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Abstract

For any N > 2 and a = (g, - ,any1) € (0,00)V L let ,u,(lN) be the Dirichlet
distribution with parameter o on the set AW) .= {z € [0, 1]V : > 1<i<n @i < 1}. The
multivariate Dirichlet diffusion is associated with the Dirichlet form

N
Ny I o S T R T
=3 [ (1 3 a)miouie

1<i<N

with Domain @(é"ogN)) being the closure of C'(AV)). We prove the Nash inequality

2

a2 < cEMN(f, HFT UM ()7, f e 2(EN), 1w (f) =0

for some constant C' > 0 and p = (ay+1 — 1)t + 37 1V (20;), where the constant
p is sharp when maxi<j<ny a; < % and ays1 > 1. This Nash inequality also holds for
the corresponding Fleming-Viot process.
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1 Introduction

Let N > 1 be a natural number and o = (ay, -+ ,an41) € (0,00)V L. The Dirichlet distri-

bution u&N) with parameter « is a probability measure on the set

N
A(N) = {CE = (xi>1§i§N € [O, 1]N . ’l"l = ZZCZ S 1}
i=1
with density function

I'l|av _ o
L) o) = eyt T o= ey €67
1<i<N+1 i 1<i<N

where |a|; = Zf\jl «;. This distribution arises naturally in Bayesian inference as conjugate
prior for categorical distribution, and it describes the distribution of allelic frequencies in
population genetics, see for instance [3, 11, 14].

To investigate stochastic dynamics converging to ,u((xN), different models of diffusion pro-
cesses have been proposed. In this paper, we investigate functional inequalities of these
diffusions.

In the following three subsections, we first briefly recall some facts on functional inequal-
ities for Dirichlet forms, as well as known results for diffusion processes associated with the
Dirichlet distribution, then propose problems in the direction and state the main result of

the paper.

1.1 Functional inequalities

In general, let (&, 2(&)) be a conservative symmetric Dirichlet form on L?(j1) for some prob-
ability space (E,.%,u), (L, 2(L)) be the associated Dirichlet operator, and P, := e' ¢t > 0,
be the Markov semigroup. The following is a brief summary from [19] for the Poincaré,
log-Sobolev, super Poincaré and Nash inequalities, see also [1, 9] and references within.

Firstly, we consider the spectral gap of L: gap(L) is the largest constant C' > 0 such that
the Poincaré inequality

(12) WU S GEULD). S ENE).uf)=0

holds. In case this inequality is not available, we say that L does not have spectral gap,
and denote gap(L) = 0. The Poincaré inequality (1.2) is equivalent to the L*-exponential
convergence of P;:

IPifll 2 < e N fllzequy. t >0, f € L (), u(f) = 0.

Next, we consider the log-Sobolev constant C'g(L), which is the largest positive constant
C such that the log-Sobolev inequality

(1.3) p(f*log [2) < ZE(f. f), [ € 2(&),u(f?) =1

2
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holds. We have Cps(L) < gap(L). In general, (1.3) implies the exponential decay of P; in
entropy:

n((Pef)log Pof) < e “'u(flog f), t=>0,f€ B (E),ulf) =1,

and in the diffusion setting they are equivalent. Moreover, the log-Sobolev inequality (1.3)
holds for some constant C' > 0 if and only if P, is hypercontractive, i.e. || FP||r2(u)—r4(0) = 1
for large enough t.

Finally, we say that (&, ) satisfies the super Poincaré inequality with rate function
B :(0,00) = (0,00), if

(1.4) p(f?) <r&(f )+ Bru(f)?, r>0,f € 2(&).

This inequality is equivalent to the uniform integrability of F;, i.e. P; has zero tail norm:

| Pl taiz := lim  sup M((Ptf)21{|ptf|23}) =0, t>0.
Rveo u(p2)<1

When P, has a heat kernel with respect to p, it is also equivalent to the absence of the essential
spectrum of L (i.e. the spectrum of L is purely discrete). The super Poincaré inequality
generalizes the classical Sobolev/Nash type inequalities. For instance, when gap(L) > 0,
(1.4) with B(r) = €0+ for some ¢ > 0 is equivalent to the log-Sobolev inequality (1.3)
for some constant C' > 0; while for a constant p > 0, (1.4) with 8(r) = ¢(1 + r~P) holds for
some ¢ > ( if and only if the Nash inequality

(1.5) u(f?) < CE, NP ()7, fe2(&),ulf)=0

holds for some constant C' > 0. They are also equivalent to

C/

1P = pill 21y s ooy < me_gap(mt7 t>0.

The later implies the hypercontractivity of P, and hence the log-Sobolev inequality (1.3) for
some constant C' > 0.

1.2 Diffusion processes associated with Dirichlet distributions

In this part, we recall existing results on functional inequalities for some diffusion processes
on AW) which are reversible with respect to the Dirichlet distribution u((lN).

When N = 1, the Wright-Fisher diffusion on the interval [0, 1] generated by
LY = 2(1 — 2)0* + {1 (1 — 7) — g},

«

The associated Dirichlet form is the closure of (&, C1([0,1])) given by
1
E(f.9) = / (1 —2)f'(2)g (x)u(dz), f.g € CH([0,1]).
0

Due to [15], we have gap(LS)) = a1 + @, and [16, Lemma 2.7] shows that Cpg(L) > @802,

Moreover, according to [8, Theorem 2.2], ((5151’, ,ug})) satisfies the super Poincaré inequality
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with B(r) = ¢(1+r~(2Ve1Ve2)) for some constant ¢ > 0, and hence, the Nash inequality holds
for p = % V a1 V ag, which is sharp in the sense that the super Poincaré inequality does not
hold if lim,_,q B(r)rzYerve2 = .

When N > 2, we consider the following three different generalizations of the Wright-
Fisher diffusion arising from population genetics, see e.g. [7, 8, 12, 13, 16].

A. Wright-Fisher diffusion with mutation. Let |a|; = Y01 a; and denote 9; =
Oz, 1 <1 < N. Consider the diffusion process on AW generated by

N
Lo = Z z;(0;; — x7)0;0; +Z — |a|yx:)0;,
ij=1
where 6;; = 1 if @ = j; = 0 otherwise. The associated Dirichlet form is the closure of

(éaFO“’/N, ct (A(N))) given by

0 = [ a6 - )OS0 @), 19 € CHAD)

3,0=1
Again due to [15, 16] we have

1

a,N .

L = > .
gap( Fv) |04|1, C’LS(L) 160 ISEI%IAI} 1%.

However, the Nash inequality is unknown.

B. GEM process. Let 3, = SV a;, 1 < i < N. Then puf") = I, 4, the GEM

distribution with parameter (o, 3), see e.g. [7]. For z € A™) and 1 <i,j < N, let

) {6:(1 — D i<i<k-1 x) —ap ) - {0ns (1 — d1<i<h-1 x1) — )
- it Z Ik(l - Z1gl§k xl) ’
: {5;%( 21<l<k 1 xz) - %} : {@k(l - Zl<l<k—1 xl) _ &'Ik}
bi(r) = x; Bl '
() = ; wp(1 =Y e 1)

CLZJ

The corresponding GEM process introduced in [7] is the diffusion process on AY) generated
by

N N
LadgM = Z aiﬁi@j + Z b,(‘?l,

ij=1 i=1

and the associated Dirichlet form is the closure of (&5, C(AM)):

siutro = | (N)Z% @9} (d), fg € CHAW),



According to [7, Theorem 3.1], we have

1
a,N o,N
gap(Lgpa) = an +an+1, Crs(Lgpa) 2 T4 160 1<1121]{}+1 Q.
Moreover, applying [8, (1.4)] for a; = a;,b; = §; := Z;\H;il aj, and using [8, (2.24)], we see
that the heat kernel p&FM (x,y) of the present GEM process with respect to M&N) satisfies
et EE VYA < qup  pEEM (g, y) < ey ZEGYAVA) g e (0,1]
z,yc AWV)

for some constants c¢o > ¢; > 0. So, there exists a constant C' > 0 such that the Nash
inequality (1.5) holds for (&5, p$Y replacing (&, p1) with

al 1
pzzmax{§7ai7 Z aj}7
i=1

i+1<j<N+1

which is sharp in the sense that the Nash inequality fails when this p is replaced by any
smaller constant.

C. Multivariate Dirichlet diffusion. This process was introduced in [10], and was used
in [2] to describe a fluctuating ensemble of N variables subject to a conservation principle.
It can be constructed as the unique solution to the following SDE on A®Y)

(1.6) dXi(t) = {as(1— |X(1)]1) —ans1 Xo(t) Yt +/2(1 — | X ()] ) X:(£) dBi(t), 1<i< N,

where B (t) := (By(t), -+, By(t)) is the N-dimensional Brownian motion. The infinitesimal
generator of the diffusion is

LW .= Z < n(1 = |21)02 + {an(1 = |z]1) — an12, } 0, )

1<n<N

and the associated Dirichelt form is the closure of (é"cgN), CHAM)):

Vs = [P e {000 K @),

According to [6, Theorem 1.1], we have
gap(LiV) = QN+1-

Not that when N =1, gap(LS)) =g + g > Q.
Moreover, the whole spectrum of LS has been characterized in [6]. In particular, the
essential spectrum is empty, so that the super Poincaré inequality

(1.7) uM(F2) < e ) + B F)? >0, f € CH(AW)

holds for some function /5 : (0,00) — (0,00). However, there is no any explicit estimate on
B(r) and hence, both the log-Soblev and the Nash inequalities are unknown.
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1.3 Questions and the Main result

According to the last subsection, the following two things remain unknown.

(1) Nash inequality for the Wright-Fisher diffusion with mutation and multivariate Dirich-
let diffusion processes.

(Q2) Estimate on the log-Sobolev constant for the multivariate Dirichlet diffusion, and the
sharp log-Sobolev constant for the Wright-Fisher/Wright-Fisher diffusion with muta-
tion/GEM processes.

In this paper, we only investigate (()1), and the main result is the following.
Theorem 1.1. Let N > 2.
(1) There exists a constant C' > 0 such that the Nash inequality

(1.8)  pM(f2) < cEM, NPT, e 2(EM), ul(f) =0

holds for p = pe == S0 1V (204) + (ani1 — 1)T, and the inequality remains true for
&™) replacing £
fot% placing Ea

(2) If (1.8) holds for some constant C' > 0, then

> Dy = a{ a ; a 1v }
p2fai=max{ max ), apavatmax >, (V)

i 1<j<N+1 JAIN<G<N
(3) If (1.8) with &Y replacing &N holds for some constant C > 0, then

1
/L .
D= Dy = max{ E a;, aN+1+2112%)1(v E ' (1\/04])}.
1<j<N J#L1<G<N

Remark 1.2. (1) Let p. be the smallest positive constant p > 0 such that (1.8) holds
for some constant C' > 0, then assertions (1)-(2) in Theorem 1.1 imply p. € [Pa,Pa)- In
particular, when max;<;<y o < % and ayiq > 1, we have p. = N +ay.1 —1; that is, in this

case the Nash inequality presented in Theorem 1.1(1) is sharp for &EN). But the sharpness

for &o: is unknown.
(2) As mentioned in the end of Subsection 1.1 that the Nash inequality (1.8) implies the

log-Sobolev inequality
V(P log f2) < CEM(L. ). fe2(6M),n(F) =1

for some constant C' > 0. However, in the moment we do not have any explicit estimate on

the log-Sobolev constant Cpg(LE).

(3) Consider the infinite-dimensional setting where N = oo and o = (o;);ex With |a; :=
Y ien @ < 00. According to [16, 6], we have

gap(LEX) = |ali, gap(LLY) = o
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Next, [16, Theorem 3.5] shows that the set

Do :={f € D(E57): pSIf2) + E57(f, ) < 1}

is not uniform integrable in LQ(uffo)), so that the super Poincaré inequality is not available

for (&py7°, /,Lffo)). Indeed, by [18, Theorem 1.2] (see also [17, 19]), if there exists 3 : (0,00) —
(0, 00) such that

P (f2) < rER(f, f) + B ()2, 7> 0, f € D(EFT),

then there exists a positive increasing function F on [0,00) with F(r) 1 oo as r 1 oo such
that

HSOPPE() < G () | e 2857, u(f?) < 1,
and hence Dy is uniform integrable in L2(u$®). Since Ep. > &%) see the beginning of
Section 3 for finite N, the super Poincaré inequality is invalid for &),

To prove Theorem 1.1, we will present a localization theorem in Section 2, which enables
one to establish the super Poincaré inequality (1.7) by using local inequalities. A complete
proof of Theorem 1.1 will be addressed in Section 3 and Section 4.

2 Preparations

To establish (1.7) with an explicit rate function [, the main difficulty comes from the sin-
gularity of the density p(x) as well as the degeneracy of the diffusion coefficient on the
boundary

N
8A(N) = {l‘ = (mi)ISiSN € A(N) . Il’llIl{iL‘Z 01 S 1 S N+ ]_} = 0}, TN+l = 1— ZIL’Z
i=1

To overcome such difficulties, a localization result has been presented in [19, Theorem 3.4.6].
However, this result is less sharp and inconvenient for application to the present model.
So, in this section we give a new version of this result. We will also present an additivity
property of the super Poincaré inequality, which is more or less trivial but will be used to
establish local super Poincaré inequalities in the proof of Theorem 1.1(1).

2.1 A localization result

Let (E,.Z,u) be a separable complete probability space, and (&, Z(&)) be a conservative
symmetric local Dirichlet form on L?(u) as the closure of

g(f? g) - :u(F<f7 g)); f?g S gﬂ(r)a

where I' : 2(I') x 2(I') — A(F) is a positive definite symmetric bilinear mapping, Z(F) is
the set of all u-a.e. finite measurable real functions on E, Z(I') is a sub-algebra of Z(F),
and Zy(T) .= {f € 2(1) : f2,1(f, f) € L*(1)} such that
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(a) Zy(T) is dense in L?(p).

(b) 2(T) is closed under combinations with ¢ € C([—o00, 00]) such that ¢ is C! in R and
Y’ has compact support, and T'(¢ o f, g) = ' (f)T(f, g) p-a.e. for f,g € 2(T).

(c) T(fg,h) = gT(f,h) + [T(g, h) prae. for f,g,h € D(T).
We aim to establish the super Poincaré inequality (1.4) with an explicit 5 : (0,00) — (0, c0).
Theorem 2.1. Let ¢ € Z(T') be an unbounded nonnegative function such that
(2.1) h(s) :=supl'(¢,¢) <oo, Di:={p<s} 520,

where supy = 0 by convention. If there exists sy > 1 such that for every s > sy, the local
super Poincaré inequality

(2:2) W) < T8 1) + BRI >0, € DE), flpe =0

holds for some decreasing function s : (0,00) — (0,00), and for s > sg

(2.3) 0 < A(s) :=inf{&(f, f) : u(f*) =1, flp. = 0} T 00 as s T co.

Then

(2.4) s, i=inf{s > s0: A\(s) > 8 '} € (0,00), 7>0,

and there ezists a constant ¢ > 0 such that the super Poincaré inequality (1.4) holds for
(2.5) Blr) =+ (2 * ThfST))BSST (8 n 2rh22sr)s;2)’ r>0.

Proof. By condition (a), it suffices to consider f € Zy(I"). For any s > sy and small e € (0, 1),
let ¢; € C1([0,00]) with 0 < ¢; < 1,|¢k(s)] < (1 +¢)s7t, i = 1,2 such that

901’[0,51 =0, 901|[23,oo] =1 902’[0,23} =1, (;02|[35,oo] = 0.
Let fi=f-piop,1 <i<2 Then f2 < fZ+ f2 and by conditions (b) and (c),
F(fb fl) < 2F(f7 f) + 2<1 + €>2f2 _21{¢<23}h(28)

<2F(ff)+2<1+€) h2s) 2
D(fa f2) UL 1) + (14 )

In particular, fi, fo € 2o(I') C 2(&). Combmmg these with (2.2) and (2.3), we obtain

9 9 2(1+¢)?h(2s) 9
B < ) ) < 58U D)+ (14 = e

A(s)
(2.6) g{i+2t(1+ 20+ )( h(2s ))} E(f, f)+ (128)2t(1+2(1_£2i)(1};(28)>ﬂ(f2)




Let r € (0, 1], and s, be in (2.4). We have A(s,) > 87!, so that

2 r r r
< - tr = > )
As,) = 4 8 + 16h(2s,)/[s2A(s,)] — 8+ 2rs;2h(2s,.)

and when € > 0 is small enough,

2
<
46 =2 =55 257
2(1+¢€)?h(2s,) 3r
2(1+¢)%,(1 <=
(1 + o)1+ SZA()) )<
2(1 + €)%, 2(1 + €)*h(2s,) 3r 3
—)—|1 < =< - 1
s2 < + S2A(s;) > -8 — 8 re(01]
Combining these with (2.6) we arrive at
5r 3 rh(2s;) r
H<¢g —u(f? 1 - 2 1].
W% < 8N+ 5ur) + (1 557 ) s (5 ogrmmn ey 10D 7€ 1)

Therefore,

) < v+ (20 S (g A 7€ 0.1

Since for the super Poincaré inequality we may take decreasing (3, this finishes the proof.

]

2.2 Additivity of super Poincaré inequality

For every 1 < i < N, let (&, 2(&;)) be a symmetric Dirichlet form on L?(y;) over a o-finite
measure space (F;, F;, p;). Let p = Hf\il i, and Z(&) be the class of f € L*(u) such that
for any 1 <7 < N and (H#i pj)-a.e. z, we have f(z,-) € 2(&;) and

&), fle, ) (T ) (d2) < oo,

i=1 Y12 Ej i

Consider the following Dirichlet form on L?(ju):

&(f.9) ::é/n

The following additivity property is a simple consequence of the equivalence between the
heat kernel upper bound and the super Poincaré inequality.

U9 (I m) @), fge 28)

G#i JF#i



Proposition 2.2. Let {p;}1<i<y C (0,00) such that for any 1 <i < N, the super Poincaré
imequality

(2.7) pi(f?) <r&(f ) +a(+rP)u(f)? r>0,f € 2(6)
holds for some constant c; > 0. Then there exists a constant ¢ > 0 such that

(2.8) u(f?) < rE(f, )+ (L4 Z5mu( )2, 7> 0,f € 2(&).

Proof. Let P} be the (sub) Markov semigroup associated with (&}, 2(&;)). By [19, Theorem
3.3.15(2)], (2.7) implies that P} has a density pi(z;,y;) with respect to p; such that

€8S xp SUp Py < Ci(1+17P), >0

holds for some constant C; > 0. Then the semigroup P, associated with (&, Z(&)) has the
density

N N

pt(xay) = Hpé(miayi)v T = (xlv"' >$N)7y: <y1’”. ’yN) SEOESS 1_[E1Z

i=1 =1

with respect to p, and
€8S,x, SuUp py < C’(l + t*ZZN:lpi), t>0

holds for some constant C' > 0. By [19, Theorem 3.3.15(2)] again, this implies that (2.8)
holds for some constant ¢ > 0. O

3 Proof of Theorem 1.1(1)

We first observe that for any f € C*(AM),

Z (055 — 2;)(0:f)0;f = Z (0:f)* = Z 2;2;(0:f)0;
J=1 . N =1 N
> D) = D OIFLOIY 5™ 1~ @i

So, co‘"oSN)(f, f) < cg’;{,N(f, f), and we only need to prove the desired Nash inequality for
(é"CEN), ,u((xN)). To this end, it suffices to prove

(3.1) pe () < e+ a0 ()2 e (0], f € CHA™)
for some constants ¢,r; > 0. Indeed, this inequality is equivalent to
(32) V() <rEM ) el Ar) PV (D2 >0, f € CHAW).

10



Since by [6, Theorem 1.1] the generator LYY has spectral gap ay.1 > 0, there holds

1

AN+1

(3.3) uM(f?) < EMN(f, f), r>0, feC(AM)  M(f) = 0.

«

Noting that for some constant ¢(r1, any1) > 0 we have
(T A Tl)_pa S C(’f’l, aN+1)T_pa7 re (07 OéJ_V{‘rl)J
so that (3.2) and (3.3) yield

uM () < v )+ P uM (£, r >0, f e CHAMN), Y (f) =0

«

for some constant ¢ > 0. Minimizing the upper bound in r > 0, we prove (1.8) for some
constant C' > 0 and p = p,.
To prove (3.1) using Theorem 2.1, we denote xy 1 =1 — |z|; =1 — val z; and take

(34) ¢(x) = xj_vl_s-lv T = (%;)1<i<n € AWM,
Then
(3.5) D, := {¢§3}:{$EA(N) Doy > s s>

holds. For the present model we have

N
P(6,0)(x) = 3 w1 (002 (1) =~ <8 € Dyys >0,
=1

TN

so that

(3.6) h(s) :=supT(4,¢) < s s>0.
Dy
To apply Theorem 2.1, we take
2(T) = { F e C(A™): [—00,oq]) : f is finite and O in AM\ {zy,; = 0}},

and let
L(f,9)(x) = Lizy, >0} Zﬂfiﬂ?N+1(aif)($)(ai9)(fB)> f,g€2().

i=1
Obviously, conditions (a)-(c) hold, and the function ¢ in (3.4) meets the requirement of
Theorem 2.1. In the following two subsections, we estimate A(s) and 5 respectively.

11



3.1 Estimate on A(s)

Let A(s) = inf{&"(f,f) : f € CHAM), us?(f?) =
following Cheeger type estimate for A(s). Let

p. = 0}. We will adopt the

oD, ={x e AW 1z, =57}
D¢ =AMN\D,, s>1.

Lemma 3.1. If there exists a function 1 € C?*(AMN\ {xy1 = 0}) such that

N
(3.7) L, 9)(2) =) ey (0)*(2) < ar, |LVY|(2) = a5, @ € D
i=1

holds for some constants ay,as > 0, and that

N
3.8 lim sup a3t ;| (z)| =
39 Jim sup #¥7S wloo)]
then )
a
As) > —=2.
(S)_4(l1

Proof. By (3.7), since DS is connected and Ly )¢ is continuous we may assume that

N)¢|Dc > as, otherwise simply use —1/1 replacing ¢. Let o(x) = dlag{w/x J;NH}KKN

For any nonnegative f € C*(A®M) p, = 0, we have f|@DS = 0. So, by integration by
parts formula,

arplV (f) < pfO (LY Y) = lim (pfLMp) (z)da

r—00 D,\Ds

N
< (0 1.0V + [l timsup [ 3wy apo) 0] )04

7—00 Dy 7

(3.9)

where A is the area measure on 0D, induced by the Lebesgue measure. We have

N
oD, = {35 e AWM. le = 1—7"_1}, r>2,
i=1

and
o a1 N1
/ Hxa’_ldA (1 —r 12 10”/ (1 — E a:z) H & e
ODr 54 AN=1) 1<i<N-1 i=1

is bounded in 7 > 2. Combining this with (1.1), (3.7), (3.8) and (3.9), we obtain
azpiV () < i ((oV f,0V9))| < Vaul (oY f]).

12



Therefore, for any f € C*(AW™)) with f|p, = 0,

U < YR (v 2) < 2l (2 o 1),

Noting that p" (|0Vf\ )= OEN)(f f), we arrive at

4a

UL ), T e CHAM), fln, =0,
2

which finishes the proof.

Lemma 3.2. There exist constants sy, co > 0 such that

A(s) > cos, s> Sp.

Proof. Let v € [,1) N (1 — any1,1). Take

Y(x) =2}, TE AN

Then
(3 10) szxN—i—l Z,QD ) (]— - $N+1)xN+1
<72 =z e D,
and
N
(3.11) lim Sup N sz|&¢(x)| < Slggo yslmaN 1Y = (),

S§—00 zeD

Let sg > 1 such that

N

1+ayg—7)(1—-s1)>1 —7+s_12ai, s> So.
i=1

Then for x € D¢ and s > s,

LMy () Z {zixn 1070 (2) + (N1 — ang12) 0 (x)

N

=71+ ana —7)(1 - $N+1)$7Vj1 — VT4 Z @
i=1

> (1= 7)s' 7.

Combining this with (3.10) and (3.11), we derive from Lemma 3.1 that

201 _ ~)2e2(1—7) )2
(1 =7)%s (1-7)
A(s) > s = 5 8 > Sp.
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3.2 Estimate on [,(r)

We first present a sharp super Poincaré inequality for a product probability measure, then
estimate [¢(r) using a perturbation argument. Consider the following probability measures
on [0, 1]:

pi(ds) = ags®'ds, 1<i< N,

and let pu =[], u; on [0, 1]Y. We have the following result.

Lemma 3.3. Let p(a) = Zf\;l(% V ;). There exists a constant ¢ > 0 such that

u(f?) < /H > m@if)P(@)u(da) +c(r @ + D) u(lf)? >0, f € C1(0,").

=1

Proof. By Proposition 2.2, it suffices to prove that for every 1 < i < N there exists a
constant ¢; > 0 such that

(3.12) i f?) < 7"/0 sf/(s)ds + ci(1+ V) ()%, r >0, f € C'((0,1]).

For fixed 1 <1¢ < N, we will prove this inequality using isoperimetric constants

L AD\(0)
(r) = IC[O,I],O<f,u(I)§r i (1) » 7€(0,1/2),

where A; is the boundary measure induced by p; and the intrinsic metric of the square field
To(f, £)(s) == s(f")*(s) on [0,1]. Let r € (0,3%), for any measurable set I C [0,1] with

wi(I) = r, we may find out a € (91) \ {0, 1} such that a > ror Otherwise, [rc%i, 1) is either
in the interior of I or in that of I¢. For the first case we have

1
1
7‘:/14‘(])20[1‘/1SQi_ldS:].—T>§>T
r i
which is a contraction; while in the second case we may find a small constant € > 0 such
1
that [re —e, 1) C I° so that

1
g

ro% —g
r=p(I) < Oéi/ s lds = (ra% —e)% <r
0

which is again impossible. Since the intrinsic metric induced by Ty is
d(s,t) :=2|vs —Vt|, s,tel0,1],

the corresponding boundary measure of {a} is given by




Therefore,

Ai(©NA{0,1}) o Ailfad) o —angk)

pi(1) T

Hence,
1

k() >r w0 e (0,1/2).
According to [19, Theorem 3.4.16(1)], this implies (3.12) for some constant ¢; > 0. O
Lemma 3.4. Let p(a) = ZZJ\;(% V ;). There exist constants ¢y, so > 0 such that for any
S Z S0,

e (f2) < rEF ) + 8w (F1)? r >0, f € CHAMN), flpe =0

holds for
(3.13) By(r) = cosP@Hexa DT (@) | @) g,

Proof. Let f € CY(AW™)), f|p. = 0. For simplicity, we will regard z; as the function mapping
r € AW into z;,1 < i < N + 1. Recall that zy,; == 1 — Zf\il x;. Applying Lemma 3.3
to g == xg\o,lj:f 1=1/2 f replacing f, which is supported on D,, we may find out constants

1, Ca, €3, ¢4 > 0 such that for any ¢ > 0 and s > 1,

PN () = eiplg®) < eatpl (Zx (9:9) ) + (1 + 77NV (|g])?

N any1—1
<tc3,u (le{ (0:f)? +:EN+1f }) + (14t p(‘”‘))p(]\’)(x]\fﬂ2 |f|)2

1=

N
< cotsp®™ (3 wiaw 1 (0)2) + estsul (%) + ea(1 + D) sex DTN (| )2
=1
< estsEXN(f, ) + eats®nlM (f7) + ea(1 4 77 sl DT 0 (| £,
For any r > 0, take
r 1
t=—-AN

2c35  2c382”

We may find out a constant ¢ > 0 such that the above gives
SO (f2) < rEM(, f) + e(r?) 4 /(@) splertlana =T, N (| £1)2,

Therefore, the proof is finished.
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3.3 Proof of (3.1)

By (2.4) and Lemma 3.2, there exist constants g, ¢; > 0 such that
(3.14) s, < et e (0,7

Combining this with (3.6), we obtain

So, there exist constants r € (0, 79] and ¢y > 1 such that for any r € (0, ],

482 + h(2s,)r < r ST
—————<c¢ —.
252 = 84 2rh(2s,)52 T o

T

Combining these with (3.13) and (3.14), we may find out constants cs3, ¢, > 0 such that 3(r)
in (2.5) satisfies

B(T’) <c+ 2/8337" (7’/@2) < 638£(Q)+(0N+1*1)+ (r—p(a) + Sf(a))

< ¢+ cqr PPN DT e (0, ],

This completes the proof since

N

2p(a) + (anp — 1)t = Z 1V (205) + (ans1 — 1)F = pa.

4 Proof of Theorem 1.1(2)-(3)

Proof of Theorem 1.1(2). Let (1.8) hold. We aim to prove p > ﬁ&l) and p > ]5&2) respectively,
where
5(1) . .
Do’ = Nyl T 121;%)](\[ Z (1 V CYJ),
1<j<N,j#i
@) ._ .
Py = max Yo ay
1<j<N+1,jAi

(a) Let 1 < iy < N be such that a;, = min;<;<n ;. Let
[1:{ZQ}U{1§Z§NOQ§1}, [2:{1, ,N}\Il

We have ny := #I, > 1, #1,, = N —nq, and

(4.1) d(wi—1)=max > (q;—D'=max Y (1Va)+1-N

A 1<i<N 1<i<N
i€l 1<j<N,j#i 1<j<N,j#i
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Take h € C*°(R) such that 0 < h < 1,|h'| <2 and
h|(—oo1] = Plaoc) = 0, hlpz = 1.
Let ey = ﬁ and take

(4.2) fe(z) = (Hh<%_€$z>) : H (1 — ;—;)Jr, ze AW e e (0,en].

i€y

It is easy to see that A, := suppf. satisfies

AW = [ni" — 12Ne, nyt — 8Ne]™ x [¢,2¢]" € A.
C AD .= [n7! — 16Ne,ny! — 4Nel™ x [0, 2¢)2.

So, for x € A, we have

2Ne <1 (ny' —4Ne) — 25(N —ny)

el
N

<1-> ay=ayn <1-) (ny' —16Ne) < 16N,
i=1 i€l

and there exist constants ¢y > ¢; > 0 such that
c1 1A<1)(x)szl'efz(ai’l)*a“l’l < (lap)(z) < 021A£2) (:B)sziEIz(o‘Fl)*O‘NH*l,

A<1 (7) < fe(2) < 1,0(2),

Zwi$N+1(aifs)2<x> < ey (), ve AW e e (0,en].

i=1
Combining these together we may find out constants ¢z, ¢4 > 0 such that for any e € (0,ey],

M) 2 WD) = [ pla)de > cpeeno Dot
Ae

(43)  H([)? < pI (AR < oo T2 ey (00

Y

N
e < > iy (0:f:) ) < e M (AD) < peien (@i DEN N1 =2
=1

Therefore, if (1.7) holds then
0362i612(ai_1)+N+QN+1_1
< peyedien (@ DHNYang =2 045(7“)52N+2(O‘N“_1)+2ZiEIz @=D " p>0,c€ (0, en].

This is equivalent to

1_ %Té‘ < 5( ) Yiery(i—)+N+ani1— 1, r>0¢e¢€ (O,gN].
3
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Let ry = j2en. For any r € (0,ry], we take € = %r € (0,ey] in the above inequality to

derive from (4.1) that

C _ _1)—N— =(1)
B(r) > isl Lier(@imD)=N=av e — pmpa” e (0, )]
4

for some constant ¢ > 0. Since (1.8) implies (1.7) for 5(r) = ¢(1 4+ r~P) for some constant

¢ > 0, this implies p > ]5((11).

(b) On the other hand, 1 < iy < N + 1 be such that a;, = minj<;<y41 @;. Let
T={i:i#tinl<i<N+1}.

For any € € (0, 1), we take

flo)=[(e—=)", zea®.

i€l
Then on the support of f. we have
iy < min{z;, oy} <e, 1<i<N.

So, as shown in (a) we may find out a constant a € (0, 1) such that for all € € (0, 1),

Mo
M&N)<f€)2 < g LN ier(@ml) — oL N2 e

(N)(fg) Z agSN—"_EiEI(ai_l) — a€2N+ZZEI Oéi7

M&N)<|va€|2) < 't Eier(i-)-1 &—162N+zi61ai—1’

and these together with (1.8) imply

> E a; = max E a; = p?.
p= L I<i<NA1 i~ Pa
icl i 1<j<N+1

Proof of Theorem 1.1(3). Let f. be as in (4.2). We have

N

éa]?{/N(fsa fs) S MgN) (Z I,(azf€)2> S 04621‘612(ai_1)+N+OéN+1—1

i=1
for some constant ¢, > 0. Combining this with the first two lines in (4.3), we derive from

(1.7) with &2 replacing &N that

03621'612 (ai71)+N+aN+171 S 04621'612 (ai71)+N+aN+1f3 + 0452 Ziel2(ai71)+2N+2aN+172ﬁ(r)’

thus,
1 . CyTr < C_4/B(r)€zi612(ai71)+N+O{N+1*1'
C3

c3e2
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1
Taking € = (2%4”) 2 for small r > 0 we arrive at

5(,’n) > CT*%(N+04N+1*1+ZZ-€[2 (ai=1)) )

Combining this with (1.8) implies p > %ozNH + %maxlSiSN Z#ivlngN(l Voaj).
On the other hand, take

fo@) = T (e —z)*

1<i<N

for small € > 0. Then there exists a constant a € (0,1) such that for small € > 0 we have

uO(f2) = aeNPsien e,

pM(f2)? < a7V Rsisn o
N
ERP (fer f2) < V) (Zmaifg)?) < a Tl Rizian iml
i=1
so that (1.8) for &e implies p > Y i<icn Qe O
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