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Abstract 

  A recent unsymmetric 4-node, 8-DOF plane finite element US-ATFQ4 is generalized to hyperelastic 

finite deformation analysis. Since the trial functions of US-ATFQ4 contain the homogenous closed 

analytical solutions of governing equations for linear elasticity, the key of the proposed strategy is how 

to deal with these linear analytical trial functions (ATFs) during the hyperelastic finite deformation 

analysis. Assuming that the ATFs can properly work in each increment, an algorithm for updating the 

deformation gradient interpolated by ATFs is designed. Furthermore, the update of the corresponding 

ATFs referred to current configuration is discussed with regard to the hyperelastic material model, and 

a specified model, neo-Hookean model, is employed to verify the present formulation of US-ATFQ4 

for hyperelastic finite deformation analysis. Various examples show that the present formulation not 

only remain the high accuracy and mesh distortion tolerance in the geometrically nonlinear problems, 

but also possess excellent performance in the compressible or quasi-incompressible hyperelastic finite 

deformation problems where the strain is large. 
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1. Introduction 

  How to correctly simulate the incompressible limit state is one of the most challenging issues for 

finite element methods, in which conventional low-order element models often perform very poorly 

in those problems involving nearly incompressible materials [1-3]. Therefore, researchers have to 

make great efforts to develop the advanced low-order elements that are free of volumetric locking. In 

earlier time, within the geometrically linear range, Pian et al. [4] and Simo et al. [5] proposed the 

assumed stress formulations and the enhanced assumed strain methods, respectively, that can well 

solve the nearly incompressible problems of linear elasticity. Actually, robust low-order elements may 

be more significant for nonlinear and large deformation analysis. Related developments can be found 

in various literatures, such as the mixed variational methods developed by Simo et al. [6], the mixed 

u/p formulations proposed by Sussman and Bathe [7], the geometric nonlinearity extension of the 

enhanced assumed strain elements of Simo et al. [8]; the F-bar method proposed by de Souza Neto et 

al [9, 10], and so on. Recently, new approaches for hyperelastic materials with regard to finite element 

analysis can still be found in various literartures. For example, Schrºder et al. proposed a new mixed 

finite element based on a modified Hu-Washizu principle, which shows lower mesh distortion 

sensitivity than the F-bar method [11]; M¿ller et al. studied a Least-Squares mixed variational 

formulation for hyperelastic deformations based on approximating stresses and displacements [12]; 

Wulfinghoff et al. proposed a hybrid discontinuous Galerkin quadrilateral element formulation which 

is free of shear and volumetric locking for hyperelastic finite deformation analysis [13]; Hollenstein et 

al. proposed a Macro-Cosserat Point Element for isotropic and anisotropic hyperelastic materials [14]; 

G¿ltekin et al. systematically studied an three-field Hu-Washizu mixed finite element formulation for 

anisotropic hyperelastic materials [15]; and others work including the study of stability can be found 

in references [16-19]. 

  The unsymmetric finite element method originally proposed by Rajendran et al. also exhibits some 

advantages to solve the incompressible problems as well as improve the distortion tolerance of 
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elements [20-22] in both geometrically linear and nonlinear situations. However, these elements still 

possess some inherent defects, such as direction dependence, interpolation failure and ineffectiveness 

for low-order elements, so that they are not suitable for the practical applications [23]. By introducing 

the analytical trial function (ATF) method and the generalized conforming technique [24], Cen et al. 

proposed a series of new unsymmetric elements [25-31] that can overcome all original defects and 

greatly improve precisions. The unsymmetric finite element method employs two different sets of 

interpolation (test function and trial function) for displacement fields, just like the Petrov-Galerkin 

formulations. Similar to the Trefftz methods [32], the ATF method used in the new unsymmetric finite 

element method employs the homogenous solutions of governing equations of linear elasticity as the 

trial functions for finite element discretization. Due to the merits of these techniques, the resulting 

models possess high precisions as well as avoid many locking problems. For example, a recent low-

order unsymmetric 4-node, 8-DOF plane solid element, denoted by US-ATFQ4 [26], exhibits better 

performance than most existing 4-node plane element models. It can strictly pass both the constant 

stress/strain (first-order) patch test and second-order patch test for pure bending, which has been 

proved impossible for other symmetric 4-node, 8-DOF plane element [33, 34], and is free of volume 

locking and other tricky problems. The key for the success is the employment of the homogenous 

solutions of governing equations of linear elasticity as the trial functions.  

  However, some researchers believe that those finite element models, which employ the solutions of 

governing equations of linear elasticity as trial functions, will be limited to the applications of linear 

elastic situations [35]. Actually, these analytical trial functions (ATFs) can work well in the 

geometrically nonlinear problems if an appropriate update strategy is adopted, as shown in reference 

[29]. This fact also verifies that the proposed assumption that the ATFs can properly work in each 

increment. On the other hand, it should be noted that the strategy proposed in reference [29] is only 

limited to the geometrically nonlinear problems where the strain is still small, in which the material 

parameters remain constant during the update procedure for the corresponding ATFs. As for 

hyperelasticity problems with large strains, both geometric and material nonlinearity must be 

considered simultaneously. The geometrically nonlinear scheme for small strain problem cannot be 

directly and easily generalized to hyperelasticity problem with large strains, because the material 

parameters in ATFs are not constants any more. 
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In present paper, a new strategy is proposed to solve the hyperelastic finite deformation problems 

where strain is large, and the linear low-order unsymmetric plane element US-ATFQ4 is generalized 

to hyperelastic finite deformation analysis according to the proposed strategy. The paper is organized 

as follows. At the beginning of Section 2.1, the computation for the internal nodal force vector of the 

unsymmetric element US-ATFQ4 is reviewed. Then, an algorithm for updating the deformation 

gradient, which is interpolated by ATFs, is designed in Section 2.1.1. Furthermore, the update of the 

corresponding ATFs referred to current configuration is discussed in Section 2.1.2. With regard to the 

hyperelastic material model, a specified model, neo-Hookean model, is used to illustrate and verify 

the present formulation in Section 2.1.3. The numerical implementation is introduced in Section 2.2. 

In the following Section 3, various examples are tested to evaluate the present formulation, which 

show that the present formulation not only remain the high accuracy and mesh distortion tolerance in 

the geometrically nonlinear problems, but also possess excellent performance in the compressible or 

quasi-incompressible hyperelastic finite deformation problems where the strain is large.  

Note: in order to clarify the notation types that appear in following sections, the tensors are denoted 

only by bold alphabets, while the matrices and vectors in finite element formulations are denoted by 

bold alphabets together with [] and {}, respectively. 

2. The formulation of unsymmetric elements for hyperelastic finite deformation 

2.1 The internal nodal force vector computation of the unsymmetric element US-ATFQ4 

As shown in Figure 1, a body experiences a large deformation motion. The equilibrium conditions 

of a system of finite elements at time t+Dt can be expressed as: 

  ,                                (1) 

where  and  are the element external and internal nodal force vector, respectively. 

The general approach to this nonlinear equation is an incremental step-by-step solution, in which the 

solutions for the discrete time t are known and the solutions for the discrete time t+Dt need to be 

determined. Then Equation (1) can be written as: 


