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Abstract

This paper investigates dynamical behaviors of the tumor-immune system per-
turbed by environmental noise. The model describes the response of the cytotoxic
T lymphocyte to the growth of an immunogenic tumour. The main methods are
stochastic Lyapunov analysis, comparison theorem for stochastic differential equa-
tions (SDEs) and strong ergodicity theorem. Firstly, we prove the existence and
uniqueness of the global positive solution for the tumor-immune system. Then we
go a further step to study the boundaries of moments for tumor cells and effector
cells and the asymptotic behavior in the boundary equilibrium points. Furthermore,
we discuss the existence and uniqueness of stationary distribution and stochastic
permanence of the tumor-immune system. Finally, we give several examples and
numerical simulations to verify our results.

AMS Subject Classification: 60H10 - 65C20
Keywords: Tumor-immune system-Stochastic permanence-Comparison theorem -Invariant
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1 Introduction

At present, cancer is considered to be one of the most complicated diseases to be treated
clinically and one of the most dreadful killers in the world today. Keeping in mind its dev-
astating nature, a great deal of human and economic resources are devoted to the research
on cancer biology and subsequent development of proper therapeutic measures. Surgery,
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radiation therapy, and chemotherapy are the three traditional therapy procedures that
are practised for treatment of cancer. However, all these procedures are characterized by
a relatively low efficacy and high toxicity for the patient. Therefore, compared with tra-
ditional treatment methods, emerging immunotherapy has great development prospects.
Immunotherapy, also known as biological therapy, usually refers to the use of cytokines,
a protein hormone that mediate both natural and specific immunity to induce antitumor
responses of immune system.

Mathematical models of tumour-immune system and their dynamical behaviors [1,
3], help us to understand better how host immune cells and cancerous cells evolve and
interact. In order to get closer to reality more and more tumour-immune models have
been studied, for instance, [6, 8, 10, 21, 24, 31, 35, 36, 37] and reference therein. It’s
worth noticing that a classical mathematical simplified tumour-immune model

da(t) = (a + ff—m — px(t)y(t) — 5x(t)) dt,

dy(t) = (ay(t) = By*(t) —a(t)y(t)) dt

is proposed to simulate the interaction of the cytotoxic T lymphocyte with immunogenic
tumor cells and took into account the inactivation of effector cells as well as the pene-
tration of effector cells into tumor cells by [22], where x represents non-dimensional local
concentration of effector cells (EC), y represents the non-dimensional local concentration
of tumor cells (T'C). Local and global bifurcations for the parameters 0, the effector cell
“death rate”, and o, the baseline effector cell “source rate”, were calculated, and the
possible connection between two different mechanisms of the tumor: tumor dormancy
and sneaking through is illustrated. Yafia [37] studied the stability of the equilibriums
and proved the existence of a family of periodic solutions bifurcating from the nontrivial
steady state of the Kuznetsov-Taylor model with a delay. More complete bibliography
about the evolution of cells and the relevant role of cellular phenomena in directing the
body toward recovery or toward illness can be found in [7, 29, 32].

In the tumor tissue, the growth rate and cytotoxic parameters are influenced by many
environmental factors, e.g. the degree of vascularization of tissues, the supply of oxygen,
the supply of nutrients, the immunological state of the host, chemical agents, temperature,
radiations, gene expression, protein synthesis and antigen shedding from the cell surface,
etc. Due to the complexity, it is unavoidable that in the course of time the parameters
of the system undergo random variations which give them a stochastic character [12, 14,
15, 25]. Inclusion of randomness in mathematical models of biological and biochemical
processes is thus necessary for better understanding of mechanisms which govern the
biological systems. Considering the impact of the stochastic volatility of environment, we
assume that environmental fluctuations mainly affect the culling rate of effector cells o
and the intrinsic growth rate of tumor cells «

—odt — —dodt + O'ldBl (t), adt — adt + UQdBQ(t),

(1.1)

where Bj(t) and By(t) are the 1-dimensional Brown motion and independent, and oy
and oy denote the intensity of white noises. Thus the stochastic tumor-immune model is



described by the following SDE

da(t) = <a + pff—)yy((’? — pr(t)y(t) — 5x(t)) dt + ova(H)d By (b),

(1.2) t

dy(t) = (ay(t) - By*(t) — a(y(t)) dt + oay(H)dBa(2),
with an initial value x(0) = 2o > 0, y(0) = yo > 0. Based on the actual background of
the model, we assume that o1, 09 and all other parameters are non-negative real numbers.
Obviously, the model (1.2) degenerates into (1.1) if o7 =0, g3 = 0.

In the last years, stochastic growth models for cancer cells have been developed, one
can see [2, 13, 34] and reference therein. Lyapunov exponent method and Fokker-Planck
method are used to investigate the stability of the stochastic models by numerical sim-
ulations. Mukhopadhyay and Bhattacharyya [28] analyzed the stochastic stability for
a stochastic virus-tumor-immune model. Oana, Dumitru and Riccardo [30] studied the
stochastic stability of the stochastic Kuznetsov-Taylor model near their equilibriums. Li
and Cheng [23] established the scalar tumor growth model describing the interaction and
competition between the tumor cells based on the Michaelis-Menten enzyme kinetics, and
gave the threshold conditions for extinction, weak persistence and stochastic persistence
of tumor cells by the rigorous theoretical proofs, to name a few.

In this paper our main aim is to investigate the stochastic Kuznetsov-Taylor tumor-
immune model (1.2), which describes the response of the cytotoxic T lymphocyte to the
growth of immunogenic tumor cells. Combing the stochastic Lyapunov analysis with
the comparison principle for SDEs and making use of the strong ergodicity theorem,
we discuss the asymptotic behaviors including the stochastic ultimately boundedness in
moment, the limit distribution as well as the ergodicity. Especially, it is pointed out
that when tumor cells subject to strong stochastic perturbations, the density of tumor
cells is exponentially decreasing while the density of effector cells tends to the stationary
distribution. On the other hand, under weak environmental noises of the tumor cells,
the existence and uniqueness of the stationary distribution with the support set R%r is
yielded, which implies that tumor cells and immune cells are stochastically permanence
and approach a dormant steady state. These obtained judgement criteria on extinction
and permanence will provide us some inspirations on how to make more effective and
precise therapeutic schedule to eliminate tumor cells and improve the treatment of cancer.

Compared with the results on the stochastic Kuznetsov-Taylor model [30] and the
scalar tumor growth model [23], our model not only considers the stimulated accumu-
lation of effector cells due to the presence of the tumor but also predicts the stochastic
permanence and the ergodicity by the rigorous theoretical proofs. Although those of the
deterministic model (1.1) are rich in [22], the dynamical behaviors of the stochastic model
(1.2) are different completely, especially, as the intensity of the tumor noises is large, see
Examples 5.1 and 5.2. The fact is revealed that the stochastic environmental perturbation
to the tumor cells cannot be ignored, which is the key factor to eliminate the tumor cells.

The rest of the paper is arranged as follow. Section 2 gives some notations and
proves the existence of the unique global positive solution. Section 3 obtains the ultimate



moment boundedness of the global positive solution. Section 4 yields the ergodicity of
tumor cells and effector cells in the stochastic tumor-immune model which implies the
stochastic permanence of cells. Section 5 presents a couple of examples and numerical
simulations to illustrate our results. Section 6 concludes this paper.

2 Global positive solution

Throughout this paper, let (2, F, {F;}+>0, P) be a complete filtered probability space with
{Fi }1>0 satisfying the usual conditions (that is, it is right continuous and Fy contains all P-
null sets). Let B(t) = (Bi(t), Bz2(t))" be a 2-dimensional Brownian motion defined on the
probability space. Let |- | denote the Euclidean norm in R?. Also let R, = {z € Rz > 0}
and R? = {(z,y) € R*|z > 0,y > 0}. Let C denote a generic positive constant whose
value may change in different appearances. Moreover, let C%1(R? x R ;R,) denote the
family of all nonnegative functions V(x,t) on R? x R, which are continuously twice
differentiable in x and once differentiable in ¢. For each V € C*!(R? x R, ; R, ), define an
operator £ such that £V: R? x R, — R with the form

LV (z,y,t) = Vi(z,y,t) + Va(z,9,1) (0 + % — pry — 5:v>
n+y
(2.1) + V,(z,y,t) (ay — By* — xy)
1
+35 (Vm(:c, y,t)o1a” + Vi (z,y, t)0§y2>-

Since x(t) represents the density of EC, y(t) represents the density of TC, both z(t)
and y(t) in (1.2) should be positive. The theorem below gives an affirmative answer.

Theorem 2.1 For any initial value (zg,yo) € R2, the equation (1.2) has a unique global
positive solution (x(t),y(t)) for all t > 0 with probability one.

Proof. Due to the local Lipschitz continuity of the coefficients, by [26, p.91, Theorem
3.3.15], there is a unique local solution (z(t),y(t)) (t € [0,7.)) with any given initial
value (xo,yo) € R, where 7. is the explosion time, namely, it is a stopping time such
that 0 < 7. < oo a.s. and limsup,_,. (2*(t) + y*(t)) = oo whenever 7. < oo [26, p.90,
Definition 3.3.14]. Choose an mg > 1 such that xy € (1/mg, mo), yo € (1/mg, mgp). For
any positive m > my, define the stopping time as follows

(2.2) T = inf {t € [0,7) : min{x(t),y(t)} < % or max{xz(t),y(t)} > m} ,

We set inf ) = oo, clearly, 7,, < 7., and 7,, is increasing as m — oco. Let 7o, = lim 7,
m—0o0

Too < T, a.s. If we can prove that 7., = o0 a.s. then 7, = oo a.s. This implies that the
solution is not only positive but also global.

Here we give a proof by contradiction. Suppose that 7., = 0o a.s. doesn’t hold, then
there exist constants 7> 0 and € € (0,1) such that

Pt <T) > e.
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This implies that exists an my > mg such that for all m > my

(2.3) P(r,, <T) > g.

Define
V(z,y) = (x+1—1logz)+ (y+1—logy), V(z,y) € Ri.

Using the Ito formula, we have

(2.4) B[V (z(rm AT), y(Tm AT))] = V(20,50) + E /OTmA LV (x(t), y(t))dt,

where
1 1 pTY
LV(v,y)=(c+8—a+ =07 +-03)+ ——+z+ (u+a+
(2, y) =( 571 22) n+y (p By
iz
—pry —or — — — —— — By’ —xy
r o Nty

1 1
§(0+5+§a§+§a§)+(p+1)x+(u+a+/@)y.

<vi+2(p+1)(z+1—logz)+2(n+a+ L) (y+1—logy)
<vr 4wV (7, y),

with v1 = 0 +8+ 307+ 303, vs = 2(p+1+pu+a+ ). This, together with (2.4), implies
E[V (@(Tm A T), y(7 A T))] <V (20, 90) + 01T + v /0 " ).yt
=V (zo,y0) + 1T + vE /OT Lo )V (x(t), y(t))dt
<V(zo,%0) + 1T + v E /OT V(z(t A7), y(t A i) )dt

T
—V(an) + 0T+ vz [ BV (alt A ).yt A )il
0
where I4(-) is the indicate function of a set A. The Gronwall inequality yields that
(2.5) E[V (2(t AT), y(1;a AT))] < (V(20,90) + v:T)eT.

Let Q,, = {w : 7, < T}, then Yw € Q,,, at least one of (7, (w) AT) and y(7,,(w) AT) is
equal to 1/m or m. Hence, we have

1
(m+1—logm) A (E +1+4+logm) < V(x(rm AT),y(Tm ANT)).
Due to (2.3) and (2.5), we arrive at

g 3L IR AL+ Lt logm) < Ello, @)V (s(r AT).y(r A T))

< (V(mo,yo) + v1T)e™".



On the other hand, one observes

1
lim (m+1—logm) A (— 4+ 1+ logm) = oo.
m

m—r0o0

Taking m — oo in (2.6), we obtain
0o < (V(zo, o) + i T)e”" < oo,

which results in a contradiction. The proof is therefore complete. O

3 Moment boundedness

Based on the existence result of positive solutions, this section focuses on the asymptotic
estimation of the moments of z(t) and y(¢f). = We borrow the idea of looking at the
boundary to analyze the asymptotic behaviors [9, 11, 16, 17]. The method of looking at
the boundary has been shown to be very effective since it enables ones to get not only
sufficient but close to necessary conditions [9, 11]. Its generalization to high dimensional
Kolmogorov systems are referred to [16, 17]. In order to discuss the asymptotic upper
boundary of E[y*(¢)], we look at the growth rule of y(¢) on the boundary z(t) = 0. So we
introduce an auxiliary process 1(t) described by

dy(t) = ¢ (1) [ — ()] At + o290 (t)d Ba(t),
¥(0) = yo > 0,

where Bsy(t) is the Brownian motion defined in (1.2). By utilizing a comparison theorem,
one observes that 0 < y(t) < ¢(t) for all ¢ > 0 a.s. The following result is taken from [5],
we cite it as a lemma.

Lemma 3.1 [5, Lemma 2.1, p.729] Let 1(t) be the solution of (3.1). Then it holds that
for any k > 1,

(3.1)

—k
B2 BAO < |[setertre 201z
L% 20+ (k — 1)o3

Therefore, we have
20+ (k —1)o3
2p

We now investigate the asymptotic properties of the moments of y(t).

k
lim sup E*(t) < of, := ( ) , Vk > 1.

t—o00

Theorem 3.2 For any k > 1, we have
lim sup E[y*(t)] < ox;

t—+o00

For any 0 < k <1, we have

lim sup E[y* (£)] < (02).

t—+o0



Proof. Since 0 < y(t) < #(t), for k > 1, by Lemma 3.1, we have
lim sup E[y* (¢)] < limsup E[*(1)] < o

t—+o00 t—+o00
Furthermore, for 0 < £ < 1, by the Holder inequality, we obtain
k
lim sup E[y*(¢)] < limsup [E[yQ(t)H 2 < (Q2)§,
t—+o00 t—+o00

as required. O

Next, we continue to consider the asymptotic property of the moments of z(¢). By
virtue of the interaction between z(t) and y(t) and the positivity of y(t) we provide the
following sufficient result for the moment boundedness of z(t).

Theorem 3.3 For any 6 € (0,1+20/0}) and ¢ > [p/n — p|™,
limsup E[(1 + z(¢) + cy(1))?] < L(c, 0),

t—00
where L(c,0) is a positive constant dependent on 6 and c, which is defined by (3.8) below.
Proof. Since the proof is rather technical we divide it into three steps.
Step 1. We estimate the upper bound of L[e"V;(x,y)]. Define the function f;(y) =

——— — (p+ )y for any y > 0, then

n+ty
() = —(p+ )y —2(u+ Iy + (p—n(p +c)n
' (1 +y)?
Solving fi(y) = 0, we obtain two roots
np np
= —n — < 0, =-n+ .
hn n it e Y2 n it e

The condition ¢ > [p/n— p]* yields y2 < 0. By virtue of f{(y) < 0(Vy > 0) it follows that
(3.3) fily) < f1(0) =0, VYy>0.
For a fixed 0 € (0,14 25/0%), define
Vi(z,y) = (1 +z+cy)?, V(z,y) € R2.
By virtue of (2.1) and (3.3), computing LV;(z,y) leads to
LVi(z,y)

- Py 0—1
=0(1 4z + cy)’ 2{[77Ty—(,u+c)y—5+ 5 0%]9:2

) cpy Py ]
_ PY s p— g+ L s
+[ c(B+p+c)y +(ca+n+y cd — 1 c)y+n+y +o|x

0—1
— By + (c2a —cfB+ 020§>y2 +cla+o)y+ a}.



(1-9)
2

The condition 0 < 8 < 14 2§/0% implies ¢ + o7 > 0. Now, choose a positive

constant x := k(#) sufficiently small such that

By the Ito6 formula,

t
My, (1) = e™Vi((t), y(t)) — Vi, yo) — / Ll Vi(a(s), y(s))]ds
0
is a local martingale. By (3.4), we have

L[e"Vi(z,y)]
=re™Vi(z,y) + " LVi(z,y)

1-6 K
<fe™ o-2) [_PY _ 2 K\ 2
<0e™ (14 x + cy) {[77+y (w+c)y (5—|— 5O 6)}3:
2
—I—[—C(ﬁ—l—,u—l-c)y?—i—<Ca+cp—c(5—u—c+%>y]g;
2k 25 3 2 =1, 45 R\,
+<p—5+0~|— 0>:E—cﬁy +<ca—cﬁ+ 5 c'oy + 9>y
—I—c<a+a+2—ﬁ> 4—(7—1—E
0 )Y 0
<Oe™ (14 x + cy)'*W(z,y),
where
2 2,5 3 2 -1, 5, K\ ,
Wiz,y) = —Li(0)x" 4 La(c,0)z — "By +(Ca—cﬁ+ 9 C%+7>y
+c(a+a+2—ﬁ> —|—0+E
9 Y 9’
2 2
Lo(c,0) = sup{—c(ﬁ—f-,u—l—c)gf—l—<coz+cp—c<5—u—c+ﬁ)y%—p—é—i—oﬁ——%}.
yeR L 0 6

One observes that
lim (1424 cy)' 2 W(r,y) = —o0,

z24y2—+o00

which together with the continuity of (1 + z + cy)? W (z,y) in R% implies that

Ls(c,0) =0 sup {(1+z+cy)’ *W(z,y)} < +oo.

z,yeR4

Thus, we have
(3.5) Le"Vy(x,y)] < Ls(c,0)e™.

8



Step 2. We show that

E[e"Vi(x(t), y(t))] = E[Vi(zo, %o)] +E/O Lle™Vi(x(s), y(s))]ds.

In fact, let ng > 0 be sufficiently large for xg, yo lying within the interval (1/ng,ng). For
any constant n > ng, define the stopping time

&, = inf{t > 0| max{x(t),y(t)} > n}.

Note &, is monotonically increasing and hence has a (finite or infinite) limit. Denote the
limit by £.. For any n sufficiently large, we have &, > 7,, where 7, is defined by (2.2).
By Theorem 2.1, we have 7., = oo, then &, = oo. The local martingale property implies
that E[M,, (t A &,)] = 0. That is, for any ¢t > 0

E[eﬁ(t/\fn)vl(x(t A gn)> y(t A fn))] = E[Vl (an yo)]

3.6 tAEn
(3.6) —HE/O Lle™Vi(z(s),y(s))]ds.

From the definition of &,, we have <t (1 4+ z(t A €,) + cy(t A &,))? is monotonically
increasing in n. Let n — oo, we obtain

en(t/\ﬁn)(l +2(t A& + eyt A gn))e o1+ a(t) + cy(t))a a.s.
By the monotone convergence theorem,
E[e" Vi (2(t A &), y(t A &) — Ele™Va(x(t), y(t))], asn — oo

By (3.5) and the dominated convergence theorem,

tAEn t
IE/O Lle™*Vi(z(s),y(s))]ds — ]E/O Lle™*Vi(z(s),y(s))]ds, asn — oo.

Therefore, letting n — oo in (3.6) yields

(3.7) Ele"Va(x(t), y(t))] = E[Vi(zo, yo)] HE/() Lle™Vi(x(s), y(s))]ds.

Step 3. We complete the proof. By (3.5) and (3.7) we have

UEI(1 + (1) + ey(t)] < B+ 70 + )] + 20D e

Then
E[(1 + 2(t) + cy(t)?] < E[(1 + ¢ + cyo)’]le ™™ + LS(I? 9)‘

9



Letting ¢ — 0o, we obtain

(3.8) limsup E[(1 4 z(t) + cy(1))?] < Ls(c,6) =: L(c,0).

t—00 R

The proof is complete. O
The positivity of y(¢) implies the follow result directly.

Corollary 3.4 For any 6 € (0,1+26/02) and ¢ > [p/n — u|T,
limsup E[(1 4 2(¢))"] < L(c, ),
t—o0

where L(c,8) is defined in Theorem 3.3.

Due to the inequality direction in the theory of probability it is difficult to find the
lower bound of the moment of z(t). Alternatively, we try to look for the upper bound of
the moment of 1/x(t). Thus we get the following result.

Theorem 3.5 For any fivred 6 > 0, there exists a positive constant L such that
limsup E[z~%(t)] < L.

t—o0

Proof. Let Va(z) = (1 + %)9, Vo > 0. Choosing a positive constant x and applying
the Ito formula we obtain that

(3.9) M, (t) := " Va(x(t)) — Va(wo) —/0 Lo[e™Va(a(s))]ds

is a local martingale, where

Lo[e"Va()]

= fe™ (1+é)9_2[—i—(0—5—9+—10f—f>%+<5+0f+%€>£

Due to Young’s inequality, one observes that

1\’ 2ub N o,
2u1+ = 1+ + —— !
M( m) — 04+ ( :L‘) Q—i-%y
21 1\°7?
(142 1+
S

+

e > G




5
in the last inequality, we have used the fact that (1 + i) 2 < 23 (1 + 1,) < 4(1 + %)
This implies that

L, [entv2<x)]

X a3 x% 2 %1 0 ﬁ
(3.10) 2kN1 K 2160
5+ o2 _)_ kK HY et 26+1
+(04ot ) g ’“‘]+29+16
210
< nt(L 29+1>
o ’
where

Let ng > 0 be sufficiently large for the initial value z( lying within the interval (1/ng, ng).
For any n > ng, define the stopping time

&, = inf{t > 0,z(t) < 1/n}.

Note fn is monotonically increasing and hence has a (finite or infinite) limit. Denote the
limit by €. For any n sufficiently large, we have €n > Tn, where 7, is defined by (2.2).
By Theorem 2.1, we have 7., = 00, so 500 = 0. The local martingale property implies
that E[M,,(t A fn)] = 0. That is, for any ¢t > 0

~ 3 tNEn
Ele"" Vs (a(t A &) = E[Va(xo)] + E/O Ly[eVa(x(s)))ds.

From the definition of &,, we have e”(t/\én)(l + )? is monotonically increasing. Let-

ting n — oo yields

er(then) (1 + ;)9 1 et (1 + L)e a.s
z(t AN &) x(t) -

By the monotone convergence theorem one notices that as n — oo
Bl Va(a(t A E))] — Ele™Va(a (1))

Noting that E(y?*!(¢)) is bounded uniformly with respect to ¢ € [0, 00), by the Fubini
theorem and (3.10), we obtain

1
o(tNEn)

! ¢ 2u0 o5
KS < KS +1
E/O L™ Va(z(s))]ds < E/O (L + o5 1Y (3)>ds

t 2 6 t
= E/ Lye™ds + QOL eE(y* (s))ds < oo.
0

11



Using the dominated convergence theorem implies that as n — oo

tAEn t
(3.11) ]E/O L™ Vy(z(s))]ds —>E/O L[e™*Va(z(s))]ds.

Therefore, letting n — oo yields

(3.12) E[e"Va(x(t))] = E[Va(zo)] +E/O Lle™Va(x(s))]ds.

This together with Theorem 3.2 implies
1 \?
14—
( ! x(t)) ]

1\° t 200 1\’ Ls
<1+ = E KS(L 20+1 )d <14+ = o Kt
_(+x0> + /Oe 4+28+1y (s))ds < +x0 +H€

216
20 4+ 1 >0

(1+$)9] < (1+xi0)ee—*’"t+ %

"R

(3.13)

where Ly := L, + (t)) < oo. Hence

We therefore obtain

limsup E[z ()] < limsupE

t—o00 t—o00

The proof is complete. O

4 Existence and uniqueness of invariant measure

This section is devoted to analyze the invariant measure. Define function

Similar to the analysis of the function f;(y) in Theorem 3.3, we obtain
(i) If p<pun, foly) <0, Vy>0.

(ii) It p > pm, foly) < (/o — /Im)?, Yy > 0.

12



This implies that for any y > 0, fo(y) < [(/p — +/B0) V 0]>. We now introduce a new
auxiliary process o(t) with respect to x(t) described by

(4.1) {dw(t) = [0 = (6 = I)p()]dt + 01p(t)d By (1),

0(0) =x0>0,
where

(4.2) h = (/p — /am) V0.

If 6 — h? > 0, by solving the Fokker-Planck equation (see details in [9, p.1065]), the
process ¢(t) has a unique stationary distribution v(-), which is the inverse Gamma
distribution with parameter

2(6 — h? 2
ay = <—2) + 1, bl = —02-
01 g1
And probability density of v(-) is
bllll b1
* — —(a1+1) — 7
T) = =—F—7T e =, x> 0.
f ( ) F<a1)

With a notation abuse slightly, we write ¢ ~ IG(ay, b;). For any p > 0, by the strong
ergodicity we deduce that

1 t o]
(4.3) lim — [ ¢P(s)ds = / 2P f*(x)de = M, a.s.
t—o0 0 0
1
Especially, if p = 1, M; = ﬁ. Moreover, the stationary distribution of >0 is

the Gamma distribution with parameter a; and by, see details in [11, p.189]. Therefore,
changing the variable by the Ito formula, noting that the mean of Gamma distribution is
a1 /by, and by the strong ergodicity we arrive at

Bi(t) _
t Y

1 1 t 2
(4.4) lim —Inp(t) = lim — (L — 8+ h*— ﬁ) ds + o1 lim
gp 2 t—o00

t—oo t t—oo T 0 (S)

By virtue of the comparison theorem it follows that 0 < z(t) < @(t) for all £ > 0 a.s.
This implies,

1
(4.5) limsup—Inz(t) <0 a.s.
t—o0 t

Furthermore, we derive the following result from (4.3).
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Lemma 4.1 If§ — h? > 0, then we have

1 t
(4.6) lim sup —/ 2P(s)ds < M,, Vp>0, a.s.
0

t—o00

Moreover,

o
S — 12 a.s.

t—o0

1 t
hmsupg/ z(s)ds <
0

To obtain more properties of z(t), we go a further step to consider the equation on
the boundary y(t) =0

dz(t) = (0 — 02(t))dt + o12(t)dBy(t), V¥Vt > to,

2(to) = x(to),

(4.7)

where ¢ty > 0 will be chosen latter. By solving the Fokker-Planck equation (see details
in [9, p.1065]), the process z(t) has a unique stationary distribution wu(-), and obeys the
inverse Gamma distribution with parameter

20 20
= — 1 b == — .
a2 0_% + ) 2 0_%

And probability density of pu(-) is

pi(z) = —(bQ)@ x_(“ﬁl)e_%»

x> 0.
F(CLQ)

With a notation abuse slightly, we write z ~ IG(as, bs).
In the following, we will reveal the long-time behavior of the tumor cells and the
effector cells, if the intensity of the noise o5 is large sufficiently.

2

Theorem 4.2 [f \; : % —a >0, then we have

Iny(t)

lim sup < =)y,

t—o00

and the distribution of x(t) converges to a unique invariant probability measure wi(+) as
t — 00.

Proof. By virtue of the auxiliary process (t) defined by (3.1), changing the variable
by the It6 formula leads to

1 1
(4.8) limsup — Iny(t) < limsup i Iny(t) < =X\ a.s.

t—o0 t—o0

14



For any ¢ > 0, let T" > 0 be sufficiently large satisfying max {u, %} < % exp (%) such

At
that P(£2.) > 1 — ¢, where Q. := {y(t) < exp <—71) , Vit > T} .

y) = % — py < 0. Fix a constant tg > T, by
nry
the comparison theorem, we have P{z(t) > x(t), Vt > to} = 1. By the It6 formula, we

deduce that for almost all w € €., Vt > t,

0<Ilnz(t)—Inz(t) =o /t: <% - % ds — /t: 77i_y(ys()s)ds + u/t:y(s)ds

<
)\1t 2,u )\IT
— I < — [
eXp( 2)}_)\lexp< 2><€

Case (2). Suppose p > un, then f5(0) > 0. Due to the continuity of f5(y) at
y = 0, one may choose a positive constant ¢ such that for any 0 < y < g, fo(y) > 0.
Choose a constant t, > T satisfying exp (—’\1—;0) < ¢. By the comparison theorem,
x(t) > z(t), Vt > to, for almost all w € Q.. By the It6 formula we deduce that, for almost

all w € Q. Vt > t,
! 1 " py(s) '
0<Inx(t)—Inz(t :a/ (———)ds—i—/ ds—u/ysds
=m0 = f @ 20) P e ®

t t
SB/ y(s)ds < B/ exp (—E) ds
T] to T] to 2
p

Case (1). Suppose p < un, then fof

=
h

@)

o]

o
/T\
M‘S’
V)
N—— ——
o,

V2)

Therefore
(4.9) IP{| Inz(t) — nz(t)] > g} <1-P(Q) <&, V>t

which implies that Inxz(t) converges weakly to Inz(¢). Let 77(-) be the invariant mea-
sure of In z(¢). In order to show that the distribution of x(t) converges to a probability
measure m(-), we only need to prove that the distribution of Inz(t) converges to mi(-).
Let P(R) represents the family of all probability measures on R. For any Py, Py € P(R),
define the distance as in [26, p.212]

dL(Py, P,) zsup’ /R F(a)Py(dz) — /R f(ac)IP’Q(dx)‘,

feL

where

L={f:R>R:|f(@) - f(y)| < |o—y| and |f()| <1},

15



By the Portmanteau theorem, we need to prove that for any f € L,

Ef(ina(t) — f = /R F(@)ri(dz) = /0 " Fn2)m (da),

Since the diffusion is nondegenerate, it is well known that as ¢ — oo the distribution
of In z(t) converges to the unique stationary distribution 77(-), namely,

(4.10) lim Ef(Inz(t)) = f.

t—o00

We now compute

[Ef(Inz(t)) - f]

f(In

§| fnz(t) —Ef(Inz(t)| + |Ef(Inz(t) — f|

< [|f(1nl’( ) = f(Inz(8)) L s -1n e )|<s}]

(4.11) E[| £ (I a(t)) = f(In 2(0)|Tgm ) mzu»»} + [Ef (In2(1)) - f|
[I{|1nx(t —nz@)<e}] 2B m o) —in z(0)|>< ) + {Ef z(t) — f|

:6+2P{|lnzt —1nx(t)’>5}+‘]Ef (Inz(¢ f{
This, together with (4.9) and (4.10), yields

limsup |[Ef(Inz(t)) — f| = 0.

t—o00

The proof is therefore complete. O

Remark 4.3 Theorem 4.2 predicts that when the stochastic perturbation for tumor cells
18 strong enough the tumor is going to die out at exponential rate while the distribution
of effector cells converges to a steady state my. It is clear that oy is a critical parameter
to eliminate the tumor cells and let the effector cells tend to a steady state in stochastic
version. This implies that the dynamics of the stochastic model (1.2) are completely
different from those of the deterministic model (1.1) in [22]. .

Recall the auxiliary process 1 (t) defined by (3.1). We have proved that o <
o3 /2 implies lirtrisup Y(t) = 0 a.s due to (4.8). If a > 03/2, by solving the Fokker-

Planck equation (see details in [11, p.189]), the process () has a unique stationary
distribution A(-), and obeys the Gamma distribution with parameter

2 2
(13:—(21—1, bg B
02 o3

The probability density of A(-) is

* _ <b3)a3 az—1_—bszx
(a:)fr(a?))x e x>0.
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With a notation abuse slightly, we write ) ~ G(ag, bs). For any p > 0, by the strong
ergodicity we derive that

1 t e’} B
(4.12) lim — [ ¢P(s)ds = 2Pg*(x)de = M, a.s.
t—oo t 0 0
. . - 1 o5 . . L
In particular, if p = 1, we have M; = E(a — 7) Therefore, using the [t6 formula implies
1 1! o2 . B(t)
(4.13) tli)rgo n Iny(t) = tlg]élo 7/ <a = ﬁw(s)) ds + o9 tliglo — = 0.

By virtue of the comparison theorem it follows that 0 < y(¢) < ¢(¢) for all £ > 0 a.s.
One observes that

1
(4.14) lim sup n Iny(t) <0 a.s.

t—o00

Furthermore, we have the following result from (4.12).

2
Lemma 4.4 If a > %, then the property

t—00

1 [ .
(4.15) lim sup ;/ yP(s)ds < M,, Vp >0, a.s.
0

holds. Moreover,

1 /[t 1 o2
lim su —/ s)ds < —(a — =2 a.s.
HOoptoy() _B( 2)

In order to investigate the probability law for the small noises we prepare two lemmas.

2
Lemma 4.5 If a > %, then the property

1 [t
(4.16) lim sup —/ ——ds < Ay
t—00 o 7(s)
1w o3 o?
holds, where \y := ab(a— 5 ) + 0+ 2].
Proof. For any (zg,yo) € R2, using the fact 0 < y(t) < ¢(¢) a.s. and the It6 formula, we
have
1 1 (") o py(s) o Inzg o1Bi(t)
—Ilnz(t) = - — ds — 6 — 2L
pne) t/o(xs)+77+y(s) pyls) ) ds > T T
1 (" o 1/ o? Inzg o1Bi(t)
> - [ —ds—- ds — 0 — =+
_t/()a:(s)s t/ow’b(s)s > T t
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Letting t — oo, by the strong ergodicity, (4.5) and (4.12) we deduce that

1 [ 1 1 [t 2
limsup—/ —ds < — (limsup—/ ,u@[z(s)ds—l—é—kﬁ)
t—00 0 37(3) o t—o00 t2 0 ) 2
Lrp 02) g1
= —[E(a-2)+0+ 2],
o [5 <O‘ 2) 0T
The proof is complete. O
o3 o
Lemma 4.6 If 6 > h? and o — 5 T3 > 0, then the inequality
1 t
(4.17) lim inf —/ y(s)ds > As
t—soo 0

2

1
holds, where \3 := E (a — % B _Uh2).

Proof. For any (zg,y) € R%, since 0 < z(t) < ¢(t) a.s., an application of the It6 formula
yields

1 2 1/t 1 [ 1 Bo(t

Slny(t) = a2 -2 5y(s)ds——/ 2(s)ds + 8o, 725200
t 2t t o, t t

1 1 1 By(t

> a-2_ = 5y(s)ds——/ o(s)ds + oy 2 2( )
2t/ t ), t t

Taking ¢ — oo, by (4.3) and (4.14) we have
2 1 t
(a - % - ligilolf Z/o go(s)ds)
o o 0
2 0—h?
The proof is complete. O

Based on the above analysis we prove the existence and uniqueness of the invariant
measure of the equation (1.2) under weak noises.

1 t
liminf—/ y(s)ds >
tJo

t—o00

| = =

2
Theorem 4.7 If§ > h* and o — % - (SU—hQ > 0, the solution (x(t),y(t)) of (1.2) has
a unique invariant measure my(-) with the support set Ri.

2
Proof. For convenience, let 2¢ := (§ — h?) <a - % — 0. Obviously, the given

conditions imply ¢ > 0. Furthermore, choose a constant ¢ > 0 small sufficiently such that

(4.18) c(0 + oF) < aC.

18



Define U : R — R, by

1
(4.19) Ulz,y) = + g H (=) (14 ),

Computing LU (z,y) yields

LU(z,y)
pry o Py py 0 +of
:(U—I—m—ﬂl‘fy—é%)—C(ﬁ—Fm—?— I1)+[(204+(7%)y2
2 2 /3
—28y® — 2?4 (6 —h?) |2 YT T, y].
Py =2yl + O =) |50 e Ty
2
Noting that the definition of A in (4.2) and § > h?, i < % + g—yz, one observes that
x x o
co (64 0?) cp?
< s gy o cl0+oy) 2, CH™\ 9
LU(z,y) < [o—(6—h7)] 57 +R2at+oy+ o)y
2 a—0ol—z By
4.20 —28yP + (6 — h?) |———2 — 2 "7 4 }
(4.20) By + )[2(y+1)2 y+1 y+1

One can see that
lim  LU(z,y) = —oo,

T—>+00,y—>+00
which implies that there exist positive constants H! and Hy1 such that
(4.21) LU(z,y) < ¢, Yo>H y> Hyl.
Moreover, we can show that

lim LV (z,y) = —o0,

z—0+,y—-+o0

which implies that there exist positive constants hl < H! and H5 > HZ} such that
(4.22) LU(z,y) < —¢, 0<z<hy, y>H,
One goes a further step to notice that

lim LU(z,y) = —co, hl <z < H.,

y—+o0
which implies that there exists a positive constant H, > Hy2 such that
(4.23) LU(z,y) < ¢,  h,<z<H. y>H,
Combing (4.21), (4.22) and (4.23) yields

(4.24) LU(z,y) <—¢, Ver>0,y>H,
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One notices that
xlg& LU(z,y) =—00, 0<y<H,,
which implies that there exist a positive constant h, such that
(4.25) LU(x,y) < —C¢, 0<z<h, 0<y<H,.
Note that
limsup LU(z,y) < —2C.

z—~+00,y—0+

which implies that there exist positive constants H > h, and h) < H, such that
Once more, we can see that

lim LU(z,y) = —o0, h; <y < H,,

T—+00

which implies that there exists a positive constant H, > H ; such that
(4.27) LU(z,y) < —¢,  H, <z h,<y<H,.
Combing (4.26) and (4.27) yields

(4.28) LU(z,y) <—¢, H,<z, 0<y<H,

Due to (4.18), we know that for any x > 0,

<

2
_£+c(5+a%)§_g 1 d+0? +c(5+0f)2§c(5—|—0%)2
222 x 2 20 20

¢
x o 2’

From the above inequality one observes that

3
limsup LU (z,y) < ——C, Vo > 0,
y—0+ 2

which implies that there exists a positive constant h, < H, such that
(4.29) LU(z,y) < —C¢, 0<z,0<y<h,.
Therefore, (4.24), (4.25), (4.28) and (4.29) imply

(4.30)  LU(z,y) < —¢,  (z,y) ¢ D={(z,y) ERY :hy <z < Hy hy <y < Hy}.

By [20, pp.106-122], (z(t),y(t)) is positive recurrent with respect to D. This together
with the non-degeneracy of the diffusion coefficient yields that the solution (x(t),y(t)) of

(1.2) has a unique invariant measure a(-).

Moreover, since the coefficients of (1.2) satisfy the conditions of [4, Corollaries 2.9 and

2.10], the support of the invariant measure 7o(-) is R2. i

By [19, p.249] and [20, p.110, Theorem 4.2; p.114, Lemma 4.10], we have the following

ergodicity result.
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Theorem 4.8 Under the conditions of Theorem 4.7, the following properties hold.

: - . 2
2 ) . )
(i) For any my-integrable f(x,y) : RZ — R, we have

1
lim —/ f(z(s),y(s))ds = f(x,y)me(de,dy)  a.s. V(zo,y0) € RE.
t—oo t 0 R?&-
(ii) Let || - ||var denote the total variation norm, for (x,y) € R, we have

lim [P, (2.9). )~ ma( ) = 0, V() € 2.
(iii) For any e > 0, there is ¢ € (0,1) such that

liminf P(£,2,9,[¢.C x [C.CY) > 1 -

For a biological system the property (iii) of Theorem 4.8 is also called stochastically

StI'OIlg permanence.

Remark 4.9 Theorems 4.7 and 4.8 predict that under the small tumor noises the distri-
bution of both tumor cells and effectors cells tends to a invariant measure wy as t — 00.
This means that the tumor cells approach to a dormant steady state in stochastic version.

The similar phenomenon was observed for the deterministic model (1.1) in [22].

5 Examples and numerical simulations

In this section, we mainly illustrate the effects of noise intensity on effector cells and

tumor cells. We select the data in [22] and [33], see Table 4.1 below.

Table 4.1: The Significance and value of the parameters

21



Parameter Real value/unit Biological significance

a 0.18 /day the intrinsic growth rate of the TC

b 2.0 x 1079 /day Reciprocal of environmental
capacity of TC

s 1.3 x 10* /piecexday the normal rate of inflow into the
tumor site for EC

d 0.0412 /day the coefficient of destruction and

migration of EC

g 2.019 x 107 piece the positive constant in response
functional
ka1
0.1245 /da; =fK, K= ———
1 Jday 1=/ ko + ks + ki
T 2.422 x 1071% /dayxpiece 11 = Kks
o 1.101 x 1077 dayxpiece 1y = Kko

where f is the positive constant of response function, k; and k_; describe the rates of
binding of EC to TC and detachment of EC from TC without damaging cells, ks is the rate
at which EC-TC interactions irreversibly program TC for lysis, and k3 is the rate at which
EC-TC interactions inactivate EC. The non-dimensional treatment of the equation is done
by selecting the order of magnitude scales Fy and Ty for the £ and T cell populations,
respectively, where FEy = Ty = 10° cells [22, p.304]. Using the non-dimensionalization
method in [22, p.304] yields coefficients in the model (1.2) as follows

o= — 01181, p=-L —1131, p="t=0.00311,
7’2dE0 0 roT To
a g
§=—— =0.3743 — %1636, =2 =20.19
szTO ’ @ T’QTO N TO ’
a
f=—=3272x10"3%, x¢=75, Yo = 50.

T2

Applying the Milstein method in Higham [18, p.539] yields the discrete equation as follows

2,.2
PLLYk 012y (092
N+ Yk 2 (& - 1)at

0_2y2
Yp+1 = Y + (ayk — Byp — xkyk>At + oayrV Aty + 22 : (7713 —1)At,

Tpy1 = T + (U + — UTEYp — 5%) At + o121V Atfk +

where &, nrx (k = 1,2,...) are two independent Gaussian random variables, and both
obey the normal distribution with mean 0 and variance 1.
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Example 5.1 Choose the noise intensities o = 0.2, 0o = 2 in the stochastic tumor-
immune model (1.2). Then we have

0.2

o — 72 = —0.364 < 0.

Theorem 4.2 tell us that the density of tumor cells y(¢) is exponentially decreasing, see
the right side of Figure 1. Meanwhile, Theorem 4.2 also shows that the distribution of
effector cells x(t) converges to the unique invariant probability measure 7 (), the inverse
gamma distribution with as = 19.715 and b3 = 5.905. To further illustrate the result of
Theorem 4.2, we use the K-S test with a significance level of 0.05 to check if the stationary
distribution of x7!(¢) is the gamma distribution. At this level of significance, by Matlab
we do confirm that the stationary distribution of z7!(¢) is the Gamma distribution. Since
r7H(t) ~ G(19.715, 5.905) is equivalent to z(t) ~ IG(19.715, 5.905), we know that the
stationary distribution of z(t) is the inverse gamma distribution.

@s (b) 60
5 50
4 40
=3 £ 30
> >
2 20
1 10 Lk
o o
o 200 400 600 800 1000 o 5 10 15

Figure 1: Example 5.1. For the stochastic tumor-immune model (1.2), the red solid line
depicts the density of the effector cells x(t), the solid blue line depicts the density of the
tumor cells y(t).

0.6 0.7

Figure 2: Example 5.1. The red solid line indicates the density function of the inverse
gamma [G(19.715, 5.905), the blue dotted line indicates the empirical density function
of the effector cell z(t).
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@ s (b) 70
x(t)

o 50 100 150 200 250 300

Figure 3: Example 5.1. For the deterministic tumor-immune model (1.1), the red solid
line depicts the density of effector cells z(t), the blue solid line depicts the density of
tumor cells y(%).

Furthermore, to more intuitively illustrate the result of Theorem 4.2, we plot the em-
pirical density function of z(t) and the density function of the inverse gamma distribution
IG(19.715, 5.905) in Figure 2. One observes obviously from the Figure 2 that as t — oo,
the distribution of x(t) converges to m(-). Thus, this example illustrates the significance
of the result of Theorem 4.2.

We go a further step to compare the dynamical behaviors of the stochastic model (1.2)
with those of the deterministic model (1.1) for the same parameter values above. In [22]
the authors revealed that the density of tumor cells beginning from some initial values
approaches the dormant steady state while the tumor escapes the immune regulation
for others initial conditions. The bifurcation analysis for parameters ¢ and ¢ helps the
illustration of the phenomenon “sneaking through”. Figure 3 depicts that the path of
y(t) in the deterministic model tends to a positive equilibrium with frequency vibration,
namely, the density of tumor cells approaches the dormant steady state. However, when
the noise intensity is large satisfying @ < 03/2, by virtue of Theorem 4.2, y(t) in the
stochastic model (1.2) is exponentially decreasing, so the tumor cells are extinct. Figure
1 depicts the path of y(t). It is revealed that stochastic perturbations for tumor cannot
be ignored, and their existence plays a key role in the elimination of the tumor cells.

Example 5.2 In the stochastic tumor-immune model (1.2), let o = 0.25, which implies
that the stochastic environment has a weak effect on the intrinsic growth rate of tumor
cells. At the same time, the binding rate of EC to TC will be decreased when the immune
response of the effector cells to the tumor cells is weak or the tumor cells are less irritating
to the effector cells. Therefore, in this example we reduce the binding rate k; of EC and
TC in the literature [22], let p = 0.613. Compute

2
5§ — h% = 0.09089 > 0, a—%—é UhQ — 0.30539 > 0.

The empirical density of the invariant measure 7* of the stochastic tumor-immune
model (1.2). These imply that the conditions of Theorems 4.7 and 4.8 hold. By virtue
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Figure 4: Example 5.2. For stochastic tumor-immune model (1.2), the red solid line
indicates the density of the effector cells z(t), the solid blue line indicates the density of
the tumor cells y(t).
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Figure 5: Example 5.2. The phase diagram of the stochastic tumor-immune model (1.2).

Figure 6: Example 5.2. The empirical density of the invariant measure 7* of the stochastic
tumor-immune model (1.2).
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of Theorems 4.7 and 4.8 the solution (z(t),y(t)) of the stochastic tumor-immune model
(1.2) has a unique invariant probability measure ms(+), and the system is stochastically
permanent. Figure 4 depicts the trajectories of the effector cells z(t) and the tumor cells
y(t) in (1.2). Figure 5 is the phase diagram with respect to the model (1.2). Figure 6
depicts the empirical density of the invariant measure my(-) of the stochastic model (1.2).
Therefore, this example verifies the theoretical results of Theorems 4.7 and 4.8 well.

Under the same parameter values of this example the deterministic model in [22]
predicts the existence of the dormant tumor steady state which implies the lethal tumor
cells persist with little or no increase in the population. This fact is also revealed in
stochastic version by the model (1.2) given that the intrinsic growth rate of tumor cells
are subject to the weak stochastic perturbation.

6 Concluding remarks

This paper mainly studies the dynamical behaviors of the tumor-immune model pro-
posed by [22] perturbed by the environment noise. Firstly, we prove the existence and
uniqueness of the global positive solution for the tumor-immune system by the method
of stochastic Lyapunov analysis. Next, by looking at the boundary and constructing ap-
propriate comparison equations, we obtain the asymptotic moment boundedness of the
effector cells and the tumor cells. Regarded the boundary equation (4.8) as a bridge,
it is pointed out that when tumor cells are subject to the strong noise, the density of
the tumor cells decays to zero at an exponential rate while the density of effector cells
tends to a stationary distribution. Furthermore, when the noise intensity of tumor cells
is small relatively, by analyzing the upper and lower limits of the density of tumor cells
and effector cells at time-average, we prove the existence and uniqueness of the stationary
distribution of the stochastic tumor-immune model (1.2). Moreover, the ergodicity and
the stochastic permanence is obtained. Finally, all of our main results are illustrated
and verified by numerical simulations. Overall, the fact is revealed that the intensity of
stochastic noise for tumor cells plays a key role in the elimination of tumor cells. Com-
pared with the deterministic tumour-immune model (1.1), the dynamical behaviors of the
stochastic model under strong tumor noises are completely different. On the other hand,
the phenomenon that the concentration of tumor cells tends to the dormant steady state
is verified by the stochastic tumor-immune model (1.2) under weak tumor noises.
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