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The aim of this research is to use modern techniques in scalar field Cosmol-

ogy to produce methods of detecting gravitational waves and apply them to

current gravitational waves experiments and those that will be producing

results in the not too distant future. In the first chapter we discuss dark

matter and some of its candidates, specifically, the axion. We then address

its relationship with gravitational waves. We also discuss inflation and how

it can be used to detect gravitational waves. Chapter 2 concentrates on

constructing a multi field system of axions in order to increase the mass

range of the ultralight axion, putting it into the observation range of pul-

sar timing arrays. Chapter 3 discusses non-attractor inflation which is able

to enhance stochastic background gravitational waves at scales that allows

them to be measured by gravitational wave experiments. Chapter 4 uses a

similar method to chapter 3 and applies it to 3-point overlap functions for

tensor, scalar and a combination of the two polarisations.
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Chapter 0

Introduction

The observable Universe is only 5% of the total content of the Universe and

only 20% of its mass. The rest of its mass is made of invisible matter known

as Dark Matter, which, is one of the greatest mysteries of the Universe. Al-

though, it has not yet been detected we are aware of its existence through

the observation of its gravitational effects, i.e. the rotation of galaxies. De-

spite its composition being, as of yet, unknown there are many candidates

that have been proposed and are currently being searched for by various

experiments. One of the most popular is from beyond the Standard Model,

a hypothetical particle known as the axion. An example of this particle is

the cosmological ultralight axion. It is able to resolve some of the issues

surrounding cold dark matter which makes it a prime candidate. It can be

detected indirectly through the detection of gravitational waves.

In this Thesis we study modern topics in scalar field cosmology, focusing

on axions and a specific model of inflation and how both are involved in

the production of gravitational waves which then can be detected by ex-

periments.

In the first chapter we discuss dark matter and some of the possible candi-

dates from the standard model and beyond. We concentrate on a hypothet-

ical pseudoscalar called the axion explaining how it is a viable dark matter

1



Chapter 0 Introduction 2

candidate. The detection methods for the particle are then explored, this

includes direct detection where the axion would decay into a pair of photons

which can then be observed by the experiment. Indirect detection is also

discussed which indicates that axions act like a pressureless dust and they

are able to produce their own gravitational oscillations which are then de-

tected by gravitational wave experiments such as LIGO and pulsar timing

arrays. From here, we move on to discussing inflation and how it alleviates

the major problems that are associated with the Big Bang Theory. This

then, leads into describing how inflation can be involved in the detection

of gravitational waves.

The second chapter consists of unpublished work. This concentrates on

constructing a multi field system of axions in order to increase the mass

range of the ultra light cosmological axion. An uncoupled system of two

pseudoscalars is explored first before moving on to a coupled system. Fi-

nally, an attempt is made to model magnetised ultra-light dark matter by

formulating a coupled system which couples dark matter and dark energy.

As mentioned previously, axions are able to induce gravitational oscilla-

tions of their own which may allow them to be detected by pulsar timing

arrays and increasing the mass of the axion which would allow it to enter

the observation range of these experiments.

Chapter 3 consists of the paper [1] in which we discuss a specific type of

inflation, dubbed as non-attractor inflation, which is a mechanism that

enhances and amplifies the stochastic background primordial gravitational

wave at frequencies and scales which allows them to be detected by inter-

ferometers and pulsar timing arrays. Moreover, non-attractor inflation also

amplifies gravitational wave non-Gaussianities. This allows us to under-

stand the early universe and the beginning of the creation of the large scale

structures which exist in the universe today.

In Chapter 4, which consists of the paper [2], we introduce the concept

of stationary graviton non-Gaussianity (nG), an observable that can be
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probed in terms of 3-point correlation functions of a stochastic gravita-

tional wave (GW) background. When evaluated in momentum space, sta-

tionary nG corresponds to folded bispectra of graviton nG. We determine

3-point overlap functions for testing stationary nG with pulsar timing array

GW experiments, and we obtain the corresponding optimal signal-to-noise

ratio. For the first time, we consider 3-point overlap functions including

scalar graviton polarizations (which can be motivated in theories of modi-

fied gravity); moreover, we also calculate 3-point overlap functions for cor-

relating pulsar timing array with ground based GW detectors. The value

of the optimal signal-to-noise ratio depends on the number and position

of monitored pulsars. We build geometrical quantities characterizing how

such ratio depends on the pulsar system under consideration, and we eval-

uate these geometrical parameters using data from the IPTA collaboration.

We quantitatively show how monitoring a large number of pulsars can in-

crease the signal-to-noise ratio associated with measurements of stationary

graviton nG.

In our Conclusions, we summarise all of our main results, we discuss them

critically and we highlight possible directions for future research.



Chapter 1

The Production of

Gravitational Waves

In this chapter we discuss a possible dark matter candidate; hypothetical

particles known as axions, and how they could possibly produce gravita-

tional waves. We also discuss how gravitational waves could be produced

via inflation.

1.1 Dark Matter and Axions

As we are aware, the visible Universe is only 5% of the total content of

the Universe, and 20% of the total mass. The other 80% is comprised of

unseen, or invisible matter, dubbed “Dark Matter” by Fritz Zwicky in his

paper On the Masses of Nebulae and Clusters of Nebulae [3]. Although we

have not been able to detect it directly we are aware of its existence due

to its gravitational effects. A prime example of this involves the rotational

velocity of galaxies. If galaxies were only made of visible matter, as the dis-

tance from the center of the galaxy increased, the orbital velocity of matter

would decrease. However, the velocity in fact remains relatively constant

after initially increasing with distance from the centre of the galaxy.

4



Chapter 1 The Production of Gravitational Waves 5

Despite knowing that dark matter exists, from gravitational effects, its

composition is still a great cosmological mystery. Many candidates have

been proposed as a solution to dark matter, including MACHOs (Massive

Compact Halo Objects). MACHOs are composed of visible matter but

reflect little to no light, therefore they can be considered as dark mat-

ter candidates. Types of MACHOs include: neutrons stars, white dwarfs,

brown dwarfs 1. They can be detected as the result of gravitational lens-

ing. When light from a distant star passes near the MACHO the large

gravitational pull of the object bends the light and focuses it towards the

observer on Earth. This causes a sudden brightening of the distant star.

The issue with this candidate is that they are not abundant enough as

they consist of visible matter, which, as we know, is only 20% of the mass

of the Universe. In order to find more appropriate candidates we need to

look beyond the Standard Model. One of the most popular solutions are

called WIMPS (Weakly Interacting Massive Particles) which are hypothet-

ical particles that have masses in the range of 10 − 104GeV (which makes

them of the order or a couple of orders larger than the proton). They do not

interact with the electromagnetic force, which explains why they appear to

be largely invisible in space. WIMPs interact with the weak force and the

gravity of surrounding matter. They can be detected as they interact with

charged particles on the Earth and recoil to create photons. Despite them

being such a strong candidate, WIMPs have not, as yet, been detected.

The standard model (SM) of particle physics is not a complete theory of

nature as it does not include gravitational interactions (as described by

General Relativity (GR)) so it must be extended or embedded in another

theory. This was the state of the SM a few decades ago, since then other

issues have appeared from observations of the Universe from cosmology

which are not part of the SM and cannot be explained by it. They are

however explained well by Einstein’s GR. It describes the Universe as ex-

panding homogeneously, arising from primordial inhomogeneities and these

1Sometimes known as failed stars. They have not undergone nuclear fusion as there
is not enough mass for the process to start
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grew out of tiny quantum fluctuations caused by the accelerated expansion

that occurred within the first second of the existence of the Universe. This

process is known as inflation [4]. For these conditions to occur, then parti-

cles which are not part of the SM are required, this includes Dark Matter -

it acts as cold gas made of weakly interacting particles, when under gravity.

There is also Dark Energy which tends towards Einstein’s cosmological con-

stant, Λ. As well as this a new field is also needed whose potential energy

drives inflation before turning into the radiation that dominates the energy

density of the Universe during the process of Big Bang Nucleosynthesis. Of

these elements, Dark Matter is the most important in the process of finding

a new species of particle. It has been demonstrated that the majority of

dark matter is comprised of something which is not part of the SM (e.g.

abundance of MACHOs as mentioned above) [5].

There are other reasons that suggest that SM is not a complete theory of

nature. This includes the lack of symmetry that the could be rectified at

high energy scales. Examples of which include the grand unification the-

ory (GUT). The couplings can be related at high energy scales but lose

their unified character at low energies because they run with the energy

scale. High energy scales seem to be of more importance in finding new

physics. However, if this is above the electroweak scale, it would be diffi-

cult to reach these scales with future accelerators. Yet, some of these high

energy mechanisms also have important consequences at low energy scales.

An essential example of this, gravity (which is associated with physics at

the Planck scale) has considerable effects at low energy scales. Other ex-

amples include the neutrino and the role of other particles in astrophysics

and cosmology. The small masses of these particles, as compared with the

electroweak scale, avoid the hierarchy problem because the quantum cor-

rections made to their masses are protected by symmetries. Therefore this

gives us a reason to look at low mass particles which are associated with

symmetries at high energies and the effects these particles have on cosmol-

ogy, in astrophysics, and in experiments at high intensity, precision frontier
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[5]. This is discussed as the low energy frontier of particle physics in [6].

A good example of a new physics at the low energy scales is the QCD axion

which was proposed by Roberto Peccei and Helen Quinn [7–11] as a solution

for the strong Charge-Parity (CP) problem of the SM (the absence of CP

violating terms in strong interactions). In [9, 10] the axion was identified

as a pseudo Nambu Goldstone boson of a new spontaneously broken global

symmetry that Peccei and Quinn had postulated (known PQ symmetry).

The axion mass, mA is inversely proportional to the symmetry breaking

scale, fA. This means that the larger the value of fA, the smaller mA,

resulting in weaker couplings. The first axion models proposed by [9, 10]

gave values of fA at the order of the electroweak scale which were swiftly

ruled out by experiments. It was soon discovered that the fA had the

possibility of corresponding to a much higher energy scale which results in

very weakly coupled, dubbed invisible axions [5].

Pseudo Nambu Goldstone bosons can be embedded in extensions of the SM

at high energies by invoking new fields and symmetries. The PQ mechanism

can also be embedded, easily, into supersymmetry (SUSY) [12], GUTs[13]

and string theory in a way that is model-independent [14, 15]. This predicts

the existence of many axion-like particle (ALP), candidates, which include

the QCD axion, however other ALPs could be useful in a phenomenological

capacity [16].

The phenomenology of axions and ALPs are determined by their low mass,

very weak self interactions and their interactions with gravity. They could

affect the evolution of stars [17, 18] and cosmology [19] behaving in a sim-

ilar way to thermal neutrinos (neutrinos are classed as weakly interacting

sub-eV particles or WISPs). As a result of these effects, there is a con-

straint put on the symmetry breaking energy scale fA ≫ 107 GeV. Despite

this constraint, they could potentially be detected at the low-energy, high

intensity frontier as they could mediate new long range forces [20]. This

includes allowing rare decays to occur which would appear after passing
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through thick walls during a beam-dump experiment (this is known as the

light-shining-through-walls (LSW) experiment) [21]. They could also be

produced thermally in large amounts inside the Sun which then could be

detected on Earth [22]. Consequently, we can see that the axion would

make an excellent candidate for dark matter. They are weakly interacting

particles, they are mainly produced non-thermally in the early Universe,

via the vacuum realignment mechanism [23–25] and the decay of topolog-

ical defects (axion strings and domain walls) [26, 27]. They are particles

produced with tiny dispersion velocities which means that we have very

cold dark matter fitting neatly into the requirements of the ΛCDM model

that accurately describes large scale structures of the Universe [5].

Most particle physics experiments involve accelerators and high energy col-

lisions which caused the exclusion of the first electroweak-scale axion mod-

els. The large values of fA needed in order to prevent astrophyscial and

cosmological bounds made it essentially impossible to detect the axion with

these types of experiments. This problem was addressed by two techniques

that were proposed in [22] by Peter Sikivie for the search for invisible ax-

ions: axion helioscopes which detect large amounts of axions emitted from

within the Sun and the axion haloscopes which were proposed to detect ax-

ions from the dark matter halo that surrounds galaxies. As a consequences

of the exceedingly large fluxes of natural axions, haloscopes and helioscopes

are far more sensitive to axions and ALPs than laboratory experiments [5].

We discuss these experiments in more detail in the next section.

The QCD Lagrangian violates charge conjugate parity symmetry

LθQCD = θQCD
32π2

TrGµν G̃
µν . (1.1.1)

where G is the gluon field strength tensor, G̃µν = εαβµνGαβ is the dual

and the trace runs over the colour SU(3) indices [28]. This produces CP-

violating interactions such as the neutron electric dipole moment (EDM),

dn, which is computed in [29] to be
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dn ≈ 3.6 × 10−10 θQCD e cm, (1.1.2)

where dn is the charge on the electron. The permanent, static dipole mo-

ment is constrained to ∣dn∣ < 3.0× 10−26 e cm ( with a 90% confidence level)

[30], implying θQCD ≲ 10−10.

If there were only strong interactions which are CP-conserving then the

θQCD term could be set to zero by symmetry. In reality there are also weak

interactions to take in to consideration which violate CP [31].

Axions are pseudoscalar particles which were devised as the solution to the

strong CP problem in quantum chromodynaics by R.D. Peccei and Helen

R. Quinn [7] (as well as Weinberg [9] and Wilczek 2 [10]). The axion field

replaces the theta parameter in the QCD Lagrangian by a dynamical quan-

tity, θA(x) = A(x)
fA

relaxes spontaneously to zero, < θA >= 0 thus describing

why CP violation is not observed. [7–11]. Axions have a shift symmetry:

φ→ φ + const., (1.1.3)

This makes the axion field massless to all orders of perturbation theory

[32].

There are types of axions, other than the QCD axion [7–11, 23–25, 33–38],

lighter axions can be used in cosmology. For certain regimes they affect

the expansion rate of the Universe and the growth rate of cosmological

perturbations [39]. These ultra-light (10−33 eV < mA < 10−22 eV ), stable

axions or axion-like particles (ALPs) which interact weakly with the SM

are potential cold dark matter candidates [28, 40, 41]. The reason for this

particular mass range for dark matter is that, at a larger mass range, tuning

would be needed which results in not enough dark matter being produced

and if the mass range was smaller there would still be tuning needed as

there would be too much dark matter (anthropic principle). As a result it

2Wilczek named the particle the ‘axion’ after a famous detergent.
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is the only mass range which gives invisible axions. It also confirms with

the value of ∣θ∣ given by the Strong CP Problem. ALPs have no couplings

to gluons, however, they do have a non-zero coupling to photons. In the

case of this non-zero coupling, the axion mass (mA) is independent of the

scale of symmetry breaking (f) [42–44]. Ultra-light scalar fields can resolve

the problems with cold dark matter (ΛCDM) on sub-galactic scales (Fuzzy

Cold Dark Matter) [45].

Axion are produced via the misalignment mechanism or vacuum realign-

ment. This is dependent on the axion field being associated with spon-

taneous symmetry breaking and being a pseudo Nambu Goldstone Boson

[32]. The homogeneous mode of the axion field is frozen at some random

initial value, A(ti) = θi fA, resulting from cosmic expansion. This is true

as long as time (t) t ⪅ 1
mA

. At later times, t > 1
mA

, the axion field oscil-

lates around zero [23, 25, 46]. Cold axions can be produced by two other

methods: string decay [26, 47–56] and domain wall decay [27, 56, 57].

There are two main criteria that axions need to satisfy to be seen as a viable

dark matter candidate [58]. In order for axions to be observed through

cosmological effects they must have a prominent effect on the energy density

of the Universe. Since cosmological axions have such small masses there

must therefore be a large number (non-relativistic population) of them to

achieve this [32]. Due to this larger occupation number, the collection of

ultra-light dark matter particles take on the behaviour of a classical scalar

field [59]. Axions can be considered effectively collisionless. This means

the only collisions that occur are significantly long range and gravitational

[58].

Axions meet these criteria naturally without the need for additional mod-

ifications. They are cold, non-baryonic particles that couple extremely

weakly to normal matter, and are dominated by gravitational forces. It is

predicted that the axion forms a Bose-Einstein condensate and this could,

potentially, distinguish it from other cold dark matter candidates through
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their phase space structure (galactic halo dark matter), as supported by

astronomical observation.

1.1.1 Direct detection Methods

Since axions have become a popular dark matter candidate there are many

experiments which are currently searching for them and more have been

proposed for the future. The past couple of decades have been very fruitful

in the the arena of axion detection experiments and the fact that WIMPs

have not been detected by underground detectors, has contributed to the

increased interest in axions in recent years [5]

As mentioned previously, axion haloscopes are one such type of experi-

ment. These includes the Axion Dark Matter eXperiment (ADMX) at the

University of Washington [60, 61] and The Haloscope at Yale Sensitive to

Axion Cold dark matter (HAYSTAC) at Yale University[62–66]. ADMX

contains a strong magnetic field which aims to convert dark matter ax-

ions into microwave photons which can be detected. The magnetic field

is produced by a large superconducting magnet housed within a resonant

microwave cavity. If the photon’s frequency corresponds to the cavity’s

resonant frequency then the conversion rate is enhanced. There is also a

competing haloscope in Kyoto, Japan named CARRACK (Cosmic Axion

Research with Rydberg Atoms in resonant Cavities in Kyoto)[5].3

Axion helioscopes including the Tokyo Axion Helioscope based at the Uni-

versity of Tokyo [67–76], CERN’s helioscopes, CAST (CERN Axion Solar

Telescope) [77] and IAXO (International Axion Observatory). Their pur-

pose is to detect axions that are produced in the solar core [78–81]. CAST

uses a 9 T (Tesla) test magnet from the Large Hadron Collider which is

3In Italy there is a Fabry-Perot optical cavity experiment PVLAS (Polarizzazione
del Vuote con LASer (Polarization of the vacuum with laser)) used to test quantum
electrodynamics and aims to detect dark matter, including axions.
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directed towards the Sun. The strong magnetic field converts the solar

axions into x-ray photons that can be recorded by X-ray detectors.

The Xenon experiments (Xenon10, Xenon100 and Xenon1T) operating

from the Italian Gran Sasso National Laboratory [82–84] and LUX (Large

Underground Xenon) [85, 86] operating at Sanford Laboratory are experi-

ments with xenon nucleus active targets. Cosmic rays hit the earth, not all

are able to travel through the rock to reach the xenon experiments. The

axions reach the xenon which causes the electrons to recoil leaving us with

photons.

LSW (“Light shining through a wall”) experiments such as Any Light Par-

ticle Search (previously ALPS I (2007-2010) and now II (2013 - present))

based at DESY (Deutshches Elektronen-Synchrotron which is a research

centre of the Helmholtz association) are looking for WISPs (Weakly in-

teracting sub-eV particles) of which the axion is the most famous [87–94].

LSW experiments consists of light from a strong laser being shone inside an

optical cavity into a strong magnetic field. The light then can be converted

into WISPs in front of a light-blocking barrier (production region) before

being reconverted into photons behind the barrier (regeneration region).

The above experiments involve the direct detection of axions. There are

other ongoing experiments which could, potentially, be used to detect them

indirectly. Axions could possibly produce their own gravitational oscilla-

tions so it may be possible to detect them in the same way as gravitational

waves are currently being detected.

1.1.2 Indirect detection methods

It has been suggested that axions, or in a more general sense, pseudoscalars

could be detected through the use of pulsar timing arrays [95]. The mo-

tivation for this detection method arose from observations of pulsars by

telescopes (Pulsar Timing Arrays (PTAs)). They rotate with very precise
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periods of the order of milliseconds, however what the PTAs observe is

a frequency shift when photons from the pulsars reach the detector. The

question is what causes this? The main suspect is gravitational waves. The

entirety of spacetime is filled with background gravitational waves which

are the product of large astrophyiscal events such as two massive merging

black holes. However, the suggestion made by Rubakov and Khmelnitsky

[95] is that the gravitational oscillations that cause the frequency shift of

the pulsar observations are, in fact, due to axions. They state that the

axion (ultra-light non-interacting dark matter) behaves as a perfect fluid

with oscillating pressure, which averages to zero at time scales greater than

the oscillation period, and is usually treated as a pressureless dust. How-

ever, it seems to have been overlooked that the oscillations produced by the

axions induce oscillations in gravitational potentials, that are, in principle,

observable.

In their paper [95] they show the pulsar timing signal for scalar field dark

matter for a range of scalar masses.

Pulsar timing arrays experiments are conducted throughout the world.

These include the European Pulsar Timing Arrays (EPTA) 4 which along

with the Parkes PTA [96] in Australia and NANOGrav (North Ameri-

can Nanohertz Observatory for Gravitational Waves) 5 make up the In-

ternational PTA and the Five hundred metre Aperture Spherical Telescope

(China). In the near future (building will take place within the next decade)

the Square Kilometre Array (SKA) based in Australia and South Africa will

also be taking data [97].

4which consists of Effelsberg Radio Telescope in Effelsberg, Germany, Nançay
Decimetre Radio Telescope in Nançay, France, Lovell Telescope in Cheshire, England,
Sardina Radio Telescope in Sardina, Italy and Synthesis Radio Telescope in Westerbork,
the Netherlands.

5which is comprised of the Aricebo (Puerto Rico) and Green Bank Telescopes (West
Virgina, USA)
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Axion could also be detected by interferometers such as LIGO (Laser In-

terferometry Gravitational-Wave Observatory) and LISA (Laser Interfer-

ometer Space Antenna) if they are able to sufficiently deform the arms of

these experiments. If the signal is too weak to do this effectively a solution

can be found to rectify the problem [98].

Axion interferometry [42, 99]. The effect of axion dark matter is to change

the velocity of circularly polarised light. Therefore, the natural solution is

to build an interferometer where one arm has only left circularly polarised

light and the other has right. The presence of axion dark matter would

produce a difference in phase velocity between the two arms, thus generat-

ing an interference pattern. Extra wave plates can be added to Michelson

interferometers to preserve polarisation. The same paper also proposed an

interferometer where the same mirrors are used to form both cavities. Two

quarter wave plates and a half wave plate are used to maintain circular

polarisation of light [42].

The plots below show the differences between axion and gravity interfer-

ometers.

Figure 1.1: Left: Reflections from mirrors between axion interferome-
ters. Right: The same with gravity wave interferometers. [42].
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Figure 1.2: Proposed alterations to a Michelson interferometer in or-
der to observe axion oscillations [42].

Figure 1.3: Proposed axion interferometer where the same mirror is
used to form both cavities. Red line indicates left circular polarised light
and blue is right circular polarised light. In order for the circular po-
larised light to be maintained, two quarter waveplates are added. The
dashed lines indicate linearly polarised light and the coloured lines are
circularly polarised light. Before the large mirror a half waveplate is
added in order to change the handedness of the light giving both left and

right circularly polarised light [42].

In the 2030s we expect to be able to observe pulsar timing arrays using

the space interferometer LISA (Laser Interferometer Space Antenna) which

consists of three spacecrafts which will each sit at a Lagrange point between

the Earth and the Sun arranged in a triangle. The arms are 2.5 million

kms in length A mirror is contained within each spacecraft. LISA’s obser-

vational range lies between that of the ground based interferometers and
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the telescopes used for the PTA experiments (10−4 - 10−1 Hz). As a result

many more gravitational waves can be detected [98].

Superradiance is the process whereby a wave which scatters from a rotating

black hole is able to escape its environment with a larger amplitude than

that of the incoming wave. This type of amplification happens for matter

and light waves.[100][101]. Supposing that an axion field exists around

a rotating black hole, some of the field would be absorbed by the black

hole but an “axion cloud” would be created as the axion field forms a

quasi-bound state [102]. If the axions are close to but do not cross the

event horizon the black hole’s spin will cause the particles to receive a

boost of energy. As the axion is a quantum particle the boost will create

more axions. This process could generate a vast number of particles. As a

quantum particle, it is also able to act like a wave and as it is a light particle,

it has a very long wavelength. The wavelength of the axion is required to

be the same width as the black hole in order for superradiance to occur.

There are a few ways in which axions could be seen from this mechanism.

The most likely outcome involves the collisions between axions within the

cloud annihilating one another and creating gravitons which could then be

detected as gravitational waves by interferometers such as LIGO, VIRGO

(named after the Virgo Cluster6) and KAGRA (Kamioka’s Gravitational-

Wave Detector).

In these two sections we discussed axions as a suitable dark matter can-

didate considering how they are an alternative to other particles such as

WIMPS. We then moved on to discussing how axions could possibly be de-

tected (both directly and indirectly) and how, via indirect detection meth-

ods, axions may be able to produce gravitational waves.

Gravitational waves (more specifically primordial gravitational waves) could

also be produced, in this case via inflation which we will discuss in the next

sections. We begin with a recap on inflation then we move on to discuss an

6Which is found in the Virgo constellation.
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inflationary model which enhances and amplifies primordial gravitational

waves thus enabling detectors to observe the early Universe.

1.2 Inflation

Some of this section is taken from [103] which I submitted in fulfilment of

the requirement for the degree of Master of Science.

1.2.1 The Problems with Big Bang Cosmology

The SM of the Big Bang is very successful, but does not address the Horizon

and Flatness Problem [4]. The Horizon problem relates to how the Universe

appears to be homogeneous and isotropic on large scales. Different regions

of space have approximately the same temperature and density, which is

not explained by the Big Bang theory. The Flatness problem comes from

the observation that the total density of the Universe is approximately one,

which means that it appears to be spatially flat [4] [104].

1.2.1.1 The Horizon Problem

The horizon problem comes from the existence of the particle horizon in

Friedmann-Robertson-Walker cosmology. There is a finite amount of time

since the Big Bang singularity and, therefore, a finite distance that pho-

tons travel during the lifetime of the Universe. This is the reason why

the Horizon exists [105]. Observationally, microwave photons, which are

emitted from opposite ends of the sky, appear to be in thermal equilib-

rium at almost the same temperature. As the horizon is a finite size, there

is no time for these regions to interact before the photons are emitted.

These two patches of sky could not have originated from the same point

and are therefore not in causal contact. Hence the SM cannot explain why
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the temperature is correlated. Big Bang Cosmology cannot explain this

phenomenon however, inflation resolves this problem by stating that the

present Universe looks spatially flat.

The Friedmann-Robertson-Walker metric is defined as follows:

ds2 = −dt2 + a2(t) [ dr2

1 − k r2
+ r2 (dθ2 + sin2 θ dφ2)] , (1.2.1)

where a(t) is the scale factor, κ is the curvature parameter, r,θ,φ are coor-

dinates which in the case of this equation are comoving coordinates. When

κ has a value of +1 for positive curvature, κ = 0 is the flat spacetime and

κ = −1 is a negative curvature.

From the metric we arrive at the following equation:

∫
tdec

t∗

dt

a (t) ≪ ∫
t0

tdec

dt

a (t) . (1.2.2)

where tdec is the time when decoupling occurs (when the CMB was formed),

t0 is present time and t∗ is the initial time at which the light began to travel

(Big Bang).

(1.2.2) shows that the distance light travels before the CMB is released is

much smaller than the present horizon distance. Any regions that are sep-

arated by more than approximately 2 degrees in the sky today are causally

separated at decoupling in the Big Bang theory [106, 107]. There is no ex-

planation in the Big Bang theory detailing why the Universe appears to be

homogeneous (same in all locations) [108]. Also it does not explain how the

Universe is also isotropic (same in all directions). So, the horizon problem

states that, in standard cosmology, there is no physical explanation as to

why the Universe appears to be smooth on large scales [109, 110].

The second integral in (1.2.2) is known as the particle horizon (distance

photons can travel in between two times (t0 and t)) which can also be
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written in terms of conformal time τ . Conformal time is defined as:

τ = dt
a

χph(τ) = τ − τ0 = ∫
t

t0

dt

a(t) , (1.2.3)

where χph is the conformal particle horizon, τ is the conformal time at the

time of the Big Bang and τ is the conformal time at the present time of

the Universe.

The particle horizon can be rewritten as follows:

χph(τ) = ∫
t

t0

dt

a(t) = ∫
a

a0

da

aȧ
= ∫

ln a

lna0
(aH)−1d lna, (1.2.4)

where (aH)−1 is the comoving Hubble radius, a0 = 0 corresponds to the

Big Bang singularity. We can link the causal structure of spacetime to the

comoving Hubble radius. Assuming that the equation of state ω = p
ρ

(aH)−1 =H−1
0 a

1
2
(1+3ω), (1.2.5)

where H is the Hubble parameter as a function of time and H0 is the

Hubble parameter at present time. In standard cosmology χph ≃ (aH)−1.

We can therefore, refer to the particle horizon and the Hubble radius as

the “Horizon”.

Approximately 380,000 years after the Big Bang, the Universe cooled. This

allowed hydrogen atoms to be formed and the decoupling of primordial

plasma, which is known as the Cosmic Microwave Background (CMB). We

are able to observe it thanks to the Wilkinson Microwave Anisotropy Probe

(WMAP) and the Planck satellites [111].

During our description of the horizon problem we haven’t addressed the

issue of the increasing Hubble sphere in Big Bang cosmology. We can

therefore suppose that in the early Universe we are using a decreasing
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Hubble radius,
d

dt
(aH)−1 < 0. (1.2.6)

Essentially, the horizon problem boils down to the fact that the CMB is

isotropic to a high level of precision even though widely separated points

on the last scattering surface are completely outside each others’ horizons

[112].

Inflation is a period of accelerated expansion of the Universe which occurred

within the first second following the Big Bang. Before inflation took place,

regions that are now more than 2 degrees apart were in causal contact

[111]. Causal physics is able to produce a large smooth thermalised region,

encompassing a volume, which is far in excess of the present observable

Universe. Causal processes are also able to generate anisotropies in the

Universe on large enough scales as to exceed the present observable Universe

[108].

1.2.1.2 The Flatness Problem

The flatness problem originates from considering the Friedmann equation

in the following form:

∣Ω − 1∣ = ∣k∣
H2 a2

, (1.2.7)

where Ω is the total density parameter, a is the scale factor and H is the

Hubble parameter. Differentiating by the scale factor causes the equation

to becomes:
dΩ

da
= (1 + 3ω) Ω (Ω − 1)

a
. (1.2.8)

The density parameter is approximately equal to 1 [112]. During the evo-

lution of the Universe, a2H2 is decreasing so Ω moves away from 1:

Matter domination : ∣Ω − 1∣ α t
2
3 ,

Radiation domination : ∣Ω − 1∣ α t.
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So Ω = 1 is a critical point. Since Ω today is within an order of magnitude

of 1 so it must have been much closer in the past. The total density is

defined as follows:

Ω = Ωm +Ωd +ΩΛ, (1.2.9)

where Ω is the total density parameters, Ωm is the matter density param-

eter, Ωd is the dark matter density parameter and ΩΛ is the dark energy

density parameter.

The WMAP satellite determined precise values for these cosmological pa-

rameters.

Parameter WMAP parameter What is it?

Ω 1.02 ± 0.02 total density

ΩΛ 0.73 ± 0.04 dark energy density

Ωd 0.27 ± 0.04 dark matter density

Ωm 0.044 ± 0.004 matter density

Table 1.1: Values of density parameters determined by WMAP [113]

Planck has produced more accurate results for these parameters in 2013

[114, 115] then again in 2015 [116, 117].

In terms of spacetime curvature, the early Universe is incredibly close to

being flat.

nucleosynthesis (t ≈ 1 sec) ∶ ∣Ω − 1∣ < O (10−16),
electro-weak scale (t ≈ 10−11 sec) ∶ ∣Ω − 1∣ < O (10−27),

The value of Ω has important implications. Either the Universe will swiftly

re-collapse, or will rapidly expand and cool below 3K within its first second

of existence [108].
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Figure 1.4: Curvature of the Universe for different values of Ω. Ω > 1
is the Universe with a positive curvature which is the case where the
Universe will expand forever, Ω < 1 is the negative curvature where the
Universe will collapse in on itself and Ω = 1 is a flat Universe which

represents our Universe [4].

The problem with the hot Big Bang model is that aH is always decreasing.

This causes Ω to deviate from 1.

1.2.1.3 Inflation

Inflation solves these problems. In cosmology, inflation is defined as the

rapid expansion that took place in the early Universe at high energy ä >
0 [104, 108]. This acceleration leads to the expansion of a small region

of space to enormous scales, diminishing spatial curvature in the process,

making the Universe approximately flat. This explains how Ω was much

smaller than 1 at early times in the life of the Universe. Another result of

this sudden expansion is that the horizon is greatly increased which means

distant points on opposite ends of the CMB are still within the horizon,

therefore, they remain in causal contact [112]. As the critical matter density

is so close to 1, and has remained approximately 1, even today, despite

deviating away from this during the post-inflationary period [108].
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Figure 1.5: Curvature perturbation during and after inflation.The co-
moving horizon (aH)−1 shrinks during inflation and grows in the resul-
tant FRW evolution. This implies that the comoving scale k−1 exits the

horizon at early times and re-enters the horizon at late times [111].

We define the Hubble parameter [118]:

H = ȧ
a
, (1.2.10)

where H is the derivative of the scale factor a over the scale factor ȧ.

The shrinking Hubble radius is related to the acceleration and pressure

of the Universe via the Friedmann Equations which we arrive at from the

FRW metric.

H2 ≡ ( ȧ
a
)

2

= 1

3
ρ − k

a2
, (1.2.11)

and

Ḣ +H2 = ä
a
= −1

6
(ρ + 3p) . (1.2.12)

where p is the pressure and ρ is the mass density.

The conditions we require for inflation are the following:

• Decreasing comoving horizon:-
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A decreasing Hubble sphere which is defined as:

d

dt
(H

−1

a
) < 0. (1.2.13)

This directly relates to the horizon and flatness problems.

• Accelerated expansion

From (1.2.11) we can produce the relation:

d

dt
(H

−1

a
) = −ä

(aH)2
. (1.2.14)

As a consequence of the shrinking Hubble radius we can see that this sug-

gests accelerated expansion
d2 a

dt2
> 0. (1.2.15)

This demonstrates why inflation is described as a period of rapid expansion.
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• Negative pressure

If we look at the second Friedmann equation (remember ä > 0 for this to

be true) we need the following condition:

p < −1

3
ρ. (1.2.16)

So, along the shrinking Hubble radius, accelerated expansion is required.

As a consequence we need a negative pressure [111, 119].

1.2.2 Scalar Fields

We introduce a scalar field, known as an inflaton. The Lagrangian for a

scalar field φ has the usual form of a kinetic term minus a potential term:

L = 1

2
gµν (∂µφ) (∂νφ) − V (φ) . (1.2.17)

L is the Lagrangian density of a generic scalar field gµν is the metric and

V (φ) is the potential of the scalar field. The corresponding field equation

from the Euler-Lagrange equation:

◻2 φ + dV
dφ

= 0, (1.2.18)

where ◻2 is the covariant d’Alembertian operator [106]. A simple example

is a free scalar field of mass m, for which the potential is V (φ) = 1
2 m

2φ2

and the field equation becomes the covariant Klein-Gordon equation,

◻2 φ +m2φ = 0. (1.2.19)

For the moment we ignore the interactions φ may have with other fields in

this theory. The stress-energy tensor T µν for φ is:

T µν = ∂µφ∂νφ −L gµν . (1.2.20)
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1.2.2.1 Single Field Inflation

Inflation becomes a natural idea as the negative pressure condition can be

met with a single scalar field, φ, minimally coupled to gravity. The action

for such a system is given by

Sφ = −∫ dx4√−g [1

2
gµν ∂µ φ∂ν φ + V (φ)] . (1.2.21)

The physical nature of the inflation field is still unknown which allows

V (φ) to have different shapes. From our action we can derive the energy-

momentum tensor T φµν for φ,

T φµν = ∂µφ∂νφ + gµν [−
1

2
gρσ∂ρφ∂σ + V (φ)] . (1.2.22)

φ must be homogeneous and can only be time dependent since FRW space-

times are homogeneous and isotropic at background level. In this case the

energy-momentum tensor is expressed as follows:

Tµν = ρuµ uν +
p

a2
gµν , (1.2.23)

where gµν is the inverse metric, ρ and p are two constants which are only

time dependent while uµ is the four velocity for a comoving observer for

whom space is homogeneous and isotropic.

ρ and p are defined as follows:

ρ = φ̇
2

2
+ V, (1.2.24)

p = φ̇
2

2
− V. (1.2.25)

As a result of this we achieve our second condition for inflation where

ρ+ 3p < 0 when φ̇≪ V . This is what we need in order for inflation to take

place. Inflation occurs if the scalar field slowly rolls down the potential.

Consequently, the kinetic energy is dominated by the potential energy.
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Dynamics of φ are found by plugging the solutions of ρ and p into the

momentum conservation equation φ̇ + 3H(ρ + p) = 0 resulting in the Klein-

Gordon equation [104, 120].

φ̈ + 3Hφ̇ + V ′ = 0. (1.2.26)

Figure 1.6: An example of a slow-roll potential. Acceleration occurs
when the potential energy of the field, V (φ), dominates over the kinetic
energy term 1

2 φ̇
2. Inflation ends at φend when the kinetic energy in-

creases to be approximately equal to the potential term, 1
2 φ̇

2 ≈ V . CMB
fluctuations are created by quantum fluctuations δφ about 60 e-folds
(e-fold is time interval in which a quantity grows exponentially increases
by a factor of e) before the end of inflation. At the point of reheating,

the energy density of the inflation is converted into radiation [121].

1.2.3 Non-attractor inflation and the Production of

primordial gravitational waves

A key prediction of inflation is the production of background stochastic

gravitational waves. The single field, slow-roll inflation scenario produces

tensor fluctuations of the metric, also known as primordial gravitational

waves, which are characterised by a near scale-invariant power-spectrum

on super-horizon scales [122].

Non-attractor inflation can be used to enhance stochastic background pri-

mordial tensor fluctuations (or gravitational waves) at frequencies and

scales that can be measured with gravitational wave experiments such as
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LISA, LIGO and SKA. Moreover this type of inflation has the potential to

amplify gravitational wave non Gaussianities [1]. This allows us to under-

stand more of the early Universe and the what led to the creation of large

scale structures.

In single field inflation the action is given as follows

S = ∫ dη d3x
zS
2
[R′2 − (∇⃗R)2] (1.2.27)

with:

zS ≡ a
φ̇

H
, (1.2.28)

where φ is the homogeneous scalar field, zs is called the scalar pump field

and R is the scalar fluctuations. In the case where the scalar pump field

is in an increasing function of time - such as in slow roll regime, where the

scalar field and Hubble parameter are approximately constant which results

in inflation entering into an attractor phase, R is conserved at superhorizon

scales and its spectrum is almost scale invariant. However, if the opposite

occurs and zs is in a rapidly decreasing function of time, albeit briefly,

this means that the inflationary evolution is no longer an attractor. What

we would expect is that the decaying mode of the curvature perturbation

becomes dominant resulting in the power spectrum of the modes leaving

the horizon during this non-attractor phase. It can be enhanced by several

orders of magnitude in a short time interval [123].

In slow roll inflation, in the equation of motion for the scalar field, the

second derivative of the scalar field, becomes unimportant and is ignored

but in non-attractor inflation, the potential term becomes negligible, and

the second derivative term becomes important.

To sum up, in this chapter we discussed a possible candidate for dark

matter, axions, and how it is a more suitable than other particles, such

as WIMPS. The detection methods for this pseudoscalar, both direct and
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indirect, were discussed and how axions have the potential to produce grav-

itational waves (indirect detection of axions). In the next section we dis-

cussed inflation and how a particular model of inflation is able to amplify

primordial gravitational waves from the early universe which then can be

detected by various detectors (LIGO, LISA, SKA etc).

In the next chapter, we will discuss the indirect detection of axions using

PTAs (detecting gravitational oscillations produced by axions) and how,

using a multi-field set-up, the mass range of axions could be increased

allowing them to be detected by more experiments.

In the third chapter we move on to discussing non-attractor inflation and

how it can amplify primordial gravitational waves from the early universe

allowing us to observe them with detectors.

Finally, in the fourth chapter, building on chapter 3, we discuss the detec-

tion of 3pt tensor, scalar and a combination of both functions by PTA and

LIGO.



Chapter 2

Multi-field Scalar field

condensates as Dark Matter

One of the biggest mysteries in modern cosmology concerns the unknown

nature of Dark Matter. Many candidates have been suggested to solve this

problem including an ultra-light scalar field with a mass range between

10−22eV and 10−33eV . Ultra-light scalar fields/ultra-light axions are able

to address the issues that arise with heavier dark matter candidates, such

as the cuspy halo problem. Axions induce oscillations which may be able

to be detected by pulsar timing arrays.

Returning to what was discussed in subsection 1.1.2 from the previous

chapter we know that pulsar timing arrays study the periods of pulsars/the

arrival time of their pulses. Pulsar periods are very precise; to the point

that they can rival atomic clocks. However the results from the arrays

indicate that the arrival times of the pulses do not match up with previously

recorded periods (take longer to arrive at the detectors). This suggests

that something is causing this effect and an option for this may be an

ultra-light axion. Massive astrophysical events, such as the merging or two

supermassive black holes, generate background gravitational waves which

spread throughout all spacetime. As previously stated, the axions are able

30
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to induce oscillations in its pressure which could contribute to the increase

in pulse arrival time.

Andrei Khmelnitsky and Valery Rubakov first discussed this method of

dark matter detection in [95] using a single field approach. In this chapter

we are discussing a multi field case, we begin with two, uncoupled, scalar

fields before moving on to the coupled case. In each scenario we aim to

explore if our system could possibly be considered as dark matter and

whether or not it could be detected by present/future pulsar timing arrays.

2.1 Multi field system uncoupled

We begin with two scalar fields, φ and χ which are composed of a back-

ground field and the perturbations around it:

φ = φc (η) + ϕ (η,x) , (2.1.1)

χ = χc (η) +Θ (η,x) , (2.1.2)

where φc and χc are the background fields and ϕ and Θ denote the pertur-

bations around the background fields.

The background fields are expressed as follows

φc = uφ (η) cos [mφt (η)] +wφ (η) sin [mφt (η)] , (2.1.3)

χc = uχ (η) cos [mχt (η)] +wχ (η) sin [mχt (η)] , (2.1.4)

where uφ, uχ, wφ and wχ are slowly varying functions of conformal time. uφ

and uχ are leading order and wφ and wχ are subleading order. The leading

order functions are defined as

uφ (η) =
Cφ

a
3
2

, (2.1.5)
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uχ (η) =
Cχ

a
3
2

, (2.1.6)

where Cφ and Cχ are constants.

The perturbations around the background field are denoted by

ϕ = Bφ (η,x) sin [mφ t (η)] +Aφ (η,x) cos [mφ t (η)] , (2.1.7)

Θ = Bχ (η,x) sin [mχ t (η)] +Aχ (η,x) cos [mχ t (η)] , (2.1.8)

where Aφ, Aχ, Bφ and Bχ are slowly varying functions of conformal time.

In this system the energy densities of the two scalars ( ρφ ρχ) are taken to

be of approximately the same order:

ρφ ≃ ρχ.

The following conditions are set to facilitate this: one of the masses, mφ, is

given a much larger value than the other, mχ, which itself is much larger

value than the Hubble parameter, H.

mφ ≫mχ ≫H. (2.1.9)

Consequently, the scalar field, with the smaller mass, χ is larger than the

scalar with the larger mass, φ

χ≫ φ, (2.1.10)

The above condition also applies to the constants of the two scalar fields

Cχ ≫ Cφ. (2.1.11)

This allows the mass of the scalar multiplied by its constant to be approx-

imately the same order as the other

mφCφ ≃mχCχ. (2.1.12)
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Which, in turn, leads to the condition needed for ρφ and ρχ to be of the

same order

Cχ = (mφ

mχ

)Cφ. (2.1.13)

The metric, which both scalar fields interact with, can be decomposed into

a slowly varying part Φ̄ and an oscillating part Φosc. Φ̄ is of order O(m0)
as it receives contributions from all cosmic medium and Φosc is of order

O(m−1) [124].

Φ = Φ̄ +Φosc. (2.1.14)

Our present task is to demonstrate whether Φ follows one field or the other

or perhaps it depends on both. In order to answer this question the field

equations for the system need to be solved. Before we can do this, we need

the solutions for the energy momentum tensor.

Energy Density perturbations:

δρϕΘ = − 1

a2
(φ′c)

2
Φ + 1

a2
φ′cϕ

′ +m2
φ φcϕ −

1

a2
(χ′c)

2
Φ + 1

a2
χ′c Θ′ +m2

φ φc Θ,

(2.1.15)

Velocity:

[− (ρ + p) v]ϕΘ = 1

a2
φ′cϕ

′ +m2
φ χc Θ, (2.1.16)

Pressure perturbations:

δpϕΘ = − 1

a2
(φ′c)

2
Φ + 1

a2
φ′cϕ

′ −m2
φ φcϕ −

1

a2
(χ′c)

2
Φ + 1

a2
χ′c Θ′ −m2

φ φc Θ.

(2.1.17)

The order of each component is now given before writing out the field

equations for the system

uφ (η) = O (m−1)

uχ (η) = O (m−1)

wφ (η) = O (m−2)

wχ (η) = O (m−2)
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Bφ (η,x) = O (m−1)

Bχ (η,x) = O (m−1)

Aφ (η,x) = O (m−2)

Aχ (η,x) = O (m−2)

Φ = O (m0)

Φ̄ = O (m0)

Φosc = O (m−1)

Φ̄′ = O (m0)

Φ′
osc = O (m0)

Ψ = O (m0)

Ψ̄ = O (m0)

Ψosc = O (m−1)

Ψ̄′ = O (m0)

Ψ′
osc = O (m0)

ρφ = O (m0)

ρχ = O (m0)

mφ = O (m1)

mχ = O (m1)

Cφ = O (m−1)

Cχ = O (m−1)

The field equations for the system are written to order O(m0) φ :

ϕ′′ + 2
a′

a
Ψ′ + k2 Ψ +m2

φ a
2 Ψ − 4φ′c Φ′ + 2a2m2

φ φc Φ = 0, (2.1.18)

where a is the scale factor and Ψ and Φ are the gravitational potentials.
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Setting the equation to order O (m1) gives the following : B′
φ + 3a′

2a Bφ +
mφ auφ Φ = 0. χ:

Θ′′ + 2
a′

a
Ψ′ + k2 Ψ +m2

φ Ψ − 4φ′c Φ′ + 2a2m2
φ φc Φ = 0. (2.1.19)

Setting equation to order O (m1): B′
χ + 3a′

2a Bχ +mχ auχ Φ = 0.

Now that the expressions for the field equations have been given, we set

the O (m1) equations to zero and solve B′
φ and B′

χ. Once the solutions for

these slowly varying functions have been found they are substituted into

the energy momentum (EM) tensor. Finally, we average the components

of the EM tensor over a period (larger period: 2π
mχ

(smaller mass → larger

period)).

The solutions for B′
φ and B′

χ are put back in to (2.1.15) giving the following

expression for the pressure perturbation component of the EM tensor.

δ pϕΘ = −CφmφmχBφ (η)
4π a (η)

3
2

+
CφmφmχBφ (η) cos [4 mφ

mχ
π]

4π a (η)
3
2

−
CφmφmχAφ (η) sin [4mφmχπ]

4π a (η)
3
2

−
3CφmχBφ (η) H (η) sin [4mφmχ π]

8π a (η)
3
2

+
mφmχBφ (η) sin [4mφmχπ]

4π
. (2.1.20)

Since we have set mφ ≫ mχ, the Cosine function becomes 1 and the two

O(m1) terms cancel if mφ is an integer multiple of mχ. The Sine function

also vanishes in the O(m0) terms which leaves us with a pressureless system.

We support this statement by using different periods. When averaged over

the small period 2π
mφ

we are also able to obtain a pressureless system (if the

condition, mφ ≫mχ, is a followed and as a result, mφ is an integer multiple

of mχ). Since the system appears to be pressureless it can be considered

to be a dark matter candidate (at least in this regime). This gives us the
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following expression for the pressure pertubations

δ pϕΘsmall = −
Cφm2

φBχ (η)

4π a (η)
3
2

+
Cφm2

φBχ (η) cos [4mχmφπ]

4π a (η)
3
2

−
Cφm2

φA
2
χ (η) sin [4mχmφπ]

4π a (η)
3
2

−
3Cφm2

φBχ (η) H (η) sin [4 mχ
mφ

π]

8mχ π a (η)
3
2

+
mχmφBχ (η) wχ (η) sin [4mχmφπ]

4π
. (2.1.21)

The process is repeated for the density and velocity components.

Velocity component when averaged over the longer period:

[(ρ + p) v]ϕΘ = −CφmφBφ (η)
2a (η)

5
2

− CφmφBχ (η)
2a (η)

5
2

+
CφmχBχ (η) sin [4mφmχπ]

8π a (η)
5
2

,

(2.1.22)

Velocity component when averaged over the shorter period:

[(ρ + p) v]ϕΘsmall
= −CφmφBφ (η)

2a (η)
5
2

−CφmφBχ (η)
2a (η)

5
2

+
Cφm2

φBχ (η) sin [4mχmφπ]

8mχ π a (η)
5
2

.

(2.1.23)

Energy density perturbations averaged over the longer period:

δ ρϕΘ =
Cφm2

φAφ (η)

a (η)
3
2

+ CφmφmχAχ (η)
a (η)

3
2

+m2
χBχ (η) wχ (η)

−
3CφmχBφ (η) H (η) sin [4 mφ

mχ
π]

8π a (η)
3
2

+m2
φBφ (η) wφ (η) , (2.1.24)

Energy density perturbations averaged over the shorter period:

δ ρϕΘsmall =
Cφm2

φAφ (η)

a (η)
3
2

+ CφmφmχAχ (η)
a (η)

3
2

+m2
χBχ (η) wχ (η)

−
3Cφm2

φBχ (η) H (η) sin [4 mχ
mφ
π]

8π a (η)
3
2

+m2
φBφ (η) wφ (η) . (2.1.25)
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Now that we have a pressureless system/ potential dark matter candidate

for the case where mφ is much larger than mχ we want to check whether

the system is still pressurelss when this is not the case. This can be done

by averaging over an even longer period.

2.1.1 Averaging over an even longer period

For the case where mφ is not an integer multiple of mχ we choose a longer

period which corresponds to the shortest distance required before the plots

of both scalar fields intersect. This period is called M and mφ and mχ are

integer multiples of it. This gives the following condition

M ≪mχ ≪mφ.

With this condition we can check if the EM components have a similar

form to the previous conditions. Below we have the EM tensor components

when averaged over the longest period M .

Energy density perturbations:

δ ρϕΘlongest =
Cφm2

φAφ(η)
a(η) 3

2

+ CφmφmχAχ(η)
a(η) 3

2

+m2
χBχ(η)wχ(η)

−
3CφMB(η)H(η) sin[4mφM π]

8π a(η) 3
2

−
3CφMmφBφ(η)H(η) sin[4mχM π]

8mχ π a(η)
3
2

+m2
φBφ(η)wφ(η). (2.1.26)

Velocity:

[− (ρ + p) v]ϕΘlongest
= −CφmφBφ(η)

2a(η) 5
2

− CφmφBχ(η)
2a(η) 5

2

+
CφMBχ(η) sin[4mφM π]

8π a(η) 5
2

+
CφMmφBχ(η) sin[4mχM π]

8mχ π a(η)
5
2

. (2.1.27)
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Pressure perturbations:

δ pϕΘlongest = −
CφMmφBφ(η) sin2[2mφM π]

2π a(η) 3
2

−
CφMmφAφ(η) sin[4mφM π]

4π a(η) 3
2

−
3CφMBφ(η)H(η) sin[4mφM π]

8π a(η) 3
2

−
CφMmφBχ(η) sin2[2mχM π]

2π a(η) 3
2

−
CφMmφCχ(η) sin[4mχM π]

4π a(η) 3
2

−
3CφMmφBχ(η)H(η) sin[4mχM π]

8mχ π a(η)
3
2

+
MmχBχ(η)wχ(η) sin[4 mχ

M π]
4π

+
MmφBφ(η) sin[4mφM π]wφ(η)

4π
.

(2.1.28)

The solutions for the EM tensor, when averaged over an even longer period,

correspond to the previous case. As a result at leading order the system is

pressureless due to mφ and mχ being integer multiples of M . The system

can still be considered a dark matter candidate at this point.

Another test will done to check whether the system can still be considered

a valid dark matter candidate/ pressureless system. In this next case, we

will obtain the components of the EM tensor for larger distances.

2.1.2 k2 = O(mχ) ≪mφ (large distances)

The same system is considered as in the previous section, however the

conformal momentum is assigned to be of order O(mχ). This means we

are considering this system over larger distances. All terms are of the

same order as previously discussed except for one notable exception. The

functions Bφ, Bχ, Aφ and Aχ are now all of the same order (O(m0)).

The EM tensor components are stated to leading order
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Energy density perturbations:

δ ρϕΘ =m2
φAφ (η) uφ (η) +m2

χ (η) Aχ (η) uχ (η) +m2
φBφ (η) wφ (η)

−1

2
m2
φ u

2
φ (η) Φ (η) −

mφ uφ (η) B′
φ (η)

2a (η) −
mφBφ (η) u′φ (η)

2a (η) .

(2.1.29)

Velocity:

[(ρ + p)v]ϕχ = −
Cφmφ πBφ(η)
mχ a

5
2 (η)

− Cφmφ πBχ(η)
mχ a

5
2 (η)

+
CφBφ(η) sin [4mφmχπ]

4a
3
2 (η)

. (2.1.30)

Solution for pressure perturbations:

δ pϕΘ = −1

2
m2
φ uφ (η)

2
Φ (η) − 1

2
m2
χ uχ (η)

2
Φ (η) −

mφ uφ (η) B′
φ (η)

2a (η)

−
mχ uχ (η) B′

χ (η)
2a (η) +

mφ u′φ (η) Bφ (η)
2a (η) +

mχ u′χ (η) Bχ (η)
2a (η) .

(2.1.31)

As we have set the following condition, k ≃mχ and because the slowly vary-

ing functions are now all of the same order O(m0) the two field equations

produce three equations when written at order O(m1). This is because Aχ

and Aφ are no longer suppressed as they are now the same order as the

other functions.

B′
φ (η) +

3a (η)′

2a (η) Bφ +mφ a (η) uφ (η) +
k2

2mφ a (η)
= 0, (2.1.32)

B′
χ (η) +

3a (η)′

2a (η) Bχ +mχ a (η) uχ (η) +
k2

2mχ a (η)
= 0, (2.1.33)

A′
χ (η) +

3a (η)′

2a (η) Aχ −
k2

2mχ a (η)
Bχ = 0. (2.1.34)



Chapter 2 Multi-field Scalar field condensates as Dark Matter 40

We make use of (2.1.32) and (2.1.33) and put them back into the pressure

perturbations solutions giving us a simplified solution.

δ pϕΘ = uχ (η) k
2Aχ (η)

4a (η)2 . (2.1.35)

In this set up (k ≃ mχ) the pressure perturbations expression is now of

order O(m0) which suggests that the pressure is no longer negligible as it

had been in the previous scenarios.

The sound speed squared for a system of two scalar fields at large distances

(k ≃ mχ ≪mφ) is the pressure perturbations divided by the energy density

perturbations.

u2
s ≡

δ pϕΘ

δ ρϕΘ

. (2.1.36)

The expressions (2.1.32) and (2.1.33) are rearranged to define B′
φ(η) and

B′
χ(η) respectively. The conditions for the leading order slowly varying

functions uφ(η) (2.1.5) and uχ(η) (2.1.6) are put back into (2.1.36)

u2
s =

Cχ k2Aχ(η)
4a(η)2 (Cχm2

χAχ(η) +m2
φ (CφAφ(η) + a(η)

3
2 Bφ(η)wφ(η)))

.

(2.1.37)

Since the system is pressureless at leading order (pressure is negligible com-

pared with energy density) it can at least be considered as a potential dark

matter candidate at O(m0). For each case the system realised the criteria

needed to be regarded as a potential candidate. Now that we have shown

this we can move to our discussion of detecting scalar field dark matter via

pulsar timing arrays.

2.2 Pulsar timing: Two scalar fields

Following the work of [95] we aim to show that in the coming years it

will be possible for the pulsar timing arrays to detect a system of multiple



Chapter 2 Multi-field Scalar field condensates as Dark Matter 41

ultra-light scalar fields.

Our system as previously stated involves two uncoupled ultra-light scalar

fields

φ (x, t) = Aφ (x) cos (mφ t + αφ (x)) , (2.2.1)

χ (x, t) = Aχ (x) cos (mχ t + αχ (x)) , (2.2.2)

where Aφ and Aχ are the amplitudes of the scalar fields and αφ and αχ are

their phases.

We give the expression for the energy-momentum tensor in order to obtain

the expressions for the energy density and pressure.

Tµν = ∂µφ∂νφ + ∂µχ∂νχ −
1

2
gµν ((∂φ)2 −m2

φφ
2 + (∂χ)2 −m2

χχ
2) . (2.2.3)

When the expressions for scalar fields (2.2.1) and (2.2.2) are put into the

energy-momentum tensor we can see that the energy density T00 has a

dominant time-independent component.

ρDM ≡ T00 =
1

2
m2
φA

2
φ +

1

2
m2
χA

2
χ. (2.2.4)

The EM tensor also has an oscillating part which is proportional to (∇φ)2+
(∇χ)2 ∼ k2

m2
φ
+ k2

m2
χ

ρoscDM ∼ k2

m2
φ

ρφDM + k2

m2
χ

ρχDM = v2
φ ρ

φ
DM + v2

χ ρ
χ
DM . (2.2.5)

However, the dominant term of T ij (spatial components) oscillates in time

with frequency

ωφ = 2mφ, (2.2.6)

ωχ = 2mχ, (2.2.7)
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and the amplitude of the scalar fields are of order of the energy density,

ρDM :

Tij = −(1

2
m2
φA

2
φ cos (ωφt + 2αφ) +

1

2
m2
χA

2
χ cos (ωχt + 2αχ)) δij ≡ p (x, t) δij.

(2.2.8)

When we average the pressure of the period, it is zero, to leading order the

system is pressureless.

However oscillating pressure is not negligible as it induces oscillations in

the gravitational potentials which can lead to observable effects.

In order to find a solution for the gravitational field produced by scalar

field dark matter in the galactic halo we use the Newtonian gauge. The

metric now takes the following form:

ds2 = (1 + 2Φ (x, t))dt2 − (1 − 2Ψ (x, t)) δijdxidxj. (2.2.9)

Ψ and Φ contain the dominant time-independent parts and the parts that

oscillate with frequencies which are multiples of ωφ and ωχ. With only the

leading order oscillating terms taken into consideration the gravitational

potentials take the following form:

Ψ (x, t) ≃Ψ0 (x) +Ψφ
c (x) cos (ωφt + 2αφ (x)) +Ψχ

c (x) cos (ωχt + 2αχ (x))

+Ψφ
s (x) cos (ωφt + 2αφ (x)) +Ψχ

s (x) cos (ωχt + 2αχ (x)) . (2.2.10)

Using the same method we are able to find Φ which takes a similar form.

Φ (x, t) ≃Φ0 (x) +Φφ
c (x) cos (ωφt + 2αφ (x)) +Φχ

c (x) cos (ωχt + 2αχ (x))

+Φφ
s (x) cos (ωφt + 2αφ (x)) +Φχ

s (x) cos (ωχt + 2αχ (x)) . (2.2.11)

The expressions for Ψ and Φ were found with the use of the linearised Ein-

stein equations. The time independent component of Einstein equations,

T00 is written as

∆Ψ = 4πGT00 = 4πGρDM . (2.2.12)
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We are now able to find the solution for Ψ0 (x) (time independent part).

Since density on RHS has no time dependence to leading order we are able

to suppress Ψs and Ψc w.r.t. Ψ0.

From the trace part of spatial components of Einstein equations the oscil-

lating parts can be found

− 6Ψ̈ + 2∇ (Ψ −Φ) = 8πGTkk = 24πGp (x, t) . (2.2.13)

Now we can plug in Ψ (x, t) in order to separate five terms with different

time dependence.

Note that the relationship between the gravitational potentials is as follows:

Ψ = −Φ, Ψ0 (x) = Φ0 (x).

As one is equal to the negative of the other the time independent parts

Ψ0(x) and Φ0(x) are equal to one another

If the frequencies ωφ and ωχ are significantly different sin (ωφt + 2αφ) +
sin (ωχt + 2αχ) give Ψs = 0 to leading order.

This is what remains of the gravitational potential Ψ:

Ψ (x, t) = Ψφ
c (x) cos (ωφt + 2αφ (x)) +Ψχ

c (x) cos (ωχt + 2αχ (x)) . (2.2.14)

Looking at the functions cos (ωφt + 2αφ (x))+ cos (ωχt + 2αχ (x)) we arrive

at the following results for the amplitudes Ψφ
c and Ψχ

c

Ψφ
c =

1

2
πGAφ (x)2 = πGρ

φ
DM (x)
m2
φ

,

Ψχ
c =

1

2
πGAχ (x)2 = πGρ

χ
DM (x)
m2
χ

. (2.2.15)

Now that we have the values for the amplitude of the gravitational potential

we are able to move on and investigate how a scalar field system is able,

possibly, to effect pulsar timing.
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2.2.1 How a multi-field scalar system could have an

effect on pulsar timing

Pulsars are highly magnetised, rotating neutron stars that emit beams of

EM radiation. They are very dense with short periods of rotation. However,

there is a delay in arrival time of the pulses when observed. This could be

due to the presence of the ultra-light scalar fields slowly oscillating with

the pulse passing through these oscillations causing them to be perturbed.

The expression for the gravitational potential (2.2.14) includes time depen-

dent terms which induce oscillations, that, in turn cause a time-dependent

frequency shift resulting in a time delay for any propagating signal. Some

factors must be taken into account before we can attribute the variation

of the signal arrival time to the propagation derived from time-dependent

metric. These factors include the motion of the laboratory frame w.r.t.

the Solar System barycentre, the motion of the pulsars in the galactic rest

frame (or peculiar motion), how the interstellar medium is dispersed and

the intrinsic variation of the pulsar period [125].

We begin by estimating the time-dependent part of the timing residuals for

our case where a multi-field system of ultra-light scalar fields is the major

component of the dark matter halo of the galaxy. The change in arrival

time of a pulse at time t as an integral of the relative change in the arrival

frequency of the pulse is given the following form:

∆t (t) = −∫
t

0

Ω (t′) −Ω0

Ω0

dt′, (2.2.16)

where Ω(t) is pulse arrival frequency at the detector at a time t, and Ω0 is

frequency when there is no time variation of the metric, which corresponds

to the emission frequency of the pulse at the pulsar. As can be seen,

the frequency shift is proportional to gravitational potentials Ψ and Φ. For

signal emitted with frequency Ω0 at point xp at the moment t′ and detected
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at point x at moment t the frequency shift is given by

Ω (t′) −Ω0

Ω0

= Ψ (x, t)−Ψ (xp, t′)−∫
t

t′
ni∂i (Ψ (x′′, t′′) +Φ (x′′, t′′)) . (2.2.17)

Most of the pulsars used in pulsar timing measurements are found at dis-

tances D ≳ 100pc≫m−1. This results in the integrand being unimportant

in this instance since it is a fast oscillating function over the integration

interval. Only the gravitational point at the detector, Ψ (x, t), contributes

to the time delay so the oscillating part of Φ (x, t) does not need to be cal-

culated. Since Ψ0 only induces a time-independent frequency shift which

is not detected/measured by the pulsar timing arrays, the frequency shift

takes the form

Ω (t′) −Ω0

Ω0

= Ψφ
c ((x) cos (ωφt + 2αφ (x)) − cos (ωφ (t −D) + 2αφ (xp)))

+Ψχ
c ((x) cos (ωχt + 2αχ (x)) − cos (ωχ (t −D) + 2αχ (xp))) .

(2.2.18)

By plugging (2.2.18) into the equation for the change in arrival time (2.2.16)

and subtracting the average value of the period, we are able to arrive at

the expression for the time-dependent part of the timing residual at time t:

∆t (t) = 2Ψφ
c

ωφ
sin(ωφD

2
+ αφ (x) − αφ (xp))

× cos(ωφt + αφ (x) + αφ (xp) −
ωφD

2
)

+ 2Ψχ
c

ωχ
sin(ωχD

2
+ αχ (x) − αχ (xp))

× cos(ωχt + αχ (x) + αχ (xp) −
ωχD

2
) . (2.2.19)

In contrast with [95], this time residual is oscillating in time with two

frequencies, ωφ and ωχ. As a result, we can now find the amplitudes of the

system:

∆t (t) = Aφ cos (ωφ t + αφ (x)) +Aχ cos (ωχ t + αχ (xp)) , (2.2.20)
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where,

Aφ = 2Ψφc
ωφ

sin (ωφD2 + αφ (x) − αφ (xp)) and

Aχ = 2Ψχc
ωχ

sin (ωχD
2 + αχ (x) − αχ (xp)) are the amplitudes of the two scalars.

The time residual is averaged over a period which is equivalent to the

minimum point where the plots of the two scalar fields intersect. If the

largest period P = 2π
W is an integer multiple of the periods of the scalar

fields (2π
ωφ

and 2π
ωχ

) then the amplitude is 1

∆tDM =
√
A2
φ +A2

χ , (2.2.21)

which gives

∆tDM =
⎡⎢⎢⎢⎢⎣
(2Ψφ

c

ωφ
sin(ωφD

2
+ αφ (x) − αφ (xp)))

2

+(2Ψχ
c

ωχ
sin(ωχD

2
+ αχ (x) − αχ (xp)))

2⎤⎥⎥⎥⎥⎦

1
2

. (2.2.22)

We can compare the signals from the dark matter halo and gravitational

wave background by averaging the square of the amplitude of the time

residual over the distance to the pulsar, D:

√
< ∆t2DM > =

¿
ÁÁÀ2 Ψφ2

c

ω2
φ

+ 2 Ψχ2

c

ω2
χ

. (2.2.23)

Since (2.2.19) takes the form of the time delay that implies that the correct

frequency for of the mode, ω̄ is the common divisor of (ωφ, ωχ). This is

associated with smaller mass m̄. Where nφ and nχ are numbers, as a result

here are some definitions: ωφ = 2nφ ω̄; ωχ = 2nχ ω̄; 2 m̄ = ω̄
1(2.2.21) is true if ωφ an ωχ are different. If ωχ = ωφ then we have

π (A2
φ +A2

χ + 2AφAχ cos (α (x) − α (xp)))
ωφ

.

It can be seen that the system is now dependent on the phases, where as when the
frequencies were different there was no dependence.
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The average of the square of (2.2.22) over the distance to the pulsar D

gives

√
⟨∆t2DM⟩ =

√
2

¿
ÁÁÀΨφ2

c

ω2
φ

+ Ψχ2

c

ω2
χ

= 1√
2 ω̄

¿
ÁÁÀ Ψφ2

c

n2
φ

+ Ψχ2

c

n2
χ

. (2.2.24)

Going back to (2.2.15) we see that it gives us the relation between the

amplitude of the scalars and the energy density of the system resulting in

the expression for the energy density

m2
φ

2
A2
φ +

m2
χ

2
A2
χ ≃ # (m2

φ Ψφ2

c +m2
χ Ψχ2

c ) . (2.2.25)

This implies the following expression

Ψφ2

c = ρDM
m2
φ

⎛
⎝

1 +
n2
χ

n2
φ

Ψχ2

c

Ψφ2
c

⎞
⎠

−1

. (2.2.26)

When coupling the system with a gravitational wave, we get the solution

for the characteristic strain of the gravitational wave, hc, also known as its

amplitude

hc = 1√
2

¿
ÁÁÀΨφ2

c

n2
φ

Ψχ2

c

n2
χ

= 1√
2

Ψφ2

c

nφ

¿
ÁÁÀ1 + Ψφ2

c

Ψχ2

c

n2
φ

n2
χ

, (2.2.27)

hc ≃ ρDM
ω̄2

1

n3
φ

⎡⎢⎢⎢⎢⎣
1 +

n2
χ

n2
φ

Ψχ2

c

Ψφ2
c

⎤⎥⎥⎥⎥⎦

−1
⎛
⎝

1 + Ψφ2

c

Ψχ2

c

n2
φ

n2
χ

⎞
⎠

1
2

. (2.2.28)

Now that we have successfully found the solution for the characteristic

strain of the system, we want to compare it with the result for the single

field case published in the paper by Khmelnitsky and Rubakov [95]. The

following cases are plotted for different values of nφ and nχ
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Figure 2.1: Characteristic strain (hc) vs frequency ω. Comparing with

single field case when nφ = 1 and nχ = 5 when changing the values of Ψφ2
c

and Ψχ2

c . It is also compared with the observation range of the Square
Kilometre Array (SKA).

Figure 2.2: Characteristic strain (hc) vs frequency ω. Comparing with
single field case when nφ = 1 and nχ = 100. When changing the values

of Ψφ2
c and Ψχ2

c . It is also compared with the observation range of the
Square Kilometre Array (SKA).
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Figure 2.3: Characteristic strain (hc) vs frequency ω. Comparing with
single field case when nφ = 2 and nχ = 1. When changing the values of

Ψφ2
c and Ψχ2

c . It is also compared with the observation range of the
Square Kilometre Array (SKA).

Figure 2.4: Characteristic strain (hc) vs frequency ω. Comparing with
single field case when nφ = 100 and nχ = 1. When changing the values

of Ψφ2
c and Ψχ2

c . It is also compared with the observation range of the
Square Kilometre Array (SKA).

Unfortunately FIGURE 2.3 shows the best solution that the multi-field

system was able to achieve. The case where Ψφ > Ψχ (red) gives the highest

values for the characteristic strain. It almost matches the single scalar

solution (blue). Unfortunately, none of our results were able to better the

solution provided by Khmelnitsky and Rubakov. Looking at the original

paper [95], we can see that the scalar field dark matter solution crosses
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through a proposed future limit which would be achieved after the Square

Kilometre Array has been observing pulsars for a period of 10 years. This

paper was produced in 2013 therefore the current limit is perhaps out of

date. The current limit given by SKA is shown on the figures above. Some

of the lines do cross into the observable regions however, the purpose was

to improve on the original result by increasing the characteristic strain. As

a decoupled system is unable to achieve this, we now aim to improve upon

the original result, by proposing a coupled system.

2.3 Magnetised ultra-light dark matter.

Coupling Dark Matter to Dark Energy

In this section, we will expand on the multi-field system that was used

previously but now it is a coupled system. The coupled system we wish to

construct consists of magnetised ultra-light dark matter. This is achieved

by attempting to couple dark matter to dark energy. If successful, not only

would we have a good candidate for dark matter, but we would also be

furthering our understanding of the even more mysterious universal entity,

Dark Energy.

2.3.1 Motivations

Our coupled system is motivated by ultra-light scalars, e.g. axions, which

are an attractive candidate for dark matter as we have stated previously

in this chapter. In particular, the mass range ma ≃ 10−23 − 10−24 eV is

interesting as it is able to mimic warm dark matter through fuzzy quantum

effects as discussed in [45, 126]. As was described earlier, the warm dark

matter could possibly be detected through pulsar timing variations [95]. We

explore the possibility that such scalars couple to dark energy with lower

dimensional operators. This fact changes their dynamics, in an interesting
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way. In particular providing a ‘see-saw’ mechanism to reduce axion mass

and enlarging the mass range that makes them interesting for dark matter.

2.3.2 System under consideration

The system we are considering consists of two scalar fields ϕ, χ. They span

an internal two dimensional field space, with flat metric gab = δab . They

can be conveniently expressed in components as

Φa = (ϕ,χ) (2.3.1)

The two scalars have two masses mϕ, mχ, which we consider comparable

(of the same order).

Additionally, we consider a preferred vector direction uµ, whose vacuum

expectation value is controlled by its own dynamics that we do not control,

and with time-like component turned on

uµ = (B, 0, 0, 0)′ (2.3.2)

where uµ is a Lorentz-violating time-like unit vector field which satisfies

the condition

gµνu
µ uν = −1. (2.3.3)

Such a condition can be enforced by a Lagrange multiplier. There are many

examples of this in the literature e.g. time-like vectors, from Einstein-

aether to chronon inflation [127]. These scenarios can be well motivated

are exciting and motivate us to pursue the Dark Energy problem. We shall

consider the following action

S = ∫ d4x
√−g [M

2
P

2
R −L] , (2.3.4)
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with the scalar action given by

L = gµν

2
∂µΦa ∂νΦb δ

ab + 1

2
εab (∂µΦa) Φb uν g

µν + m
2

2
Φa Φb δ

ab. (2.3.5)

This action is strongly motivated by [128]. The system is placed in FRW

geometry, ds2 = −dt2 + a2(t)dx⃗2. Consider homogeneous scalars, ϕ = ϕ(t),
χ = χ(t). Then the energy momentum tensor for the homogeneous system

results

T00 =
1

2
Φ̇a Φ̇b δ

ab + B
2
εab Φ̇a Φb +

m2

2
Φa Φb δ

ab, (2.3.6)

Tij =
1

2
Φ̇a Φ̇b δ

ab + B
2
εab Φ̇a Φb −

m2

2
Φa Φb δ

ab. (2.3.7)

We shall use this expression for the energy momentum tensor, for solving

calculations analogous to Rubakov [95]. The homogeneous equations for the

two fields (ϕ and χ) are more conveniently expressed in terms of complex

field, Γ

Γ(t) = ϕ(t) + i χ(t). (2.3.8)

We get the following equation of motion

Γ̈ + 3HΓ̇ − iB Γ̇ +m2 Γ = 0, (2.3.9)

Now we shall redefine the field

Γ(t) = e
i
2
B t

a3/2
Q(t). (2.3.10)

Putting the redefinition of gamma back into (2.3.8) reduces the equation

as follows

Q̈ + [m2 + B
2

4
+ 3i

2
BH − 9

4
H2 + 6 εHH

2] Q = 0. (2.3.11)

Suppose that we impose the condition m, B ≫ H on the system. This

results in all terms that include H becoming negligible. In this regime, the
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equation of motion becomes

Q̈ + [m2 + B
2

4
] Q = 0. (2.3.12)

As we can see the solution which appears due the condition being imposed

is a simple plane wave with frequency w =
√
m2 +B2/4:

Q = q1 e
iwt+iφ1 + q2 e

−iwt−iφ2 , (2.3.13)

where w1,2 frequencies and q1,2 and φ1,2 are real constants. Then the con-

figuration for Γ now reads

Γ = 1

a3/2
[q1 e

iw1t+iφ1 + q2 e
−iw2t−iφ2] , (2.3.14)

with

w1 = (w +B/2) , (2.3.15)

w2 = (w −B/2) . (2.3.16)

We now assume a new condition, B ≫m for simplicity. Then we have

w1 = w +B/2 ≃ B, (2.3.17)

w2 = w −B/2 ≃ m
2

B
. (2.3.18)

Since m2

B ≪ 1, the second frequency is much smaller than the first (B >> m2

B )

and we are able to decompose Γ

Γ = 1

a3/2
[q1 cos (B t + φ1) + q2 cos(m

2

B
t + φ2)]

+ i

a3/2
[q1 sin (B t + φ1) − q2 sin(m

2

B
t + φ2)] . (2.3.19)



Chapter 2 Multi-field Scalar field condensates as Dark Matter 54

From the definition of Γ, we are able to obtain the solutions for our two

scalar fields

ϕ = 1

a3/2
[q1 cos (B t + φ1) + q2 cos(m

2

B
t + φ2)] , (2.3.20)

χ = 1

a3/2
[q1 cos (B t + φ1 −

π

2
) + q2 cos(m

2

B
. t + φ2 +

π

2
)] . (2.3.21)

We now assume that B is multiple of m2/B. Perhaps there are reasonable

initial conditions which further fix some of the parameters of the scalar

field solutions, for example ϕ̇ = χ̇ = 0 at t = 0.

We can forget this in the meantime, as we first focus on ϕ. We assume

q1 ≪ q2. It is a mode with quite low frequency/long period, whose shape is

slightly changed by rapidly oscillating component proportional to q1. For

χ it is the same thing, however, the phase of the mode is shifted by π/2.

The benefit of this scenario is that we are able to achieve a longer period

through a kind of ‘see-saw’ mechanism.

We have two scenarios to test for different values of B

• If B ∼ 10−2eV (order of neutrino mass), with m ∼ 10−12eV (lower

bound on scale of QCD axion) we get m2/B ∼ 10−22eV .

• If B ∼ 109eV (TeV scale of new physics) with m ∼ 10−6eV (scale of

QCD axion) we get m2/B ∼ 10−22eV .

We first check that our axion mass (≃ 10−22eV ) that can be obtained when

B is of the same order as the neutrino mass (≃ 10−2eV ). If we are able to

obtain it with a much larger value for B. Achieving the axion mass at this

range gives the possibility of new physics.

Before probing these scales we must first check the hypothesis q1 ≪ q2 and

work out the properties of the system. Then after showing that our system

is a viable dark matter candidate we can the study the consequences for



Chapter 2 Multi-field Scalar field condensates as Dark Matter 55

modulation of pulsar timing. We begin in the regime q1 ≪ q2 , then in we

study the system in general.

2.3.3 Regime q1 ≪ q2

We begin with the regime where q1 ≪ q2 so the scalars (2.3.20) and (2.3.21)

now take the following form

ϕ = 1

a3/2
[q2 cos(m

2

B
t + φ2)] , (2.3.22)

χ = 1

a3/2
[q2 cos(m

2

B
t + φ2 +

π

2
)] . (2.3.23)

From this we are able to produce the following solutions for the energy

density (which comes from the T00 component of energy-momentum tensor)

and pressure (comes from the Tij component),

ρDM = q2
2

a3
m2, (2.3.24)

p = q2
2

2a3

m4

B2
. (2.3.25)

As was mentioned previously, the condition B ≫ m was imposed on the

system therefore the energy density is much larger than the pressure, as a

result, the system can still be considered a possible dark matter candidate.

Now that the essential conditions have been established we are able to

continue with the method from [95] which was used for the uncoupled

system in the previous section.

In this new coupled case the gravitational potential now takes the following

form:

Ψ (x, t) = Ψ0 (x)+Ψϕ
c (x) cos (ω t + φ2)+Ψχ

c (x) cos(ω t + φ2 +
π

2
) , (2.3.26)

where frequency ω is equivalent to mass m2

B .
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If we remember from the original case that Ψ0 (x) is equal to zero and since

both fields have the same frequency Ψs is non-zero. Ψχ
c is out of phase with

Ψφ
c by π

2 so Ψ is rewritten as

Ψ (x, t) = Ψϕ
c (x) cos (ω t + φ2) −Ψχ

s (x) cos (ω t + φ2) . (2.3.27)

As we have the solution for the gravitational potential, the timing residual

(2.2.16) can now be expressed

∆t (t) = −∫
t

0
Ψc (cos (ω2t + 2φ2 (x)) − cos (ω2 (t −D) + 2φ2 (xp)))

−Ψs (sin (ωt + 2φ2 (x)) + sin (ω (t −D) + 2φ2 (xp)))dt′.
(2.3.28)

With this expression we are able to solve the integral which leads the fol-

lowing result for the timing residual.

∆t (t) = 2

ω
sin(ωD

2
+ φ2 (x) − φ2 (xp))

(Ψc cos(ωt + φ2 (x) + φ2 (xp) −
ωD

2
)

−Ψs sin(ωt + φ2 (x) + φ2 (xp) −
ωD

2
)) . (2.3.29)

From this we obtain the solution for the amplitude of the timing residual

∆tDM = 2

ω
sin(ωD

2
+ φ2 (x) − φ2 (xp)) . (2.3.30)

Similar to the uncoupled case, we can compare our signals from the dark

matter galactic halo with the gravitational wave background (can be found

in [95]). The root mean square of the dark matter amplitude is given as

√
< ∆t2DM > =

√
(Ψ2

c +Ψ2
s)

ω2
. (2.3.31)
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We now reintroduce the frequency that was defined as ω = m2

B and put it

back into (2.3.31)

√
< ∆t2DM > =

√
B2 (Ψ2

c +Ψ2
s)

m4
. (2.3.32)

By looking at the result we have found for the RMS of the dark matter

amplitude we see that there is little reason to plot the results for the am-

plitude against frequency in this regime (q1 ≪ q2) as we would be left with

the result given in [95] and would not be able to improve upon it. This is

the same issue as we had in the uncoupled case. Our aim, in this chapter,

is to try and find an upper bound for the vector field in order to, perhaps,

increase the mass of the axions from 10−22eV , which would therefore in-

crease the characteristic strain of the dark matter signal (as they are of the

same order). In an effort to achieve this aim we move on to the general

regime where q1 is now non-zero.

2.3.4 Regime q1 ≠ 0

Now that it has been shown that the system is still a dark matter candidate

when q1 = 0 but cannot improve on the single field case [95], the general

case can be solved. The scalars are still of the same form as (2.3.20) and

(2.3.21) respectively.

With q1 ≠ 0 we now have two masses/frequencies to deal with. The gravi-

tational potential Ψ can be rewritten in the following form

Ψ (x, t) = Ψ0 (x) +Ψϕ
c (x) cos (ω1 t + φ1) +Ψϕ

c (x) cos (ω2 t + φ2)

+Ψχ
c (x) cos(ω1 t + φ1 −

π

2
) +Ψχ

c (x) cos(ω2 t + φ2 +
π

2
) , (2.3.33)

where the frequencies are defined as: ω1 = B and ω2 = m2

B .

Although the structure of (2.3.33) only contains cosine functions we are

still able to obtain sine functions in the expression for the gravitational
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potential. This is because the cosine components that involve the scalar

field χ contain +/ − π
2 , therefore they can be changed to -sine function.

Resulting in a sine and cosine components for each mass. The expression

for the gravitational potential now reads as follows

Ψ (x, t) = Ψc (x) cos (ω1 t + φ1) −Ψc (x) cos (ω2 t + φ2)

−Ψs (x) sin(ω1 t + φ1 −
π

2
) +Ψs (x) sin(ω2 t + φ2 +

π

2
) . (2.3.34)

With the full solution for the gravitational potential we can now produce

the expression for the change in arrival time (2.2.19) in the general regime

(q1 ≠ 0)

∆t (t) = − (Ψ2
c +Ψ2

s)

(q2
2 cos(Dm2

B
+ φ2(x) − φ2(xp)) + q2

1 cos(φ1(x) − φ1(xp)) − q2
1 − q2

2) .

(2.3.35)

The expression can be further simplified by setting B2

m to 2π. This gets rid

of the φ2 phase so we only have on phase to deal with.

By taking the average over the distance to the pulsar, D this gives us the

solution for the amplitude of the dark matter system

∆tDM = − (Ψ2
c +Ψ2

s) (−q2
1 − q2

2 + q2
1 cos (φ1 (x) − φ1 (xp))) . (2.3.36)

Further simplification is needed as there is still a cosine term containing

phases (only φ1 as φ2 was removed from the expression when B2

m was set

to 2π ), so averaging over the phase and taking the square root leaves the

following √
< ∆t2DM > =

√
(q2

1 + q2
2) (Ψ2

c +Ψ2
s). (2.3.37)

As we have previously mentioned we would like to find an upper bound

for the vector field in order to perhaps increase the mass of the ultra-light

cosmological axions from 10−22eV , which would increase the characteristic
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strain of the dark matter signal making the axion easier to detect. In order

to do this some initial conditions need to be imposed upon the system.

Firstly we need to understand the misalignment mechanism that is used

in the production of axions. From this understanding we will be able to

discuss the possible initial conditions that could be imposed on our system.

Most of the information about the misalignment mechanism and initial

conditions we are taking are from a review on axion cosmology by David

J.E. Marsh [32] which presents a far more detailed discussion on the topic.

2.3.5 Misalignment and Initial Conditions

The misalignment mechanism or vacuum realignment is a model indepen-

dent production mode for axions. It relies on being associated to spon-

taneous symmetry breaking and axions being a pseudo Nambu Goldstone

Boson (pNGB). It depends only on gravitational interactions and self in-

teractions [32].

Background evolution

We begin with the axion equation of motion

φ̈ + 3Hφ̇ +m2
a φ = 0. (2.3.38)

From this we can obtain the background energy density and pressure ex-

pressions of the axion field (from the energy-momentum tensor):

ρ̄a =
1

2
φ̇2 + 1

2
m2
a φ

2, (2.3.39)

P̄a =
1

2
φ̇2 − 1

2
m2
a φ

2. (2.3.40)

In a matter or radiation dominated Universe the scale factor evolves as a

power law, a ∝ tp. This gives an exact solution of the axion field φ from
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(2.3.38):

φ = a− 3
2 ( t
ti
)

1
2

[C1 Jn (mat) +C2 Yn (mat)] , (2.3.41)

where n = (3p−1)
2 , Jn (x) , Yn (x) are known as Bessel functions of the first

and second kind respectively, and ti is the initial time. C1 and C2 are

constants determined by the initial conditions. These are well defined for

axions in the vacuum realignment mode when H (ti) ≫ma:

φ (ti) = fa φa,i, φ̇ (ti) = 0. (2.3.42)

Misalignment Production of Dark Matter Axions

By using the initial condition of (2.3.42) the misalignment production of

Dark Matter axions can be calculated. At the point of symmetry breaking

the Hubble rate is much larger than the axion mass and as a result the

field becomes overdamped. This initially sets φ̇ = 0. The homogeneous

value of the field is specified by the scenario for when symmetry break-

ing occurs with respect to inflation. The term “Misalignment” refers to

the case where there is an initial coherent displacement of the axion field,

and“vacuum realignment” refers to the process by which this value relaxes

to the potential minimum [32].

Axion-Like Particles

The constants from (2.3.38) C1 and C2 can be fixed with the initial con-

dition φ̇ = 0. At very early times (H > ma) the axion field is overdamped

and at its initial value is frozen by Hubble friction. At early times the

equation of state is wa = −1 and the axion behaves as a contribution to the

vacuum energy. If the axion dominates the energy density while it is still

overdamped with wa < −1
3 it can drive a period of accelerated expansion.

The period is determined by the ratio H
ma

when the axion dominates over
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the energy density. This in turn is fixed by the initial displacement of the

field.

Later, when H < ma, the axion field is underdamped and the oscillations

begin. The equation of state will oscillate around wa = 0 and the energy

density scales as ρa ∝, a−3. In this scenario the axion behaves like ordi-

nary matter which allows the misaligned axions to be a valid dark matter

candidate [32].

By defining a fixed value of the scale factor, aosc and fixing the behaviour

of ρa (a) at late times the change in the axion equation of state can be

approximated to be

ρa (a) ≈ ρa (aosc) (
aosc
a

)
3

; (a > aosc) . (2.3.43)

The energy density is approximately constant up until aosc therefore ρa (aosc) ≈
m2
a φ

2

2 , which is the usual approximation required to calculate the energy

density of the axion. Therefore it can be deduced that energy density

in the misalignment population is fixed only by the mass and the initial

displacement [32].

When ma ≃ H, so AH(aosc) = ma for some constant A > 1. This gives a

definition for aosc.

Using the misalignment mechanism, the constants in (2.3.20) and (2.3.21)

can be fixed in order find the initial conditions of the system. At the be-

ginning of the section where we discussed how we aim to find the upper

bound for the ultra-light cosmological axion mass, we suggested some ini-

tial conditions that could be imposed on our coupled system which could

potentially cause this larger mass to be found. The first condition we shall

impose (as suggested earlier) is to set the first time derivative of the scalar

field ϕ to zero when time is zero ϕ̇(t = 0) = 0;

ϕ̇ = −
⎛
⎝

1

2B a
3
2
0

⎞
⎠
⎛
⎝

3B (q1 cos [φ1] + q2 cos [φ2]) H0
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+2 (B2 q1 sin[φ1] +m2 q2 sin [φ2])
⎞
⎠
= 0. (2.3.44)

In a similar fashion we also have the expression for the first time derivative

of χ

χ̇ =
⎛
⎝

1

2B a
3
2
0

⎞
⎠
⎛
⎝

2B2 q1 cos[φ1] − 2m2 q2 cos[φ2]

+3BH0 (−q1 sin[φ1] + q2 sin[φ2])
⎞
⎠
= 0. (2.3.45)

We now impose the first of our initial conditions upon one of our scalar

fields ϕ̇(t = 0) = 0 to find an expression for the constant q1

q1 = −
3B q2 cos [φ2] H0 + 2m2 q2 sin[φ2]

3B cos[φ1]H0 + 2B2 sin[φ1]
. (2.3.46)

With this solution for q1 we are able to substitute it into (2.3.45). For

simplicity φ2 is set equal to π
2

χ̇ = −q2 (B cos[φ1] (4m2 − 9H2
0) − 6 (B2 +m2)H0 sin[φ1])

2B a
3
2
0 (3 cos[φ1]H0 + 2B sin[φ1]) = 0

. (2.3.47)

From our simplified expression all known solutions for the other phase, φ1,

can be found

φ1 = −arccos

⎡⎢⎢⎢⎢⎣

B (−4m2 + 9H2
0))√

(4B2 + 9H2
0) (4m4 + 9B2H0)

⎤⎥⎥⎥⎥⎦
, (2.3.48)

φ1 = arccos

⎡⎢⎢⎢⎢⎣

B (−4m2 + 9H2
0))√

(4B2 + 9H2
0) (4m4 + 9B2H0)

⎤⎥⎥⎥⎥⎦
, (2.3.49)

φ1 = −arccos

⎡⎢⎢⎢⎢⎣

B (4m2 − 9H2
0))√

(4B2 + 9H2
0) (4m4 + 9B2H0)

⎤⎥⎥⎥⎥⎦
, (2.3.50)

φ1 = arccos

⎡⎢⎢⎢⎢⎣

B (4m2 − 9H2
0))√

(4B2 + 9H2
0) (4m4 + 9B2H0)

⎤⎥⎥⎥⎥⎦
. (2.3.51)
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The expression for q1 can be checked by substituting our solutions for φ1

(2.3.48),(2.3.49),(2.3.50),(2.3.51) into (2.3.46) then simplify for q1
2

q1 = −
2m2 q2

√
(4B2 + 9H2

0) (4m4 + 9B2H2
0)

3B2H0 (4B2 + 8m2 − 9H2
0)

. (2.3.52)

Previous step is repeated by substituting (2.3.50) for φ1 in to (2.3.46) yields

the following 3

q1 = −
2m2 q2

√
4m4+9B2H2

0

4B2+9H2
0

3B2H0

. (2.3.53)

If we take our expression for the energy density (T00) (2.3.6) and set it

at misalignment then we arrive at the same solution that is mentioned in

Chapter 4 of [32].

ρ(a0) =
1

2
ϕ̇2 + 1

2
χ̇2 + B

2
(ϕ̇χ − χ̇ϕ) + m

2

2
(ϕ2 + χ2) . (2.3.54)

Next we substitute our initial conditions, ϕ̇ = 0 and χ̇ = 0, into the expres-

sion

ρ (a0) =
m2

2
(ϕ2 + χ2) . (2.3.55)

This leaves us with a much simpler expression. Going back to the start of

the coupled system section, we remember the condition which was originally

imposed for this system B ≫ m. At misalignment it can be said that

B ≫H0, therefore:

B ≫ (H0,m) . (2.3.56)

This condition means that the expressions that were acquired for φ1 and

q1 can be simplified and then substituted into the equations for Γ (2.3.14)

and ρ(a0) (2.3.55).

Under the condition (2.3.56), phase φ1 simplifies to

φ1 = −arccos [(4m
2 − 9H2

0)
2B + 3H0B

] , (2.3.57)

2Note that (2.3.49) yields the same result as (2.3.48) but the overall sign is positive.
3Note that (2.3.51) gives the same result as (2.3.50) but it is positive.
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and constant, q1 (2.3.52) becomes

q1 = m
2

B2
q2. (2.3.58)

These much simpler forms of q1 (2.3.57) and φ1 (2.3.58) can now be sub-

stituted back in to (2.3.55) ρ(a0) and Γ (2.3.14), which leaves us with the

following expression for the energy density

ρ(a0) =
m2 q2

2 (B4 +m4 + 2B2m2

√
1 − (4m

2−9H2
0)

2

(3BH0+2B)2)

2a3
0B

4
, (2.3.59)

When the condition B ≫ (H0,m) is imposed ρ(a0) can be further simplified

to the form B ≫ (m,H0):

ρ(a0) =
m2 q2

a3
0

. (2.3.60)

New forms of q1 and φ1 are substituted into Γ and our condition is imple-

mented (B ≫m). Which leaves us with

Γ =
q2 (4m4−9m2H2

0

2+3H0
−B i(B2 +m2

√
1 − (4m

2−9H2
0)

2

(2B+3BH0)2
))

a
3/2
0 B3

. (2.3.61)

A lot of this expression can be cancelled which gives a very neat solution

(which was also true for the energy density (2.3.60)).

Γ = −i q2

a
3
2
0

. (2.3.62)

Although we have nice, simple solutions for Γ and ρ(a0), before continuing

it is important to check the energy density (2.3.6) and pressure (2.3.7) for

the system remembering that B ≫ m. This is necessary in order to check

that the system is still pressureless in the general regime and therefore the

system can still be considered dark matter. Here are the two expression
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before any conditions are implemented

ρ = 1

2
(B2 +m2) (a2

1 + a2
2) , (2.3.63)

p = −1

2
(B2 +m2) (a2

1 + a2
2) cos (Bt + φ1)+

cos (Bt + φ1 −
π

2
) + cos (m

2

B
+ φ2) + cos (m

2

B
+ φ2 +

π

2
). (2.3.64)

Now we use the condition B ≫ m to check the pressure of our coupled

system:

p =(1

2
B2 (−a2

1 − a2
2) −

1

2
m2 (a2

1 + a2
2)) sin(B t + φ1)

+(1

2
B2 (−a2

1 − a2
2) −

1

2
m2 (a2

1 + a2
2)) cos(B t + φ1)

−1

2
B2 (a2

1 + a2
2) (cos(φ2) − sin(φ2))

+1

2
B (a2

1 + a2
2) (m2 t sin(φ2) +m2 cos(φ2))

+1

4
(−a2

1 − a2
2) (m4 sin(φ2) −m4 t2 cos(φ2))

−1

2
m2 (a2

1 + a2
2) (cos(φ2) − sin(φ2)). (2.3.65)

In order for the system to be pressureless it should have terms which depend

on the lower frequency. However, in this regime there is no part of (2.3.64)

which depends on the lower frequency m2

B . The system does oscillate but

only with the higher frequency B. As a result the system, unfortunately,

is not pressureless and therefore it cannot be considered as a dark matter

candidate. It seems that the system can only be a dark matter candidate

with a constraint that sets one of the constants to zero (q1). Otherwise we

end up with a system where the energy density is not much larger than the

pressure due to p having a dependence on the larger frequency. However,

the case where we are confined to one constant q2 we are unable to improve

upon what was proposed by Rubakov in [95]. So we have been unable to

improve the mass range of the cosmological axion. Even a system coupling
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it to dark energy has not been successful - no new physics. Either a new

system should be put forward to find a new upper bound or perhaps future

Pulsar Timing Array experiments will improve their observation range and

will be able to detect ultra-light axions in the known mass range (10−22eV −
10−33eV ).

Conclusions

Our aim for this chapter was to create a multi field system of ultra-light

scalar fields which could increase the mass range of the cosmological axion

(and therefore increasing its frequency) into the observation range of cur-

rent pulsar timing arrays. This required improving upon the single field

solution provided by [95]. Beginning with the uncoupled system the high-

est characteristic strain that could be achieved was identical to the single

field case from the paper we based this work on. We then attempted a

system where we coupled our dark matter to dark energy (an even more

mysterious component of the Universe), however when we had more than

one constant to contend with (general solution) we were unable to produce

an expression for the pressure perturbations (from the energy momentum

tensor) which was much smaller than the energy density of the system.

This meant that the system was not pressureless and therefore no longer a

dark matter candidate.

In the next chapter we move on to a form an inflation which could en-

hance stochastic background primordial gravitational waves and tensor

non-Gaussianties so they could be detected by present interferometers.

From this we will apply this work to the detection of tensor and scalar

polarisations in the final chapter.



Chapter 3

Squeezed tensor

non-Gaussianity in

non-attractor inflation

This chapter consists of this paper [1] which was published in the jounral

JCAP.

We investigate primordial tensor non-Gaussianity in single field inflation,

during a phase of non-attractor evolution when the spectrum of primor-

dial tensor modes can be enhanced to a level detectable at interferometer

scales. Making use of a tensor duality we introduced in [123], we analyti-

cally compute the full bispectrum of primordial tensor fluctuations during

the non-attractor era. During this epoch the shape of the tensor bispec-

trum is enhanced in the squeezed limit, its amplitude can be amplified

with respect to slow-roll models, and tensor non-Gaussianity can exhibit a

scale dependence distinctive of our set-up. We prove that our results do

not depend on the frame used for the calculations. Squeezed tensor non-

Gaussianity induces a characteristic quadrupolar anisotropy on the power

spectrum of the stochastic background of primordial tensor perturbations.

67
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As a step to make contact with gravitational wave experiments, we dis-

cuss the response function of a ground based Michelson interferometer to

a gravitational wave background with such a feature.

3.1 Introduction

The possibility to directly detect a stochastic background of primordial

tensor modes with gravitational wave experiments would offer new ways

to probe the physics of inflation. Such an opportunity would allow us to

probe a much larger range of frequency scales than what can be tested

with CMB physics. Various scenarios have been proposed for enhancing

the primordial tensor spectrum at interferometer scales: from coupling the

inflation to additional fields, whose dynamics are characterised by instabil-

ities that amplify the tensor spectrum (see e.g. [129–151]), to models that

break space-time symmetries during inflation, leading to a blue spectrum

for primordial tensor modes (see e.g. [152–164]). See the general discussion

in [165].

In this work, we focus on a third possibility, and further develop on the idea

introduced in [123]. We investigate single field scenarios in which the infla-

tionary expansion undergoes a brief phase of non-attactor dynamics that

amplify the tensor modes. Non-attractor cosmological evolution is known

to enhance the scalar sector of fluctuations, for example during ultra-slow

roll or in constant roll inflationary systems [166–174]: this property has

been exploited in models producing primordial black holes in single field

inflation (see e.g. [175–177] for reviews and [178–186] for specific models).

In [123] we showed that a similar behaviour can apply to the primordial

tensor sector, if we non-minimally couple the inflationary scalar field with

gravity during inflation. During the non-attractor phase, the amplitude of

the would be decaying tensor mode becomes amplified instead of suppressed
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at superhorizon scales (while the usual growing mode has constant ampli-

tude), and the total tensor spectrum can be enhanced to a level detectable

with gravitational wave experiments. Interestingly, there exists a ‘tensor

duality’ (which generalises to the tensor sector a similar duality for the

scalar sector [187]) which maps the evolution of tensor fluctuations during

the non-attractor phase to the dynamics of tensor fluctuations in a slow-

roll phase of expansion. We use the duality to obtain an analytic control

on the physics of tensor modes during the phase of non-attractor evolution

– even if we are far from a slow-roll approximation – and to analytically

compute the properties of tensor non-Gaussianity during the non-attractor

phase. Tensor non-Gaussianity is an interesting observable which can help

to characterise and distinguish different scenarios of inflation that enhance

tensor modes at small or large frequency scales (see e.g. [147, 150, 188–198]

and the review in Section 5 of [199] for more a comprehensive reference list).

In our framework, tensor non-Gaussianity is characterised by the following

properties, which we are going to discuss in what follows:

• The amplitude of the tensor bispectrum during the non-attractor evo-

lution can be enhanced with respect slow-roll inflation, and its shape

is amplified in a squeezed limit. We analytically show that the tensor

bispectrum exhibits a characteristic scale dependence distinctive of

our scenario, which can make our model quantitatively distinguish-

able from other frameworks with large tensor non-Gaussianity.

• We show that our results remain the same after applying a disformal

plus a conformal transformation to our system. These transforma-

tions, at quadratic level in a perturbative expansion in tensor fluc-

tuations, render the system identical to Einstein gravity minimally

coupled with a scalar field [200, 201]. On the other hand, as we shall

discuss, at cubic level in a perturbative expansion tensor interactions

include terms as ḣ3
ij which cannot be associated with contributions of

standard Einstein gravity.
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• The squeezed limit of the tensor bispectrum during non-attractor

evolution does not satisfy Maldacena’s consistency relations [188],

and can be parametrically amplified with respect to standard slow-roll

scenarios. This is due to the fact that the would be decaying tensor

mode is also excited in our system, and the corresponding dynamics is

not a ‘single tensor’ adiabatic system where Maldacena’s arguments

apply. This is analogous to what happens for models discussing non-

attractor inflation in the scalar sector.

• Squeezed tensor non-Gaussianity induces a characteristic quadrupo-

lar anisotropy on the power spectrum of the stochastic background

of primordial tensor perturbations. As a step to make contact with

gravitational wave experiments, we discuss the response function of a

ground based Michelson interferometer to a gravitational wave back-

ground with such a feature.

Conventions

We will use natural units, h̵ = c = 1, with reduced Planck mass M2
pl =

(8πG)−1 = 1. Our metric signature is mostly plus (−,+,+,+). The back-

ground metric is a FRW universe with line element ds2 = −dt2+a2(t)dx⃗2 =
a2(τ) (−dτ 2 + dx⃗2). Throughout the paper, we adopt the following Fourier

convention

qij(x, t) = ∫
d3k

(2π)3
qij(k, t) e−ik.x. (3.1.1)

3.2 Non-attractor dynamics and tensor fluc-

tuations

We discuss a new method [123] for enhancing tensor fluctuations during

inflation, which exploits the structure of tensor kinetic terms in inflationary

theories with non-minimal derivative couplings between scalars and gravity.
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This Section is mainly intended as an enlightening review of the methods

and results developed in [123]. We fix the notation and set the stage for

the calculations of tensor non-Gaussianity in Section 3.3.

3.2.1 A mechanism for enhancing tensor fluctuations

at super-horizon scales

We focus on spin-2 tensor fluctuations around a FRW cosmological back-

ground, defined as [188]

ds2 = −dt2 + a2(t) (eh)
ij

dxidxj , (3.2.1)

with

(eh)
ij
= δij + hij +

1

2
hikhkj +

1

6
hikhklhlj + . . . (3.2.2)

where hij is a transverse traceless spin-2 tensor perturbation. At leading

order in a derivative expansion, the quadratic action for tensor perturba-

tions can be expressed as (see e.g. [202]. From now on, unless otherwise

stated, we set Mpl = 1)

ST = 1

8 ∫ dtd3xa3(t) [GT (t) (∂thij)2 − FT (t)
a2(t) (∇⃗hij)

2] ,

= 1

2 ∫ dy d3xz2
T (y) [(∂yhij)2 − (∇⃗hij)

2] ,

=
(zT hij ≡ vij)

1

2 ∫ dy d3x [(v′ij)
2 − (∇⃗vij)

2 + z
′′
T

zT
v2
ij] . (3.2.3)

The first line of this formula contains two functions of time GT , FT that

characterise the tensor kinetic terms 1. Their structure depends on non-

minimal couplings of gravity to the scalar field driving inflation, and on the

homogeneous scalar profile (see Subsection 3.2.2 and [202]). In the second

1The quadratic action for tensor mode can be recasted into a canonical ‘Einstein
frame’ action by applying a disformal and a conformal transformation to the system
[200]. Nevertheless, all our results remain the same in any frame one uses, as anticipated
in [123] and explained more at length in Section 3.3 and Appendix B.2 of the present
paper.



Chapter 3 Squeezed tensor non-Gaussianity in non-attractor inflation 72

line of eq (3.2.3) we redefine the time variable as

dt = a (GTFT
)

1/2

dy , (3.2.4)

= a(y)
cT (y)

dy (3.2.5)

in order to express the action for tensor fluctuations as the one for a free

field in a time dependent background. We also introduce the convenient

combination

z2
T (y) = a2(y)

4

√
GT (y)FT (y) , (3.2.6)

dubbed as tensor pump field in analogy with the nomenclature used in the

literature for the scalar sector.

Focusing on super-horizon evolution, defined in Fourier space as the condi-

tion k2 ≪ ∣z′′T /zT ∣, the equations of motion for tensor fluctuations associated

with action (3.2.3) admits the following solution

hij(y) = q1 + q2 ∫
y dy′

z2
T (y′)

, (3.2.7)

with q1 and q2 two integration constants, which can be fixed by matching

with the solution at sub-horizon scales. q1 corresponds to the usual con-

stant mode at super-horizon scales, while the coefficient of q2 would be the

decaying mode, if zT were an increasing function of the time variable y. On

the other hand, whenever zT becomes a decreasing function of y, we enter

in a non-attractor phase where tensor modes can grow on super-horizon

scales:

z′T
zT

< 0 Ô⇒ Tensor modes grow on super-horizon scales .

(3.2.8)

This is a non-attractor phase for tensor fluctuations, since the would be

decaying mode actually increases and controls the amplitude of tensor fluc-

tuations at large scales. Such behaviour for the pump field zT usually

requires a departure from a slow-roll approximation, and the evolution and
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properties of fluctuations cannot be described in terms of usual slow-roll

formulae. On the other hand, as shown in [123], we can make use of tensor

duality – which generalises to the tensor spectrum the scalar duality first

pointed out in [187] (see also [203–210]) – to analytically investigate the

dynamics of tensor modes in the non-attractor phase.

Tensor duality is defined as follows. In the third line of eq (3.2.3) we rescale

tensor modes as hij ≡ vij/zT in order to rewrite the action as a free sys-

tem in flat space with a time-dependent mass term for the mode vij. The

mass parameter z′′T /zT depends on time, and its value can change during

the inflationary evolution. We consider two distinct phases of cosmological

expansion, each lasting for a certain time interval, characterised respec-

tively by two regimes for the parameters zT and z̃T related by the duality

condition

z̃′′T
z̃T

= z′′T
zT

Ô⇒ z̃T (y) = zT (y)(c1 + c2∫
y dy′

z2
T (y′)

) (3.2.9)

for constant values of c1, c2 (not to be confused with the q1,2 of eq (3.2.7)).

Then the quantity vij is described by the very same action in the two phases

(the third line of eq (3.2.3)) and the corresponding mode hij is described

by the same statistics in the two epochs – only the time-dependent overall

normalization changes. The most useful application of such tensor duality

is perhaps the tensor dual of a slow-roll phase characterised by constant

functions GT and FT , leading to the slow-roll condition zT = const × a(y).
In the dual epoch, ∣z̃T ∣ = const/a2(y): we are in a non-attractor phase of

evolution, since z̃T decreases with time. On the other hand, in both phases,

z̃′′T
z̃T

= z′′T
zT

= 2

y2
. (3.2.10)

The corresponding spectrum of tensor modes h̃ij = z̃T vij is scale invariant

(as in slow-roll), and its amplitude increases with time at super-horizon
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scales during the non-attractor phase

Ph̃(t) = (a(t)
a0

)
6

Ph (3.2.11)

with a0 being the value of the scale factor at the onset of the non-attractor

era, and Ph is the (nearly constant) value of the tensor spectrum at super-

horizon scales in the initial slow-roll phase. See the technical Appendix B.1

and [123] for details on the computation of the tensor power spectrum dur-

ing the non-attractor phase, leading to the aforementioned amplification.
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Figure 3.1: This figure shows qualitatively how primordial tensor
modes get amplified during a non-attractor phase. They can contribute
to the GW energy density ΩGW , and thus enter within the sensitivity
curves for GW detectors in their appropriate frequency ranges (expressed
in Hz). We model inflation as a pure de Sitter phase, during which a
short period of non-attractor evolution occurs – whose starting time and
duration depend on the model one considers – enhancing the tensor spec-
trum. We use formula (3.2.11), and assume for simplicity instantaneous
transitions between attractor and non-attractor eras. Our conventions
for the definition of the GW energy density ΩGW are the same as in

[211].

Such amplification of tensor fluctuations during a (typically short) non-

attractor phase can lead to a very steep increase of the tensor spectrum
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as a function of frequency, once the amplitude of primordial tensor modes

is transferred to the present cosmological epoch using standard formulae –

see e.g. [211]. In Figure 3.1, we show how the spectrum of the superhorizon

modes can be amplified to enter within the sensitivity curves for GW de-

tectors, using formula (3.2.11), and assuming for simplicity instantaneous

transitions between attractor and non-attractor eras. The figure is only in-

dicative, because it does not take into account the transition phases during

different epochs and, above all, does not take into consideration additional

model-dependent constraints from amplification of scalar modes. In the

next subsection we briefly review an example of a concrete realisation of a

tensor dual to a slow-roll phase in single field inflation.

3.2.2 A concrete realisation in single field inflation

We now briefly review an explicit realisation of the mechanism of the pre-

vious subsection in a single field inflationary scenario, first presented in

[123]. For convenience, we wish to find a single field inflationary model

where the functions FT and GT introduced in the action (3.2.3) are directly

proportional to the square of scalar field velocity φ̇ as

FT ∝ φ̇2

H2
0

, ; GT ∝ φ̇2

H2
0

, (3.2.12)

during the entire phase of the inflationary evolution, which for simplicity

we describe in terms of pure de Sitter evolution with constant Hubble pa-

rameter H0. The scalar field follows a slow-roll evolution with constant

velocity φ̇ = const for most of the inflationary phase, but there is a brief

phase of non-attractor evolution (whose duration is tunable in terms of the

available parameters) during which φ̇∝ 1/a3:

φ̇ ∝
⎧⎪⎪⎪⎨⎪⎪⎪⎩

const during slow-roll phase

1/a3 during non-attractor phase
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See Fig 3.2 for a representation of the scalar field time dependent profile.

Plugging these scalar profiles into the expressions for the functions FT , GT
of eq (3.2.12) and recalling the definition of the pump field zT , eq (3.2.6), it

is easy to show that during the non-attractor phase we can use the tensor

duality of eq (3.2.9), and the tensor power spectrum is enhanced by a factor

a6(t) in this era (3.2.11). Indeed, such a scenario is conceptually similar

to the model of Starobinsky [166], designed to enhance scalar fluctuations

during non-attractor inflation (see also [186] and references therein).

Figure 3.2: Behaviour of the scalar field derivative in our system.

The conditions described above can be realised if the scalar field has non-

minimal couplings with gravity during inflation. We consider a scenario

based on Horndeski theory of gravity, the most general scalar-tensor set-up

with explicitly second order equations of motion, which is described by the

Lagrangian

Ltot = L2 +L3 +L4 +L5 , (3.2.13)

L2 = G2 , (3.2.14)

L3 = −G3 ◻ φ , (3.2.15)

L4 = G4R +G4X [(◻φ)2 − (∇µ∇νφ)2] , (3.2.16)

L5 = G5Gµν ∇µ∇ν φ

− G5X

6
[(◻φ)3 − 3 ◻ φ (∇µ∇νφ)2 + 2 (∇µ∇νφ)3] . (3.2.17)
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The quantities Ga = Ga(φ,X) (a = 1, . . .5) are in principle arbitrary func-

tions of the scalar field φ and

X = − 1

2
∂µφ∂

µφ , (3.2.18)

R is the Ricci tensor, Gµν is the Einstein tensor, and GaX = ∂Ga/∂X.

For simplicity, in this work we focus on scenarios where a shift symmetry

φ → φ + c is imposed, and the Gi only depend on the kinetic function X.

Inflation in scenarios based on Horndeski and Galileon Lagrangians have a

long history, starting from [212] and the more general G-inflation [202, 213]

models. Scenarios of ultra slow-roll, non-attractor G-inflation have been

discussed in [214]. The quadratic Lagrangian for tensor fluctuations is

described by our initial action (3.2.3) with

FT = 2 [G4 −X φ̈G5X] (3.2.19)

GT = 2 [G4 − 2XG4X −XH0 φ̇G5X] . (3.2.20)

In [123] we showed that the conditions (3.2.12) can be realised by choosing

the following structure for the functions Ga(X)

G2 = ρX +
√

2H2
0 α

3

√
X − ν , G3 =

√
2 δ

3H0

√
X ,

G4 = − β

6H2
0

X , G5 = σ√
2H3

0

√
X , (3.2.21)

where the Greek letters are constant coefficients – which can be different

during the three different phases of evolution summarised in Figure 3.2 –

and H0 is the constant Hubble parameter during inflation. We refer the

reader to [123] for a detailed analysis of the system, with a quantitative

discussion on the conditions necessary to avoid instability and to enhance

the tensor power spectrum at superhorizon scales during the non-attractor

phase. Notice that besides the tensor modes, scalar modes are also typically

enhanced in these scenarios, although with a smaller amplitude [123].
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3.3 Tensor non-Gaussianity in non-attractor

inflation

The mechanism we analysed in the previous Section shows that it is possible

to enhance the tensor power spectrum at small (interferometer) scales by

exploiting the behaviour of the would-be decaying mode, which can grow in

a regime of non-attractor inflation. An interesting feature of our mechanism

is that there exists a tensor duality which allows us to obtain analytical

expressions for the tensor power spectrum even in regimes that are far

from a slow-roll period. In this Section, we study the tensor bispectrum,

providing analytical expressions for this quantity during the non-attractor

phase, and showing that the amplitude, shape and scale dependence of

the tensor bispectrum can be different with respect to standard slow-roll

inflation.

The tensor bispectrum is an interesting theoretical quantity which allows

to discriminate between primordial and astrophysical sources of stochas-

tic gravitational wave backgrounds (SGWB) [199]: if large tensor non-

Gaussianity is detected, then it is likely that the SGWB has primordial

origin, since an astrophysical GW background – formed by contributions

from many unresolved sources – is likely to be Gaussian from the central

limit theorem. The properties of the tensor bispectrum – shape, scale de-

pendence, its value in the squeezed limit – are important for characterising

the field content during inflation, and to further distinguish among different

primordial sources that can amplify the tensor spectrum at interferometer

scales [199].

Remarkably, the cubic action for tensor fluctuations around FRW in single

field inflationary theories with second order equations of motion – the start-

ing point for the computation of the bispectrum – has a simple structure,

and contains only two contributions [215, 216]
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S
(3)
T = ∫ dtd3xa3 [FT

4a2
(hikhjl −

1

2
hijhkl)∂k∂lhij +

φ̇XG5X

12
ḣijḣjkḣki] ,

= S
(3)

T (GR)
+ S(3)

T (new)
. (3.3.1)

This action is obtained expanding the Horndeski Lagrangian density (3.2.13)

up to cubic order in fluctuations, and the functions FT and G5 are given

respectively in (3.2.19) and (3.2.17). The result of standard single field in-

flation with canonical kinetic terms is obtained setting FT = 1 (recall that

we choose units such that M2
pl = 1). The structure of the first contribution,

containing spatial derivatives only, is the same as the one obtained expand-

ing the Ricci scalar at cubic order around a FRW background: this is the

reason we denote it as S
(3)

T (GR)
. The second contribution, S

(3)

T (new)
, is instead

specific to the Horndeski action: notice that it contains three time deriva-

tives ḣ3
ij, a feature to which we will return later. Tensor non-Gaussianity

associated with the action (3.3.1) was studied in detail in a slow-roll regime

in [215, 216], where it was found that the ‘GR’ term gives a bispectrum

enhanced in the squeezed limit, while the ‘new’ contribution gives a bis-

pectrum peaked in equilateral configurations. In this work, instead, we

will work out the tensor non-Gaussianity during a transient non-attractor

phase, finding quite different results.

3.3.1 Amplitude of tensor non-Gaussianity

We discuss the amplitude and some properties of tensor non-Gaussianity

during an era of non-attractor inflation, which is dual to a slow-roll phase

as explained in Section 3.2. For simplicity, we focus on the case where

the background geometry is exactly described by a de Sitter universe, with

constant Hubble parameter H0 (in [123] we proved that the equations of

motion admit this solution for the scale factor). We relegate all the technical

details to Appendix B.1, and we discuss here the physical consequences of
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our computation of the tensor three point function in Fourier space during a

non-attractor era. In order to express our results more concisely, we define

two polarisation modes as (here, e
(s)
ij is the polarization tensor with the

helicity states s = ±, satisfying e
(s)
ii (k) = 0 = kje(s)ij (k). See Appendix B.1

for more information regarding our conventions on the polarisation tensors)

ξ(s)(k) ≡ hij(k)e∗(s)ij (k), (3.3.2)

which allow us to express the three point function in the non-attractor era

as

⟨ξ(s1)(k1)ξ(s2)(k2)ξ(s3)(k3)⟩ = (2π)7δ(k1 + k2 + k3)

×P
(end)2

h

Πi k3
i

(As1s2s3
(new)

+As1s2s3
(GR)

) ,

≡ (2π)7 δ(k1 + k2 + k3)Bs1s2s3(ki) . (3.3.3)

Hence we define the tensor bispectrum Bs1s2s3(ki) as the coefficient of the

δ-function in the previous expression, which depends on the momenta as

well as on the polarisation indices.

Using (B.1.18), (B.1.27), the amplitudes

As1s2s3
(new),(GR)

≡ e∗(s1)i1j1
(k1)e∗(s2)i2j2

(k2)e∗(s3)i3j3
(k3)A(new),(GR)

i1jii2j2i3j3

can be calculated following the same methods of [216]. For our scenario, in

the non-attractor regime, we find

As1s2s3
(new)

= A(new)(k1, k2, k3)F (s1k1, s2k2, s3k3)

As1s2s3
(GR)

= A(GR)(k1, k2, k3)
(s1k1 + s2k2 + s3k3)2

2
F (s1k1, s2k2, s3k3), (3.3.4)

where

F (x, y, z) = 1

64

1

x2y2z2
(x + y + z)3(x − y + z)(x + y − z)(x − y − z). (3.3.5)
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A(GR) and A(new) are obtained in equations (B.1.26) and (B.1.31) respec-

tively, which we rewrite here:

A(GR) = −K
64

⎡⎢⎢⎢⎢⎣
(1 − 3

K3∑
i≠j

k2
i kj −

6

K3
Πiki)(−Kyend)2

− π
4
(1 − 4

K3∑
i≠j

k2
i kj −

4

K3
Πiki)(−Kyend)3 + . . .

⎤⎥⎥⎥⎥⎦
, (3.3.6)

A(new) = −3Hµ(end)

16G(end)
T

⎧⎪⎪⎨⎪⎪⎩
(K3 − 3∑

i≠j

k2
i kj − 6 Πiki)

− 1

4

⎛
⎝
K3 − 5∑

i≠j

k2
i kj +

2

K2∑
i≠j

k3
i k

2
j

⎞
⎠
(−Kyend)2

⎫⎪⎪⎬⎪⎪⎭
. (3.3.7)

In these formulae, K = k1 + k2 + k3,

µ(end) ≡ φ̇(end)X(end)G
(end)
5X

and the ‘end’ indicates the end of the non-attractor phase: our results then

quantify the non-Gaussianity accumulated by the tensor modes during the

non-attractor era. Before proceeding, some observations are in order:

• The squeezed limit of the bispectrum does not satisfy Maldacena’s

consistency relations [188]. Indeed, computing the bispectrum of eq

(3.3.3) for s1 = s2 in the limit of squeezed isosceles triangles, we find

Bs1s1s3(k1, −k1, k3 → 0) =
(P(end)

h )
2

32k3
1 k

3
3

×
⎡⎢⎢⎢⎢⎣

3Hµ(end)

G(end)
T

(1 + (−k1yend)2

2
) + (−k1yend)2

2

⎤⎥⎥⎥⎥⎦
,

(3.3.8)
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while we find zero for s1 ≠ s2. Instead, Maldacena’s consistency rela-

tion (with our conventions) would read in this case

Bs1s1s3(k1, −k1, k3 → 0) = 3

64k3
1 k

3
3

(P(end)
h )

2
.

This can be expected, since during the non-attractor era, besides the

usual growing tensor mode, the would be tensor decaying mode is

excited as well, and we are no longer working in a ‘single tensor’

adiabatic system where Maldacena’s arguments apply 2. By tuning

the parameters of the model, this implies that the amplitude of the

tensor bispectrum can be enhanced in the squeezed limit (see also

[154, 155, 221–223] for different scenarios with enhanced squeezed ten-

sor bispectrum), with potentially interesting phenomenological con-

sequences that we shall discuss in Section 3.3.3.

• While the scenario studied so far is characterised by non-standard

kinetic terms for the tensor sector, it is known that by performing

a conformal followed by a disformal transformation the second order

action for tensor modes – our eq. (3.2.3) – acquires the very same

structure of the second order action of Einstein gravity around FRW

homogeneous backgrounds [200]. On the other hand, the third or-

der action we are considering here, eq (3.3.1), contains a piece with

three time derivatives ḣ3
ij – an operator that cannot be recast into

a pure ‘GR’ contribution via disformal/conformal transformations.

This said, in Appendix B.2 we show in detail that all our results

remain the same also in an ‘Einstein frame’ with standard second

order tensor action: the only difference is that in this frame the non-

attractor phase corresponds to a short period of universe contraction.

• Our expressions for the tensor bispectrum contain a characteristic

scale dependence with overall factors containing powers of (−K yend),
2Similar considerations have been developed in various works for the scalar sector, see

e.g. [170, 217–220], finding non-attractor models with an enhanced scalar bispectrum in
the squeezed limit.
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that are distinctive of our scenario – being absent in other frame-

works with large tensor non-Gaussianity. The explicit dependence

on the time yend when the non-attractor phase ends is due to the

fact that the bispectrum has been computed specifically at the end

of the non-attractor phase. For simplicity, we assume that this era is

immediately followed by a standard slow-roll inflation, where tensor

modes and their statistics are frozen in a super-horizon regime. The

overall scale dependence of the tensor bispectrum controlled by K is

also distinctive of our set-up. Similar situations have been encoun-

tered in the scalar sector, starting from the work [209], for models

with non-standard cosmological expansion history, leading to inter-

esting observables associated with scale-dependent non-Gaussianity

(explored in general terms in [224–226]). A consequence of this fact

is that non-Gaussianity depends on the scale and might be different

at different interferometer scales (for example, LIGO-VIRGO and

LISA): it would be interesting to further explore phenomenological

consequences of this property, which goes beyond the scope of our

work.

We now continue by estimating the amplitude of non-Gaussian signal. As a

measure for the amount of non-Gaussianity, we use the following definition

of the non-linearity parameter fNL, as in the works [215, 216]

f̂ s1s2s3
NL(new),(GR)

≡ 30
As1s2s3
(new),(GR)

K3
∣
k1=k2=k3

, (3.3.9)

which is analogous to the standard fNL for the scalar curvature perturba-

tion. Notice that the fNL above is defined in terms of equilateral config-

urations for tensor bispectra, and its value depends on the polarisations.

Using the definitions of the two amplitudes in (3.3.4), we find

f̂ s1s2s3
NL(new)

= −45

32
[3 + 2(s1s2 + s1s3 + s2s3)]

A(new)(K/3,K/3,K/3)
K3

, (3.3.10)
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f̂ s1s2s3
NL(GR)

= − 5

64
[21 + 20(s1s2 + s1s3 + s2s3)]

A(GR)(K/3,K/3,K/3)
K

.

(3.3.11)

The dependence of the non-linerity parameter on the polarization implies

the following symmetry f̂++−
NL(new),(GR)

= f̂+−−
NL(new),(GR)

and f̂+++
NL(new),(GR)

=
f̂−−−

NL(new),(GR)
which follows from the fact that the interactions we consider

do not violate parity. More concretely, we have

f̂+++NL(new) =
135

512

Hµ(end)

G(end)
T

(1 + 5

36
(−Kyend)2) (3.3.12)

and

f̂++−NL(new) =
15

512

Hµ(end)

G(end)
T

(1 + 5

36
(−Kyend)2) . (3.3.13)

Similarly for f s1s2s3
NL(GR)

we have

f̂+++NL(GR) =
45

4096
(−Kyend)2 [1 + π

12
(−Kyend)] (3.3.14)

and

f̂++−NL(GR) =
5

36864
(−Kyend)2 [1 + π

12
(−Kyend)]. (3.3.15)

These results show that the fNL parameter is generically positive during the

non-attractor phase, similar to the case of contracting universes considered

in [209]. Importantly, due to the strong scale dependence of the fNL(GR),

fNL(new) dominates the bispectrum for −kiyend ≪ 1 and Hµ(end)/G(end)
T ∼

O(1). Recall that GT ⊃ µH, in particular

GT = 2 (G4 − 2XG4X − µH) (3.3.16)

for the background model we discussed earlier. The expression above

(3.3.16) indicates that we need accidental cancellations3 between the first

two terms in GT > 0 and µH in order to ensure Hµ/GT ≫ 1. We discuss in

3Note that this situation is not special to the model under consideration in this work
and arises for general slow-roll scenarios as well [215].
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Figure 3.3: A+++
(new)(1, x2, x3)/(x2x3) as a function of x2 and x3 where

we set Hµend/Gend
T → 1 (Left). A+++

(GR)(1, x2, x3)/(x2x3) as a function of

x2 and x3 (Right). In both plots we normalized the amplitudes A+++
(new)

and A+++
(GR) to unity for equilateral configurations x2 = x3 = 1 and took

−Kyend = 10−2.

Appendix B.3 a concrete scenario leading to large tensor non-Gaussianity

within the framework we reviewed in Section 3.2.2.

3.3.2 Shape of tensor non-Gaussianity

We now study the shape of non-Gaussianity in our model. Since both of

the amplitudes have non-trivial scale dependence, we examine the shape

of the amplitudes 4 at fixed −Kyend. We focus on the dimensionless ratio

As1s2s3
(new),(GR)

/(k1k2k3) of both amplitudes in (3.3.4) following the literature

for scalar perturbations [227]. In particular, we will plotAs1s2s3
(new),(GR)

/(k1k2k3)
in the x2 − x3 plane where xj ≡ kj/k1 with j ≠ 1 by restricting ourselves to

the range 1 − x2 ≤ x3 ≤ x2. Note that the first inequality follows from

the triangle inequality whereas the latter allows us to avoid plotting the

same configuration twice. The non-Gaussian amplitudes A+++
(new)

/(k1k2k3)
and A+++

(GR)
/(k1k2k3) are shown in Figure 3.3. We see that both the in-

teraction terms in (3.3.1) give rise to non-Gaussianity that peaks in the

squeezed limit. This result is in contrast with the slow-roll case where the

4Recall that we are interested in modes that leave the sound-horizon during the non-
attractor era, i.e. −kiy0 > 1 and −kiyend < 1. This implies that the modes of interest
satisfy 1 > −Kyend > e−∆N , where ∆N is the duration of the non-attractor era.
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new contribution peaks in the equilateral configuration. This difference is

due to the fact that during the non-attractor phase, the fluctuations in

hij keeps growing outside the horizon due to the dynamics of the would

be decaying mode, i.e. ḣij = 3Hhij and therefore the non-Gaussian ampli-

tude peaks when one of the wave numbers is small, corresponding to the

squeezed-triangle limit5. In the standard attractor slow-roll background

however, tensor fluctuations freeze on large scales, ḣij → 0 and therefore

only wave-numbers comparable to the size of the horizon can contribute to

the non-Gaussianity for the interaction proportional to the time derivatives

of hij in (3.3.1).

3.3.3 Interferometer response function for anisotropic

tensor power spectrum

As we explained in Subsection 3.3.1, our system does not satisfy Maldacena

consistency relations: the squeezed limit of the bispectrum can be enhanced

by the contributions of the would be decaying tensor mode. This means

that we can develop a scenario where at the same time we have a large

tensor power spectrum at interferometer scales, accompanied by enhanced

squeezed tensor non-Gaussianity. In this subsection, we start with a brief

‘theory’ part to connect the squeezed limit of the tensor bispectrum with

a quadrupolar anisotropy of the tensor power spectrum; we then continue

with a discussion on possible ways to detect an anisotropic gravitational

wave power spectrum with ground based interferometers, building on the

results of [228].

Theory: A large non-Gaussianity in the squeezed limit can induce cou-

plings between modes at different scales: the tensor power spectrum is

modulated by long tensor modes that induce large scale anisotropies. This

fact has been explored in several contexts, mainly in the scalar, but also in

5See [209] for similar dynamics that lead an to enhanced squeezed bispectrum in
curvature perturbations.
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the tensor sector: see e.g. [229–232]. Other scenarios that can induce large

tensor non-Gaussianity in the squeezed limit, by violating the adiabaticity

condition in the tensor sector, are supersolid inflation [152–155, 159, 160],

bigravity or higher spin theories [162–164, 221–223]; our considerations can

apply to these cases as well.

When focussing on the ‘GR’ operator of action, one finds that squeezed

non-Gaussianity induces a quadrupolar anisotropy in the tensor power spec-

trum, with6 (see e.g. [163, 233])

Ph(k, x) = P(0)h (k) [1 +Qij(k, x) k̂ik̂j] (3.3.17)

and

Qij(k, x) = ∑
s1,s2
∫
L−1

d3q

(2π)3
eiqx (B

s1s1s2(q, k, −q − k)
Ph(q)Ph(k)

) hqe(s2)ij (q) .

(3.3.18)

We expect that the modulation (3.3.17) of the tensor power spectrum arises

in any scenario with enhanced squeezed tensor non-Gaussianity. The inte-

gral defining the anisotropy parameter is evaluated in a patch centered at

the position x and spans over long tensor modes with momenta within the

non-attractor phase, corresponding to scales well larger than the gravita-

tional wave wavelengths under consideration (see e.g. Section 4.4 of [163]).

Being dependent on a linear combination of the polarization tensors e
(s)
ij ,

the quantity Qij is traceless. It is convenient to define the squeezed limit

of the bispectrum as

lim
q→0

Bs1s1s2(k, −k,q)
Ph(q)Ph(k)

= 3

64
+ f̂ sqz

NL , (3.3.19)

where the quantity f̂ sqz
NL parameterises the deviation from the Maldacena’s

consistency conditions. In our case, the quantity f̂ sqz
NL can be read from

eq (3.3.8). The anisotropy parameter Qij is determined in a statistical

sense, averaging over many large patches. Its average equal to zero, and its

6Here Ph(k) ≡ 2π2Ph(k)
k3 and hq = vqa (see Appendix B.1).
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variance results (see e.g. [163, 233])

⟨Qij(k)Qmn(k)⟩ =
π

20

(δimδjn + δinδjm − 2

3
δijδmn) ∫

dk

k
∣f̂ sqz

NL ∣2P2
h , (3.3.20)

≃ (δimδjn + δinδjm − 2

3
δijδmn) ∣f̂ sqz

NL ∣2P2
h ∆N (3.3.21)

where in the last line we specialised for simplicity to the case of scale

invariant power-spectrum and squeezed f sqz
NL , and ∆N indicates the number

of e-folds of cosmological evolution associated with the non-attractor era.

The value of Ph in the previous formula indicates the magnitude of the

tensor power spectrum at the end of non-attractor, which can be much

larger than its value during the initial phase of slow-roll. Assuming that

the magnitude of tensor spectrum is of order ∼ 10−14 at large scales, and it

receives a 1010 enhancement during three e-folds of non-attractor inflation

(using eq (3.2.11)), we learn that f sqz
NL ∼ 100 is sufficient to give a value for

√
⟨Q2

ij⟩ of the order of a few percent (but
√

⟨Q2
ij⟩ can be larger depending

on the magnitude of tensor non-Gaussianity).

These results imply that the size of the anisotropy parameter can be a

probe of the squeezed tensor bispectrum. We now outline a possible way

to test such quantity with ground based interferometers 7.

Connection with gravitational wave experiments: The possibility

of detecting anisotropies in a SGWB has started with the work [228],

that derived the formalism necessary to quantitatively address the sub-

ject. The motivation for such investigations is to detect signals from a

stochastic background due to astrophysical sources that can generate mul-

tipolar anisotropies. On the other hand, the formalism of [228] is suf-

ficiently general and can be used with little changes also to investigate

tensor anisotropies from the early universe. We apply the formulae and

7Tensor non-Gaussianity can also be an important observable for characterizing the
primordial stochastic gravitational wave background at CMB scales, and have been
explored in other contexts, see e.g. [147, 150, 234].
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arguments of [228] to analyse tensor power spectra with a quadrupolar

anisotropic structure as in eq (3.3.17). We focus for simplicity on analysing

the response function for a single Michelson ground-based interferometer

(see [235, 236] for reviews).

0 π

2

π 3 π

2

2 π
0.39

0.4

0.41

ϕ

F

Figure 3.4: Modulation of the response function F of eq (3.3.25) as the
interferometer rotates an angle φ around an axis aligned with one of the
interferometer arms. We assume that this arm points along the earth’s
rotation axis, and we choose a reference frame so that it corresponds to
the direction x̂. The dashed blue line shows the case with no anisotropy,
Qij = 0, whereas the orange line shows the case with one component

Q33 = −Q11 = 0.1 turned on.

The total signal detected by an interferometer can decomposed as S(t) =
s(t) + n(t), with n(t) the noise and s(t) the contribution due to the gravi-

tational wave. The relation between s(t) and the mode hij can be written

as [235]

s(t) = Dij hij(t) , (3.3.22)

with Dij the detector tensor. For ground-based interferometers with arm

directions û and v̂ it reads

Dij = 1

2
(ûiûj − v̂iv̂j) . (3.3.23)

We introduce the detector pattern function

F λ(k) = Dij e
(λ)
ij (k) . (3.3.24)
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The single detector response function, as defined for example in Section

3 of [235] is the proportionality constant F between the equal time 2pt

function of the ground-based interferometer signal and the integral over

frequencies of the amplitude of the primordial power spectrum P(0). Using

the techniques developed in [228], we find that the response function reads

in our case

F = 2

5
− 16

35
QijDikDkj . (3.3.25)

The first contribution 2/5 is the well known response function for an isotropic

SGWB for a single, ground-based Michelson interferometer (see [235], Sec-

tion 3). The additional contribution is instead new, and contains the

anisotropic contributions of (3.3.17) to the interferometer response func-

tion: notice that it depends on the detector tensor Dij.

As pointed out in [228], a response function as eq (3.3.25) can lead to a

diurnal modulation of a ground-based interferometer signal, since the inter-

ferometer arms change orientation with respect to the anisotropy parameter

Qij as the earth rotates around its axis. As a representative example, we

plot in Fig 3.4 the modulation of the interferometer response function as

the interferometer arms make a full rotation around the axis of rotation

of the earth, when some of the components of the anisotropy parameter

Qij is turned on. From the figure we learn that if we can probe percent

variations of the interformeter response function – corresponding to diurnal

modulations of the same order in the stochastic background – then we can

probe anisotropies of the same magnitude: they correspond to values of

f sqz
NL of the order of one hundred, which can be achieved in the model we

are considering (see Appendix B.3).

It would be very interesting to study quantitatively whether current and

future ground-based interferometers can set constraints on the size ofQij for

realistic values of f̂ sqz
NL , by studying correlations among signals from different

instruments in the presence of the primordial quadrupolar asymmetry, and
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by computing the corresponding signal-to-noise ratio. We plan to further

develop these topics in a future publication.

3.4 Conclusions

We investigated the consequences of a non-attractor phase of cosmologi-

cal evolution for the dynamics of primordial tensor modes, focussing on

the properties of primordial tensor non-Gaussianity in scenarios with non-

minimal couplings of gravity to the scalar sector. Thanks to a tensor dual-

ity, we have been able to analytically compute the properties of the tensor

bispectrum during this phase. We have shown that the tensor bispectrum

is enhanced in the squeezed limit with respect to standard slow-roll sce-

narios, and can parametrically violate Maldacena’s consistency relations.

Moreover, tensor non-Gaussianity exhibits a scale dependence characteris-

tic of our set-up, that can help to distinguish our model from other sce-

narios with large tensor non-Gaussianity. Squeezed tensor non-Gaussianity

induces a characteristic quadrupolar anisotropy on the power spectrum of

the stochastic background of primordial tensor perturbations. To make

contact with gravitational wave experiments, we discussed the response

function of a ground based Michelson interferometer to a gravitational wave

background with such a feature.

Much work is left for the future. It would be interesting to apply our

approach to more general scenarios then the ones considered so far, in-

cluding theories of Beyond Horndeski or DHOST [237–241]. This would

also allow one to study in more general terms the transition phase between

attractor and non-attractor, and related possible instabilities associated

with violations of energy conditions (see the discussion in the Appendix

of [123]). At the phenomenological level, it would be important to further

investigate to what extent gravitational wave experiments can probe the

quadrupolar anisotropy in the tensor power spectrum induced by squeezed
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non-Gaussianity, by computing the corresponding signal-to-noise ratio for

actual experiments, and relating it to the size of non-Gaussian observables.

We plan to return on these topics soon.



Chapter 4

Probing a stationary

non-Gaussian background of

stochastic gravitational waves

with pulsar timing arrays

This chapter consists of this paper [2] which was published in the jounral

JCAP.

We introduce the concept of stationary graviton non-Gaussianity (nG), an

observable that can be probed in terms of 3-point correlation functions of

a stochastic gravitational wave (GW) background. When evaluated in mo-

mentum space, stationary nG corresponds to folded bispectra of graviton

nG. We determine 3-point overlap functions for testing stationary nG with

pulsar timing array GW experiments, and we obtain the corresponding op-

timal signal-to-noise ratio. For the first time, we consider 3-point overlap

functions including scalar graviton polarizations (which can be motivated

in theories of modified gravity); moreover, we also calculate 3-point overlap

functions for correlating pulsar timing array with ground based GW detec-

tors. The value of the optimal signal-to-noise ratio depends on the number

93
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and position of monitored pulsars. We build geometrical quantities charac-

terizing how such ratio depends on the pulsar system under consideration,

and we evaluate these geometrical parameters using data from the IPTA

collaboration. We quantitatively show how monitoring a large number of

pulsars can increase the signal-to-noise ratio associated with measurements

of stationary graviton nG.

4.1 Introduction

After the direct detection of GWs from merging black hole and neutron star

binaries, one of the next challenges for GW experiments is the measure-

ment of a stochastic gravitational wave background (SGWB). A theoretical

characterization of the properties of the SGWB is essential for designing

observables aimed to distinguish among different sources. Reviews of as-

trophysical and cosmological sources for a SGWB measurable with GW

experiments can be found e.g. in [165, 242–245]. If a SGWB will be even-

tually detected, a natural question is whether it is possible to disentangle

its different contributions from astrophysical and/or cosmological sources.

If a SGWB has cosmological origin, its spectrum can be characterized by

specific properties: the frequency dependence of its energy density profile

can be more complex than the typical power-law that characterise astro-

physical backgrounds. (See e.g. the recent [246] for an accurate tool for dis-

tinguishing among different frequency profiles with LISA experiment.) De-

pending on the production mechanisms, it can be characterized by a large,

intrinsic graviton (also called tensor) non-Gaussianity (nG) (see e.g. [199]

for an analysis and review of tensor nG from cosmological inflation 1). Al-

though GWs produced by early universe mechanisms can be non-Gaussian,

1Also astrophysical backgrounds can be non-Gaussian, when sources of GWs are
at the verge of being individually detected: the kind of nG is different from the one
discussed here, and requires dedicated studies [247–251].
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any signal detected at frequency scales of GW experiments is usually con-

sidered to be Gaussian, for various related reasons [197, 198, 242, 252]. One

reason (as explained in [242, 252]) is that any higher order, connected corre-

lation of signals detected with GW experiments typically involves angular

integrations of contributions from many different, causally disconnected

patches of the sky. By the central limit theorem, such linear superposition

of signals from different directions tend to suppress any existing nG in GWs

originating from each independent patch. Other more concrete reasons, as

spelled out in full detail in the recent works [197, 198] are as follows: on

their way through large cosmological distances from source to detection,

GWs can collect random phases induced by long-wavelength matter fluc-

tuations, which tend to suppress existing non-Gaussian phase correlations

among GW signals. Moreover, due to the finite time of measurement, GW

momenta can not be resolved perfectly, and such uncertainty again sup-

presses non-Gaussian effects when measuring higher order correlators 2.

A common feature of the cases studied so far, and partly at the root of the

problems mentioned above, is that the corresponding GW signal 3-point

function is not stationary: the value of the 3-point correlator of GW signal

evaluated at equal time (say t) depends on the value of t. In this work,

to overcome this problem, we introduce and characterize the concept of

stationary graviton non-Gaussianity. It is characterized by higher-order

correlators with two important porperties: they are invariant under time

translation symmetry, and (as a consequence) they select GWs propagating

along a common direction. Such features eliminate possible phase differ-

ences accumulating along the way GW travel from source to detection.

They can then allow one to avoid the previous problems, making station-

ary graviton nG an observable that can be potentially probed by measuring

2Possible ways out to these negative conclusions have been proposed, involving
measurements of quantities only indirectly sensitive to graviton nG: the quadrupolar
anisotropy of the SGWB power spectrum, an observable which depends on the squeezed
limit of tensor non-Gaussian correlation functions [1, 155, 253]; and higher-order corre-
lations among spatial anisotropies in the distribution function of the GW energy density
[254].
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3-point functions of the SGWB with GW experiments. When evaluated in

momentum space, stationary nG corresponds to a folded (also dubbed flat-

tened) shape of tensor nG 3. In Section 4.2, we first characterize general

properties of this category of non-Gaussian, stationary signals, and ex-

plain why they have the opportunity to avoid the problems investigated in

[197, 198]. We then discuss prospects to detect stationary non-Gaussianity

with pulsar timing arrays (PTA).

Besides interferometers, another promising tool for detect SGWBs is based

on observations of time residuals from large arrays of pulsars, which can

detect the passage of GWs by tiny changes in their precisely measured pe-

riods. They can detect GWs at small frequencies of around 10−7 − 10−9

Hz. Several collaborations are studying pulsar data set in order to de-

tect GW signals – EPTA [255], NANOGrav [256], PPTA [257] – and data

are collected in an international collaboration called IPTA [258] which is

currently monitoring 49 pulsars. In the relatively near future, SKA will

considerably increase the number of monitored pulsars and the accuracy

of measurements, see e.g. [259]. Theoretical studies of how the response

of a PTA system to a SGWB have been started decades ago by the work

of Hellings and Downs [260]. A more recent, detailed analysis of optimal

signal-to-noise ratio and detectability prospects for a SGWB can be found

in [261]. Reviews can be found in [243, 262, 263]. See also [264] for a

study of overlap functions for 3-point non-Gaussian correlators with PTA

(we will discuss in footnote 6 the differences between [264] and our work).

Discussions on tests of deviations from General Relativity with PTAs can

be found e.g. in [265–267].

In Section 4.3, we study overlap functions for PTA systems associated

with stationary graviton nG. We do so in various different cases. We first

consider 3-point overlap functions for PTA data aimed to detect corre-

lations among spin-2 tensor modes of General Relativity. We then study

3The work [198] already pointed out that 3-point functions of GWs whose momenta
are accurately aligned can avoid decorrelation effects.
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3-point overlap functions including scalar excitations (the ‘breathing mode’

or transverse scalar graviton polarization), that are motivated by modified

theories of gravity. We finally study correlations among different GW ex-

periments (PTA and ground based interferometers), motivated by the fact

3-point functions associated with folded nG can correlate signals with very

distinct frequencies.

Armed with these results, in Section 4.4 we determine the expression for

the optimal signal-to-noise ratio to detect stationary nG in the SGWB.

We investigate how the number of monitored pulsars and the geometry

of the PTA system determine the optimal SGWB. We compute some of

the key geometrical quantities characterizing the optimal SNR with data

from IPTA collaboration. Our results give a quantitative indication that

monitoring a large number of pulsars can increase the signal-to-noise ratio

associated with measurements of stationary graviton nG.

4.2 Characterization of a stationary

non-Gaussian SGWB

In this Section we discuss necessary conditions to make graviton non-

Gaussianity an observable that can be directly probed in terms of 3-point

correlation functions of a SGWB. We assume that the SGWB background

is stationary, meaning that all correlators are time translationally invariant.

If they were not, destructive interference effects are expected to set them

to zero. Additionally, we shall also assume that parity is conserved, and

that the background geometry preserves 3-dimensional spatial isotropy.

The GW spin-2 tensor mode in transverse-traceless gauge is expanded in

Fourier modes as
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hab(t, x⃗) = ∑
λ
∫

∞

−∞
df ∫ d2n̂ e−2π i f n̂ x⃗ e2π i f t e

(λ)
ab (n̂)hλ(f, n̂) , (4.2.1)

with f the GW frequency, and n̂ the unit vector corresponding to the

GW direction. The product 2π f n̂ corresponds to the 3-momentum of

the GW. The condition hλ(f, n̂) = h∗λ(−f, n̂) ensures that the function

hab(t, x⃗) is real. The sum runs over chirality index λ = L,R, and e
(λ)
ab (n̂)

denotes the polarization tensor: see Appendix C.1 for our conventions on

these quantities. In (4.2.1) we integrate over positive as well as negative

frequencies f , so to maintain a concise expression [268].

Being the SGWB by hypothesis stationary, all correlators depend on time

differences only. In other words, correlators in real space as

⟨ha1b1(t1, x⃗1) . . . hanbn(tn, x⃗n)⟩ (4.2.2)

depend only on t1 − tn for each n and are invariant under time translation.

This condition is easily achieved for the case of 2-point correlation functions.

Assuming to correlate two modes with frequencies f1,2 of opposite signs (say

f1 > 0), the 2-point correlator in Fourier space has the standard structure

⟨hλ1(f1, n̂1)hλ2(f2, n̂2)⟩ = δ(3) (f1 n̂1 + f2 n̂2) δλ1λ2 P (f1) , (4.2.3)

= δ (f1 + f2) δ(2) (n̂2 − n̂3) δλ1λ2 P (f1) , (4.2.4)

with P (f) the power spectrum depending on frequency. In the second line,

we used the fact that the 3-dimensional δ-function implies the condition

f1n̂1 = −f2n̂2. Taking the square of this expression one gets f 2
1 = f 2

2 ⇒
f1 = −f2 (recall that we are working with positive as well as negative

frequencies) and hence n̂1 = n̂2.
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The δ-functions make the correlator in eq (4.2.13) isotropic (the waves

come from the same direction) and stationary. Stationarity is evident in

the 2-point correlator in real space:

⟨ha1b1(t1, x⃗1)ha2b2(t2, x⃗2)⟩ = ∑
λ1λ2
∫

∞

−∞
df1df2∫ d2n̂1 d

2n̂2

× e2π i f1 t1 e2π i f2 t2 δ (f1 + f2) δ(2) (n̂2 − n̂3)

× e
(λ1)
a1b1

(n̂1)e
(λ2)
a2b2

(n̂2) δλ1λ2 P (f1) (4.2.5)

= ∑
λ1
∫

∞

−∞
df1∫ d2n̂1 e

2π i f1 (t1−t2)

× e
(λ1)
a1b1

(n̂1)e
(λ1)
a2b2

(n̂1) P (f1) .

The previous expression is time-translationally invariant, since it depends

only on the time difference (t2 − t1) appearing in the exponential term of

eq (4.2.6).

What about higher-order, connected n-point functions? The crucial feature

of expression (4.2.13) which leads to time-translation invariance in real

space is the presence of the δ-function in frequencies, δ(f1 + f2).

We then postulate that the same property holds for the 3-point function in

Fourier space, and write the Ansatz

⟨hλ1(f1, n̂1)hλ2(f2, n̂2)hλ3(f3, n̂3)⟩ = δ (f1 + f2 + f3) ⟨hλ1(f1, n̂1)

× hλ2(f2, n̂2)hλ3(f3, n̂3)⟩st.(4.2.6)

where the label st means stationary. A non-vanishing 3-pt correlator with

this property characterizes what we shall call stationary graviton non-

Gaussianity (nG). Indeed, substituting the decomposition (4.2.6) in the

three point correlator in coordinate space, and using eq (4.2.1) to express

correlators, we obtain the expression (we integrate over f3 and use the

δ-function appearing in eq (4.2.6))

⟨ha1b1(t1, x⃗1)ha2b2(t2, x⃗2)ha3b3(t3, x⃗3)⟩ = ∑
λ1λ2λ3

∫
∞

−∞
df1df2∫ d2n̂1 d

2n̂2 d
2n̂3



Chapter 4 Probing a stationary non-Gaussian background of stochastic
gravitational waves with pulsar timing arrays 100

× e2π i f1 (t1−t3) e2π i f2 (t2−t3)

× e−2π i f1 (n̂1 x⃗1−n̂3 x⃗3) e−2π i f2 (n̂2 x⃗2−n̂3 x⃗3)

× e
(λ1)
a1b1

(n̂1)e
(λ2)
a2b2

(n̂2) e
(λ3)
a3b3

(n̂3)

× ⟨hλ1(f1, n̂1)hλ2(f2, n̂2)

× h∗λ3(f1 + f2, n̂3)⟩st . (4.2.7)

Since it depends only on time differences, this correlator is time transla-

tionally invariant, as desired, hence the 3-point function is stationary.

At this level, our stationary Ansatz (4.2.6) is purely phenomenological,

being it introduced to realize the stationary condition (4.2.7). But it is not

difficult to characterise the 3-point function in Fourier space. Indeed, the

statistical isotropy of the fluctuations also requires that the Fourier space

correlator (4.2.6) is proportional to the three dimensional δ−function acting

on the three momenta, meaning that the vectors fin̂i form a closed triangle

(the label iso means isotropic):

⟨hλ1(f1, n̂1)hλ2(f2, n̂2)hλ3(f3, n̂3)⟩ =

δ(3)(f1 n̂1 + f2 n̂2 + f3 n̂3) ⟨hλ1(f1, n̂1)hλ2(f2, n̂2)hλ3(f3, n̂3)⟩iso . (4.2.8)

We now show that, taken together with the condition (4.2.8), the station-

arity condition of eq (4.2.6) selects only ‘folded’ (also called flattened) tri-

angles in moment space, whose sides are exactly superimposed. Since the

sum over frequencies vanish for the stationarity condition, one of the two

frequencies has sign opposite to the other one: without lack of generality,

we can take f1,2 > 0 and f3 < 0. We write the two conditions (4.2.6) and

(4.2.8) as

f3n̂3 = −f1n̂1 − f2n̂2 , (4.2.9)

f3 = −f1 − f2 . (4.2.10)
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Taking the square of both sides of (4.2.9), we get the condition

f 2
3 = f 2

1 + f 2
2 + 2 f1f2 n̂1 ⋅ n̂2 . (4.2.11)

Consider finite, non-vanishing values for fi: the only way to make eq

(4.2.11) compatible with the square of both sides of eq (4.2.10) is to re-

quire n̂1 ⋅ n̂2 = 1. Contracting eq (4.2.9) with n̂1, and using this result, we

obtain

f3 n̂3 ⋅ n̂1 = −f1 − f2 , (4.2.12)

which is compatible with eq (4.2.10) only if n̂1 ⋅ n̂3 = 1. Hence the condition

of stationarity is equivalent to consider folded triangles in momentum space,

with superimposed sides. In other words, n̂i ⋅ n̂j = 1 for each n̂i, and the

directions characterizing the GW modes entering the three-point correlator

lie on the same line. See Fig 4.1 for a graphical representation of examples

of folded triangles in momentum space, corresponding to folded nG.

Figure 4.1: Representation of folded (also called flattened) triangles.
Here f1,2 > 0, f3 < 0. The triangle sides are intended to be superimposed,
with vanishing angles between the sides (f1, f3) and (f2, f3). The side
lengths can be very different (e.g. f1 ∼ ∣f3∣≫ f2, left plot) or comparable

in size (e.g. f1 ∼ f2 ∼ ∣f3∣/2, right plot).

To summarize, the condition of stationarity requires that the two and three

point functions of tensor modes in Fourier space read, if none of the fi is

vanishing small 4:

4In the squeezed case (one of the fi vanishes) then the condition of stationarity it
is not necessarily associated with the condition of superimposed triangle sides. The
consequences of squeezed configurations for modulating the tensor power spectrum have
been recently investigated in [253].
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⟨hλ1(f1, n̂1)hλ2(f2, n̂2)⟩ = δ (f1 + f2) δ(2) (n̂1 − n̂2)

× δλ1λ2 P (f1) , (4.2.13)

⟨hλ1(f1, n̂1)hλ2(f2, n̂2)hλ3(f3, n̂3)⟩ = δ (f1 + f2 + f3) δ(2) (n̂1 − n̂3)

× δ(2) (n̂2 − n̂3)

× Bλ1λ2λ3(f1, f2, n̂⋆) , (4.2.14)

where in the last line we introduced the function Bλ1,2,3 , the tensor bis-

pectrum associated to scenarios with stationary nG. Such bispectrum is

characterized by flattened triangle shapes 5 (see Fig 4.1).

For the rest of this work, we shall focus on stationary correlators of the

form in eqs (4.2.13), (4.2.14). Folded non-Gaussianity is known to arise in

the scalar sector of specific models of inflation, see e.g. [269–272]. It would

be interesting to investigate models where the same shape of nG arise in the

tensor sector, for example in models with extra spin-2 degrees of freedom

in an EFT approach to inflation (see e.g. [221, 222]). We do not pursue the

problem of model building any further in this work, but we instead continue

with characterizing the interesting properties of stationary graviton nG. It

is also worth noticing that – even if the background is isotropic – the tensor

bispectrum can distinguish among different chiralities, since its amplitude

depends on the value of the chirality indexes λi.

Substituting the 3-point function in (4.2.14) into eq (4.2.7), we find the

concise expression

5It is important to notice that Bλ1,2,3 depends on a specific reference direction, that
we denote with n̂⋆: this is due to the fact that tensor modes transform under spatial
rotations, and the definition of polarization tensors depends on such specific, selected
direction. Our results for the overlap functions in the next Section then depend on the
choice of n̂⋆: see also [199] for a detailed discussion on this point.
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⟨ha1b1(t1, x⃗1)ha2b2(t2, x⃗2)ha3b3(t3, x⃗3)⟩ = ∑
λ1λ2λ3

∫
∞

−∞
df1df2∫ d2n̂

× e
(λ1)
a1b1

(n̂)e
(λ2)
a2b2

(n̂) e
(λ3)
a3b3

(n̂)

× e2π i f1 (t1−t3) e2π i f2 (t2−t3)

× e−2π i f1 n̂ ( x⃗1−x⃗3) e−2π i f2 n̂ (x⃗2− x⃗3)

× Bλ1λ2λ3(f1, f2, n̂⋆) , (4.2.15)

that makes stationarity and isotropy particularly transparent.

4.2.1 On the local observability of stationary graviton

non-Gaussianity in a SGWB

We conclude this Section discussing some interesting properties of (4.2.15).

Tensor 3-point functions satisfying the stationarity condition (4.2.14) do

not necessarily suffer from decorrelation effects as discussed in [197, 198,

242, 252]. Such effects are associated with phase decorrelations among dif-

ferent waves coming from several distinct causally disconnected regions, a

process that tends to ‘Gaussianize’ the system for the central limit theorem.

Interestingly, in our case, the delta-function conditions on the wave-vectors

given in eq (4.2.14) (a consequence of stationarity) ensure us that GWs

come from the same direction. This is particularly clear from eq (4.2.15),

where the angular integral is carried over the single direction of propagation

of the waves (see also Fig 4.2). The work [198] already pointed out that

contributions to 3-point functions for which GW momenta are accurately

aligned can avoid decorrelation effects. Our concept of stationary gravi-

ton nG singles out the category of tensor nG whose support is enhanced

for such configurations, which are the only ones that can be probed by

measurements of 3-point functions of GW signals.
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Figure 4.2: The structure of the 3-point function in eq (4.2.14) requires
that the three GWs entering in the correlator originate from a common
direction n̂ in the sky. In the graphical representation above, we show
with the red spot the common region of emission of three GWs (which
can be of cosmological origin); with the blue blob the region containing
GW detectors (which can be of astrophysical size, as in the case of PTA
experiments). The lines with arrows (that we intend as superimposed)

indicate the GW common direction n̂.

Besides this effect, [197] shows that GWs, in their (possibly long) way from

source to detection, can collect random phases induced by long-wavelength

energy fluctuations. These phases, physically associated with a Shapiro

time delay effect, influence the short-wavelength GW modes propagating

over cosmological distances. Indeed, they tend to suppress phase corre-

lations of initially non-Gaussian fields, and to reduce the amplitude of

connected n-point tensor correlation functions with n ≥ 3. In our case,

correlators depend on time differences only. Hence they are not sensitive to

the entire time-travel of the wave from emission to detection, but only to

the relatively short time-scale of the experiment. Although this is a more

model dependent issue – depending on how long wavelength matter fluctu-

ations influence tensor geodesics – we can develop some semi-quantitative

argument as follows. The effect of long wavelength modes can be expressed

in terms of coordinate redefinitions [273], which depend on time and on po-

sition. Following [197], we focus on the effect of long wavelength curvature

fluctuations, and describe their effect in terms of a shift of time coordinate.

We express the graviton mode in real space as

hab(t, x⃗) = ∑
λ
∫

∞

−∞
df ∫ d2n̂ e−2π i f n̂ x⃗ e2π i f (t+Z(t, n̂)) e

(λ)
ab (n̂)hλ(f, n̂) ,

(4.2.16)
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where the function Z(t, n̂) in the exponent (depending on time and GW

direction) characterizes the effect of the long mode. In taking the equal

time 3-point function in coordinate space using eq (4.2.16), and making

use of stationary correlation properties as in eq (4.2.14), the δ-functions in

the GW directions force all the arguments of the Z functions to be equal,

and the δ-functions in frequencies force them to cancel. The result is not

dependent on time, nor on Z. Hence, long modes – when described as above

– do not influence the equal-time 3-point function. It would be interesting

to formalize this argument more precisely, but such analysis deserves more

extensive work that we leave to a future publication.

4.3 Pulsar Timing Array overlap functions

We now investigate techniques to probe stationary tensor nG with pulsar

timing arrays (from now on, PTA). Precision measurements of time delays

in pulsar periods can allow astronomers to extract interesting information

on the physics of the GW sector. Pulsar time delays can be due to a GW

which deform the space-time by passing between the pulsar and the earth;

to intrinsic pulsar period variations; or to some unknown or less-known

noise sources. By correlating measurements from distinct pulsars, noise

can be reduced, and possible GW signal revealed. A correlation between

different time-delay measurements lead to the concept of overlap function,

which quantifies the response of a set of GW detectors to GWs with a

given frequency. Starting from the overlap function, it is then possible

to estimate the signal-to-noise ratio associated to dedicated GW observ-

ables aimed at characterising the non-Gaussian properties of a SGWB. In

this Section, after reviewing in Section 4.3.1 well known results on 2-point

overlap functions for PTA observations, we pass to discuss 3-point func-

tions specializing to the case of stationary graviton non-Gaussianity. In

particular:
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1. In Section 4.3.2 we discuss overlap functions for pulsar timing arrays

designed to probe tensor non-Gaussianity with folded shapes, cor-

responding to stationary graviton non-Gaussianity (see Section 4.2).

When correlating GW measurements from PTA experiments we ex-

pect the signals to have comparable frequencies. Hence we probe

flattened triangle shapes with comparable side lengths in momentum

space, corresponding to the right panel of Fig 4.1. 6

2. The tensor bispectrum can correlate also modes with different spins

(e.g. tensors with scalars). This might lead to interesting observables

when investigating theories of modified gravity with extra degrees of

freedom (as in scalar-tensor theories). For the first time, in Section

4.3.3 we compute mixed 3-point overlap functions for GW experi-

ments correlating tensor and scalar fluctuations, specialising to the

case of PTA experiments.

3. A stationary tensor 3-point function can also correlate GWs with very

distinct frequencies, as long as they satisfy the δ-function constraints

of eq (4.2.14): an example is the flattened triangle in momentum

space of Fig 4.1 (left panel) in which one of the frequencies is much

smaller than the others. This implies that triangle configurations

can be probed by correlating different experiments operating over

different frequency ranges. For the first time, in Section 4.3.4 we build

overlap functions correlating distinct experiments: PTA (detecting

SGWBs at frequencies of order fPTA ∼ 10−9 − 10−7 Hz) and ground

based detectors (operating at frequencies of fGB ∼ 100 − 103 Hz).

Following the review in [243], we define the total time-delay output sα

measured by a GW experiment based on a PTA system as sum of a GW

signal σα, and the noise na. We assume that the noise is uncorrelated with

6An interesting study of PTA 3-point overlap functions, with the aim of to investigate
tensor non-Gaussianity, has been carried on in [264]. But that work did not specifically
analyzed flattened triangular shapes, that as we learned are the physically relevant ones
in the context of stationary non-Gaussianity.
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the GW signal, and both have average zero. For any GW propagating in

the direction n̂, we define the signal detected by the PTA in terms of the

relative time delay induced by the GW on the pulsar period

σα(t) ≡ ∆Tα
Tα

= xiα x
j
α

2(1 + n̂ ⋅ x̂α)
[hij(t, x⃗ = 0) − hij(t − τα, x⃗α)] , (4.3.1)

where the Earth is located at position x⃗ = 0, while the pulsar α is located at

position x⃗ = x⃗α. τα is the light travel time from the pulsar to the Earth and

x̂a the unit vector between the Earth and the pulsar position. Expressing

this quantity in Fourier space, we find

σα(t) = ∑
λ
∫

∞

−∞
df ∫ d2n̂ F

(λ)
α (n̂) e2π i f t hλ(f, n̂) (1 − e−2πifτα e−2π i f n̂ x⃗α) ,

(4.3.2)

where we introduce the detector tensor

F
(λ)
α (n̂) =

xiα x
j
α e
(λ)
ij (n̂)

2(1 + n̂ ⋅ x̂α)
, (4.3.3)

which depends only on the GW direction, but not on the GW frequency f .

4.3.1 Two-point overlap functions

The simplest possibility to consider is the 2-point correlation function. We

review this well known case here, before discussing new results for the 3-

point overlap function for stationary nG. The 2-point function for the GW

modes is given in eq (4.2.13). The equal-time 2-point correlation function

for the PTA time-delay signal reads

⟨σα(t)σβ(t)⟩ = ∑
λ1λ2
∫

∞

−∞
df1df2∫ d2n̂1d

2n̂2 F
(λ1)
α (n̂1)F (λ2)β (n̂2)

× e2π i (f1+f2) tP (f1) δ(2)(n̂1 − n̂2) δ(f1 + f2) δλ1λ2

× (1 − e−2πif1τα(1+n̂1 n̂α)) (1 − e−2πif2τβ(1+n̂2 n̂β)) .

(4.3.4)
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For pulsars at typical distances of 103 parsec, taking into account the fre-

quency range probed by PTA, one finds that the quantity fτα ∼ O(102).
This implies that contributions containing exponentials in the pulsar terms,

in the second line of the previous equation, are rapidly oscillating functions

that are averaged out in the integral over directions n̂. Hence we can neglect

these terms and substitute the second line with a unit factor.

Figure 4.3: Representation of a system of two pulsars, and the earth.
We denote with ζ the angle between the unit vectors from the earth to-

wards each of the pulsars.

Under this approximation, making use of the δ functions, we can assemble

the angular integral into a response function, and express the previous

quantity as

⟨σα(t)σb(t)⟩ = 2π ∑
λ
∫ df R(λ)αβ P (f) , (4.3.5)

where the PTA 2pt response function is given by an angular integration,

leading to the so-called Hellings-Down overlap function [260] (see also [243,

261, 274]):

R(λ)αβ (ζ) = ∫
d2n̂

2π
F
(λ)
α (n̂)F (λ)β (n̂) , (4.3.6)

= 1

6
− (1 − cos ζ)

24
(1 − 6 ln(1 − cos ζ

2
)) , (4.3.7)

where

cos ζ ≡ x̂α ⋅ x̂β . (4.3.8)
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It is important to stress that the Hellings-Down function R(λ)αβ depends only

on angle ζ between pulsar directions, and not on the GW frequency. In Fig

4.4 we represent the profile of the sum of overlap functions over polarization

indexes, Rαβ(ζ) = ∑λR(λ)αβ .

0 Π
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Π

-0.1

0

0.1

0.2

0.3

Hellings-Down Curve

Figure 4.4: The 2-point overlap function for the sum of the spin-

2 polarizations Rab(ζ) = ∑λR
(λ)
ab (the so-called Hellings-Down curve

[260]). The x-axis contain the angle ζ defined in eq (4.3.8). The y-axis
the corresponding value of the overlap function, see eq (4.3.6).

4.3.2 Three-point overlap functions

We now analyze the 3-point overlap function for flattend tensor bispectra

satisfying a stationarity condition, as described in Section 4.2. Such shapes

of tensor bispectra were not specifically investigated in [264], hence our

results are new. In correlating signals from different pulsars, we assume

that the frequencies of the GWs are comparable, hence the flattened tensor

bispectra in momentum space have a shape with sides of similar size, see

the right panel of Fig 4.1.

The tensor 3-point function in Fourier space is given by eq (4.2.14). The

PTA signal equal-time 3pt function then results, using the notation of the

previous subsection, is

⟨σα(t)σβ(t)σγ(t)⟩ = ∑
λ1λ2λ3

∫
∞

−∞
df1df2∫ d2n̂ F

(λ1)
α (n̂)F (λ2)β (n̂)

× F
(λ3)
γ (n̂)Bλ1λ2λ3(f1, f2, n̂⋆) .

(4.3.9)
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We now conveniently collect the angular integration in the definition of the

3-point overlap function Rλ1λ2λ3αβγ (n̂⋆):

⟨σα(t)σβ(t)σγ(t)⟩ = ∑
λ1λ2λ3

2π ∫
∞

−∞
df1df2Rλ1λ2λ3αβγ (n̂⋆)

× Bλ1λ2λ3(f1, f2, n̂⋆) . (4.3.10)

To perform such angular integrations, we introduce a rotation matrixM [θ, φ]:

M [θ, φ] =
⎛
⎜⎜⎜⎜
⎝

sin θ cosφ cos θ cosφ − sinφ

sin θ sinφ cos θ sinφ cosφ

cos θ − sin θ 0

⎞
⎟⎟⎟⎟
⎠
. (4.3.11)

We rotate over the reference direction n⋆: n̂ = M [θ, φ] n̂⋆, so to write

Rλ1λ2λ3αβγ (n̂⋆) = 1
2π ∫

2π

0 dφ ∫
π

0 sin θ dθ

× [F (λ1)α (M n̂⋆)F (λ2)β (M n̂⋆)F (λ3)γ (M n̂⋆) + (λi → −λi)] . (4.3.12)

Notice that the PTA 3-point overlap function depends on the chirality of

the GW, the relative position of pulsars, and the reference direction n̂⋆.

From now on, in this work we select n̂⋆ to point along the x̂ axis:

n̂⋆ = (1, 0, 0) . (4.3.13)

On the other hand, the overlap function does not depend on the frequency

since (for the same arguments discussed in Section 4.3.1) we can safely

neglect the earth terms. In what follows, we do not consider scenarios

including parity violation, and we sum over opposite chiralities. In other

words, indicating R = + and L = −, we compute and plot the sum Rλ1λ2λ3αβγ +
R−λ1 −λ2 −λ3
αβγ , as done in Section 4.3.1 for the 2-point overlap function.

Evaluating the precise angular structure of Rλ1λ2λ3αβγ (n̂⋆) is essential for es-

timating the optimal signal-to-noise ratio of an experiment to measure a

stationary tensor bispectrum, as we shall learn in Section 4.4. In the next
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two subsections, we evaluate the 3-point overlap functions in two different

configurations.

4.3.2.1 3-point overlap function: two signals from the same pul-

sar

In this subsection we compute the overlap function for a case where we

correlate two time-delay signals from the same pulsar α, with a third signal

from a separate pulsar β. This case will be important for the discussion in

Section 4.4. We consider the limit of equal time 3-point correlation

⟨σα (t)σα (t)σβ (t)⟩ , (4.3.14)

and we represent in Fig 4.5 for a graphical representation of the geometry

of the system.

Figure 4.5: Representation of a configuration where we correlate two
signals measured at the same pulsar α with a signal for the distinct pulsar

β.

In this case we find that the 3-point overlap function depends only on the

angle ζ between the vectors from the earth towards pulsars α and β. The

general formula to compute such function is given by eq (4.3.12), with

γ = β. The response function Rλ1λ2λ3αββ depends on chirality, see Fig 4.6.

Its magnitude is around few percent, depending on the value of ζ. We

find RRRRαββ = RRLRαββ . Notice that these results are quite different from the
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Hellings-Down profile reviewed in Section 4.3.1 for the 2-point function, in

respect of size and angular profile.
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Figure 4.6: 3-point overlap functions associated with stationary, flat-
tened bispectra, for correlating two signals from the same pulsar with a
signal from another pulsar (see Fig 4.5). In the x-axis we vary the angle
ζ between the unit vectors from the earth towards pulsars α and β. In
the y-axis we represent the magnitude of the associated 3-point function,

which depends on the polarization of the GWs.

4.3.2.2 3-point overlap function: signals from from three distinct

pulsars

When we correlate time-delay signals from three different pulsars, the result

depends in a more complex way on the geometry of the system. For defi-

niteness, here we focus our attention on a system where the three pulsars

lie on orthogonal planes, (x, y), (x, z), (y, z): see Fig 4.7.

Figure 4.7: A configuration with three pulsars lying on orthogonal
planes. In this representative figure, ζ denotes the angle beween the
unit vectors from the earth towards pulsar 1 and 2. χ denotes the angle

beween the unit vectors from the earth towards pulsar 2 and 3.
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In this case, the 3-point overlap function depends on two angles ζ and

χ between the vectors from earth towards the pulsars. We represent our

results for the overlap functions in Fig 4.8, evaluated using the general

formula (4.3.12). Also in this case the typical magnitude of the overlap

function is of order of a few percent. On the other hand, the plots in Fig 4.8

also present peaks and valleys where the magnitude of the overlap function

can increase by a factor of order one with respect to the 2-dimensional case

studied in section 4.3.2.1.

Figure 4.8: Three-point overlap functions associated with stationary,
flattened bispectra We locate the pulsars in three different orthogonal
planes (say (xy), (yz), (xz)) and vary the angle ζ between the unit vectors
from the earth towards pulsar 1 and 2, and χ the unit vectors from the
earth towards pulsar 1 and 3. The z-axis represents the magnitude of

the corresponding overlap function.

4.3.3 Three-point overlap functions: correlating ten-

sor and scalar polarizations

GW experiments can be sensitive also to vector and scalar polarizations

of GWs, motivated by theories that modify General Relativity: see the

interesting early works [275, 276] that first explored this possibility, and

[265–267] for analysis that specifically cover PTA experiments. GW 2-point

functions do not correlate fields of different spin (e.g. scalar and tensors)

around an isotropic background; instead, correlations among different spins

are possible at the level of 3-point functions. In this subsection, for the first

time we investigate 3-point overlap functions describing the correlation of

scalar GW polarizations with tensor (or scalar) polarizations. Our results
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are model independent, and we do not refer to specific scenarios. But, for

the same reasons discussed in the previous sections, we focus on stationary

non-Gaussianity, associated with time-translation-invariant 3-point func-

tions (that is, bispectra with folded shapes in momentum space). Our con-

ventions for polarization tensors describing the transverse scalar ‘breathing

mode’ GW polarization are standard and listed in Appendix C.1.

We first consider correlation of two signals from the same pulsar α with a

signal from a distinct pulsar β, as in subsection 4.3.2.1. Figure 4.9 shows

our result for the overlap function relative to a stationary bispectrum of

folded shape, with correlate scalar and tensor modes. Interestingly, the

magnitude of the overlap function in the presence of scalar excitations is

larger than in the case of spin-2 modes only, and does not depend on the

chirality (L/R) of tensors entering the correlators. As we shall see, this fact

has some consequences in the computation of the signal-to-noise ratio.
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Figure 4.9: Three-point overlap functions correlating two signals from
the same pulsar α with a signal from second pulsar β. We vary the angle
ζ between the unit vectors from the earth towards pulsar a and b. We

correlate tensor T polarization with scalar S polarization.

We then consider correlation of three signals from three distinct pulsars,

with the condition that the three pulsars lie on orthogonal planes, as done in

Section 4.3.2.2 in a purely tensor context. Figure 4.10 shows our results for

the overlap functions for this case. Notice that for the pulsar configuration

we consider the overlap function for scalar autocorrelations is flat.
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Figure 4.10: Three-point overlap functions correlating scalar and ten-
sor modes for signals from three different pulsars lying on orthogonal
planes. We vary the angle ζ, χ between the unit vectors from the earth
towards the pulsars. We correlate tensor (T) polarization with scalar

(S) polarization.

4.3.4 Three-point overlap functions: correlating PTA

and ground-based experiments

Another interesting feature of stationary tensor nG is the possibility to

correlate signals with very different frequencies, associated with triangles

in momentum space for which one of the side lengths is much smaller than

the other two (see Fig 4.1, left panel). In cases in which the frequencies

involved differ by several orders of magnitude, it is interesting to correlate

signals detected by PTA experiments with signals measured by ground-

based experiments (e.g. LIGO) that work in the frequency range 100 − 103

Hz. See Figure 4.11 for a graphical representation of the system.

Figure 4.11: Representation of a possible measurement where we cor-
relate signals measured with PTA with signals detected with ground-based

experiments (labelled as ‘LIGO’).
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The calculation of the corresponding overlap function is conceptually simi-

lar to what we have done so far: only the expression for the detector tensor

(given in eq (4.3.3) for the PTA case) changes. In the small-antenna limit,

the detector tensor for ground based experiments reads:

F
(λ)
α (n̂) = 1

2
e
(λ)
ij (X i

aX
j
a − Y i

a Y
j
a ) , (4.3.15)

with X⃗a, Y⃗a indicating the arm directions of the interferometer α. It is

sufficient to plug this expression for the detector tensor in the general for-

mula (4.3.12) for the 3-point detector function to study the case of cross

correlations among different experiments. We represent our results in Figs

4.12 and 4.13. In Fig 4.12, we correlate two signals from the same pulsar

with a signal measured by a ground-based detector.
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Figure 4.12: 3-point overlap functions for correlations between two
signals from the same pulsar and a signal measured at a ground-based
detector. We vary the angle ζ between the unit vectors from the earth

and a direction of one of the ground based detector arms.

In Fig 4.13, instead, we correlate one signal from a pulsar with two signals

measured by the same ground based detector.
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Figure 4.13: 3-point overlap functions for correlations between one
signal from a pulsar and two signals measured at the same ground-based
detector. We vary the angle ζ between the unit vectors from the earth

and a direction of one of the ground based detector arms.

4.4 The optimal signal-to-noise ratio for sta-

tionary tensor nG

Armed with the results of Section 4.3 on the PTA overlap functions, we now

wish to determine the optimal way to correlate measurements from different

pulsars, so to maximise the signal-to-noise ratio (SNR) when measuring

stationary tensor bispectra in flattened configurations with Pulsar Timing

Arrays. We call sα(t) the output of the measurement at time t from pulsar

α, which is the sum of GW signal σα(t) and noise n(t). (And same for

pulsars β, γ.) In order to carry on our computations, we make the following

assumptions:

• We shall assume that the noise dominates over the GW signal. The

total time T during which data are collected (5-10 years) is much

larger than the typical frequency scale of the detected GWs (say f ∼
10 nHz), so we work in a regime fT ≫ 1.

• We will assume that the graviton bispectrum is very peaked in flat-

tened configurations as described in Section 4.2, so that the condition

of stationary bispectrum is very well realised, and any variance asso-

ciated with the spread of the bispectrum shape is well smaller than

the (dominant) instrumental noise as discussed in the previous bullet
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point. It would be interesting to study concrete early universe models

leading to graviton nG with this property, but we leave this for future

work.

Under these hypothesis, we start deriving the expression for the optimal

signal-to-noise ratio, which (as we shall see) depends on the frequency de-

pendence of the tensor bispectrum, as we well as a constant geometrical

quantity that we call rλ1λ2λ3 (λi denoting the GW chirality). The quantity

rλ1λ2λ3 depends on the GW chirality and on the number and geometrical

configuration of the pulsars in the PTA system under consideration. To-

wards the end of the section, we shall collect in a table the values for this

quantity, when evaluated for the IPTA data set [258].

In order to estimate the optimal SNR, we generalise to the case of 3-point

functions the methods described in the textbook [236] and the articles [261,

277]. The computation of the optimal SNR for tensor bispectrum has been

already carried on in [199]: here we simplify the analysis by adapting the

computation to the present context, where we focus on ‘stationary’ non-

Gaussianity only, and on PTA measurements. We define the stationary

three point correlator among a measurement performed with a triplet of

pulsars, denoted with (α, β, γ):

Yαβγ = ∫
T /2

−T /2
dt1∫

T /2

−T /2
dt2∫

T /2

−T /2
dt3

× sα(t1)sβ(t2)sγ(t3) Q(t3 − t1)Q(t3 − t2) , (4.4.1)

where we integrate over the duration T of the experiment. In the previous

expression, Q(ti − tj) is a filter function, depending on time differences,

which we assume decays very rapidly with increasing values of ∣ti − tj ∣.
Notice that we include two copies of Q, in order to take into account the

two independent time differences (t3 − t1) and (t2 − t1).

In the definition of SNR≡S/N, the quantity S (the signal) corresponds to the

ensemble average value of Yαβγ when the signal is present; the quantity N
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(the noise) is the root mean square value of Yαβγ when the signal is absent.

In what comes next, we wish to determine the choice of filter function Q

maximising the SNR.

We Fourier transform the expression (4.4.1):

Yαβγ = ∫
∞

−∞
dfA dfB df1 df2 df3 δT (f1 − fA) δT (f2 − fB) δT (f3 + fA + fB)

× s̃α(f1) s̃β(f2) s̃γ(f3) Q̃(fA) Q̃(fB) , (4.4.2)

and introduce the function δT (f) ≡ (∫
T /2

−T /2 dt exp 2π i ft). This function

approaches the Dirac delta function for T →∞, and has the property that

δT (0) = T . We proceed integrating over the frequencies f1, f2. We get (in

the physically relevant limit of large f T where we can approximate δT with

a δ function):

Yαβγ = ∫
∞

−∞
dfA dfB df3 δT (f3 + fA + fB)

× s̃α(fA) s̃β(fB) s̃γ(f3) Q̃(fA) Q̃(fB) . (4.4.3)

We now compute the SNR≡S/N.

The signal S. Using the procedure outlined above, and equation (4.3.2)

for the individual signals from each pulsar, we get the following expression

for the total signal associated with the 3-pulsar measurement:

S = ∑
λ1λ2λ3

∫
∞

−∞
dfA dfB df3 d

2n̂1 d
2n̂2 d

2n̂3 δT (f3 + fA + fB)F λ1
α (n̂1)F λ2

β (n̂2)

× F λ3
γ (n̂3) ⟨hλ1(fA, n̂1)hλ2(fB, n̂2)hλ3(f3, n̂3)⟩ Q̃(fA) Q̃(fB) , (4.4.4)

= ∑
λ1λ2λ3

∫
∞

−∞
dfA dfB df3 δ(f3 + fA + fB) δT (f3 + fA + fB) ,

Q̃(fA) Q̃(fB)Bλ1λ2λ3(fA, fB, n̂⋆)Rλ1λ2λ3αβγ (n̂⋆) , (4.4.5)

= T ∑
λ1λ2λ3

∫
∞

−∞
dfA dfB , Q̃(fA) Q̃(fB)

× Bλ1λ2λ3(fA, fB, n̂⋆)Rλ1λ2λ3αβγ (n̂⋆) , (4.4.6)
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where we use the fact that δT (0) = T , and make use of expression (4.2.14)

for the GW three point function in momentum space.

The noise N. We assume that the noise is Gaussian and uncorrelated

between pulsars; we define the noise spectrum as

⟨nα(fA)n∗α(fC)⟩ = Sn δ(fA − fC) , (4.4.7)

where we use the fact that PTA noise is frequency independent. We make

use of the following formula from [277]:

Sn = 2∆t σ2 , (4.4.8)

with 1/∆t the measurement cadence (of order 20 yr−1), and σ2 the rms of

the noise timing (for IPTA pulsars, this quantity is of order 1 µs). The

noise squared of the measurement, in absence of signal, is

N2 = ⟨YY∗⟩ , (4.4.9)

= ∫ dfA dfB df3 dfC dfD df4 δT (f3 + fA + fB) δT (f4 + fC + fD)

×⟨nα(fA)n∗α(fC)⟩⟨nβ(fB)n∗β(fD)⟩⟨nγ(f3)n∗γ(f4)⟩

×Q(fA)Q∗(fC)Q(fB)Q∗(fD) , (4.4.10)

= T S3
n ∫ dfA dfB ∣Q(fA)∣2 ∣Q(fB)∣2 . (4.4.11)

Then the ratio corresponding to signal-to-noise is the ratio of the quantity

S in eq (4.4.6) versus N of eq (4.4.11). We can sum over all the available

distinct pulsar triplets (α, β, γ) in the network under consideration 7. We

7Instead of correlating signals from three different pulsars, we can also correlate two
signals from the same pulsar with a signal from a different pulsar, as described in Section
4.3. In this case, we need to sum over distinct pulsar pairs, instead of triplets (more on
this later).
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find

SNR =
√
T

1

⎡⎢⎢⎢⎢⎣
S3
n ∫ dfA dfB ∣Q(fA)∣2 ∣Q(fB)∣2

⎤⎥⎥⎥⎥⎦

1/2

×
⎡⎢⎢⎢⎢⎣
∑
αβγ

∑
λi

∫
∞

−∞
dfA dfB Q̃(fA) Q̃(fB)

(Bλ1λ2λ3(fA, fB, n̂⋆)Rλ1λ2λ3αβγ (n̂⋆))
⎤⎥⎥⎥⎥⎦

(4.4.12)

In order to determine the function Q maximising the previous expression,

we first define a positive definite scalar product [⋯,⋯] between two quan-

tities which depend on frequency (recall that Sn is a positive quantity):

[A1(fa, fb), A1(fa, fb)] = ∫ dfa dfb A1(fa, fb)A∗
2(fa, fb)S3

n . (4.4.13)

By dropping indexes, the SNR of eq (4.4.12) can be then schematically

re-expressed in terms of this scalar product as

SNR =
√
T

[QQ, BR/S3
n]

[QQ, QQ]1/2
. (4.4.14)

The previous quantity is maximized by choosing the function Q as

Q(fa)Q(fb) = B(fa, fb, n∗)R(n∗)
S3
n

. (4.4.15)

To summarize, the optimal SNR is given by the expression

SNRopt =
√

4T
⎡⎢⎢⎢⎣
∑

λ1λ2λ3

∫
∞

0 dfA dfB (rλ1λ2λ3 Bλ1λ2λ3(fA, fB, n̂⋆) )2

S3
n

⎤⎥⎥⎥⎦

1
2

,

(4.4.16)

where we find convenient to define a single quantity rλ1λ2λ3 containing the

sum of the PTA response functions over all independent pulsar triplets:

rλ1λ2λ3 =
⎡⎢⎢⎢⎣
∑
αβγ

(Rλ1λ2λ3αβγ (n̂⋆))
2
⎤⎥⎥⎥⎦

1
2

. (4.4.17)
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Case 1 Case 2
rRRR 20.17 0.58
rRRL 19.58 0.99
rRLR 19.58 0.99
rSTT 38.11 0.28
rSST 119.49 1.96
rSSS 168.99 9.12

Table 4.1: Value of the quantity rλ1λ2λ3 for different GW tensor po-
larizations, computed for two different cases using IPTA data. Case 1:
we do the sum of eq (4.4.17) summing over distinct pulsar triplets. Case
2: the sum is made assuming that we correlate two signals from one pul-
sar with one signal from another pulsar (as in Section 4.3.2.1) hence we
sum over distinct couples of pulsars. We consider purely tensor corre-
lators (depending on chirality, upper part of the table) and scalar-tensor

correlators (lower part of the table).

Hence we learn that the optimal SNR, besides than on the frequency depen-

dence of the bispectrum, is characterized by the constant quantity rλ1λ2λ3

of eq. (4.4.17). This depends on the GW polarization, and on the number

and position of the pulsars one considers. We compute this quantity for

the case of IPTA pulsars – an international collaboration monitoring the

period of 49 pulsars from different PTA data set, see Appendix C.2 – in

Table 4.1. Summing over distinct triplets of pulsars (Case 1) give much

larger values for the parameter rλ1λ2λ3 , than summing over couples (Case

2): we believe that this is due to the large number of independent triples

one can form with the large pulsar data set we use. Also, both for Case 1

and 2, the size of this parameter is much larger in the case of correlations

involving scalar modes only, since the corresponding overlap function is one

order of magnitude larger than in the case of tensor correlators, see Section

4.3.

Our conclusion is that the optimal SNR for measuring stationary graviton

non-Gaussianity can be greatly enhanced by monitoring larger numbers of

pulsars, since it depends on number and configurations of pulsar triplets.

It will be interesting to build explicit models leading to stationary tensor

nG, and investigate at what extent we can probe amplitude and slope
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(i.e. frequency dependence) of a stationary tensor bispectrum with current

(IPTA) and future (SKA) PTA experiments. We leave these investigations

to future work. SKA is expected to observe all the pulsars in the galaxy

(up to 30,000) [278] and a few thousand will be millisecond pulsars [279]

thereby in increasing the number available to improve the signal to noise

ratio.

4.5 Conclusions

In this work we introduced the concept of stationary graviton non-Gaussianity

(nG). We discussed how its properties make it the only type of graviton

nG that can be directly measurable in terms of three-point functions of

a stochastic gravitational wave background (SGWB). When evaluated in

Fourier space, 3-point functions associated with stationary nG correspond

to configurations peaked in folded configurations. We determined 3-point

overlap functions for probing stationary nG with PTA experiments, and

we obtained the corresponding optimal signal-to-noise ratio (SNR). For

the first time, we considered 3-point overlap functions for PTA including

scalar graviton polarizations (which can be motivated in theories of mod-

ified gravity); moreover, we also calculated 3-point overlap functions for

correlating PTA with ground based GW interferometers. We have shown

that the value of the optimal SNR depends on the number and position of

monitored pulsars. We built geometrical quantities characterizing how the

SNR depends on the PTA system under consideration, and we evaluated

such geometrical parameters using data from the IPTA collaboration. We

shown that monitoring a large number of pulsars can increase the SNR

associated with measurements of stationary graviton nG.

If in the future a SGWB will be detected with PTA GW experiments,

it will be interesting to try to measure the corresponding signal 3-point

function with the tools we developed here. If data will provide evidence for
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stationary nG, a challenge for theorists will be to design and characterize

early universe scenarios (possibly using approaches based on the effective

field theory of inflation) able to realize folded configurations for graviton

nG in momentum space.



Chapter 5

Conclusions

In Chapter 1 we discussed one of the biggest mysteries of the Universe,

Dark Matter. The possible candidates were mentioned focusing specifi-

cally on the axion and how it is more suitable than other particles such

as WIMPS. The detection methods for this pseudoscalar, both direct and

indirect, were discussed and how axions have the potential to produce grav-

itational waves (indirect detection of axions). Following on from this, we

then explored inflation and how a particular model is able to amplify and

enhance primordial gravitational waves from the early universe which can

then be detected by various detectors such LIGO, LISA, SKA etc.

In Chapter 2 we aimed to create a multi field system of ultra-light scalar

fields which could increase the mass range of the cosmological axion into

the observation range of current pulsar timing arrays. Beginning with the

uncoupled system, the highest characteristic strain that could be achieved

was identical to the single field case form the paper we based this work was

based on [95]. We then attempted a system where we coupled our dark

matter to dark energy, however, we were unable to produce an expression

for the pressure perturbations (from the energy momentum tensor) which

was much smaller than the energy density of the system. So, the system was

not pressureless and therefore no longer a dark matter candidate. In future

125
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work, another coupled system could be devised which could, potentially,

improve the mass range of the axion.

In Chapter 3 we investigated the consequences of a non-attractor phase of

cosmological evolution for the dynamics of primordial tensor modes, focus-

ing on the properties of primordial tensor non-Gaussianity in scenarios with

non-minimal couplings of gravity to the scalar sector. Squeezed tensor non-

Gaussianity induces a characteristic quadrupolar anisotropy on the power

spectrum of the stochastic background of primordial tensor perturbations.

To align with gravitational wave experiments, we discussed the response

function of a ground based Michelson interferometer to a gravitational wave

background with such a feature. In future it would be interesting to ap-

ply our approach to more general scenarios. This would also allow one to

study in more general terms the transition phase between attractor and

non-attractor, and related possible instabilities associated with violations

of energy conditions.

In Chapter 4 we determined 3-point overlap functions for probing stationary

non-Gaussianities with PTA experiments and we obtained the correspond-

ing optimal signal-to-noise ratio (SNR). For the first time, we considered

3-point overlap functions for PTA including scalar graviton polarizations;

moreover, we also calculated 3-point overlap functions for correlating PTA

with ground based GW interferometers. We have shown that the value of

the optimal SNR depends on the number and position of monitored pulsars.

We configured geometrical quantities characterizing how the SNR depends

on the PTA system under consideration, and we evaluated such geometri-

cal parameters using data from the IPTA collaboration. We have shown

that monitoring a large number of pulsars can increase the SNR associated

with measurements of stationary graviton nG. If, in the future, a stochas-

tic gravitational wave background is detected with PTA GW experiments,

it will be interesting to try to measure the corresponding signal 3-point

function with the tools developed in this chapter.



Appendix A

Axions and Gravitational

Waves

It has been suggested that axions, or in a more general sense, pseudoscalars

could be detected through the use of pulsar timing arrays [95].The mo-

tivation for this detection method arose from observations of pulsars by

telescopes (Pulsar Timing Arrays (PTAs)). They rotate with very precise

periods of the order of milliseconds, however what the PTAs observe is a

frequency shift when photons from the pulsars reach the detector. The

question is what is the cause of this? The main suspect are gravitational

waves. The entirety of spacetime is filled with background gravitational

waves which are the product of two massive merging black holes. How-

ever, the suggestion made by Rubakov and Khmelnitsky [95] is that the

gravitational oscillations that cause the frequency shift of the pulsar ob-

servations is in fact due to axions. They state that the axions (ultra-light

non-interacting dark matter) behave as a perfect fluid with oscillating pres-

sure, which averages to zero on the time scales which exceed the oscillation

period, and is usually treated as a pressureless dust. However, what is not

taken in to account is that as a consequence of these oscillations in pressure

this causes oscillations in the gravitational potentials. These gravitational
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potential oscillations could be observed which could result in the indirect

detection of axions.

In their paper they show the pulsar timing signal for scalar field dark matter

for a range of scalar masses.

Our aim is to prove that the gravitational oscillations are produced by

pseudoscalars. These methods are collected in a review by Romano and

Cornish [280].

First we must mention the polarisation mode for a gravitational wave

(GW). The most that are allowed for a GW in a general metric gravity

theory in four dimensions is 6 polarisation (two tensor, two vector and two

scalar) [281]. 1

e+ab = l̂al̂b − m̂am̂b, e×ab = l̂am̂b + m̂al̂b,

eXab = l̂al̂b + m̂am̂b, eYab = m̂an̂b + n̂am̂b, (A.0.1)

eBab = l̂al̂b + m̂am̂b, eLab =
√

2n̂an̂b.

where e+ab is the tensor-plus mode, e×ab is the tensor-cross mode, eXab is the

vector-x mode, eYab is the vector-y mode, eBab is the scalar breathing mode

(or transverse massless mode) and eLab is the scalar longitudinal mode.

l̂, m̂ and n̂ are unit vectors defined as:

n̂ = sin θ cosφ x̂ + sin θ sinφ ŷ + cos θ ẑ,

l̂ = cos θ cosφ x̂ + cos θ sinφ ŷ − sin θ ẑ, (A.0.2)

m̂ = − sinφ x̂ + cosφ ŷ.

We then check through any possible combination of these unit vectors in or-

der to find a combination which could be consider as a pseudoscalar. Unlike

ordinary scalars who have a parity of +1 pseudoscalars have a parity of −1

1This is true for theories of modified gravity, in general relativity only predicts the
two tensor modes.
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when they undergo improper rotation. So how do we check if our proposed

polarisation basis is a pseudoscalar? First, we must check if the above unit

vectors change sign under improper rotation. The parity transformations

for θ and φ are defined as:

θ → π − θ, φ→ φ + π, (A.0.3)

This changes the definitions of the unit vectors,

n̂ = − sin θ cosφ x̂ − sin θ sinφ ŷ − cos θ ẑ,

l̂ = cos θ cosφ x̂ + cos θ sinφ ŷ − sin θ ẑ, (A.0.4)

m̂ = sinφ x̂ − cosφ ŷ.

m̂ and n̂ change sign which narrows down the possibilities of either of these

two combined with l̂. How do we know if a polarisation basis is a scalar?

By performing a rotating the unit vectors around a new angle ψ.2

p̂ ≡ cosψ l̂ + sinψ m̂, (A.0.5)

q̂ ≡ − sinψ l̂ + cosψ m̂.

As an example we take the polarisation basis eBab and perform a rotation

on it and this produces the following transformation

eBab(n̂, ψ) = eBab(n̂). (A.0.6)

After the rotation is performed the scalar polarisation basis remains the

same, therefore our new basis must do the same.

Our new polarisation basis is defined as

ePsab = l̂a m̂b − m̂a l̂b. (A.0.7)

2n̂ remains the same as l̂ and m̂ are perpendicular to it.
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Since it is a combination of l̂ and m̂ its sign changes. Under a proper

rotation to transforms as:

ePsab (n̂, ψ) = ePsab (n̂). (A.0.8)

Not only is a scalar but it changes sign under parity transformation there-

fore it is a pseudoscalar.

Each of the polarisation basis are used to produce a response function from

the chosen detector.

The pulsar timing array response function equation is defined as [280]3:

RA(f, n̂) = 1

2

ûaûb

1 − n̂ ⋅ û e
A
ab(n̂) [1 − e− i2π f Lc

(1−n̂⋅û)] , (A.0.9)

where A = {×, +,X,Y ,B,L, Ps}.

A detector response function can be produced for each of the polarisation

basis, including the one for our new pseudoscalar, Ps.

R+(f, n̂) = 1

2
(1 + cos θ) [1 − e− i2πfLc (1−cos θ)] ,

R×(f, n̂) = 0,

RX(f, n̂) = −sin θ cos θ

1 − cos θ
[1 − e− i2πfLc (1−cos θ)] ,

RY (f, n̂) = 0, (A.0.10)

RB(f, n̂) = 1

2
(1 + cos θ) [1 − e− i2πfLc (1−cos θ)] ,

RL(f, n̂) = 1√
2

cos2 θ

1 − cos θ
[1 − e− i2πfLc (1−cos θ)] ,

RPs(f, n̂) = 0.

Unfortunately the response function for the pseudoscalar is zero which leads

us to the conclusion that pseudoscalars cannot be detected with pulsar

timing arrays despite the proposals put forward by Rubakov in [95].

3the detector response function is how the detector responds in the presence of a
polarisation mode.
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The next step is to check whether the pseudoscalar can be detected for

ground-based interferometers. Their detector response function is defined

as:

RA(f, n̂) ≃ 1

2
(uaub − vavb) eAab(n̂), (A.0.11)

where û and v̂ are unit vectors that are pointing in the direction of the

arms of the interferometer [280].

From this we are able to find the solutions for the interferometer response

functions.

R+(n̂) = 1

2
(1 + cos θ), R×(n̂) = − cos θ sin 2φ,

RX(n̂) = sin θ cos θ cos 2φ, RY (n̂) = − sin θ sin 2φ,

RB(n̂) = −1

2
sin2 θ cos 2φ, RL(n̂) = 1√

2
sin2 θ cos 2φ,

RPs(n̂) = 0.

It seems that pseudoscalars cannot to be detected using ground-based in-

terferometers either; as its response function is zero for this case as well.

Is there a geometry for a detector which allows us to produce a non-zero

response function for the pseudoscalar mode? The space-based interferom-

eter LISA (due to be launched in the 2030s) could the configuration for the

detection of axions or creating another ground-based interferometer which

are modified to detect axions, axion interferometers. Both of which are

discused in the first chapter.

A.1 Pseudovector

While searching for a pseudoscalar polarisation basis we discovered a pseu-

dovector basis as well. A pseudovector (similar to the pseudoscalar) has

parity of -1 when it undergoes an improper rotation. To prove it is also

a vector it must transform as below when performing a proper rotation



Appendix A Axions and Gravitational Waves 132

(using the rotated unit vectors from (A.0.5))

eX(n̂, ψ) = cosψ eXab(n̂) + sinψ eYab(n̂),

eY (n̂, ψ) = − sinψ eXab(n̂) + cosψ eYab(n̂). (A.1.1)

The polarisation basis for a vector but with parity of −1 after an improper

rotation is performed upon is the following:

ePvab = l̂a n̂b − n̂a l̂b. (A.1.2)

It is a vector since it transforms as below after proper rotation:

ePv(n̂, ψ) = cosψ eZab(n̂) + sinψ ePvab (n̂), (A.1.3)

where eZab(n̂) is the polarisation basis of another vector combination found

during the process of searching for the pseudoscalar. It has this form 4

eZab = m̂a n̂b − n̂a m̂b. (A.1.4)

ePvab (n̂) is a pseudovector as it changes sign under parity transformation.

Like the pseudoscalar the detector response functions for the pseudovector

basis cannot be calculated. This is because the polarisation mode gives us a

zero-response function. Therefore the pseudovector also has a zero response

function for interferometers. 5 The response functions for the extra vector

mode was also calculated but it yielded a zero response function for both

types of detectors, so only the other two vector modes can be detected.

4eZab(n̂) does not change sign under parity transformation therefore it is an ordinary
vector.

5That when two different unit vector are multiplied by each other and then subtracted
from each other you will not be able to produce a non-zero response function.
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A.2 Modes with one index and no indices

In the introductory part we had been using the conventions from [280].

From now on we will be using the conventions from [282]

Now that we have produced expressions for pseudoscalar and pseudovec-

tor modes with two indices (gravitational waves are spin-2 therefore they

require two indices) we wish to repeat the same process for modes with

one index and following that we move on to where there are no indices and

produce Hellings and Downs curves for pseudovectors and pseudoscalars in

these cases as we were unable to produce non-zero response functions in

the cases involving two indices.

We list the modes with one index as follows:

eVa = l̂a,

ePva = m̂a, (A.2.1)

ePSca = n̂a.

where,

n̂ = − sin θ cosφ x̂ − sin θ sinφ ŷ − cos θ ẑ,

l̂ = cos θ cosφ x̂ + cos θ sinφ ŷ − sin θ ẑ, (A.2.2)

m̂ = − sinφ x̂ + cosφ ŷ.

We have found a vector, pseudovector and a scalar mode. From this we

can produce the response functions for these modes in the direction of a

pulsar, û1. Using the following formula:

Fα
1

ˆ(k) ≡ 1

2
( û1

1 + k̂ ⋅ û1

) ∶ eα(k̂) [1 − e−
i2πfL
c
(1+cos θ)] , (A.2.3)
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where, k̂ is a unit vector which is pointing in −n̂ direction.

F V
a (k̂) = 1

2

− sin θ

1 + cos θ
[1 − e− i2πfLc (1+cos θ)] ,

F Pv
a (k̂) = 0, (A.2.4)

F PSc
a (k̂) = 1

2

− cos θ

1 + cos θ
[1 − e− i2πfLc (1+cos θ)] .

The case where there are no indices (scalar mode), which we call φ, the

response function is given as

Fα
1

ˆ(k) ≡ 1

2
( û1

1 + k̂ ⋅ û1

) ∶ eα(k̂) [1 − e−
i2πfL
c
(1+cos θ)] .

where,

F φ(k̂) = 1

2(1 + cos θ) [1 − e− i2πfLc (1+cos θ)] . (A.2.5)

Response functions were also found for ground-based interferometers for

the one and zero indices modes.

FA(k̂) ≃ 1

2
(ua − va) eAa (k̂) (A.2.6)

One index:

F V
a (k̂) = − cosφ − 1

2
sinφ, (A.2.7)

F Pv
a (k̂) = 1

2
cos θ cosφ − cos θ sinφ, (A.2.8)

F PSc
a (k̂) = 1

2
cosφ sin θ − sin θ sinφ. (A.2.9)

Zero indices:

FA(k̂) ≃ 1

2
eAa (k̂), F φ(k̂) = 1

2
. (A.2.10)

The vector mode F Pv
a gives a zero result because the unit vector m does

not have a z-component. As we have been able to produce two non-zero re-

sponse functions (one index and zero indices) we can now produces Hellings

and Downs curves for them.



Appendix A Axions and Gravitational Waves 135

Since a none-zero response function was produced for the one index vec-

tor mode its overlap function can be calculated and from that its Hellings

and Downs [260] curve can be plotted. Stochastic gravitational-wave back-

grounds manifests itself as a non-vanishing correlation between the data

taken by two or more detectors. This correlation differs, in general, from

that due to instrumental noise, allowing us to distinguish between a stochas-

tic gravitational-wave signal and other noise sources [280].

Figure A.1: Geometry for the calculation of the Hellings and Downs
function for the correlated response of a pair of Earth-pulsar baselines
to an isotropic, unpolarized stochastic gravitational-wave background
[282]. The Earth is taken to be at the Solar System barycentre (SSB).

From the above figure we get the coordinates for each pulsar 1 and 2 re-

spectively, û1 = ẑ and û2 = sin(ζ)x̂ + cos(ζ)ẑ.

The overlap function of the polarisation modes is defined as:

Γij(f) =
1

(2π f)2

1

3
χ(ζij), (A.2.11)

where χ(ζij) is the Hellings and Downs function and ζ is the angle of

separation between pulsars [280].

χ(ζ) = 1

8π ∫S2
d2Ωk̂∑

α

1

2
( û1

1 + k̂ ⋅ û1

) ∶ eα(k̂)
1

2
( û2

1 + k̂ ⋅ û2

) ∶ eα(k̂)
(A.2.12)



Appendix A Axions and Gravitational Waves 136

where α represents the polarisation mode which is being used. We should

mention that k̂ is in the direction −n̂. : symbol denotes a contraction

between tensors [281] .

We aim to calculate the Hellings and Downs functions for the one index

modes starting with eVa . First we must provide a few definitions. From

(A.2.12):

k̂ ⋅ û1 = cos θ,

k̂ ⋅ û2 = sin ζ sin θ cosφ + cos ζ cos θ,

û1 ∶ eV = − sin θ, (A.2.13)

û2 ∶ eV = sin ζ cos θ cosφ − cos ζ sin θ.

Now we are able to put these definitions back in to (A.2.12) which we then

simplify.

Fα
1

ˆ(k) ≡ 1

2
( û1

1 + k̂ ⋅ û1

) ∶ eα(k̂), (A.2.14)

Fα
2

ˆ(k) ≡ 1

2
( û2

1 + k̂ ⋅ û2

) ∶ eα(k̂).

This allows us to go about solving the Hellings and Downs function.

F V
1 (k̂) = −1

2

sin θ

1 + cos θ
, (A.2.15)

F V
2 (k̂) = 1

2

sin ζ cos θ cosφ − cos ζ sin θ

1 + sin ζ sin θ cosφ + cos ζ cos θ
,

where F V
1

ˆ(k) is the response function for the pseudovector mode in the

direction of the pulsar in û1 from (A.2.7). F V
2

ˆ(k) is the response function

in the direction û2.
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With our expressions for the response functions complete we can re-write

the integral (A.2.12) as:

χ(ζ) = 1

8π ∫S2
d2Ωk̂F

V
1 (k̂)F V

2 (k̂) = 1

16π ∫
1

−1
dx

−
√

1 − x2

1 − x IV (x, ζ).
(A.2.16)

where IV (x, ζ) is the integral of F V
2 (k̂) in terms of φ.

IV (x, ζ) ≡ ∫
2π

0
dφF V

2 (k̂),

= 1

2 ∫
2π

0
dφ [ cos θ sin ζ cosφ − cos ζ sin θ

1 + sin ζ sin θ cosφ + cos θ cos ζ
] , (A.2.17)

We provide the following definition x ≡ cos θ and substitute it into the

expression (A.2.17).

IV (x, ζ) ≡ ∫
2π

0
dφF V

2 (k̂),

= 1

2 ∫
2π

0
dφ [ x sin ζ cosφ − cos ζ

√
1 − x2

1 + sin ζ
√

1 − x2 cosφ + x cos ζ
] . (A.2.18)

Due to the presence of a φ term in the denominator we are unable to use

standard integration methods. In this case we must use contour integra-

tion in order to compute I(x, ζ). Contour integration involves integrating

around a contour in the complex plane and find the poles within that con-

tour and calculating their residues.

Firstly, IV (x, ζ) can be split in to two simpler integrals labelled as follows:

IV1 (x, ζ) = ∫
2π

0
dφ [ x sin ζ cosφ

1 + sin ζ
√

1 − x2 cosφ + x cos ζ
] , (A.2.19)

IV2 (x, ζ) = ∫
2π

0
dφ [ − cos ζ

√
1 − x2

1 + sin ζ
√

1 − x2 cosφ + x cos ζ
] .

A substitution of variables is needed in order to perform the contour in-

tegration. We put the following definitions in to (A.2.19) z = ei φ and
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cosφ = 1
2(z + z−1)

IV1 (x, ζ) = x sin ζ ∫
2π

0
dφ

⎡⎢⎢⎢⎢⎣

eiφ+e−iφ

2

1 + x cos ζ +
√

1 − x2 eiφ+e−iφ

2 sin ζ

⎤⎥⎥⎥⎥⎦
, (A.2.20)

IV2 (x, ζ) = − cos ζ
√

1 − x2∫
2π

0
dφ

⎡⎢⎢⎢⎢⎣

1

1 + x cos ζ +
√

1 − x2 eiφ+e−iφ

2 sin ζ

⎤⎥⎥⎥⎥⎦
.

ei φ = z and e−i φ = 1
z are then substituted in the equation (A.2.20).

IV1 (x, ζ) = x sin ζ ∮
C
dz

1

i z

⎡⎢⎢⎢⎢⎣

(z + 1
z)

2(1 + x cos ζ + 1
2

√
1 − x2(z + 1

z) sin ζ)

⎤⎥⎥⎥⎥⎦
,

(A.2.21)

IV2 (x, ζ) = − cos ζ
√

1 − x2∮
C
dz

1

i z

⎡⎢⎢⎢⎢⎣

1

1 + x cos ζ + 1
2

√
1 − x2(z + 1

z) sin ζ

⎤⎥⎥⎥⎥⎦
.

IV1 (x, ζ) = x sin ζ ∮
C
dz

1

i z

⎡⎢⎢⎢⎢⎣

(z2 + 1)z
2 z(z(1 + x cos ζ) + 1

2

√
1 − x2(z2 + 1) sin ζ)

⎤⎥⎥⎥⎥⎦
,

(A.2.22)

IV2 (x, ζ) = − cos ζ
√

1 − x2∮
C
dz

1

i z

⎡⎢⎢⎢⎢⎣

z

z(1 + x cos ζ + 1
2

√
1 − x2(z2 + 1) sin ζ)

⎤⎥⎥⎥⎥⎦
.

We then multiply (A.2.21) and (A.2.22) by 1
i z

IV1 (x, ζ) = x sin ζ ∮
C
dz

⎡⎢⎢⎢⎢⎣

(z2 + 1)
2 i z (z(1 + x cos ζ) + 1

2

√
1 − x2(z2 + 1) sin ζ)

⎤⎥⎥⎥⎥⎦
,

(A.2.23)

IV2 (x, ζ) = − cos ζ
√

1 − x2∮
C
dz

⎡⎢⎢⎢⎢⎣

1

i(1 + x cos ζ + 1
2

√
1 − x2(z2 + 1) sin ζ)

⎤⎥⎥⎥⎥⎦
.
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Finally we multiply and divide by −i

IV1 (x, ζ) = x sin ζ ∮
C
dz [ −i(z2 + 1)

z (2 z(1 + x cos ζ) +
√

1 − x2(z2 + 1) sin ζ)
] ,

(A.2.24)

IV2 (x, ζ) = − cos ζ
√

1 − x2∮
C
dz

⎡⎢⎢⎢⎢⎣

−i
z(1 + x cos ζ) + 1

2

√
1 − x2(z2 + 1) sin ζ

⎤⎥⎥⎥⎥⎦
.

Which leaves us with the following expression

IV1 (x, ζ) = x sin ζ ∮
C
dz f1(z), (A.2.25)

IV2 (x, ζ) = − cos ζ
√

1 − x2∮
C
dz f2(z).

where,

f1(z) =
−i (z2 + 1)

z [2z(1 + x cos ζ) +
√

1 − x2 sin ζ(z2 + 1)]
, (A.2.26)

f2(z) =
−i

[z(1 + x cos ζ) + 1
2

√
1 − x2 sin ζ(z2 + 1)]

.

and C is the unit circle in the complex z-plane. The denominator of f1(z)
and f2(z) can be factored using the quadratic formula for the expression

in the square brackets [282].

For f1(z)

2z(1 + x cos ζ) +
√

1 − x2 sin ζ (z2 + 1)

=
√

1 − x2 sin ζ (z − z+)(z − z−), (A.2.27)

and f2(z)

z(1 + x cos ζ) + 1

2

√
1 − x2 sin ζ (z2 + 1)

= 1

2

√
1 − x2 sin ζ (z − z+)(z − z−). (A.2.28)
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where,

z+ = −
√

(1 ± cos ζ

1 ∓ cos ζ
)(1 ∓ x

1 ± x), z− =
1

z+
. (A.2.29)

We are able to compute the integrals (A.2) by using the residue theorem

which we define as

∮
C
f(z)dz = 2π i∑

i

Res (f, zi). (A.2.30)

First we calculate the residues of f1(z)

Res(f1, z+) = lim
z→z+

(z − z+)f(z) =
−i (z2 + 1)√

1 − x2 sin ζ (z2 + 1)
(z − z+), (A.2.31)

Res(f1,0) = lim
z→0

(z f(z)) = −i(z2 + 1)√
1 − x2 sin ζ(z2 + 1)

z. (A.2.32)

Within the contour we have found two poles for f1 in the complex plane,

one at z− > 0 and the other at z− > z+

We are able to expand out the term (z2 + 1)

Res(f1, z+) = lim
z→z+

(z − z+)f(z) =
−i (z2 + 1)√

1 − x2 sin ζ (z − z+)(z − z−)
(z − z+),

(A.2.33)

Res(f1,0) = lim
z→0

(zf(z)) = −i(z2
+ + 1)√

1 − x2 sin ζ(z − z+)(z − z−)
z. (A.2.34)

Now we take in to account the limits that we set for each pole within the

contour.

Res(f1, z+) = lim
z→z+

(z − z+)f(z) =
−i (z2

+ + 1)√
1 − x2 sin ζ (z+ − z+)(z+ − z−)

(z+ − z+),

(A.2.35)

Res(f1,0) = lim
z→0

(zf(z)) = −i√
1 − x2 sin ζ(0 − z+)(0 − z−)

. (A.2.36)
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Which leaves us with final expressions for residues of f1(z)

Res(f1, z+) = lim
z→z+

(z − z+)f(z) =
−i(z2

+ + 1)√
1 − x2 sin ζ (z+ − z−)

, (A.2.37)

Res(f1,0) = lim
z→0

(zf(z)) = −i√
1 − x2 sin ζ

. (A.2.38)

Now we repeat the method in order to find residues of f2(z)

Res(f2, z+) = lim
z→z+

(z − z+)f(z) =
−i

1
2

√
1 − x2 sin ζ(z − z+)(z − z−)

(z − z+).

(A.2.39)

Remember to take the limit in to account

Res(f2, z+) = lim
z→z+

(z − z+)f(z) =
−i

1
2

√
1 − x2 sin ζ(z+ − z−)(z+ − z+)

(z+ − z+).

(A.2.40)

Which leaves us with the following residue for f2

Res(f2, z+) = lim
z→z+

(z − z+)f(z) =
−2 i√

1 − x2 sin ζ(z+ − z−)
(A.2.41)

f2(z) only has one residual because it only has one pole inside the contour

(z+) and there is no pole at z = 0.

Now we take the sum of the residues, remembering the residue formula

(A.2.30)

∮
C
f(z)dz = 2π i∑

i

Res (f, zi).

First we take the sum of the residues of f1(z)

∮
C
f1(z)dz = 2π i( −i (z2

+ + 1)√
1 − x2 sin ζ(z+ − z−)

+ −i√
1 − x2 sin ζ

) , (A.2.42)

which simplifies to

∮
C
f1(z)dz =

2π√
1 − x2 sin ζ

( z
2
+ + 1

z+ − z−
) , (A.2.43)
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We can then reintroduce this in to the expression for IV1

IV1 (x, ζ) = x sin ζ ∮
C
dz f1(z), IV1 (x, ζ) = 2π x√

1 − x2
( z

2
+ + 1

z+ − z−
) . (A.2.44)

Then repeat the process for the two residues of f2(z)

∮
C
f2(z)dz =2π i( −2 i√

1 − x2 sin ζ(z+ − z−)
) ,

∮
C
f2(z)dz =

4π√
1 − x2 sin ζ

( 1

(z+ − z−)
) , (A.2.45)

Reintroduce in to expression for IV2

IV2 = − cos ζ
√

1 − x2
4π√

1 − x2 sin ζ
( 1

(z+ − z−)
) ,

IV2 = − 4π

tan ζ
( 1

(z+ − z−)
) . (A.2.46)

We can now take the sum of IV1 (x, ζ) and IV2 (x, ζ) which will give us the

final expression for the integral IV

IV (x, ζ) =1

2
(IV1 (x, ζ) + IV2 (xζ)),

IV (x, ζ) =1

2
( 2π x√

1 − x2
( z

2
+ + 1

z+ − z−
) + −4π

tan ζ
( 1

(z+ − z−)
)) . (A.2.47)

Expand and simplify the expression which leaves us with

IV (x, ζ) = π

(z+ − z−)
(x (z2

+ + 1)√
1 − x2

+ −2

tan ζ
) . (A.2.48)

Having solved the integral through contour integration we are now able to

calculate the Hellings and Downs (A.2.16) function for our vector mode.

χ(ζ) = 1

8π ∫S2
d2Ωk̂F

V
1 (k̂)F V

2 (k̂) = 1

16π ∫
1

−1
dx

−
√

1 − x2

1 + x IV (x, ζ),

χ(ζ) = 1

8π ∫S2
d2Ωk̂F

V
1 (k̂)F V

2 (k̂)

= 1

16π ∫
1

−1
dx

−
√

1 − x2

1 + x
2π

(z+ − z−)
(x (z2

+ + 1)√
1 − x2

+ −2

tan ζ
) , (A.2.49)
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χ(ζ) = 1

8
( − 2 + ln(4) − 2 ln(1 − cos ζ)). (A.2.50)

A.2.50 is now plotted as shown below
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Figure A.2: Hellings and Downs Curve for one index vector mode.

As was stated previously, we are unable to produce the Hellings and Downs

(HD) function for the pseudovector as it produces a zero response function

for the pulsar in the direction û1 because the unit vector m̂ does not have

a z-component and û1 is in the z-direction.

Now we move on to calculating the HD function for a pseudoscalar.

Starting from (A.2.12)

χ(ζ) = 1

8π ∫S2
d2Ωk̂∑

α

1

2
( û1

1 + k̂ ⋅ û1

) ∶ eα(k̂)
1

2
( û2

1 + k̂ ⋅ û2

) ∶ eα(k̂)

where we provide the coordinates of the system,

k̂ ⋅ û1 = cos θ,

k̂ ⋅ û2 = sin ζ sin θ cosφ + cos ζ cos θ,

û1 ∶ ePSc = − cos θ, (A.2.51)

û2 ∶ ePSc = − sin ζ sin θ cosφ − cos ζ cos θ.
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We also simplify (A.2.12) by using the definitions from (A.2.14), where

F PSc
1 ≡ − cos θ

2(1 + cos θ) [1 − e− i2πfLc (1+cos θ)] , (A.2.52)

F PSc
2 ≡ 1

2

− sin ζ sin θ cosφ − cos ζ cos θ

1 + sin ζ sin θ cosφ + cos ζ cos θ
[1 − e−

i2πfL
c

(1+sin ζ sin θ cosφ+cos ζ cos θ)] ,

where F PSc
1

ˆ(k) is the response function for the pseudoscalar mode in the

direction of the pulsar in û1 from (A.2.7). F PSc
2

ˆ(k) is the response function

in the direction û2. Fron this we can re-write the integral (A.2.12) as:

χ(ζ) = 1

8π ∫S2
d2Ωk̂F

PSc
1 (k̂)F PSc

2 (k̂) = 1

16π ∫
1

−1
dx

−x
1 + x I

PSc(x, ζ).
(A.2.53)

where x ≡ cos θ. Unfortunately, unlike the vector mode the integral for the

pseudoscalar does not converge. This is because the vector is transverse

polarisation mode and the pseudoscalar is longitudinal. For this reason

we included the pulsar terms (exponential terms. The term is known as

the Earth term) for the response functions of the two pulsars in order to

properly integrate the Hellings and Downs function. However, we now have

to deal with both the real and imaginary parts of the function and if you

look at the scalar longitudinal mode from the Romano and Cornish review

[280] you will see that the function is barely above zero for both real and

imaginary parts. So, it would require a lot of work in order for the pseu-

doscalar mode to converge. As a result we will try another configuration

for the pseudoscalar mode which will converge when it is integrated.

A pseudoscalar is defined as the cross product of two vectors multiplied

by a third. In orderd to get a new configuration we take our pseudoscalar

from the previous case, n̂ and define the response functions as follows:

RPsc∗
1 = 1

2

n̂ (û1 × û2)
1 + k̂ û1

,

RPsc∗
2 = 1

2

n̂ (û1 × û2)
1 + k̂ û2

. (A.2.54)
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Then we imposed our coordinate definitions on the response functions’

RPsc∗
1 = 1

2

− sin ζ sin θ sinφ

1 + cos θ
,

RPsc∗
2 = 1

2

− sin ζ sin θ sinφ

1 + sin ζ sin θ cosφ + cos ζ cos θ
. (A.2.55)

As we have previously defined x ≡ cos θ we can therefore redefine any terms

which include θ

RPsc∗
1 = 1

2

− sin ζ
√

1 − x2 sinφ

1 + x ,

RPsc∗
2 = 1

2

− sin ζ
√

1 − x2 sinφ

1 + sin ζ
√

1 − x2 cosφ + cos ζ x
. (A.2.56)

The product of RPsc∗
1 and RPsc∗

2 is taken

R1R2 =
1

2

sin2 ζ (1 − x2) sin2 φ

(1 + x) (1 + sin ζ
√

1 − x2 cosφ + cos ζ x)
,

R1R2 =
1

2

sin2 ζ (1 − x) sin2 φ

1 + sin ζ
√

1 − x2 cosφ + cos ζ x
. (A.2.57)

This is now a suitable expression to begin the process of contour integrating

R1R2. We begin by applying a change of variables.

IPsc∗ = sin2 ζ ∫
2π

0
dφ

(1 − x) sin2 φ

2(1 + sin ζ
√

1 − x2 cosφ + cos ζx)
(A.2.58)

where IPsc∗ is the contour integral of R1R2
6

IPsc∗ = sin2∫
2π

0
dφ

(1 − x) ( e−iφ− eiφ2 i )
2

2 (1 + sin ζ
√

1 − x2 ( eiφ+e−iφ
2

) + cos ζ x)
(A.2.59)

ei φ = z and e−i φ = 1
z are substituted in

IPsc∗ = sin2 ζ ∮
C
dz

1

i z

(1 − x) (
1
z
−z

2i )
2

2(1 + sin ζ
√

1 − x2 ( z+
1
z

2 ) + cos ζx)
,

6sin2 θ = ( e−iφ−eiφ
2 i

)
2

and cos θ = eiφ+e−iφ
2
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IPsc∗ = sin2 ζ ∮
C
dz

1

i z

−(1 − z2)2 (1 − x)
2z (z (1 + cos ζ x) + 1

2 sin ζ
√

1 − x2 (z2 + 1))
,

(A.2.60)

Then the expression are multiplied by 1
i z

IPsc∗ = sin2 ζ ∮
C
dz

−(1 − z2)2(1 − x)
2 i z2 (z (1 + cos ζ x) + 1

2 sin ζ
√

1 − x2 (z2 + 1))
, (A.2.61)

We can simplify by multiplying and dividing by −i

IPsc∗ = sin2 ζ ∮
C
dz

i(1 − z2)2 (1 − x)
2 z2 (z(1 + cos ζ x) + 1

2 sin ζ
√

1 − x2 (z2 + 1))
. (A.2.62)

This leaves us with the following expression

IPsc∗ = sin2 ζ ∮
C
dz fPSc∗(z). (A.2.63)

where,

fPSc∗(z) = i(1 − z2)2

z2 (2 z(1 + cos ζ x) + sin ζ
√

1 − x2 (z2 + 1))
. (A.2.64)

C is the unit circle in the complex z-plane. The denominator of fPSc∗(z)
can be factorised using the quadratic formula for the expression in the

square brackets [282]

2z(1 + x cos ζ) +
√

1 − x2 sin ζ (z2 + 1)
=

√
1 − x2 sin ζ (z − z+) (z − z−).

(A.2.65)

where,

z+ = −
√

(1 ± cos ζ

1 ∓ cos ζ
)(1 ∓ x

1 ± x), z− =
1

z+
(A.2.66)

We are able to compute the integral (A.2.63) by using the residue theorem

(A.2.30)

∮
C
f(z)dz = 2π i∑

i

Res (f, zi)

The next step is to calculate the residues of fPSc∗. Just as in the case of
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the one index vector mode there are two poles within the contour (at z+

and 0):

Res(fPSc∗, z+) =
i(1 − x) (1 − z2

+) csc ζ√
1 − x2z+

, (A.2.67)

Res(fPSc∗,0) = i(1 − x) (1 + z
2
+) csc ζ√

1 − x2z+
. (A.2.68)

The total residues is given as the product of (A.2.67) and (A.2.68)

∮
C
f(z)dz = 2π i sin ζ (Res(fPSc∗, z+) +Res(fPSc∗,0)) ,

∮
C
f(z)dz = 2π i sin ζ (i(1 − x) (1 − z

2
+) csc ζ√

1 − x2z+
+ i(1 − x) (1 + z

2
+) csc ζ√

1 − x2z+
) ,

(A.2.69)

Which simplifies down to give us

∮
C
f(z)dz = 4π(1 − x) z+ sin ζ√

1 − x2
. (A.2.70)

Finally, we are able to calculate the Hellings and Downs function (A.2.12)

χ(ζ) = (ln(4) − 2 ln(1 − cos ζ)) sin2 (ζ
2
) . (A.2.71)

This result can be plotted against the angle of separation between the two

pulsars (“arms of the detector”).

0.5 1.0 1.5 2.0 2.5 3.0
ζ

0.2

0.4

0.6

χ(ζ )

Figure A.3: Hellings and Downs Curve for pseudoscalar with one in-
dex.
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How can we explain the pseudoscalar we’ve chosen physically? Must un-

derstand how the response functions for PTAs are constructed. Perhaps

the axions have a long enough wavelength in order to affect both pulsar

simultaneously. Perhaps axions have such a low frequency that the are

unable to deform the arms of the interferometer/squeeze the Earth enough

in order for the axions to be detected so the axions exist in a frequency

range that cannot as yet be detected by any gravitational wave detector.

Ways to combat this include (referring back to chapter 2) are to find a

system which involves the axion which would be able to increase their mass

(and therefore their frequency) to be within the range of the PTAs. Or the

PTAs in the future will improve their observation range which may be able

to detect the axions in their current mass limit.

An experiment was discussed in the first chapter involving axion interfer-

ometry [42, 99]. The effect of axion dark matter is to change the velocity

of circularly polarised light. Therefore, the natural experiment to build

is an interferometer where one arm has only left circularly polarised light

and the other has right. The presence of axion dark matter would pro-

duce a difference in phase velocity between the two arms, thus generating

an interference pattern. Extra wave plates can be added to Michelson in-

terferometers to preserve polarisation. The same paper also proposed an

interferometer where the same mirrors are used to form both cavities. Two

quarter wave plates and a half wave plate are used to maintain circular

polarisation of light [42].



Appendix B

A Non-Attractor Model of

Inflation

B.1 Technical appendix:

computation of two-point and

three-point functions for tensor modes

In this Appendix, we go through the technical details of the results we

discuss in the main text. We start showing that tensor duality allows us

to obtain an analytical expression for tensor mode functions during the

non-attractor era dual to a slow-roll phase: this is the basic ingredient we

need for then analytically evaluating two point and three point functions in

the non-attractor regime. For definiteness, the set-up we have in mind to

realise this scenario is the same of Subsection 3.2.2, first discussed in [123].

In this case,

FT ∝ 1/a6 c2
T = FT /GT ∝ constant

during non-attractor phase , (B.1.1)

FT ∝ constant c2
T = FT /GT ∝ constant

149
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during slow-roll phase . (B.1.2)

We start by discussing the computation of the quadratic case, leading to

the tensor power spectrum. To investigate the behavior of the tensor fluc-

tuations, we define the canonically normalized tensor fluctuation vij = zThij
to re-write the leading order action (3.2.3) as

S
(2)
T = 1

2 ∫ dy d3x [(v′ij)
2 − (∇⃗vij)

2 + z
′′
T

zT
v2
ij] . (B.1.3)

Using the expression (3.2.10), this leads to the following equation of motion

in Fourier space

v′′k + (k2 − 2

y2
) vk = 0, (B.1.4)

where we have used the following expansion for the canonical tensor per-

turbation

vij(y,k) =∑
s

e
(s)
ij (k)[vk(y)as(k) + v∗−k(y)a†

s(−k)]. (B.1.5)

Here, e
(s)
ij is the polarization tensor with the helicity states s = ±, satisfying

e
(s)
ii (k) = 0 = kje(s)ij (k). Our normalisation is

e
(s)
ij (k)e∗(s

′)

ij (k) = δss′ , (B.1.6)

and we choose the phase so that the following relations hold:

e
∗(s)
ij (k) = e(−s)ij (k) = e(s)ij (−k). (B.1.7)

The commutation relation for the creation and annihilation operators is

[as(k), a†
s′(k′)] = (2π)3δss′δ(k − k′). (B.1.8)

The mode equation in (B.1.4) implies that the power spectrum of the fluc-

tuations vk is scale invariant on large scales. In order to see this, we note the
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solution to the differential equation in (B.1.4) that reduces to the adiabatic

vacuum on small scales which reads

vk(y) =
1√
2k

(1 − i

ky
) e−iky, (B.1.9)

so that Ph ∼ k3∣vk∣2 ∝ k0 in the limit −ky → 0, as anticipated. Using (B.1.9)

and the formulae for zT , we write the solution to the original tensor mode

function by using hk ≡ vk/zT ,

hk(y) =
i
√

2H√
cTFTk3

(1 + iky) e−iky, (B.1.10)

which essentially has the same form as the one in the slow-roll approx-

imation (see eq (11) of [216]), although in this case FT is strongly time

dependent, as discussed in Section 3.2.2 of the main text. Indeed, FT is

evolving rapidly as ∝ a−6 during the non-attractor regime contrary to the

case in slow-roll where FT ≃ constant, see eqs (3.2.12).

The two point function and the tensor power spectrum

Starting from the two point function of tensor modes in Fourier space, the

power spectrum of tensor fluctuations can be defined by Ph = (k3/2π2)Pij,ij
using the following expressions1

⟨hij(k)hkl(k′)⟩ = (2π)3δ(k + k′)Pij,kl(k), (B.1.11)

Pij,kl(k) = ∣hk∣2Πij,kl(k), (B.1.12)

where

Πij,kl(k) =∑
s

e
(s)
ij (k)e∗(s)kl (k). (B.1.13)

1Sometimes, it is also convenient to use the quantity Ph(k) ≡ 2π2Ph(k)
k3 .
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We learn that on super horizon scales −ky → 0, one still gets a scale invariant

power spectrum of primordial tensor fluctuations during the non-attractor

phase.

Ph = lim
−ky→0

k3

2π2
2∣hk∣2 =

2

π2

H2

FT cT
. (B.1.14)

However, since the tensor kinetic term evolves as FT ∝ a−6, the amplitude

of the power spectrum grows on super-horizon scales and therefore it has

to be evaluated at the end of the non-attractor era. These result shows

an agreement with what one would expect from the duality arguments

discussed in [185], namely the power spectrum grows on superhorizon scales

while it preserves a scale invariant form.

The three point function and the tensor bispectrum

The tensor bispectrum can be computed by employing the in-in formalism

(see e.g. [283]), starting from the three point function in Fourier space

⟨hi1j1(k1)hi2j2(k2)hi3j3(k3)⟩ = −i∫
t

ti
dt′

⟨ [hi1j1(t,k1)hi2j2(t,k2)hi3j3(t,k3),Hint(t′)] ⟩, (B.1.15)

where ti is some early time when the perturbation is well inside the sound

horizon and the interaction Hamiltonian is given by Hint(t) = − ∫ d3x L(3)T .

We find it convenient to work with the time coordinate y in evaluating the

three point function. We express all the time dependent quantities with

respect to the time when the non-attractor era ends, yend. Using (B.1.10),

the mode functions therefore take the following form

hk(y) =
i
√

2H√
cTF (end)

T k3

(1 + iky) e−iky (yend

y
)

3

, (B.1.16)

where (0) denotes the value of the quantity at the beginning of the non-

attractor era. Using the expansions in (B.1.5) (and noting hij = vij/zT ),
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we take the commutators in (B.1.17) by taking into account the relations

between the polarization tensors (B.1.6),(B.1.7) and (B.1.8).

This procedure yields to the following expression for three point function,

⟨hi1j1(k1)hi2j2(k2)hi3j3(k3)⟩

= (2π)3δ(k1 + k2 + k3) T (α)i1jii2j2i3j3
(2 Im[ I(α)(y) ]), (B.1.17)

where the form of tensorial part T (α) and the function I(α)(y) depends on

the interaction term under consideration in the third order action (3.3.1),

denoted by the superscript α = (GR,new).

● The ‘GR’ contribution

We begin our calculations by the first term in the interaction Hamiltonian

Hint(t) = − ∫ d3x L(3)T , using the interaction Lagrangian (3.3.1) which we

denote by α → GR. In this case the tensorial part is given by

T (GR)
i1j1i2j2i3j3

= {Πi1j1,ik(k1)Πi2j2,jl(k2)[k3kk3lΠi3j3,ij(k3)

− 1

2
k3ik3kΠi3j3,jl(k3)] + 5 perms of 1,2,3 }. (B.1.18)

where recall the definition of the four-index tensor Π in eq (B.1.13). Since

the tensor modes evolve outside the horizon during the non-attractor regime,

we need to evaluate the function I (and hence the bispectrum) at the end

of the non-attractor era beyond which we assume the mode functions (as

well as time dependent quantities such as FT ) freeze-out, since we return

into a standard slow-roll phase. We are therefore interested in the following

expression

I(GR) = hk1(yend)hk2(yend)hk3(yend)∫
yend

−∞
dy′

× a2(y′)FT (y′)
4 cT

h∗k1
(y′)h∗k2

(y′)h∗k3
(y′), (B.1.19)



Appendix B A Non-Attractor Model of Inflation 154

where we take yi → −∞ to ensure all modes of interest are inside the horizon

initially and yend denotes the end of non-attractor era. Noting the behavior

of the mode functions in (B.1.10) and of the tensor kinetic function FT ∝ y6

during the non-attractor era, the function I(GR) contains integrals of the

following form

C(α)p = ∫
xend

∞
dx′ (x′)−p e−ix′ , (B.1.20)

where we defined x′ ≡ −Ky′ with K = ∑i ki and ∣ki∣ = ki. For the GR

contribution we are focussing on, p is a positive integer with the follow-

ing possible values, p = {5,4,3,2}. The result of the integration can be

expressed in terms of the incomplete Gamma functions,

C(α)p = −(−i)1−p Γ(1 − p, ixend) (B.1.21)

which has the following series expansion for negative integer values of its

first argument

Γ(−m,z) = 1

m!
(e

−z

zm

m−1

∑
k=0

(−1)k(m − k − 1)! zk + (−1)m Γ(0, z)) . (B.1.22)

The results above are valid as far as we are away from the origin xend = 0

but diverges as xend → 0. In the following, we will express our results for

small but non-zero value of xend ≡ −Kyend < 1. Moreover, notice that the

incomplete Gamma Γ(0, z) (also known as the exponential integral E1(z))
admits the following useful power series expansion in terms of elementary

functions,

Γ(0, z) = −γE − ln(z) −
∞

∑
k=1

(−z)k
k k!

, (B.1.23)

where γE is the Euler-Mascheroni constant. Following the discussion above,

we use (B.1.21) with (B.1.22) and (B.1.23) to present our results at next

to leading order in −Kyend < 1. Keeping in mind the full expression in

(B.1.19), we thus have

2 Im[I(GR)] = (2π)4P(end)2

h

Πi k3
i
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× −K
64

⎡⎢⎢⎢⎢⎣
(1 − 3

K3∑
i≠j

k2
i kj −

6

K3
Πiki)(−Kyend)2

π

4
(1 − 4

K3∑
i≠j

k2
i kj −

4

K3
Πiki)(−Kyend)3

⎤⎥⎥⎥⎥⎦
, (B.1.24)

where we made use of the expression for the power spectrum in (B.1.14)

evaluated at the end of the non-attractor era. With these ingredients,

we can express the tensor three point function associated with the ‘GR’

contribution as

⟨hi1j1(k1)hi2j2(k2)hi3j3(k3)⟩ = (2π)7δ(k1 + k2 + k3)

× P(end)2

h

Πi k3
i

A(GR)
i1jii2j2i3j3

, (B.1.25)

where we defined A(GR)
i1jii2j2i3j3

≡ A(GR)(k1, k2, k3) T (GR)
i1jii2j2i3j3

with T (GR) given

in eq (B.1.18),

A(GR) = −K
64

⎡⎢⎢⎢⎢⎣
(1 − 3

K3∑
i≠j

k2
i kj −

6

K3
Πiki)(−Kyend)2

− π
4
(1 − 4

K3∑
i≠j

k2
i kj −

4

K3
Πiki)(−Kyend)3 + . . .

⎤⎥⎥⎥⎥⎦
, (B.1.26)

and dots indicates sub-leading terms higher order in −Kyend. The ampli-

tude A(GR) shows the scale dependence of the non-Gaussianity parameter-

ized by the powers of −Kyend < 1 during the non-attractor era.

● The ‘new’ contribution

In a similar fashion, we now move on to calculate the contribution to the

tensor three point function from the second term in the interaction Hamil-

tonian (see e.g. (3.3.1)). Following the same steps as we did for the previous

term, we write the three point function in the same form as in (B.1.17) with

T (new)
i1j1i2j2i3j3

= Πi1j1,ij(k1)Πi2j2,jk(k2)Πi3j3,kl(k3) (B.1.27)
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and

I(new) = −hk1(yend)hk2(yend)hk3(yend)∫
yend

−∞
dy′

× c2
Taφ̇XG5X

2
h∗

′

k1
(y′)h∗′k2

(y′)h∗′k3
(y′). (B.1.28)

Here a prime on the mode functions denotes a time derivative with respect

to their argument y′. We note that since the integral contains these time

derivatives, the calculation of the 3-pt function associated with this con-

tribution is more involved compared to the previous case. In order to deal

with the integral in (B.1.28), we note the time derivative of the complex

conjugated mode function as

h∗
′

k (y) = − i
√

2H√
cTF (end)

T k3

(yend

y
)

3

{−3

y
(1 − iky) + k2y} eiky, (B.1.29)

which reflects the rapid change of the mode functions after horizon crossing

(−ky → 0). Noting the time dependence of the functions inside the integral,

i.e. φ̇ ∝ a−3, X ∝ a−6 and G5X ∝ a3, we see that we need to deal with

integrals that has the same form as in (B.1.20) with p = {7,6,5,4,3,2,1}.

Therefore, repeating the same steps as we did for the “GR” term, we obtain

the following results for 2Im[I(new)] at next to leading order in −Kyend,

2 Im[I(new)] = −(2π)4P(end)2

h

Πi k3
i

3Hµ(end)

16G(end)
T

⎧⎪⎪⎨⎪⎪⎩
(K3 − 3∑

i≠j

k2
i kj − 6 Πiki)

− 1

4

⎛
⎝
K3 − 5∑

i≠j

k2
i kj +

2

K2∑
i≠j

k3
i k

2
j

⎞
⎠
(−Kyend)2

⎫⎪⎪⎬⎪⎪⎭
,

(B.1.30)

where we defined µ(end) ≡ φ̇(end)X(end)G
(end)
5X . The contribution of this term

to the 3pt function can be written similarly to the expression in (B.1.25)

where we define the amplitude A(new)
i1jii2j2i3j3

≡ A(new)(k1, k2, k3) T (new)
i1jii2j2i3j3

and

A(new) = −3Hµ(end)

16G(end)
T

⎧⎪⎪⎨⎪⎪⎩
(K3 − 3∑

i≠j

k2
i kj − 6 Πiki)
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− 1

4

⎛
⎝
K3 − 5∑

i≠j

k2
i kj +

2

K2∑
i≠j

k3
i k

2
j

⎞
⎠
(−Kyend)2

⎫⎪⎪⎬⎪⎪⎭
.

(B.1.31)

This result shows that the contribution of the new term to the amplitude

of the bispectrum has a scale independent piece plus a scale dependent

subleading term, which becomes small as −Kyend → 0. The difference be-

tween the scale dependence of the A(new) and A(GR) can be understood by

analyzing the time dependence of each term in the interaction Lagrangian

(3.3.1). For example, during the non-attractor phase the new term can

be written schematically as a−6hhh whereas the GR term scales with scale

factor as a−8hhh where we have suppressed the indices on the metric. This

explains why the contribution from each term differs by a factor y−2
end at

leading order in the amplitude of the bispectrum.

B.2 Disformal transformation and tensor non-

Gaussianity

The general quadratic action for tensors in (3.2.3) can be transformed into

a form identical to the action for tensor fluctuations in general relativity

(GR) by applying a disformal and conformal transformation to the met-

ric successively [200, 201]. In this appendix, we discuss the implications2

of such transformations for the background dynamics and for the tensor

bispectrum we discussed earlier in Section 3.3 and Appendix B.1. For our

system, the corresponding combination of disformal and conformal trans-

formation is given by

gµν →
FT
cT

[gµν + (1 − c2
T )nµnν] , (B.2.1)

2See also [284] for a general analysis of the consequences of disformal transformations
on cosmological fluctuations.
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which corresponds to the following re-labeling of the time coordinate and

re-definition of the scale factor,

dt̂ = (cTFT )1/2dt, â(t̂) = (FT
cT

)
1/2

a(t). (B.2.2)

Using the transformations in (B.2.2), the quadratic action in (3.2.3) take

the standard form that appear in GR,

S
(2)
T = 1

8 ∫ dt̂ d3x â(t̂)3 [(∂t̂hij)2 − 1

â(t̂)2
(∇⃗hij)2] ,

= 1

2 ∫ dy d3x
â2

4
[(∂yhij)2 − (∇⃗hij)2] , (B.2.3)

where in the second line we have used the fact that the conformal time in

the GR frame is defined by the coordinate y , namely dt̂/â(t̂) ≡ dy, which

can be seen by combining the expressions given in (B.2.2).

In order to describe the time evolution of the background in the Einstein

Frame, we make use of the relation between two scale factors in (B.2.2)

together with the fact that FT ∝ a−6 and a∝ −1/y. This procedure leads to

the conclusion that, universe appear to be collapsing as in a dust dominated

universe, that is

â∝ y2, (B.2.4)

as y → 0. Similarly, we can relate the Hubble rate in the Einstein frame,

Ĥ = d ln â/dt̂, to the Hubble rate in the Jordan frame using (B.2.2), which

leads to

Ĥ = − 2H

(cTFT )1/2
∝ â−3/2, (B.2.5)

as expected from a dust dominated universe. Using the transformation

(B.2.5) for the Hubble rate, the power spectrum of tensor fluctuations in

the Jordan frame can be expressed in terms of the quantities in the Einstein

frame as

Ph =
Ĥ2

2π2
∝ â−3. (B.2.6)

This expression reflects the equivalence of the interpretation of the results
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in both frames. In the Einstein frame, the power spectrum of tensor fluctu-

ations also appear to be increasing during the transient collapsing3 phase

as â→ 0.

The equivalence of the results in both frames also extends to the observables

such as the tensor non-Gaussianity. In the following, we prove that the

calcuation of the bispectrum is equivalent in both frames. For this purpose,

we first realize from (B.2.3) and (B.2.4) that the canonical variable vij =
zThij with zT = â/2 satisfies the same equation in Fourier space similar to

the case during the non-attractor phase (See, e.g. eq. (B.1.4)). Therefore,

in the Einstein frame, the mode functions that reduces to the Bunch-Davies

vacuum is given by,

hk =
−iĤ√

2k3
(1 + iky) e−iky. (B.2.7)

Notice that using the relation (B.2.5), the mode functions appear to have

the same form as the one in the non-attractor phase (B.1.16):

hk =
i
√

2H√
cTFTk3

(1 + iky) e−iky, (B.2.8)

where FT = F (end)
T (y/yend)6. In order to establish the equivalence of the in-

in calculation in both frames, we therefore only need to focus on the time

dependence of the interaction Hamiltonian in the Einstein frame, which is

given by

Hint(y) = −∫ d3x [Qnew(y)
12

h′ijh
′
jkh

′
ki

+ â2(y)
4

(hikhjl −
1

2
hijhkl)∂k∂lhij], (B.2.9)

where prime denotes a time derivative w.r.t y and we have defined the time

dependent pre-factor of the new interaction as

Qnew = âF
3/4
T

G5/4
T

Xφ̇G5X . (B.2.10)

3Note that similar to the time span y0 < y < yend of the non-attractor era in the
Jordan frame, the collapsing phase in the Einstein frame will last for a finite time.
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We proceed the in-in calculation in the Einstein frame by defining analogues

of the functions I(new) and I(GR) that we defined earlier in the Jordan frame.

Following the same steps as we before, these functions in the Einstein frame

is given by

Î(GR) = hk1(yend)hk2(yend)hk3(yend)∫
yend

−∞
dy′

× â2(y′)
4

h∗k1
(y′)h∗k2

(y′)h∗k3
(y′), (B.2.11)

Î(new) = −hk1(yend)hk2(yend)hk3(yend)∫
yend

−∞
dy′

× Qnew(y′)
2

h∗
′

k1
(y′)h∗′k2

(y′)h∗′k3
(y′), (B.2.12)

where yend denotes the end of the collapsing phase. Noting â ∝ y2 and

Qnew ∝ â5/2 ∝ y5 and the mode functions in (B.2.8), we see that we need

to deal with identical integrals in the calculation of bispectrum amplitude

in the Einstein frame. In particular, defining the dimensionless variable

x′ = −Ky′, integrals have the same form as before (See for example, eq.

(B.1.20)):

C(α)p = ∫
xend

∞
dx′ (x′)−p e−ix′ , (B.2.13)

where α labels the new or the GR term with p = {7,6,5,4,3,2,1} and

p = {5,4,3,2}. Therefore, as expected, one can reach at the same results

we derived earlier for the amplitude of the bispectrum in the Einstein frame.

B.3 An explicit scenario with large tensor

non-Gaussianity

In this appendix we apply the results presented in the main text, for the

amplitude of tensor non-Gaussianity during a phase of non-attractor infla-

tion, to a concrete model. We use the model introduced in Section 3.2.2,

which is based on the Horndeski theory of gravity, choosing the Horndeski

functions as in (3.2.21). The model is discussed in detail in [123], and we
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present in this appendix only a brief summary of the relevant dynamics

and parameter space. In particular, our purpose here is to identify a con-

sistent parameter space for the model, which gives rise to a large tensor

bispectrum during a non-attractor phase.

We allow the free parameters, ρ,α, ν, δ, β and σ in (3.2.21) to take different

values during three different phases of inflationary evolution. Provided that

the parameters satisfy certain relations, the equations of motion admit a

solution with a constant Hubble parameter and continuous metric and φ̇,

consisting of two slow roll inflationary phases, during which φ̇ = const,

connected by a transient non-attractor self-accelerating de Sitter phase that

is tensor dual to the initial slow roll phase, with φ̇ ∝ 1/a3. As we show

in [123], such a solution is possible provided that the parameters satisfy

ρ = 2δ + 3β + 4σ and ν = 0, during the non-attractor phase.

Whilst the non-minimal derivative couplings between metric and scalar in

Horndeski Lagrangians have been chosen to allow a non-attractor inflation-

ary phase, tensor dual to slow roll, care must be taken so that they do not

also introduce ghost or gradient instabilities in the tensor and scalar fluc-

tuations. As discussed in detail in [123], the stability constraints restrict

the parameter space to ρ < 0, β > 0, σ < 0, δ < 0, β + 9σ < 0, β + 3σ > 0 and

fs > 0, during the non-attractor era, where

fs =
−2β2 + δ(β + 9σ) + 3σ(β + 3σ)

6(3β + δ + 6σ) . (B.3.1)

Referring to [123] for the explicit solution for φ̇ in the non-attractor phase,

we now write the non-linearity parameter given in (3.3.9) in terms of the

model parameters:

f̂+++NL(new) =
135

512

Hµend

Gend
T

= −135

512

3σ

2(β + 3σ) . (B.3.2)

It is clear from the expression above that bispectrum amplitude can be

large, in the limit β → −3σ. In order to parametrize the proximity to this



Appendix B A Non-Attractor Model of Inflation 162

limit and hence the enhancement of the bispectrum, we thus set β = −3σ+ε
where 0 < ε ≪ −3σ. Notice that this parametrization guarantees that the

stability conditions β + 3σ > 0 and β + 9σ < 0 are satisfied, when σ < 0. The

condition fs > 0 can then be satisfied by fixing the parameter δ within the

range:

3σ − 3ε + 5ε2

6σ
< δ < 3σ − 3ε. (B.3.3)

We can then set the final parameter ρ using ρ = 2δ + 3β + 4σ as required

by the equations of motion in the non-attractor self-accelerating de Sitter

background.

The expressions (B.3.2) and (B.3.3) imply that in order to enhance the

bisepctrum by an amount ε−1, we require a cancellation between β and

3∣σ∣ at the order of ε, together with a fine-tuning of δ (and thus ρ) at

the order of ε2. As shown in [123], an enhancement for the tensor power

spectrum is also achieved, by choosing the parameter α to be suppressed

in the non-attractor regime, with respect to the slow-roll regime preceding

it. The scalar power spectrum is also enhanced, by a smaller factor. For

example, for the parameters considered in [123] – σ = −0.2, β = 1.5, δ =
−4, αsr/αna = 10−3 – the scalar power spectrum is enhanced by a factor

5.3 × 106, the tensor power spectrum by a factor of 5.0 × 107 and the non-

linearity parameter, (B.3.2), is f̂+++
NL(new)

= 0.088. Fine-tuning instead σ = −1,

β = 3.001, δ = −3.003007 and αsr/αna = 10−6, the scalar power spectrum is

enhanced by a factor 5.5 × 107, the tensor power spectrum by a factor of

1.3 × 108 and the non-linearity parameter, (B.3.2), is f̂+++
NL(new)

= 395.5. We

see that – with sufficient fine-tuning – large, potentially observable tensor

non-Gaussianities can occur.



Appendix C

Conventions for the

polarization tensors and the

IPTA data set

C.1 Conventions for the polarization tensors

We adopt standard conventions for the polarization tensors adapted to the

GW direction n̂, the same used in [199]. We assume a Cartesian coordinate

system with orthogonal axis (x̂, ŷ, ẑ). Starting from the GW direction n̂

we define two orthogonal unit vectors û and v̂:

û = n̂ × ẑ
∣n̂ × ẑ∣ , v̂ = n̂ × û . (C.1.1)

Using these unit vectors, we can define two tensor polarizations (+, ×):

e
(+)

ab = ûaûb − v̂av̂b√
2

, (C.1.2)

e
(×)

ab = ûav̂b + v̂aûb√
2

(C.1.3)
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which satisy e
(+)

ab e
(+)

ab = 1 = e
(×)

ab e
(×)

ab , e
(+)

ab e
(×)

ab = 0. From these objects, we

obtain the chiral polarization operators (R,L) which we use in the main

text:

e
(R,L)
ab = e

(+)

ab ± i e(×)ab√
2

. (C.1.4)

For what respect the breathing scalar mode we adopt the following polar-

ization tensor [281]:

e
(S)
ab = ûaûb + v̂av̂b√

2
. (C.1.5)

C.2 The IPTA data set

Table C.2 contains data from 49 pulsars which are observed by the Inter-

national Pulsar Timing Array (IPTA). The IPTA consists of various pulsar

timing arrays throughout the world. This includes the Parkes Pulsar Tim-

ing Array (PPTA) in Australia, NanoGrav (consisting of Arecibo (Puerto

Rico) and Green Bank Telescope (USA)) and the European Pulsar Timing

Array (EPTA) (consisting of Effelsberg Radio Telescope (Germay), Nançay

(France), Lovell Telescope (UK), Sardina Radio Telescope (Italy) and Syn-

thesis Radio Telescope (Netherlands)). The combination of these various

arrays allows for a larger data set of pulsars to be observed.
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Pulsar Name RMS [µs] TOAs

J0030+0451 1.9 1,030

J0034-0538 4.4 267

J0218+4232 6.7 1,005

J0437–4715 0.3 5,052

J0610–2100 5.2 347

J0613–0200 1.2 2,940

J0621+1002 11.5 637

J0711–6830 2.0 549

J0751–6830 3.5 1,129

J0900–3144 3.4 575

J1012+5307 1.7 2,910

J1022+1001 2.2 1375

J1024–0719 5.9 918

J1045–4509 3.3 635

J1455–3330 4.0 1,495

J1600–3053 0.8 1,697

J1603–7202 2.3 483

J1640+2224 2.0 1,139

J1643–1224 2.7 2,395

J1713+0747 0.3 19,972

J1721–2457 25.5 152

J1730–2304 2.1 5.63

J1732–5049 2.5 242

J1738+0333 2.6 206

J1744–1134 1.1 2,589

J1751–2857 2.4 78

J1801–1417 4.6 86

J1802–2124 4.3 433

J1804–2717 4.5 76
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J1824–2452A 2.4 298

J1843–1113 1.7 186

J1853+1303 1.1 566

J1857+0943 1.3 1,641

J1909–3744 0.2 2,623

J1910+1256 3.0 597

J1911+1347 0.6 45

J1911–1114 5.3 81

J1918–0642 1.5 1,522

J1939+2134 70.0 3,905

J1955+2908 5.0 319

J2010–1323 1.9 296

J2019+2425 8.8 80

J2033+1734 13.3 130

J2124–3358 3.0 1115

J2129–5721 1.2 447

J2145–0750 1.2 2,347

J2229+2643 3.8 234

J2317+1439 1.6 867

J2322+2057 6.9 199

Table C.1: Pulsars analyzed by IPTA [258].

J1824-2452A is followed by a letter in order to differentiate between pulsars

that are in close proximity (otherwise it is difficult to give them unique

names).

The pulsar names are determined by the coordinates in the sky. Pulsars

with a J in front of the coordinates mean that they have more precise

coordinates than older pulsars (before 1993 and these are denoted with a
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B). The first number is the right ascension which is the a point along the

celestial equator between the sun and the March equinox to the point above

the earth which is in question. This is measured in hours and minutes. The

other section of the coordinates is determined by its declination which is

how far above (+) or below (–) the pulsar is with respect to the celestial

equator. Note that older pulsars (that begin with a B) only have their

declination to the nearest degree whilst the J pulsars have more accurate

coordinates. Right ascension can be converted to degrees as follows:

RAdeg = hour + min

60
+ sec

3600
. (C.2.1)
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