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Abstract

We study a Markov birth-and-death process on a space of locally
finite configurations, which describes an ecological model with a den-
sity dependent fecundity regulation mechanism. We establish existence
and uniqueness of this process and analyze its properties. In particu-
lar, we show global time-space boundedness of the population density
and, using a constructed Foster—Lyapunov-type function, we study re-
turn times to certain level sets of tempered configurations. We find
also sufficient conditions that the degenerate invariant distribution is
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1 Introduction

Most of models in ecology are structured by space. Nowadays, individual
based models in spatial ecology form a well established research area. We re-
fer for historical comments and detailed review to [25]. Mathematically,
such models may be often described as Markov birth-and-death processes
on configuration spaces over proper location sets. A simple example is an
independent birth process in a population 7 located in the Euclidean space
RY: each member of the population 7, placed at y € 1, independently sends
its off-spring to the target location z € RY after an exponentially distributed
random time. The displacement x — y is chosen at random according to a
certain dispersion kernel. The rate sz > 0 of the time-distribution is called
the (density independent) fecundity rate. Then, regardless of a particular
dispersion kernel, the density of the population will grow exponentially in
time.

The simplest regulation mechanism to prevent the unbounded growth
is to include a (density independent) mortality to the process. Namely,
each member of the population may die after an exponentially distributed
random time (independent from the birth time) with a rate m > 0. Then,
for m < sz, the density of the system is still exponentially increasing in time,
whereas m = s is a critical value where the density is stabilized, and finally,
for m > s, the density will exponentially decay showing the extinction of the
population. This process can be treated also as a nonlocal branching process
(cf. e.g. [22, Section 4.3]), namely, each member dies after random time and,
with certain rates, may produce 0 or 2 off-springs with the restriction that
one of the latter is placed at parent’s position, see [2]. We will call this
process spatial contact model following [21], see also [18,20]. Note that, in
the so-called critical case m = s, the considered system will have a unique
invariant distribution (a probability measure over the space of configurations
in RY) for each initial mean density, in any dimension d > 3. This measure,
in particular, has fast growth of factorial moments.

A more sophisticated regulation mechanism is to consider a density de-
pendent mortality rate. Such a rate is just the sum of the constant mortality
and competitions with all other members of the population defined through
a competition kernel. This describes the so-called spatial logistic model,
see [25] and references therein for its biological motivations. The corre-
sponding Markov processes on finite sets (populations) in R was analysed
in [12], see also [3]. Infinite populations were studied mathematically in [6,7]
and [16,17] in terms of the evolution of states (measures) on the space of
locally finite configurations. Such approach to study dynamics of infinite
populations is known as statistical one. More precisely, the evolution of
states in this approach is described by the evolution of the corresponding
factorial moments (a.k.a. correlation functions). Note that a construction
of the corresponding Markov process remains a challenging problem.



To the best of our knowledge, for locally finite systems in R9, there are
only few references concerning the construction of a general Markov birth-
and-death process, namely, [1,13,14]. In the present paper we study several
models which belong to the considered in [14] case with a constant death
rate and a birth rate with certain structural properties (see Section 2 below
for details); the process is constructed as a solution to stochastic equation.
On the contrary, a birth-and-death process with constant birth rate and the
aforementioned density dependent mortality was constructed in [1] using a
different approach which is based on a comparison with a Poisson random
connection graph.

The main novelty of the present paper is that we consider a rather differ-
ent regulation mechanism compared to the spatial logistic model. Namely,
keeping a constant (density independent) mortality rate, we consider birth
with a density dependent fecundity of the form

sy, m) = s WDy )= > ey - 2), (1.1)
zen\{y}

where, we recall, n C RY represents the locally finite set of positions of the
population members. In other words, the competition (described by the
kernel ¢) within the population does not influence chances to die, but de-
creases chances of producing off-springs. We show (Proposition 3.2) that
under minimal restrictions on the dispersion and the competition kernels
the whole birth rate for the system (which includes summation over different
y € n) remains globally bounded as a function of the existing configuration
and the position for an off-spring. This allows to show the existence and
uniqueness of the corresponding process (Theorem 3.3). It is worth noting
that we do not require any comparison between the dispersion and the com-
petition kernels. We allow also a modification of (1.1) with (in the simplest
model case)

sy, m) = 2”@ (14 pl(y,n)), p>0.

This modification is well motivated biologically in the case p > 1 as then
the competition starts to affect negatively the sending of off-springs only
after the population becomes ‘well-developed’ (i.e. the value of s := I(y,n)
becomes large enough and the unimodal function »e™%(1 + ps) starts to de-
cay). This corresponds to the so-called weak Allee effect, see e.g. [27]. Note
that such generalization was considered also in [8] in terms of the aforemen-
tioned statistical dynamics; the existence and properties of the correspond-
ing Markov process remained open since then.

In Section 4, we study some general properties of processes with constant
death and bounded birth rates (in addition to the fecundity model above,
we consider two others, see Examples 4.1-4.2). In particular, we prove that
return times to sufficiently large level sets of configurations are exponentially
integrable random variables (Proposition 4.15). To show this, we introduce



and study a Forster—Lyapunov function on the space of (tempered) config-
urations.

Finally, in Section 5, we introduce sufficient conditions for general sub-
linear birth rates (including, in particular, those for the fecundity model),
which ensure the uniqueness of the degenerate invariant distribution for the
considered process.

2 Birth and death processes on configuration space

Let Z(R%) denote the Borel o-algebra over the Euclidean space RY, d € N.
We study a birth-and-death process taking values in the space of locally
finite configurations (discrete subsets) of RY:

I':={nCA||pNB| < +oo for any bounded B € BRH}.

Henceforth, || denotes the number of points in a discrete finite set  C RY.
Throughout the paper, we identify a configuration n € I' with a discrete
(counting) measure on (R, Z(R%)) defined by assigning a unit mass to each
atom at x € 7.
We fix an arbitrary € > 0 and consider the function

G(z):= (1+|z[)79°, =zeRY, (2.1)

where |z| denotes the Euclidean norm on RY. We denote then

Ig:= {7] el ‘ (G,n) = ZG(J}) < oo},

e

a set of tempered configurations. We define a sequential topology on I'g by
assuming that n, — n, n — oo, if only

i (f,) = (f.)

for all f € Cy(RY) (the space of bounded continuous functions on R%) such
that | f(x)] < M;G(x) for some My > 0 and all z € R%. Let (') denote
the corresponding Borel o-algebra.

Let b: RY x T'¢ — Ry := [0, 00) be a measurable function. We describe
a spatial birth-and-death process n : Ry — I'g with the unit death rate and
the birth rate b through the following three properties:

1. If the system is in a state 1y € ['¢ at the time ¢ € R,, then the prob-
ability that a new particle appears (a “birth” happens) in a bounded
set B € #(RY) during a time interval [t;t + At] is

At [ bz, me)dx + o(At). (2.2)
/



2. If the system is in a state 7y € I'¢ at the time ¢t € R, then, for each
x € 1, the probability that the particle at x dies during a time interval
[t;t + At] is 1- At + o(At).

3. With probability 1 no two events described above happen simultane-
ously.

The (heuristic) generator of our process is

LF(n) =Y (F(n\{z}) — F(n)) + / b(w,n)(F(nU{z}) — F(n))dz. (2.3)

xen Rd

Definition 2.1. Let a right-continuous complete filtration {F;} be fixed.

1. Let N be the Poisson point process on Ry x R x Ri with mean
measure ds X dr X du x e~ "dr, compatible w.r.t. the filtration {JF;}.
The latter means that for any measurable A C RY x R%, N([0,], 4)
is Fy-measurable and N((¢, s], A) is independent of F; for 0 < ¢ < s.

2. Let ng be a I'g-valued Fy-measurable random variable independent on
N. Consider a point process 7jp on R x R, obtained by attaching
to each point of 7y an independent unit exponential random variable.
Namely, if ng = {x; : i € N} then 7 = {(z;,7;) : i € N} and {r;} are
independent unit exponentials, independent of 1y and N.

3. We will say that a process (1:)¢>0 with sample paths in the Skorokhod
space Dr,[0,00) has the unit death rate and the birth rate b if it is
adapted to a filtration {F;} w.r.t. to which N is compatible and if, for
any bounded B € %(RY), the following equality holds almost surely

n(B) = / To st (W) s ooy ()N (ds, de, du, dr)
(0,t]x BxR%.

+ / Ty ey ()0 (dz, di)
BXR+

(2.4)

where n,(B) = |n: N B| is the number of points in B; note that hence-
forth we use configurations and counting measures interchangeably.

Remark 2.2. Following a convention for continuous-space processes, see
e.g. [14], we will say that the function b is the birth rate of the process, even
though the rate of birth inside a bounded region B € %(RY) is given by

that is, P{|(n: \m0) N B| = 1} = vy (B)t 4+ o(t). Thus, the function b is
actually a version of the Radon—-Nikodym derivative of the rate (considered



as the measure v,)) w.r.t. the Lebesgue measure. For the notion of the
transition rates for interacting particle systems, see e.g. [23, Chapter 1.3].

Remark 2.3. In (2.4), x is a location of a particle from (7;):>0, s is the
birth time of the particle (equals 0 if = € ), u is the randomizing variable
deciding whether the birth actually occurs, and finally r is a lifespan of the
particle. The constant death rate in our model means that each particle
has an exponentially distributed lifetime, which explains the presence of the
multiplier e" in the density of N.

Remark 2.4. We will sometimes denote the solution process at time ¢ as
n(t,mo) to underline the dependence on the initial condition. In other words,
ne = n(t,no). As is the convention for Markov processes, we use notation
E,, for the expectation related to the distribution of (n(t,70)):>o0-

Definition 2.5. Let I' 3 = {z;} and y € RY. We set S,n := {z; —y} € I.

1. The birth rate b is said to be translation invariant if

b($+ya77) :b(xvsyn)? xERdaTIGFG-
2. A T'g-valued random variable 7 is said to be translation invariant if
the distribution of Syn does not depend on y.
The following statement is a particular case of results from [14].

Theorem 2.6. Suppose that

b := sup b(z,n) < oo, (2.5)

z€R4
nela

and, for some M > 0,

sup b(z,nU{y}) —b(z,n)| < MG(z —y), z,yeRL  (2.6)
nel'a

Then there exists a pathwise unique solution to (2.4) in the sense of Defini-
tion 2.1. If, additionally, both b and ng are translation invariant, then n; is
translation invariant for t > 0.

To prove the latter statement, we need the following simple lemma.
Lemma 2.7. For any z,y, z € RY,
Gz —y)Gly—2) <Gz — 2). (2.7)
Proof. Immediately follows from (2.1) and the inequality

Lo —z <14z —yl+ly—2 <A+ ]z -y + |y —2]). O



Proof of Theorem 2.6. We follow the ideas of [26, Remark 4.1]. First of all,
(2.5) yields

sup G(z)b(x,n)dx < b/ G(z)dr < o0,
nelqg JR4 Rd

that implies that [14, Condition 2.1] is satisfied.
Next, by [14, Lemma 2.15], (2.6) implies that, for any 71,72 € I'¢ and
z € RY,

e m) = )| <31 [ Gl =)l — )

where |71 — 12| means the total variation norm of the (signed) discrete mea-
sure 171 — 0o on (R4, Z(RY)). By using (2.7) with z = 0 (and swapping z
and y), we get that, for each x € RY,

e m) = )| < M(1+ 1) [ Gl i),

that implies that [14, Condition 2.2] is satisfied.
The last assumption of [14, Theorem 2.13| can be read in our settings as

follows
/ c(z)MG(z —y)
Rd c(y)

for some positive bounded (cf. [26, Remarks 4.1(a)]) function c; the latter
inequality evidently holds with ¢ = 1. As a result, one gets the statement
from [14, Theorem 2.13, Lemma 3.14]. O

sup dy < o0

xT

3 Description of the model

We consider a birth-and-death process on I'g with the unit death rate and
the birth rate given, for some integrable functions a, ¢, ¢ : RY — R, by

o) =S ate-n)(1+ ¥ cte-n))en(- X ele-n). G

=y zen\{y} zen\{y}

In view of (2.2), the rate (3.1) can be interpreted as follows. Let s =
Ja a(z) dz > 0. If the system is in a state n € I'g at the time ¢ € Ry, then
each y € n may send an off-spring after exponential random time whose rate
is ser(y,n), where

r(y,m) == <1 + Zenz\%y} o(z - y)) exp(— zEnz\%y} (2 - y))- (3:2)

The off-spring will be sent according to the probability distribution on R4
with the (normalized) density s 'a, i.e. the probability that the off-spring



(sent from y € 1) appears in a bounded B € #B(RY) is s7! [ a(z — y) dz.
Note that we allow ¢ =0 a.e.

In ecology, the rate »r(y,n) is called the fecundity. A model example is
the case when c(z) = pp(2), z € R4, for some p > 0. Then (3.2) is just the
value of R,(s) := (1+ps)e™®, se Ry, at s= > ¢(z—y). The function

zen\{y}
R, is decreasing on Ry for p € [0,1] and is unimodal for p > 1, i.e. it has a

unique maximum point; at s = 21, As a result, the case p € [0, 1] describes
the model where the ‘wish’ for y € 7; to send an off-spring decays because
of other particles around y. Whereas the case p > 1 describes the so-called
weak Allee effect when the small density of the system around y increases
the chances for an off-spring to be sent, but there exists a threshold for that
density after which the surrounders of y decrease the chances.

The following lemma is the key tool in proving the global boundedness
of the birth rate (3.1).

Lemma 3.1. Let a,p > 0, and let by : Ry — (0,00) be a decreasing func-
tion, convergent to 0 at oo, such that

/ by(s)sids < oc. (3.3)
Ry

Let f,g:RY = R, be measurable functions, f is bounded, such that

f(x) <bs(lzl),  weR, (3-4)
9(x) = o, |z < p. (3.5)
Then
suI?jZf(a:—y)exp{— Z g(z—y)}<oo.
vt ven z€n\{y}
Proof. For each x = (z1,...,24) € R4, let || denote the Euclidean norm of

x, and let |7|w = fuax |z;|. We have then
<i<

j2]oo < |2] < Vd|2|oo, = €R™ (3.6)

Set q := % > 0, and, for each k = (ki,...,kq) € Z4, consider a cube

H,(k) = {x e R4 ‘ q(kzi - %) <zp < q(kzi + %)}
centered at gk € RY with edges of the length g. Note that RY = Ukeza Hq(k).
For each z € RY with |z|o < ¢, we have, by (3.6), |z| < p, and hence, by
(3.5), g(2) > . Therefore, for z,y € H,(k), k € Z9, we have |z — y|oo < ¢
and hence
gz —y)>a, x,y€ Hy k), kecZd



Furthermore, for z € Hy(k,),y € Hy(ky), ks, ky € Z9, we have |z—qk,| < 5,
ly — gky| < §, and

|z —yl > —|z — qkz| + qlks — ky| — |gky — y| > qlkz — ky| — p,

and hence by (3.4) and the monotonicity of by

flz—y) <bg(lx—yl) < by ((alke — Kyl = p) v 0).

As a result, for any n € T,

Zexp(— 3 g(z—w)f(x—y)

yen zen\{y}

=Y Y exp( >y g(z—y))f(x—y)

kezd yennHy (k) J€zd ze(nnHq(5))\{y}

<> > exp<— > g(z—y)>f(:r—y)

keZd yennHg(k) ze(n\{y})NHq(k)

<> Y ex(—alm\ {yh) 0 Hy(k))bs ((alk — kel = p) v O)

kezd yennHy(k)

= Z |nN Hy(k)| exp(—alnn Hq(k)’)eabf((q\k — kx| —p)V 0)

kezd
<0 D br(lalk— kel =) v0) = © = 3 by((ali] - ) vO) < o,
kezd jezd

because of (3.3), and the bound does not depend on z. In the penultimate
inequality we used that se™*® < é for s > 0. The lemma is proved. O

To show the existence of the process (see Theorem 3.3 below), we will
require the following assumptions.

Condition 1. There exists B > 1, such that, for z € RY,
a(z) < BG*(x), o(x) < BG(x). (3.7)

Condition 2. The function ¢ is separated from 0 in a neighborhood of the
origin.

Condition 3. There exists p > 0, such that ¢(z) < pp(x) for x € R4

Proposition 3.2. Let the birth rate b is given by (3.1). Suppose that there
exists B > 1 such that, for z € R4,

a(w) < BG(),  ¢(x) < BG(x)

(in particular, let Conditions 1 hold). Suppose also that Conditions 2-3
hold. Then b is uniformly bounded, i.e. (2.5) holds.



Proof. Condition 3 implies that

b(z,m) <Y alz—y) exp(—; > (- y))

YEN zen\{y}
1
X (1 +p > e(z- y)) exp(—2 > ez y))
zen\{y} zen\{y}
1
<CpY a(z—y) exp<—2 > ez y)> , (3.8)
yEn zen\{y}
where
1 0<p<i,
Cp = sup(1l +ps)e*%s = { 1 - ]1) -2
>0 2pe? ;. p> 3.

By Condition 2 and the first inequality in (3.7), one can apply Lemma
3.1 with f = a, g = 3¢, by(s) = B(1+ s)797° to (3.8), that yields the
statement. O

Theorem 3.3. Let b be the birth rate given by (3.1) and Conditions 1-3
hold. Then there exists a unique solution to (2.4) in the sense of Defini-
tion 2.1. If, additionally, both b and ng are translation invariant, then n; is
translation invariant for t > 0.

Proof. We apply Theorem 2.6. Since Proposition 3.2 implies (2.5), it is
enough to check that (2.6) holds. For n € T'g, # € RY and 2’ € R4\ {z}, we
have from (3.1) and (3.2),
b(l‘, nuy {‘T/}) - b(%, 77)
= a(z—y)e ?"Vr(y,n)

+ > aw = y)e(@’ — y)e Y exp (— > elz- y))
yEen zen\{y}
+alw—a)r(@',n) = alz —y)r(y,mn).

yEn
Then, by using inequalities ‘6*90 — 1‘ <@ and 0 < c < py, we get

|b(z, U {a"}) — b(z,n)]

<> alz —y)e( —y) (1 +p)r(y,n)
yen

+a(z — ') (1 +pY) oz - w')) exp (- > oz m')).

zen zZEN

10



Next, by (3.7) and (2.7),

a(z —y)p(a’ —y) < B2G*(z — y)G(2' — y) < B’G(z — y)G(z — 7).

As a result,
|b(a,n U {iv'}) — b(z,n)|
< (1+p)B*G( ZGx— )r(y,n) + BG*(x — 2') sup(1 + ps)e*
yen s>0
< const - G(z — 1),
where we used Proposition 3.2 with a replaced by G.
Hence (2.6) holds, and we get the statement from Theorem 2.6. O

Remark 3.4. It is straightforward to check, following the proofs above,
that the statements of Proposition 3.2 and Theorem 3.3 remain true if we
replace a(z — y) in (3.1) by a1(x)az(y)a(z — y) with any bounded functions
ai,an : Rd — R+.

4 Properties of a process with bounded birth rate

In this Section, we study some general properties of birth-and-death pro-
cesses which are described in Section 2 and which have globally bounded
birth rate b. Namely, let the assumptions (2.5)—(2.6) hold and then, by
Theorem 2.6, n : Ry — I'g is the unique solution to (2.4) in the sense of
Definition 2.1.

One example of such rate given by (3.1) under Conditions 1-3 was dis-
cussed in Theorem 3.3. Consider another examples.

Example 4.1 (Glauber dynamcis in continuum). Consider the rate

bz,¢<x,n>=zexp<— 3 ¢<x—y>),

yen\{z}

where z > 0 and ¢ : RY — R is such that ¢(z) < BG(x), x € R for some
B > 0. Then the mapping (2.3) is the generator of the so-called Glauber
dynamics in continuum which was actively studied in recent decades, see
e.g. [5,7,19] and references therein. Clearly, since ¢ > 0, the assumption

(2.5) is satisfied. Next,

b, 6 (2, U {a'}) = bsg(z,0)| = bsg(z,n) (1 — e ?@7)) < zg(x — af),

and hence (2.6) holds as well.
An important particular case is when ¢ = 0, i.e. both death and birth
rates are constants. The corresponding process is called a Surgailis process,

cf. [28].

11



Example 4.2 (Establishment rate). Consider the rate, cf. (3.1):
bucol) =S ae =) (14 L clo = 2) oo (= ol - 9. (41)
yen z€n 2€n

where integrable functions a,c, ¢ : RY — R, are such that, for x € R9,

a(z) < qp(x),  clx) <po(z),  ¢(x) < BG(z), (4.2)

for some q, B > 0, p > 0. Here if the system is in a state n; € ' at the
time t € Ry, then each y € n, may send an off-spring after exponential
random time whose rate is (a). The off-spring will be sent according to the
probability distribution on RY with the (normalized) density >~ a. However,

this off-spring may not survive because of a competition around it. The rate
of surviving at x is

(1 +) ela - z)) exp< > pla - z)>. (4.3)

ZEN zen

The assumptions in (4.2) imply that by ¢ ¢(x,n) < g(Z qb(azfz)>, where
zen
g(s) = qs(1+ps)e *, s € Ry, and hence (2.5) holds. Moreover,

ba,C,qﬁ(xv nuy {x’})

= ba,c,(}ﬁ(xa n)€_¢(x_x/)
Fate =) (14 Y clo ) exp( = L oo - 2))
zZ€N z€n
+a(z — e ?@ (g — exp< Z o(x — 2 )
zen
+Z T —y zm)c(xf:v exp< quxz)
yen zEN

Then (4.2) implies

‘ba,c,qﬁ z,nU {55/}) - bacd)(x 77)‘

< bgco(z,n ’e (=2’ —1|—|—2a x— ') sup (1+ ps)e™®
seRy

+gc(z — ') sup se”® < B1G(x — ')
seRy

for some By > 0, that yields (2.6).

Proposition 4.3. Let (2.5)—(2.6) hold, and let n: be the unique solution to
(2.4) in the sense of Definition 2.1. Then there exists a Surqailis process &
with the unit death rate and the birth rate b such that &y = ng a.s. implies

n C&  as., t>0. (4.4)

12



In other words, (n)i>0 is stochastically dominated by the Surgailis process

(&t)t>0-

Proof. The process & with the unit death rate and the constant birth rate
b(x,n) = b evidently satisfies the assumptions (2.5)—(2.6), and hence, by
Theorem 2.6, & is the unique solution to

6B)= [ oo (rIN(ds. do.du, )
(0,t]x BXR2.

+ / I o0y (7)7i0 (dz, dr).
BXR+

(4.5)

Fix some ¢ > 0. Then, by (2.4), a.s. for an = € n \ 1o there exist
s,u,7 € (0,¢] x R such that

(s,z,u,7) € N, u<b(z,ns_), r>t—s. (4.6)

Since b(x,ns—) < b, (4.5) and (4.6) imply = € &. Similarly, it follows from
(2.4) and (4.5) that if = € n N, then also x € & Nny. Therefore, (4.4)
holds. O

Corollary 4.4. There exists C > 0 such that, for a bounded B € B(RY),
E{|n: N B|} < Cvol(B) (4.7)

for all t > 0, provided that (4.7) holds for t = 0.
Proof. Indeed, by (4.5),

t 00 00
E{|& N B} < Vol(B)b/ / e_rdrds+E{|noﬂB|}/ e "dr
0 Jt—s t

=vol(B)b(1 —e ")+ E{[nonB|}e"
< max{vol(B)b,E {|no N B|}},

that implies the statement because of (4.4). O

For an integrable function f : RY — R, we will use the notation
(f) = f(z)dr < oo.
Rd
Let a non-increasing function K : (0, 00) — (0,00) be such that

lim K(q) =
S (q) = o0,

/K(q)qdldq < oo, r>0,

13



and let functions ¢, h : R? — (0,00) be such that

Cri= sup [ () (1x — yl)dy < ox, (4.8)
:ce]Rde
2C1bo(x) < h(z) < G(x), =z e R4 (4.9)

We will also assume ¢ and h are separated from 0 on each compact subset
of RY,
We define

(x,y) = o)) K (|z —yl), z,yeRLz#y,
Vi = > v(,y). ner,

{zy}cn
and consider the mapping
['sn=W(n) = (h,n) +V(n) €[0,00], (4.10)

where, we recall, (h,n) = >,
(h,n) < oo for all n € I'c. We set

h(z). The assumption (4.9) implies that

©:=0g:={nelqg:V(n) <o}

We are going to show now that if EW (1) < co (and hence a.s. n9 € ©)
then a.s. n, € © for all £ > 0.

Proposition 4.5. Suppose that EW (ng) < oo. Then EW (1) < oo, t > 0.

Proof. For each t > 0, consider the Poisson point process II; (a.k.a. Poisson
random measure) on RY, defined by

I,(B) = / I p)(u)N(ds,dx,du,dr), B € B(RY). (4.11)

(0,t]x BxR%.

By (4.5) and (4.11), a.s.
& \mo CI, t>0, (4.12)
M,cI, 0<s<t. (4.13)

Next, for each ¢ > 0, the intensity of II; is equal to bt. Then, by (4.9) and
the Slivnyak—Mecke theorem,

E(h,1I;) < E(G,II,) = bt(G) < 00, t > 0.

In particular, a.a. realisations of Il; lie in ' for ¢ > 0. Similarly, for ¢ > 0,

EV(IL,) = (bt)? / / ()oK (| — yl)dudy < C1b2*2(6),

Rd Rd

14



where we used (4.8). As a result,
EW (IL) < 0o, ¢ >0, (4.14)

and hence II; € O a.s. for ¢t > 0.
Next, by (4.12) and (4.4), we have

ne CmoUIL, ¢>0,
and hence, by (4.10),

Since 19 and II; are independent, we get, for all ¢ > 0,

W () < W(no UTL) = W(no) + W(TL) + Y ¥(x,y).
EW () < EW (o) + EW(IT,) + EE[Z e
TEMNo

xrENo
770]
y€elly

yell;
=EW (1) + EW(IL;) + btE > / U(x,y)d

TEMNo

< EW (no) + EW (II;) + CibtE ) ~ ¢(x)

TENO

< EW () + EW(II,) + %EW(no) < o0, (4.15)

where we used again the Slivnyak—Mecke theorem and also (4.8), (4.9),
(4.14). 0

Remark 4.6. We will show below (see Theorem 4.13) a more stronger
statement, namely, that lim sup EW () is finite. To this end, one needs to

t—o00

justify further properties of the process (1:)i>0-
Lemma 4.7. For each n € ©,

|LW (n) (h) +2W(n) < oo.
Proof. Using the equality
W(nu{z}) = W(n) =h(z)+ > ¢(x,y), necOxd¢n, (4.16)

yen
and (2.5), (4.8), (4.9), we get, for all n € T'g,

'/xn (U (o)) = W) da

yen Rd
<b(h)+bC1 Y é(y) <bh) + > h(y). (4.17)
Yyen YyeEN

15



Next, using the equality
Wn\{z}) - W(n) — Y WYy, neO, xen,  (418)
yen\{z}
we have, for all n € ©,

S W\ {x}) — ] Sh@)+2 Y vy (419)

TEN T€en {z,y}Cn

Combining (4.17) with (4.19), we get the statement. O

Corollary 4.8. Assume that EW (ng) < oco. Then
E/\LW(ns)\ds <oo, t>0. (4.20)

Proof. By Proposition 4.5, a.s. n; € © for all ¢ > 0. Then, by Lemma 4.7,
t

to prove (4.20), it is enough to show that E [ W (ns_)ds is finite. The latter
0

expression is estimated, because of (4.15), by

2

( ZEW%HE/W ds<( i
0

%)EW(no) FEW(IL) < oo

where we used (4.13) and (4.14). O

Define IV, as the projection of IV on first, second, and fourth coordinates.
Then, in particular,

Ny({(s,z,u)}) =1<=3FIr>0: N{(s,z,u,r)}) =1.
Since [ e "dr =1, N, is a Poisson point process on Ry X RY x R, with
Ry
mean measure ds X dxr X du.

Let %,(RY) denote the set of all bounded Borel subsets of RY. Define,
for t > 0,

77 = (Ny(A x U),n(B) | A€ 2((0,1)),
Ue BRxR,),s€0,{]nQ,B e %’b(Rd)),

and let .%; be the completion of .#? under P. Then Ny, is compatible with .%;.
For B € %,(RY), define D;(B) as the number of deaths that occured in
B up to time t > 0, i.e.

Dy(B) = |{s € (0,0] | |07~ \ ms) N Bl =1},

16



Then, for a fixed B € %,(R?), (D¢(B))¢>0 is an a.s. finite increasing {%, t >
0}-adapted process, in particular, it is a sub-martingale. Moreover,

Dy(B) < no(B) + IL,(B). (4.21)

In the sequel, we will need the assumption that Eny(B) < oo for all
B € %,(RY). Note that if EW (1) < oo then the former inequality always
holds as we assumed that h is separated from 0 on each compact set, and
hence Eny(B) < aE(h,n9) < aEW (19) < oo for some o = a(B) > 0.

Under this assumption, (4.21) implies that, for a fixed B € %,(RY), the
process (D;(B)):>0 is uniformly integrable on finite time intervals. Therefore
by Doob-Meyer decomposition theorem there exists a unique predictable
increasing process (A¢(B))¢>0 such that Di(B) — A:(B) is a martingale.

Lemma 4.9. Let B € %,(RY) and Eno(B) < oo. Then
¢
A (B) = /ns_(B)ds, t>0. (4.22)
0

Proof. By (2.4), Dy(B) = Si(t) + Sa(t), where
Si(t): = N({(s,:p,u,r) s e (0,d,u<bz,gs ),z B,r<t— s}),
So(t) : = ﬁo({(:v,r) |lzeB,r<t— s}).
By (2.4), a.s.
& €10\ Noe = Ju € [0,0(x,m5_)],7 >0 (s,z,u,r) € N, (4.23)

Note that since a.s.

sup N({(s,ﬂv,u, r) | s, u,r > O}) =1, (4.24)
r€Rd
and
N({(s,x,u,r) | s,u,7 > 0,2 € 7]0}> =0, (4.25)

we can conclude that a.s. there does not exist x and (s1,u1,71) # (s2, u2,r2)
such that (s;, x,u;, 7)) € N, i =1,2. Hence by (4.23)—(4.25) a.s.

N({(s,:l:,u, r) | s € (0,t],r €ns,u>blx,ns_),x € B})
SN({(S,:{;,U, r)|se€(0,t],z €no,u>blx,ns),x € B})

—i—N({(s,x,u,r) | s € (0,t],x € ns \ Mo, u > b(z,ns—),x € B}) =0.
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Therefore, a.s.
Si(t) = N({(s,x,u,r) | s € (0,t],x € ns,x € Byr <t— s})

Note also that both S7 and S5 are, evidently, increasing processes.
We are going to show firstly that

&@%—/K%—\W)OBMS (4.26)
0

is a martingale. To this end we write
Sl(t—i-At) - Sl(t)
:N({(s,:):,u,r) | s € (0,t],x € (s \ mo),z € Byt —s <r§t—|—At—s}>

—i—N({(s,m,u,r) | s e (t,t+ At],xz € (ns\no),xeB,r§t+At—s})
=: S3(t,t + At) + Sa(t, t + At).

Note that S3(t,t + At) is the number of particles born during (0,¢] dying
during (¢,t + At], and Sy(t,t + At) is the number of particles who both are
being born and die during (¢,t 4+ At]. Since the lifespan of every particle is
a unit exponential, for every T' > 0 a.s.

lim sup Sy(t,t+ At) =0,

At—0 te[0,7]
and also

P{S4(t,t + At) > 0} = o(At), t>0.

For = € m \ no, the ‘residual clock times’ (see also [14]) r — (t — s) are
independent of .%; by the properties of a Poisson point process, and hence
the residual clock times have the same unit exponential distribution. There-
fore, conditionally on %, Ss(t,t + At) has the binominal distribution with
parameters |(n; \ 7o) N B| and 1 — e~2*. Consequently,

P[S1(t + At) — Si(t) = 1|F] = |(n \ no) N B|At + o(At), (4.27)
P[S)(t + At) — 81 (t) = 0| F] = 1 — | (e \ mo) N B|AE + o(AF),  (4.28)
P[Sy(t + At) — Sy (t) > 1|.74] = o(At), (4.29)

Thus, (S1(t))e>0 is a pure jump type process with unit jumps, and it
follows from (4.27)-(4.29) that the rates of jumps at time ¢ are given by
|(n: \ mo) N B|. Hence the process in (4.26) is indeed a martingale.

¢
Similarly one can show that Sz(t) — [ [ns— Nno N Bl|ds is a martingale.
0

Therefore,

DUB) - [ n.(B)ds = Di(B) - [ n.-(B)ds
0 0

18



is also a martingale. O

Remark 4.10. It follows from Lemma 4.9 that the point process D on
R, x RY defined by (t,z) € D < = € n_ \ 7 can be viewed as a point
process with the predictable compensator given by (4.22).

Proposition 4.11. Suppose that EW (o) < oo. The process

M, o= Win) - / LW (ns)ds (4.30)
0

is an (Ft)-martingale.
Proof. Let B € %,(RY). Then
W(ne 0 B) = W)
= / Ty ) (W W (15— U {a}) = W (ns—) } Ny (ds, da, du)
(0,t] x BXxR4
b [ W\ (e)) - W)} Dlds,de)
(0,t]xB

= / Tio.b(zme ] (W{W (s— U{z}) — W (ns—) } (N(ds, d, du) — dsdadu)
(O,t]XBXR+

b [ M) (W (o) = W) s

(0,t]xB

+ / {Wns—\{z}) = W(ns—) } (D(ds, dx) — dsns—(dz))
(0,t]xB

+ / {W(ns—\{z}) — W(ns—) jdsns—(da).

(0,t]xB

By Lemma 4.9, the integrals with respect to Ny(ds,dz,du) — dsdxdu and
D(ds,dx) — dsns—(dx) are martingales as integrals with respect to the dif-
ference between a point process and its compensator, see e.g. [15, (3.8),
Chapter 2]|. Therefore,

W N B) - / b, 1o ) {W (e U {}) — W (o) bsd
(0,t]xB

_ / ds S {Wne \{z}) - Wno)}

(0 t} reENs—NB
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is indeed an (.%;)-martingale. The statement of the Lemma follows then from
the dominated convergence theorem by using Proposition 4.5 and Corol-
lary 4.8. O

The following lemma shows that the function W is of the Foster—Lyapunov
type.

Lemma 4.12. For alln € O,
1
LW (n) < b(h) — W (). (4.31)
Proof. By (2.3), (4.16), (4.18), for each n € O, we have
LW(n) ==Y hz)=2 Y 4y

Z€n {zy}Cn
+ [ bt + 3 [ by
Rd yEan

Then, by (2.5), (4.8), (4.9),

LW(n) <= h(z)=2 Y ¥(z,y)+bh)+Cib>_ ¢(y)

zen {z,y}Cn yen
1
zen {zy}cn
that yields (4.31). O
Theorem 4.13. Suppose that EW (ng) < oco. Then

limsup EW (n;) < 2b(h). (4.32)

t—o0

Proof. By Proposition 4.5, w(t) := EW(n) < oo for t > 0. By Proposi-
tion 4.11, (4.30) defines a martingale. Taking the expectation in (4.30), we
get

w(t) = E / LW (5)ds + w(0). (4.33)
0

By (4.33) and Corollary 4.8, w is differentiable. Taking the derivative,

we obtain )
w/(t) = BLW () < b(h) - Sw(),

by (4.31). By the comparison principle,

t
w(t) < e~ 3w (0) + b(h) / e 3079) ds < e 31u(0) + 2b(h),
0
that yields (4.32). O
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Now we are going to apply the techniques similar to the considered in
[24]. Let 6 > 0 be a small number. For K > 0, let 75 be the return times
to the set {¢ € © : W(({) < K}, namely,

T =inf{t >0 | W(n) < K} (4.34)
Proposition 4.14. Suppose that EW (1) < oo. Then, for each K > b{h),

EW (mo)
Erg < K—7<0h>'

Proof. Denote k = K —b(h) > 0. By (4.31) and (4.34), we have a.s. on

{t < TK},
LW () <b(h) — K = —k. (4.35)

Next, by (4.30),

TK/\t

EW (Nrnt) — E / LW (ns)ds = EW (np),
0

hence, by (4.35),
EW (no) > EW (Nrent) + kET At
and, therefore,
KETi ANt < EW(no) — EW (17, ne) < EW (o).

Taking t — oo, we get the desired result. O

The next proposition shows the existence of an exponential moment of
T for sufficiently large K.

Proposition 4.15. Assume that EW (1) < oo. Then, for all 6 € (0,3),
there exists Ky > 0 such that, for K > Ky,

Ee?™% < oo.
Proof. Fix any 6 € (0,1), and define
d(t,z) = (x+1)>1, tzecR,.

We are now going to show that

B W)~ [ L8, W (n.)ds (4.36)
0
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is a local martingale, where
L& (s, W(ns)) := 0 (s, W (1)) + " LW (1)

By [4, Proposition 3.2, Chapter 2] and since e’ is locally of bounded varia-
tion, the process

t
M, = |{W(n) +1— /LW(ns)ds
0

t (4.37)

—/ W(ns)+1—/LW(nu)du e’ ds
0 0

is a local martingale. Now,

t s
/LW Ns)d //LW(nu)dUGeesds
0 00

¢

t
= Gt/LW(ns)ds—/LW(nu)du 0% ds
0

Se—_

o

t t p
= eat / LW(Ws)dS - /LW(WU)(eet — e&u)du = /69uLW(ﬁu)dU7
0 0 0

hence from (4.37)

t ¢
]\Ajt = eet / (ns) + 1] 0e?5ds — /eeSLW(ns)ds
0 0

=0t W)~ [ 08t Wn)ds — [ LW (n.)ds,
0 0

and we see that the process in (4.36) is indeed a local martingale.
By Lemma 4.12,

L&(s, W (ns)) < ” [GW(ns) + 0 +b(h) — ;W(ns)} .

Take a localizing sequence of stopping times {o,} or the martingale (4.36),
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on /00, n — 00, a.s. Then

EeGTK/\t/\on

< EefmrNtAon (W (Nori ntho,) + 1]
=E®(7i At Ao, W(Nrgathon))

TR NtAOR,
=E®(0,W(no)) + E / L@ (s, W(ns))ds

0
T NAtAOR

<EW(n)+E / e [GW(nS) +60+b(h) — ;W(ns)} ds

T NALAOR
1
<EW(n)+E / e’ ((9 - §)K +6+ b<h>>d5.
0

Therefore, for K > (6 + b(h)) (3 — 9)71 we get
EBQTKAMU” < EW(T/O)

Taking here n — oo and then ¢ — oo concludes the proof. O

5 Uniqueness of the degenerate invariant distribu-
tion for sublinear birth rate

In this Section, we study some general properties of birth-and-death pro-
cesses which are described in Section 2 and which have sublinear birth rate
b, namely,

b(a,n) <Y glz—y), nela, z¢n, (5.1)

for some g : RY — (0,00), such that g(z) < BG(x), z € RY, with some
B > 0. We will assume that (7;):>0 is the unique solution to (2.4) in the
sense of Definition 2.1.

We are going to find sufficient conditions for g such that

(g9) <1 (5.2)

would imply that the Dirac measure concentrated at & is the only invariant
distribution for 7; on I'g.

Note that, (5.1) implies b(z, @) = 0 and hence the empty configuration
is a trap. Therefore, the Dirac measure concentrated at @ is indeed an
invariant distribution for (7;), so one need to show the uniqueness only.
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Again, our first example is the rate given by (3.1) under Conditions 1-3.
Then Condition 3 implies (5.1) with

g(z) =rpa(x), =cRY (5.3)
where
L, 0<p<1,
rp:= sup (1 +ps)e * = { 1 P (5.4)
seRy per ~, p> 17

i.e. (5.2) takes the form
rpa) < 1.

Another example is the establishment birth rate (4.1). The condition
c(x) < pp(z), x € RY, with p > 0, cf. (4.2), implies that the surviving rate
4.3) is bounded by (5.4), and hence (5.1) also holds with g given by (5.3).

Finally, an evident example is b(x,n) = Zy@ g(z —y). The correspond-
ing process is then a special form of a spatial branching (nonlocal) process
(when each particle y may die and produce zero or two off-springs: one of
them is at the same position y and another is distributed according to the
kernel g), also known as a contact process in the continuum, see [2,21].
This rate is not bounded and does not satisfy the assumption (2.5) of Theo-
rem 2.6, however, it is straightforward to check that it satisfies the condtions
of [14, Theorem 2.13, Lemma 3.14] and hence the statement of Theorem 2.6
holds true for it. Note that then the assumption (5.2) describes the so-
called sub-critical regime when the process ‘dies out’, see e.g. [2, Section 3.
For another models on the configuration space where the uniqueness of the
invariant measures was sorted out, see e.g. [10,11].

Theorem 5.1. Let (5.1) hold with
g(x) = by(lz) < C(L+ [2)™47*, 2 €RY, (5:5)

for some C > 0, where by : Ry — (0,00) is a continuously decreasing to 0
function. Suppose also that (5.2) holds. Then the Dirac measure concen-
trated at @ is the only invariant distribution for ny on I'g.

Proof. Recall, that we have to show that the uniqueness of the invariant
distribution only. Note also that (5.5) yields g(z) < CG(x), € R4,

Let o4 denote the surface area of a unit sphere in RY; then, by (5.5) and
(5.2),

(g9) = Jd/ be(s)sd™ds < 1.
0

Choose R > 0, such that C' < (1 + R)%‘E and also

ad/ (14 )48 1ds < 1 — (g). (5.6)
R
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Then, for |z| > R,

N|=

C _ (1+R)
(L [zd2e 7 (1 4 J2))

Let R > R satisfy

€ 1 < 1
S+ a2 T (14 Jaf)dtee

N[

(1+ Ry) ™75 = by(R).

Set
by (|z]), lz| < R,
¢(*) = { b,(R), R < |z| < Ry,
(1+]z)~42%, |2| > Ry

As a result, ¢, : RY — (0,00) is a radially symmetric continuous bounded
integrable function, such that

bg(|1")7 |SU‘ S R,
9(x) = by(|z]) < ¢4(x) < s (5.7)
(L4 |z))72%, |z| = R,

and therefore, by (5.6)

1
ey [ labdes [
7 Neizry (a2} (1 + |z])3+3°

<{9) + ad/ (1+5)"9 255 ds < 1. (5.8)
R

Let * denote the convolution of functions over RY. Set, for each n € N,
(@) = (cg*...xcg)(x) (n—1 times). It is straightforward to check that the

9
normalised function (c,) !¢, satisfies the assumptions of [9, Theorem 4.1].

Then there exists o € (0,1) such that, for any § € (0,1) and a € (ap, 1),
there exist By = Bi(d,a) > 0 and A = A(J,a) € (0,1), such that, for all
n €N,

cg"(z) < Bi{cg)"(1 +0)" min{ A, cy([z])*}, =€ R4, (5.9)

By (5.8), one can fix a § € (0,1) such that
(cg)(1+9) < 1. (5.10)

Choose also some « € («p, 1) such that

a(d—i—%zs) >d+e.

Then, by (5.7),
co(lz))® < KG(x), z€RY (5.11)

for some K > 0.
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By (5.9), (5.10), (5.11), the series
f(z) :==cy(z) + ZC;"(:U), z € RY

converges uniformly on each compact of RY and its sum f is a continuous
function such that f(z) < K1G(x), x € R4, for some K; > 0. In particular,
of course, f is integrable and bounded on RY. Moreover, f satisfies the
equality
f(@) = cylx) + (cg * f)(z), z€RL (5.12)
Set
F(n) == {f,n), nelq

Recall that L is given by (2.3), then, for n € I', (5.1), (5.7), and (5.12)
imply that

LF(n) < —(f,n +Z/ (x —y)f(x)dz

yen

< Aegx fom) — (fim) = —{cg;m). (5.13)

Assume firstly that EF(ny) < oo. Similarly to the proof of Proposi-
tion 4.11, one can show that F(n;) — fg LF(ns—)ds is a martingale. Then

¢
(5.13) implies that F'(n:) + [(cg,ms—)ds is a non-negative supermartingale.
0

Hence, by Doob’s martingale convergence theorem, a.s.

o0
/ CgsNs—)ds < 00,
0

Furthermore,
o) t
IE/ CgyNs—)ds = tlim E/(cg,ns_>d5 <EF(ny) < o0. (5.14)
—00
0 0

Consequently, if 44 is an invariant distribution for (n:):>o satisfying

/ (f, mhldn) < oo,

el

then p is the Dirac measure concentrated at the empty configuration since

o0

otherwise E [(cg, ns—)ds = oo if 19 is distributed according to y, contradict-
0

ing to (5.14).
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We have shown that, apart from the delta measure at &, there is no

invariant distribution g with [ (f,n)u(dn) < co. Assume that there exists
|Nel
an invariant distribution p with [ (f, n)u(dn) = o
el
Let ng be distributed according to u. Define

77M: 7o, if <fa770> SMa
0 &,  otherwise.

Consider now the process (7} );>0 started from n}!. By the uniquness
of solutions to (2.4), on the event {nd! =1} we have a.s. {nM =mn,t > 0}.
The arguments leading to (5.14) can be applied to (7¥)i>0. As a result,

t

IE/ cg, M Vds = hm E/(cg,nyms <EF(n)") < M. (5.15)
0 0

From (5.15) it follows that, for every ¢ > 0,

. E<Cg777tzvi[>
%I;E]P’{ cg,nt >e} < htnigalff
EF (n}! F
< liminf ZE000) g BEO0) _
t—00 te t—o0 te

and since p is an invariant distribution,
P{<Cga770> > 5} = %EEP{@WW—) > 5}
< liminf (P{n}’ # o} + inf P{(cq,m) > }) =0,
M—00 >0

which contradicts to E(cg, 70) = 0o and therefore completes the proof of the
proposition. ]
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