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Abstract—Accurate position-force control is a core and challenging problem in robotics, especially for manipulators with
redundant DOFs. For example, trajectory tracking based control
usually fails for grinding robots due to intolerable impact forces
imposed onto the end-effectors. The main difficulties lie in the
coupling of motion and contact force, redundancy resolution and
physical constraints, etc. In this paper, we propose a novel motionforce control strategy in the framework of projection recurrent
neural networks. Tracking error and contact force are described
in orthogonal spaces respectively, and by selecting minimizing
joint torque as secondary task, the control problem is formulated as a quadratic-programming (QP) problem under multiple
constraints. In order to obtain real-time optimization of joint
toque which is non-convex relative to joint angles, the original
QP is reconstructed in velocity level, where the original objective
function is replaced by its time derivative. Then a dynamic neural
network which is convergence provable is established to solve the
modified QP problem online. This work generalizes projection
recurrent neural network based position control of manipulators
to that of position-force control, which opens a new avenue to
shift position-force control of manipulators from pure control
perspective to cross design with both convergence and optimality
consideration. Numerical and experimental results show that the
proposed scheme achieves accurate position-force control, and is
capable of handling inequality constraints such as joint angular,
velocity and torque limitations, simultaneously, consumption of
joint torque can be decreased effectively.
Index Terms—Dynamic neural network, redundancy resolution, joint torque optimization, motion-force control.
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Edundant manipulators, which have more DOFs than
those required to complete a given task, are more flexible
than non-redundant ones. The redundant DOFs enable manipulators to realize fault tolerant control, improve operation
performance and enhance reliability. Therefore, redundant
manipulators have been widely used in industry, agriculture,
military, space exploration, etc. Consequently, the research on
redundant manipulator has been studied intensively [1]–[3].
Motion control and force control construct two major
paradigms in redundant manipulator control. In motion control
problems, a basic assumption is that there is no contact between the robot and environment, in other words, the robot can
move freely in the work space [4]. This problem is manifested
in applications such as painting, welding, palletizing, etc.
Then the core issue is to design control commands, to drive
the robot to move according to a predefined trajectory. The
control command may be joint angular sequence [5], velocity
sequence [6], acceleration sequence [7] or torque sequences
[8]–[10]. The redundancy resolution is usually used to achieve
a secondary task, such as avoiding obstacles [11] , avoiding
singularities [12], etc. Different from motion control, force
control involves the direct interaction between a robot and
its environment. The control of contact force is capable of
enhancing robot′s robustness and flexibility in weak structured
environment, and thus strengthen the operating ability [13].
The corresponding typical applications can be found in tasks
such as polishing, grinding, assembly [14], [15], etc. In [16], a
theoretical framework of impedance control is proposed. The
basic idea is to consider the environment as an admittance
and the robot as an impedance. By maintaining a dynamic
relationship between force and motion, the controller behaves
as a spring-mass-damper system. In [17], a hybrid positionforce controller is proposed by Raibert and Craig, which
combines information of position and force together, to realize
simultaneous control of position and force constrains. Based
on these two control frameworks, a series of controllers are
proposed and verified by simulations or experiments [18],
[19].As to the system uncertainties, intelligent control methods
based on neural networks(including RBF neural networks,
fuzzy neural networks, recurrent neural networks) are also
introduced, in which the networks are used to handle system uncertainties and disturbances. For example, in [20],
a feedforward neural network (NN) based control strategy
is realized in position-based impedance control, in which a
two-layer NN is built to modify the reference trajectory. In
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Fig. 1.

A brief diagram of robotic force control and typical applications.

[21], a robust neural force control scheme is proposed. It
is verified that the controller can make the robot to track a
specified desired force, and at the same time, uncertainties in
environment location and stiffness as well as robot dynamics
can be compensated. In [22], a fuzzy recurrent wavelet neural
network (RNN) based adaptive force/motion control scheme is
proposed for a class of mobile manipulator, which combines
the advantages of recurrent technique and wavelet networks.
In [23], an adaptive impedance controller based on dynamic
recurrent fuzzy neural network is developed for upper-limb
rehabilitation robot, where the RNN is used to regulate the
desired impedance control parameters between rehabilitation
robotic end-effector and upper-limb. Considering the motion
planning problem in nonprehensile manipulations, Kutsuzawa
et al. propose a sequence-to-sequence based method [24],
which is neural networks applicable for time series conversion.
In [25], this work is extended to trajectory planning problem
with contact model.
Although the above mentioned works have achieved great
success in motion-force control of non-redundant manipulators, the control of redundant ones has received minor
attention. Remarkably that the redundancy of a manipulator
provides an opportunity to meet a secondary objective, but
also sets difficulties in mathematically solving it. In [26], a
position-force control strategy is proposed, where the robot′ s
motion is completely decoupled into two parts: end-effector′s
motion is controlled to achieve position-force control to the
environment, while the internal motion is designed to avoid
obstacles via minimizing impact forces. In [27], a robust
control strategy with the capability of regulating contact force
and apparent impedances is designed, the controller also shows
great robustness with respect to dynamic and kinematic uncertainties. In [28], by defining a function scaling the difference
between joint angle and its boundaries, the limitation of joint
angle is avoided as the second task. However, these literature
requires continuous calculation of pseudo-inverse of Jacobian
matrix, which would lead to a huge computational burden, and
at the same time, it remains a difficult problem in dealing with
multiple constraints [29].
In order to handle the redundancy resolution problem for
redundant manipulators, one feasible method is to transform
the control problem into an optimization one under constraints
[30]. The objective function is built according to the secondary
task, and the constraints are formulated based on the primary
task and physical limitations. This optimization problem is
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usually described as a quadratic-programming (QP) problem
[31]. With high efficiency of parallel computing, recurrent neural networks are often used to solve the QP based redundancy
resolution online [32]. In recent studies, projection recurrent
neural network (RNN) based controllers are introduced into
motion control of redundant manipulators. In [33], the RNN
is modified such that projection operations to nonconvex sets
are allowed, and accumulation of tracking error against system
noise is avoided either. In [34], a manipulability optimization
scheme is proposed by maximizing its time derivative indirectly, numerical experiments show that this method achieves 40%
improvement. Some extensions of projection based RNN can
be found in multiple manipulator systems [35], flexible robots
[36], model uncertainties [37], [38]. Despite the wonderful
results on motion control of redundant manipulators based on
projection RNN has achieved, to the best of our knowledge,
few research on the application of projection RNN to motionforce control of manipulators has been reported.
In accordance with the foregoing description of the relevant literature review, the position-force control problem
for redundant manipulators should consist of three aspects:
position-force control, performance optimization, and ensuring
physical limitations. Therefore, in this paper, we propose
a projection RNN based position-force control scheme for
robots with redundant DOFs, which is capable of handling
the optimal position-force control problem while ensuring
inequality constraints. This paper is an important extension of
the recurrent neural network to the force control of robots. In
Section II, the tracking error and contact force are modelled,
and the control problem is written as a QP problem. In Section
III, by rewriting objective function and constraints, the QP is
reformulated in velocity level. In Section IV, a RNN is built
to solve the redundancy resolution problem. Stability is also
proved. In Section V, verifiable numerical experiments on a
4-DOFs planar manipulator are carried out. Finally, Section
VI concludes the paper. Before ending this section, the main
contributions are listed as below:
• This paper deals with motion-force control of redundant
manipulators in the framework of projection RNNs, the
control strategy realizes real-time optimization of joint
torque, which could save energy in industrial applications.
• In the proposed control scheme, the motion-force control
problem as well as redundancy resolution problem are
reconstructed to facilitate practical implementations.
• The controller is capable of handling multiple inequality
constraints, including but not limited to angle constraints,
angular velocity constraints and torque constraints. This
is of great significance in improving system security.
• By introducing model information into the neural network, the established RNN has a simpler structure, which
is helpful for the application in practical engineering.
II. P ROBLEM F ORMULATION
A. Problem Formulation
In this paper, we focus on position-force control problem for
redundant manipulators. Fig.(1) also gives a brief introduction
of a redundant robot and its operation on a workpiece. The
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robot is expected to offer a desired contact force in the vertical
direction of the contact surface, at the same time, the endeffector is required to track a predefined trajectory along
the surface. In the base coordinate frame R0 (00 , x0 , y0 , z0 ),
forward kinematics of a serial manipulator can be written as
f(θ(t)) = x(t),

(1)

n

where θ ∈ R is the vector of joint angles, and x ∈ Rm
represents the end-effector′s coordinate vector in frame R0 ,
f(•) : Rn → Rm is used to describe the forward kinematics
operator. For a redundant manipulator, we have n > m.
By differentiating x(t) with respect to time t, we can get
the relationship between Cartesian velocity ẋ(t) ∈ Rm and
joint velocity (or joint control signal) θ̇(t) ∈ Rn as follows:
J(θ(t))θ̇(t) = ẋ(t),

(2)

where J(θ(t)) = ∂f(θ(t))/∂θ(t) is called Jacobian matrix.
In position-force control tasks, the end-effector′s motion is
constrained by the contact surface. For simplicity, we define
a tool coordinate system as Rt (xt , yt , zt ), in which the axis
zt is set in alignment with the vertical direction of the contact
surface. Obviously, the motion of end-effector can be specified
along xt and yt . In this paper, frictional force between the
robot and contact surface is ignored, therefore, the contact
force F is in alignment with zt .
In the tool coordinate system Rt , let δXt be the displacement between effector and its position command, then the
contact force Ft can be formulated as
Ft = kf Σf δXt ,

(3)

where kf > 0 is the stiffness coefficient, Σf = diag(0, 0, 1).
Diagonal matrix Σf describes the relationship between the
contact force and relative displacement along different axes:
1 means that displacement component along zt affects the
contact force, and 0 otherwise.
Similarly, in tool coordinate system Rt , the position tracking
error et can be written as
et = Σ̄f δXt ,

(4)

where Σ̄f = I−Σf = diag(1, 1, 0), 1 means there is a DOF of
movement along the corresponding direction, and 0 otherwise.
When the contact surface is prior known, Rt can be obtained
from R0 by a rotation matrix St . Let F , e0 and δX be the
corresponding description of Ft , et and δXt in coordinate
frame R0 , then we have F = StT Ft , et = St e0 and δXt =
St δX. Therefore, F and e0 can be rewritten as
(
F = kf StT Σf St δX,
(5)
e0 = StT Σ̄f St δX.
Notable that in frame R0 , the displacement δX can be
described as δX = x − xd , where xd is the desired position
signals described in R0 . Using (1), (5) can be rewritten as
(
F = kf StT Σf St (f (θ) − xd ),
(6)
e0 = StT Σ̄f St (f (θ) − xd ).
Remark 1: Equation (6) gives the unified description of the
relationship between the contact force F , position tracking

error e0 and displacement δX in R0 . δX will lead to contact
force F in the vertical direction, and position tracking error e0
along the contact surface. Σf and Σ̄f are used to realize the
decoupling of the contact force and tracking error of the endeffector. When the contact surface is known, the combination
of Σf , Σ̄f and St enables the normalized description of the
control tasks.
In real implementations, given the desired contact force Fs
and trajectory command xd , the manipulator′s end-effector is
expected to offer contact force Fd while tracking xd , i.e.,
F → Fd , e0 → 0. For the convenience of writing in the
following sections, let A = [kf StT Σf St ; StT Σ̄f St ] ∈ R2m×m ,
r = [F T , eT0 ]T , and rd = [Fd ; 0]. Then (6) can be reformulated
as
A(f (θ) − xd ) = r.
(7)
Therefore, the control objective of position-force control is
to adjust the joint angles θ, to ensure r → rd .
B. Joint Torque and Physical Constraints
When the end-effector offers a contact force F , the corresponding torque is provided by motors at every joint. The
relationship between contact force F and the joint torque τ
can be formulated as
τ = J T (θ)F .

(8)

In the control of redundant manipulators, there would be
infinite groups of solutions to a certain control task. In order
to save energy during the control process, we select a objective
function scaling energy consumption as τ T τ /2. The smaller
τ T τ /2, the less energy consumption.
In real implementations, the system is limited by physical
constraints. For example, the joint angles θ and velocities
θ̇ must not exceed their limits: θ min ,θ max , θ̇ min , θ̇ max , since
the possible collisions or overheating of motor would lead
to irreversible damages. At the same time, considering the
bounded torque output of the motors, the limitation of joint
torque τ is described as τ min ≤ τ ≤ τ max .
C. Optimization Problem Formulation
According to the descriptions above, the position-force
control problem for redundant manipulators considering torque
optimization can be formulated as
min
s.t.

G1 = τ T τ /2,

(9a)

τ = J TF ,

(9b)

rd = A(f (θ) − xd ),
θ

min

θ̇

min

τ

min

(9c)

≤θ≤θ

max

,

(9d)

≤ θ̇ ≤ θ̇

max

,

(9e)

max

(9f)

≤τ ≤τ

,

with θ being the decision variable. Equation (9a) is the
cost function to be minimized, the equality constraints (9b)
describes the relationship between the resulting joint torque τ
and contact force F . The force and motion tasks of the robot
are described in (9c), and inequality constraints (9e)(9d)(9f)
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show the physical limitations to be satisfied. By substituting
(9b) into (9a), the optimization problem can be rewritten as
min
s.t.

T

T

G1 = F J(θ)J (θ)F /2,
rd = A(f (θ) − xd ),

(10a)
(10b)

θ min ≤ θ ≤ θ max ,

(10c)

min

,

(10d)

τ min ≤ τ ≤ τ max .

(10e)

θ̇

≤ θ̇ ≤ θ̇

max

To solve (10), there are two main challenges. Firstly, as an
objective function to be minimized, F T J(θ)J T (θ)F /2 is
usually non-convex relative to θ, because it is a function
of J(θ). Secondly, the equation constrain (10b) is highly
nonlinear, and at the same time, it remains difficult to handle
the inequality constraints, especially (10d) and (10e).
III. R ECONSTRUCTION OF O PTIMIZATION P ROBLEM
In this section, in order to overcome the above difficulties,
the redundancy resolution problem (10) will be reconstructed.
The objective function is firstly redefined, and both equality
and inequality constrains are rebuilt in velocity level.
A. Reconstruction of Objective Function
As to F T J(θ)J T (θ)F /2, we will replace F with the
desired value Fd . Therefore, the optimization function can be
formulated as G2 = FdT J(θ)J T (θ)Fd /2.
Remark 2: There are two main reasons: firstly, according to
the control objective, the contact force F is expected to track
Fd , if the controller is proper designed, F will eventually
converge to Fd , consequently, FdT J(θ)J T (θ)Fd /2 will be
equivalent to F T J(θ)J T (θ)F /2. Secondly, Fd is independent
of θ, this replacement will reduce the computational complexity in the control process.
Differentiating G2 with respect to time, we have
d(J T (θ)Fd )
.
(11)
dt
Obviously, Ġ2 describes the change of G2 . By minimizing Ġ2 ,
the system will be compelled to develop in the direction of
decreasing G2 . Therefore, in this paper, we use Ġ2 instead of
G2 as the new objective function. Notable that d(J T (θ)Fd )/dt
can be formulated as
n
X
d T
∂(J T (θ)Fd )
θ̇i + J T (θ)Ḟd
(J (θ)Fd ) =
dt
∂θ
i
(12)
i=1

B. Reconstruction of Constraints
In this subsection, we will transform the constrains into
velocity level. First of all, we define a concatenated vector describing force and position errors as e = r−rd = [F −Fd ; e0 ],
according to (7), e can be formulated as
e = A(f (θ) − xd ) − rd .

(14)

Differentiating e and combing (2) yields
ė = A(J θ̇ − ẋd ) − ṙd .

(15)

In order to ensure e converge to zero, a simple controller can
be designed as ė = −ke, where k > 0 is a positive constant.
According to (14)(15), the equality constrains can be converted
in velocity level as
AJ θ̇ = ṙd + Aẋd − k(Af (θ) − xd ).

(16)

As to the inequality constraints (10c)(10d), according to
[30], let ω = θ̇ and define α ≥ 0 as a constant parameter to
scale the negative feedback to conform the joint constraints,
these two constraints can be formulated in the speed level as
ω min ≤ ω ≤ ω max ,

(17)

where ω min = max{α(θ min − θ), θ̇ min }, and ω max =
min{α(θ max − θ), θ̇ max }.
Similarly, (10e) can be built indirectly by limiting its
derivative: β(τ min − τ ) ≤ τ̇ ≤ β(τ max − τ ), where β is
a positive constant. By combining (12), the boundedness of
joint torque can be rewritten as an inequality constraint about
a function g(ω) as
g(ω) ≤ 0,

(18)

where g(ω) = [β(τ min − τ ) − J T Ḟd − Hω, Hω − β(τ max −
tau) + JT Ḟd ]T ∈ R2n .

Ġ2 = (J T (θ)Fd )T

C. Reformulation and Convexification
According to the above description, in order to achieve
position-force control of redundant manipulators, instead of
solving (10) directly, one feasible solution is to solve the
optimization problem in velocity level as
min
s.t.

= [Hi , · · · , Hn ]θ̇ + J T (θ)Ḟd ,

where Hi ∈ Rn is
 Pm

(∂(J(j, 1)Fd (j))/∂θi )
Pj=1
m
T

∂(J (θ)Fd ) 
j=1 (∂(J(j, 2)Fd (j))/∂θi )  .
Hi =
=


···
∂θi
Pm
j=1 (∂(J(j, n)Fd (j))/∂θi )

Let H = [H1 , · · · , Hn ], then (11) can be converted as
Ġ2 = FdT JH θ̇ + FdT JJ T Ḟd .

(13)

It is worth pointing that the second term of (13) is independent of θ̇, therefore, the objective function is equivalent to
FdT JH θ̇.

FdT JHω,
rr = AJω,

(19a)
(19b)

g(ω) ≤ 0,
ω ∈ Ω,

(19c)
(19d)

where rr = ṙd + Aẋd − k(Af (θ) − xd ), Ω = {ω ∈
Rn |ωimin ≤ ωi ≤ ωimax } is a convex set. It is remarkable that
the objective function described in (19a) is non-convex relative
to ω. Therefore, (19b) is introduced to convexify (19a). The
final form of optimization problem is described as
min
s.t.

FdT JHω + (AJω − rr )T (AJω − rr ),
rr = AJω,
g(ω) ≤ 0,
ω ∈ Ω.

(20a)
(20b)
(20c)
(20d)
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So far, we have reconstructed the position-force control with
joint torque optimization problem into a quadratic programming issue under constraints. However, the QP problem (20)
cannot be solved directly.
IV. RNN BASED R EDUNDANCY R ESOLUTION
In this section, in order to solve the optimization problem
(20), an expanded recurrent neural network is built to obtain
the optimal solution of (20). Stability will be also discussed.
A. RNN Design
Firstly, let λ1 ∈ R2m and λ2 ∈ R2n be dual variables to
constraints (20b) and (20c), a Lagrange function is defined as
L =FdT JHω + (AJω − rr )T (AJω − rr )
+ λT1 (rr − AJω) + λT2 g(ω).

(21)

According to Karush−Kuhn−Tucker condition, the optimal
solution of the optimization problem (20) can be equivalently
formulated as
∂L
),
(22a)
ω = PΩ (ω −
∂ω
rr = AJω,
(22b)
λ2 = (λ2 + g(ω))+ ,

(22c)

neural networks [20], from both the mathematical description
Eq.(23) and the architecture, the states ω, λ1 and λ2 are
updated recurrently, i.e., one characteristic of the established
neural network can be found that the neural network uses
its historical information to calculate the output at current
moment, which is also a typical feature of recurrent neural
networks. According to the previous research [40]–[43], neural networks with similar structure proposed to solve robot
kinematic control problem are also called RNN. We expand
this kind of RNN to the field of robot force control, which is
also a main contribution of this paper.
B. Stability Analysis
In this part, theoretical analysis of stability and convergence
of closed-loop system using the proposed neural network (23).
First of all, several important definitions and Lemmas are
presented, which is very useful in stability analysis.
Definition 1. A continuously differentiable function F (•) is
said to be monotone if ∇F + ∇F T is positive semi-definite,
where ∇F is the gradient of F (•).
Lemma 1. [39] A dynamic neural network is said to converge to the equilibrium point if it satisfies
κẋ = −x + PS (x − ̺F (x)),

(24)

ǫλ̇1 =rr − AJω,

(23b)

where κ > 0 and ̺ > 0 are constant parameters, and PS =
argminy∈S ||y − x|| is a projection operator to closed set S.
So far, a theorem about the convergence of the redundancy
resolution problem can be described as follows
Theorem 1: Given the motion-force control problem for redundant manipulators with torque optimization under physical
constraints as (20), the recurrent neural network (23) is stable
and will globally converge to the optimal solution of (20).
Proof: Let ξ = [ω T , λT1 , λT2 ]T , the proposed RNN (23) can
be written as

ǫλ̇2 =(λ2 − (λ2 + g(ω))+ ),

(23c)

ǫξ̇ = −ξ + PΩ̄ [ξ − F (ξ)],

where PΩ (x) = argminy∈Ω ||y − x|| is a projection operation
+ T
+
to convex set Ω, and (x)+ = (x+
=
1 , · · · , x2n ) , xi
max(xi , 0).
In order to solve (22), an expanded recurrent neural network
is designed as
ǫω̇ = − ω + PΩ (ω − H T J T Fd − J T AT (AJω − rr )
+ J T AT λ1 − ∇gλ2 ),

(23a)

∂g1
∂g2m
where ∇g = (
,··· ,
) = [−H T , H T ] ∈ Rn×2n ,
∂ω
∂ω
ǫ is a positive constant scaling the convergence of (23). The
projection operator PΩ plays an important role in guaranteeing
the boundedness of the output of neural network,i.e., the
boundedness of ω can be ensured by introducing PΩ . As
described in Eq. (17), based on escape velocity method, both
the boundedness of joint angles and velocities are guaranteed.
The schematic diagram of the proposed control structure
is shown in Fig. 2. Based on the problem formulation, the
position and force controller Eq.(14)-(16) are described in the
form of equality constraint rr = AJω, and the physical
constraints Eq.(10c)-(10e) are formulated as the inequality
constraint g(ω) ≤ 0. With the introduction of joint torque
optimization scheme Eq.(19a) and the QP-type problem formulation, a projection RNN is established to obtain the control
command in realtime.
Remark 3: The architecture of the established RNN is also
shown in Fig. 2. The network is organized in a one-layer
architecture, which consists of 2m + 3n neurons, namely
ω ∈ Rn , λ1 ∈ R2m and λ2 ∈ R2n . Despite the difference
between the proposed neural network with traditional recurrent

(25)

where F (ξ) = [F1 (ξ), F2 (ξ), F3 (ξ)]T ∈ R2m+3n , in which
   T T

H J Fd + J T AT (AJω − rr ) − J T AT λ1 + ∇gλ2
F1
F2  = 
.
λ1 − rr + AJω
F3
−g(ω)
Let ∇F (ξ) = ∂F /∂ξ, we have
 T T
J A AJ
−J T AT

AJ
I
∇F (ξ) =
−(∇g)T
0

It is remarkable that

 T T
2J A AJ
0
∇F (ξ) + (∇F (ξ))T = 
0


∇g
0 .
0
0
2I
0

(26)


0
0 . (27)
0

From Definition 1, F (ξ) is a monotone function of ξ.
According to the description of (23) and (25), PΩ̄ can be
formulated as PΩ̄ = [PΩ ; PR ; PΛ ], where PR ∈ R2m is a
projection operator of λ1 to set R, with the upper and lower
bounds being ±∞. Furthermore, (•)+ is a special case of
2n
PΛ , in which Λ = R2n
+ is the nonnegative quadrant of R .
Therefore, PΩ̄ is a projection operator to closed set Ω̄. Based
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In this section, numerical results based on a planar 4DOF manipulator is carried out to show validity of the
established control scheme. First of all, we will check the
control performance when the end-effector is expected to move
to a specified point. Secondly, position-force control along
a straight line is carried out, in which time-varying desired
contact force is considered, and the optimization performance
is verified by comparing with the scheme without optimization
(by letting H T J T Fd in (23a) be 0). Finally, comparative
simulations between the controller (23) with Jacobian-matrixpseudo-inverse (JMPI) based methods are conducted to show
the superiority of the proposed control scheme.

A. Simulation Setup
Fig. 3(a) gives a brief introduction of a 4-DOF planar
redundant manipulator to be simulated in this paper, and DH parameters of the robot is shown in Fig. 3(b). We have
m = 2 and n = 4. A contact surface in the workspace can be
described as y = 0, the end-effector can move freely along the
horizontal axis, and the desired contact force Fd is aligned with
the vertical direction. It is notable that when the manipulator is
planar, the coordination system R0 (00 , x0 , y0 , z0 ) degenerates
to R0 (00 , x0 , y0 ), then the matrices Σf and Σ̄f are selected
as Σf = diag([0, 1]) and Σ̄f = diag([1, 0]), respectively.
The stiffness coefficient kf is set to be 1000N/mm. Control
positive control gains are set as α = 10, β = 10, k = 8,
ǫ = 0.005, respectively. Physical constraints of joint angles,
velocities and torque are defined as θ min = [−2, −2, −2, −2]T
rad, θ max = [2, 2, 2, 2]T rad, θ̇ min = [−2, −2, −2, −2]T rad/s,
θ̇ max = [2, 2, 2, 2]T rad/s, τ min = [−10, −10, −10, −10]T Nm,
τ max = [10, 10, 10, 10]T Nm, respectively.
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on Lemma 1, the proposed neural network (23) is stable and
will globally converge to the optimal solution of (20). The
proof is completed.

Remark 4: In this part, due to the limited space, the proof
cannot be expanded in detail. When F (ξ) is a monotone
function of ξ, the rest of proof can be done in two steps:
firstly, the boundedness of ξ should be proved, which plays
an important role in ensuring the boundedness of θ, θ̇ and
τ . Secondly, The convergence of the RNN should be proved.
Similar deduction can be found in literature [34], [39].

Tracking error(m)

Fig. 3. The 4-DOF redundant manipulator to be simulated in this paper. (a)
Physical structure of the 4-link robot manipulator. (b) D-H parameters.

Norm of torque(N2m2)

Fig. 2. The control structure of the proposed projection RNN based control
strategy.
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Fig. 4. Numerical results when the robot is controlled to offer constant force
at a fixed point. (a) Profiles of the end-effector (black dashed line) and the
corresponding joint configurations. (b) Profiles of position error. (c) Profiles
of contact force. (d) Comparison of Euclidean norm of joint torque with and
without optimization. (e) Profiles of joint angles. (f) Profiles of joint velocities.

B. Position-Force Control on A Fixed Point
In this section, joint torque optimization is introduced
to make full use of redundancy resolution. The proposed
position-force control scheme is firstly tested in a fixed point
case, and then extended to dynamic cases.
In this simulation, the robot is wished to offer a constant contact force Fd = [0, −10]T at a fixed point xd =
[0.3, 0]T . The initial values of joint angles are also θ0 =
[1.57, −1.26, −0.52, −0.52]Trad. Numerical results are shown
in Fig. 4. At the beginning stage of simulation, the robot
moves at its maximum speed (2rad/s), making the regulation
error converge quickly. Then it slows down as the regulation
error is small. At t = 0.5s, robot touches the surface, which
leads to the emergence of contact force. Using the proposed
controller, both control error of motion and force converge to 0
smoothly. Correspondingly, the Euclidean norm of joint torque
also converges to a constant value (3.7N 2 m2 ). From Fig. 4(e)
and (f), joint angles and velocities do net exceed their limits,
showing that the proposed scheme could handle inequality
constraints effectively. To further demonstrate the validity
of the optimization scheme, comparative simulations without
optimization is also carried out. The obtained Euclidean norm
of joint torque without optimization is shown as the red
dashed line (4.3N 2 m2 in stable state). After introducing joint
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D. Position-Force Control Along An Arc Surface
In this subsection, the end-effector is controlled to track
a quarter-circular surface, which is centered at [0.3, 0.3]Tm
with radius 0.2m, and provide a constant force of 10N in the
vertical direction. The initial values of joint angles are selected
as θ0 = [1.5708, −0.9851, −1.1714, 0]Trad. Numerical results
are shown in Fig. (6). To further show the superiority of the
proposed controller, comparison with JMPI based method is
discussed. Using JMPI based method, the control command is
obtained by calculating the pseudo inverse of Jacobian matrix,
and torque optimization is done in the null space based on the
idea (13). As shown in Fig. 6 (c), (d) and (e), both controller
could realize the convergence of tracking errors and force
error. The comparison of Euclidean norm of joint torque is
shown in Fig. 6 (f), it can be observed that when t < 10s,
controller (23) obtains better optimization performance than
JMPI method, while t > 10s, JMPI method is better. By
comparing Fig. 6 (g) and (h), when t > 10s, despite better
better optimization performance JMPI method has achieved,
the 3rd joint based on JMPI method exceeds its lower bound,
which means the controller fails in guaranteeing the safety
of the robot system. Accordingly,controller (23) is capable of
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In this section, the robot is controlled to offer a constant contact force on the surface while tracking a given
trajectory. The initial joint angles are selected as θ0 =
[1.57, −1.26, −0.52, −0.52]T rad. The desired trajectory is
defined as xd = [0.25 + 0.1cos(0.5t), 0]T, and the contact
force is defined as Fd = [0, −1]T N. In order to verify the
torque optimization, we compare the performance of controller
(23) with the scheme without optimization. Simulation results
are shown in Fig. 5. When simulation begins (t < 0.5s),
the position error is big, and there is no contact between the
robot and surface. Correspondingly, both contact force and
the result torque are zero. Under the projection RNN based
controller (23), joint velocities reach the maximum value, the
end-effector approaches to the surface rapidly from the initial
position, and the tracking error converges to zero quickly,
which is very similar to the previous simulation. After t = 2s,
high precision trajectory tracking is realized by the control
strategy, as well as the contact force. By comparing Fig.
5 (c),(d) and 5 (f), it can be found that the position and
force tracking errors are quite similar,i.e., the introduction of
optimization scheme has little effect on the control errors.
Fig. 5 (f) shows the comparison of Euclidean norms of joint
torque with and without optimization. Correspondingly, Jτ
decreases 16.2% from 142 to 119, showing the validity of
the proposed scheme. It is notable that, after introducing
optimization scheme, the 3rd joint reaches its lower bound,
which corresponds to the optimal joint configuration to minimize joint torque consumption. Dynamic change of joint
configurations of both controllers are as shown in Fig. 5 (a)
and (b).
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Fig. 5. Numerical results when tracking a straight line with and without
torque optimization. (a) Profiles of the end-effector (black dashed line) and
the corresponding joint configurations without optimization. (b) Optimized
profiles of the end-effector (black dashed line) and the corresponding joint
configurations without optimization. (c) Profiles of position error without
optimization. (d) Optimized profiles of position error. (e) Comparison of
contract force. (f) Comparison of Euclidean norm of joint torque with and
without optimization. (g) Profiles of joint angles without optimization. (h)
Optimized profiles of joint angles.

handling physical limitations while optimizing joint torque,
which shows the superiority of the proposed control strategy.
Dynamic change of joint configurations of both controllers are
as shown in Fig. 6 (a) and (b).
VI. E XPERIMENTAL V ERIFICATION
In order to further show the efficiency of the developed
control strategy, a group of experiments are conducted on a 7
DOF redundant manipulator KUKA iiwa. Parameters of iiwa
can be found in [45].The control command is calculated on
a host computer using ROS system, and then sent to robot
controller to drive the robot. The end-effector is required to
track certain trajectories on a horizontal surface, and provide
a constant contact force along the vertical direction. At the
same time, the orientation of the end-effector is expected
to remain constant. Matrices Σf and Σ̄f are selected as
Σf = diag([0, 0, 1]) and Σ̄f = diag([1, 0, 0]), respectively.
The robot’s real physical constrains are θimin = [−2.1]rad,
θimax = [2.1]rad, θ̇imin = [−2], θ̇imax = [2], in the interest of
safety, in our experiments, we select the physical constraints
as θ min (i) = −2 rad, θ max (i) = 2 rad, θ̇ min (i) = −2 rad/s,
θ̇ max (i) = 2 rad/s, τ min (i) = −10 Nm, τ max (i) = 10 Nm
for i = 1, · · · , 7, respectively. The main purpose of selecting
physical constraints is to verify the performance of ensuring
inequality constraints while avoiding damage of physical
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Fig. 7. Experimental results of the proposed controller in set-point control.(a)
Profiles of the position errors. (b) Profiles of contact force. (c) Profiles of
orientation error. (d) Profiles of norm of joint torque. (e)Profiles of joint
angles. (f) Profiles of joint velocities.
20

t(s)

(h)

Fig. 6. Numerical results when tracking a time varying force command along
an arc surface with and without torque optimization. (a) Profiles of the endeffector and the corresponding joint configurations without optimization. (b)
Optimized profiles of the end-effector (black dashed line) and the corresponding joint configurations without optimization. (c) Profiles of position error
without optimization. (d) Optimized profiles of position error. (e) Comparison
of contract force. (f) Comparison of Euclidean norm of joint torque with and
without optimization. (g) Profiles of joint angles without optimization. (h)
Optimized profiles of joint angles.

mechanism of the robot. The initial joint is set as θ0 =
[−0.118; 0.736; −0.004; −1.574; 0.004; 0.831; −0.909]rad,
and the corresponding position of the end-effector is
x0 = [0.56; −0.068; 0.046]m. The control frequency is set as
100 Hz. It is remarkable that the value of ǫ would significantly
affect the convergence of the RNN, ǫ = 0.02 is selected in
the same order as the control period.
Remark 5: From Eq. (23), it can be observed that the force
control is realized by adjusting the joint velocities base on the
RNN, which is consistent with the idea of admittance control.
In our experiment, we assume that it provide an ideal response
to the joint velocity command. It is remarkable that the uncertainties in the dynamic level such as friction and disturbances
do affect the performance of position-force control in the outer
loop, but these uncertainties can be suppressed by the closedloop control mechanism of the controller itself.
A. Set-point Control
In this subsection, a set-point control is firstly conducted.
The robot is controlled to provide a contact force Fd =
[0; 0; 5]N at the initial point. Experimental results are shown in
Fig. 7. When experiment begins, the position and force error
converge to 0 rapidly (7(a,b)), which is mainly due to the
fact that the initial point is the same as the expected point.
The joint angular velocities increase from zero, and reach

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Fig. 8. Snapshots of set-point force control. (a) t = 0s. (b) t = 1s. (c)
t = 1.5s. (d) t = 3s. (e) t = 4s. (f) t = 5s. (g) t = 6s. (h) The orientation
of end-effector.

the maximum value at t = 2.5s. After that, θ̇ decrease to
0. Correspondingly, the robot adjusts its joint configuration
to another fixed value (7(e)). As a result, the average norm
of joint torque decreases from 3.2 to 2.8, which is a 12.5%
reduction. It is also remarkable that during the robot moves,
the position error, orientation error and force error are very
small. The snapshots of the robot is given in Fig. 8, it can
be observed that the robot rotates its shoulder-elbow-wrist
joints significantly, and the end-effector is kept to be vertical.
It is notable that beginning stage can be regarded as nonoptimized case and the optimal configuration can be regarded
as optimized results. The control errors in Fig. 9(a-c) also
show the effectiveness of the optimization scheme.
B. Force Control for Repeatable Trajectory and Comparison
with JMPI based Method
In this subsection, position-force control on a repeatable
trajectory is conducted. The repeatable path is defined as
xd = [0.56 − 0.1sin(t/2); −0.168 + 0.1cos(t/2); 0.0458]m,
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Fig. 9. Experimental results of the proposed controller along a circular
trajectory and comparison with JMPI based Method. (a) Profiles of the position
errors of the proposed controller. (b) Profiles of orientation error of the
proposed controller. (c) Profiles of the position errors of JMPI based method.
(d) Profiles of orientation error of JMPI based method. (e) Comparison of
contact force. (f) Comparison of Euclidean norm of joint torque. (g) Profiles
of joint angles of the proposed controller. (h) Profiles of joint angles of JMPI
based method.

and contact force command is also Fd = [0; 0; 5]N. Experimental results are shown in Fig. 9. The control errors are
given in Fig. 9(a)-(b), the maximum values during the control
process are about 1×10−3 m, 1F and 2×10−3 rad, respectively.
At the beginning stage, the motion of the robot is similar to
that of the previous fixed-point experiment. It is notable that at
t = 4s, the 7th joint reaches its lower limit. After introducing
joint torque optimization scheme, Jτ reduces from 40.3 to
36.2 with a 10.8% off. The snapshots are shown in Fig. 10. It
can be observed from both Fig. 10 and Fig. 9(g) that the robot
adjusts its joint configuration from its initial state to an optimal
one(the centers of shoulder-elbow-wrist joints are horizontal.)
It is remarkable that the optimal configuration is the same as
the set-point case, which corresponds to the fact that if the
contact surface is certain, the optimal configuration is unique.
To further verify the efficacy of the established controller
(23), a comparative experiment based on JMPI method is
carried out. Experimental results are as shown in Fig. 9(c),(d)
and (h). Similar to the simulation results in Fig. 6(f) and (g),
the 5th joint exceeds its lower bound -2rad during 4 < t < 7s,
which means the tasks fails when JMPI based controller is
used to realize optimal control problem in presence of physical
constraints in real-time. Therefore, it is point worthy that
comparing with traditional JMPI based methods, our controller
shows great potential in handling inequality constraints while
realizing optimal force-position control problem in realtime.

Fig. 10. Snapshots of force control along a circular trajectory. (a) t = 0s.
(b) t = 1s. (c) t = 2s. (d) t = 3s. (e) t = 4.5s. (f) t = 5.5s. (g) t = 7s. (h)
t = 7.5s. (i) t = 8.5s. (j) t = 11.5s. (k) t = 13s. (l) t = 15s.

C. Comparisons
In this subsection, comparisons between the proposed
method with existing ones are shown to show the validity
of this paper. As shown in Table I, using dynamic controllers
such as [20], [21], [26], [28], [44], the force control is realized
in internal loop based on system dynamics, the uncertain
dynamics such as friction and disturbances are compensated
by robust control or sliding mode control, etc. In [25], a
sequence-to-sequence based method is introduced to robotic
systems with contact model, which also considers physical
limitations and performance optimization. In this paper, the
motion-force controller is built in joint velocity level, which is
based on the idea of admittance control. The main contribution
is that the force control problem is transformed into an
optimization problem for systems with redundant DOFs under
multiple inequality constraints in realtime. The influence of
uncertain dynamics is handled by the proposed controller in
planning layer and the robot controller in execution layer. It
is remarkable that this paper is an important expansion of
projection RNN from traditional kinematic control [33], [34]
to the field of motion-force control problems.
VII. C ONCLUSIONS
This paper focuses on motion-force control problem for
redundant manipulators, while physical constraints and torque
optimization are taken into consideration. Firstly, tracking
error and contact force are modelled in orthogonal spaces
respectively, and then the control problem is turned into a
QP problem, which is further rewritten in velocity level by
rewriting objective function and constraints. To handle multiple physical constraints, a projection RNN based scheme is
designed to solve the redundancy resolution online. Numerical
and experimental results show the validity of the proposed
control scheme. Before ending this paper, it is noteworthy
that this is the first paper to deal with motion-force control of
redundant manipulators in the framework of projection RNNs
and redundant manipulators with force sensitivity.
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TABLE I
C OMPARISONS AMONG THE P ROPOSED M OTION - FORCE C ONTROL S CHEME AND E XISTING O NES
Optimization
RNN
Motion-force
Control
Pseudo-inverse
Handling Multiple
Chattering
Considered
Based
Control
Command
Required
Inequality Constraints
This paper
Yes
Yes
Yes
Joint Velocity
No
Yes
No
Methods [33], [34]
Yes
Yes
No
Joint Velocity
No
Yes
No
Method [26]
No
No
Yes
Joint Torque
Yes
Restrictive‡
No
Methods [20], [21]
No
Yes
Yes
Joint Torque
Yes
No
No
Method [44]
No
Yes
No
Joint Torque
Yes
No
Yes
Method [25]
Yes
Yes
No
Joint Velocity
Yes
Yes
No
‡ In [26], the secondary task is defined to avoid physical limitations, therefore, only some certain kinds of inequalities can be handled by [26].
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