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Abstract

We study LP-strong convergence for coupled stochastic differential equations (SDEs) driven
by Lévy noise with non-Lipschitz coefficients. Utilizing Khasminkii’s time discretization
technique, the Kunita’s first inequality and Bihari’s inequality, we show that the slow solution
processes converge strongly in L” to the solution of the corresponding averaged equation.
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1. Introduction

Let (2, .#, P) be a complete probability space equipped with a natural filtration {.%;, ¢t > 0},
and || - || denote the Euclidean norm as well as the matrix trace norm. Consider the following
slow-fast stochastic differential equations with Lévy noise

{dX; = a (X[, YS)dt +b(X{)dBE + [, 0 (X{,2) Ny (dt, dz), X§ = o, L)

dYy; = Lf (X{ Vi) dt + Jog (X7 V) dB} + [, h(X(, Yy, 2) Ny (dt, dz) Y = wo,

for small parameter 0 < ¢ < 1 and certain mappings a (u,v) : R" x R™ — R" b(u) :
R" — R™¥ g (u,2) : R" x Z — R, f(u,v) : R®" x R™ — R™ g(u,v) : R* x R™ —
R™ % | (u,v,2) : R* x R™ x Z — R™. The driving processes B} and B? are respectively
dy- and dy-dimensional independent Brownian motions, Ny (dt,dz) = Ny (dt, dz) — vy (dz) dt,
N§ (dt, dz) = Ny (dt,dz) — Ly (dz)dt are compensated Poisson random measures, respec-
tively, with intensity Lévy measure v; and v, on a measurable space (Z, #(Z)) of (—oo, +00),
where H(Z) denotes the Borel o-algebra of Z. Recently, [1] proposed a set of conditions on
the non-Lipschitz coefficients (which is more general and much weaker than the usual Lips-
chitz conditions) ensuring the existence and uniqueness of solutions to the system (1.1).
The theory of averaging principle for SDEs was initiated by Khasminkii [2]. Since then,
there are vast development devoted to this topic. For the slow-fast systems with noise, the
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averaging principle provides a powerful tool for approximating the slow-fast SDEs by reduced
SDEs with slow component, see the recent work for systems with Gaussian white noise in
3, 4], the systems with Lévy-type perturbations in [5-7] and with non-Lipschitz coefficients in
[8-10]. While most of the above mentioned references dealt mainly with square convergence,
it is a natural and also very important question: Whether the validity of averaging principle
to non-Lipschitz slow-fast systems still holds under higher order-convergence? Our aim in
the present paper is to establish the convergence scheme in LP sense (i.e., convergence in
p-th moments) for the slow-fast system (1.1).

The rest of the paper is organized as follows. Section 2 presents some assumptions and
preliminary results that are needed in the subsequent section. In Section 3, we prove that the
slow component processes X{ converge to the limit process X; in the sense of p-th moments.
Throughout the paper, C, C,,, Cr and C, 1 denote positive constants which may change from
line to line, where C}, depends on p, Cr depends on T', and C, r depends on p, T, etc..

2. Preliminaries

We assume the coefficients of system (1.1) fulfil the following

(A1) There exists a concave continuous nondecreasing function x(-), such that

la (ur, v1) = a (ug, v2) [|* 4 [|b (ur) = b (uz) ||* + /Z lo (w1, 2) = o (ug, 2) |11 (d2)

< Ok ([Jur — ua||? + |lo1 — v2|7)

If (u1,v1) = f (ug,v2) |7+ [|g (u1,v1) — g (u2,v2) ||?
/||h uy, vy, 2) — h(ug, ve, 2) ||91s (d2)
< O (fJur — | + [Jor — va|?)

for all u; € R",v; € R™(j = 1,2), ¢ > 2, where (-) : RY = R*, x(0) =0, [, % =
oo. Ome can find a pair of positive constants «; and ay such that for k(u) < aqu +
s, Vu > 0.

(A2) Assume that a is globally bounded, a,b, 0, f,g and h satisfy the linear growth condi-
tions. Precisely, there exist constants ¢q, to and ¢3 such that

llaCu, v) [V [b(u) |* VILf (w, 0) 1V g (u, 0) [P < en (L4 [full® + [Jo]]?),
/HO’(%Z)II"Vl(dZ) < (14 [Jull?), /Hh(u,v,Z)Hqu(dZ) < e3(1 4 [Jull* + [|o]|),
VA z
for all u € R",v € R™, g > 2.

(A3) There exist constants ¢ > 0 and ¢; € R, j = 1,2, which are all independent of
(u1,v1,v9), such that

Ule(Ulﬂh) < —collvill* + e, (f(ur,v1) — flus, 712))T(01 —vy) < eallvy — val|?,

for all uy € R™, vy,vy € R™, where T stands for the transpose.



(A4) There exists a constant § > 0, which is independent of (u,v), such that
vl g(u,v)g" (u,v)o > Bllo|*.

Remark 2.1. According to Assumptions (A1)-(A2), the existence and uniqueness of solu-
tions of system (1.1) can be obtained (see [1]). On the other hand, Assumptions (A3)-(A4)
are two conditions which yield a unique invariant measure possessing exponentially mixing
property to the fast variable motion (see [11]).

Now, we define the solution of the corresponding averaged equation:

dXt = d(Xt)dt + b(Xt)dBt -+ / O'(Xt, Z)N1<dt, dZ), XO = T, (21)

Z

with the averaged coefficient a(x) = [p,. a(x,y)p”(dy), and 4" is the unique invariant mea-
sure for the transition semigroup of the frozen equation

dY, = f(2,Y,)dt + g (z,Y;) dB; + / h(z,Y;, z)N (dt,dz), Yy = . (2.2)
z

for any fixed x € R".

Remark 2.2. For z € R",y € R™, one has ||Ea(z, Y,") —a(z)||* < Ce ™™ (1 +||z|* + ||y||*),
where 7 is a positive constant concerned with ¢;(i = 1,3) and ¢;(j = 0,1,2). This is due to
the invariant property of u* (see [12]).

Lemma 2.3. Assume that (A1)-(A4) are satisfied, then there exists a positive constant
Cpie;r such that for all e € (0,1),t € [0,T], p > 1,

E sup ||Xt€||2p S Op,Li,Ta
0<t<Ty
sup B[S < Cpueprs
0<t<Tp

where Cp,, ., 7 15 independent of €, 1 =1,2,3,7 =0, 1.

Proof: The techniques similar to those used in Lemma 3.1 and 3.2 in [13]. Here, the detailed
proof is omitted for the sake of brevity. O

Lemma 2.4. Assume that (A1)-(A4) are satisfied, for allt € [0,T],h € (0,1), p > 1, then
there exists a positive constant Cy,, .. 7 such that

EH t€+h - Xt€||2p < ¢ M,cquhv

where Cy,; o; 7 15 independent of €, 1 =1,2,3, 7 =0, 1.



Proof: Thanks to the Holder inequality, Assumption (A2), the Burkholder’s inequality and
Burkholder-Davis-Gundy inequality, the following can be derived

E[ X7, — X7|1*

t+h 2p t+h t+h 2p
< CPE/ a(XE,YE)ds +CPE/ b(XE)dB! —I—CIE/ / 2) Ny (ds, dz)
t t
t+h t+
< o [ (x| ds + G / Ib(xs) s
p t+h
+OE/ /Ho— )P (d=)ds +cpE/ /”a( )PP dz)d]
t VA
t+h
< Gk / B (14 X 4+ [YS) ds + o2t [ B(L+ 1XE[7)ds
t t
t+h t+h
+Cp,hP'E V (1+1X)?)"ds +C’pL2IE/ (1+ || X)) ds
t t
S Cp,bi,CJ‘,Th'
This completes the proof of Lemma 2.4. O

Remark 2.5. We point out that the slow compolent contains the compensated Poisson
random measure in Lemma 2.4. This makes an intrinsic difference between Gaussian noise
and Lévy-type noise to regularity of X;, which affecting the rate of convergence scale in
practical engineering.

3. Stochastic averaging principle

In this part, we intend to prove that the slow component process X; convergence strongly
to the solution X; of the averaged equation.

Theorem 3.1. Assume that (A1)-(A4) are satisfied, then if we choose § = elne™®, for any
T>0,p>1, we obtain

lmE sup || Xf— X|* =0. (3.1)

=0 o<t<T

A ||2P
Proof. The proof is divided into three steps. In Step 1, Esupy,<r HX; — X¢||  will be

A — ||2p
estimated, we then derive estimate of Esupy<,<r HXtE — XtH in Step 2. At last, through
Step 1 and Step 2, the main result of Theorem 3.1 will be obtained.
Step 1. Following the idea inspired by Khasminskii [2], we introduce an auxiliary processes
(X5, Yf) € R" x R™. We consider a partition of [0, 7] into intervals of the identical length

d, and the time interval § = elne *(k > 0) is selected small enough. We construct a process
Yt , with initial datum Y = Yo,

. 1 [t
Y=Y+ - f(X,f/,(;,Y6 ds + —/ X,ﬂg,Y6 dB2 / / X,“;, Ne(ds dz)
€ Jks ks
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where Xj; and Y, are slow and fast solution processes at time ko, respectively for ¢t €
[k6, min{(k + 1)6,T}), k > 0. Define the X} processes by integral

t
X; = $o+/ OSITITIRS )d8+/ (X9)dB; + // 2)Ni(ds, dz),

for ¢ € [0, T], where s(0) = |56 is the nearest breakpoint proceeding s.

Remark 3.2. Using [t6’s formula, Assumption (Al) and Lemma 2.4, we can get the corre-

sponding result: E||Yy — Y| < C LMCJ,T‘S ¢Chaiveg 1< . Here, we omit the proof.
Next, it follows from definitions of X; and X{ , by Itd’s formula, we get

E sup |X;— X;|*

0<s<t
= %E sup / X5 — X2 (X5, V) — alX, 5. V) ldr
0<s<t Jo
t
< BE / X5 — XS (X, V) — alXEy . V)l
0
t t
< G, [ BIX - XPrds 4y [ Bl Y:) = Xy, Y|P (32)
0 0
t t
< c / E sup | X5 — X¢|%ds + C, / b (B||XE — XC, 06 + EY — VE|™)ds
0 0<r<s 0
t s 6% o s
< G, | E sup || Xf— X{||*Pds + Cpi(0 + Cppyeym—e »45T <)
0 0<r<s €

02 o

)
< Cpﬁ;(ﬁ +C pie T —e P Tﬁ)ecpt = £g.
The last term applies the Gronwall’s inequality.
To proceed, we can conclude that the mapping a : R"™ — R" satisfies non-Lipschitz
condition from equation (2.1). Actually, Y;"""¥ and Y;">" are two solutions of (2.2), then for
any x1,rs € R" y € R™, according to the Kunita’s first inequality, one gets

s 2p
E sup [V —Y72Y]* < CE sup / [fa, Y70¥) = f(aa, Y,72Y)]dr
0<s<t o<s<t ||Jo
s 2p
LC,E sup / [g(a1, Yo) — g(aa, Y)]dB?
0<s<t
+C,E sup / / (1, Y, 2) — h(xg,KxQ’y),z]NQ(dr, dz)
0<s<t
< CprE / (Il = wall? + |21 — Y2 |) ds
0
t
< Cprlla —I2||2P+Cp,T/ E sup [[Y;"Y — Y72 *ds
0 0<r<s




< Cyr|x — $2||2p7

where C), 1 is independent of (1, z2,y). Moreover, using the property of the function k(-) it

is easy to get
\ [ atwvn ) = [ ates iy

E fla(z1, Y,™") = alwz, YY)
Ko = 2a]|) + 5 (B = YY)

Cprr (a1 — al|?)

laes) — aeo)|> ’

VANVANRVAN

This implies that the mapping R" — R" is non-Lipchitz continuous. By the linear growth
condition of @, we can derive that the existence and uniqueness of solution of equation (2.1).

Step 2. In this step, we will estimate the following estimate E sup || X — X,[?2. It follows

0<t<T
from the definitions of X; and X¢ that
E sup || X7 — X%
0<t<T
t
= Eswp || [ (X Vr) —a(X0))ds|*
0<t<T Jo
t R t R B
+E sup | (a (X9) - a <X )) s|% + E sup || (a (X) —a (Xs)>dsH2p
o<t<T Jo 0<t<T Jo
t R t
+E sup | ( (X5) - b( )
0<t<T 0<¢<T

) )dBL" +E sup | 0 (v(%:) = b (X.))aBl>
e [ [ (0600 -0 (52)) i
+E sup ||/ / (Xs,z)>N1 (ds,dz2)||* = Z@

0<t<T
=1

Using Holder inequality, under the help of Burkholder-Davious-Gundy inequality, one obtains

T
Z sup [€,0)]7) < Cyr / w(E sup | X< — X¢20)dt

0<t< 0<s<t

+(J,,T/ (E sup || X, — X¢|[**)dt. (3.3)

0<s<t

Now to deal with ©(t), such that for ¢t € [k;0, (k;+1)0AT], ky := | £], we have representation
in the form of

k=1 n(i+1)8 A ki—1  (i41)8
o) = Y [ (s —alXa)ds+ Y [ (@) - a(xp)ds



[ (i ) —a(x)ds = Yo 0ut) (3.4)

+0

For ©15(t), utilizing Holder inequality and non-Lipschitz continuity of a, it follows that

ktd
_ e 12
B s (O < B s [ [alXiy) - (x| ds
0

0<t<T 0<t<T

T
S ij/ K(E”X\jjé — X;|’2p)d8 (35)
0
We proceed next to the estimation of ©@y3(t), by linear growth bound of functions a and a,

t
B sup |00 <E swp [ [la(Xj5V0) = (X0 ds < Cpuigyab. (39
k

0<t<T 0<t<T J k6

Again, as for ©1;(t) we can deduce that

k=l n(i+1)s R 2P
E sup [Ou(®” = Esuw | > [ [a(xs, V) - alxg)] ds
0<t<T 0<t<T ||, =, Jid
¢ 2p-1 kL] (1) ) I
< E suwp (5) [ a7 - alxg)as
T oy l5)-1 (i+1) 2p
< (5) B[ [at ¥ - atxs]as (3.7
i=0 v
< <T)2P 2p E /5/6 [ ( € Ve ) —(Xe )}d v
—)7e? max a(X5, Y, ) —a(X5)|ds
—= 5 OgiSL%Jfl 0 0 +id 0
2
< (E)Qp(é)Qp—2 max E /6/6 [ (Xe Ye ) (Xe )] ds
> 5 p O<i<LZJ—1 0 107 * se+1id 0
< E)Q max I < C—
0<i<|Z]— 5’

2
where Zf = E Hf6/6 [a(X§, Ve is) — a(Xg)|ds|| < C¢ (see [13], Lemma 4.1.). Thus, substi-
tuting (3.5) (3.6) and (3.7) into (3.4), we can estimate
. T
E sup [O4(0)]* < Cpur0-+5)+ [ n(BIXG 5~ X ds. 39
0<t<T 0

Taking (3.3) and (3.8) into account, it can be deduce that

T
E sup ||X, — X[ < cpﬁT/ R(E sup | Xy — XEP)dt + Cpor(d +
0

0<t<T 0<s<t d



T T
+ [ w(E sup 1 - Xt [ (1 g - Xl
0 0

0<s<t
T
< C'p;p/ [K(E sup || X, — X{||*) + E sup || X, — X[|*| dt
0 0<s<t 0<s<t

+Cpsr (K(6 + i o) + (0 + 4 £0))

o 5
T
< Cp’T/ R(E Sup HXS - X;HQP)dt + Cp,Li,T'%(d + E + €0),
0 0<s<t )

U

where & (u) = u+ £ (u) , obviously, & (0) =0, [, % = 00. Applying the Bihari’s inequality
to get,
E sup |X, = X{[[ < G [G(CpurR(0 + 5 +20)) + Cprt]

0<t<T 0

. . 2 ¢ 8
where § = elne™® (0 < k < ), limey = hml-ﬂ(é + CpLic.T‘s—e p"Z'CJ’TC)eCPt =0,
e—0 e—0 TOEpT e

1
2+C;,Li,Cj,T
(0 + £ +e9) — 0, recalling the condition [, % = o0, we have G (C,,, 7R(6 + & + &) +
Cp 1t — —00, so we get G~ [G(CRH,TFL(é + 5§+ 80)) + C'p,Tt} — 0. Therefore we have

limE sup || X — X, =0.

e—0 0<t<T

Step 3. In terms of the conclusions of Step 1 and Step 2, we obtain
E sup [|Xf— X|* = E sup ||X{— X7+ X7~ X,[*

0<t<T 0<t<T
< GE sup [|Xf — X[+ GE sup ||X7 — X||*
0<t<T 0<t<T

02 o 3
stiscisT e Cpt
< Cpm(5+ prbi,cj,T?e Pilis; )e vt

Consequently, taking 6 = elne™*, letting € — 0, it is easy to see that Theorem 3.1 holds.
The proof of Theorem 3.1 is completed. 0
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