m =-1- B
2 2 . (43)
7 I+ s4s2s8 1+ s% 1+ s
2 2 2

Again, here we have chosen the measurement settings
X1Xo--- Xy and Z1Z5--- Zn, but other pairs can be
chosen as well.

Like in Eq. (10), the modified local witnesses are valid
witnesses as their expectation value is greater or equal
than the expectation value of the standard local witness
for every state,

Wa), < Waa), . Wa), < Waoaom), Vp. (44)

Again, the price of reducing the number of measurements
is that the modified local witnesses are in general less
tolerant to noise than standard local witnesses.

E. Robustness and comparison of genuine and local
witnesses

To obtain a benchmark figure of merit for the robust-
ness of a local witness, we consider [61] the performance
of the witnesses with respect to a noisy model state of
the form

1-p
pp =pI|S) (S| + QTL (45)

which is a mixture of the ideal stabilizer state |S) and
the completely mixed state.

The robustness of a witness is then given by the criti-
cal probability p., that guarantees that the expectation
value of the witness operator evaluated in the state p,, is
negative, and thus entanglement is detected. The critical
probabilities of all witnesses discussed summarized in
Table I.

Moreover, one witness W is said to be finer than other
W' if the expectation value of W is negative on ev-
ery state where the expectation value of W is nega-
tive. Thus, there is a positive coeflicient 8 > 0 such
that (W), < B (W), for any state p. In that case, one
can be sure that W detects entanglement if W’ detects
it. If one witness is finer than another, it is also more
robust.

There is a hierarchy between the presented witnesses
considering this criteria. First, the standard genuine wit-
ness is finer than the modified genuine witnesses [61, 62]:

<W> < <Wa> ) <W>p < <W2m>p va (46)

p p

which again shows that reducing the number of measure-
ments by means of modifying the witnesses leads to a de-
crease of the tolerance to noise. Similarly, and using the



Formula Meas. set. Crit. prob. p.
1 I+si
Standard W:§I_ H 2 2N 1 = 12
s; ES
Genuine N1 © 1
witnesses Alternative Wa = D) 1- ) Z & N 1-1/N
S; €S
3 I+ s¥ I+ s?
Two ng =71 — L t
measurements 2 Sgs 2 s.l_els 2 ? < [2/3,3/4)
1 I+s;
Standard Wa = 5 I- H 2 2" -1 €[1/3,1/2]
s; EWq
Local n—1 1
witnesses Allemaiie Wa.a = 3 I— 5 Si n 1-1/n
s €EWg
3 I+s; I+sZ
measglz(;nents YW = 2 - H 2 H 2 2 € [1/2,3/4]
SZX eEWgn S,iZ eEWgo

TABLE I. Overview of genuine and local entanglement witnesses: the table shows the explicit form in terms of stabilizer
operators s; defining the N-qubit stabilizer state, the maximum number of measurement settings required, and the critical

probability of the white noise state of Eq. (45) below which no

same ideas as in [61, 62], the standard local witness con-
structed with the generator subset Wy, is finer than the
modified witnesses constructed from the same generator
subset:
W), < Waa), » Wa), < Waom), Yo (47)
Second, standard local witnesses, for every subsystem
{2, are finer than the standard genuine witness because
the expectation value of the projector in Eq. (33) is bigger
than the expectation value of the projector in Eq. (7) for
any state p:
Wa), < W)

Y p. (48)

P
Third, two different standard local witnesses Wy, and
Wg such that the generator subsets Wy, and Wy satisty
[Wq] C [Weqr] (therefore, the subsystem §2 is included
inside the second {2 C (') satisfy that the first one is
finer than the second:
(Wa), < (War), Vp. (49)
For instance, the standard local witness constructed
from Wiy 3y = {sg, s%} is finer than the standard local

witness constructed from Wyo 54y = {st, 55, s&}.
In the following we provide recipes how to construct

the local witnesses starting from the stabilizers of the
state of interest.

IV. CONSTRUCTION OF LOCAL WITNESSES

We now propose two methods to find a generator sub-
set Wy, that satisfies Proposition 1: The graph-based

entanglement is detected.

method exploits the connection between stabilizers and
graph states, and the stabilizer-based method provides
sufficient and necessary criteria to decide whether an ar-
bitrary Wy, does satisfy this proposition. The latter does
not require finding the local unitary and the graph state
generators (Figs. 1(e.1) and 1(e.2)). We anticipate that
the stabilizer-based method finds the complete set of local
stabilizer-based witnesses, while the graph-based method
in general only finds a subset of them.

Moreover, we will show that generally there are multi-
ple local witnesses for every subsystem. These witnesses
act like different detectors of the same entanglement in
the sense that the positive detection of just one of them
is enough to confirm that the subsystem is entangled.

A. Graph-based method

We now show how can one use the knowledge of a
graph state |G) that is locally equivalent to a stabilizer
state of interest |S), i.e. ULy |S) = |G), to construct local
witnesses for this state as illustrated in Fig. 4. Some key
properties of graph states are depicted in Fig. 3. It is
known that for any stabilizer state such a locally equiv-
alent graph state exists [78]. Within the binary picture
of the stabilizer formalism, which we summarize in Ap-
pendix A, the problem of finding such a graph state re-
duces to solving a system of binary equations [86, 89].

Once the graph state generators have been found, the
following stabilizer generator subset for state |S) in a
region {2 of interest can be obtained by transforming the
graph state generators corresponding to qubits within (2,

Wo={U;p9,ULp €S: pe 2}, (50)
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FIG. 4. Tllustration of the graph-based method. Here, local
witnesses for (a) two subsystem {5,6} (green) and {2,3,4}
(vellow) of the seven-qubit color code |S) are constructed.
The protocol consists of the following steps: Find the local
symmetries U,Stg such that U SS) |S) = |S), and a local unitary
ULk that generates the initial locally equivalent graph state
Ure|S) = |G@). (b) With local complementation unitary
operations U 2’3 generate the orbit Os of graph states locally
equivalent to |S), i.e. U£12|Q(0>> = |G™™). For each graph
consider the subsystems that are connected (e.g. {5, 6} is con-
nected in both depicted graphs, but {2, 3,4} is connected only

in the second) and take the (c) generator subsets Wg(k). (d)
-1
Apply the local unitary [Uék’t)] to obtain (e) the generator

subsets Wg“’t) that construct local witnesses for the stabilizer
state |S).

which satisfies property (A) in Proposition 1. The subset
Wy, also satisfies property (B) if the underlying graph I’
of |G) is connected within the subsystem (2, and this
is the case if the incidence matrix Mg, of the reduced
graph has rank n — 1.

We illustrate this for the example of the first graph
state in Fig. 4(b). The local unitary Urgp = HyHsH7
transforms the seven-qubit stabilizer color code as de-
fined in Fig. 2 into a graph state with the following cor-
respondence between stabilizers and graph state genera-
tors:

-1 Z -1 X X
ULEglULEZSR ; ULEg2ULE:5G5L

—1 X X _X -1 X X
Urp93ULe = sgspsa » Upp9aULe = spst
U—l U _ 7 U—l U X X (51)
LE9sVULE = SB ) LE96 ULE = SR ST,

—1 Z
ULE g7 ULg = Sa

Whereas any generator subset Wy, of these stabiliz-
ers satisfies property (A4) in Proposition 1, this is not
the case for property (B), which depends on the se-
lected subsystem. For instance, since the subsystem
2 = {5,6} shown in green is connected, the generator
subset Wis 6y = {s%, spsy } indeed constructs a local
witness operator,

I+ s2 1+ spsy
2 2

1
W{576} - 5 I - (52)

for this subsystem. In contrast, the subsystem {2,3,4}
in red is not connected within this graph, thus the gen-
erator subset Wia 34y = {sg&s7 , spspse , spsy b does
not provide a local witness. This illustrates that con-
struction of a witness using the graph-based approach re-
quires finding a locally equivalent graph state, for which
the qubits corresponding to the region of interest are con-
nected.

If the required connectivity within the region {2 is not
given for the graph state |G), one can use this state to
generate other locally equivalent graph states by local
complementation (LC) operations: the entirety of the lo-
cally equivalent graph states |G™1) ..., |G*) | ... reached
in this way is a finite set and corresponds to the orbit of
the graph associated to the initial graph state.

Local complementation on a site n in a graph (rep-
resented by an adjacency matrix I') acts on all possi-
ble links between the sites forming the neighborhood N,
of site n and substitutes them by their complementary,
i.e removes the existing links and adds the non-existing
ones,

p and /or v &N,

SRSV

(L if
F =
ny I, +11i p and

where the sum is modulo 2. The unitary realizing the
graph state transformation corresponding to the LC on
the graph is given by a product of single-qubit unitary
operations [86],

Urcyn = exp (—i%Xn) H exp (igZ» . (54)
HEN,

See Figures 3 (a), (d), (e) for an example of a unitary
performing a LC on a graph state.

Then, for each connected subsystem in the underlying
graph of each graph state obtained in this manner one
can take the generator subset (Fig. 3(g))

(k)
Wg" = {4 : 199 = (W), nea} ()

and transform these graph state generators back into a
subset of generators of the original stabilizer state of in-
terest,

k _ k -1 (k) k
Wi = ugd [0f] " W o, G0

by the inverse chain of local unitary operations corre-
sponding to the sequence of LC operations. Due to the
connectivity of the region {2 within the graph they origi-
nate from, they satisfy Proposition 1 by construction and
thereby provide a valid local witness operator for state
|S) within (2.

This approach, involving exploration of the orbit of a
graph by LC operations, allows one to find local witnesses
for any possible subsystem (2 of qubits belonging to the
stabilizer state. Using additional symmetries of the sta-
bilizer state allows one to find even more witnesses: Such



symmetries are local unitary operations U 22, labeled by
an index t, which act trivially on the stabilizer state
U}f; |S) = |S) but are themselves not stabilizer opera-
tors. These unitaries can be found by means of solving a
binary linear system in the binary picture. For instance,
for the seven-qubit color code defined in Fig. 2, one of
the symmetries is

Ups = Vlz[:lexp (%Xy) , (57)

which transforms the generator set S of Fig. 2 into the
recombined generator set S of Eq. (3). Whereas a
symmetry leaves the stabilizer S invariant, it may trans-
form a generator subset Wy, into another one that gener-
ally will not lead to the same local witness. For instance,
the generator subset Wy 5 343 in Eq. (38) is transformed
into a generator subset

Wf17273,4} =UrLsWii1,23,4) Uzs

.z X.Z X.Z X.Z
= {SRv SRSR > SBSB > SGSG}

that constructs a different local witness because it spans
a different set of stabilizers than Wiy 53 43:

[W{/1,2,3,4}} # [W{1,273y4}]' (59)

(58)

Therefore, for every generator subset Wgc) found
with this method, the generator subset W((Zk’t) =

[U(t ]71 WP U also constructs a local witness that
LS 2 YLs

may be different from the one constructed using W((Zk)
for the same subsystem.

Interestingly, there can exist even more local witnesses
that are not generated using the graph-based approach,
but can be found using an alternative method outlined
in the following section.

B. Stabilizer-based method

Here, we introduce an alternative method which pro-
vides sufficient and necessary criteria to decide if a given
generator subset Wy, C S of stabilizers constructs a local
witness for a subsystem {2, i.e. that whether or not it sat-
isfies Proposition 1. This method is illustrated in Fig. 5
with an example. Importantly, the method does not re-
quire obtaining the local unitary Vg, nor the recombi-
nation Ry of Proposition 1. Furthermore, the stabilizer-
based method is based on a set of intuitive criteria, which
for simple cases can be checked by inspection.

Given a generator subset W C S of a stabilizer, we
denote with s;, the single-qubit Pauli operator of the
stabilizer operator s; € Wy, on the qubit pu,

N
si=Qsiu s €{l,X,Y,Z}. (60)

p=1
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d) sﬁ sfé sﬁ Sé sf; sé( e) M(WQ)
Z, L0z, Lo 1, I,]0 000
Zs X28 Zy I, |0 Xy I, |0 %00
Zs Xs Zs ng X3 X510 %0
Zs L0 Zi X0 L Xio D]o@o
I X510 I I, 0 X; I, 0 " [000
Is X600 Is Xsl0 Xg Xgl0 000
I, I, |0 I, X,;0 I; X,;[0 000

FIG. 5. Illustration of the stabilizer-based method to obtain
local witnesses. The method allows one to decide if a given
(a) generator subset W C S composed by the stabilizers in
(b) constructs a local witness for a subsystem 2. For the
example shown, it contains n = 3 independent and commut-
ing stabilizers so it satisfies condition (i) in Theorem 1. (c)
The reduced stabilizers in the subsystem 2 are independent
and commute, thus they satisfy condition (iz). (d) For each
pair of stabilizers s;,s; € Wgp and for each qubit p write
a 0 if the Pauli operators siu,sj, € {I,X,Y,Z} commute
[Sip, Sju] = 0, and 1 if they anti-commute {s;,s;j.} = O.
The subsystem {2 can be read from this local commutation
structure: it contains the qubits v where at least one pair
of stabilizers anti-commutes (qubits in the yellow area). (e)
The pseudo-incidence matrix M (Wg) contains the informa-
tion about the local commutation structure. All rows corre-
sponding to qubits outside {2 are zero, thus condition (%)
holds. The rank modulo 2 of M (W) is n — 1 = 2 here, thus
condition (iv) holds. Therefore, the generator subset Wy, con-
structs a valid local witness for the subsystem 2 = {2,3,4},
since it satisfies (), (44), (#44), (4v) in Theorem 1.

We will need two useful definitions:

Definition. 1. The n reduced Pauli operators sp; of a
generator subset W, C S that contains n stabilizers are

(Fig. 5(b)):

$0i = ® Sip V s; € W (61)
HESN

The reduced Pauli operators of the generator subset
Wg of a graph state are the reduced graph state gener-
ators g, (Fig. 3(j)) defined in Eq. (17).

Definition. 2. The pseudo-incidence matrix M(Wy,) of
a generator subset Wy, of n stabilizers s;, is the N X
() binary matrix created from the commutation or anti-
commutation property of each pair of stabilizers s;,s; €
W, on each qubit (Fig. 5(c)) as follows:

1 if {S”“Sj#} =0

62
0 if  [sip,55] =0 (©2)

M(Wa),, = {
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Here, the index | = {i,j} labels all pairs of stabilizers
8i,8; € Wgp from 1 to the number of pairs (g), and the
index p labels qubits from 1 to N.

Note that the pseudo-incidence matrix is preserved un-
der local unitary operations,

M (VLEWQVgE) =M (Wa), (63)

because commutation and anti-commutation relations of
single-qubit Pauli operators s;, on each qubit are pre-
served under these operations.

The following theorem then provides the necessary and
sufficient criteria to decide whether a generator subset
constructs a local witness for a subsystem or not:

Theorem. 1. The generator subset Wy, C S satisfies
Proposition 1 i.e. constructs a local witness for the sub-
system {2 if and only if it satisfies the following properties:

(i) W contains n independent and commuting stabi-
lizers.

(ii) The n reduced Pauli operators sy ; in {2 are inde-
pendent and commute.

(iii) The rows of the pseudo-incidence matrix M (Wy,)
corresponding to the qubits outside {2 are zero,
ie. M (Wg),, =0Vland Vn ¢ (2.

(iv) The modulo 2 rank of the pseudo-incidence matrix
M (W_Q) =n-—1.

Proof. To prove this we first show that (¢), (i7), (#i7) are
sufficient and necessary for (A) in Proposition 1. Sup-
pose that the generator subset Wy, satisfies (A). Then,
the generator subset Wg exists and contains n indepen-
dent and commuting graph state generators. This is pre-
served under any local unitary and recombinations, so
W contains n independent and commuting stabilizers.
Then (A) implies (). The same applies to the reduced
Pauli operators: the n reduced graph state generators of
Wg are independent and commute, thus the same holds
for the reduced Pauli operators of Wy,. Then (A) implies
(7). The single-qubit Pauli operators of Wg on qubits
outside {2 are of two types only, namely I and Z, thus
they commute. Again, this is preserved by local unitary
operations and recombinations, therefore the single-qubit
Pauli operators of Wy, on these qubits are of two types,
I,, and o), only, which is the same for each qubit n ¢ (2.
They commute on each qubit, thus the rows n ¢ 2 of
M (Wgq,) are zero. Then (A) implies (4i7).

To show the converse, now suppose that the genera-
tor subset Wy, satisfies (i), (41), (473). If (i), the generator
subset Vi, gWp, Vg g contains n independent and commut-
ing stabilizers. If (i) holds, the n reduced Pauli opera-

tors VLEsQiVLJr g form a complete generator set of the
reduced graph state |G). It was shown in [78] that there

is always a local unitary Vi g o and a recombination Ry
that transforms them into graph state generators,

n
[Rel;;
Vie0 H S50, ”VL]LE,!Z =99.u
=1

YV 504, (64)

where g, are the reduced graph state generators of the
reduced graph state |Gp) and the mapping ¢ — u is one-
to-one.

As an example, in Eq. (40), the reduced Pauli opera-
tors of the generator subset of Eq. (38) are transformed
into reduced graph state generators

sl =Y1YoY3Yy = goz=212:,X374

Spo = 21222374 — g1 = X123 (65)
803 = 2243 — g2 = X223
S84 = 234y — goi= 23Xy

with the local unitary Vi g o = HiHoH4 and the recom-
bination

Ro = (66)

OO ==
_ == O
o= OO
— O OO

Finally, if (éi7) holds, the single-qubit Pauli operators
sin on each qubit n ¢ (2 can only be of two types: I,
and o,. Then, there exists always a local unitary Vi g 5
that transforms them into I, and Z,. For instance, for
the generator subset in Fig. 5(a) this unitary is given by
Vip,o = HsHeH7.

The conclusion is that if the generator subset Wy, satis-
fies (i), (44), (i77), the local unitary Vop = Vi o ® Vg o
and the recombination Ry, exist, and thus, (2), (i7), (i)
implies (A) in Proposition 1.

To complete the proof we now show that if the gen-
erator subset Wy, that satisfies (A), or equivalently,
(i), (i1), (i17), then (B) and (iv) are equivalent.

Consider first the pseudo-incidence matrix M(G) of
a complete generator set G of N generators of a graph
state |G). One can check that it coincides with the in-
cidence matrix Mg of the underlying graph. First, the
column [ = {p, v} that compares the graph state gener-
ators g,, g, is either zero or contains two ones. It is zero
only if the pair of sites I is not in the graph (I ¢ FE).
But if the two sites are linked I € E, the graph state
generators anti-commute precisely on the qubits corre-
sponding to those sites. Then, rank (M(G)) = N —1
if and only if |G) is non-separable. The same happens
with a generator set G, of n reduced graph state gener-
ators gg,,: rank (M(Gg)) = n — 1 if and only if |Gp) is
non-separable.

Now, given that the non-zero rows of the pseudo-
incidence matrix M (W§) coincide with the rows of
M(Gg,), their ranks also coincide. Additionally, the local
unitary operations preserve the pseudo-incidence matrix,



thus we can conclude that rank <M(W((ZR”))> =n—1if
and only if |Gp,) is non-separable.

In Appendix B we show that an invertible recombina-
tion Ry of the stabilizers in Wy, induces an invertible
recombination R of the columns of the pseudo-incidence
matrix,

M (W}fm) — M (Wo)R, (67)

where the matrix product between the binary matrices
M (Wg) and the binary non-singular matrix R is per-
formed modulo 2. Thus, the rank of the pseudo-incidence
matrix is preserved under recombinations, confirming
that properties (B) and (iv) are equivalent, thus, com-
pleting the proof of Theorem 1. O

As mentioned earlier, the stabilizer-based method al-
lows one to find more local witnesses than the graph-
based method because the condition on the local uni-
tary Vg is less stringent than the condition on the lo-
cal unitary Upg used in the graph-based method. On
the one hand, the local unitary V.p must transform
Wy, into some Wg up to a recombination, but it is not
forced to transform the stabilizer state |S) into a graph
state |G). On the other hand, Urpg must convert |S)
into |G), and this always guarantees that it converts Wy,
into some W up to a recombination. For example, the
witness constructed with the generator subset used as
example in Fig. 5(a) is found with the stabilizer-based
method but it cannot be found with the graph-based
method (see Appendix C). In this example, the unitary
Ve = HsHsHgHy satisfies property (A) but one can
check that Vg |S) is not a graph state, and furthermore,
there is no local unitary that satisfies (A) and also con-
verts the seven-qubit color code into some graph state.

V. LOCAL WITNESSES ON AN EXPERIMENTAL
STATE: THE SEVEN-QUBIT COLOR CODE

We now examine the performance of the developed lo-
cal witness operators on a concrete example of a recently
implemented experimental seven-qubit color code state
[81]. This multi-qubit state provides a rich playground
to explore interesting features of the local witnesses in-
troduced and their practical suitability for entanglement
characterization. To this end, we construct all local wit-
nesses that can be constructed with both methods for
all the 119 possible subsystems of the seven-qubit color
code evaluated them based on the experimental data of
Ref. [81]. These 119 subsystems are simply the 27 = 128
possible subsets of seven qubits excluding the empty set,
the subset containing the seven qubits, and the seven
subsets containing only one qubit.
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n Subsystem (2 C}i;aszg_ Stgzk;;gger_ r;[l‘zv;s_.
method
2 All 54 72 4
5 String like 32 40 4
Non string like 34 44 5
. Plaquette like 17 30 9
Non plaquette like 18 18 3
5 All 8 8 3
6 All 3 3 2
Total 119 3122 3927 476

TABLE II. Local witnesses for the seven-qubit color code.
Columns from left to right: number of qubits in the subsys-
tem, classification of subsystems, number of standard local
witnesses constructed with the graph-based method, number
of standard local witnesses constructed with the stabilizer-
based method, and number of two-measurements local wit-
nesses.

A. Constructed local witnesses

We generate the entanglement witnesses systemati-
cally using a computer program and find that the graph-
based method provides 3122 standard local witnesses
whereas the stabilizer-based method provides a larger
number of 3927 witnesses. The difference comes from
the fact that not all local witnesses for a stabilizer state
can be constructed from the orbit of local unitary equiv-
alent graph states. Note that the 3927 standard local
witnesses constitute all witnesses of this structure that
exist for the seven-qubit color code state. This is be-
cause the stabilizer-based method provides the sufficient
and necessary conditions for them to exist and we go
through all possible generator subsets Wy, C S that can
be formed out of the 27 — 1 = 127 non-trivial stabilizers,
checking for each subset whether it satisfies the criteria
or not. From the generator subsets which give rise to
these 3927 local witnesses we also construct all 476 pos-
sible two-measurements local witnesses. The results are
summarized in Table II. We find, as expected, that the
three groups of local witnesses contain at least one local
witness for each of the possible 119 subsystems.

The distribution of local witness operators associated
to the 119 possible subsystems results from the struc-
ture of the ideal seven-qubit color code state. It is useful
to distinguish between two types of three-qubit subsys-
tems and two types of 4-qubit subsystems. The “string-
like subsystems” are three-qubit subsystems in which the



14

0.44

0.31

0.2

-

i

e

it
i *
e T T '

0.1 1

!
s

b
i

]
i

il U

T T T T T T

2 3 4 5 6 7
Subsystems

0.0

Expectation value

_
VI

-0.11

—-0.21

FIG. 6. Witnesses expectation values. Each point corresponds to the expectation value of a witness evaluated on the experi-
mental implementation of the seven-qubit color code [81], so each point in the green area is an entanglement detection. The
subsystems {2 are ordered in 119 columns from left to right according to the following convention {1, 2}, {1, 3}, ..., {1, 7}, {2, 3},
oy {2,7}, ..., {6,7} for the two-qubit subsystems, then followed by {1,2,3}, ..., {1,2,7}, {1,3,4}, ..., {1,3,7}, ..., {2,3,4},
...y {5,6,7} as the three-qubit subsystems, and so forth, up to the last six-qubit subsystem {2,3,4,5,6,7}. The point in the
very last column corresponds to the standard genuine witnesses (the value of the two-measurements genuine witness is 0.52(5),
which lies outside the scope of the plot and is not shown). Light blue points correspond to the local witnesses obtained only
with the stabilizer-based method, and the dark blue points to witnesses obtained with both the stabilizer-based method and
the graph-based method. Red points correspond to two-measurement local witnesses. The horizontal blue and red lines are the
positions where the standard local witnesses and the two-measurements local witnesses, respectively, would lie if the state was
accurately described by the simplified Werner state model, adjusted to reproduce the experimental fidelity of 0.33(1). Missing

red lines for n > 3 subsets lie outside the shown range of the figure and not shown.

multiplication of the logical operator s with any com-
bination of X-type plaquette operator has support on
one of the following three-qubit sets, {1,2,5}, {1,4,7},
{57 67 7}7 {1, 37 6}7 {3a 4, 5}7 {27 33 7}) and {27 47 6}7 while
the “non-string-like subsystems” are the rest of three-
qubit subsystems. Similarly, the “plaquette-like subsys-
tems” are four-qubit subsystems in which the multipli-
cation of the Z-type stabilizers has support, {1,2,3,4},
{2,3,5,6}, {3,4,6,7}, {1,2,6,7}, {1,4,5,6}, {2,4,5,7},
and {1, 3,5, 7}, whereas “non-plaquette operator like sub-
systems” refer to the rest of four-qubit subsystems.

B. Evaluation of experimental data

In a recent experiment, the seven-qubit color code
was encoded using a linear ion-trap quantum processor
formed of a string of seven “°Ca™ ions [81]. The experi-
mental state was realized unitarily by successive creation
of entanglement on each plaquette using four-qubit en-
tangling operations combined with sequences of single-
qubit operations to spectroscopically decouple and acti-
vate physical qubits - we refer the interested reader for
details to Ref. [81].

Perfect implementation of the encoding sequence

would lead to the ideal genuinely entangled state with an
expectation value of all witnesses of —1/2. However, due
to state preparation, gate and measurement errors, the
quantum state fidelity of the experimental state with the
expected state was limited to 0.33(1), illustrating the use-
fulness of witness operators to reveal the structure of lo-
cal quantum correlations in such noisy multi-qubit state.
Figure 6 shows the expectation values of the genuine and
local witnesses, as calculated based on the experimental
measurement data for the 127 non-trivial stabilizer op-
erators. Error bars correspond to the variance based on
the assumption of independent binomial distributions of
expectation values for each stabilizer operator (see Ap-
pendix D for details).

The first observation is that we detect entanglement in
multiple subsystems, which are summarized in Table ITI.
The detections by the standard local witnesses are for
all 7-6/2 = 21 two-qubit subsystems, all 35 three-qubit
subsystems except {1,2,5} and {1, 3,5}, and 6 four-qubit
subsystems out of the possible 35. The detections of the
two-measurements local witnesses are: all the 21 two-
qubit subsystems except {1,3}, {1,4}, and {4,7}, and
6 three-qubit subsystems out of the possible 35. Re-
garding the distribution of points the results of Fig. 6
confirm what Eq. (49) suggests, namely that local wit-
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H Two-meas. local witnesses detections

Confi. (%) ||>97|73 84 55 87 84 77 81 60 87 73 69 >55(92 75 80 57 57 99||77 59 69 77 69 69 >59|55 71 75 56 75 66
1§81 28 2 24 2 2 3 8] 4 11 11 2 3|11 2 3 4 4 5 N2 Bl 2 &3
Subsystem © 34534451555 5 “ 2 2 2 4 3 4]|6 4 45 6 7 “ 2 313 36 5
n 6 776 6 76 7677 336 5 46 756 776
4 7 76 5 7
Size of 2 || 2 3 4 2 3

TABLE III. Local entanglement detections. The rows contain from top to bottom: the type of witness, the confidence (in %)
in the fact that the most negative expectation value of all the witnesses for the same subsystem {2 (in the same column of
Fig. 6) is below 0, the subsystem (2, and number n of qubits in each {2. The columns with the subset symbol (C) represents all
subsystems (2’ inside at least one of the subsystems {2 presented in the columns at the right of the symbol. For instance, the
first column of n = 2 represents the 21 two-qubit subsystems inside the presented three and four-qubit subsystems. To obtain
confidence of this column we compare the most negative witnesses for each subsystem (2’ and then take the confidence of the

most positive one among them.

nesses for small subsystems tend to have a more negative
expectation value, while local witnesses for bigger sub-
systems hardly detect entanglement. In fact, for every
subsystem {2’ where entanglement is detected, all sub-
systems 2 C 2’ of it present entanglement as well. For
instance, all two-qubit and three-qubit subsystems with
qubits only in the red plaquette show entanglement be-
cause 4-qubit entanglement in subsystem {1,2, 3,4} has
been detected.

It can also be seen that as expected the two-
measurements witnesses tend to have more positive val-
ues than the standard ones, in accordance with Eq. (44),
and they also become even more positive as the number of
qubits in the subsystem increases. Therefore, with two-
measurements local witnesses one can detect the entan-
glement of small subsystems with just two measurement
settings, for the state at the given noise levels, but for
larger subsystems the standard local witnesses, requir-
ing more measurement settings provide a more reliable
choice to detect entanglement.

A further interesting observation is that the Werner
model can at best be a rough approximation of the ex-
perimental state at hand. In this model, all stabilizers
have the same expectation value p, and this value coin-
cides with the fidelity between the Werner state and the
stabilizer state. Thus, in order to compare the Werner
state model with the experimental state we set the value
of p as so it reproduces the experimental state fidelity of
0.33(1). The resulting expectation value of all local wit-
nesses is positive when evaluated on the Werner model,
so no entanglement is detected. However, when evalu-
ated on the experimental state, different stabilizers have
varying expectation values. Then, local witnesses con-
structed predominantly from stabilizers with an expec-
tation value above the fidelity have an expectation value
below the prediction of the Werner model. Some of these
witnesses have negative expectation values significantly
below zero when evaluated on the experimental state, re-
sulting in the detection of entanglement in the respective

subsets of qubits.

The discrepancies of the entanglement detection in
subsets of qubits as predicted from the simple white noise
model and as obtained by evaluating the witnesses for ex-
perimental data of the seven-qubit color code indicates
that the local entanglement properties of the experimen-
tal state is not captured by the one-parameter Werner
state description. A quantitative prediction of the struc-
ture of the experimental state, to predict the observed
entanglement structure, would require a modeling of the
experimental state preparation process, which takes into
account the microscopic details of the experimental gates
and other operations [81, 90].

VI. CONCLUSIONS AND OUTLOOK

In this work we have proposed and explored two meth-
ods to construct local witness operators for stabilizer
states, which can be decomposed into stabilizer opera-
tors of corresponding state of interest. We have shown
how these operators, detecting the entanglement among
qubits in subsystems of larger multi-qubit states, allow
one to resolve the entanglement structure in experimen-
tal stabilizer states. In our work, we have built on ideas
proposed in [70] for graph states and extended this to
arbitrary subsets of qubits in graph states and general
stabilizer states. Additionally, we have explored a so-
called stabilizer-based method which provides sufficient
and necessary criteria to decide if a local witness can
be constructed from a generator subset, and which, in
general, provides a larger set of local witness operators
than the graph-based technique. Following the spirit of
Ref. [62], we have also constructed modified local wit-
nesses that require less measurement settings, at the cost
of a decrease in sensitivity to detect entanglement in
noisy states. Finally, we have illustrated the construc-
tion of the witnesses and studied their practical suitabil-
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ity for local entanglement detection by applying them to
an experimental implementation of a 7-qubit quantum
error correcting code [81].

Possible future extensions of the present work could
include generalizations of the methods to construct lo-
cal witnesses to non-stabilizer states like e.g. W-states
[91, 92] and Dicke states [93], the construction of local
witnesses that detect other types of entanglement differ-
ent from genuine entanglement [38], like bipartite entan-
glement, on qubit subsystems. Furthermore, one could
explore the possibility of using local witnesses to deter-
mine the accuracy of noise models adapted to a particular
experimental realization, or in the context of detecting
phase transitions in condensed matter systems.
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Appendix A: Binary picture of the stabilizer formalism

Here we introduce for completeness the binary picture
of the stabilizer formalism. In the binary picture, stabi-
lizers and the Clifford group acting on the Hilbert space
HY are represented by binary vectors and matrices, re-
spectively [78, 86]. We will follow the notation used in
Ref. [78].

In the binary picture of the stabilizer formalism for
one qubit H3 the single-qubit Pauli operators are 2 x 1
column vectors:

1o (g) xo (@) v (1) 20 (5) @y

and matrix multiplication is transformed into a vector
addition modulo 2:

xv=iz o 9+ (1))

We disregard the phases £1, i because in all cases rel-
evant for the present work they result in global phases
with no influence.

In the binary picture of N qubits the stabilizers s;
formed by single-qubit Pauli operators s;, (see Eq. (60))
are represented by 2N x 1 column vectors:

57
S, =
7 S)(
i

where sZ and sX are N x 1 column vectors with elements

(A2)

(A3)

si and Sff“ respectively:

Z z
55, =0 s;, =0

S =1: ;’;_ , S =X ;?_
s;, =0 s, =1
i " (A4)
Z z
s;, =1 s =1

Sip = Y : ;’? , Sip = 7 1;;
s =1 s, =0

The generator set S of the stabilizer state |S) is repre-
sented by the 2/N x N binary matrix S where each column
represents one stabilizer operator in S:

. AN E B
gX s¥ .. sX . oX '
For instance, for the natural generator set of a graph
state like the one in Fig. 3(f) the upper block % = I’
is the adjacency matrix of the underlying graph, and the
lower block SX = Iy is the N x N identity matrix. The

upper and lower blocks for the seven-qubit color code
generator set in Fig. 2(b) are respectively:

(A5)

1000000 0001001
1100000 0001101
1110000 0001111

82=11010000] ,8¥=]0001011
0100000 0000101
0110000 0000111
0010000 0000011

(A6)
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where we have written the Z-type generators in the first
three columns, and the X-type stabilizers in the last four
columns.

Two stabilizers s;,s; commute if they satisfy that
s; Ps; = 0 where P permutes the Z and X blocks:

po ()
In| 0

Then, the binary matrix that represents a generator set
S must satisfy S” PS = 0, and consequently: [SZ} TeX 4
[8¥]" 8% =0.

A recombination of the stabilizers in the generator set
S is represented in the binary picture as an invertible
recombination of the columns of S performed by a N x N
non-singular binary matrix R. In the particular example
of Eq. (3), the recombined binary matrix is S = SR
where:

(A7)

(A8)

OO R OO -
O OO O
— oo~k OO
OO R OOO
O OO OO
_— o oo oo
_— O O OO oo

o

0000O0

Single-qubit local Clifford unitary operations are rep-
resented by the 2 x 2 binary non-singular matrix

o= (%)

where the non-singularity in the binary picture means
that the determinant calculated with the addition mod-
ulo 2 is non-zero: ad + bc = 1 with a,b,c,d =0, 1.
There are six of these matrices, each one corresponding
to an invertible transformation of the Pauli operators.
For instance, the Hadamard unitary H that performs the
transformation: X < Z, Y — Y, is represented by the

binary matrix H:
“1) -6
HXH'=+Z
1 1 01
T _ ) = (= _
=y ()= () = (9).
HZH' =+X y 1\ _ (o
0/~ \1,
(A10)

The binary picture disregards the phases; in fact
H represents any of the four Clifford operations
Z%exp ((—=1)PiY'w/4), where o, 8 = 0,1 (Z° = I) are
two indices that control the four possible phases under
this transformation of the Pauli operators. The six ways
of transforming Pauli operators and the unitary repre-
sentations of them are summarized in [86].

A local Clifford unitary operation on N qubits is rep-
resented by the 2N x 2N matrix

- (25

(A9)

(A11)
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where A, B, C' and D are the N x N diagonal matrix that
satisfy AD 4+ BC = [y to guarantee that it preserves the
commutation of Pauli operators: Q7 PQr = P. Using
this equality it is easy to see that the inverse local Clifford

unitary is:
-1 _(D|B
N = <ﬂ7>

In the binary picture, the problem of finding a graph
state locally equivalent to the stabilizer state reduces to
solving the following equation

QLSR = ({)
N

where the variables are Qp, R and I
Equivalently, the stabilizers represented by QSR com-
mute, so they satisfy that

(A12)

(A13)

(F||]N)PQLSR=O = (F|UN)PQLS=0 (A14)

where now the variables are Qr, and I'.

Appendix B: Proof of Eq. (67)

Here we prove Eq. (67). The idea of the proof con-
sists in writing M (Wy,) in the binary representation and
checking that an invertible recombination of Wy, results
in an invertible recombination of the rows of M (W).

The representation Wy, of a generator subset Wy, with
n stabilizers is a 2N X n binary matrix whose columns
represent the stabilizers. For instance, the binary repre-
sentation of the subset in Fig. 5(a) is:

s R s B e I e
SO0 O OO
DO OO OO

Wio34y = (B1)

OO OO O oo
O R P O F=O
—_, O, OO

Given the binary representation s;,s; of two stabiliz-
ers s;, s; one can see that the pseudo-incidence matrix
M ({si,s;}) is the N x 1 column vector M ({s;, s;}) with
elements defined by:

M ({si,55}), = sT.53y, + 555, (B2)

where the sum is performed modulo 2. Therefore, the
elements of M (W) are defined by:

z X z X
M (Wn)u{i,j} =Wo. Vo Vo i Waiu

B3
= (u, | 0) Wo (viv] +v0]) WG (i) (B3)

where the column index | = {4, j} runs over all the pairs
of stabilizers in Wy,. Here the auxiliary binary column
vectors u,,v; of size N and n respectively have one 1
entry in the position y = 1,...,N and i = 1,...,n re-
spectively, and zeros elsewhere.

For simplicity, let us expand M (W) to have one col-
umn for every of the n? possible pairs {i,j}, including
those with equal indices {i,4}, and both orderings {1, j}
and with {j,i} for the rest. Note that this expanded
pseudo-incidence matrix has the same rank because the
new columns {7,:} are defined as zero columns and the
new columns {j,i} coincide with the existing columns
{4,7}. Thus, in the following, the indices 7, j run over all
n? possibilities and hence, the pseudo-incidence matrix
is a N x n? matrix. Moreover, a recombined W((ZR @) i
represented by W, Rg, where Ry, is a non-singular N xn
binary matrix, resulting in

(g -
S o\ (BY)
= (uj, | 0) WoRg (viv] + vv]) RGWS <u#>
One can check that the terms in the center of this ex-
pression can be rewritten as

Rg (viv] +v5v]) R,

= Z (vavy +vpvy ) R ai R pj

a,b=1

(B5)

where we have used that R, = ZZ,b:l R apvevy and
that v v; = dus.

The products RpiRqp; are the matrix elements
R{a,b}{i,j} of a n? x n? matrix R = Rg X Rg, which
is non-singular because Ry, is non-singular. This matrix
performs a recombination of columns on the modified
pseudo-incidence matrix,

M (W) =
( 2 )M{i,j}
0 ~
= X (0 10) W (0t + 00105 () Rranian
{ab}
= M (W) 1an Riapyiigy

{a.}
(B6)

This completes the proof of Eq. (67), namely that

M (Wgo(Ra)) = M (Wa) R.



Appendix C: Example of a valid local witness that can not
be found with the graph-based method

Here we present example of a local witness operator
that can be found with the stabilizer-based method, but
not using the graph-based method. Both methods find
generator subsets W, that satisfy property (A) in Propo-
sition 1. The graph-based method uses the local unitary
operations Urg that transform the stabilizer state into
a graph state Upg |S) = |G). These Upg guarantee the
existence of Wy, because Wg exists,

ULp|S)=16) = UreWoU], =Wg. (C1)

On the other hand every generator subset Wy, found
with the stabilizer-based method is directly built to sat-
isfy property (A) in Proposition 1, i.e. there exists a local
unitary Vpg that transforms Wy, into some Wg (up to
some recombination). But this does not imply that Vg
transforms the stabilizer state |S) into a graph state |G),

VielS) =1G) < VigWoV), =W§. (C2)

For instance, the subset W 343 in Fig. 5(a) is trans-
formed into a generator subset Wg with the local unitary

Vig = H3H5HgHz,
Sg = 21Z223Z4 = g3 = leQX324,
S)Bg = X0 X3X5 X6 — g2 = XQZSZ5ZG7
see = X3XuXeX7 > ga = Z3X4Z6 77,

(C3)

but Vi g |S) is not a graph state because the rest of gen-
erators in the basis S of Fig. 2(b) are not graph state
generators under any recombination,

sy = X1 X0 X3Xy — X1 X075 Xy,
Sg = ZQZ3Z5Z6 — ZQX3X5X67
s& = 73247677 — X324X6 X7,

57 = X1 Xo X3 Xy X5 X6 X7 = X1 X0 723X4 2526 77.
(C4)

Furthermore, we are going to prove here that for this
particular generator subset Wiy 34y there is no Vig
that transforms |S) into some |G). In the binary picture
it becomes clear that Vi is partially fixed because it
transforms Wy, 3 4 into some Wg This fixing is enough
to forbid the existence of any non-singular matrix R
that recombines the color code generator set S into a
recombined generator set S that transforms into the
generator set G of some graph state under the action of
Vie.

First, let us show that the binary form of a generator
subset W, that satisfies property (A) in Proposition 1,
or equivalently, that satisfies conditions (2), (i%), (i4i), (iv)
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in Theorem 1, is the 2N X n binary matrix Wy

S5
A2 X5
So

A 55

W =

The rows have been reordered to represent the qubits
in (2 with the n x n binary block matrices 55,5%, and
the qubits in §2 with the product of the (N —n) x n
matrix ¥ and the (N —n) x (N —n) diagonal matrices
A% AX,

To satisfy (i), the rank modulo 2 of this matrix must
be n. To satisfy (i¢) the rank modulo 2 of the follow-
ing matrix, which represents the reduced Pauli operators

50,4, must be n as well,
Sa
s8]

The form of the blocks A% X5 and AX X5 that repre-
sent the single-qubit Pauli operators in the qubits of {2
guarantees that the stabilizers commute on each qubit of
2, which is the condition (4ii). To see this note that the
matrices A%, AX are diagonal, so they just lead to certain
rows of X5 with all entries zero. For a qubit u € £2 the
p~th and (N 4 p)th rows of Wy, can be of any of these

four types,

) () () 6o
Yo 0 Yo 0

depending on the four combinations of 1 and 0 that
AZ, AX have in the diagonal position corresponding to
the qubit . Here Xg , is the v-th row of Yg, with
v = u —n. For every stabilizer s; € Wy, the first case
indicates that the single-qubit Pauli operator s;, is I or
Y, for the second case it is either I or Z, for the third
case I or X depending if Y ,; = 0 or 1 respectively,
and for the fourth case s;, = I. Consequently, every
stabilizer s; € Wg with support on qubit u € f2
commutes by construction, which is condition ().

(C6)

Now we focus on the particular generator subset
Wia,3.4). It contains n = 3 independent stabilizers so
it can be part of a generator set S represented by S of
the stabilizer state. We can then write its binary rep-
resentation Wy 3 41 in the first three columns of S and



20

write the rest of generators in the other four columns,

1001000
1001100
1000100
1000000
,  az 0001000
gﬂ ?fz? 0001100
o A"Ta S5 | [oooo0100 (C8)
Sg gg 0100011
- 0110011
AXZg 5§ 0010011
0000011
0100001
0110001
0010001

Note that we have reordered the rows to identify more
easily the blocks. From the first to the last row, the order
of the qubits that they represent is: 2,3,4,1,5,6,7, so the
first three rows represent the qubits in 2 = {2,3,4} and
the last four rows the rest of qubits. From the left col-
umn to the right column, the order of the stabilizers that
they represent is SZR, sg , Sé, sg, sg, sﬁ, sf, so the
first three columns represent the stabilizers in Wy 3 4.
Here, the following blocks can be identified:

100 000
zv_ 1000 Xxw (010
AEQ_OOO AEQ_Oll
000 001
0000 0011 (C9)
ézleOO §X20001
2 1100 2 0001
0100 0001
From the blocks A?X5, AXX5 we can read
AZ7AX7ZQ7
100
010
Yo = ,
i 0

AZ = diag(1000), A~ = diag(0111).

The diagonal matrices fix partially the part Vg o of the
local Clifford unitary Vig = Vig oV g o acting on the
qubits of 2. This part must transform all the single-qubit
Pauli operators in {2 into I or Z because the generator
subsets Wg have only I or Z on each qubit of £2. To do
so, the part Vg  must be represented by

A | B
Qren= F‘? ;

where A, B are some (N —n) x (N —n) binary diagonal
matrices that satisfy AAZ + BAX = 1. It transforms

(C11)

all single-qubit Pauli operators in §2 of the stabilizers in
W, into I or Z,

A%5g 25
Qrp,e i~ =\ /)

The effect on the rest of stabilizers can be seen from their
effect on the corresponding blocks,

(C12)

5% AS%Z 4+ BSY
Qren (U(i) = (XN(ZZ Z{ZX . (C13)
§x ) \UX&Z 1 228X
Therefore, the modified block is fixed by AX, A%:
0011
= = = 1000
55 =ATSE+A%5g =111 00| (C14)
0100

which, importantly, is not an invertible matrix.

We will now show that there is no local unitary Vi g
represented by Qpg that transforms the generator set S
into graph state generators and also transforms W, into
graph state generators. That means that QSR does
not represent the natural generator set GG of a graph state
for any R,

FQ ’)/T
v Ig

— (C15)
0 Inon

We can consider a completely general non-singular ma-
trix R that performs the recombination in block form as

R= ( T Too )
oo To
Here, ro,r5 are n x n and (N —n) x (N — n) binary
matrices respectively, and r, 5,75 are n X (N —n) and
(N —n) x n binary matrices respectively, such that R is

non-singular.
Then, the lower blocks in Eq. (C8) change in this way:

(C16)

Queo (4¥%e S¥)R=(0 S¥)R
= (églrﬂfz é%{/?"f)) .

The key is that the new block ég’ rg in the right should
be I(y_n) to represent the generator set of a graph state.

(C17)

However, given that ég' is not invertible, there is no
matrix r5, such that

(C18)

This proves that there is no local unitary Vi g that satis-
fies property (A) in Proposition 1 for the generator subset
Wi2,3.4y of Fig. 5 and transforms the stabilizer state |S)
into a graph state. Therefore, this supposes an example
of a local witness that can be found with the stabilizer-
based method but not with the graph-based method.

X/, .
SQ TQQ—I]Q.



Appendix D: Variance of the witnesses

Here we briefly discuss the variance of the witness ex-
pectation values, as computed from the experimentally
measured stabilizer data.

The estimator of the expectation value of a stabilizer
operator is the mean value of the outcomes +1 and —1
when the operator is measured M times. We treat the ex-
perimental value of a stabilizer operator as a binomially
distributed random variable with two possible values: +1
and —1 with probabilities p; and 1—p;, so the expectation
value is

The binomial distribution gives the probability of ob-
taining M; times the result +1 in a sample of M repeti-
tions, which is the one obtained with probability p;. The
variance of binomial distributions is given by

o (M;) = Mp;(1 — p;). (D2)
The binomial variable (s;) is related to M; by
2M,;
(o) = 20 (D3)

and therefore, the variance of a function f depending of
M; is related to o2(M;) as

Uz(Mi).
Mp;

(sn) = [0

Simple algebra then yields the variance of the stabilizers

o (si)) = = (1— (s0%). (D5)

Since the variance of a sum of independent random vari-
ables is given by the sum of the variances of each variable,

21

we can finally compute the variance of witness opera-
tors with the experimental value (s;) of the stabilizers
involved in the witness and the number of times M that
the measurement was done,

o (W) = % i ! _22<§"> : (D6)
2 1 Z;V 2
g (Wa) - T ; (1 - <Sz> ) ) (D7)
2 1« 1= (s9)°
(Wam) Vi SES (18X + 1)2
’ ) (D8)
TEI ol C
M 25 1571+ 17

where S are the X-type stabilizers sX € S in the sta-
bilizer S, and §Z are the Z-type stabilizers sZ € S. Fi-
nally, the variances of local witnesses constructed from
the generator subset Wy, are then given by

2 Wo) = 2 > LB (09)
5i€[Wa]

o2 Wan.a) = ﬁ Z (1 — <sz>2) , (D10)
si€EWgn

) 1 1—(s5)”
o (WQ,2m) =77 Z
M vl (el +1)°
(D11)

1 1— (s%)°
L1 (57)

M sZe[Wq] W,

where [Wo]™ , [Wg]? are the X-type and Z-type stabiliz-

ers sX,s7 in the spanned group [Wg] respectively, and

AR

the cardinality of the sets is ‘[WQ]X‘ ) ‘[WQ]Z‘, respec-
tively.
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