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ABSTRACT

Mechanical coupling in similar energy harvesters has the potential to enhance their broadband harvesting capability. However, often the
performance of one harvester dominates the other, and the coupling transfers energy from the high frequency harvester to the low frequency
harvester, thus reducing the capability of the high frequency harvester. Hence, researchers have proposed using the high frequency harvester
only as an auxiliary oscillator to save the material cost. This paper investigates the possibility of enhancing the energy harvesting capability of
both coupled harvesters. A torsionally coupled electromagnetic pendulum harvester system is considered, which is suitable for low frequency
(<5 Hz) applications. The harmonic balance method is used to identify possible multiple solutions, and high magnitude solutions are observed
to coexist with low magnitude solutions. These high energy solutions, which are often missed in the numerical simulation, can be attained by
a careful choice of initial conditions or energy input. The simulation results show that more energy can be harvested over a wider range of
frequencies by ensuring that the response occurs in the high energy orbits. The results show an enhancement of the bandwidth by 54% and
140% for the low and high frequency harvesters, respectively, with the optimum initial conditions. Moreover, an isolated frequency island is
reported, which occurs due to the coupling of the nonlinear harvesters.
© 2020 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license

(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0014426., s

The ambient environment contains many vibration sources,
such as human motion, vehicles, ocean waves, and wind. Useful
electrical energy can be harvested from such vibration sources via
suitable transduction methods (piezoelectric, electromagnetic, and
electrostatic).1–3 This harvested electrical energy can solve the issue
of powering wireless sensors. Conventional linear harvesters work in
a narrow range of frequencies and hence are inappropriate for practical applications as most excitation sources have broadband vibration characteristics.4 To overcome this limitation, many researchers
are focusing on nonlinear harvesters that can harvest broadband
energy2,5–10 and multiple/multi-frequency harvesters, where a set of
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harvesters or multi-degree of freedom systems are used for broadband harvesting.11–15
A set of linear harvesters with different tip masses were analyzed theoretically and experimentally by Ferrari et al.16 for broadband energy harvesting. They considered a set of harvesters with
different natural frequencies, which can produce power over a wider
bandwidth. This kind of system requires more space and the power
generated also is less.17 A harvesting system with fewer harvesters
and coupling has been proposed for broadband harvesting. Malaji
and Ali18 proposed coupled and grounded multiple pendulum
harvesters to enhance the harvester performance. A nonlinear
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piezoelectric energy harvester with a magnetic oscillator was proposed by Tang and Yang.19 They reported an enhanced response
amplitude and bandwidth of the harvester with a lower natural
frequency than the auxiliary oscillator. Similar work with electromagnetic transduction was demonstrated by Zergoune et al.,20 who
considered harvesting from both harvesters with weak magnetic
coupling. They reported that the energy localization phenomenon
due to mistuning leads the low frequency harvester response to dominate the high frequency harvester in terms of the power output.
They suggested harvesting only from the lower frequency harvester
to save material, although the analysis of the frequency bandwidth
was not considered. Similar results were observed by Zhou et al. and
Masaaki et al.21,22
The above research has demonstrated that the coupling
between the harvesters with different natural frequencies leads to
an energy transfer from the harvester with higher natural frequency
to the harvester with a lower natural frequency. This leads to the
performance enhancement of only one harvester, whereas the other
harvester has a negligible contribution. If the harvesters are nonlinear, coupling them will lead to complex dynamics with multiple
solutions and high and low energy orbits. This paper explores the
possibilities of operating both the harvesters at high energy orbits
over a wide frequency band with an additional energy supply to the
harvesters via different initial conditions, and hence enhancing the
performance of both the harvesters.
The mathematical model of the harvesting system with torsionally coupled pendulums is now considered. Figure 1(a) shows
the electro-mechanical system with two pendulums of different
lengths, l1 and l2 . These pendulums are pivoted to the shafts of
the electromagnetic generators with rotating magnets (rotor) and
fixed coil windings (stator). When a pendulum oscillates, a current, I, is generated due to electromagnetic induction, as shown in
Fig. 1(b). These pendulums are coupled using an elastic torsional
spring, k.
The model used in this paper is based on models validated by
physical realizations of coupled pendulums (without harvesters) in
the literature (Ikeda et al.23 and Polczyński et al.24 ). A harvester with
a single pendulum and an electromagnetic generator was demonstrated by Ma et al.25 and Kecik and Mitura.26 The experimental
setup of Ikeda et al.23 consisted of two disc type pendulums attached
to the rotating shafts with a torsional coupling spring. The system
was subjected to base excitation by a shaker. A similar coupled pendulum model under electrical pulses was tested by Polczyński et al.24
with coupled pendulums. The damping induced in experiments is
often relatively high, which decreases the amplitude of the response
compared to the simulation results.
The equations of motion of the pendulums are
m1 l12 θ̈1

+ cθ̇1 + m1 gl1 sin θ1 + k(θ1 − θ2 ) − ϕi1 = −m1 l1 ẍg cos θ1 ,

m2 l22 θ̈2

+ cθ̇2 + m2 gl2 sin θ2 + k(θ2 − θ1 ) − ϕi2 = −m2 l2 ẍg cos θ2 ,
(1)

where ϕ = Bl, B is the electromagnetic flux, and l is the coil
length. Here, the generators for both pendulums are assumed to be
identical.
Kirchhoff’s voltage law is applied to the electrical circuits,
where the coil inductance is L and the load resistance is R for both
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FIG. 1. Schematic representation of the coupled harvester model.

the circuits. The induced currents i1 and i2 are obtained as
ϕθ̇1 − Ri1 − Li̇1 = 0,

(2)

ϕθ̇2 − Ri2 − Li̇2 = 0.

To simplify the simulations and improve the physical understandings of the system, the following dimensionless
parameters are
√
g
introduced: normalized time, τ = ω1 t (ω1 =
); normalized curl1
rent, In =

Lin
;
ϕ

mass ratio, μn =

coefficient, ψ =

ϕ2
;
m1 l12 ω21 L

cal coupling ratio, β =
tation amplitude ratio, f
ωf
.
ω1

′′

mn
;
m1

length ratio, αn =

resistive coefficient, ζ =
k
;
m1 l12 ω21
Xg
= l1
′

ln
;
l1

R
;
ω1 L

damping ratio, γ =

coupling
mechani-

c
;
m1 ω1 l12

exci-

(xg = X g cos ωf t); and frequency

ratio, ω =
θ and θ are the non-dimensional acceleration
and velocity of the pendulums, respectively. The non-dimensional
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electro-mechanical equations are then written as
μ1 α21 θ1′′ + γθ1′ + α1 μ1 sin θ1 + β(θ1 − θ2 ) − ψI1
= μ1 α1 f ω2 cos ωτ cos θ1 ,
μ2 α22 θ2′′ + γθ2′′ + μ2 α2 sin θ2 + β(θ2 − θ1 ) − ψI2
= μ2 α2 f ω2 cos ωτ cos θ2 ,

(3)

θ1′ − ζI1 − I1′ = 0,
θ2′ − ζI2 − I2′ = 0.
Nonlinear equations (3) of the harvesting system are solved
numerically using Runge–Kutta integration with a nondimensional
frequency step size of 0.01. Parameters μ1 = μ2 = 1, ψ = 0.1,
γ = 0.03, α1 = 1, and f = 0.04 are kept constant throughout the
simulation unless otherwise mentioned. The effect of the mechanical coupling spring on the current generated is shown in Fig. 2. The
length ratio α2 = 1.04 is considered, and this introduces mistuning
into the system. The mistuning causes the pendulums to harvest the
peak power at different frequencies (ω = 0.9 and ω = 0.88 for pendulums 1 and 2, respectively) as shown in Figs. 2(a) and 2(b). β = 0
indicates uncoupled pendulums. The introduction of the coupling
spring (β) converts the pendulums into a two degrees of freedom system giving a bimodal response [peaks (a) and (b) in Fig. 2] for each
pendulum. An additional peak (c) is introduced due to the electrical
coupling at low coupling ratios. As the coupling ratio increases, the
amplitude of the first resonant peak (a) increases by merging with
the peak generated by the electrical coupling and the second resonant peak (b) decreases and moves away from the first peak for
pendulum 1. However, the peak current generated with coupling is
less than that for the uncoupled system. This reduction in current
is compensated in pendulum 2 with an increase in both resonant
peaks [(a) and (b)]. The increase in the power harvested from pendulum 2 can be attributed to an energy transfer from pendulum
1, which has a higher resonant frequency, to pendulum 2 with a
lower resonant frequency. These multiple peaks enhance the possibility to harvest energy at multiple frequencies or from a broadband
response.
The effect of the resistive coefficient ζ on the power harvested is
shown in Fig. 3. The power harvested in terms of the resistive coefficient has a maximum, where the coupling between the electrical and
mechanical systems is optimum.
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The introduction of mechanical coupling changes the dynamics
of the harvesters. The harmonic balance method is used to understand the dynamics and identify the existence of multiple solutions
(refer to the supplementary material for details).
Figure 4 presents the current frequency response of the pendulum harvesters for different coupling ratios β. Blue dots represent the
stable solution and unstable regions are represented by red dots. The
numerical results are shown by black circles. The soft-spring characteristics in the frequency response curves can be observed with
curves bending toward the left. The numerical results are in good
agreement with the harmonic balance results.
There are at most seven steady-state solution branches, including four stable [marked as (a)–(d)] and three unstable solutions.
High energy orbit solutions, which are not visible through numerical
studies, can be observed extending toward the lower frequency zone.
This indicates the possibilities of obtaining substantial enhancement
in the current magnitude and frequency bandwidth from both pendulums. The existence of low and high energy orbits depends on the
initial conditions.
An interesting phenomenon can be observed from the response
curves, where an isolated response or frequency island (with stable
and unstable parts) coexists with the main response at low excitation
frequencies. This type of feature has been observed in coupled nonlinear systems (Alexander and Schilder,27 Gatti et al.,28 and Haung
et al.29 ), and is often missed in numerical simulations. The existence
of these isolated frequency islands depends on the mechanical coupling ratio, and they move away (toward lower frequencies) from the
main response with an increase in mechanical coupling. For pendulum 1, the frequency island with a high amplitude coexists with a low
amplitude response, whereas an island with a low amplitude coexists
with a high amplitude response for pendulum 2.
Different initial conditions (IC) lead to the steady state response
occurring on different solution branches, as shown in Fig. 4. To
identify the set of initial conditions corresponding to different
branches, the basins of attraction for different solutions at two frequencies are shown in Figs. 5(a) and 5(b). The initial conditions of
pendulum 2 are varied to obtain these basins, keeping the initial
conditions of pendulum 1 as zero (θ1 = 0 and θ′ 1 = 0). The initial
condition range of pendulum 2 is divided into a 200 × 200 grid. The
current output obtained for each set of initial conditions is compared to the different solution branches in Figs. 4(a) and 4(b) and

FIG. 2. Effect of coupling spring (β)
on the current generated (rms) showing
multiple peaks due to mechanical and
electrical coupling, ζ = 0.14 and f = 0.04.
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FIG. 3. Effect of resistive coefficient (ζ)
on the power generated, β = 0.08.

given a color code. At lower frequencies, solution branch “a” dominates, and only a narrow set of ICs gives solution branch “b,” as
shown in Fig. 5(a). This indicates a low probability of obtaining the
higher energy orbit solution. At higher frequencies (near to the first
resonant frequency) the region to obtain the higher energy orbits
“b” and “c” enlarges, as shown in Fig. 5(b). Figures 5(c) and 5(d)
show the current time histories comparing the outputs from zone “a”
(with zero IC) and optimal initial conditions for pendulums 1 and 2

at ω = 0.85. Numerically, instead of the analytic periodic solution
“b” [see Figs. 4(a) and 4(b)], a non-periodic (chaotic) solution was
obtained, as shown in Figs. 5(c) and 5(d). This solution has an average amplitude between the amplitudes of the “a” and “c” solutions,
and consequently is marked by “b” in Figs. 5(a) and 5(b), where the
characteristic strange attractor fractal borders can also be seen. Pendulum 2 shows an enhanced current magnitude when the solution
belongs to the region with optimal ICs, as shown in Fig. 5(d).

FIG. 4. Results from the harmonic balance analysis and numerical simulations
showing different solution branches and
frequency islands, ζ = 0.13.
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FIG. 5. Basins of attraction and current
time histories, for θ2 = −0.3845 and
θ′ 2 = 0.808 [black zone-(a), white zone(b), red zone-(c) correspond to branches
in Fig. 4].

Enhancement in harvester performance is shown in Fig. 6.
With optimal initial conditions, a huge enhancement of 140%
(dω = 0.05–0.12) in the bandwidth of pendulum 1 can be observed
without much enhancement in the peak power. Pendulum 2 shows
an enhancement of 11% in the peak power and 54% in the bandwidth (dω = 0.11–0.17). Ikeda et al.23 reported that the high
amplitude branches in the frequency responses can be obtained
by the careful choice of initial disturbances. They also observed
enhancements in the current generated and bandwidth. The initial
energy input to enhance the harvester performance can be realized

physically by a manual method30 or by chaos control.31,32 Dehghani
and Khanlo32 proposed a harvester with a tip magnet and external magnets, with adaptive control of the chaotic behavior in the
presence of uncertainty.
In summary, this article reports that the performance of the
coupled harvester at lower frequencies can be enhanced with a
certain set of initial conditions. In practice, this can be achieved
by either impact or chaos control. Especially, this design would
address the low energy harvesting capability of high frequency
harvesters/oscillators. The bandwidth of both harvesters can be

FIG. 6. Bandwidth enhancement with
optimal initial conditions, ζ = 0.13 and
β = 0.08.
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increased by 140% and 54%, respectively. In addition, a high amplitude frequency island is observed due to the coupling. Possible
approaches to obtain these solutions need to be explored.
See the supplementary material for detailed equations.
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