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Abstract

Tortuosity is widely used as a critical parameter to predict transport properties of porous me-
dia, such as rocks and soils. But unlike other standard microstructural properties, the concept
of tortuosity is vague with multiple de�nitions and various evaluation methods introduced in dif-
ferent contexts. Hydraulic, electrical, di�usional, and thermal tortuosities are de�ned to describe
di�erent transport processes in porous media, while geometrical tortuosity is introduced to charac-
terize the morphological property of porous microstructures. In particular, the rapid development of
microscopy imaging techniques has made digital microstructures of porous media increasingly acces-
sible, from which geometrical and physical tortuosities can be evaluated using various image analysis
and numerical simulation methods. These tortuosities are de�ned di�erently and can di�er greatly
in value, but in many works of literature, they are used interchangeably. To address this situation,
we systematically examine geometrical, hydraulic, electrical, di�usional, and thermal tortuosities
from the viewpoints of the de�nition and evaluation method. For the same porous medium, visible
discrepancies are found between the evaluated geometrical and physical tortuosities, depending on
the speci�c de�nition and the evaluation method adopted. This observation makes it questionable
to directly use the geometrical tortuosity as a substitute for physical tortuosities, a common practice
in the literature. Thus, the correlations between geometrical and physical tortuosities are further
analyzed, which also takes into account the in�uence of both image size and resolution. From the
correlation analysis, phenomenological relations between geometrical and physical tortuosities are
established, so that the latter can be accurately predicted by using the former that is much cheaper
to evaluate from digital microstructures.

Keywords: Tortuosity; Porous media; Image analysis; Numerical simulation; Microstructural char-
acteristic; Transport property.
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1 Introduction

Porous media, whether natural or arti�cial, comprise chaotic microstructures so that the internal �ow
path for �uid permeation, molecular di�usion, electrical conduction, and heat transfer are tortuous
and meandering (Civan, 2011; Bear and Bachmat, 2012). In order to quantify the transport behavior
of �ow passing through porous media, an accurate understanding of the heterogeneous microstructure
is required (Adler, 1992; Blunt et al., 2013; Bultreys et al., 2016). Such microstructural descriptors
as porosity (Koponen et al., 1997), speci�c surface area (Petersen et al., 1996), correlation functions
(Adler et al., 1990; Coker et al., 1996; Hilfer, 2002), pore size distribution (Münch and Holzer, 2008),
Minkowski functionals (Vogel et al., 2010; Armstrong et al., 2019), constrictivity (Holzer et al., 2013;
Keller et al., 2015) and tortuosity (Berg, 2014; Yang et al., 2019) play vital roles in characterizing the
morphology of porous media. Among them, tortuosity is a special parameter, which is not only used
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to explicitly describe the sinuosity and complexity of internal percolation paths but also to quantify
transport properties of porous media (Clennell, 1997; Barrande et al., 2007; Ghanbarian et al., 2013).

Tortuosity is an important concept in many scienti�c and engineering �elds. In geoscience, tortuosity
is closely related to the transport behavior of �uid permeation, molecular di�usion, electrical conduction,
and heat transfer, thereby a�ecting such petrophysical properties as permeability, e�ective di�usivity,
formation resistivity factor, and thermal conductivity (Adler et al., 1990; Thovert et al., 1990; Adler,
1992; Masís-Meléndez et al., 2014; Backeberg et al., 2017; Srisutthiyakorn and Mavko, 2017). In energy
storage and conversion, tortuosity is a key factor for electrodes design to maximize battery capacity
(Coelho et al., 1996; Kehrwald et al., 2011; Bae et al., 2013; Zacharias et al., 2013). For chemical
catalysts, tortuosity has a great in�uence on reaction e�ciency (Prachayawarakorn and Mann, 2007;
Kolitche� et al., 2017). In acoustic applications, tortuosity is closely linked to sound propagation
and velocity variation in porous structures (Corapcioglu, 1996; Zielinski, 2012; Pazdniakou and Adler,
2012). For water treatment, the tortuosity of the membrane microstructure signi�cantly in�uences
the distillation performance (Karanikola et al., 2017). In bone tissue engineering, tortuosity a�ects cell
migration through the sca�old, nutrient di�usion, waste removal, and bone remodeling (Botchwey et al.,
2003; Gariboldi and Best, 2015; Bini et al., 2019).

Despite this broad presence in diverse �elds, tortuosity is not consistently de�ned by geologists,
engineers, chemists and biologists. Extensive e�orts have been made to determine the tortuosity of
porous media, but the evaluation methods and results di�er between various types of tortuosity. Also,
di�erent types of tortuosity are often interchangeably used in literature (Shen and Chen, 2007; Ghanbar-
ian et al., 2013; Tjaden et al., 2018). In the following subsections, di�erent approaches to determining
the tortuosity of porous media are brie�y reviewed, including experimental measurement, theoreti-
cal/phenomenological modeling, image analysis and physical simulation.

1.1 Experimental measurement

To model the permeability of porous media, the concept of tortuosity was �rst introduced by Kozeny
(1927) based on a capillary tube experiment and then further re�ned by Carman (1937). Tortuosity was
initially only used as a tuning parameter to account for the e�ect of complicated pore structures on �uid
�ows in porous media (Barrande et al., 2007; Borujeni et al., 2013). The presence of the solid phase in
porous media causes the �ow path to deviate from the straight line; and to approximate the e�ective
�ow path, the length scale of the pore channel is adjusted by tortuosity. Besides �uid permeation, the
tortuosity concept has been applied to other transport processes in porous media as well, including
molecular di�usion, electrical conduction and heat transfer.

There are two widely-used experimental approaches to measuring the tortuosity of porous media.
The �rst approach is based on the electrical conductivity experiment, where the test porous media
sample is saturated with an electrolyte and the tortuosity is evaluated using the e�ective conductivity
measured on the porous sample (Garrouch et al., 2001; Weerts et al., 2001; Barrande et al., 2007).
The second approach measures the di�usion coe�cient of a nonreactive species di�using through the
porous media sample, and the tortuosity is estimated using the measured di�usivity (Barrande et al.,
2007; Weerts et al., 2001; He et al., 2013). Compared to the electrical conductivity experiment, the
di�usion process in porous media is much slower, and the corresponding experiment is sensitive to the
selected chemical species and temperature. Typically, the tortuosity values measured from electrical
conductivity and di�usion experiments can be di�erent (Garrouch et al., 2001). Therefore, di�erent
tortuosities are de�ned depending on the underlying physical process and the measurement protocol
(Yang et al., 2019).

1.2 Theoretical/phenomenological models

A large number of theoretical or phenomenological models have been proposed to estimate the tortuosity
of porous media, and most of them simply express tortuosity as functions of porosity (Mota et al., 2001;
Lanfrey et al., 2010; Duda et al., 2011; Ahmadi et al., 2011). The Bruggeman correlation (Bruggeman,
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1935; Dias et al., 2006) is one of the most commonly used porosity-tortuosity relationships, which is
expressed as an exponential equation, given by

τ2 = φ1−α (1)

where τ denotes the tortuosity, φ is the porosity and α is an empirical constant called Bruggeman
exponent. Considering the relationship between porosity φ and formation resistivity factor F , i.e.
τ2 = φF (Wyllie et al., 1950; Coleman and Vassilicos, 2008), the Bruggeman relation is formally
consistent with the well-known Archie's law (Archie et al., 1942): F = φ−α. Another famous model was
presented by Comiti and Renaud (1989), which treats tortuosity as a logarithmic function of porosity:

τ2 = 1− p lnφ (2)

where p is an empirical constant related to the grain shape. The porosity-tortuosity model put forward
by Iversen and Jørgensen (1993) is also popular, where the linear relationship between porosity and
tortuosity was observed as follows:

τ2 = 1 + q(1− φ) (3)

where q is an empirical constant depending on the type of porous media. Du Plessis and Masliyah
(1991) derived an analytical model from an idealized granular pore microstructure without involving
any undetermined parameter, which is mathematically expressed as

τ =
φ

1− (1− φ)2/3
(4)

Besides, another representative theoretical model was derived from a �xed bed of randomly packed
identical particles by Lanfrey et al. (2010), given by

τ = 1.23
(1− φ)4/3

ξ2φ
(5)

where ξ is the shape factor (sphericity) of particle, ξ = 1 for sphere and ξ < 1 for non-spherical particles.
The above �ve porosity-tortuosity relations are representatives of various models for tortuosity es-

timations. Despite the simple formulations, phenomenological models usually contain empirical param-
eters or uncertain coe�cients such as α, p, q and ξ in above equations, and accurate determinations
of them are di�cult. Even for a small class of porous media, these adjustable parameters can vary
signi�cantly causing great errors for the tortuosity estimation (Ghanbarian et al., 2013; Tjaden et al.,
2018). To improve the prediction accuracy, tortuosity models with more sophisticated formulation and
more parameters have been proposed, but typically they are only suitable for a narrow range of mi-
crostructures (Pisani, 2011; Matyka et al., 2008; Lanfrey et al., 2010; Chung et al., 2013). Ghanbarian
et al. (2013) presented a critical review of tortuosity models including geometrical, hydraulic, electrical
and di�usional tortuosities, and it was found that various porosity-tortuosity models di�er greatly and
may not be used interchangeably. Moreover, although many actual porous media are anisotropic in
nature, most theoretical and phenomenological models assume the medium to be isotropic.

Microstructural features such as the shape, size, orientation and spatial distribution of grains and
pores all a�ect the tortuosity of porous media (Vervoort and Cattle, 2003), but most phenomenological
models rely mainly on the porosity (Shen and Chen, 2007; Ghanbarian et al., 2013). A porous medium
contains a large number of geometrically irregular pore bodies, some are connected, and others are
isolated or dead-end. The length scales of randomly distributed pores can range over several orders
of magnitude. Besides, the solid-pore interfaces are typically rough with a signi�cant resistance e�ect
on transport �ow. These complications make it extremely challenging, if not impossible, to develop
an explicit mathematical model that can accurately predict the tortuosity for general porous media.
Indeed, the tortuosity values calculated from various phenomenological models often di�er greatly from
experimental measurements or numerical simulation results and are even incorrect in some cases (Shen
and Chen, 2007; Matyka et al., 2008; Lanfrey et al., 2010; Tjaden et al., 2018).
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1.3 Image analysis

As illustrated in Figure 1, modern microscopy imaging techniques are capable of providing high-�delity
visualization and characterization of 2D/3D porous microstructures at scales of nanometers to mil-
limeters (Lai et al., 2018), and they include X-ray micro-computed tomography (Micro-CT) (Spanne
et al., 1994; Schlüter et al., 2014), focused ion beam and scanning electron microscopy (FIB-SEM)
(Munroe, 2009), scanning electron microscopy (SEM)(Stutzman, 2004), optical microscopy (Georgali
and Tsakiridis, 2005), transmission electron microscopy (TEM) (Ringer and Hono, 2000), atomic force
microscopy (AFM) (Javadpour et al., 2009), magnetic resonance imaging (MRI) (Anovitz and Cole,
2015) and small-angle X-ray scattering (SAXC) (Zhao et al., 2014). Although the imaging mechanisms
of these techniques are di�erent, the acquired digital images are comparable at the same resolution levels.
Raw microscopic images are typically processed and stored as pixels or voxels in gray scale (as shown in
Figure 20a), and through image segmentation they can be converted into binary forms, where the pore
space is separated from the solid matrix (as shown Figure 20c). The segmented digital microstructure
with su�cient size and adequate resolution can be directly used as a representative elementary volume
(REV) for further analyses of geometrical characterization and physical simulation.

Figure 1: Microstructure characterization at di�erent length scales via advanced microscopy imaging
techniques (the raw picture materials are collected from Ning et al. (2016) and Devarapalli et al. (2017)).

With the increasing availability of digital microstructures, the e�ects of complex microstructures
on the macroscopic transport properties have attracted signi�cant attention in recent years (Blunt
et al., 2013; Wildenschild and Sheppard, 2013; Bultreys et al., 2016). Owing to the high e�ciency, it is
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desirable to directly evaluate the tortuosity through image analysis. Thus, to describe the degree of �ow
paths deviating from straight lines in porous media, the geometrical tortuosity is de�ned as the ratio of
the e�ective �ow-path length to the straight-line distance in the macroscopic �ow direction (Ghanbarian
et al., 2013). The geometrical tortuosity is usually computed by considering the shortest pore channels as
the actual �ow paths through porous media (Sun et al., 2011; Cecen et al., 2012). Various algorithms,
such as Dijkstra's algorithm and fast marching algorithm, have been used to search for the shortest
pore channels that can be equivalent to the e�ective �ow paths. The popular image-based methods to
calculate the geometrical tortuosity are listed in Table 1, including the direct shortest path searching
method (DSPSM), the skeleton shortest path searching method (SSPSM), the fast marching method
(FMM) and the pore centroid method (PCM), etc.

Table 1: Popular image analysis methods to calculate geometrical tortuosity.

Evaluation method Porous media Dimension Reference

DSPSM
(Dijkstra's algorithm)

Porous rocks,
nanocomposites, and
fuel cell electrodes.

3D

Thovert et al. (1993);
Gommes et al. (2009);
Cecen et al. (2012);
Wargo et al. (2013);
Litster et al. (2013);
Stenzel et al. (2016).

DSPSM
(Wavefront propagation
algorithm)

Structures of sodium
chloride compacts.

2D San Wu et al. (2006).

DSPSM
(A-star algorithm)

Structures of
sintered compacts.

2D Montes et al. (2007).

SSPSM
(Dijkstra's algorithm)

Porous rocks,
fuel cell electrodes,
alumina, and paper
microstructures.

3D

Lindquist et al. (1996);
Axelsson and Svensson (2010);
Sun et al. (2011);
Shanti et al. (2014);
Al-Raoush and Madhoun (2017).

FMM

Porous rocks,
fuel cell electrodes,
in�ltrated aluminium,
cellular materials, and
energy storage materials.

3D

Brun et al. (2008);
Jørgensen et al. (2011);
Pardo-Alonso et al. (2014);
Chen-Wiegart et al. (2014);
Taiwo et al. (2016).

PCM
Porous rocks,
soil and, fuel
cell electrodes.

3D

Gostovic et al. (2007);
Desrues et al. (2010);
Shearing et al. (2012);
Kaczmarek et al. (2017).

Path tracking method Arti�cial models. 3D Sobieski et al. (2018).

It should be noted that geometrical tortuosity is a microstructural characteristic, independent from
the speci�c transport process in porous media (Clennell, 1997). Moreover, although constrictions and
bottlenecks of pore channels can greatly a�ect the transport behaviors (Holzer et al., 2013; Berg, 2014),
geometrical tortuosity only considers the longitudinal distance of possible �ow paths and neglects the
�ow variation in the cross-section of pore channels. Also, the �ow paths identi�ed by image analysis can
di�er greatly from the real �ow paths in porous media (Ghanbarian et al., 2013). These limitations may
explain why geometrical tortuosity often fails to accurately model/predict such transport properties of
porous media as permeability, e�ective di�usivity and conductivity.

1.4 Physical simulation

High-quality digital microstructures also make it possible to mimic experimental measurements through
high-�delity numerical simulations, so that tortuosities can be evaluated from physical simulations of
�uid permeation, electrical conduction, molecular di�usion and heat transfer in porous media (Lemaitre
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Table 2: Numerical simulation methods for the prediction of physical tortuosities.

Tortuosity type Numerical method Porous media Dimension Reference

Hydraulic
Lattice gas automata
(The precursor to LBM)

Arti�cial models. 3D Zhang and Knackstedt (1995).

Hydraulic LBM
Porous rocks and
arti�cial models.

2D and 3D

Koponen et al. (1996);
Matyka et al. (2008);
Duda et al. (2011);
Matyka and Koza (2012);
Degruyter et al. (2010).

Hydraulic FEM Arti�cial models. 2D Saomoto and Katagiri (2015).

Hydraulic FVM Arti�cial models. 2D Luo et al. (2014).

Electrical
Lattice gas automata
(The precursor to LBM)

Arti�cial models. 3D Zhang and Knackstedt (1995).

Electrical FEM Arti�cial models. 2D Saomoto and Katagiri (2015).

Thermal FVM
Fuel cell
electrodes.

3D
Cooper et al. (2013);
Tjaden et al. (2016);
Brown et al. (2016).

Thermal FEM
Fuel cell
electrodes.

3D Sun et al. (2016).

Di�usional FVM
Porous rocks and
battery cathode.

3D
Hutzenlaub et al. (2013);

Peng et al. (2014).

Di�usional FEM
Fuel cell
electrodes.

3D
Wilson et al. (2006);
Chen-Wiegart et al. (2014).

Di�usional FDM
Porous rocks
and fuel cell
electrodes.

3D

Pisani (2011);
Cooper et al. (2016);
Finegan et al. (2016);
Backeberg et al. (2017).

Di�usional LBM
Soils, and
fuel cell electrodes.

3D
Weerts et al. (2001);
Iwai et al. (2010);
Ostadi et al. (2010).

Di�usional Gauss�Seidel method Porous alumina. 3D Shanti et al. (2014).

Di�usional RWM

Porous rocks,
fuel cell electrodes,
concretes and
bead packs.

2D and 3D

Nakashima and Watanabe (2002);
Nakashima and Kamiya (2007);
Iwai et al. (2010);
Kishimoto et al. (2013);
and Tranter et al. (2019).

and Adler, 1990; Adler et al., 1990; Thovert et al., 1990; Adler, 1992; Ginzbourg and Adler, 1994;
Duda et al., 2011; Cooper et al., 2013; Tjaden et al., 2018). These �ux-based tortuosities (namely
the hydraulic, electrical, di�usional and thermal tortuosity) are collectively referred to as physical
tortuosities in this study. Table 2 summarizes the popular numerical methods for pore-scale simulations
of various transport processes in porous media to evaluate physical tortuosities, including the lattice
Boltzmann method (LBM), the �nite element method (FEM), the �nite volume method (FVM), the
�nite di�erence method (FDM), the random walk method (RWM) and others.

In contrast to geometrical tortuosity that exclusively depends on the porous microstructure, physical
tortuosities are related to both the porous microstructure and the transport �ow inside it. For a speci�c
transport process in a porous medium, the associated physical tortuosity describes the resistance e�ect
of the porous microstructure on transport �ow. Although transport processes in porous media can be
fundamentally di�erent, physical tortuosities are often interchangeably used in the literature (Clennell,
1997). For example, the electrical tortuosity was considered to be identical to the hydraulic tortuosity
(Carman, 1956; Mualem and Friedman, 1991; David, 1993; Weerts et al., 1999), and many researchers
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took the former as an approximation of the latter to model permeability of porous media (de Lima,
1995; De Lima and Niwas, 2000; Barrande et al., 2007; Saomoto and Katagiri, 2015). The di�usional
tortuosity obtained from molecular di�usion simulation or random walk simulation was also used to
substitute the hydraulic tortuosity in hydraulic conductivity studies of porous rocks (Nakashima and
Kamiya, 2007; Masís-Meléndez et al., 2014; Peng et al., 2014; Backeberg et al., 2017). Numerical
simulation of thermal conduction was adopted to evaluate the di�usional tortuosity of porous media
(Cooper et al., 2013; Tjaden et al., 2016; Brown et al., 2016; Sun et al., 2016). Besides, the geometrical
tortuosity is commonly used as an alternative to physical tortuosities to model transport properties of
porous media (Montes et al., 2007; Sun et al., 2011; Cecen et al., 2012; Holzer et al., 2013; Berg, 2014;
Kaczmarek et al., 2017; Li et al., 2017), such as permeability, e�ective di�usivity, formation resistivity
factor and thermal conductivity.

Many open-source or commercial software packages have been developed for microstructural analysis,
as summarized in Table 3. These software tools can all provide morphological characteristics or physical
properties of porous media, but they adopt di�erent methods (as listed in Table 1 and Table 2) to
calculate tortuosity, which often leads to inconsistent results.

Table 3: Open-source and commercial software packages for tortuosity evaluation.

Name Tortuosity type Calculation method Nature Reference

iMorph Geometrical FMM Open-source Brun et al. (2008)

Tort3D Geometrical DSPSM Open-source Cecen et al. (2012)

TORT3D Geometrical SSPSM Open-source Al-Raoush and Madhoun (2017)

Palabos
Hydraulic
Di�usional

LBM simulation of laminar �ow
LBM simulation of molecular di�usion

Open-source Palabos (2019)

OpenLB
Hydraulic
Di�usional

LBM simulation of laminar �ow
LBM simulation of molecular di�usion

Open-source OpenLB (2019)

TauFactor Di�usional FDM Open-source Cooper et al. (2016)

PuMA Di�usional FDM or RWM Open-source Ferguson et al. (2018)

pytrax Di�usional RWM Open-source Tranter et al. (2019)

Avizo

Geometrical
Hydraulic
Di�usional
Electrical
Thermal

PCM
FVM simulation of laminar �ow
FVM simulation of molecular di�usion
FVM simulation of electrical conduction
FVM simulation of heat transfer

Commercial Avizo (2017)

Simpleware

Geometrical
Hydraulic
Di�usional
Electrical
Thermal

SSPSM
FEM simulation of laminar �ow
FEM simulation of molecular di�usion
FEM simulation of electrical conduction
FEM simulation of heat transfer

Commercial Simpleware (2019)

GeoDict

Geometrical
Hydraulic
Di�usional
Electrical
Thermal

DSPSM or SSPSM
FVM simulation of laminar �ow
FVM simulation of molecular di�usion
FVM simulation of electrical conduction
FVM simulation of heat transfer

Commercial GeoDict (2020)

1.5 Motivation and signi�cance

A summary of the origin, evolution and variation of the tortuosity concept was given by Clennell (1997),
where the relationships between di�erent types of tortuosity were analyzed. The tortuosity concept
varies depending on the speci�c application, but in general, it can be understood from two interrelated
perspectives: (1) a geometrical measure to characterize the sinuosity of pore channels (�ow paths)
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inside the porous medium; (2) a physical characteristic to quantify the retarding e�ect (resistance)
of the heterogeneous microstructure on a speci�c transport process inside the porous medium. The
nature of tortuosity has not been fully understood, so that it remains confusing whether tortuosity is
an intrinsic microstructural property of the porous medium, a physical characteristic depending on the
type of transport process, or just a `fudge factor' to tune predictions to match with experimental results
(Ghanbarian et al., 2013).

A diverse range of approaches have been developed and applied to evaluate tortuosities of porous
media, including experimental measurement, theoretical/phenomenological models, image analysis, and
physical simulation, but inconsistent results are often obtained from di�erent evaluation methods (Gar-
rouch et al., 2001; Shen and Chen, 2007; Ghanbarian et al., 2013; Pardo-Alonso et al., 2014; Tjaden
et al., 2018). There is no rigorous and unique de�nition for tortuosity as its physical essence has not
been completely understood. Other factors, including experimental facility and condition, modeling
assumption and data, numerical simulation method and boundary condition, and image preparation
and analysis methods, also have a signi�cant in�uence on the tortuosity results. Further research is
required to tackle the nature of tortuosity and the relationship between di�erent evaluation approaches,
which are critical for understanding the transport behaviors inside porous media.

In this study, we focus on the modern approaches to evaluating the tortuosity of porous media, i.e.
image analysis and physical simulation. It is noted that the tortuosity τ is a scalar-valued factor greater
than 1. Neither the tortuosity factor τ2 (i.e. the square of tortuosity) (Epstein, 1989) nor the tortuosity
coe�cient τ−1 (i.e. the inverse of the tortuosity) (Hillel, 2003) is considered in this work. Geometrical
and physical tortuosities are systematically reviewed in � 2 and � 3, respectively, to clarify the de�nition
and evaluation method of each type of tortuosity. A comparison study is conducted for the geometrical
tortuosity evaluations in � 4.1, where the geometrical tortuosity values obtained from di�erent image
analysis methods are found to be inconsistent. Although the geometrical tortuosity has a relatively clear
de�nition, several uncertainties exist in its evaluation methods via image analysis. Another comparison
study is presented in � 4.2 for numerical simulations of di�erent transport �ows in porous media, to
examine the relationship between physical tortuosities. The underlying physics is explored to explain
the di�erences and similarities. Large discrepancies are observed between geometrical and physical
tortuosities, which questions strongly the common practice of using the former as the substitute for the
latter. To address this problem, empirical correlations between geometrical and physical tortuosities
are established in � 5 for a wide range of porous media samples. Finally, the in�uences from REV size
and image resolution on tortuosity evaluation are discussed in � 6, and the correlation length is used to
determine the optimal image parameters.

2 Geometrical tortuosity

2.1 De�nition of geometrical tortuosity

To describe the degree of streamlines in porous media deviating from the straight line, geometrical
tortuosity is de�ned as the ratio of the e�ective length of �ow paths to the straight-line distance L in
the macroscopic �ow direction (Clennell, 1997; Ghanbarian et al., 2013). As illustrated in Figure 2, the
transport �ow inside porous media is shaped by the pore network, so the shortest pore channel Lg is
usually adopted as the e�ective �ow path Lh to compute the geometrical tortuosity τg (Adler, 1992),
given by

τg =
Lg

L
(6)

Compared with the zigzag line of the shortest pore channel, the e�ective �ow path is much smoother.
Geometrical tortuosity can be considered as a microstructural characteristic as it is purely deter-

mined by the geometrical and morphological features of porous media (Clennell, 1997). Various image
analysis methods have been developed to evaluate geometrical tortuosity from the digital microstructures
of porous media, including the direct shortest-path search method (DSPSM), the skeleton shortest-path
search method (SSPSM), the fast marching method (FMM) and the pore centroid method (PCM) etc.
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(a) (b)

Figure 2: (a) The shortest pore-channel (geodesic) length Lg, (b) the e�ective �ow-path length Lh and
the straight-line (Euclidean) distance L in a 2D digital microstructure.

These image-based methods directly operate on the pixel/voxel data, which are usually easy to imple-
ment and computationally e�cient. It is however worth to note that the geometrical tortuosity does
not account for the variation of pore radius along the pore channels, although the constriction and
bottleneck of porous microstructures do play a vital role in transport properties (Tjaden et al., 2018).

2.2 Direct shortest-path search method

The DSPSM searches for the shortest pore channel directly on the pixel/voxel data by using the shortest-
path search algorithms (Cherkassky et al., 1996; Stenzel et al., 2016), such as Dijkstra's algorithm (Sun
et al., 2011; Cecen et al., 2012), the wavefront propagation algorithm (Wu et al., 2006) and the A-
star algorithm (Montes et al., 2007). In this subsection, a representative DSPSM based on Dijkstra's
algorithm is brie�y recapped.

Figure 3: (a) A 3D digital microstructure (pore space is shown in yellow, and solid matrix is shown in
red); (b) Conversion of 3D dataset to 2D graph for path search based on the 6-neighbor-connectivity
criterion; (c) The shortest pore channels between top and bottom surfaces determined by using Dijkstra's
algorithm.

The shortest pore channel is de�ned as the shortest connected route starting from a surface voxel
on one side of the digital microstructure and ending at another surface voxel on the opposite side, and
it must always remain in the pore space (Cecen et al., 2012). Changing the starting or ending voxel will
lead to a di�erent shortest path, so the geometrical tortuosity τg is usually calculated as the average
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ratio of the shortest pore channel length Lmin to the corresponding straight-line distance L:

τg =

〈
Lmin

L

〉
(7)

The algorithm �rst converts the 3D microstructure dataset into a 2D adjacency matrix, so that
the digital microstructure in Figure 3a is modeled by the graph in Figure 3b. Each node in the graph
represents a voxel in the microstructure, and the connections between nodes represent the voxel connec-
tivities, where the 6-neighbor-connectivity criterion is usually adopted. The Euclidean distance between
two adjacent void voxels in the digital microstructure is used as the weight of linkage between the cor-
responding nodes in the graph, and all weights are equal to 1 for the 6-neighbor-connectivity case.
Dijkstra's algorithm is then used to search for the shortest path from a designate starting node to an
ending node that represents a pore voxel on the opposite surface. The search is performed for each pore
voxel on the start surface to identify all pore channels of interest, as shown in Figure 3c. Finally, the
geometrical tortuosity τg of the porous medium in Figure 3a can be calculated according to Eq. (7).

2.3 Skeleton shortest-path search method

The shortest pore channels identi�ed by the DSPSM can deviate greatly from the medial axis of pore
network, especially for porous media with large porosities or high-resolution microstructures. As shown
in Figure 4, the shortest path identi�ed by Dijkstra's algorithm in the wide channel shown in Figure 4b
deviates greatly from the central axis, and such deviation is much smaller for the narrow channel shown
in Figure 4a. As a result, the DSPSM may underestimate the value of geometrical tortuosity. Besides,
to manage computational cost, the simple 6-neighbor-connectivity criterion as shown in Figure 3b is
usually adopted by the DSPSM, leading to bumpy results as shown in Figure 3c, which could introduce
extra errors into the geometrical tortuosity evaluation.

Figure 4: The shortest paths (red dashed lines) identi�ed by Dijkstra's algorithm in a narrow pore
channel (left) and a wide channel (right).

One way to reduce the above errors is to perform the path search on the pore skeleton instead of
the pore space (Lindquist et al., 1996; Sun et al., 2011; Shanti et al., 2014; Al-Raoush and Madhoun,
2017). Formed by the medial axis of a pore space, the skeleton preserves to a large extent of the original
topological and geometrical properties. The homotopic thinning algorithm (Thovert et al., 1993; Lee
et al., 1994) is often used to extract the 3D medial axis skeleton from the digital microstructure, and
then Dijkstra's algorithm is applied on the skeleton to identify the shortest pore channels, as illustrated
in Figure 5. The geometrical tortuosity is then calculated according to Eq. (7). The medial axis skeleton
has a much lower dimensionality compared to the original pore space, which greatly simpli�es the path
search task. Therefore, Dijkstra's algorithm can adopt the 18- or 26-neighbor-connectivity criterion for
searching path. Generally, the tortuosity obtained from the pore skeleton is greater than that from the
pore space (Stenzel et al., 2016), especially for the porous media with high porosities. More details
about skeleton extraction can be found in relevant literature (Lee et al., 1994; Pudney, 1998).
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Figure 5: (a) The pore space of the 3D porous medium in Figure 3a; (b) The medial axis skeleton
extracted from the pore space; (c) The shortest pore channels identi�ed between top and bottom
surfaces.

2.4 Fast marching method

The FMM is another frequently-used algorithm to �nd the shortest pore channel inside porous media
(Sethian, 1996; Jørgensen et al., 2011; Hassouna and Farag, 2007; Pardo-Alonso et al., 2014; Jørgensen
et al., 2015; Taiwo et al., 2016). It is an e�cient computational algorithm for tracking and modeling
the propagation of a wavefront moving in its normal direction with a known speed. At a given position
x, the motion of the wavefront is described by the Eikonal equation (Sethian, 1996; Bærentzen, 2001;
Hassouna and Farag, 2007) as follows:

‖∇t(x)‖F (x) = 1, F (x) > 0 (8)

where ‖∇t(x)‖ is the magnitude of the gradient vector of arrival function t(x), and F (x) is the propa-
gation speed of the wavefront at the location x. By e�ciently approximating the solution to Eq. (8),
the FMM calculates the time t(x) required by the wavefront originating from the source to arrive at the
other points in the computational domain. As F (x) > 0 ∀x, the wavefront only expands outward, and
hence the points further away from the source have greater t(x) values. If F (x) = 1 is set throughout the
investigation domain, the arrival time map t(x) is equivalent to the distance map d(x), which provides
the distances to all locations from the source, as shown in Figure 6c.

Figure 6: (a) The 3D microstructure; (b) The pore space of the 3D porous medium, which is the
investigation domain of FMM; (c) The distance map calculated from FMM by setting the pore voxel
on the top center as the source of wavefront expansion.

The FMM can be directly applied to a regular grid such as a 3D digital image, to evaluate the
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geometrical tortuosity τg of a porous medium. The pore voxels on the starting surface are selected as
the sources of wavefront expansion, and the opposite surface is set as the destination plane. The lengths
of shortest pore channels Lmin connecting the source voxels and destination voxels can be obtained from
the distance map d(x), by setting F (x) = 1 for the pore space and F (x) = 10−6 (a small value) for
the solid matrix, where the wavefront moves much faster in the pore space than in the solid matrix.
Similarly, the straight-line distances L between the starting and ending voxels can also be obtained
from the distance map d(x), by setting F (x) = 1 for both the pore space and the solid matrix, where
the porous media sample is considered as a homogeneous domain allowing the wavefront to propagate
freely. Once the distance data Lmin and L are determined by the FMM, the geometrical tortuosity τg

can be calculated according to Eq. (7).

2.5 Pore centroid method

The PCM estimates geometrical tortuosity τg by calculating the average change of pore centroid loca-
tions between adjacent 2D slices in the 3D microstructure (Gostovic et al., 2007; Smith et al., 2009;
Cooper et al., 2013; Tjaden et al., 2018). As shown in Figure 7, the e�ective pore channel is determined
by calculating the coordinate (xi, yi, zi) of pore centroid on each layer and then connecting these pore
centroids into a path. The length Lg of the e�ective pore path can be calculated as:

Lg =
N−1∑
i=1

Li =
N−1∑
i=1

√
(xi+1 − xi)2 + (yi+1 − yi)2 + (zi+1 − zi)2 (9)

where i enumerates the 2D slices, and N is the total number of 2D slices in the 3D microstructure.
Geometrical tortuosity τg is �nally calculated as the ratio of Lg to L, as expressed in Eq. (6).

Figure 7: (a) The 3D digital image of a porous medium; (b) The distances Li between the pore centroids
on adjacent 2D slices; (c) The e�ective pore path from top to bottom surface determined by the PCM.

3 Physical tortuosities

In contrast to geometrical tortuosity characterizing the pore microstructure itself, physical tortuosities
focus on the transport processes occurring inside the pore microstructure, including transfers of volume,
charge, mass and energy. Numerical simulations can be performed on the digital microstructures of
porous media to mimic various transport phenomena at the pore scale, thereby to compute corresponding
physical tortuosities.
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3.1 Analogy among di�erent transport phenomena

The study of transport phenomena in porous media (Adler, 1992; Civan, 2011; Bear and Bachmat, 2012)
concerns �uid permeation, electrical conduction, molecular di�usion, heat transfer and momentum
exchange, and di�erent transport phenomena share notable commonalities in terms of macroscopic
mechanisms. Generally, these transport phenomena are governed by two primary principles at the
steady state (Bird, 2002; Brodkey and Hershey, 2003; Plawsky, 2020): (1) the conservation law, which
demands the quantity of transport matter (i.e. mass, charge, energy, momentum or others) much be
conserved; (2) the constitutive relation, which describes the behavior of transport matter responding to
stimuli.

Table 4: The analogy among various transport phenomena in porous media

Transport phenomenon

(Transport matter/quantity)
Driving force

Constitutive

relation

Phenomenological

property
De�nitive law

Fluid permeation
(Volume)

Hydraulic gradient ∇H
(Pressure gradient)

Jh = −K∇H Hydraulic conductivity K
(Intrinsic permeability)

Darcy's law

Molecular di�usion
(Mass)

Concentrate gradient ∇C Jd = −D∇C Di�usion coe�cient D Fick's law

Electrical conduction
(Charge)

Voltage gradient ∇V Je = −σ∇V Electrical conductivity σ Ohm's law

Heat transfer
(Energy)

Temperature gradient ∇T Jt = −λ∇T Thermal conductance λ Fourier's law

Newtonian viscous �ow
(Momentum)

Velocity gradient ∇U Jm = −µ∇U Dynamic viscosity µ
Newton's law
of viscosity

Note: Jh, Jd, Je, Jt and Jm denote �uid �ux, di�usion �ux, charge �ux, heat �ux and momentum �ux (shear stress) respectively.

For di�erent transport phenomena, if the density of transport matter is constant and independent
of time and space, the continuity equation can be simply expressed as follows (Bird, 2002; Brodkey and
Hershey, 2003; Plawsky, 2020):

∇ · J = 0 (10)

where J is the steady-state �ux of transport matter. As to the constructive relations, transfers of
�uid volume, mass, charge, heat and momentum are almost described identically, which can be seen in
Table 4. Di�erent transport processes are governed by similar macroscopic laws (i.e. Darcy's, Fick's,
Ohm's, Fourier's and Newton's law), which have a general expression as follows (Bird, 2002; Brodkey
and Hershey, 2003; Plawsky, 2020):

J = −δ∇Fdrive (11)

where the steady-state �ux J of transport matter is proportional to the applied driving force∇Fdrive, and
the proportionality constant δ is the phenomenological coe�cient corresponding to transport property
(i.e. intrinsic permeability, di�usion coe�cient, electrical conductivity, thermal conductance or dynamic
viscosity).

Massive e�orts have been made to study the `analogy' among various transport phenomena, aiming
to achieve the utility of them (Bird, 2002; Brodkey and Hershey, 2003; Plawsky, 2020). Partially due to
this mathematical analogy, the physical tortuosities associated with four di�erent transport phenomena
(i.e. �uid permeation, electric conduction, molecular di�usion and heat transfer) are often interchange-
ably used in the literature, without rigorous justi�cation. However, this mathematical analogy in no
way means that the physical mechanisms underlying di�erent transport processes are completely equiv-
alent in any aspect. For example, there are discrepancies between the transport streamlines of di�erent
transport phenomena happening inside a speci�c porous medium, which is the primary cause of the
inconsistencies between di�erent types of physical tortuosity (more detailed explanation is provided in
� 4). To address this gap, we systematically investigate the hydraulic, electrical, di�usional and thermal
tortuosity in the following subsections to clarify their relationships.
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3.2 Hydraulic tortuosity

3.2.1 De�nition of hydraulic tortuosity

Hydraulic tortuosity τh was �rst proposed by Kozeny (1927) and then further re�ned by Carman (1937)
to model permeability κ of porous media through the well-known Kozeny-Carman equation (Clennell,
1997), given by

κ =
φ3

βτ2
hS

2
(12)

where φ is the porosity de�ned as the fraction of pore space in the porous medium, S is the speci�c
surface area equal to the ratio of interstitial surface area to bulk volume, and β is the shape factor (a
constant depending on the type of granular material).

Hydraulic tortuosity τh is de�ned as (Clennell, 1997):

τh =
Lh

L
(13)

where Lh denotes the length of e�ective hydraulic �ow path (as illustrated in Figure 2b), and L the
straight-line distance through the porous medium in the macroscopic �ow direction. The length Lh is
usually measured from the streamlines of steady state pore-scale �ow. Hydraulic tortuosity τh can be
considered as a dimensionless parameter to describe the average elongation of streamlines in a porous
medium with respect to the homogeneous �ow (Duda et al., 2011). However, the �ow �ux in a random
porous medium varies continuously along the �ow path a�ected by its cross section, shape, orientation,
branching and rejoining, making it di�cult to identify the streamlines of pore-scale �ow.

3.2.2 Evaluation via �uid �ow simulation

The �uid �ow in a digital microstructure can be simulated using such numerical schemes as LBM
(Jin et al., 2004) and FVM (Piller et al., 2009), after which hydraulic tortuosity τh can be calculated
by analyzing the streamlines determined from the pore-scale simulation. Several methods have been
proposed to calculate hydraulic tortuosity τh based on the streamlines. The e�ective length of hydraulic
�ow path Lh is often evaluated as a weighted average of streamline lengths (Zhang and Knackstedt,
1995; Duda et al., 2011):

τh =
1

L

(∑
iwili∑
iwi

)
(14)

where i enumerates the separated streamlines, li is the length of the ith streamline, and wi is the weight
of the ith streamline contributing to the overall �ux. Di�erent methods have been proposed to determine
the weight wi. Zhang and Knackstedt (1995) used the travel time ti of a �uid particle moving along the
ith streamline to determine the weight wi, given by wi = 1/ti. Considering the relationship between
the travel time and the �uid particle speed along the streamline, Koponen et al. (1996) modi�ed the
calculation as follows:

τh =
1

L

∫
Ω l(r)v(r) dΩ∫

Ω v(r) dΩ
≈ 1

L

∑
j l(rj)v(rj)∑
j v(rj)

(15)

where Ω denotes the volume domain of pore space, l(r) is the length of the streamline passing through
a point r, and v(r) = |v(r)| is the tangential velocity of the �uid at point r. It was later proved by
Duda et al. (2011) and Matyka and Koza (2012) that Eq. (15) is equivalent to:

τh =

∫
Ω v(r) dΩ∫

Ω vx(r) dΩ
=
〈v〉
〈vx〉

(16)

where vx(r) is the velocity component along the macroscopic �ow direction at point r, and 〈·〉 denotes
the spatial average over the pore space Ω. Eq. (16) directly calculates hydraulic tortuosity from the
steady-state �uid velocity �led, avoiding the di�culty of identifying individual streamlines. This method
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is widely used as it signi�cantly simpli�es the calculation of hydraulic tortuosity for porous media with
complicated geometries. It should be noted that Eq. (16) is based on two assumptions: the �uid
is incompressible and the �uid �ow is not reentrant. For laminar �ow with a low Reynolds number
passing through porous media, the e�ect of reentrant is negligible.

Figure 8: (a) A 3D porous medium REV; (b) Boundary conditions for the LBM simulation of �uid �ow
passing through the porous medium REV; (c) The steady-state �uid velocity �eld inside the porous
medium REV.

The LBM is adopted in this work to simulate the single-phase �uid �ow passing through digital
microstructures, as illustrated in Figure 8c. The LBM models the �uid particles through a time-
dependent distribution propagating on a regular lattice (Krüger et al., 2017). The pore voxels of digital
microstructures serve as the regular lattice, and each lattice node is located in the center of corresponding
pore voxel. Starting with an initial state, the particle distribution function moves from one lattice node
to its neighboring nodes at each time step, and evolves itself locally subject to both mass and momentum
conservation. The local equilibrium particle distribution function corresponds to an ideal state, where
the particle distribution tends to a speci�c macroscopic state, and it is speci�cally selected to recover
the macroscopic Navier-stokes equations. For stationary, creeping, and incompressible Newtonian �uid
�ow in porous media, Navier-Stokes equations can be simpli�ed to Darcy's law, as listed in Table 4.

Pore-scale simulations using LBM are well established and comprehensively documented in many
works of literature (Ginzbourg and Adler, 1994; Moctezuma-Berthier et al., 2004; Jin et al., 2004;
Kutay et al., 2006; Fredrich et al., 2006). In this work, the conventional D3Q19 lattice arrangement and
Bhatnagar-Gross-Krook (BGK) collision operator are adopted. Since the steady-state �ow in porous
media is insensitive to the initial state, we simply set the �ow velocity to 0 and the �uid density to 1 for
the whole domain as the initial conditions. Two types of boundary condition are adopted: the no-slip
boundary at the pore-solid interface and the constant pressure boundary at inlet and outlet, as shown
in Figure 8b. To apply the constant pressure gradient to the cubic microstructure sample, two void
layers are added to the outlet and inlet faces. As to the other four faces that are parallel to the global
�ow direction, solid walls are added to isolate the cubic REV from the outside. Driven by a constant
pressure gradient, the �uid �ows from the inlet face towards the outlet face steadily, as illustrated in
Figure 8c. The LBM simulation runs iteratively until the steady state is reached, and then hydraulic
tortuosity τh can be calculated following Eq. (16).

3.3 Electrical tortuosity

3.3.1 De�nition of electrical tortuosity

Electrical tortuosity is measured through the electrical conduction experiment, where the porous media
sample is saturated with an electrolyte of electrical conductivity σ0, and driven by a voltage di�erence,
the electric charges are transmitted through the pore space �lled by the electrolyte liquid (Garrouch
et al., 2001; Weerts et al., 2001; Barrande et al., 2007). The e�ective conductivity σeff measured on
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the test sample is smaller than the electrolyte conductivity σ0, due to the retarding e�ect of porous
microstructure on the electric charge transmission (Winsauer et al., 1952). The di�erence between σ0

and σeff is represented by electrical tortuosity τe as follows (Tye, 1983; Patel et al., 2003; Landesfeind
et al., 2016):

σeff = σ0
φ

τ2
e

(17)

where φ is the porosity, and 1/τ2
e can be understood as the fraction of pore volumes having the same

e�ciency for electrical conduction as the electrolyte. To be consistent with hydraulic tortuosity τh in
Eq. (13)), electrical tortuosity τe was rede�ned as (Winsauer et al., 1952; Clennell, 1997; Cai et al.,
2017):

τe =
Le

L
(18)

where Le is the e�ective length of the electrical transmission path.
According to the above description, electrical tortuosity τe of a porous medium is de�ned as a

retardation factor of electrical conduction in Eq. (17), and also de�ned as an elongation factor of
electrical transmission path in Eq. (18). However, the equivalence between these two de�nitions is
derived from a simple capillary tube model (Barrande et al., 2007), while it remains unclear whether or
not a similar correlation holds for general porous media (Duda et al., 2011).

3.3.2 Evaluation via electrical conduction simulation

Electrical conduction in porous media can be simulated by various numerical methods such as LBM
(Sun and Wong, 2018), FEM (Saomoto and Katagiri, 2015), FDM (Schwartz et al., 1995) and RWM
(Ioannidis et al., 1997). In this work, we use the Avizo package (Avizo, 2017) to simulate electric
charges transmitting through 3D digital microstructures, and the electrical tortuosity is then calculated
according to Eq. (17). The Avizo solver is based FVM (Moukalled et al., 2016), where the image
voxels are directly used as the volume elements. The solid phase is assumed to be homogeneous and
insulating, and the pore space is saturated with an electrolyte of electrical conductivity σ0. As shown in
Figure 9b, a constant electrical potential di�erence is applied on the inlet and outlet faces of the cubic
digital microstructure, while the other four faces are set as insulating. The boundary condition for the
pore-solid interface is set as follows:

∇V · n = 0 (19)

where n is the unit vector normal to the pore-solid surface, pointing to the solid phase.

Figure 9: (a) A 3D porous medium REV; (b) Boundary conditions for the FVM simulation of electrical
conduction in the porous medium REV; (c) The steady-state electrical �ux density inside the porous
medium REV.

Driven by the constant electric potential gradient, electric charges are transmitted through the
porous media sample �lled with electrolyte. The electrical conduction at the steady state is governed
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by the charge conservation and Ohm's law, as expressed in Eq. (10) and Eq. (11) respectively. The
e�ective (apparent) electrical conductivity σeff can be estimated by

J
(Pore)
e

A
= σeff

Voutlet − Vinlet

L
(20)

where J (Pore)
e is the electrical �ux passing through the outlet face of the porous media sample, A is

the cross section area perpendicular to the �ow direction, Vinlet and Voutlet are the applied electrical
potentials at the inlet and outlet faces respectively, and L is the distance between inlet and outlet faces.
The total electrical �ux J (Pore)

e can be obtained through an integration of local electrical �ux, given by

J (Pore)
e =

∫
A
−σ0∇V dA (21)

Substituting Eq. (20) and Eq. (21) into Eq. (17), electrical tortuosity τe can be computed as:

τe =

√
σ0

σeff
φ =

√
Aσ0

Voutlet−Vinlet
L

J
(Pore)
e

φ =

√√√√J
(Free)
e

J
(Pore)
e

φ (22)

where J (Free)
e is the electrical �ux passing through a homogeneous medium with the same dimensions,

of the electrical conductivity σ0, and driven by the same electrical potential gradient. As discussed
earlier, electrical tortuosity τe is often used to substitute hydraulic tortuosity τh whose direct evaluation
is much more time-consuming and costly.

3.4 Di�usional tortuosity

3.4.1 De�nition of di�usional tortuosity

The tortuosity of a porous medium can also be measured from the di�usion experiment, where di�using
gases are typically used as the probe due to their high di�usion rates (Van Brakel and Heertjes, 1974;
Kreamer et al., 1988). The e�ective di�usivity Deff in a porous medium is lower than the bulk di�usivity
D0 of the di�using gas (Garrouch et al., 2001). Di�usional tortuosity τd is determined from the ratio of
D0 to Deff (Van Brakel and Heertjes, 1974; Epstein, 1989; Boudreau, 1996; Moldrup et al., 2001; Tjaden
et al., 2016), given by

Deff = D0
φδ

τ2
d

(23)

where δ is the constriction coe�cient due to the variation of pore diameter along the di�usion pathway,
and its value also depends on the ratio of the solute diameter (probe molecule dimension) to the pore
diameter. The kinetic diameter of probe gas molecule is usually smaller than 1 nm (Sing and Williams,
2004) and when the pore diameter is larger than 1 µm, δ is approximately 1 (Grathwohl, 2012). By
modeling the porous medium with cylindrical capillaries, di�usional tortuosity τd was also de�ned as
the ratio between the e�ective length of di�usive path Ld and the straight-line distance L (Epstein,
1989), given by

τd =
Ld

L
(24)

Generally speaking, mass di�usion inside porous media may involve ordinary molecular (Fickian)
di�usion (Hosticka et al., 1998) and Knudsen di�usion (Malek and Coppens, 2003), depending on the
ratio of the mean free path of the probe molecules to the pore diameter. If the mean free path is
relatively short compared to the pore size, only the molecular di�usion occurs, and the di�usion process
can be described by Fick's law, as listed in Table 4. Knudsen di�usion takes place when the mean free
path is comparable to the pore size, where the molecules collide with the pore walls more frequently
than with each other, impeding the molecule transport. The di�usion transport usually decreases as the
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probe molecule size increases, because more collisions occur between the molecules and the pore walls.
Therefore, the tortuosity results obtained from di�erent di�usion measurements may di�er, depending
on the di�usion regime and the probe molecule. The thresholds of pore size are 1 µm and 10 nm for
Fickian di�usion and Knudsen di�usion respectively (Wyllie and Spangler, 1952; Garrouch et al., 2001).
That is, the Knudsen e�ect is negligible when pore size is larger than 1 µm, and in this case the di�usion
tortuosity is independent of the probe molecule. In this work, only the ordinary molecular di�usion
is considered and di�usional tortuosity τd is evaluated according to Eq. (23), where the constriction
coe�cient δ is set as 1.

3.4.2 Evaluation via molecular di�usion simulation

The molecular di�usion process in porous media can be simulated by such numerical methods as FVM
(Tjaden et al., 2018), LBM (Ostadi et al., 2010) and FDM (Cooper, 2015). In this work, we adopt
the open-source solver TauFactor (Cooper et al., 2016), which is based on FDM and directly uses
image voxels as the discretization mesh for simulation. As shown in Figure 10, di�usional tortuosity
is calculated by comparing the steady-state di�usive �uxes passing through the cubic porous medium
REV and the cubic homogeneous REV with the same dimensions. A constant concentration di�erence
is applied between inlet and outlet faces of both REVs, while the other four faces parallel to the
di�usional �ow direction are set as solid walls for isolation purpose. The boundary condition at the
pore-solid interface is set as:

∇C · n = 0 (25)

Figure 10: (a) The schematic diagram of boundary conditions for the FDM simulation of molecular
di�usion in a porous medium REV; (b) The di�usional �ux density at the steady state inside the
porous medium REV; (c) The di�usional �ux density at the steady state inside the homogeneous REV.

Driven by the constant concentration gradient, the di�usive specie moves from the inlet face to the
outlet face. When the steady state is reached, the di�usional �ux passing through the porous media
REV and the homogeneous REV can be obtained from Fick's law:

J
(Pore)
d = −ADeff

∆C

L
(26)

J
(Free)
d = −AD0

∆C

L
(27)

where J (Pore)
d and J (Free)

d are the di�usion �uxes passing through the porous media REV and the ho-

mogeneous REV, respectively. Taking the ratio of J (Pore)
d to J (Free)

d and then rearranging the equation,
di�usional tortuosity τd can be expressed as:

τd =

√
D0

Deff
φ =

√√√√J
(Free)
d

J
(Pore)
d

φ (28)
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3.4.3 Evaluation via random walk simulation

Di�usional tortuosity τd of a porous medium can also be statistically estimated from the random walk
process of non-absorbing particles, which can be considered as a simpli�ed di�usion simulation (Salles
et al., 1993; Nakashima and Watanabe, 2002; Nakashima and Kamiya, 2007; Iwai et al., 2010; Hu et al.,
2012; Tjaden et al., 2018). The random walk simulation starts by randomly distributing a number of
walkers into the pore space at t = 0. Then, each walker randomly selects one of its neighboring voxels
(e.g. following the 6-neighbor-connectivity criterion) as its possible position at the next time step.
If the selected voxel belongs to the pore phase, the walker moves to the new position; otherwise the
walker stays at the current location. With the random walking procedure repeated, the mean square
displacement

〈
r2(t)

〉
of all random walkers is a function of time step t:

〈
r2(t)

〉
=

1

N

N∑
i=1

{
[xi(t)− xi(0)]2 + [yi(t)− yi(0)]2 + [zi(t)− zi(0)]2

}
(29)

where N is the number of random walkers, xi(t), yi(t) and zi(t) are the coordinates of the ith walker
at time t, and 〈·〉 denotes the ensemble average.

For random walkers walking inside a cubic homogeneous REV, the mean square displacement〈
r2(t)

〉
Free

of them is related to the di�usion coe�cient DFree as follows:

DFree =
1

6

d
〈
r2(t)

〉
Free

dt
(30)

where DFree is the di�usion coe�cient in the cubic homogeneous REV (e.g. the di�usivity of gas or
water). While for random walkers in a porous medium REV, the mean square displacement

〈
r2(t)

〉
Pore

of them is reduced due to the obstruction e�ect from solid phase, which is related to the e�ective
di�usion coe�cient DPore as follows:

DPore = φ
1

6

d
〈
r2(t)

〉
Pore

dt
(31)

DFree is a constant because of the unrestricted di�usion in the cubic homogeneous REV, but Dpore is
time-dependent due to local heterogeneity present in porous media. The random walk trajectory is
restricted by the solid phase, thereby reducing the di�usivity.

Di�usional tortuosity τd is calculated from the ratio of DFree to DPore as follows:

τd =

√
DFree

DPore
φ =

√
d
〈
r2(t)

〉
Free

/dt

d 〈r2(t)〉Pore /dt
(32)

Long-time data of the mean square displacement
〈
r2(t)

〉
from large numbers of random walkers can

fully experience the porous microstructure, and the slope d
〈
r2(t)

〉
Pore

/dt approximates to a constant
value, as shown in Figure 11c.

A natural porous medium such as rock often possesses an anisotropic pore structure. If the porous
medium is signi�cantly anisotropic, the e�ective di�usivity DPore is tensor instead of a scalar, and
Eqs. (29) to (32) break down (Nakashima and Kamiya, 2007). Directional mean square displacements〈
x2(t)

〉
,
〈
y2(t)

〉
and

〈
z2(t)

〉
are required to evaluate the directional tortuosities of the anisotropic porous

medium (Nakashima and Kamiya, 2007; Iwai et al., 2010), given by

〈
x2(t)

〉
Pore

=
1

N

N∑
i=1

[xi(t)− xi(0)]2 (33)

〈
y2(t)

〉
Pore

=
1

N

N∑
i=1

[yi(t)− yi(0)]2 (34)
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〈
z2(t)

〉
Pore

=
1

N

N∑
i=1

[zi(t)− zi(0)]2 (35)

〈
x2(t)

〉
Free

=
〈
y2(t)

〉
Free

=
〈
z2(t)

〉
Free

=
1

3

〈
r2(t)

〉
Free

(36)

Then, the directional tortuosities τx, τy and τz can be calculated as follows:

τx =

√
d
〈
x2(t)

〉
Free

/dt

d 〈x2(t)〉Pore /dt
(37)

τy =

√
d
〈
y2(t)

〉
Free

/dt

d 〈y2(t)〉Pore /dt
(38)

τz =

√
d
〈
z2(t)

〉
Free

/dt

d 〈z2(t)〉Pore /dt
(39)

In our implementation, the random walk simulation lasts for 1,000,000 time steps with 10,000 random
walkers, and the periodic boundary condition is set to avoid the random walkers moving out the cubic
REV sample with a �nite size. Data obtained from the �rst 500,000 time steps are dismissed, because
the random walkers have not fully experienced the porous microstructure at the early stage of the
simulation.

Figure 11: (a) The trajectory of a single random walker moving inside the free space for 1,000,000 time
steps; (b) The trajectory of a single random walker moving inside the pore space for 1,000,000 time
steps; (c) The mean square displacements of the random walking averaged over 10,000 walkers.

3.5 Thermal tortuosity

3.5.1 De�nition of thermal tortuosity

Heat transfer in a porous medium is mainly determined by the solid phase conduction. The convective
and radiative e�ects can be largely ignored (Olives and Mauran, 2001), because the thermal conductivity
of solid matrix is usually much higher than that of the void phase of air. Therefore, the concept of
thermal tortuosity is sometimes related to the winding paths of heat �ow through the solid phase of
a porous medium (Olives and Mauran, 2001; Bodla et al., 2010). However, this work focuses on the
tortuosity of pore space, and as such we simulate the heat conduction passing through the void phase of
the porous medium, by assuming the solid phase to be thermal insulating (Moctezuma-Berthier et al.,
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2002). The e�ective thermal conductivity λeff can be evaluated from the heat �ux simulation, based on
which the thermal tortuosity τt of pore space can be obtained as follows (Cooper et al., 2013, 2014):

λeff = λ0
φ

τ2
t

(40)

where λ0 is the bulk thermal conductivity of air.

3.5.2 Evaluation via heat transfer simulation

Heat transfer through the pore space can be numerically simulated by using FVM (Cooper et al., 2014),
FDM (Wiegmann and Zemitis, 2006) and LBM (Guo and Zhao, 2005). The FVM-based Avizo package
(Avizo, 2017) is adopted in this work to simulate the heat �ux passing through porous media, and the
thermal tortuosity is calculated according to Eq. (40). The pore space is fully �lled with air of thermal
conductivity λ0, while the solid phase is assumed to be homogeneous and thermal insulating. A constant
temperature di�erence is applied between input and output faces of the cubic porous media REV, and
the other faces are set as thermal insulating walls. The boundary condition on the pore-solid interface
is set as follows:

∇T · n = 0 (41)

Figure 12: (a) A 3D porous medium REV; (b) Boundary conditions of the FVM simulation of heat �ux
passing through the porous medium REV; (c) The heat �ux density inside the porous medium REV at
the steady state.

Driven by the temperature di�erence, heat transfers inside the pore space from the higher tem-
perature area to the lower temperature area. When the steady-state is reached, the heat �ow can be
described by the conservation of energy in Eq. (10) and Fourier's law in Table 4. The e�ective (apparent)
thermal conductivity λeff can be calculated by:

J
(Pore)
t

A
= λeff

Toutlet − Tinlet

L
(42)

where J (Pore)
t is the heat �ux passing through the output face of the cubic porous medium REV sample,

and Tintlet and Toutlet are the applied temperature at the input and output faces, respectively. The total
heat �ux J (Pore)

t can be obtained by integrating the local heat �ux computed from Fourier's law:

J
(Pore)
t =

∫
A
−λ0∇TdA (43)

Substituting Eq. (42) and Eq. (43) into Eq. (40), thermal tortuosity τt can be computed as:

τt =

√
λ0

λeff
φ =

√√√√Aλ0
Toutlet−Tinlet

L

J
(Pore)
t

φ =

√√√√J
(Free)
t

J
(Pore)
t

φ (44)
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where J (Free)
t is the heat �ux transferring through a cubic homogeneous REV �lled with air of ther-

mal conductivity λ0, with the same dimensions as the porous medium REV, and driven by the same
temperature gradient.

(a) φ=8.61% (b) φ=10.15% (c) φ=12.57%

(d) φ=15.36% (e) φ=17.62%

(f) φ=20.65% (g) φ=24.50%

Figure 13: The 3D digital microstructures of Fontainebleau sandstone samples with di�erent porosities
φ (pore space is shown in white, and solid matrix is shown in black).

4 Comparison and analysis

A set of Fontainebleau sandstones with porosity ranging from 8.61% to 24.50% are used to compare the
tortuosity results evaluated from di�erent image analysis methods, physical simulations and porosity-
tortuosity models. As shown in Figure 13, the 3D REV samples (in binary forms) are of 480×480×480
voxels with a image resolution of 5.700 µm, representing an equivalent physical sample of 2.7 mm3 cube
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(Berg, 2016). For each REV sample, both geometrical and physical tortuosities are computed for three
principal directions using the methods reviewed in � 2 and � 3, respectively. Fontainebleau sandstone
is considered isotropic and to minimize the sampling error, a characteristic tortuosity τ is obtained by
averaging the directional tortuosities (Cooper et al., 2014):

1

τ2
=

1

3
(

1

τ2
x

+
1

τ2
y

+
1

τ2
z

) (45)

where τx, τy and τz are tortuosities in the x, y and z direction respectively.
The tortuosity results evaluated from di�erent methods for the set of Fontainebleau sandstone are

summarized in Table 5 and plotted in Figure 14. Although the overall trends of tortuosity in relation
to porosity are similar, remarkable discrepancies can be observed across di�erent methods, especially
for the samples with low porosity.

Table 5: Geometrical and physical tortuosities of the Fontainebleau sandstone samples.

Tortuosity type Calculation method/model
Tortuosity values of samples with di�erent porosities

8.61% 10.15% 12.57% 15.36% 17.62% 20.65% 24.50%

Geometrical DSPSM 1.91 1.76 1.57 1.46 1.40 1.34 1.28
Geometrical SSPSM 2.07 1.98 1.83 1.71 1.65 1.63 1.61
Geometrical FMM 1.54 1.32 1.20 1.13 1.11 1.07 1.05
Geometrical PCM 2.97 2.79 2.41 2.39 2.15 2.03 1.84
Hydraulic LBM simulation 2.02 1.95 1.81 1.67 1.59 1.52 1.45
Electrical FVM simulation 4.32 3.50 2.90 2.29 2.04 1.82 1.65
Di�usional FDM simulation 4.33 3.51 2.85 2.29 2.04 1.82 1.65
Di�usional RWM simulation 4.30 3.49 2.90 2.36 2.08 1.85 1.73
Thermal FVM simulation 4.33 3.50 2.91 2.29 2.04 1.82 1.65

Di�usional
Bruggeman relation

(α = 1.5)
1.85 1.77 1.68 1.60 1.54 1.48 1.42

Hydraulic
Bruggeman relation

(α = 1.8)
2.67 2.50 2.29 2.12 2.00 1.88 1.76

Electrical
Archie's law
(α = 2.5)

6.29 5.56 4.74 4.08 3.68 3.26 2.87

Hydraulic
Comiti's model

(p = 0.49)
1.48 1.46 1.42 1.38 1.36 1.33 1.30

Di�usional
Iversen's model

(q = 2)
1.68 1.67 1.66 1.64 1.63 1.61 1.58

Hydraulic Du Plessis's model 1.48 1.47 1.47 1.46 1.45 1.45 1.43

Geometrical
Lanfrey's model

(ξ = 0.9)
15.64 12.97 10.10 7.92 6.66 5.40 4.26

4.1 Comparison between geometrical tortuosity results

The geometrical tortuosities of Fontainebleau sandstone samples are computed using four image-based
methods, as reviewed in � 2. It can be observed in Table 5 and Figure 14 that remarkable di�erences are
present between the tortuosity results, although the trends in relation to porosity are similar. The largest
and smallest geometrical tortuosity results are produced by the PCM and the FMM, respectively, and
the di�erence between them exceeds 75%. The DSPSM and the SSPSM provide similar geometrical
tortuosities, due to the same searching algorithm (Dijkstra's algorithm) being used. Because of the
di�erence in image preparation, the tortuosity results from the DSPSM are usually smaller than that
calculated from the SSPSM, as discussed in � 2.3. Tortuosity results obtained from the FMM are always
smaller than that calculated from the DSPSM and the SSPSM, which means the shortest pore channels
identi�ed by the FMM are `shorter' than that searched by Dijkstra's algorithm. A stable di�erence
between the geometrical tortuosity results computed from the FMM and Dijkstra's algorithm can be
observed. As to the PCM, it is more suitable for the single pore channel case, where it recognizes the
central axis of pore channel as the e�ective �ow path.

Several factors could a�ect image analysis results, thereby bringing uncertainties to the computation
of geometrical tortuosity: (1) Image preparation. For instance, the DSPSM directly searches for the
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Figure 14: The tortuosity results calculated from di�erent image analysis methods, physical simulations
and porosity-tortuosity models for the set of Fontainebleau sandstone samples.

shortest pore channel within the raw pore space, while the SSPSM operates on the pore skeleton after
image skeletonization, leading to inconsistent results of geometrical tortuosity between them. The
adopted skeletonization algorithm can also a�ect the extracted topology of the 3D graph (Holzer et al.,
2013) and then in�uence the tortuosity calculation. (2) The de�nition of the e�ective �ow path Lg.
The shortest pore channel Lmin is often taken as the e�ective �ow path through the complex pore
microstructure (Lindquist et al., 1996), but di�erent criteria have also been used by other methods
such as the PCM. (3) The path searching algorithm and the de�nition of pixel/voxel connectivity. For
examples, the shortest pore channel searched by the fast marching method is di�erent from the one
obtained by Dijkatra's algorithm, and the shortest path based on the 6-neighbor-connectivity criterion
(as shown in Figure 15) is usually longer than that based on the 18- or 26-neighbor-connectivity criterion.
(4) The distance metric. A number of distance metrics exist for regular image grids, among which
Manhattan distance, Euclidean distance and Chebyshev distance are widely used (Chen-Wiegart et al.,
2014). These distance metrics yield di�erent distances between voxels, as shown in Figure 16. The
choice of distance metric directly a�ects the identi�cation of the shortest/e�ective pore channel, thereby
a�ecting the geometrical tortuosity result.

What's more, the e�ects coming from image resolution and image size on tortuosity computation
cannot be ignored, but they can be reduced/avoided by using the digital REV samples with su�cient
high resolutions and large sizes, which will be further discussed in � 6. With the above intrinsic uncer-
tainties present in various image-based calculation methods, proper use of geometrical tortuosity requires
a standard procedure, clear de�nition and reasonable parameter selection, to ensure reproducible and
portable results.

Figure 15: Di�erent connectivity criteria between adjacent image voxels: (a) 6-neighbor-connectivity;
(b) 18-neighbor-connectivity; (c) 26-neighbor-connectivity.
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Figure 16: Di�erent distance metrics between image voxels: (a) Manhattan distance; (b) Euclidean
distance; (c) Chebyshev distance.

4.2 Comparison between physical tortuosity results

The physical tortuosities of the set of Fontainebleau sandstone samples are computed via di�erent phys-
ical simulations as discussed in � 3, and the results are recorded in Table 5 and plotted in Figure 14.
It is observed that the di�usional, electrical and thermal tortuosity of each sample are almost identi-
cal. This is because the underlying transport physics of molecular di�usion, electrical conduction and
heat transfer at steady state are described by similar constitutive relations, namely Fick's, Ohm's and
Fourier's laws. Di�usivity and conductivity are directly related to each other through Nernst-Einstein
equation as well (Lu, 1997). Numerical simulations of these three transport processes are governed by
Laplace equation with exactly the same mathematical expression, and the boundary conditions includ-
ing the external driving force, outside surface and pore-solid interface are identical as well. Recognizing
the consistency among di�usional, electrical and thermal tortuosities, a general de�nition of physical
tortuosity τ can be expressed as (Barrande et al., 2007):(

J

∇Fdrive

)
eff

=
φ

τ2

(
J

∇Fdrive

)
0

(46)

where J denotes the transport �ux, ∇Fdrive denotes the driving force gradient, and the subscripts
`e�' and `0' denote the e�ective conductivity/di�usivity in porous media and the bulk conductiv-
ity/di�usivity in homogeneous media, respectively.

However, the general de�nition in Eq. (46) is not applicable to hydraulic tortuosity. As shown
in Table 5 and Figure 14, the hydraulic tortuosity di�ers signi�cantly from the other three physical
tortuosities, especially for the porous media samples with lower porosity. Fluid permeation inside
porous media not only contains the bulk movement of �ow volume driven by pressure gradient, but also
involves the momentum transfer from the pore wall towards the central axis of �ow, so the underlying
physics of hydrodynamic �ow is greatly di�erent from that of molecular di�usion, electrical conduction
or heat transfer. Essentially, pore-scale �uid �ow is governed by Navier�Stokes equations, which are
fundamentally di�erent from the Laplace equation that governs the other three transport phenomena.
Further, due to the viscous resistance between the pore wall and �uid, the �ow velocity reduces to
zero at pore walls (no-slip boundary condition) and gradually increases towards the medial axes of
pore channels, forming a velocity distribution as shown in Figure 17a. For the transport processes of
molecular di�usion, electrical conduction and heat transfer, the �ow intensity suddenly declines to zero
at the pore walls, forming a uniform intensity distribution as shown in Figure 17b. Therefore, the
pressure-driven �uid �ow is much more hindered by the small pores inside porous media, which can
make the bulk moving streamlines of �uid permeation signi�cantly di�erent from the transfer paths of
the other three transport phenomena.

Another useful observation from Table 5 and Figure 14 is that the random walk simulation can
provide tortuosity results close to the di�usional tortuosity values obtained from molecular di�usion
simulations. However, the results from random walk simulation rely heavily on the numbers of random
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Figure 17: (a) The velocity pro�le of Newtonian �uid �ow inside a pipe with `no-slip' boundary condition;
(b) The intensity pro�le of molecular di�usion, electrical conduction and heat transfer inside a pipe.

walkers as well as the simulation time step, especially for porous media with complicated microstructures.
The di�erence between molecular di�usion and random walk simulation increases with porosity. This
is because the pore space is not fully experienced by the random walkers, leading to the overestimation
of tortuosity. The accuracy of random walk simulation can be improved by increasing the numbers of
random walkers and time steps.

It should be noted that four di�erent numerical methods (i.e. LBM, RWM, FDM and FVM)
are used here to simulate various transport phenomena at the pore scale, so numerical errors on the
computations of physical tortuosities can be di�erent. For example, all numerical simulations directly
use image voxels as the basic computing elements, but the connectivity between adjacent pore voxels
follow di�erent criteria during the discretization of governing equations. Basically, the 18-neighbor-
connectivity criterion is used in the LBM simulation because of the adoption of the D3Q19 lattice
arrangement, while the RWM, FDM and FVM simulations follow the 6-neighbor-connectivity criterion
which only permits direct exchange of dependent variables occurring between adjacent pore voxels
with common faces. However, according to the comparison results in previous studies (Iwai et al.,
2010; Cooper et al., 2013; Tariq et al., 2014; Cooper et al., 2016; Tjaden et al., 2017), as well as our
computational experiences (as shown in Figure 14, 27 and 30), numerical errors are very tiny and
negligible for the high-�delity simulations performed on 3D high-resolution images of porous media
samples. Therefore, the above analysis results on physical tortuosities are reliable, although di�erent
numerical simulation methods are used for this comparison study. Besides, image resolution and image
size are important in�uencing factors for physical tortuosity calculation as well, which will be further
discussed in � 6.

4.3 Performances of theoretical/phenomenological models

It is evident from Table 5 and Figure 14 that there are close inverse correlations between porosity
and tortuosity results computed from di�erent image analysis methods or physical simulations. In this
subsection, �ve di�erent porosity-tortuosity models are applied to estimate the tortuosity results of
the set of Fontainebleau sandstone samples, as expressed in Eqs. (1) to (5). As discussed in � 1.2,
these porosity-tortuosity relations usually contain empirical parameters or uncertain coe�cients that
are di�cult to accurately determine, and irrational values of them may lead to great errors in tortu-
osity estimation. Recommended values of these adjustable parameters are found through a literature
survey, and they are adopted here to assess the performances of theoretical/phenomenological models
on tortuosity evaluation.

For Bruggeman relation or Archie's law (as expressed in Eq. (1)), its empirical exponent α usually
ranges from 1.3 to 2.5 (Moctezuma-Berthier et al., 2002), and there are various methods to determine
α for a particular porous medium (Ghanbarian et al., 2013). However, reliable values of α are often
determined from experimental measurements or numerical simulations (Tjaden et al., 2018). The value
of α is assigned to be 1.5 in the standard form of Bruggeman relation to estimate di�usional tortuosity
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of porous media (Tjaden et al., 2018). Besides, Mota et al. (2001) found α was equal to 1.8 for
granular beds of spherical particles, from which the estimated hydraulic tortuosity well agreed with the
experimental data. As to Comiti's model (Eq. (2)), its empirical constant p varies greatly for plates
with di�erent height-side ratios (Comiti and Renaud, 1989). Mauret and Renaud (1997) found p=0.49
was appropriate for a capillary model of granular and �brous beds to estimate hydraulic tortuosity,
which was later con�rmed by an experimental study. For the empirical model (Eq. (3)) proposed by
Iversen and Jørgensen (1993), its coe�cient q=2 was found to be appropriate for di�usional tortuosity
of sandy sediments through di�usion experiments. Considering the non-spherical grains, the sphericity
factor ξ involved in Lanfrey's model (Eq. (5)) should be smaller than 1 (Lanfrey et al., 2010) to estimate
geometrical tortuosity for natural porous media. Here, α= 1.5, 1.8 and 2.5 (the upper limit), p = 0.49,
q = 2 and ξ = 0.9 are adopted for the above porosity-tortuosity relationships to evaluate the tortuosity
values of the set of Fontainebleau sandstone samples, and the results are recorded in Table 5 and plotted
Figure 14.

In general, none of these �ve models can provide tortuosity values that closely match the results
computed from any image analysis methods or physical simulations, which is in accordance with the
remarks on theoretical/phenomenological models in � 1.2. Comiti's model, Iversen's model and Du
Plessis's model tend to underestimate physical tortuosities (compared with the physical simulation
results), especially for the porous media samples with low porosity, while Lanfrey's model greatly
overestimates the geometrical tortuosity values of the set of Fontainebleau sandstones. The primary
reason of such model failures is that both model constructions and corresponding parameter calibrations
are based on porous media with high porosity (such as sandy sediments, granular beds and �brous beds).
Therefore, it is no wonder that the above models can rarely provide reliable tortuosity estimations for
natural porous rocks with relatively low porosity. As shown in Figure 18, a large group of pore media
samples with a wide range of porosity are used to test these porosity-tortuosity models, and the results
further con�rm the above viewpoint.

Figure 18: Tortuosity results calculated from di�erent image analysis methods, physical simulations and
porosity-tortuosity models for a group of porous media samples with a broad range of porosity (detailed
information about the porous media samples are given in � 5).

As can be seen in Table 5, Figure 14 and 18, three di�erent values are assigned to the exponent α in
Bruggeman relation or Archie's law to estimate tortuosity values of Fontainebleau sandstones. It seems
that Bruggeman relation or Archie's law that treats tortuosity as an exponential function of tortuosity is
more reasonable than the other four models, and it is possible to accurately evaluate physical tortuosities
by selecting an appropriate value for the Bruggeman exponent α. To better correlate Bruggeman model
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with tortuosity, an additional scaling factor β was introduced by researchers, and Bruggeman model
was extended to be τ = βφα (Tjaden et al., 2018). The crucial point is how to determine the values of
adjustable parameters α and β that directly a�ect the estimation accuracy of tortuosity. It has been
proved that both α and β depend on the analyzed pore microstructures, and they vary signi�cantly even
for a small class of porous media, which leads to con�icting results on the validity of Bruggeman relation
in a broad range of studies (Ghanbarian et al., 2013; Tjaden et al., 2018). Therefore, the tortuosity
predictions from Bruggeman relation are not always consistent with experimental data or numerical
simulation results, and researchers usually alter the adjustable parameters to �t the experimental or
numerical values.

It is understandable that di�erent porous media with the same porosity may have di�erent transport
path lengths, so tortuosity cannot be a function of porosity only, especially for low-porosity rocks that
possess extremely complicated microstructures with a large number of isolated and dead-end pores. Nat-
ural porous rocks are usually very di�erent from and much more complex than the spherical structures
that closely follow the initial hypotheses of porosity-tortuosity relationship derivation. The aforemen-
tioned porosity-tortuosity models do not take account of other microstructural characteristics that have
considerable e�ects on tortuosity evaluation, such as pore size, shape, surface, distribution and connec-
tivity. In summary, it can be stated that the porosity-tortuosity models are appropriate and reliable for
porous media that are similar to the pore microstructures used to construct corresponding relationships
and calibrate adjustable coe�cients, but they are less suitable for complicated pore networks without
adequate characterization.

5 Relationships between geometrical and physical tortuosities

It is usually compute-intensive to evaluate physical tortuosities via pore-scale simulations of transport
processes, but geometrical tortuosity can be obtained much cheaply from image analysis. Therefore,
geometrical tortuosity is commonly used as the substitute for physical tortuosities to model and predict
transport properties. However, due to conceptual di�erences, great discrepancies exist between geo-
metrical and physical tortuosities. As shown in Figure 14, none of the image-based methods is able to
provide a geometrical tortuosity result that is close to any one of the physical tortuosities. In order to
bridge such gaps, we established quantitative relationships between geometrical and physical tortuosities
in this section, so that tortuosity can be better used in porous media research.

As the porosity varies, a strong correlation exists between geometrical and physical tortuosities,
which can be observed in Figure 14. To con�rm this trend, a large set of porous media (mainly geological
materials) with diverse morphologies are used to explore the relationships between geometrical and
physical tortuosities, including sandstones, sand packs, carbonate rocks (limestone), synthetic silica,
bead packs, and others. The 3D micro-CT images of these porous media samples are collected from
several publicly shared data sources, and due to page limit only a small subset are shown in Figure
19 in 2D form. The raw micro-CT images are in gray-scale to prepare for image analysis and physical
simulation. First they are processed and segmented into binary forms by using ImageJ (ImageJ, 2016),
a popular image processing tool in the digital rock physics community. As illustrated in Figure 20,
3D micro-CT images of four representative porous media samples are segmented using Otsu's method
(Otsu, 1979).
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Figure 19: The 2D cross-sections of 3D micro-CT images of di�erent porous media samples (pore space
is shown in dark): data in (a)-(r) are collected from Dong (2008); data in (s)-(u) are collected from
Sheppard and Prodanovic (2015); data in (v)-(y) are collected from Shah et al. (2016); data in (z) is
collected from Moon and Andrew (2019); data in (aa) is collected from Kohanpur et al. (2019); data in
(ab) is collected from Latief et al. (2010); data in (ac) is collected from Berg et al. (2018); data in (ad)
is collected from Herring et al. (2018).
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Figure 20: Segmentation of micro-CT images through Otsu's method: (a) Gildehauser sandstone, (d)
Bentheimer sandstone, (c) Ketton limestone and (d) Mt. Simon sandstone; (b), (e), (h) and (k) are the
histograms of grayscale values of corresponding micro-CT images; (c), (f), (i) and (l) are the segmented
images in binary form (pore space is shown in white, and solid matrix is shown in black).
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The micro-CT databases employed in this work include 120 digital microstructure samples. These
raw images are representative covering a diverse set of porous media, but more samples are still required
in order to develop phenomenological models to link geometrical and physical tortuosities. A stochastic
microstructure reconstruction method (Fu et al., 2021) has been newly developed using deep neural
networks. This method is capable of quickly generating 3D digital microstructure samples by preserving
the statistical equivalence, long-distance connectivity and transport properties of the training images.
Here, the segmentations of the above micro-CT models are used as the guides to reconstruct new porous
media samples. In total, 200 microstructure samples (120 samples from raw micro-CT images plus 80
reconstructed samples) are used in this work to investigate the relationships between geometrical and
physical tortuosities, with the porosity varying from 8.61% to 50.72%. Speci�cally, the relationship
between geometrical tortuosity and hydraulic tortuosity is described in � 5.1, and the relationship
between geometrical tortuosity and di�usional/electrical/thermal tortuosity is described in � 5.2.

5.1 Prediction model for hydraulic tortuosity

As shown in Figure 14, the hydraulic tortuosity lies in between the geometrical tortuosity results cal-
culated from the DSPSM and SSPSM. This phenomenon can be easily understood by comparing the
shortest pore channels with the e�ective �ow path in Figure 2 and 4. Thus, it is natural to use the
DSPSM and the SSPSM results to develop a better approximation to hydraulic tortuosity, thereby
avoiding the costly �uid �ow simulations. Indeed, the same trend is also observed for the whole set
of 200 porous media samples, as shown in Figure 21, where the geometrical tortuosity results calcu-
lated from the DSPSM and the SSPSM form nicely the upper and lower bounds of hydraulic tortuosity
determined from LBM simulations .

(a) (b)

Figure 21: (a) The hydraulic tortuosity results obtained from LBM simulations and the geometrical
tortuosity results obtained from the SSPSM and DSPSM for porous media samples with a wide range
of porosity; (b) Comparison between the geometrical and hydraulic tortuosity results.

The above observation suggests that the average length of �uid streamlines in a porous medium is
bounded by the shortest paths identi�ed by the DSPSM and SSPSM. Based on the above data and
taking into account the variation with respect to porosity, we propose the following phenomenological
model to predict hydraulic tortuosity:

τ̃h = aφbτ (DSPSM)
g + (1− aφb)τ (SSPSM)

g (47)

where τ̃h denotes the predicted hydraulic tortuosity, a and b are empirical coe�cients, and τ
(DSPSM)
g and

τ
(SSPSM)
g are the geometrical tortuosity results calculated from the DSPSM and SSPSM, respectively.
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The set of porous media with 200 samples are randomly divided into the �tting group (70%) and the
testing group (30%). The coe�cients a and b are identi�ed as 1.3100 and 0.5435 respectively, through
�tting the tortuosity and porosity data extracted from the porous media samples in the �tting group.
The mean error and the largest error of the �tted model are 2.99% and 7.41%, respectively. The �tted
model is applied to the porous media samples in the testing group, to predict the hydraulic tortuosity
values based the geometrical tortuosity and porosity data. As shown in Figure 22, the predictions τ̃h

from the above model are in good agreement with the results τh obtained from LBM simulations, and
the mean error and the largest error of prediction are 3.11% and 7.19%, respectively.

Figure 22: Comparison between the hydraulic tortuosity values τ̃h predicted from the proposed model
and the reference values τh obtained from LBM simulations.

5.2 Prediction model for di�usional tortuosity

As discussed in � 4.2, di�usional, electrical and thermal tortuosity are almost identical, and they are
uni�ed into a general form (as illustrated in Eq. 46). Here, we take di�usional tortuosity as the

representative to establish the prediction model. The geometrical tortuosity τ
(DSPSM)
g calculated by

the DSPSM is selected for the task, because it shows a stronger correlation to di�usional tortuosity
and does not involve any extra image preparation that may cause errors. As shown in Figure 14, the
di�usional tortuosity τd values are always larger than the geometrical tortuosity values τ (DSPSM)

g , and
their di�erence decreases with the growth of porosity φ. This observation also holds for other porous
media samples with wider range of porosity, as shown in Figure 23. Here, an empirical model is going
to be established to link geometrical tortuosity to di�usional tortuosity. Although the gap between
τ

(DSPSM)
g and τd is related to porosity, it is found that τd can be accurately estimated from τ

(DSPSM)
g

without considering porosity φ through the following empirical model:

τ̃d = m(τ (DSPSM)
g )n (48)

where m and n are empirical constants.
The same �tting and testing group of porous media samples are used here. The values of m and n

are evaluated to be 0.9505 and 2.2310 respectively, though �tting the tortuosity data extracted from the
porous media samples in the �tting group. The mean error and the largest error of the �tted model are
3.58% and 8.50%, respectively. Applying the �tted model to the testing group, the predicted di�usional
tortuosity τ̃d are in good agreement with the numerical simulation result τd, as demonstrated in Figure
24. The mean error and the largest error of the predictions are 3.07% and 7.71%, respectively.
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Figure 23: The di�usional tortuosity results obtained from FDM simulations and the geometrical tor-
tuosity results obtained from the DSPSM for porous media samples with a wide range of porosity.

Figure 24: Comparison between the di�usional tortuosity values τ̃d predicted from the proposed model
and the reference values τ̃d obtained from molecular di�usion simulations.

6 Issues on REV size and resolution

REV size and resolution (voxel size) are two critical issues that need to be carefully considered when
computing tortuosity values of digital microstructures through image analysis or physical simulation.
Generally, reliable pore-scale analysis requires large digital microstructure with high resolution. To
serve as a good statistical representative for the speci�c porous medium, the REV sample needs to be
su�ciently large (Costanza-Robinson et al., 2011), and to provide accurate pore space geometry close
to the reality, the digital microstructure must be at a su�ciently high-resolution level (Fu et al., 2020).

Through image analysis or physical simulation, accurate tortuosity results can be obtained from large
REV samples with high resolution (Borujeni et al., 2013; Peng et al., 2014; Guan et al., 2019). However,
it is still a challenging task to deal with 3D REV samples with super-high resolutions, because they
can contain hundreds of millions (or even billions) of voxels. High-performance computing platforms
are often required to perform pore-scale analyses on these digital microstructures. In practice, the raw
micro-CT images are often rescaled to a lower resolution, in order to reduce the computational cost.
The resolution reduction is particularly common when using GPU platforms, as a �ner REV model
often exceeds the memory capacity of a single graphics card (Jones and Feng, 2016). Therefore, the
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choice of image resolution of the REV sample is often a compromise between accuracy requirement and
computational complexity.

Naturally, the critical REV size and resolution for porous media depend on the characteristic length
of morphological features. In this work, the correlation length is selected as the characteristic length
to study the e�ects of image size and resolution on tortuosity evaluation, because it is related to both
mean pore radius and hydraulic radius (Keehm and Mukerji, 2004). Speci�cally, the correlation length
l is de�ned as the distance where the two-point correlation function (Torquato, 2002) dwindles to the
asymptotic value of φ2 (Coker et al., 1996), as illustrated in Figure 26.

6.1 REV size

A Fontainebleau sandstone with porosity about 14.00% is selected to study the e�ect of sample size on
tortuosity evaluation. Its 3D micro-CT image with a resolution of 7.324 µm (Hilfer and Zauner, 2011)
is segmented using ImageJ (ImageJ, 2016), as shown in Figure 25. The two-point correlation function
can be extracted from the binary segmentation, and the correlation length l is measured as 17.50 voxels,
as demonstrated in Figure 26. To study the in�uence of sample size on tortuosity calculation, the 3D
digital microstructure is cut into cubic subsamples with side lengths L of 5, 10, 15, 20 and 25 times of
the correlation length l, as shown in Figure 25b.

Figure 25: (a) The micro-CT image of a Fontainebleau sandstone sample with resolution of 7.324 µm;
(b) The binary segmentation of the micro-CT image, and it is partitioned to subsamples of di�erent
sizes (L is the side length of cubic sample, and l is the correlation length).

Image analysis and physical simulation are performed on these subsamples to compute geometrical
and physical tortuosity, and the results are plotted in Figure 27. It can be observed that both geometrical
and physical tortuosity values �uctuate greatly for small samples, especially the di�usional tortuosity
computed by the RWM where the results �uctuate from 2.37 to 3.84. As the sample size increases, both
geometrical and physical tortuosities converge gradually. The larger �uctuation observed in smaller
samples can be attributed to two causes: (1) the morphological characteristics of smaller samples are
not statistically representative and (2) the boundary e�ects of various computing algorithms or numerical
methods on tortuosity calculations are more visible for smaller samples. It is also observed that the
tortuosity results computed from all methods become stable when the sample size L increases to 20l,
indicating the critical REV size Lc for tortuosity calculation:

Lc = 20l (49)
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This critical REV size Lc = 20l can also be a valid reference for other types of porous media. But more
signi�cantly, the correlation length extracted from the two-point correlation function is demonstrated
to be an e�ective characteristic length to determine the REV size for tortuosity evaluation.

Figure 26: The two-point correlation function S2(d) and correlation length l of the Fontainebleau
sandstone sample with resolution of 7.324 µm.

(a) Geometrical tortuosity (b) Physical tortuosity

Figure 27: The e�ects of sample size on the calculation results of di�erent tortuosities.

6.2 REV resolution

The 3D micro-CT images at four resolution levels (e.g. 3.662, 7.324, 14.648 and 29.296 µm) of the
Fontainebleau sandstone (Hilfer and Zauner, 2011) are used to study the resolution e�ect on tortuosity
evaluation, as shown in Figure 28. To avoid the sample size e�ect, these micro-CT images are seg-
mented and then partitioned into subsamples with side length L = 20l. The correlation length l of
the Fontainebleau sandstone is about 128.170 µm, which is equal to 35.00, 17.50, 8.75 and 4.38 voxles
respectively for the digital microstructures from �ne to coarse. The correlation length l can be directly
measured from the two-point correlation function curves, as illustrated in Figure 29.

Performing image analysis and pore-scale simulation on the digital microstructures with di�erent
resolutions, the geometrical and physical tortuosity values are calculated, and the results are plotted
in Figure 30. The REV resolution is found to have di�erent e�ects on tortuosity evaluations of the
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Figure 28: The micro-CT images and corresponding binary segmentations of a Fontainebleau sandstone
sample at four di�erent resolution level.
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four image-based methods. The geometrical tortuosity results calculated by the DSPSM and FMM are
sensitive to image resolution, and they show similar increase pattern as voxel size becomes larger. There
are two primary sources of error caused by the resolution e�ect: geometrical error and image analysis
error. The di�erence between the acquired digital microstructure and the real microstructure is termed
as the geometrical error, and this error increases as the digital microstructure becomes coarse, due to
losing geometrical information during the pixel/voxel binning. Bad pore-connectivity inside the digital
microstructure with low resolution usually results in a larger value of geometrical tortuosity. Image
analysis error refers to the di�erence between the shortest pore channel identi�ed by the algorithm
and the actual shortest pore channel inside a porous microstructure. Usually, the shortest pore channel
identi�ed from a �ne image is `shorter' than that obtained from a coarse image, as illustrated in Figure 4.
On the contrary, the SSPSM and PCM are less in�uenced by the REV resolution, and the geometrical
tortuosity only slightly declines as the image resolution becomes lower. As described in � 2.3, the
SSPSM searches the shortest pore channel from the medial axis skeleton of the pore space, which
greatly reduces the image analysis error discussed above. The PCM is very simple, and it does not
consider pore-connectivity and does not involve a path searching algorithm either. As the PCM only
takes into account the pore centroid position on each layer, it is usually less a�ected by the image
resolution. Generally, the resolution e�ect on the four image-based methods is very much limited when
the correlation length l is larger than 17.5 voxels, as shown in Figure 30a. Therefore, for the calculation
of geometrical tortuosity, it is recommended to use digital microstructures with the voxel size smaller
than l/17.5.

Figure 29: The two-point correlation functions S2(d) of digital microstructure samples at four di�erent
resolution levels.

As observed in Figure 30b, the hydraulic tortuosity evaluation is quite stable when the image reso-
lution changes, and reasonably accurate results can be obtained on coarse images. Although hydraulic
tortuosity is less a�ected by REV resolution, it has been proven that the resolution e�ect on the hy-
draulic conductivity (or permeability) is remarkable (Fu et al., 2020). For the evaluation of di�usional,
electrical and thermal tortuosity, the resolution e�ect is signi�cant. As can be seen in Figure 30b, the
di�usional tortuosity results increase with the voxel size. The poor pore-connectivity inside the coarse
image leads to greater retardation e�ects on the transport processes of molecular di�usion, electrical
conduction and heat transfer, thereby overestimating the tortuosity values. Physical tortuosities are
estimated from numerical simulations where image voxels are directly used as the discretization ele-
ments. Therefore, the increase of voxel size may introduce extra numerical errors. For example, when
LBM is used to simulate �uid �ow passing through a porous medium, the �uid-solid interface will be
`misidenti�ed' if a suboptimal value is selected for the single relaxation time, and this error will be
greatly ampli�ed on a coarse grid (Fu et al., 2020). As shown in Figure 30b, the resolution e�ect on the
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(a) Geometrical tortuosity (b) Physical tortuosity

Figure 30: The e�ects of image resolution on calculation results of di�erent tortuosities.

physical tortuosity calculation is generally negligible when the REV resolution is higher than Rc:

Rc = l/17.5 (50)

This critical resolution level Rc = l/17.5 can play as an e�ective reference for other types of porous
media as well, but the key here is that the correlation length can be used as the measure to select a
proper image resolution level for tortuosity evaluation.

7 Discussion and concluding remarks

7.1 Discussion

The concept of tortuosity is used to model and predict transport properties of porous media, such as
permeability, e�ective di�usivity, electrical conductivity and thermal conductance. However, it seems
that the physical tortuosities evaluated through numerical simulations of various transport phenom-
ena are redundant, because corresponding transport properties can be directly estimated from physical
simulations without the requirement of such intermediate variables. Inverse computation of physical
tortuosity from transport property (as de�ned in Eq. (17), (23), (32) and (40)) just runs counter to
the original intention of introducing tortuosity. Massive e�orts have been made to directly relate tor-
tuosity to porosity, so as to derive explicit models for tortuosity evaluation, as discussed in � 1.2. The
broad variety of porosity-tortuosity models usually lack general applicability for natural porous media
with complicated pore networks, due to the absence of consideration of other important microstructural
characteristics, which has been deeply discussed in � 4.3. Besides, reliable calibrations of the empir-
ical parameters or uncertainty coe�cient involved in these porosity-tortuosity relations often require
experimental measurement or numerical simulation, which heavily discounts their values in practical
applications.

Geometrical tortuosity can be an e�ective alternative to physical tortuosities to ful�ll the intended
purpose in modeling and predicting transport properties, because it is a purely microstructural feature
of porous media that can be quickly determined through image analysis. However, no general stan-
dard exists in extracting geometrical tortuosity from the digital microstructures of porous media, and
thus uncertainties could be brought into image analysis, due to the di�erent options in terms of image
preparation, de�nition of the e�ective �ow path, path searching algorithm, pixel/voxel connectivity
criterion, distance metric, image resolution and other factors. Although geometrical tortuosity is con-
ceptually sound, inconsistent results are often obtained from di�erent image-based calculation methods,
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as discussed in � 4.1. A lack of reference makes it have no way to assess the performances of di�er-
ent image-based methods and judge the rationality of geometrical tortuosity results. According to our
own computational experience, the DSPSM and SSPSM using Dijkstra's algorithm are recommended
to extract geometrical tortuosity from the digital porous media sample, because they can e�ciently and
stably provide geometrical tortuosity results that are the lower and upper approximations of hydraulic
tortuosity respectively, as discussed in � 5.1.

Tortuosity cannot simply be a characterization of pore space itself just from the geometric perspec-
tive, but it should also be related to the actual streamlines of transport �ows. For electrical, di�usional
and thermal �ow, the transfers of charge, mass and energy depend on the available cross-sectional area
of the transport path, but geometrical tortuosity doesn't take consideration of the constrictions or bot-
tlenecks along the pore channel. As to hydrodynamic �ow, the movement of �uid volume relies on both
the pore size and cross-sectional shape along the permeation route, and momentum exchange is also
involved into it due to the viscous e�ect, but these important factors are never taken into account in
geometrical tortuosity. In view of this, we developed two phenomenological models based on a large
group of porous media samples with a broad range of porosity in � 5, aiming to bridge the gaps between
geometrical and physical tortuosities. The physical tortuosity values estimated from the geometrical
ones through the proposed models can be more appropriate for transport property prediction.

Along the lines of the above discussion, two issues on tortuosity may need to be further resolved:
(1) If geometrical tortuosity is an intrinsic microstructural property, it should have a unique value for a
particular porous medium. How to standardize the determination procedure of geometrical tortuosity
to yield a unique value is the �rst issue. (2) Geometrical tortuosity is not exactly equivalent to physical
tortuosities, so how to better understand the gaps between them is the second issue. Only after that,
geometrical tortuosity together with other supplementary microstructural characteristics can completely
take the role of physical tortuosities in modeling and predicting transport properties.

7.2 Concluding remarks

From concepts to evaluation methods, this study systematically investigates the tortuosity of porous
media. The study focuses on modern approaches to evaluate the tortuosity of porous media based on
digital microstructures, covering a wide range of image analysis and numerical simulation methods. The
various types of tortuosity are broadly categorized into two groups: geometrical and physical tortuosity,
depending on whether the analysis object is the pore space itself or the transport �ow through the
pore space. Physical tortuosity is further classi�ed into four types: hydraulic, electrical, di�usional, and
thermal tortuosity, corresponding to the speci�c transport process.

Di�erent physical tortuosities are often used interchangeably in the literature, ignoring their distinct
di�erences in de�nition and evaluation method. To clarify the situation, hydraulic, electrical, di�usional,
and thermal tortuosities are examined by using numerical simulations of the corresponding transport
processes in porous media. It is found that electrical, di�usional and thermal tortuosity are similar
in value, but they visibly di�er from hydraulic tortuosity. This is because the underlying physics of
molecular di�usion, electrical conduction, and heat transfer are equivalent, and the steady-states of these
transport phenomena are described by Laplace's equation. This is distinctly di�erent from Navier-Stokes
equations that govern the hydrodynamic �uid �ow in porous media. Therefore, electrical, di�usional,
and thermal tortuosity can be uni�ed to be one retarding factor, but it cannot be interchangeably used
with hydraulic tortuosity.

The increasing availability of high-quality digital microstructures makes it possible to perform high-
�delity numerical simulations for transport �ows in porous media. However, the computational cost
of pore-scale simulation is high and it increases rapidly with the size of digital REVs. In contrast,
geometrical tortuosity can be cheaply evaluated from image analysis, making it desirable to explore an
alternative approach to evaluating physical tortuosities without involving costly physical simulation. It is
found that the commonly-used image analysis methods do not provide consistent geometrical tortuosity
results and they all di�er greatly from the physical tortuosity values. To overcome this problem, two
phenomenological models are proposed to evaluate physical tortuosities using the geometrical tortuosity,
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one for the hydraulic tortuosity prediction, and the other for the di�usional/electrical/thermal tortuosity
prediction. Independent checks are performed to con�rm the accuracy of these predictions.

Finally, the e�ects of image size and resolution on the tortuosity evaluation are analyzed as well.
The correlation length extracted from two-point correlation function is found to be an e�ective measure
to determine the critical thresholds for REV size and resolution.
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