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Abstract

Existence and uniqueness are proved for Mckean-Vlasov type distribution de-
pendent SDEs with singular drifts satisfying an integrability condition in space
variable and the Lipschitz condition in distribution variable with respect to Wy
or Wy + Wy for some € > 1, where Wy is the total variation distance and Wy is
the Lf-Wasserstein distance. This improves some existing results where the drift is
continuous in the distribution variable with respect to the Wasserstein distance.
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1 Introduction

Consider the following distribution dependent SDE on R%:
(1.1) dX; = b( Xy, Zx,)dt + ou( Xy, Lx,)dW,, t € [0,T],

where T' > 0 is a fixed time, (W;)cjo,r) is the m-dimensional Brownian motion on a
complete filtration probability space (2, {-Z:}icpr, P), Lx, is the law of X,

b:[0,T] xR'x Z - RY o0:[0,T] xR x 2 — RE@R™
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are measurable, and & is the space of all probability measures on R? equipped with the
weak topology.

This type SDEs are also called McKean-Vlasov SDEs and mean field SDEs, and have
been intensively investigated due to its wide applications, see for instance [1, 2, 5, 8, 10,
11, 12, 20, 22| and references within.

An adapted continuous process on R? is called a (strong) solution of (1.1), if

T
(12) ]E/ {|bt(Xt7$Xt)| + ||O-t(Xt7$Xt)||2}dt < 00,
0
and P-a.s.
t t
(13) Xt == XO +/ bS(XS,,,gXS)dS +/ O'S(XS,ZXS)dWS, te [O,T]
0 0

We call (1.1) (strongly) well-posed for an .#,-measurable initial value Xy, if (1.1) has a
unique solution starting at Xj.

When a different probability measure P is concerned, we use .,?5]@ to denote the law
of a random variable £ under the probability ]@, and use E; to stand for the expectation
under P. For any pg € &, (Xi, Wi)icior) is called a weak solution to (1.1) starting
at po, if (Wt)te[o,T} is the m-dimensional Brownian motion under a complete filtration
probability space (Q, {ﬁt}te[oﬂ,]f”), (Xt>t€[0,T] is a continuous .Z;-adapted process on R
with $X0|]f” = pp, and (1.2)-(1.3) hold for ()E',W,]f”,]E[:,) replacing (X, W,P,E). We call
(1.1) weakly well-posed for an initial distribution pg, if it has a unique weak solution
starting at pg; i.e. it has a weak solution (Xt, Wt)te[o,T] with initial distribution g under
some complete filtration probability space (€2, {jt}te[o,T],E”), and XX[O,T]‘ED = XX[

P

holds for any other weak solution with the same initial distribution ()_(t, Wi)iepp,r) under
some complete filtration probability space (€2, {-% }iejo.17, P).

Recently, the (weak and strong) well-posedness is studied in [3, 4, 6, 13, 16, 17, 19] for
(1.1) with o,(z,v) = o(z) independent of the distribution variable +, and with singular
drift b;(x,y). See also [12, 16] for the case with memory. We briefly recall some conditions
on b which together with a regular and non-degenerate condition on o implies the well-
posedness of (1.1). To this end, we recall the L/-Wasserstein distance Wy for § > 0:

O,T]‘

1
1ve
Wy(v,7) :== inf (/ !w—yleﬂ(dw,dy)) , Y7 E P,
RdxRd

TEC(7,7)

where (v, 7) is the set of all couplings of v and 4. By the convention that 7 = 150
for r > 0, we may regard W, as the total variation distance, i.e. set

Wo(v,9) = v = llrv == sup  [v(A4) = F(A)].
AeB(RT)

References [3, 4] give the well-posedness of (1.1) with a deterministic initial value
Xo € R4, where the drift b;(x,7) is assumed to be linear growth in z uniformly in ¢, ~,
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and
|bt(l‘,’}/) - bt(x75/)| S ¢<W1(77ﬁ/))

holds for some function ¢ € C((0,00); (0,00)) with [ @ds = 00. Note that for distri-
bution dependent SDEs the well-posedness for deterministic initial values does not imply
that for random ones.

[17, Theorem 3] presents the well-posedness of (1.1) with exponentially integrable X
and a drift b of type

(1.4 i) = [ o)

where Bt(w, y) has linear growth in z uniformly in ¢ and y. Since Bt(:v, y) is bounded in y,
bi(x,-) is Lipschtiz continuous in the total variation distance Wy. [19] considers the same
type drift and proves the well-posedness of (1.1) under the conditions that E|Xo|? < oo
for some 3 > 0 and

b1, )| < el —y)

for some h € L4([0, T]; LP(R%)) for some p,q > 1 with ;—j + 3 < 1, where L” is a localized
LP space.

In [6] the well-posedness of (1.1) is proved for X, satisfying E|X,
given by

(1.5) bi(w,7) = bi(x, 7)),

where (@) := [pa @dy for some a-Hélder continuous function ¢, and |be (, )|+ 0y (2, 7) |
is bounded. Consequently, b;(z,y) is bounded and Lipschitz continuous in 7 with respect
to W,.

In [13] the well-posedness is derived under the conditions that E|X,|” < oo for some § >
1, by(x,~y) is Lipschitz continuous in v with respect to Wy, and for any pu € C([0,T]; Py),

| < 0o, and for b

|9

Vi (x) = by(, ), (t,z) €10,T] x RY

satisfies |b*[> € L4(T') for some (p,q) € ¢, where

L9(T) = {fe%([O,T] « RY) : /OT( Rd|ft(x)|pdx>gdt<oo},
H = {(p,q)e(l,oo)x(l,oo): g+§<2}.

Moreover, in [15] the well-posedness of (1.1) has been proved for

(1.6) b, ) = bpu(a)), oule, 1) = 6(pu(a))

with initial distribution having density function (with respect to the Lebesgue mseaure)
in the class H*** for some o > 0, where p,, is the density function of p with respect to the
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Lebesgue measure, b € C2([0,00); R?) and & € C3([0, 00); R*® R%). As for the weak well-
posedness, [14] assumes that b is bounded and Wy-Lipschitz continuous in distribution
variable, and ¢ is Lipschitz continuous in space variable.

In this paper, we prove the (weak and strong) well-posedness of (1.1) for general type
b with b;(z,7) Lipschitz continuous in 7 under the metric Wy or Wy + Wy for some
0 > 1. This condition is weaker than those in [3, 4, 6, 13] in the sense that the drift is
not necessarily continuous in the Wasserstein distance, but is incomparable with those
in [17, 19] where b is of the integral type as in (1.4). Moreover, our result works for any
initial value and initial distribution.

Recall that a continuous function f on R? is called weakly differentiable, if there exists
(hence unique) ¢ € L},.(R?) such that

/Rd<ng)<w>dl' = —Ad(f,Vg>(x)d$’ g€ Cgo(Rd)

In this case, we write £ = V f and call it the weak gradient of f. For p,q > 1, let

LZ,ZOC(T) = {f € A([0,T] x Rd) : /OT </K |ft(x)|pdx)zdt < oo, K CcR? is compact}.

We will use the following conditions.

(Ay) oy(x,v) = o4(x) is uniformly continuous in x € R? uniformly in ¢ € [0, T]; the weak
gradient Vo, exists for a.e. ¢ € [0,T] such that |[Veo|* € LI(T) for some (p,q) €
and there exists a constant K; > 1 such that

(1.7) K < (oy07)(2) < Ky, (t,x)€[0,T] x RY,
where [ is the d x d identity matrix.

(Ay) b=b+b, where b and b satisfy

[be(2,7) = be(y, )| + [be(,7) — be(, )]
S KQ(HV - ’?HTV +W9(77’?) + |‘T - y|)’ le [O,T],l‘,y € Rdﬁﬁ € 4@9

(1.8)

for some constants 0, Ky > 1, and there exists (p,q) € £ such that

(1.9) sup [b(0,60)| +  sup PPl pgery < o,
t€[0,7] reC([0,T]:%%)

where b (1) := b;(z, y;) for (¢t,z) € [0,T] x R%, and &, stands for the Dirac measure
at the point 0 € RY.



(A}) For any p € #([0,T]; 2), |]* € L} ,,.(T) for some (p,q) € £ . Moreover, there

exists a function T : [0, 00) — [0, 00) satisfying [, ﬁ = oo such that
(1.10) (by(,00),z) < T(|z|*), t€[0,T],2 R

In addition, there exists a constant K3 > 1 such that

(111) |bt($77) - bt($7f?)| S K3||/7 _f?HTV7 te [O,T],QZ € ]Rdaf%i/ € 2.

When (1.1) is weakly well-posed for initial distribution 7, we denote P,y the distribution
of the weak solution at time ¢.

Theorem 1.1. Assume (A,).

(1) If (A}) holds, then (1.1) is strongly and weakly well-posed for any initial values and
any wnitial distribution. Moreover,

2
K3t

" * KiK3t
(1.12) 1P 1o — Plvollzy <272 |luo — wllzy, t€[0,T], po,vo € 2.

(2) Let E|Xo|? < 0o and po(| - %) < oo. If (Ap) holds, then (1.1) is strongly well-posed
for initial value Xo and weakly well-posed for initial distribution pg. Moreover, there
exists a constant ¢ > 0 such that for any g, vy € Py,

| P o — Pivollrv + Wo (P po, P o)

(1.13) < e{llpo = vollrv + Wo(po, wo) }, t € [0,T).

To illustrate this result comparing with earlier ones, we present an example of b which
satisfies our conditions but is not of type (1.4)-(1.6) and is discontinuous in both the space
variable and the distribution variable under the weak topology. If one wants to control
a stochastic system in terms of an ideal reference distribution pg, it is natural to take
a drift depending on a probability distance between pg and the law of the system. As
two typical probability distances, the total variation and Wasserstein distances have been
widely applied in applications. So, we take for instance

bt(‘T?M) - l_)<t7'r7 :u) + h(tJ x7W9<:U’7 ,u()), ||,LL - MOHTV)

for some @ > 1, where b satisfies (1.8) and (1.9) for b = 0 which refers to the singularity in
the space variable x, and h : [0, 7] x R? x [0, 00)? — R? is measurable such that h(t, z,r, s)
is bounded in ¢ € [0,7] and Lipschitz continuous in (z,r,s) € R? x [0,00)? uniformly in
€ [0, T]. Obviously, b(t, z, i) satisfies condition (A,) but is not of type (1.4)-(1.6) and
can be discontinuous in x and p under the weak topology.
In the next section we make some preparations, which will be used in Section 3 for
the proof of Theorem 1.1.



2 Preparations
We first present the following version of Yamada-Watanabe principle modified from [13,
Lemma 3.4].

Lemma 2.1. Assume that (1.1) has a weak solution (Xt)tepo,r] under probability P, and
let iy = Z%,|P,t € [0,T]. If the SDE

(21) dXt = bt(Xt7 ,LLt)dt + Jt(Xtu Mt)th

has strong uniqueness for some initial value Xo with £x, = po, then (1.1) has a strong
solution starting at Xo. If moreover (1.1) has strong uniqueness for any initial value Xy
with Lx, = o, then it is weakly well-posed for the initial distribution pg.

Proof. (a) Strong existence. Since p; = L, |P, X; under P is also a weak solution of (2.1)
with initial distribution pg. By the Yamada-Watanabe principle, the strong uniqueness of
(2.1) with initial value X implies the strong (resp. weak) well-posedness of (2.1) starting
at Xo (resp. pp). In particular, the weak uniqueness implies L, = s, t € [0, 7], so that
X solves (1.1).

(b) Weak uniqueness. Let X, under probability P be another weak solution of (1.1)
with initial distribution po. For any initial value X, with Zx, = 1o, the strong uniqueness
of (2.1) starting at X, implies

X = F(Xo, W)

for some measurable function F : R? x C([0, T]; RY) — C([0,T]; R?). This and the weak
uniqueness of (2.1) proved in (a) yield

(2.2) Lo P = Lxiom P
Let X[O’T} = F(X,, W[(),T]). We have X, = X, and
gX[O,T} [P = L P

This and (2.2) imply (ZXJI@ = 1, so that X, under P is a weak solution of (1.1) with
Xy, = X,. By the strong uniqueness of (1.1), we derive X 0,7 = X[QT]. Combining this
with (2.2) we obtain

XX[O,T] P = ,Sff(m] P = XX[O,T] P = XX[O,T] P,
i.e. (1.1) has weak uniqueness starting at p. O

We will use the following result for the maximal operator:

1
2. h(z) = S — hiy)dy, he L: (R? R¢
( 3) ‘% (‘T) Sup ‘B(ZL’, T>| /B(x,r) (y) ya € loc( )7 HAS )

r>0

where B(xz,r) :={y : |z —y| <r}, see [7, Appendix A].
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Lemma 2.2. There exists a constant C' > 0 such that for any continuous and weak
differentiable function f,

(2.4) f(z) = f(y)| < Cla —yl(A|V fl(x) + AV fI(y), ae z,yeR
Moreover, for any p > 1, there exists a constant C, > 0 such that
(2.5) 14 fllee < Coll flliw, f € LP(RY).

To compare the distribution dependent SDE (1.1) with a classical one, for any p €
PB(0,T); P), let by (x) := by(x, uy) and consider the classical SDE

(2.6) AX! = WX AL + oy (XAW,, ¢ € [0,T).

According to [25], assumption (A,) together with (A;) or (A;) implies the strong well-
posedness, where under (A}) the non-explosion is implied by (1.10). For any v € &, Let
P/ () = Lxp for (X{')iepo,r) solving (2.6) with Zx» = v. We have the following result.

Lemma 2.3. Assume (A,) and let v € 2.
(1) If (A}) holds, then for any u,v € %(]0,T]; 2),

K KQ t
! 3/ ltts — vl2pds, ¢ € [0,
0

(2.7) 197 (1) = &} (W)llzy < —

(2) If (Ay) holds and v € Py, then for any p € C([0,T]; Py), we have ®Y(u) €

C([0,T]; Py). Moreover, for anym > 1V g, there exists a constant C' > 0 such that

for any p,v € C([0,T]; Py) and vy1,72 € Py,
{Wo(D7 (1), 7> (v)) >

(28) 2m ! 2m
< COWo(y1,72)"™ + C | {llps — vsllrv + Wo(ps, vs) } - ds, t € [0,T].
0

Proof. (1) Let (Aj}) hold and take p, v € %(]0,T]; ). To compare O/ () with &} (v), we
rewrite (2.6) as

(2.9) AXH = by(XF, vy)dt 4 o, (X)dW,,
where
= Wit [ s, €= o2l OO ) = bXE )] 5.t € 0.7
Noting that (1.7) together with (1.11) implies
(2.10) Efez Jo 16:°4] < o0,
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by the Girsanov theorem we see that Ry := e~ Jo €dW)=3 Jo" [6°ds jg 4 probability density
with respect to P, and (Wt)te[oﬂ is a d-dimensional Brownian motion under the probability
Q = RT]P)

By the weak uniqueness of (2.6) and Lxx|Q = Lxp» = v, we conclude from (2.9) with
Q-Brownian motion W, that

P} (v) = LxrQ, t€[0,T].
Combining this with (A4,) and applying Pinker’s inequality [18], we obtain

2(1@] (v) — @ ()ll7y <2 sup (E[f(X})(R = D)])* = 2(E| R, — 1))

[ fllc<1

1 t
(2.11) < E[R;log R] = —E@/ [€s[7ds

< —EQ/ |bs (X5 11s) (Xf,l/s)fzds.

By (A}), this implies (2.7).
(2) Let (A4) hold and take m > 1V &. Take Fy-measurable random variables X} and
X such that Lxx =71, Lxy = 72 and

EIXE — Xg|" = {Wo(1,72)}".

Let X/ solve (2.6) and X} solve the same SDE for v replacing u. We need to find a
constant C' > 0 such that for any ¢t € [0, T,

{Wo (7" (1), 97 (v))}*"

(2.12) L upion2m ! om
< CEIXy = X7[) e +C | (Wolps,vs) + s — vsllrv)™ds, £ € [0,T7.
0

To this end, we make a Zvokin type transform as in [13] and [24].
For any A > 0, consider the following PDE for u : [0, 7] x RY — R%:

0 1 _
(213) % + TI'(O'tO':VQUt) + ngut + bf = )\Ut, ur = 0.
According to [24, Remark 2.1, Proposition 2.3 (2)], under assumptions (A,) and (A,),

when ) is large enough (2.13) has a unique solution u™* satisfying

1
(2.14) [u oo + (VM| S5
and

(2.15) HVQu’\’“Hng(T) < o0.
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Let O} (x) = x +u}(z). It is easy to see that (2.13) and the Ité formula imply
(2.16) dOM(X]') = (Au + b)) (X[)dt + ({VOM o) (XI) AW

In particular, (2.14) and E[|X¥|?] < co imply that E[|©)"(X¥)|’] < oo and (2.16) is
an SDE for & := O (X!") with coefficients of at most linear growth, so that % €
C([0,T]; Py) and so does Lyn due to (2.14).

It remains to prove (2.8). To this end, we observe that (2.13) and the It6 formula
yield

Aoy (XY) = A (XY)dt + ({VO, "} a,) (X)) AW,
+ (Ve H (B — bf) + 0f — 01X )t
= D™+ {VORM (B = bf) + (XY )dE + ([T, o) (X) AW

Combining this with (2.16) and applying the It6 formula, we see that 1, 1= O} (X*) —
O} (XY satisfies

dlf? =2 (e X (XF) = N (XF) + B (XE) = BE(XT) )
+ 2 (n, [({VOM }o) (XF) = (VO o) (X7 W, )

2

dt

+||qver e xt) - (ver o) (x|

=2 (n, {VOM} b = ¥)(X) ) dr.

So, for any m > 1, it holds

Al = 2ml [P0 (o, M () = N (XF) -+ (X = B () ) e

o+ 2ml 2D (e, (VO o) (XE) — ({VO}* }o) (XYW, )

2
(2.17) + mp 2 dt

HS

(VO (XF) — (VO }o) (X7)

2

+ 2m(m = )2 (VO o) (XF) — (VO o) (XD me| d

= 2mly 2 (o, {TOM} (B — HOI(X) ) dt
By (2.14) and (1.8), we may find a constant ¢y > 0 such that
(2.18) e P ] - IV (XE) = Mgt (XY ) 4 D (XE) = B (XE)| < ol
and
e 2D || - {070 — b)) (X7
(2.19) < K| VOM oo a2V 1| (W (1, ve) + |12 = villzw )
< co(|me|*™ + Wolpue, 10)*™ + |l e — vl ).
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According to [13, (4.19)-(4.20)], we arrive at
(2.20) dme|*™ < ea|ne*"d A + er(Wo(pe, v0)*™ + || — vil|75)dt + dM,

for some constant ¢; > 0, a local martingale M;, and
t
Aci= [ {1+ (AP0 + Vo) (X2) + A (192027 + Ve ) (X2))° .

Thanks to [24, Theorem 3.1], the Krylov estimate

A e AT

SC(/:(/Rd]fr(:c)\pdx)gdr);, 0<s<t<T.

holds. As shown in [23, Lemma 3.5], (2.21), (2.5), (2.15) and (A,) imply

(2.21)

sup Ee®t = Ee®T < 00, § > 0.
t€[0,T]

By (2.14) and the stochastic Gronwall lemma (see [23, Lemma 3.8]), (2.20) with 2m > 0
implies
{Wo (@) (1), 272 (1)) }*™ < c2(Elmi|")

m c19 2m—0 t m m
< 03(E|X5 - ‘X(?)/|0)2T +c3 (EGQWLQAT) ’ / (WQ(MS, VS)2 + H:us - VSH%V)dS
0

2m
0

holds for all ¢ € [0,7] and some constants cg,c3 > 0. Therefore, (2.12) holds for some
constant C' > 0 and the proof is thus finished.
[

3 Proof of Theorem 1.1

Assume (A,). According to [25, Theorem 1.3], for any . € Z([0,T]; &), each of (A)
and (Aj) implies the strong existence and uniqueness up to life time of the SDE (2.1).
Moreover, it is standard that in both cases a solution of (2.1) is non-explosive. So, by
Lemma 2.1, the strong well-posedness of (1.1) implies the weak well-posedness. Therefore,
in the following we need only cosnider the strong solution.

To prove the strong well-posedness of (1.1), it suffices to find a constant ¢, € (0, 7]
independent of X such that in each of these two cases the SDE (1.1) has strong well-
posedness up to time ty3. Indeed, once this is confirmed, by considering the SDE from
time to we prove the same property up to time (2t5) A T'. Repeating the procedure finite
many times we derive the strong well-posedness.

10



Below we prove assertions (1) and (2) for strong solutions respectively.
(a) Let (Aj}) hold. Take t, = min{T,#Kg} and consider the space Fy, = {pu €
B([0,t0]; L) : o = v} equipped with the complete metric

p(v, p) = sup vy — v
te(0,to)
Then (2.7) implies that ®” is a strictly contractive map on FEy,, so that it has a unique
fixed point, i.e. the equation

(3.1) O} (1) = pu, t €10, 0]

has a unique solution p € E,. By (3.1) and the definition of ®” we see that the unique
solution of (2.1) is a strong solution of (1.1). On the other hand, p, := Zx, for any strong
solution to (1.1) is a solution to (3.1), hence the uniqueness of (3.1) implies that of (1.1).

To prove (1.12), let u, = Pjpp and vy = Pfry. We have Pfug = ®/°(u) and Pfyy =
®°(v). So, (2.7) with v = po implies

KKQ t
13/Hﬁm—ﬂmﬁﬂ&t€Mﬂ
0

(3.2) 1Py 1o = @ W)llzy < —

On the other hand, by the Markov property for the solution to (2.6) with v replacing p,
we have

¥w) = [ oFwna), ve2.

Combining this with Pjvy = ®°(v), we obtain

@A) - () ()] =| [ (80}~ )
< lpo = wollrv, A€ BRY).
Hence,
(3.3) 124 (v) = Prwollrv < llpo — wollrv, t € [0, T].
This together with (3.2) yields
1P 10 — Piwollzy < 2P 1o — @ (v) 17y + 2[1@4° (v) — Plvolizy

KK2 t
13/Hﬁm—ﬂm%ﬂ&teMﬂ
0

< 2||po — o7y + 5

By Gronwall’s lemma, this implies (1.12).
(b) Let (Ap) hold and let v = Zx, € Py. For any u,v € C([0,T], Py), (1.8) implies
(2.11). By (2.11), (1.8) and (2.8) with 73 = 72 =, we find a constant C' > 0 such that

{197 (1) — @7 (V)l|lrv + Wo(PF (1), B () }*"

(34) t 2m
<c / [lite = vallr + Wolpa, v) Y¥"ds, t € [0,T],7 € P4,
0
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Let tg = 55. We consider the space Ey, = {p € C([0,t0]; D) : p1o = 7} equipped with
the complete metric

pv,p) = sup {|lve = pullrv + Wo(v, pur) }-
tel0,t0]

Then ®7 is strictly contractive in Ej,, so that the same argument in (a) proves the strong
well-posedness of (1.1) with Zx, = v up to time .
Let p: and v be in (a). By (3.4) with v = py we obtain

* * 2m
{I1Pf 1o — @1 ()|l ov + Wo( P o, @4 (v)) }

(3.5) t -
< C’/ {||PS*,u0 — PXw||rv +W9(PS*M0,P:VO)}2 ds, tel0,T].
0

Next, taking v; = vy, 72 = po and = v in (2.8), we derive
{We(Pt*Vo»CI’fO(V))}Qm < C{Wo(po, Vo)}Qm-

Combining this with (3.3) and (3.5), we find a constant C’ > 0 such that

2m

{1 P o — Pivollov + Wo(P o, Pivo) }
< C'{|lno — vollrv + We(po, vo) }™

t
+ C’/ {I1PF o — Pivo|lrv + Wo( P 1o, P;‘yo)}zmds, te0,T].
0

By Gronwall’s lemma, this implies (1.13) for some constant ¢ > 0.
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