CANCELLATION THEOREM FOR FRAMED MOTIVES OF ALGEBRAIC
VARIETIES

A. ANANYEVSKIY, G. GARKUSHA, AND I. PANIN

ABSTRACT. The machinery of framed (pre)sheaves was developed by Voevodsky [V 1]. Based on
the theory, framed motives of algebraic varieties are introduced and studied in [ ]. An analog
of Voevodsky’s Cancellation Theorem [V 2] is proved in this paper for framed motives stating that a
natural map of framed S'-spectra

My (X)(n) — Hom(G, Mg (X)(n+1)), n>0,

is a schemewise stable equivalence, where M,(X)(n) is the nth twisted framed motive of X. This
result is also necessary for the proof of the main theorem of [ ] computing fibrant resolutions of
suspension P!-spectra Epi X+ with X a smooth algebraic variety.

The Cancellation Theorem for framed motives is reduced to the Cancellation Theorem for linear
framed motives stating that the natural map of complexes of abelian groups

ZE(A® x X,Y) = ZF((A* X X) A (Gpy 1),Y A (G, 1)), XY € Sm/k,

is a quasi-isomorphism, where ZF(X,Y) is the group of stable linear framed correspondences in the
sense of [ ].

1. INTRODUCTION

The main goal of the Voevodsky theory on framed correspondences (see [V 1, Introduction])
is to suggest a new approach to the stable motivic homotopy theory SH (k) over a field k. This
approach is more amenable to explicit calculations. Recall that Voevodsky [V 1, Section 2] invented
a category of framed correspondences Fr,.(k) whose objects are those of Sm/k and morphisms
sets Fr.(X,Y) = U,>0Fr,(X,Y) are defined by means of certain geometric data. The elements
of Fr,(X,Y) are called framed correspondences of level n. The definition of Fr,(k) is recalled
in Section 2 below. For every Y € Sm/k there is a distinguished morphism oy = (¥ x 0,Y X
Al t, pry) € Fri(Y,Y). Following Voevodsky [V 1], we denote by

Fr(X,Y) :=colim(Fro(X,Y) = Fri(X,Y) 2 ... 2L Fr(X,Y) 25 )

and refer to it as the set of stable framed correspondences. Replacing Y by a simplicial object
Y* in Sm/k, we get a simplicial set Fr(X,Y*). Finally, one can take the diagonal of the pointed
bisimplicial set Fr(A® x X,Y*). Voevodsky conjectured that if the motivic space Fr(A® x —,Y*) is
locally connected in the Nisnevich topology, then it is isomorphic in Hy (k) to the motivic space

miZpi (Y1) In particular, the theory of framed correspondences gives a machinery for computing
motivic infinite loop spaces.

Inspired by the Voevodsky theory [V 1], the theory of framed motives of algebraic varieties is
introduced and developed in [ ]. As an application, the above Voevodsky conjecture is solved
in [ , Section 10] in the affirmative. Moreover, under the above assumption on Y* the motivic
space Fr(A® x —,Y*) is Al-local. This result can be regarded as a motivic counterpart of the Segal
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theorem. Also, an alternative approach to the classical Morel-Voevodsky [M V] stable homotopy
theory SH (k) is suggested in [ ], which is based on the machinery of framed bispectra. One of
the key steps in the computations of [ , ] is Theorem A proved in this paper. Theorem A
is the main result of the present paper. In order to state it, we have to recall some definitions and
constructions from [ ].

The framed motive of X € Sm/k is an explicitly constructed S'-spectrum My, (X), which is
connected and an Q-spectrum in positive degrees (see [ ] for details). Following the notation

of [GP1, Section 8] let G be the cone (G,,)4//pt of the embedding pr., 4 (Gp)+ in the category
of pointed simplicial presheaves sPreo(Sm/k). Its sheafification is represented in the category
A% (Fry(k)) by the object GA! (see [GP1, Notation 8.1]). For any integer n > 1 let G/ be the

m

nth monoidal power of G/\! in the symmetric monoidal category A% (Fry(k)) (see [GP1, Notation
8.1]). For a variety X € Sm/k let Ms(X x G,") be the framed motive of the simplicial object
X x GI" € A% (Fry(k)). Tt is an explicitly constructed S'-spectrum which is connected and an Q-
spectrum in positive degrees (see [ , Sections 5 and 6] for details). For brevity we also write
My(X)(n) to denote My, (X x G,") and call M,(X ) (n) the n-twisted framed motive of X (see [GP 1,
Section 11]). The main object of [ ] is the bispectrum
M,(X) = (M (X), My (X) (1), My (X)(2),...),
each term of which is a twisted framed motive of X and structure maps of the bispectra
My, (X) (n) — Hom(G, My, (X)(n+ 1)),

are defined in [ , Section 11] (we use [ , “General Framework™ of Section 5]).

The major property of the bispectrum Mjg; (X) is that its levelwise Nisnevich local stable replace-

ment M};’r (X)y is a fibrant replacement of the suspension bispectrum EEXG X . This may also be
viewed as a motivic version of the Barratt, Priddy, and Quillen theorem. The proof of this major
property is given in [GP1] and is heavily based on the Cancellation Theorem.

The main purpose of the paper is to prove the following (cf. Voevodsky [V2])

Theorem A (Cancellation). Let k be an infinite perfect field, X € Sm/k and n > 0. Then the
following statements are true:

(1) the natural map of S'-spectra
M (X)(n) — Hom(G, My, (X)(n+1))

is a schemewise stable equivalence;
(2) the induced map of S'-spectra

My (X)(n)f — Hom(G, My, (X)(n+ 1))

is a schemewise stable equivalence. Here My, (X)(n)s and M. (X)(n+ 1)s are Nisnevich
local stable fibrant replacements of My, (X)(n) and Ms.(X)(n+ 1) in the injective local
stable model structure of S'-spectra.

As an application of Theorem A we prove the following
Theorem B. Let k be an infinite perfect field, X € Sm/k and n > 0. Then the bispectrum
ME(X) = (Mg (X) 1, My (X) (1) 1, My (X)(2) 5, )

obtained from Mj(c;’r (X) by taking levelwise Nisnevich local stable fibrant replacements with structure
maps those of Theorem A(2) is a motivically fibrant (S',G)-bispectrum.



The main strategy of proving Theorem A is to reduce it to the “Linear Cancellation Theorem”.
In order to formulate it, recall from [ , Definition 8.3] that the category ZF, (k) is the additive
category whose objects are those of Sm/k with Hom-groups described in Definition 2.4. Briefly
speaking, for every n > 0 and X,Y € Sm/k we set

ZF,(X,Y) :=ZFr,(X,Y)/(Z1WZy — Z) — Z3),

where Z;,7Z, are supports of framed correspondences level n in the sense of Voevodsky [V 1] (see
Definition 2.4 as well). In other words, ZF,,(X,Y) is the free abelian group generated by the framed
correspondences of level n with connected supports. We then set

Homgg, 1) (X,Y) := EDZF,(X,Y).

n=0

Given smooth varieties X,Y € Sm/k and n > 0, there is a canonical suspension morphism
Y:ZF,(X,Y) — ZF,11(X,Y). We can stabilise in the X-direction to get an abelian group (see
Definition 2.6)

ZF(X,Y) := colim(ZFy(X,Y) = ZF, (X,Y) 5 ---).

The presheaf ZF(Y) := ZF(—,Y) has a canonical structure of a ZF, (k)-presheaf. For each scheme
Y € Sm/k and each scheme S € Sm/k pointed at a k-rational point s € S, the natural functor

X : PreAb(ZF*(k)) X Pl’eAb(ZF()(k)> — PreAb(ZF*(k))

defined on p. 6 takes the pair (ZF(Y),(S,s)) to the ZF,(k)-presheaf ZF(Y) X (S,s) which we also
denote by ZF(Y A (S,s)). By the General Framework of [GP 1, Section 5] (also see p. 6) one has a
ZF, (k)-presheaf Hom((S,s),ZF(Y A (S,s))) together with a morphism of ZF, (k)-presheaves

—X(S,s)
—

ZE(Y) Hom((S,s),ZF(Y A (S,s)).

The Linear Cancellation Theorem is formulated as follows (see Section 2 for details).

Theorem C (Linear Cancellation). Let k be an infinite perfect field and let Y be a k-smooth scheme.
Then

—M (G, 1): ZF(A® x —,Y) = Hom((Gy,, 1), ZF(A®* X =Y A (G, 1))

is a quasi-isomorphism of complexes of ZF.(k)-presheaves of abelian groups. Here A® is the stan-
dard cosimplicial object in Sm/k.

One of the main computational results of [ ] says that schemewise homology of the complex
ZF(A® x —,Y) computes homology of the framed motive My,.(Y) of Y € Sm/k. Moreover, the
complex represents the “linear framed motive” of ¥ (see [ ] for details).

Throughout the paper the base field & is supposed to be infinite. We also employ the following
notation:

e all schemes are separated Noetherian k-schemes, all morphisms of schemes are k-
morphisms; write pt for the scheme Spec(k).

e Sm/k is the category of smooth k-schemes of finite type;

e we refer to the objects of Sm/k as k-smooth schemes or smooth k-schemes;

e Following [ ], by an essentially smooth k-scheme we mean a Noetherian k-scheme X
which is the inverse limit of a left filtering system (X;);c; with each transition morphism
X; — X being an étale affine morphism between smooth k-schemes.



2. PRELIMINARIES

In this section we collect basic facts for framed correspondences. We start with preparations.

Let V be a scheme and Z be a closed subscheme. Recall that an étale neighborhood of Z in 'V is
atriple (W, @' : W — V.5’ : Z — W’) satisfying the following conditions:

(i) ' is an étale morphism;

(ii) @’ o 5" coincides with the inclusion Z < V (thus s’ is a closed embedding);

(i) (') ~1(2) = 5'(Z).

A morphism between two étale neighborhoods (W', 7’,s") — (W”,7”,s") of Z in V is a mor-
phism p : W — W” such that 77 o p = 7’ and p os’ = s”. Note that such p is automatically étale
by [ , VL4.7].

Definition 2.1 (Voevodsky [V 1]). For k-smooth schemes X,Y and n > 0 an explicit framed corre-
spondence @ of level n consists of the following data:

(1) aclosed subset Z in A% which is finite over X;

(2) an etale neighborhood p : U — A% of Z in AY;

(3) acollection of regular functions ¢ = (¢i,...,¢,) on U such that " {¢; =0} = Z;

(4) amorphismg:U —Y.
The subset Z will be referred to as the support of the correspondence. We shall also write triples
® = (U, ¢,g) or quadruples ® = (Z,U, ¢, g) to denote explicit framed correspondences.

Two explicit framed correspondences ® and @' of level n are said to be equivalent if they have
the same support and there exists an etale neighborhood V of Zin U x x2 U " such that the morphism
go pragrees with g’ o pr’ and @ o pr agrees with @’ o pr’ on V. A framed correspondence of level n
is an equivalence class of explicit framed correspondences of level .

We let Fr,(X,Y) denote the set of framed correspondences from X to Y. It is a pointed set with
the distinguished point being the class 0, of the explicit correspondence with U = 0.

As an example, the set Fro(X,Y) coincides with the set of pointed morphisms X, — Y;. In
particular, for a connected scheme X one has

Fro(X,Y) = HOInSm/k(X, Y)U{0o}.
If f: X’ — X is a morphism of schemes and ® = (U, @, g) an explicit correspondence from X to
Y then
fH(®@):=(U"=UxxX',@oprgopr)
is an explicit correspondence from X’ to Y.
The following definition is to describe compositions of framed correspondences.

Definition 2.2. Let X,Y and S be k-smooth schemes and let a = (Z,U, (@1, ¢s,...,¢,),g) be an
explicit correspondence of level n from X to Y and letb = (Z',U’, (w1, ¥, ..., ¥,), &) be an explicit
correspondence of level m from Y to S. We define their composition as an explicit correspondence
of level n+m from X to S by

(Z XYZ,7U XYUla((plv(p27'"7(pnaw1>w2a"'7lllm)ag/)‘

Clearly, the composition of explicit correspondences respects the equivalence relation on them and
defines associative pairings

Fr,(X,Y) X Fr,y(Y,S) = From(X,5).

Given X,Y € Sm/k, denote by Fr,(X,Y) the set | |, Fr,(X,Y). The composition of framed corre-
spondences defined above gives a category Fr. (k). Its objects are those of Sm/k and the morphisms



are given by the sets Fr,(X,Y), X,Y € Sm/k. Since the naive morphisms of schemes can be identi-
fied with certain framed correspondences of level zero, we get a canonical functor

Sm/k — Fr. (k).
One can easily see that for a framed correspondence ® : X — Y and a morphism f : X’ — X, one
has f*(®) = Po f.
Definition 2.3. Let X,Y,S and T be smooth schemes. There is an external product
Fro(X,Y) X Fro(S,T) = Frppm(X x S,Y x T)
given by
(Z,U,(01,02,--,00),8) X (ZU', (w1, 92, ..., W), &) =
(ZxZ' UxU (@1, 02,...,00, W1, Wy..., W), g X &).
For the constant morphism c: A' — pt, we set (following Voevodsky [V 1])
Y= —N(tc{0},Al 1,c): Fr,(X,Y) = Fr,(X,Y)

and refer to it as the suspension. If there is no likelihood of confusion, we shall also write X to
denote the element 1-(¢,¢,{0},Al ¢,¢) in ZF(pt,pt) and " for X ... KX in ZF,(pt,pt). It will
always be clear from the context which of the meanings for X is used (either as the suspension or
as the element in ZF (pt,pt)).

Also, following Voevodsky [V 1], one puts

Fr(X,Y) = colim(Fro(X,¥) 5 Fr(X,Y) 5 ... 5 Fr,(X,¥) 3 ..)

and refer to it as the set of stable framed correspondences. The above external product induces
external products

Fro(X,Y) x Fr(S,T) === Fr(X x S,Y x T),
Fr(X,Y) x Fro(S,T) == Fr(X x S,¥ x T).
Recall now the definition of the category of linear framed correspondences ZF, (k).

Definition 2.4. (see [ 1) Let X and Y be smooth schemes. Denote by

o ZFr,(X,Y) := Z[Fr,(X,Y)] = Z[Fr,(X,Y)]/Z-0,, i.e the free abelian group generated by
the set Fr,,(X,Y) modulo Z - 0,;
o ZF,(X,Y) :=ZFr,(X,Y)/A, where A is a subgroup generated by the elementts

(ZuZI7U7((P17(p27'--7(Pn)7g)_
- (Z7U\Z,a((Plv(pZa'--7(pn)‘U\Z’7g’U\Z’) - (Z/7U\27(¢1,(P2,---,(Pn)’U\Z,g’U\Z)-

We shall also refer to the latter relation as the additivity property for supports. In other words, it
says that a framed correspondence in ZF, (X,Y) whose support is a disjoint union ZLIZ’ equals the
sum of the framed correspondences with supports Z and Z’ respectively. Note that ZF,(X,Y) is
Z[Fr,(X,Y)] modulo the subgroup generated by the elements as above, because 0,, = 0,, 4 0, in this
quotient group, hence 0, equals zero. Indeed, it is enough to observe that the support of 0, equals
00 and then apply the above relation to this support.

The elements of ZF,(X,Y) are called linear framed correspondences of level n or just linear
framed correspondences.



Denote by ZF, (k) the additive category whose objects are those of Sm/k with Hom-groups

defined as
Homgzp_ ) (X,Y) = @ ZF,(X,Y).
n=0

The composition is induced by the composition in the category Fr, (k). Denote by Prea,(ZF.(k))
the Grothendieck category of additive presheaves of abelian groups on the additive category ZF, (k).

Denote by ZFy(k) the additive category whose objects are those of Sm/k with Hom-groups
defined as Homgzg, (1) (X,Y) = ZFo(X,Y). Clearly, ZFy(k) is an additive subcategory of the additive
category ZF. (k). Finally, denote by Pres,(ZFy(k)) the category of additive presheaves of abelian
groups on the additive category ZF (k).

There is a natural functor from Sm/k to ZFy(k). It is the identity on objects and takes a regular
morphism f : X — Y to the linear framed correspondence 1- (X, X x A°, pryo, fo pry) € ZFy(k).

Definition 2.5. Let X,Y,S and T be schemes. The external product from Definition 2.3 induces a
unique external product

ZFs(X,Y) X ZF(S,T) =" ZF (X x S,¥ x T)
such that for any elements a € Fr,(X,Y) and b € Fr,,(S,T) one has 1 -aX¥1-b=1-(aXb) €
ZFpim(X x S,Y xXT).
Definition 2.6. For any k-smooth variety Y, the presheaf represented by Y is denoted by ZF,(—,Y).
One of the main ZF, (k)-presheaves of this paper is defined as

ZE(—,Y) = colim(ZFo(—,Y) > ZF;(—,Y) > ... 3 ZF,(—,Y) > ...).

For a k-smooth variety X, the elements of ZF(X,Y) are also called stable linear framed correspon-
dences. Notice that stable linear framed correspondences do not form morphisms of a category.

General Framework. The pairing X of Definition 2.5 gives rise to a functor
ZF, (k) x ZFo(k) = ZF, (k)

taking a pair of schemes (X,S) to X x S and taking a pair of morphisms (a,b) to the morphism
alb. It is naturally extended to a functor

Preay(ZF, (k)) x Preay(ZFo(k)) = Preay(ZF. (k).

Given schemes Y,S € ZFy(k), consider the presheaf ZF(S) in Preay(ZFo(k)) and the presheaf
ZF(Y) in Preap(ZF.(k)). Similarly to [GP1, General Framework, Section 5] there are defined
ZF, (k)-presheaves ZF(Y)X S and Hom(S,ZF(Y)X S) as well as a natural ZF,(k)-morphism

ZE(Y) =, Hom(S,ZF(Y) X S). By construction, ZF(Y)X S = ZF(Y x S). Thus one has the
following morphism of ZF, (k)-presheaves
— Rid : ZF(Y) — Hom(S, ZF(Y x S))

taking a € ZF(X,Y) to alids € ZF(X x S,Y x §).
Definition 2.7. Let (S,s) be a k-smooth pointed scheme. Then the morphism e;: S — pt = S
defines an idempotent Hom(S, e;) : Hom(S,ZF(Y x S)) — Hom(S,ZF(Y x S)) in the category of
ZF.-presheaves. Set,

Hom(S,ZF(Y A (S,s))) := Ker[Hom(S, e;)].



Consider the idempotent Hom(e;, Hom(S,ZF(Y A (S,s)))) of Hom(S,ZF(Y A (S,s))) in the cate-
gory of ZF, (k)-presheaves. Set,

Hom((S,s), ZF(Y A (S,s))) := Ker[Hom(es, Hom(S, ZF(Y A (S, 5))))].

For any X € Sm/k denote by ZF(X A (S,s),Y A (S,s)) the value of Hom((S,s),ZF(Y A (S,s))) on
X. There is a natural morphism of ZF, (k)-presheaves

—Wids : ZF(Y) — Hom((S,s), ZE(Y A\ (S,s))).
Definition 2.8. Let X and Y be k-smooth schemes and let (S, s) be a k-smooth pointed scheme.

o Denote by e,: S — pt — S the idempotent in Endz, ) (S) = ZFo(S,S) given by the com-
position of the constant map and the embedding of s into S.
o For each integer m > 0 define ZF,,(X A (S,s),Y A (S,s)) as a subgroup of the group
ZF (X x 8,Y x S) consisting of all a such that a o (idx Ke,) = (idy Key) oa = 0. Note
that the suspension map X : ZF,,(X x S,Y X S) — ZF,11(X x S,Y x S) takes the subgroup
ZE (X N (S,s),Y A(S,s))) to the subgroup ZF,, 11 (X A (S,s),Y A(S,s)). Set,
ZE(X A(S,5),Y A(S,s)) :=colim[ZFy (X A(S,s),Y A(S,5)) = ZE (X A(S,5),Y A(S,5)) = ...],
It is easy to see that the morphisms idy X (idg,, — ey) : ZF,,(X,Y) — ZF,(X x S,Y x S) take values
in ZE,, (X A\ (S,s),Y A(S,s)). They are compatible with the suspension ¥ and we define a morphism

idy Kid(s): ZF(X,Y) = ZE(X A (S,5),Y A(S,5)).

Lemma 2.9. Let Y be k-smooth scheme and let (S,s) be a k-smooth pointed scheme. Then one has
a commutative diagram of ZF, (k)-presheaves

ZR(=,¥) —on =) g A(S,5),Y A(S,5))
J/ —Xid i
ZF(—,Y) —— " Hom((S,s),ZF(—,Y A (S,s))),

where can is the canonical isomorphism.

Theorem C. Let X and Y be k-smooth schemes and let (G, 1) be the scheme G,, pointed by the
point 1. Then the morphisms

—R(idg, —e1): ZF(A®* x —,Y) — ZF((A* X =) A (G, 1),Y A (G, 1)) 1)

—Nidg,,1): ZE(A®* x —Y) — Hom((G,, 1),ZF(A®* x — Y A (G, 1))) )
are sectionwise quasi-isomorphisms of complexes of ZF.(k)-presheaves of abelian groups.

Remark 2.10. By Lemma 2.9 the morphism (1) is a quasi-isomorphism if and only if the mor-
phism (2) is a quasi-isomorphism. Sometimes it is convenient to work with the morphism (1) and
sometimes it is convenient to work with the morphism (2).

Theorem C will be proved at the end of the paper.



3. THEOREM A AND THEOREM B

Before proving Theorem A we recall some definitions and constructions for framed motives for
the convenience of the reader. We adhere to [ ]. Let Fro(k) be the category whose objects are
those of Sm/k and whose morphism set between X and Y is given by the set of framed correspon-
dences of level zero [V 1, Example 2.1], [ , Definition 2.1]. As it is shown in [ , Section 5],
the category of framed correspondences of level zero Fro(k) has an action by finite pointed sets
Y@K =g\, Y with Y € Sm/k and K a finite pointed set. Let U,X € Fro(k). By the Additivity
Theorem of [ ] the I'-space in the sense of Segal [Seg]

Kel® — C.Fr(U,X®K) :=Fr(U xA*, X ®K)
is special.

Definition 3.1 (see [ D). The framed motive M. (X) of a smooth algebraic variety X € Fro(k)
is the Segal S'-spectrum (C,Fr(—,X),C,Fr(—,X ®§"),C.Fr(—, X ®5?),...) associated with the
special I'-space K € I'P — C, Fr(—,X ® K). The framed motive My,(X) € Spgi (k) is covariantly
functorial in framed correspondences of level zero.

Let Fro(k) be the category whose objects are those of Sm/k and whose morphism set between
X and Y is given by the set of framed correspondences of level zero [V 1, Example 2.1], [ ,
Definition 2.1]. As it is shown in [ , Section 5], the category of framed correspondences of
level zero Fro(k) has an action by finite pointed sets ¥ @ K := g\« Y with ¥ € Sm/k and K a
finite pointed set. The cone of Y is the simplicial object Y ® I in Fry(k), where (I, 1) is the pointed
simplicial set A[1] with basepoint 1. There is a natural morphism iy : ¥ — Y ® I in A°PFro(k).
Given a closed inclusion of smooth schemes j : Y < X, denote by X//Y a simplicial object in

Fro(k) which is obtained by taking the pushout of the diagram X <= Y &Y ®1in AP Fro(k). The
simplicial object X //Y termwise equals X,X LIY,X UY UY,.... By G/! we mean the simplicial
object G,/ /{1} in Fry(k). It looks termwise as

G, G Upt, G, Upt U pt,...

Applying My, (X x —) to G)! and realizing by taking diagonals, one gets a framed S'-spectrum
My, (X x G)1). We shall also denote it by My, (X)(1). The nth iteration gives the spectrum M (X x
G,"), also denoted by My, (X)(n).

Similarly to the General Framework on p. 6 there is a natural pairing

X : sPrel” (k) x sPreq(Fro(k)) — sPrel” (k),

where sPrefr(k) (respectively sPreq(Fro(k))) is the category of pointed simplicial presheaves with
framed correspondences (respectivley the category of pointed simplicial presheaves on Fry(k)). It is

extended from the pairing Fr, (k) x Fro(k) 5, Fr, (k) that takes (X,Y) to X x Y and a € Fr,,(X,X’),
b € Fro(Y,Y') to a®b € Fry(X x X',Y x Y').

We will also write A for the monoidal product in Fry(k) and in A°° Fro(k). The Yoneda embed-
ding identifies A% Fry(k) with a full subcategory of sPres(Fro(k)). For each integer n > 0 there is
a natural map of spectra

~RG)!
an My (X x GO —" Hom(G)', M, (X x G)™™)) — Hom(G, My, (X x G ),

where the right arrow is induced by the adjunction unit adj : G — (G)\!|s,, /k)- Note that a,, respects
framed correspondences of level zero and coincides with the morphism described in [ , p- 297)).



Definition 3.2. The (S',G)-bispectrum Mj?’r (X) is defined as
(Mpr(X), Mg (X x GO1Y, My (X x G2, ...
together with the structure morphisms a;,-s.

We shall prove below (see the proof of Theorem A) that each a, is a schemewise stable equiv-
alence of spectra, but first let us discuss further useful spectra. Denote by ZM;,.(X), X € Sm/k,
the Segal S'-spectrum (ZFr(A® x —,X),ZFr(A® x —, X @ S'),...). Denote by LMy, (X) the Segal
Sl-spectrum EM(ZF(A® x —,X)) = (ZF(A® x —,X),ZF(A* x — X ®S'),...).

The equalities ZF(—,X UX') = ZF(—,X) ® ZF(—,X’) show that the [-space (K, *) — ZF(A® x
U,X ® K) corresponds to the complex of abelian groups ZF(A® x U,X). Hence LMy,(X) is the
Eilenberg—-Mac Lane spectrum for the complex ZF(A® x —,X). The I'-space morphism

[(K,*) — ZFr(A®* x —, X @ K)] = [(K,*) — ZF(A®* x —, X ® K)]

induces a morphism of S!-spectra Iy : ZM.(X) — EM(ZF(—,X)).

Note that homotopy groups of LMy, (X) = EM(ZF(A® x —,X)) are equal to homology groups of
the complex ZF(A® x —,X). By [Sch, §11.6.2] the homotopy groups 7, (ZM.(X)(U)) of ZMs.(X)
evaluated at U € Sm/k are the homology groups H,(Ms(X)(U)) of M (X)(U).

The following result, referred to as the Linearisation Theorem in [ , Theorem 1.2], is true:

Theorem 3.3 (see [ 1). The morphism of S 1-spectra
Ix : ZM s (X) — LM (X)
is a schemewise stable equivalence. In particular, if U is smooth, then
H, (M, (X)(U)) = m.(ZMy, (X) (U)) = (LM, (X) (U)) = Ho(ZE(A® x U, X)).
Replacing simplicial framed sheaves C.Fr in Definition 3.2 by simplicial abelian framed

presheaves C, ZF, we define Segal S'-spectra LM (X x G)")-s. Following the General Frame-
work on p. 6, there is a natural morphism of S'-spectra for each integer n > 0

—®G!
cnt LMy (X x G)") — Hom (G

m m

My (X x GO 1)) — Hom(G, LMy, (X x G, (3)
where the right arrow is induced by the adjunction unit adj : G — (G |g/c)-

Definition 3.4. The (S',G)-bispectrum LM, (X) is defined as

(LM (X), LM (X x G, LM (X x GJ2),...)
together with the structure morphisms c,-s.
We are now in a position to prove Theorem A.
Proof of Theorem A. (1). We claim that for every n > 0 the sequence
Myy(X)(n—1) = My, (X % G) (n— 1) — My (X) (n)

is a homotopy cofiber sequence of S!-spectra. Since all spectra are connected, it is enough to show
that

IMs(X)(n—1) = ZMs (X X Gp)(n—1) = ZM£(X ) (n)
is a homotopy cofiber sequence of S'-spectra. By Theorem 3.3 the latter is equivalent to showing
that

LM, (X) (n— 1) = LMy,(X % G) (n— 1) = LMj,(X) (n)



is a homotopy cofiber sequence of S!-spectra. This sequence is a homotopy cofiber sequence if and
only if
ZF(A* x — X x Gp" ) 5 ZF(A* x — X x Gp" "V X Gy) — ZF(A® x —, X x G/

is a homotopy cofiber sequence of complexes of abelian presheaves. But this is obvious because
ZF(A® x —, X x G/ is the mapping cone of the left arrow, and hence the desired claim follows.
We have used here the fact that ZF (—, X UY) = ZF (—,X) ® ZF(—,Y).

Next, it is enough to prove that

ao : My,(X) — Hom(G, My, (X) (1))

is a schemewise equivalence of spectra. Indeed, consider a commutative diagram of homotopy
cofiber sequences in Spgi (k)

My, (X) (1 — 1) ——— My, (X x Gp)(n— 1) My, (X) (n)

Aan—1 l Aan—1 \L lan

M(G7Mfr(x)(n)) *>H()7m(G,Mfr<X X Gm)(”)) *>H()7m(G,Mfr(X)(I’l+ 1))

with n > 1. If a,— is a schemewise equivalence of spectra, then so is a, by [Hir, 13.5.10]. Thus
using induction in n, it suffices to verify that ag is a schemewise equivalence of spectra.
By the stable Whitehead theorem [Sch, 11.6.30] ag is a stable equivalence if and only if so is

ao : ZM (X)) — Z[Hom (G, M, (X x G)1)].

Consider a commutative diagram of homotopy fiber sequences in Spgi (k)

Hom(G, M, (X x G1)) Hom(G,,, Mz, (X x GJ1)) M (X x G

l | |

Z[Hom(G, M (X x Gp1))] —— Hom(G,, ZM (X x GJ1)) —— ZM (X x Gl

. | !

Hom(G, LMy, (X x GJ!)) —— Hom(G,, LM (X x G\1)) —— LM/, (X x G))!)

The arrow /y and the middle lower arrow are a stable weak equivalences of spectra by Theorem 3.3.
It follows that /x is a stable weak equivalence. Consider a commutative diagram

ZMj+(X) —> Z[Hom(G, My, (X x G)1))]

| |

LM, (X) —>> Hom(G, LM, (X x GA1)).

Since Iy, lx are stable weak equivalences, it follows that g is a stable local equivalence if and
only if so is cgp. By Theorem D from Appendix A the morphism cg is a sectionwise stable weak
equivalence. The proof of the first part of the theorem is completed.

(2). Since each spectrum My,(X)(n)y is fibrant in the injective local stable model structure of
S!-spectra, it is enough to show that each map

by : My, (X)(n); — Hom(G, My, (X)(n+ 1)), n>0,

10



is a Nisnevich local stable equivalence of spectra. Using the same argument as in the proof of the
first statement, it suffices to verify that by is a local stable equivalence.
There is a commutative diagram

My (X) —=—~ Hom(G, My, (X)(1))

«| |

M, (X); —> Hom(G, My, (X)(1);)

in which the left vertical arrow is a local stable equivalence and ag is a schemewise stable equiv-
alence by the first statement. It follows that bg is a local stable equivalence if and only if so is
dl = IJOJ(G’ Ol) :

The presheaves of stable homotopy groups of Hom(G, My, (X)(1)) equal (m,(Ms-(X)(1)))—1.
These presheaves are A!-invariant quasi-stable radditive with framed correspondences (see [ ,
Introduction] for the definition of such presheaves). It follows from [ , Theorem 1.1] (comple-
mented by [DP] in characteristic 2) that each Nisnevich sheaf ((7,(M/-(X)(1)))_1)™ is strictly
Al-invariant quasi-stable radditive with framed correspondences.

Each spectrum My, (X)(n) has homotopy invariant, quasi-stable radditive presheaves with
framed correspondences of stable homotopy groups 7. (My,(X)(n)). By [GP2, Theorem 1.1] (com-
plemented by [DP] in characteristic 2) the Nisnevich sheaves ™(M,(X)(n)) are strictly homo-
topy invariant. It follows from [GP 1, Proposition 7.1] that Ms,.(X)(n) ¢ is motivically fibrant in the
injective stable motivic model structure of S!-spectra.

In order to compute the Nisnevich sheaf 72(Hom(G,M(X)(1)/)), consider the Brown—
Gersten convergent spectral sequence

HE(V % G, 8 (M(X) (1)) = Ty p M (X) (1) (V X G)), V€ Smi/k.
It follows from [ , Corollary 16.8, Theorems 17.15-16] that each presheaf
V= HE (VX G, )™ (M1 (X)(1)))

nis

is Al-invariant quasi-stable radditive with framed correspondences.

Let V € Sm/k be irreducible, u € V be a point, U = Spec(0y,). Let U" be the henseliza-
tion of U at u and let k(U!) be the function field on U!. Consider the above spectral se-
quence and replace V by U’ in it. We claim that in this case the spectral sequence degenerates
and HC (U x G, 7S (M 1(X)(1))) = 7, (M£(X)(1) #(U" x G,,)). For this notice that by [GP2,

nis

3.15(3")] the map H', (Gyy x U, T8 (My,(X)(1))) = HL (G pumys T8 (M (X)(1))) is injective,
where 1y, : Spec(k(U")) — U’ is the canonical morphism. In turn, by [GP2, 3.15(1)] the canonical
homomorphism

Hy (G aupy- 75 (Mpr(X) (1)) = H (Spee(k(U) (1)), mg" (M, (X)(1)))

is injective. Since 0 = HX (Spec(k(U!)(1)),m)™(My(X)(1))) for p > 0, the group HE (U} x

nis nis

Gm, n;m (Mg+(X)(1))) vanishes for p > 0. Thus we have checked the equality
Hyo(Uyt % G, 1 (M(X)(1))) = 7 (M (X) (1) £ (U % Gn)).-
We can conclude that 7% (Hom (G, Mz, (X)(1)£)) = &2 (M£,(X) (1) £)(Gy x —). It follows that
7 (Hom (G, M+(X)(1)5)) = (my" (Mg (X) (1) ) -1 = (3 (Mo(X)(1)))-1-



It remains to show that the morphism of A!-invariant radditive quasi-stable framed sheaves

(7 (M (X) (1)) -1)™ = (S (M (X)(1))) -1
is an isomorphism. Using [ , 3.15(37)] it suffices to check that it is an isomorphism for every
field extension K /k. The homomorphism of abelian groups

(ma (M (X)(1))) )" (K) = (7a(M+(X)(1))) -1 (K) = (" (M+(X)(1))) -1 (K)
is an isomorphism, because for every homotopy invariant radditive quasi-stable framed presheaf of

abelian groups . and every open V C Ak, one has .7 (V) = .#"S(V) (see the proof of [GP2, 3.1]).
This completes the proof of Theorem A. g

Proof of Theorem B. The proof of Theorem A(2) shows that My,.(X)(n) is motivically fibrant in
the injective stable motivic model structure of S!-spectra. By Theorem A each structure map b,
is a schemewise equivalence. We conclude that the bispectrum M(f}r (X)s is a motivically fibrant

(S',G)-bispectrum in the sense of Jardine [Jar]. O

4. USEFUL LEMMAS

In this section we discuss several useful A!-homotopies and collect a number of facts used in the
following sections. We start with some definitions and notation.

Definition 4.1. Let .% : Sm/k — Sets be a presheaf of sets. Let X € Sm/k be a smooth variety and
a,b € F(X) be two sections. We write a ~ b if a and b are in the same connected component of
the simplicial set .7 (A® x X). If h € .# (A! x X) is such that dy(h) = a and 9, (h) = b, then we will
write a”b. In this case a ~ b.

Let 7 : Sm/k — Ab be a presheaf of abelian groups. Let X € Sm/k be a smooth variety and
a,b € o/(X) be two sections. We will write a ~ b if the classes of a and b in Hy(2/(A® x X))
coincide. This is equivalent to saying that there is i € o7 (A! x X) such that dy(h) = a and 9, (h) = b.
For such an & we will write a”b.

Definition 4.2. Let .# and ¢ be two presheaves of sets on the category of k-smooth schemes
and let @o, ¢ : . = ¢ be two morphisms. An A'-homotopy between ¢y and ¢; is a morphism
H:.7 — Hom(A',%) such that Hy = ¢y and H; = ¢;. We will write @y ~ ¢ if there is an A!-
homotopy between ¢ and ¢;.

Let o7 and Z be two presheaves of abelian groups on the category of k-smooth schemes and
let @o, 1 : &/ = % be two morphisms. An A'-homotopy between @y and ¢, is a morphism H :
o/ — Hom(A!, %) of presheaves of abelian groups such that Hy = ¢y and H; = ¢;. If H is an
Al-homotopy between @y and ¢;, then we will write ¢y ¢;. If we do not specify an A'-homotopy
between @y and @, then we will write ¢y ~ ;.

If ¢ : &/ — 2 is a morphism of presheaves of abelian groups, then there is a constant A'-
homotopy Hy, between ¢ and ¢ defined as follows. Given a € /(X)) set Hy(a) = pry(¢(a)) €
B(X x Al).

Lemma 4.3. Let o7 and B be two presheaves of abelian groups on the category of k-smooth
schemes and let @y, Q) : o/ = B be two morphisms such that ¢y ~ Q1. Then the induced morphisms

Po, @1 2 (A%) = B(A%)

between two simplicial abelian groups give the same morphisms on the homology of the associated
Moore complexes.



Lemma 4.4. Let @y, @1, Q2 : &/ — B be morphisms of presheaves of abelian groups and let (poi,(pl
and @ H—”(pz. Then

H'+H" —Hy,

E—

Lemma 4.5. Let o/ and B be two presheaves of abelian groups on the category of k-smooth
schemes and let @o2@,. Let p : o/’ — o/ be a morphism. Then @ op@(pl o p. Moreover,
let  : B — B be a morphism, then yo @y ¥2y o @) with w = Hom(A!, 1) : Hom(A!, %) —
Hom(A!, ).

We now want to discuss actions of matrices on framed correspondences and associated homo-
topies. Let X and Y be k-smooth schemes and A € GL,,(k) be a matrix. Then A defines an automor-
phism

@4 : Fr,(— xX,Y) — Fr,(— x X,Y)
of the presheaf Fr,(— x X,Y) in the following way. Given W € Sm/k and a =
(Z,U,(¢1,02,...,0,),8) € Fr,(W x X,Y), set

(PA(Z,U, ((plv(P27' . 7(pn)7g)) = (Z,U,AO ((plﬂ(P27' . '7(pn)7g)7

where A is regarded as a linear automorphism of AJ.

The automorphism @4 of the presheaf Fr,(— x X,Y) induces an automorphism of the free abelian
presheaf Z[Fr,(— x X,Y)| and an automorphism ¢4 of the presheaf of abelian groups ZF, (— X
X,Y).

Definition 4.6. Let A € SL,(k). Choose a matrix A; € SL,(k[s]) such that Ag = id and A| = A.
The matrix Ay, regarded as a morphism A” x Al — A", gives rise to an A'-homotopy % between
id and @, as follows. Givena = (@, f,Z,U,¢,g)) = ((a1,0,...,04), [, Z, U, (@1, 02, ..., 0,),8) €
Fr,(W x X,Y), one sets

h(a) = (o, f X idy1,Z x AU x A' Ago (@ x idy1),g0 pry) € Fr,(W x X x Al)Y).

Clearly, ho(a) = a and hy(a) = @4(a). By linearity the homotopy / induces an A!-homotopy Hy,

H
id =

Q4 ZF,(— xX,Y) =3 ZF,(— xX,Y)
between the identity id and the morphism @4.

Lemma 4.7. Let p : ZF,,(— x X,Y) — ZF,(— x X,Y) be a presheaf morphism. Let A € SL,(k),
As € SL,(k[s]) and Hy, be as in Definition 4.6. Then one has

HASOP

P Qrop : ZF,(— xX,Y) =3 ZF,(— x X,Y).

For b € ZF,,(Y,S) define a presheaf morphism
Op : ZF,(— x X,Y) = ZF, 1 n(— x X, S)

sending a € ZF,(W x X,Y) to boa € ZF,1,(W x X,S). Also, any b € ZF,(pt,pt) defines a
morphism of presheaves

—Xb: ZFy(— x X,Y) = ZFym(— X X,Y)

sending a € ZF,(W x X,Y) to a¥b € ZF, (W x X,Y).
The next three lemmas are straightforward.



Lemma 4.8. Let by,b; € ZF,,(Y,S) be such that by ~ b, then
Op, ~ Qp, - ZFH(— XX,Y) = ZFn+m(— XX,S).
Lemma 4.9. Let by, by € ZF,,(pt, pt) and h € ZF,,(A', pt) be such that b, by, then

—Xh
(—Kby)——(— Bby) : ZFp(— X X,Y) = ZFpm(— x X, Y).

The following lemma is proved in Appendix B.
Lemma 4.10. Let z € A™ be a k-rational point. Set U' = (A™)" to be the henzelization of A™ at the

point z. Let i, : pt — U’ be the closed point of U'. Let U} := (Al X A"’)Al be the henzelization of

Al x A™ at A' x 7. Then the morphism f; : A' x A™ — A™ mapping (s,y) to s- (y —x) +x induces
a morphism Hy == " : U! — U’ such that:

(a) H, = (fh)\ 1) :U' — U’ is the identity morphism;

h
(b) Hy := (f" )|(Oxx>(h0 . U’ — U’ coincides with the composite morphism U' = pt = U,
where ph U —pt= Spec(k) is the structure morphism and s, : pt — U’ is the closed point
of U'.

Let z € A™ be a k-rational point. The projection pr: Al x A™ — A™ induces a morphism can, :=
pr' : U/ — U’ such that cang = can; = idy: (see Appendix B). The preceding lemma gives the
following

Corollary 4.11. Ler z € A™ be a k-rational point and let (z,U’, y;idy) € Fr,,(pt,U’) with U’ as in
Lemma 4.10. Suppose U! is as in Lemma 4.10 and let hy = (A' x z,U!, can’(y); Hy) € Fr,,(A',U").
Then one has:

(@) by = (z,U’, y;idyr) € Fr, (pt,U’);
(b) ho = (z,U’, y;s5,0 p") = 5,0 ({z},U’, w; p") € Fr,,,(pt,U"), where p" : U' — pt = Spec(k) is
the structure morphism and s, : pt < U’ is the closed point of U’

Lemma 4.12. Let z € A™ be a k-rational point. Let Y be a k-smooth scheme and let
(2, U, (@1,92,...,0m),8) € Fr,u(pt,Y) be a framed correspondence. Then

(ZaU7((P17(P2,- . 7(pm)7g) ~ <Z7U7 ((Pla‘PZa- . -7(PM)an(z))7
where cq;) = g(z)op: U LN pt ﬁ) Y.

Proof. LetU’, U], i, and h be as in Corollary 4.11. Let 7 : U’ — U be the canonical morphism. Set
hi = gomohy € Fry,(pt,Y). We want to check that /'y = (z,U, ¢,g) and hy = (z,U, @,cq(;)). This
will prove our statement. One has,
Hy=(gom)ohi =(gom)o(z,U',@omidy) = (z,U',pomgon) = (z,U,¢:g),
= (gom)ohy=(gom)o(z,U',@oms.0p") = (z,U',@omgomos, op) =
= (Z, U/> POoT;Cy(z) © 7'5) = (Za U, (p;cg(z))

as required. O

Lemma 4.13. Let Y be a k-smooth scheme and let (Z,U, @, g) € Fri(pt,Y) be a framed correspon-
dence. Suppose that U C A' and ¢ = p(t) € kt] is a polynomial, where t is the coordinate function
on A'. Let g : U — Y be a morphism.



(1) Then for every a € k we have

(Z,U.p(1),5(1)) ~ (mg ' (2), m;](U) p(t—a),g(t —a)) € Fri(pt,Y),

where my: A' — Al is given by m,(t) =
(2) If Z = {x0} for some xy € k and p(t) = ( ) r(t) with r(t) invertible on U, then

(Z,U,p(t),g)fv({()}, ,F(X()) ) g(xo))eFrl(pt Y)

where cg(y)): Al — pt 80,y is the constant map taking A' to the point g(xq) €Y.

Proof. (1) The homotopy is given by
(’/ns_a1 (Z)ams_al (U),p(l - sa),g(t - Sa)) € Fry (Al 7Y)7

where s is the homotopy parameter and mg, : Al x Al — Al is the morphism my,(t) =t — sa.
(2) Using the preceding statement, we may assume that xo = 0. Consider a polynomial

h(s,t) = sr(t)t" 4+ (1 —s)r(0)t" € k[s,z].

If r1(¢) is such that r(¢) = r(0) +¢ - ri(¢), then one has h(s,t) =¢"- (r(0)+¢-ri(z)-s). If S is the
vanishing locus of 7(0) +-r((¢) - s, then SNA! x 0 = 0. Hence for the zero locus Z(h) of h one
has Z(h) = (A! x 0) US. The framed correspondence

(AL < {0}, (Al x U)\ S,sr(t)t" + (1 —s)r(0)t", g o pry) € Fr (A, Y)
yields the relation ({0},U,r(¢)t",g) ~ ({0},U,r(0)¢",g) in Fr;(pt,Y). Lemma 4.12 shows that
({0},U,r(0)",8) ~ ({0}, U, r(0)",(0)) = ({0}, A", r(0)t",£(0)) € Fri (pt,Y)

and our lemma follows. g
Lemma 4.14. Let a € k™. Let p(t),q(t) € k[t] be two polynomials of degree n with the leading

coefficient a. Let (Z(p),A',p(t),c) € Fri(pt,pt), (Z(q),A',q(t),c) € Fri(pt,pt) be two framed
correspondences. Here c: A' — pt is the structure morphism. Then

(Z(p), A", p(t),c) ~ (Z(q),A" ,q(t),c) € Fri(pt,pt).

Proof. As a polinomial in ¢ the leading coefficient of the polinomial p(r) +s(q(¢) — p(¢)) isa € k*.
Hence the k[s]-module k[s,t]/(p(t) +s(q(t) — p(t))) is a free module rank n. Let Z; C A! x A!
be the vanishing locus of p(z) + s(¢(t) — p(¢)). The desired homotopy is given by the framed
correspondence

(Z, AT AL p(t) +5(q(1) = p(1)), "),
where s is the homotopy parameter and ¢’: A! x Al — pt is the canonical projection. ([l

5. HOMOTOPIES FOR SWAPPING COORDINATES OF G,, X G,,

In this section we follow notation of Section 2. Denote by € = ({0},A', —#,¢) € Fr(pt,pt),
where ¢: A! — pt is the canonical projection. We work in this Section with the elements X" €
ZF,(pt,pt) as in Definitition 2.3.

Proposition 5.1. Let Y be a k-smooth scheme. Then the canonical homomorphism
Ho(ZF(A®* X Gy X G, Y)) — HO(ZF(Agpeck(t’u),Y))

is injective.



Proof. By [ , 3.15(1)] the canonical homomorhisms
H()(ZF(A. X Gm X Gm,Y)) — H()(ZF(A. X Gm,k(u)ay))

and
H()(ZF(A. X Gmk(u),Y)) — HO(ZF(AEpeck(t,u)’Y))

are injective, hence the lemma. g
Let Y be a k-smooth variety and F /k be a field extension. There is a map of pointed sets
adj : Fr,(Spec(F),Y) — Frk (Spec(F),Yr)

given by the assignment (Z, W, @, g) — (Z,W, ¢ g"). Here for a k-morphism g : W — ¥ we write
g" to denote the F-morphism (g, Prspec(r)) W — Yr and prepec(ry : W — Spec(F) is the structure
morphism. In particular, for ¥ = A" and ¢ : W — A7 we write ¢ for (¢, Prspec(r)) : W — AR Tt
is easy to see that the map ad is a bijection. Moreover, it induces bijections

adj : ZF,(Spec(F),Y) — ZFL (Spec(F),Yr) and ZF(Spec(F),Y) — ZF (Spec(F), YF).

Lemma 5.2. Let F /k be a field extension, choose x,y € F* such that x # y*' and let uy,u, be
coordinates on G, X G,,. Consider morphisms f,g: SpecF — G,, x G, given by u; — x,uy —y
and uy — y,up — x respectively. Then for p = (id—e; ) X (id —e; ) we have

po(fRX)~ po(gX(—¢))
in ZF(Spec F, Gy, X Gyy,).
Proof. The above adjunction isomorphism
adj : ZF(SpecF, Gy, x G,,) = ZF" (Spec F, Gy g X Gy )

implies it is sufficient to verify the case F' = k. So we have morphisms f,g: pt = G, x Gy,
pt+— (x,y) and pt — (y,x) respectively. Taking suspensions, we obtain framed correspondences

({0}7A1 atac(x,y))a ({0}7A1 atac(y.,x)> € Fry (pta Gm X Gm),
where c(y,) and ¢(y,,) are morphisms on A! sending it to the points (x,y) and (y,x) respectively.
Consider h(s,t) = x%y(tz —(s(x+y)+ (1 =s5)(xy+ 1))t +xy) € k[s,t,t '] = k[A! X G,,] and a
framed correspondence
Hy = (Z(h),A' X G, h(s,1), (t,xyt V) o prg,) € Fri(A!,G,, x G,,). 4)
We have h(0,1) = ﬁ(t —xy)(t—1) and h(1,7) = x%y(t —x)(t —y). Using the additivity property
for supports in ZF (pt,G,, x G,,) (see Definition 2.4) and Lemma 4.13 we will check below that

1 —xy xy—1
({0}7A17t7c(x,y)) + ({O}7Ala_t7c(y,x)) ~ ({0}7A17 Etvc(l,xy)) + ({O}vAla Enc(xy,l)) (5)

in ZF;(pt,G,, X G,,). The composition with the idempotent p annihilates all extra summands and
proves the lemma.

In order to prove the relation (5), consider the framed correspondence (4) in ZF; (Al G X Gpy).
Observe that in ZF; (pt, G, X G,)

H) = (Z(h(t’ 1)7Gm>h(17t)a (tvx)]t_])) =

= (s} G =3 T =0 =) 01 ) + (0} G (= (=) =) ™),



By Lemma 4.13 one has in ZF, (pt,G,, x G;,)

(1. G} T =0 =) (0™ 0) ~ (O} A, T 1c(00)) = (O} AL i),

(1B = (b (=)t =) 1)) ~ (01 AL T 1c(0y)) = (10}, 4 1,60y

Thus H; ~ ({0},A',1,¢(y)) + ({0}, A, =1,¢(,1)) in ZF (pt,G,, x Gy,). Similar computations
show that Hy ~ ({0}, A, lx%xyyt,C(ny)) + ({0}, A, %t,qu,l)) in ZF, (pt,G,, X G,,). The equality
(5) is proved. Since the right hand side of the equality (5) is annihilated by the idempotent p, our
lemma follows. U

Proposition 5.3. Let 7: G, x G, — Gy, X G, be the permutation of coordinates morphism. De-
note p = (id—e; )X (id—ey ). Then po(idg, «xc, X(—€)) ~ po (tXRE) in ZF(G,y X G, Gy X Gyp).

Proof. Note that tX (—¢) = (idg, xc,, X(—¢€)) o 7. Hence
po(tX(—¢))ot=po(idg,xc, XN(—¢€)) € ZF| (G X G, G x Gy)).
KX)ot = po(tXX)in ZF (G x Gy, Gy x Gy,)). It remains to check that
po(idg,x¢,XE) = po (K (—¢)) (6)

in Hy(ZF(A®* X Gy X G, Gy X Gyyy)).

Let u; and u be coordinate functions on G, X G,,. Let f: Speck(u;,uz) — Speck[u;,u;] be
the canonical embedding and g: Speck(u;,us) — Speck|u;,uz] be given by g*(u1) = up, g*(up) =
uj. By Proposition 5.2 we know that po (fXX) ~ po(gK(—¢€)) in HO(ZF(A,:(MI7M2),G,,, X Gp))-
Proposition 5.1 yields the desired equality (6) in Hy(ZF(A®* X G, X Gy, Gy X Gpy)). O

Similarly, po (idg,, <G,

m

Recall that £ = ({0},A!,#) € ZF;(pt,pt). For every k > 0 we write ¥ to denote XX ARy e

ZFi(pt, pt).
Let 7: G, X G, = Gy X Gy, be the permutation of coordinates morphism. For each even integer
m 2> 0 and each integer n > 0 consider two presheaf morphisms

(=R : ZFp(— X X X Gy X G, Y X Gy X G) = ZF20(— X X X Gy X G, ¥ X Gy X Gp),
(—&ZZ”)osw:ZFm(— XX X Gy X Gy, Y X Gy X Gpy) = ZFon(— X X X Gy X Gy, Y X Gy X Gy),
where sw(a) = (idy x7)oao (idy X 7).

Lemma 54. Let X,Y be k-smooth schemes. Given an even integer m > 0, there exists a large
enough n and a homotopy

H:ZFu(— XX X G X G, Y X Gy X Gpp) = ZFop(— X X X Gy X Gy x ALY X G,y X G)
such that for any a € ZF,,(W X X A (G, 1) A (G, 1),Y A (G, 1) A (G, 1)) one has
aRI* = Hy(a) and Hy(a) =X>"([(idy xT)oao (idx x1)]).
And both Hy(a) and Hy(a) are in ZF1on(W X X A (G, 1) A (G, 1),Y A (G, 1) A (G, 1)).

Proof. It follows from Proposition 5.3 that there exists a large enough integer n and a homotopy
¥ € ZF,(Gy X Gy x Al G, x G,) such that (W) = po (—e X (X" lidg, «g,)) and i}(¥) =
poX't, where p = (id—e;) X (id —ey ).



Given any element a € ZF,,(W X X X G, X G, Y X G, X Gp,), set
H/(a) = (ldy X ‘P) o (a X idAl ) o (idWXX X W x l.dAl) o (idWxXxGmx(Gm X A) S
€ ZFpion(W x X X Gy X Gy ¥ ALY x G, x Gm),

where A : A' — A! x A! is the diagonal morphism. Then for any element a € ZF,,(W x X A
(G, 1) NGy 1),Y A(Gyyy 1) A(Gypy 1)) one has

H'(a)o = [idy x X" ' (—¢€)]oao[idy x "~ '(—€)] and H'(a); = [idy xX"(7)] oao [idx xX"(7)].

It is easy to see that there are matrices A,B € SL,,;2,(k) such that for any element a in ZF,,(W x
XN (G, 1)) AN (G, 1),Y A(Gypyy 1) A (G, 1)) one has

@a([idy x "' (—¢)]oao[idy x 2" (—¢)]) = aR X = 2% (a),
@s([idy xZ"(1)]cao[idy xZ"(1)]) = ([idy x7]oaolidy x7))KE>" =£2"([idy x 7]oaoidy X 1]).

Choose matrices Ay, By € SLy,2,(k[s]) such that Ao = id, A; = A, By = id, B; = B. Then for the
matrix C; = BsoAj_s € SLy12,(k[s]) one has Cy = A, C; = B. Set H = ¢, o H'. Then for the
chosen element a € ZF,,(W x X A (G, 1) A (G, 1),Y A (G, 1) A (G, 1)), one has

Hy(a) = @a(H'(a)o) = £*"(a) and Hi(a) = @p(H'(a);) = Z*"([idy x1]oao [idx x1)),

as was to be proved. ([l

6. THE INVERSE MORPHISM

The main aim of this section is to define for any integers n,m > 0 a subpresheaf ZF,(,? )(—
Gm,Y x Gy,) of the presheaf ZF,,(— X G,,,Y x G,,) and define a morphism of abelian presheaves

Pn: ZF,(::)(— X Gm,Y X Gm) — ZFm(_uY)

We also prove certain properties of morphisms p, and of presheaves ZF,(]f ) (= X G, Y x Gyy,) which
are used in the proof of the Linear Cancelation Theorem (Theorem C).
We begin with some general remarks. Let X and Y be k-smooth schemes. Consider a framed
correspondence
a=(Z,U,(@1,@2,...,0m),8) € Frp(X x Gp,Y X Gp,).

Let (U,p:U — A" x (X X Gy,),s : Z — U) be the étale neighborhood of Z in A™ x (X X G,)
from the definition of the framed correspondence a. Let ¢ be the invertible function on X x G,
corresponding to the projection on G,, and u be invertible function on Y x G,, corresponding to
the projection on G,,. Let f> = g"(u) and fi = py, ¢ (f) be two invertible functions on U, where
PXxG,, = PTxxG, 0P : U — X xGy. Set g = (g1,82), where g1 = pry og and g> = prg,, 0g.

Since Z is finite over X x Gy, the Ox g, xy xG,,-sheaf P, := Oy /(@1,¢2,...,@,) is finite over
X X Gyy. Since the sheaf P, is finite over X x G, it is flat over X x G,,, by [OP, Lemma 7.3].

Let Z; be the closed subset of Z defined by the equation ("' —1)|z = 0. Let Z, be the closed
subset of Z defined by the equation (f] ntl — f2)|z =0. Note that Z, is finite over X if and only if
ﬁy/(ff+1 —1,01,¢2,...,0,) is finite over X. By [S, 4.1] the latter Ox-module is always finite and
even flat. Note that Z, is finite over X if and only if Oy /(f'™" — f2,@1, 92, ..., @n) is finite over
X. We have mentioned above that the Ox g, -module P, = Oy /(¢1, @2, ..., ¢y) is finite and flat
over Ox g, Thus by [S, 4.1.b] there exists an integer N such that for any n > N the Ox-module
Ou /(I = f2,01,92,...,¢y) is finite and even flat over X. In particular, Z, is finite over X for
any n > N.



The following definition is inspired by [S, Section 4].

Definition 6.1. Let X and Y be k-smooth schemes. Consider a framed correspondence a =
(Z,U,(¢1,02,...,0m),8) € Frpy(X X G, Y X Gyy). Set

p;j:fr(a) = (Zn+7U7( 1n+1 — Lo, 0,.. -,<Pm),g1)
and

P (@) = (Z, U, (7 = o, 01,92, @) 1)
As we have mentioned above, Z, is finite over X for all n > 0, hence p,t fr(a) € ZFp+1(X,Y). We
say that p, . (a) is defined if Z, is finite over X, which is equivalent to saying that the Ox-module
P,/ (fi! — )P, is finite and flat over X. If P, s(a) is defined, then we set

pn,fr(a) = pir(a) - pr:fr(a) S ZFerl(X?Y)
and say that p,, s-(a) is defined.

Given integers m,n > 0, denote by Fr,SZZ ) (X x Gy, Y x Gyy) the subset of those framed correspon-

dences a € Fr,,(X x G,,,Y x G,) for which the Ox-module P, /( ff“ — f2)P, is finite over X (that
is pn.fr(a) is defined). It follows from [S, 4.4] that the assignment X — Fr,(,f) (X' X Gy, Y X Gyy) is
a subpresheaf of Fr,,(— X G, Y x G,).

Definition 6.2. Define a presheaf of abelian groups ZF,S’: ) (= X G, Y x Gyy) as follows. Its sections

on X is the abelian group Z[Frf,? ) (X X Gy, Y x Gy,)] modulo a subgroup generated by all elements
of the form
(Z\UZy, Uy UUs, @1 U, 81U82) — (Z1,Un, 91,81) — (22,U2, 92, 82).

It is straightforward to check that ZFS,? ) (X X Gp,Y x Gy,) is a free abelian group with a free basis
consisting of the elements of the form a = (Z,U, ¢, g), where Z is connected and the x-module
P,/ (f"! — )P, is finite and flat over X. Moreover, the group ZF (X x G, Y xG,y,) is a subgroup
of the group ZF,,(X X G,,,Y x G,,), and ZF,S:’ )(— X Gp,Y X Gy,) is a subpresheaf of the presheaf
ZEp(— X Gy, Y X Gpy).

It follows from [S, 4.4] that for any morphism f : X’ — X of smooth varieties the following
diagram is commutative

Bl (X x Gy, ¥ X Go) L Bl (X7 X G, ¥ X Go)

lpn.fr lpn‘fr

ZEpir(X,Y) ! T (X,Y).

We see that p,, ¢, : Frf,ﬁZ )(— X Gpm,Y X Gy) — ZF41(—,Y) is a morphism of pointed presheaves.

We can extend it to get a morphism of presheaves of abelian groups Z[Fr,(ﬁ) (— X G, Y xGy)] —
ZFy+1(—,Y ). This morphism annihilates the elements of the form

(Zl LIZZ’Ul I—lUZa(pl |—|(P2781 |—|g2) - (ZlaUla(phgl) - (Z27U2>(p27g2)'

Definition 6.3. The above arguments show that the presheaf morphism p, ;- induces a unique
presheaf of abelian groups morphism

Pt ZES (= X Gy, Y X Gyp) — ZF i1 (—,Y)
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such that for any a € Fr,(,?) (X X Gy, Y X G,y,) one has p,(a) = py sr(a). We also call p, the inverse

morphism.
Lemma 6.4. The following relations are true:
Fr,(— X Gy, Y X Gy,) = colimnFrS,?)(— X G, Y X Gy),

ZFp(— X Gy, Y X Gyy) = colim, ZFS) (= X Gy, ¥ x Gy).
This lemma follows from the following

Proposition 6.5. ([S, 4.1]) For any framed correspondence a € Fr,,(X x G,,,Y x G,,) one has:
(a) for any n > 0, the sheaf P,/ ( f“ — 1)P, is finite and flat over X;
(b) there exists an integer N such that, for any n > N, the sheaf P,/( 1’”'1 — f2)P, is finite and
flat over X.

We shall need the following obvious property of pj,.

Lemma 6.6. For any integers m,n,r > 0, the following diagram commutes

ZES) (= X G, ¥ X G) —Z ) (= X G, ¥ X G

- -
¥
ZFerl(_,Y) ZFm+1+r(_aY)~
Lemma 6.7. Let X and Y be k-smooth schemes. Then for any integers m and n and any a €

ZF,,(X,Y), one has aX (id—e;) € ZF (X X G, Y x Gy,). In particular, for any integers m and n
there is a well defined composite morphism

pno(—B(id—ey)) : ZFy(— x X,Y) = ZF2) (= x X X Gy, ¥ X Gp) = ZFpi1 (— x X, Y).
Moreover, for an element a € ZF,,(W x X,Y) of the form (Z,U, (@1, ®2,...,0n),8) one has
pn(alx(id_el)) = _<Z XZ(Z‘”+1 _t)7U X GWlu(tn+l _t7(P17(P27-~-7(Pm)7g)+
+(ZXZ("T = 1), UX G, (1" = 1,01, 02,...,00),8) € ZF, 1 (W x X,Y).
Proof. Leta € ZF,,(W x X,Y) be the image of (Z,U, (@1, ®2,...,Pn),8) € Fr,(W x X,Y). Then
a® (id—ey) = (ZX Gy, U X Gy, (@1, P2, ..., ), (8,1))—
—(ZXx G, U X Gy, (@1, 02, ..., Pm), (8,€1)) € ZE,(W X X X Gy, Y X Gpy),

where ¢ is the coordinate function on G,,. Clearly, ZF =Z x Z(t""' — 1) C Zx G, and Z, =
Zx Z(t"*!' —t) C Z x G,,. Both sets are finite over X. Hence aX(id —e;) € ZF) (X X Gp,Y xGp)
in this case. Any element of ZF,,(W x X,Y) is a linear combination of elements of the form
(Z,U,(®1,02,...,0m),g). This proves the first assertion of the lemma.
Computing p,(aX (id—e;)) fora = (Z,U, (@1, 9,...,¢n),g) We obtain
pn(a& (id_el)) = _(Z X Z(tn—H _t)7U X Gm, (tn—H —5LOL, P, .., (Pm),g)+
+ (Z X Z(tn—H - 1)7U X G, (tn—H —1L,o1,,.. 'a(pm)ag) € ZFm+1(W any)a

as was to be shown. OJ
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Lemma 6.8. Let X and Y be k-smooth schemes. Then for every even integer m and any n one has
pno(—X(id—ey)) ~ (—Xe€): ZF,(— xX,Y) B ZF,11(— x X,Y),

where € = ({0}, A, —t,c") € ZF(pt,pt).

Proof. Setn, = ppo(—X(id—e;)). Take the matrix

010 ..00
001 ..00

A= 0 o | €SLp(k)
00 0 01
100 00

and let Ag € SL,, 1 (k[s]) be such that Ay = id, A| = A. Let Hy, be the A'-homotopy from Defini-
tion 4.6 between the identity and @4. By Definition 4.6 one has

°n

Mn = pno (— X (id— el)) —=—"@u0p,0 o(—X(id—e1)) = @a oMy

Set H' = Hy_on,. By Lemma 4.4 it remains to find an H” such that @4 o 1,2~ (— K €) and set
H =H'+H" — Hgy,op,. In this case by Lemma 4.4 one gets p, o (— K (id—e;)) = 1,2 (- Ke).
To construct H”, note that by the last statement of Lemma 6.7 one has

ProM,=—R[(ZE™ ™ =1),Gp, " = 1,¢) = (Z(t"™ = 1), G, " —1,0)]

and (—Xe¢e) = — X ({0},A!, —,c), where ¢: G,, — pt is the canonical projection. By Lemma 4.9
one can take H” to be an A'-homotopy of the form H” = (—XHh"), where i € ZF;(A!, pt) is such
that

(Z(" N =1),G " = 1,¢) — (Z("T —1), Gyt —1,¢) = I
and
hf = ({0}, A, —1,¢') € ZFy (pt, pt),

where ¢’: A! — pt is the canonical projection. Now let us find the desired element /”. Since
t"*1 — 1 does not vanish at # = 0, we can extend the neighborhood from G,, to A' to get an equality,

(Z(" =1),Gpp, " = 1,0) = (Z("T = 1), AL, 1T — 1), ) € ZF (pt, pr).
By Lemma 4.14 there is h"’ € ZF; (A, pt) such that
(@ 1), AL T — 1) = kY and B = (Z(t"T —1), AL 0T — 1) € ZF (pt, pr),

because polynomials ! —¢ and t"*! — 1 have the same degree and the same leading coefficient.
Using the additivity property for supports in ZF; (pt, pt) and the second statement of Lemma 4.13,
we can find an element 4" € ZF; (A, pt) such that

(Z("T —1),G,p 1" —1,¢) =R and BY = (Z(t"T =), AL, —1, &) — ({0}, AL, —1,¢)) € ZF, (pt, pt)

Set i := " — " € ZF, (A, pt). Then h" is the desired element.
Set H" = (—Xh") and H = H' + H" — Hg,on,. Then H is the desired A!-homotopy. That is

pro(~B(id—e)) (-~ Ke)

and our statement follows. OJ
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7. THEOREM C

The main purpose of this section is to prove Theorem C. We sometimes identify simplicial
abelian groups with chain complexes concentrated in non-negative degrees by using the Dold—Kan
correspondence.

Lemma 7.1. Let X and Y be k-smooth schemes and m,r,N > 0 be integers. Then for any Moore
cycle a € ZF,,(A" x X,Y) of the simplicial abelian group ZF,,(A* x X,Y), one has aX (id —e;) €
ZFY) (A" X X X Gy, Y X Gy,). Moreover, py(aX (id — ey)) is a Moore cycle. The homology classes

of Moore cycles
aXe and py(aX (id—ey))

coincide in ZF;11(A* x X,Y).

Proof. The element a X (id — ;) is in ZEd) (A" x X X Gy, Y x Gy,) by Lemma 6.7. Since

ZF%V)(— X G, Y x Gy,)) is a presheaf, then d;(aX (id —e;)) € 7Ry (A" x X X Gy, Y X Gy,). Since

the morphism py is a morphism of presheaves, then
Ailpn(aR (id — e1))) = p(J(a R (id — e1)) = pu (Jh(a) B (id — 1)) = 0.
This proves the first assertion of the lemma.
By Lemma 6.8 the morphism

d > py(d R (idg, —e1)) : ZFu(— x X,Y) = ZEY (= x X,¥) = ZFpp1 (— x X,¥)

is A'-homotopic to the morphism @’ — @' X €. Thus the corresponding morphisms of the simplicial
abelian groups ZF,,(A®* x X,Y) = ZF,,1(A® x X,Y) induce the same morphisms on homology.
Hence the homology class of the Moore cycle py(aX (idg, —e;)) coincides with the homology
class of the Moore cycle alX €. U

Lemma 7.2. One has e X e ~ X2 in ZF,(pt,pt). Moreover, for any integer r > 0 one has e KReX Y ~
247 in ZFy, (pt, pt).

Proof. Let c: A' x A2 — pt be the structure morphism. Take the matrix

A= < 01 _01> € SLy (k).

There is an A; € SL;(k|s]) such that Ay = id, A| = A. Take
hy = (A x 0,A' x A2, Ajo (11,12),¢) € ZF2 (Al pt).

Clearly, ho = X? and h; = ¢ X e. The first assertion is proved. To prove the second one take the
element A, XY € ZF,, . (A!,pt). Then hy K E" = X2 and h) XY = e K e XY, O

Corollary 7.3. Let X and Y be k-smooth schemes and m > 0 be an integer. Then,
(—Xe?) ~ (—XX?): ZF, (- xX,Y) = ZFi2(— x X,Y)
and
(—Re’RY) ~ (—KE>T) : ZE,(— X X,Y) = ZF, 04 (— x X, Y).
Therefore the first pair of maps produces the same maps on homology
H.(ZF,(A* x X,Y)) = H (ZF42(A®* X X,Y)).
Similarly, the second pair of maps gives the same maps on homology

H,(ZF,y(A* X X,Y)) = Ho(ZFpin (A X X, Y)).
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Lemma 7.4. Let X and Y be k-smooth schemes and m > 0 be an integer. Then for any integer r > 0
one has

Ker[— X (idg, —e1) : H(ZFu(A®* x X,Y)) = H(ZF,((A* X X) A (G, 1),Y A (G, 1)))] C
C Ker[(—XZX?) : H(ZF,,(A* x X,Y)) — H.(ZF,.2(A* x X,Y))].
Proof. Consider the associated Moore complexes. Assume that
a € ZF, (A" xX,Y)

is a Moore cycle for which a X (idg, —e;) is a boundary, i.e., there exists b € ZF,, (A" x X) x
Gm,Y x Gy,)) such that d;(b) =0 for i =0,1,...,r and d,4(b) = aX (idg, —e;). By Lemma 6.4
there exists an N such that b € ZF{ (A x X x Gy, Y x Gy). Since ZFS,I,V)(— X G, Y X Gyy) is a
presheaf, then 9;(b) € ZFY) (A" X X X Gy, Y x Gy,). Since py is a presheaf morphism ZFY) (—x
X X Gy, Y X Gyy) = ZF,1(— x X,Y), one has d;(py (b)) = pn(d;(b)). Thus,
8,(pN(b)) = pN((?,(b)) =0 for O <i< r,
Ir1(Pn (D)) = pn(9n+1(b)) = py(aX (idg, —e1)).

We see that the homology class of the Moore cycle py(aX (idg, —e1)) vanishes. By Lemma 7.1
the homology class of the Moore cycle a X € vanishes in H,(ZF,,+1(A® x X,Y)). Thus the homol-
ogy class of the Moore cycle a X € X € vanishes in H,(ZF,,(A* x X,Y)). By Corollary 7.3 the
homology class of a XIX? vanishes in H,(ZF,,2(A® x X,Y)), too. O

Lemma 7.5. Let X and Y be k-smooth schemes and m,r > 0 be integers. Let n be the integer from

Lemma 5.4. Then for any Moore cycle a € ZF,,((A" X X) A (G, 1),Y A (G, 1)) there exists an

integer N such that the element py(a) is defined and the homology class of the Moore cycle
22n<pN(a)) X (ld - el) € ZFm—&-ln—&-l ((Ar X X) A (an 1)7Y A (Gma 1))

coincides with the homology class of the Moore cycle £ (alX €).

Proof. Setd = alX (id — e;). Let H be the A'-homotopy from Lemma 5.4. Consider the element
H(d') € ZFpi0n((A" X X) X Gy X Gy, ¥ X Gypy X Gyp).
By Lemma 6.4 there is an integer N such that
ac ZF,(,iV)((Ar X X)X Gy, Y x Gp)
and

H(d) € ZF,%Z”((A’ X X)X Gy x G x ALY X G, x Gp).

Since d’ is a Moore cycle and H is a presheaf morphism, the element H(a’) is a Moore cycle in
ZF o0 ((A® x X) X Gy X Gy x ALY X G, x Gyy). Since

ZF;NJEZH((— X X)X Gy x Gy, x AY x G,, x Gm)

is a subpresheaf of ZF,,((— x X) x G, x G,, x A,Y x G, x G,,), it follows that H(a') is a Moore

cycle in ZFS:QZH((A‘ X X)X Gy x Gy x ALY x G, x G).

Applying the presheaf morphism
PN : ZFf(ﬁ)zn((* X X)X Gy X Gy X ALY x G, x Gm) = ZEpion1((— X X) X Gy, X ALY x Gm)
to the Moore cycle H(d'), we get a Moore cycle

pn(H(d) € ZF 2n11((A" X X) x G, x A1 Y x G,,).
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Hence i{(py(H(d'))) € ZFpion1((A" X X) X Gy, Y X Gy,) and if (py(H(d'))) € ZFpi2p11((A” X
X) x Gp,Y x Gy,) are Moore cycles, too. Furthermore,
io(pv(H(d))) = pu(ig(H(d'))) = pn(Z¥'(d')) = =" (pw(d'))
and
ii(pv(H(d))) = pn (i1 (H(a'))) = pn(Z*'[(idy x7) 0.d"0 (idx x7))).
The two morphisms

05,07 2 omi1 (A* X X) X Gy x ALY X G,,)) =2 ZFimi1 (A® X X) X Gy, Y X G))

of simplicial abelian groups induce the same morphisms on homology. The element py((H(d')) is
a Moore cycle. Thus the homological classes of the Moore cycles if,(pn (H (a'))) and if (py(H (d')))
coincide in H,(ZF,12m+1((A* X X) X G, Y X Gp))).

By Lemma 6.6 one has py(X?*(a’)) = £*"(pn(a’)). Thus the first homological class is the class
of 2" (py(d')) = £?"(pn(aX (id — e1))). By Lemma 7.1 the latter homological class coincides
with the class of the element 2" (aX ¢).

The element i} (py(H (a'))) coincides with py(E*"[(idy xT) o (aX (id — e1)) o (idx x7)]). By
Lemma 6.6 the latter element coincides with

2 (py[(idy x 7)o (aR (id — e1)) o (idx x1)]) = Z*'[pn(a) X (id — e1)].

Hence the homological classes X*'(a X &) and [Z*'[py(a) K (id — e;)]] coincide in
H (ZFpiom+1((A* X X) X G, Y X Gy,)). Finally, the complex ZF,2,+1((A* X X) A (G, 1),Y A
(G, 1)) is a direct summand in ZF, 2,11 ((A® x X) X G,,,Y x G,,) and the elements £**(a X
€),X%(py(a)X(id —ey)) are in ZF, 1 om11((A" X X) A (G, 1),Y A(G,p, 1)). Hence the homological
classes [Z*"[py(a) X (id — e1)]] and [Z*"(aX €)] coincide in H,(ZF, m+1((A®* X X) A (Gpy1),Y A
(G 1). O

Lemma 7.6. Let X and Y be k-smooth schemes and m,r > 0 be integers. Let n be the integer from
Lemma 5.4. Then

Im[(—XX*2) : H(ZF,,((A* X X) A (G, 1),Y A (G, 1)) —
— H(ZFpi2012(A°* X X) A (G, 1),Y A (G, 1)))] €
Im|(—®(idg,, —e1)) : H (ZFp12n12(A° X X, Y)) = Ho(ZF 1202 ((A* X X) A (G 1), Y A(Gppy 1))

Proof. Take a Moore cycle @’ € ZF,,((A" x X) A (G, 1),Y A (G, 1)). Then the element a := o' K e
is a Moore cycle in ZF,,+1((A" X X) A (G, 1),Y A (G, 1)). By Lemma 7.5 the homology classes
of X2"(aX &) and X?"(py(a)) X (id — e}) coincide in

Hy(ZFi100((A* X X) A (G, 1),Y A (G, 1))).

By Corollary 7.3 the homology classes of 2**(a X ¢) = £'(d’ K e K ¢) and £***2(a’) coin-
cide. Hence the homology classes of £2"*2(a’) and X**(py(d’ K €)) X (id — e;) coincide in
H(ZFp12:00((A* X X) A (Gyyy 1),Y A (G, 1))). O

We are now in a position to prove Theorem C.
Theorem C. Let X and Y be k-smooth schemes. Then
—KX(idg, —e1): ZF(A* x X,Y) = ZF((A* x X) A (G, 1), Y A (G, 1))

is a quasi-isomorphism of complexes of abelian groups.
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Proof. The theorem follows from Lemmas 7.4 and 7.6.

In more detail, first prove that the morphism — X (idg, —e;) induces an epimophism on ho-
mology groups. For this take an integer r > 0 and an element a € H,(ZF((A®* x X) A (G, 1),Y A
(Gm,1))). We will find an element b € H,(ZF(A® x X,Y)) such that bX (idg, —e;) = a. Note that
there exist an integer m > 0 and an element a,, € H-(ZF,,,((A* x X) A (G, 1),Y A (Gpy, 1))) which
is a lift of the element a. Let n be the integer from Lemma 5.4. By Lemma 7.6 there exists an
element b, 12,12 € Hy(ZF,120+2(A® x X,Y)) such that

busansz B (idg, —e1) = am RE2 € Hy(ZFmans2(A° X X) A (G, 1),Y A (G 1))

Let b be the image of by,42,+2 in H-(ZF(A®* x X,Y)). Clearly, bX (idg, —e1) = a in H,(ZF((A® x
X)N (G, 1),Y A(Gy, 1))). Thus the morphism — X (idg, —e;) induces an epimophism on homol-

ogy. The fact that the morphism — X (idg,, —e;) induces a monomophism on homology is proved
in a similar fashion. Theorem C is proved. g

APPENDIX A.

The main goal of this section is to prove Theorem D.

Let (¥,®) be a closed symmetric monoidal category and % is a bicomplete category which
is tensored and cotensored over ¥'. Then for every V € ¥ and C € ¥ there are defined objects
V®C,C®V,Hom(V,C) of €. They are all functorial in V and C. Moreover, for every morphism
r:V — V'in ¥ the square in ¢

—-QV

C Hom(V,C®V) @)

@Vfi |-

Hom(V',C®V’) Hom(V,C®V’)

r* -

is commutative.

As an important example, ¥ is the category of simplicial objects sPre(ZFy(k)) in the category
Pre(ZFy(k)) and ¢ is the category sPrea,(ZF.(k)) of simplicial objects in Pres,(ZF.(k)). The
General Framework of p. 6 is then immediately extended to this couple (#,%’). Recall that the

functor ZF, (k) x ZFy(k) X, ZF, (k) takes (X,Y) to X x Y. As usual, the Yoneda embedding iden-

tifies the category simplicial objects in ZF( (k) with a full subcategory of sPreap(ZFy(k)).
The following lemma is obvious.

Lemma A.1. Suppose in the diagram (7) the morphisms r,, r* and — Q@ V' are sectionwise weak
equivalences, then the morphism — ®YV is a sectionwise weak equivalence.

As it is shown in [ , Section 5], the category of framed correspondences of level zero Fry(k)
has an action by finite pointed sets S® K := [ |g\, S with § € Sm /k and K a finite pointed set. The
cone of S is the simplicial object S® I in Fro(k), where (Z, 1) is the pointed simplicial set A[1] with
basepoint 1. There is a natural morphism ip : S — S®1 in A°PFry(k). Let pt L G,y be the point 1
in G,,(k). Then G/! is the simplicial object in Fry(k) which is obtained by taking the pushout of
the diagram G,, <~ pt <> pt® 1 in AP Fro(k).

Let L : Frg — ZF; be the canonical functor which is the identity on objects and which takes a
morphism @ € Fr(Y,X) to the class 1- ¢ € ZF(Y,X). If we apply the functor L to G/\!, we get an
object in sPrea,(ZFy(k)) denoted by ZFy(G)!).
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Put ZFy(Gpy, 1) = ZFy(G,,)/Im(e; ) = Ker(e}). There is a unique morphism r : ZFy(G)!) —
ZFy(Gy,, 1) which restricts to the quotient map q : ZFy(G,,) — ZFo(G,,)/Im(e; ) on ZFy(Gy,)
and which restricts to the zero map on pt® /.

The following lemma is straightforward and left to the reader.

Lemma A.2. ZF(X)XZFy(G,y,1) = ZFE(X A (G, 1)), ZF(X) R ZFy(G)) = ZF(X x GL1).
Lemma A.3. The morphisms
r. : Hom(ZFo(Gy,'), C.(ZF(X) R ZFo(Gy,'))) — Hom(ZFy(Gy,"), C.(ZF(X) R ZFy (G, 1))
r* : Hom(ZFy(G,,, 1),C,(ZF(X) R ZFy(G,,, 1))) — Hom(ZFo (G, C.(ZF(X ) R ZFy(G, 1))))
are sectionwise weak equivalences.
Proof. It is easy to see that the morphisms
r: ZFy(G)') — ZFo(Gy, 1),
idXr: ZF(X) X ZFo(GA) — ZF(X) R ZFy(G,y, 1),
idXr: C.(ZF(X) X ZFy(GM)) = C.(ZF(X) X ZFy(G, 1))
are sectionwise weak equivalences. The lemma now follows. ([l

Theorem C, Lemma A.1 and Lemma A.3 imply the following
Corollary A.4. The morphism
—~XGM : C.ZF(X) — Hom(G)!,C. ZF(X x GO1))
is a sectionwise weak equivalence in sPrea,(ZF,(k)).
We are now in a position to prove the following

Theorem D. The morphism co: LMy»(X) — Hom(G, LMy, (X x G)\)) is a sectionwise stable weak
equivalence of presheaves of S'-spectra.

. S . dj . : . .
Proof. First, the adjunction unit G == (G| sm/k) in sPreq(Sm/k) induces an isomorphism

Hom(G)!, LM, (X x G,1)) N Hom(G, LMy, (X x G)!)) of S'-spectra. Second, the morphism

adj* o (— KG)!) coincides with the morphism
co : LMy, (X) — Hom(G,LM (X x G))).
It is the morphism (3). The theorem now follows from Corollary A.4. U

APPENDIX B. SOME FACTS ON HENZELIZATION

We refer the reader to [ ] or [FP] for the definition of henzelization of an affine scheme along
a closed subscheme.

Let X, X; be k-smooth affine varieties, Z C X, Z; C X be closed subsets. Let f: X; — X be a
k-morphism such that Z; C f~!(Z). For an étale neighborhood (W, 7 : W — X,s:Z — W) of Z in
X set W) = X; xx W. Let m; : W) — X be the projection and let s; = (i ,f|Zl) : Z1 — Wy, where
i1 : Z1 < X be the inclusion. Then (W;,m;,s) is an étale neighborhood of Z; in X;. Denote by
fw : Wi — W the projection. Then one has a morphism lim( fi ) : limgy o Wi — lim(y, 7 o W = X2,
Set,

fM=lim(fi)ocans: (X,)% — X2, ®)
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where cany : (Xl) — hm(W ,5) W1 is the canonical morphism. Clearly, p o f" = fopi, where
p: Xé’ — X and p; : (X; )ZI — X are the canonical morphisms.
The following properties of the morphism f” are straightforward:

(1) For any affine k-smooth variety X one has idﬁ’( = idxg. If p: X — pt is the structure map,

then for any closed Z in X the morphism p" : X} — (pt)gt = pt is the structure morphism.
(2) Given a k-morphism f] : X, — X; of affine k-smooth varieties and a closed subset Z, C X,
with Z, C f;1(Z1) one has (fo fi) = f"o fI.
(3) If i : Z < X is the closed inclusion, Z; = Z, then Z = Z and i" : Z = ZJ — X2 coincides
with the canonical closed inclusion s : Z — XJ.

The last two properties imply the following property. Let X be an affine k-smooth variety and
x € X be a k-rational point. Suppose s : pt — X is the closed point of X/ and i, : pt — X is the
point x. Let p : X — pt be the structure map. Then one has equalities

(ivop)' =iop" =s0p": X! = X",
These observations imply the following

Lemma B.1. Let X be an affine k-smooth variety and x € X be its k-rational point. Let f;: A' x X —
X be a morphism such that fi : X — X is the identity, fy: X — X coincides with the morphism

X2 pt 5 X and fs(AY x {x}) = {x}. Then the morphism f": (A' xX)!, — X" defined by (8)
has the following properties:

(1) (fh)| DX, Xf — X" is the identity;

h
@) (fH |(0XX)f'ox> : X! — X! coincides with the morphism X! = pt = X", where s, : pt — X"

is the closed point of X;’.

Proof. The first assertion follows from the equalities

idxg :id?( - (fl)h - (fsoil>h:f Oll - (fs)‘ 1><X

"
Let s, : pt = X be the closed point of X*. As mentioned above, s, = i, where i, : pt — X is the
closed point x of X. The equalities

scop" =ilop" = (iop) = fi = (fioio)" = floif = (1) 0l

imply the second assertion. ]
If we take X = A™, a k-rational point x € A™ and the morphism f; : A' x A™ — A™ mapping (s, )

to s-(y —x) +x, then f; : Al x X — X satisfies the hypotheses of Lemma B.1. Thus Lemma B.1
implies the following statement, which is in fact Lemma 4.10.

Corollary B.2. The morphism Hy := f*: U! — U’ has the following properties:
(a) H, == (fh)\ XXl :U' — U’ is the identity morphism;

h .
(b) Hy := (f! )|(O><X)E‘ U’ — U’ coincides with the composite morphism U' 2 pt 2 U,

where p" : U' — pt = Spec(k) is the structure morphism and s, : pt — X! is the closed
point of X!,
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