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Abstract

The purpose of this paper is to demonstrate how the general problem of
interconversion between parallel and orthogonal superposition protocols can be
treated using the kernels in a Fréchet series expansion about the base visco-
metric flow. Such series differ from Fréchet series expanded about the rest
history which are encountered in the theory of Green-Rivlin materials and the
simple fluid theory of Coleman and Noll, in that nonlinear response of the
material is captured at first order. Unlike first and second-order functional
derivatives evaluated at the rest history, the derivatives we discuss require more
than one kernel in their integral representation. However, all the kernels are
inter-related. The strategy in the paper involves identifying the kernels which
specify the components in the first and second order Fréchet derivatives for the
nonlinear constitutive models to be used in the interconversion. Interconversion
between parallel and orthogonal protocols can then be effected by establishing
the relationships between the kernels. Step-strain perturbations are treated by
allowing differentiation in the sense of distributions. The theory is illustrated
throughout by evaluating the kernels and superposition moduli associated with
the incompressible corotational Maxwell and Oldroyd models.

Keywords: superposition rheometry, Volterra kernels, Oldroyd constitutive
equations, parallel and orthogonal superposition moduli, interconversion

1. Introduction

Superposition rheometry is a technique for probing the weakly-nonlinear
characteristics of viscoelastic fluids by superposing on a steady simple shear
flow a time-dependent perturbation either in parallel with or orthogonal to
the bulk flow. Parallel measurements can be made using standard commercial
rheometers, but the superposition moduli which are observed may not be
monotonic and can display negative values. Parallel superposition moduli, in
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general, do not share the conventional properties of linear relaxation moduli and
complex moduli, and are consequently more difficult to interpret. Orthogonal
measurements, on the other hand, have properties which are closer to their
linear counterparts and are therefore easier to interpret. However, orthogonal
measurements require non-standard, more costly, instrumentation which may
not be found in every laboratory.

The general problem of interconversion between parallel and orthogonal
protocols may be stated as follows:

Having measured a specific modulus or stress component in a parallel
setting at a given temperature and pressure, and within a finite frequency
range or time interval, we wish to predict under the same conditions
(i) the corresponding modulus or stress component in the orthogonal setting;
(ii) all other moduli and stress components in both parallel and orthogonal
settings.

For example, having measured the superposition moduli G′‖(γ̇, ω) and G′′‖(γ̇, ω)
in parallel oscillatory shear superposed on a bulk shear flow with constant
shear-rate γ̇ in a given frequency range, we wish to predict the corresponding
orthogonal moduli G′⊥(γ̇, ω), G′′⊥(γ̇, ω) in the same frequency range, and
the parallel and orthogonal relaxation moduli G‖(γ̇, t) and G⊥(γ̇, t) in the
reciprocal time interval.

A solution to the general problem admits:
(iii) predictions in the reverse direction, from an orthogonal setting to a parallel
setting;
(iv) interconversion of rate-dependent viscometric functions.

The general problem cannot be solved without recourse to a nonlinear
constitutive equation capable of modelling the relevant flow properties of the
fluid in question. Indeed, this requirement defines the primary scientific value
of the problem, namely model validation [1]. Once a model has been validated
by testing its predictions against data from both parallel and orthogonal
experiments on a specific fluid, one has increased confidence in applying the
model directly to predicting the properties of fluids in the same class, both in
superposition flows and other, more complex, flows.

The ability to interconvert between parallel and orthogonal moduli offers
the experimentalist the opportunity to obtain new information by comparing
data in these configurations. One application in which such a comparison may
be valuable lies in the study of flow induced anisotropy. Recent work on this
phenomenon in colloidal gels employed the ratio of G′ measured in orthogonal
directions as a measure of anisotropy [2]. However, that study was limited
to materials for which microstructural recovery was relatively slow, so that
SAOS experiments probing anisotropic rheology could be performed following
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cessation of the unidirectional flow; this approach being necessary to avoid
“the problems associated with parallel superposition experiments” [2]. Dhont
and Wagner [3] concluded that “the difference between the response to parallel
and orthogonal superposition is due to the fact that the stationary sheared
microstructure is anisotropic, and the two superposition experiments probe
different parts of this anisotropic structure”. A decade later, Mewis and Wagner
[4] discussed the utility of a comparison of superposition moduli in studying
microstructural anisotropy in suspensions, but also noted that “a quantitative
interpretation of the results of rheological superposition measurements is still a
challenge for active research”.

There is a need for further study of superposition moduli, (i) to allow physical
interpretation of the moduli and, (ii) facilitate the development of a quantitative
interpretation of flow induced anisotropy probed by superposition rheometry [3].
In the latter, one would clearly not expect the theoretical conversion of G∗‖ to

G∗⊥ to generate the measured data G∗⊥ (or vice versa), rather, the converted
moduli G∗‖→⊥ would provide an ‘isotropic baseline’ to which the measured data
could be meaningfully compared. For given values of γ̇ and ω, consider the
discrepancy

σ(γ̇, ω) =

√( G′⊥(γ̇, ω)

G′‖→⊥(γ̇, ω)
− 1
)2

+
( G′′⊥(γ̇, ω)

G′′‖→⊥(γ̇, ω)
− 1
)2

.

For an isotropic fluid this quantity should be small, of the same order as the
relative noise level in the measured data. Any significant deviation from this
would provide a quantitative measure of anisotropy rooted in the underlying,
direction dependent, stress relaxation characteristics of the sample. This
presupposes that the isotropic model underlying the conversion has been
adequately validated against experimental data from flows, rheometrical or
otherwise, in which the isotropy of the material is conserved.

The use of step-strain parallel superposition rheometry (S-PSR) has
previously been reported by Archer [5] and Li and Wang [6] who studied
polymer disentanglement; the latter authors interpreted decreasing moduli with
increasing γ̇ in terms of convective constraint release (CCR). Later, Unidad
and Ianniruberto (2014) [7] re-examined the data of Li and Wang [6] and
suggested the alternative interpretation that accelerated stress relaxation under
superposed flow could be “attributed to convection per se (not to be confused
with CCR) and/or to a non-linear coupling between different components of
the background and perturbation orientation tensors”. In these studies [4-6],
the oscillatory superposition moduli appear to have been interpreted as per
their quiescent counterparts and there is no indication of negative moduli being
observed. None of these works attempt interconversion between the S-PSR
(step-PSR) and O-PSR (oscillatory-PSR) protocols. The rigorous strategy for
interconversion between rheometric functions in superposition flows presented
herein will also facilitate the meaningful implementation of broadband rheo-
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metrical techniques, such as i-Rheo [8], in superposition rheometry.

In superposition flows, a perturbation εφ(t), of maximum value ε, is super-
posed on a steady shear flow with constant shear-rate γ̇. The velocity fields in
the parallel and orthogonal settings are, respectively,

u‖ = ((γ̇ + εφ̇(t))y, 0, 0)T , and u⊥ = (γ̇y, 0, εφ̇(t)y)T . (1.1)

Provided the perturbation amplitude, ε, is not too large, the associated stress
tensor in each case may be represented as a power series

τ (t) = τ (0)(t) + ετ (1)(t) + ε2τ (2)(t) + · · · . (1.2)

To a given order in ε, this series is equivalent to a tensor-valued Fréchet series
evaluated to the same order in ε. In this paper we shall address the general
problem of interconversion within the framework of such series. We shall be
mainly concerned with small amplitudes, and will not proceed beyond second
order terms, but it will be made clear how higher order terms may be treated.

In Section 2 of the paper we review the theory of Fréchet series and outline its
relevance to superposition flows. In Section 3 we study the the restricted prob-
lem of interconversion of shear-stresses by means of the corotational Maxwell
model, which is the simplest shear-thinning model among the class of Oldroyd
models. In this section we also look at the rate-dependent response spectra
associated with this model. In Section 4 we briefly discuss the modifications
required in treating shear-thinning fluids with a Newtonian solvent. We restrict
attention to the corotational Oldroyd model. In Section 5 we meet a simple
class of models which lead to a solution of the general interconversion prob-
lem in terms of four rate-dependent Volterra kernels. In Section 6 we discuss
second-order theory, and in Section 7 we end with a brief resumé of the results
and their implications.

2. Volterra functionals and Fréchet series.

One of the earliest integral models of viscoelasticity after Boltzmann [9]
is that of Vito Volterra (1860-1940). He conceived the theory of function-
als [10], which Fréchet developed into a functional calculus. Volterra was
keenly interested in applications, and proposed an integro-differential model
for hereditary elasticity [11], in which he expresses strain as a tensor-valued
functional of the stress history. Volterra was cited by Oldroyd in his classical
1950 paper [12]. Oldroyd offers an integro-differential constitutive equation in
the style of Volterra, before confining his attention to differential models which
were more receptive to the mathematical techniques of the time. The Dover pub-
lication, [13], is a translation of Volterra’s lectures on the theory of functionals
and applications, first published in 1927. It contains a complete bibliography of
Volterra’s works, and a brief biography.
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2.1. Fréchet series expanded about the rest history.

The stress functionals associated with most, if not all, constitutive models,
can be expanded as a series of functional derivatives (Fréchet series). Expanding
the stress about the rest history, we have

τ (t) = F[G(s)] = F1[G(s)] + F2[G(s)|G(s)] + F3[G(s)|G(s)|G(s)] + . . . . (2.1)

Here, Fm denotes a multilinear functional of order m, of the strain history
G(s) = G(t, t− s), where s denotes the time lapse backwards from the current
time t, 0 ≤ s <∞. As a measure of strain we choose

G(s) ≡ G(t, t− s) = C(t, t− s)− I, (2.2)

where C(t, t− s) is the right relative Cauchy-Green tensor. A multilinear func-
tional of order m, of polynomial form, is given by

∫ ∞

0

· · ·
∫ ∞

0

κijl1k1···lmkm(s1, · · · , sm)Gl1k1(s1) · · ·Glmkm(sm)ds1 · · · dsm. (2.3)

Functionals of polynomial form provide the basis for Fréchet series proposed
by Green and Rivlin [14,15] in their treatment of materials with memory, and
by Coleman and Noll [16] in their simple fluid theory.

Functionals of polynomial form were studied by Volterra, and we shall refer
to the kernels κ(s1, · · · , sm) as Volterra kernels. Under conditions (A) and
(B) below, Fréchet’s approximation theorem [17] can be applied to show that
any continuous functional may be approximated as closely as we wish, in the
uniform norm, by a Fréchet series of finite order of multilinear functionals of
polynomial form. The conditions are
(A) the strain components are drawn from a compact topological space of
continuous functions, and
(B) the strain components vanish outside a finite time interval 0 ≤ s ≤ T .
Two important features of the Volterra kernels are that they are continuous
functions of their arguments, and that they are completely independent of the
strain history.

Fréchet’s approximation theorem does not hold in the limit T → ∞.
Coleman and Noll [16] attempted to overcome this difficulty by employing the
principle of fading memory. Their work marks a significant contribution to the
theory of constitutive modelling, albeit with limitations. Rivlin [18] fiercely
criticises their approach, stating “...the derivation by Coleman and Noll of the
multiple integral representation from an assumption of Fréchet differentiability
is fallacious, in that it relies on a nonexistent theorem in functional analysis.”
Saut and Joseph [19] in their comprehensive treatment of fading memory are
more sanguine. They point out deficiencies in Coleman and Noll’s approach
without devaluing their contribution.
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Experimentalists need not be unduly concerned with issues of convergence.
In general, expansions of type (2.1) can be viewed as asymptotic, valid for
small strains or strain-rates. Taking a pragmatic approach, it should always
be possible to estimate the number of terms in a Fréchet series required in
the interpretation of experimental data. For example, in a SAOS experiment
only the first term is needed, while in MAOS or LAOS the number of terms is
determined by the number of observable higher harmonics in the stress profiles.

Pipkin [20] provides a valuable review of the derivation of functional ex-
pansions in terms of multinomial forms of type (2.3). He concludes that for
incompressible fluids which are initially isotropic, the number of kernels at any
given order is dramatically reduced, with only four kernels needed for an expan-
sion up to third order. Specifically

F1[G] =

∫ ∞

0

κ1(s)G(s)ds,

F2[G|G] =

∫ ∞

0

∫ ∞

0

κ2(s1, s2)G(s1)G(s2)ds1ds2,

F3[G|G|G] =

∫ ∞

0

∫ ∞

0

∫ ∞

0

[κ3(s1, s2, s3)G(s1)G(s2)G(s3)

+ κ4(s1, s2, s3)G(s1)tr{G(s2)G(s3)}]ds1ds2ds3. (2.4)

Fréchet series, of the type described above, are often encountered in the
rheological literature as memory-integral expansions. See, for example, Bird et
al [43] and [44], who give an authoritative account of expansions for the stress
tensor in various constitutive models in terms of n-fold integrals.

We end this summary of Fréchet expansions about the rest history by adding
three remarks.
Remark 2.1. If the stress expansion (2.1) is viewed as a power series in some
ordering parameter, γ̇ say, then the functional Fm will, in general, contain terms
of order γ̇m as well as terms of order higher than γ̇m. This is because G(s) is
in general a nonlinear function of γ̇. For example, in simple shear flow, F1 has
terms of orders γ̇ and γ̇2, while F2 has terms of orders γ̇2, γ̇3 and γ̇4.
Remark 2.2. The first order functional F1[G(s)] represents the linear vis-
coelastic limit of the material or model. Thus, for an incompressible, initially
isotropic fluid

κ1(t) = −m(t) = Ġ(t), (2.5)

where m(t) and G(t) are the linear memory function and linear relaxation mod-
ulus, respectively. F1[G(s)], therefore, offers no information on nonlinear prop-
erties of the material.
Remark 2.3. In [41], Lennon et al obtained experimental measurements of
third-order complex moduli and complex compliances for a worm-like micelle
solution with a three-tone sinusoidal strain (MAPS) input. The results were
similar to theoretical predictions from a corotational Maxwell model in a series
expansion about the rest state.
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2.2. Fréchet series expanded about a viscometric flow history.

In superposition rheometry it is possible to capture nonlinear properties at
first order by expanding about the base viscometric flow history. Let

G(s) = G0(s) + E(s), (2.6)

where G0(s) and E(s) denote the viscometric strain and perturbation strain
measures, respectively. In the case of the flow fields (1.1), the perturbation
strain measures are

E‖(s) =




0 −ε∆(s) 0
−ε∆(s) 2εγ̇s∆(s) + ε2∆2(s) 0

0 0 0


 , (2.7)

E⊥(s) =




0 0 0
0 ε2∆2(s) −ε∆(s)
0 −ε∆(s) 0


 , (2.8)

where ∆(s) = φ(t)−φ(t− s) is the relative perturbation strain history (0 ≤ s <
∞). Then

τ (t) = τ (0) + F1[γ̇|E(s)] + F2[γ̇|E(s)|E(s)] + . . . , (2.9)

where τ (0) is the stress associated with the base viscometric flow, and F1,F2, . . .
are again multilinear functionals. Pipkin [20] explains that the integral rep-
resentations of these functionals are much more complicated than those for
expansions about the rest history. F1 and F2 can no longer be represented by
single Volterra kernels as in (2.4). We shall demonstrate that for superposition
flows of simple Oldroyd fluids
(i) the kernels depend on the shear-rate γ̇, as well as the direction of the
superposed perturbation;
(ii) the kernels remain independent of the perturbation function φ(t) itself.

By an Oldroyd fluid we mean one of the models included within the Oldroyd
8-constant framework. These are tabulated in [43, Chapter 8], and in [44,
Chapter 7]. We would expect features (i) and (ii) above to hold for all Oldroyd
fluids, and also for a wide class of constitutive models of differential and integral
type.

For an incompressible corotational Maxwell fluid with the velocity field u‖
given in (1.1) we shall show that, if φ is drawn from a suitable function space
(Section 4), then

F1[γ̇|E‖(s)] = ε



〈n,∆〉 〈m,∆〉 0
〈m,∆〉 −〈n,∆〉 0

0 0 0


+ O(ε2), (2.10)

where m(γ̇, s) and n(γ̇, s) are a pair of rate-dependent Volterra kernels, and the
inner-products 〈m,∆〉, 〈n,∆〉 are linear functionals of the relative perturbation
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strain history ∆(s). In contrast, with the velocity field u⊥ in (1.1), we have

F1[γ̇|E⊥(s)] = ε




0 0 〈n⊥,∆〉
0 0 〈m⊥,∆〉

〈n⊥,∆〉 〈m⊥,∆〉 0


+ O(ε2), (2.11)

where m⊥(γ̇, s) and n⊥(γ̇, s) are a different pair of rate-dependent Volterra ker-
nels. All four kernelsm,n,m⊥ and n⊥ are inter-related, enabling interconversion
between them. The O(ε2) terms in (2.10) and (2.11) may be represented by a
linear functional of φ̇2(t− s), (step-strain excluded), or by a linear functional of
∆2(s), (step-strain included).

3. Shear-stress interconversion between parallel and orthogonal set-
tings

3.1. Parallel superposition

The corotational Maxwell model is among the simplest of all Oldroyd models
for modelling purely polymeric fluids. Consider the shear flow of an incompress-
ible corotational Maxwell fluid with the velocity field

u‖ = ((γ̇ + εφ̇(t))y, 0, 0)T . (3.1)

The Cauchy stress, σ, may be written

σ = −pI + τ , (3.2)

where p denotes an arbitrary pressure, and the extra-stress, τ , satisfies the
constitutive equation

τ + λ1
Dτ

Dt
= η0γ̇. (3.3)

Here, λ1 and η0 are constants denoting a relaxation time and the zero shear-rate
viscosity, respectively, while D/Dt denotes the corotational derivative defined
in terms of the vorticity, ω, by

Dτ

Dt
=
Dτ

Dt
+

1

2
(ω · τ − τ · ω). (3.4)

For the flow field in question, the material derivative Dτ/Dt reduces to the ordi-
nary derivative with respect to time, while the vorticity and rate-of-deformation
tensor, γ̇, are given by

ω = ∇u− (∇u)T , γ̇ = ∇u + (∇u)T . (3.5)

Since the stress tensor, τ , is symmetric, the tensor equation (3.3) may be
written as six component equations. For the flow field generated by (3.1) these
admit the constraints

τ13 = τ23 = τ33 = 0, τ11 + τ22 = 0. (3.6)
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Eliminating the variable τ22, the following pair of linear differential equations
in τ11 and τ12 is obtained:

τ11 + λ1τ̇11 − λ1γ̇τ12 − ελ1φ̇(t)τ12 = 0,

τ12 + λ1τ̇12 + λ1γ̇τ11 + ελ1φ̇(t)τ11 = η0γ̇ + εη0φ̇(t). (3.7)

Setting ε = 0, we recover the viscometric solution for the corotational Maxwell
model:

τ
(0)
11 =

η0λ1γ̇
2

1 + λ2
1γ̇

2
,

τ
(0)
12 =

η0γ̇

1 + λ2
1γ̇

2
= η(γ̇)γ̇,

τ
(0)
22 = −τ (0)

11 . (3.8)

Expanding the stress tensor, τ , as in (1.2), about the viscometric base (3.8),
substitution in (3.7) gives, at first order in ε

τ
(1)
11 + λ1τ̇

(1)
11 − λ1γ̇τ

(1)
12 = αφ̇(t),

τ
(1)
12 + λ1τ̇

(1)
12 + λ1γ̇τ

(1)
11 = βφ̇(t), (3.9)

where

α =
η0λ1γ̇

1 + λ2
1γ̇

2
, β =

η0

1 + λ2
1γ̇

2
. (3.10)

Eliminating the variable τ
(1)
11 from (3.9), a particular solution for the shear stress

is given in terms of a Green’s function G(γ̇, t− t′):

τ
(1)
12 (t) =

∫ t

−∞
G(γ̇, t− t′)[(β − αλ1γ̇)φ̇(t′) + βλ1φ̈(t′)]dt′, (3.11)

G(γ̇, t− t′) =

{
1
λ2
1γ̇
e−(t−t′)/λ1 sin(γ̇(t− t′)), t′ ≤ t,

0, t′ > t.
(3.12)

The derivatives φ̇ and φ̈ need only exist in the sense of distributions. Integration

by parts then enables τ
(1)
12 to be expressed as a linear functional of the relative

strain history φ(t)− φ(t− s), 0 ≤ s = t− t′ <∞, as follows:

τ
(1)
12 (t) =

∫ ∞

0

m(γ̇, s)[φ(t)− φ(t− s)]ds, (3.13)

with a rate-dependent Volterra kernel (memory function), m(γ̇, s), given by

m(γ̇, s) =
η0

λ2
1

e−s/λ1 cos(γ̇s). (3.14)

Note that the rate-dependent kernel reverts to its linear viscoelastic coun-
terpart, m(s) ≡ m(0, s), in the limit γ̇ → 0. Note also that while m(s) is always
positive and completely monotonic, m(γ̇, s) is a damped oscillation, and must
change sign when γ̇ > 0. This can lead to negative superposition moduli.
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3.2. Parallel step-strain

In S-PSR, with the step applied at time t = 0, the perturbation is given by
εφ(t), where φ(t) = H(t) is the unit Heaviside step function. The shear-stress
in (3.13) is then

τ
(1)
12 (t) =

∫ ∞

t

m(γ̇, s)ds, (3.15)

and the shear-stress to first order is

τ12(t) = τ
(0)
12 + ετ

(1)
12 =

η0γ̇

1 + λ2
1γ̇

2
+
η0

λ1
εaH(t)e−t/λ1 cos(γ̇t+ θ), (3.16)

a =
1√

1 + λ2
1γ̇

2
, θ = tan−1(λ1γ̇). (3.17)

From (3.16) we identify the rate-dependent parallel superposition relaxation
modulus for the corotational Maxwell fluid:

G‖(γ̇, t) =
η0

λ1
ae−t/λ1 cos(γ̇t+ θ). (3.18)

Note that G‖ changes sign after a time ( 1
2π − θ)/γ̇. The identity

m(γ̇, s) = − ∂

∂s
G‖(γ̇, s) (3.19)

is readily verified, and is the rate-dependent version of the same relationship
found in linear viscoelasticity. The phase angle, θ, in (3.16) - (3.18) plays an
important role in describing the parallel response spectrum for the corotational
Maxwell fluid (see Section 3.4 below).

3.3. Oscillatory parallel superposition rheometry

For the corotational Maxwell fluid the first order shear-stress τ
(1)
12 in O-PSR

may be written in the form

τ
(1)
12 (t) = G∗‖(γ̇, ω)eiωt, (3.20)

where G∗‖(γ̇, ω) denotes a rate-dependent complex superposition modulus. Writ-

ing φ(t) = eiωt in equations (3.10) we see that the first-order stresses take the
forms

τ
(1)
11 (t) = A(ω)eiωt, τ

(1)
12 (t) = B(ω)eiωt, (3.21)

where

(1 + iωλ1)A(ω)− λ1γ̇B(ω) = αiω,

(1 + iωλ1)B(ω) + λ1γ̇A(ω) = βiω. (3.22)

In (3.21), the real part of the stresses represent the response to the real part of
the strain. Solving (3.22) for B(ω) gives the required modulus in (3.20). We
find

G∗‖(γ̇, ω) =
η0iω

1 + λ2
1γ̇

2

[ (1 + iωλ1)− λ2
1γ̇

2

(1 + iωλ1)2 + λ2
1γ̇

2

]
, (3.23)
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which reduces to the linear viscoelastic modulus when γ̇ = 0. The complex
modulus (3.23) also has the Fourier representation

G∗‖(γ̇, ω) =

∫ ∞

0

m(γ̇, s)(1− e−iωs)ds.

Writing the modulus in (3.23) in terms of its real and imaginary parts,
G∗‖(γ̇, ω) = G′‖(γ̇, ω) + iG′′‖(γ̇, ω), we find

G′‖(γ̇, ω) =
η0ω

2λ1(1 + ω2λ2
1 − 3λ2

1γ̇
2)

(1 + λ2
1γ̇

2)[(1 + λ2
1γ̇

2 − ω2λ2
1)2 + 4ω2λ2

1]
, (3.24)

G′′‖(γ̇, ω) =
η0ω(1 + ω2λ2

1 − λ2
1γ̇

2)

(1 + λ2
1γ̇

2 − ω2λ2
1)2 + 4ω2λ2

1

, (3.25)

from which we can deduce that both G′‖ and G′′‖ will become negative at

sufficiently high shear-rates. In what follows we shall say that G′‖ or G′′‖ is
globally positive if and only if it is positive for all positive frequencies.

Result 3.1
(i) The condition for G′‖(γ̇, ω) to be globally positive is λ2

1γ̇
2 < 1

3 . Otherwise

G′‖(γ̇, ω) < 0 whenever ω2λ2
1 < 3λ2

1γ̇
2 − 1.

(ii) The condition for G′′‖(γ̇, ω) to be globally positive is λ2
1γ̇

2 < 1. Otherwise

G′′‖(γ̇, ω) < 0 whenever ω2λ2
1 < λ2

1γ̇
2 − 1.

(iii) The moduli G′‖ and G′′‖ in (3.24)-(3.25) satisfy the Kramers-Kronig

relations. This is because, apart from at its poles, the modulus G∗‖(γ̇, ω) in

(3.23) is an analytic function of ω throughout the complex frequency plane.
This modulus has two poles in the upper-half of the complex frequency plane,
given by ω = ±γ̇ + iλ−1

1 .

It is evident that G′‖ is more likely to be negative than G′′‖ . Equations (3.24)

- (3.25) and Result 3.1(i) were first derived by Booij [42].

3.4. Parallel spectral representation

In linear viscoelasticity, the relaxation spectrum, H(τ), can be defined as
the inverse Laplace transform of the memory function, where it is understood
that the forward transform is taken with respect to the reciprocal variable τ−1.
If m(t) denotes the linear memory function, then

H(τ) = L−1[m(t)](τ), m(t) =

∫ ∞

0

H(τ)e−t/τ
dτ

τ2
. (3.26)

We refer to the second equation in (3.26) as the spectral representation of the
linear memory function. In the case of a corotational Maxwell fluid we have, in
non-dimensional form,

H(τ) =
η0

λ1
δ(
τ

λ1
− 1), (3.27)
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where δ(.) denotes the Dirac point measure or delta-distribution.

Consider the rate-dependent parallel response spectrum defined by

H‖(γ̇, τ) = L−1[m(γ̇, t)](τ), (3.28)

where m(γ̇, t) is given by (3.14). This may be represented by the distribution

H‖(γ̇, τ) =
1

2

η0

λ1

[ λ̄∗1
λ1
δ(
τ

λ̄∗1
− 1)− λ∗1

λ1
δ(
τ

λ∗1
− 1)

]
, (3.29)

where τ is complex, and λ∗1, λ̄
∗
1 are complex conjugate relaxation times defined

by

λ∗1 =
λ1

1− iλ1γ̇
, λ̄∗1 =

λ1

1 + iλ1γ̇
, |λ∗1| = |λ̄∗1| =

λ1√
1 + λ2

1γ̇
2
. (3.30)

For fixed γ̇, the relaxation time λ∗1 occupies a point in the first quadrant of
the complex τ -plane, with its conjugate in the fourth quadrant. In (3.29) the
delta-distribution with complex argument is defined by its inner product

∫

Λ

f(τ)δ(
τ

λ∗
− 1)

dρ

λ∗
= ±f(λ∗),

where Λ is a line in the complex τ -plane passing through the point λ∗

once and only once, with line element dρ. The plus sign is required when
Λ is positively orientated, and the negative sign when Λ is negatively orientated.

As the shear-rate increases from zero, the linear relaxation time λ1 in (3.27)
splits into the rate-dependent times λ∗1 and λ̄∗1, each of which decrease in mag-
nitude with increasing shear-rate. The argument of λ∗1 is the phase angle θ in
(3.17), i.e.

arg(λ∗1) = θ = tan−1(λ1γ̇). (3.31)

This angle increases with increasing shear-rate. It is interesting to examine the
loci of λ∗1 and λ̄∗1 as parametrized by γ̇. As γ̇ increases from 0 to infinity, λ∗1 and
λ̄∗1 traverse a circle, C, in the complex τ -plane. C has its centre on the real axis
at τ = ( 1

2λ1, 0) and intersects the real axis at the two points τ = (λ1, 0) and
τ = (0, 0). As γ̇ increases, λ∗1 traverses C in the first quadrant of the complex
plane in an anti-clockwise direction, reaching the highest point τ = ( 1

2λ1,
1
2λ1)

when γ̇ = λ−1
1 . As γ̇ → ∞, λ∗1 reaches the Newtonian limit λ∗1 = (0, 0).

Similarly, λ̄∗1 traverses C in the fourth quadrant in a clockwise direction.

Consider a constant λ∗1, i.e. constant λ1 and constant γ̇. Taking an integral
transform of the distribution (3.29) involves choosing a contour in the complex
τ -plane. For convenience we choose a contour which includes two conjugate
rays, Λ (negatively orientated), and Λ̄ (positively orientated):

Λ = {τ = ρeiθ,∞ > ρ ≥ 0}, Λ̄ = {τ = ρe−iθ, 0 ≤ ρ <∞}, (3.32)
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where θ is the constant phase angle given in (3.17). Λ̄ emanates from the
origin and passes through the point λ̄∗1, while Λ joins its point at infinity to the
origin, passing through the point λ∗1. The punctilious reader may request that
the contour be closed by joining the two points at infinity by a circular arc of
infinite radius. While aesthetically pleasing, this has no practical value since
integration along such an arc cannot activate either delta-distribution in (3.29).

In taking integral transforms of the complex distributions we denote by
∫∞

0
the sum of the two line integrals. Thus

∫ ∞

0

f(τ)H‖(γ̇, τ)dρ = (

∫

Λ̄

+

∫

Λ

)f(τ)H‖(γ̇, τ)dρ. (3.33)

Integration along Λ̄ activates the first distribution in (3.29) while integration
along Λ activates the second with a change of sign due to its negative orientation.
Consequently, we may write

m(γ̇, t) =

∫ ∞

0

H‖(γ̇, τ)e−t/τ
dρ

τ2
=
η0

λ2
1

<(e−t/λ
∗
1 ), (3.34)

in keeping with (3.26). Equation (3.34) is the spectral representation of the rate-
dependent memory function. The spectral representations of the rate-dependent
relaxation modulus, G‖, and rate-dependent complex modulus, G∗‖, are

G‖(γ̇, t) =

∫ ∞

0

H‖(γ̇, τ)e−t/τ
dρ

τ
=
η0

λ1
<(
λ∗1
λ1
e−t/λ

∗
1 ), (3.35)

G∗‖(γ̇, ω) =

∫ ∞

0

iωτ

1 + iωτ
H‖(γ̇, τ)

dρ

τ

=
1

2

η0

λ1

(λ∗1
λ1

iωλ∗1
1 + iωλ∗1

+
λ̄∗1
λ1

iωλ̄∗1
1 + iωλ̄∗1

)
. (3.36)

3.5. Orthogonal superposition and interconversion

In othogonal superposition the flow field is given by

u = (γ̇y, 0, εφ̇(t)y)T . (3.37)

Expanding the stress tensor as in (3.9) yields the same viscometric base, τ (0),
as previously, while the constitutive equation (3.3), at first order in ε, can be

reduced to the pair of linear differential equations in τ
(1)
13 and τ

(1)
23 given by

τ
(1)
13 + λ1τ̇

(1)
13 − 1

2λ1γ̇τ
(1)
23 = 1

2αφ̇(t),

τ
(1)
23 + λ1τ̇

(1)
23 + 1

2λ1γ̇τ
(1)
13 = 1

2 (η0 + β)φ̇(t). (3.38)

Employing the Green’s function G( 1
2 γ̇, t − t′), the first-order shear-stress may

again be written as a linear functional of the perturbation strain history:

τ
(1)
23 (t) =

∫ ∞

0

m⊥(γ̇, s)[φ(t)− φ(t− s)]ds, (3.39)
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with a rate-dependent Volterra kernel

m⊥(γ̇, s) =
η0

λ2
1

be−s/λ1 cos( 1
2 γ̇s− θM ), (3.40)

b =
1 + 1

4λ
2
1γ̇

2

√
1 + λ2

1γ̇
2
, θM = tan−1

( λ3
1γ̇

3

4 + 3λ2
1γ̇

2

)
. (3.41)

In comparing the orthogonal memory kernel in (3.40) with its parallel counter-
part in (3.14) we note that the damped oscillation has its frequency reduced by
the factor 1

2 while shifted by a phase θM .

At first order, therefore, interconversion between any parallel protocol and
any orthogonal protocol is effected by the transition

m(γ̇, s)↔ m⊥(γ̇, s). (3.42)

The consistency of this transition will be discussed in Section 6. For the
integral constitutive models studied in Curtis and Davies [21,22], the or-
thogonal and parallel memory kernels are related explicitly by differential
equations. For Oldroyd differential models, the relationship between the two
kernels is implicit rather than explicit. The model parameters are determined
using one protocol and implemented in the other. The special case of the
corotational Maxwell model is particularly simple in that, in theory, it would
appear that there is no need for a parallel or orthogonal experiment. It
suffices to determine the discrete linear relaxation spectrum {η0j , λ1j} for
as many modes as required. In practice, the determination of a spectrum
from linear data alone is unlikely to be sufficient to predict accurately the re-
sults of a superposition experiment. We discuss this point further in Section 5.2.

The orthogonal relaxation modulus, G⊥(γ̇, t), for the corotational Maxwell
fluid takes the form

G⊥(γ̇, t) =
η0

λ1
ce−t/λ1 cos( 1

2 γ̇t+ θG), (3.43)

c =

√
1 + 1

4λ
2
1γ̇

2

1 + λ2
1γ̇

2
, θG = tan−1

( λ1γ̇

2 + λ2
1γ̇

2

)
, (3.44)

while the orthogonal complex modulus, G∗⊥(γ̇, t), takes the form

G∗⊥(γ̇, ω) =
η0iω

1 + λ2
1γ̇

2

[ (1 + iωλ1) + 1
4λ

2
1γ̇

2(1 + 2iωλ1)

(1 + iωλ1)2 + 1
4λ

2
1γ̇

2

]
. (3.45)

The real and imaginary parts are given by

G′⊥(γ̇, ω) =
η0ω

2λ1

1 + λ2
1γ̇

2

[ (1 + 1
2λ

2
1γ̇

2)ω2λ2
1 + (1 + 1

4λ
2
1γ̇

2)(1− 1
2λ

2
1γ̇

2)

(1 + 1
4λ

2
1γ̇

2 − ω2λ2
1)2 + 4ω2λ2

1

]
,

(3.46)

G′′⊥(γ̇, ω) =
η0ω

1 + λ2
1γ̇

2

[ (1 + 1
4λ

2
1γ̇

2)2 + ω2λ2
1(1 + 3

4λ
2
1γ̇

2)

(1 + 1
4λ

2
1γ̇

2 − ω2λ2
1)2 + 4ω2λ2

1

]
. (3.47)
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We note that the relaxation modulus G⊥ changes sign after a time
t = (π − 2θG)/γ̇. Also, G′⊥ can be negative at sufficiently high shear-
rates, whereas G′′⊥ cannot. Specifically, we have

Result 3.2
(i) The condition for G′⊥(γ̇, ω) to be globally positive is λ2

1γ̇
2 < 2. Otherwise

G′⊥(γ̇, ω) < 0 whenever ω2λ2
1 < (1 + 1

4λ
2
1γ̇

2)(λ2
1γ̇

2 − 2)/(2 + λ2
1γ̇

2).
(ii) G′′⊥(γ̇, ω) is globally positive.
(iii) The moduli G′⊥ and G′′⊥ in (3.46)-(3.47) satisfy the Kramers-Kronig
relations.

The rate-dependent orthogonal response spectrum for the corotational
Maxwell fluid is given by the inverse Laplace transform of (3.42):

H⊥(γ̇, τ) =
1

2

η0

λ1

[
c̄•δ(

τ

λ̄•1
− 1)− c•δ( τ

λ•1
− 1)

]
, (3.48)

where λ•1 and λ̄•1 are complex conjugate relaxation times, with

λ•1 =
λ1

1− 1
2 iλ1γ̇

, c• =
4 + 3λ2

1γ̇
2 − iλ3

1γ̇
3

(4− 2iλγ̇)(1 + λ2γ̇2)
= b

λ•1
λ1
e−iθM . (3.49)

Integral transforms of this distribution can be evaluated by integrating along
the rays through λ̄•1 and λ•1 in the complex plane, as previously.

For certain isotropic constitutive models of integral type it has been shown
that the shear viscosity can be expressed as the integral of the orthogonal
response spectrum, which is analogous to the corresponding result in linear
viscoelasticity. This strengthens the view that orthogonal superposition moduli
share certain features in common with their linear viscoelastic counterparts,
unlike parallel moduli. The shear viscosity of the (isotropic) cororotational
Maxwell fluid can also be expressed as an integral of its orthogonal response
spectrum (3.48):

η(γ̇) =

∫ ∞

0

H⊥(γ̇, τ)dρ =
η0

1 + λ2
1γ̇

2
. (3.50)

The spectral representations of the rate-dependent relaxation modulus, G⊥, and
rate-dependent complex modulus, G∗⊥ are given by the integrals

G⊥(γ̇, t) =

∫ ∞

0

H⊥(γ̇, τ)e−t/τ
dρ

τ
=
η0

λ1
<(c•e−t/λ

•
1 ), (3.51)

G∗⊥(γ̇, ω) =

∫ ∞

0

iωτ

1 + iωτ
H⊥(γ̇, τ)

dρ

τ

=
1

2

η0

λ1

(
c•

iωλ•1
1 + iωλ•1

+ c̄•
iωλ̄•1

1 + iωλ̄•1

)
. (3.52)
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It may also be shown that

m⊥(γ̇, s) = − ∂

∂s
G⊥(γ̇, s),

and G∗⊥(γ̇, ω) =

∫ ∞

0

m⊥(γ̇, s)(1− e−iωs)ds. (3.53)

4. Function spaces and Newtonian solvents.

Let L2
h(0,∞) denote a weighted L2-Hilbert space with positive weight h(s)

satisfying h(0) = 1, h(s)→ 0 as s→∞. In dealing with the Oldroyd models in
this paper, a suitable weight function (not unique) is h(s) = e−s/λ1 , where, in a
multimode treatment, λ1 denotes the smallest relaxation time. Hk

h(0,∞), k > 0,
denotes the Sobolev space of functions in L2

h(0,∞) with derivatives up to order

k in the sense of distributions also in L2
h(0,∞).

o

Hk
h(0,∞) is the closed subspace

of Hk
h(0,∞) whose elements vanish at s = 0, while H−kh (0,∞) is the space

of distributions which is the topological dual of Hk
h(0,∞). Finally, if H is a

space of functions in R or C, defined on (0,∞), then H is the corresponding
symmetric tensor-valued space in R6 or C6.

Oldroyd [23] was critical of the simple fluid theory of Coleman and Noll on
the grounds that, in that theory, stress in a material can only be generated by
strain and not by strain-rate. This means that neither the Newtonian fluid
nor a polymeric material in a Newtonian solvent can be accomodated in the
Coleman and Noll theory. Coleman and Noll express the idea of fading memory
by drawing strain histories from a weighted Hilbert space, L2

h. This means that
all linearized stresses, F1[G(s)] are continuous tensor-valued linear functionals
of G(s) and can be represented as the inner product of G(s) against a fixed
element of L2

h. In a Newtonian fluid, the stresses are proportional to the
strain-rate, and cannot be represented in this way.

Wang [24] and Saut and Joseph [19] propose theories of fading memory
which address this situation. Saut and Joseph draw their strain histories from

a weighted Sobolev space,
o

H1
h(0,∞) ∩ Hkh(0,∞) and show that the stresses in

its topological dual can have integral representations with kernels which are
Dirac measures and their derivatives.

Applying the Saut and Joseph theory to the parallel superposition flow in
(3.1), if the perturbation strain history ∆(s) is drawn from a scalar Sobolev
space H1

h, then the shear-stress in a Newtonian fluid may be expressed as

τ12(t) = η0γ̇ + εη0φ̇(t) = η0γ̇ − ε
∫ ∞

0

η0

λ0
δ̇(s)[φ(t)− φ(t− s)]ds, (4.1)

where δ̇(s) denotes the first derivative of the Dirac delta-distribution, and λ0 = 1
is the unit relaxation time. We interpret derivatives of the Dirac delta in the
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sense of Green and Rivlin [15]:
∫ ∞

0

δ(n)(s)f(s)
ds

λ0
≡ lim
ε1→0

∫ ∞

−ε1
δ(n)(s)f(s)

ds

λ0
= (−1)nf (n)(0).

In the case of a step-strain perturbation history, ∆(s) is in L2
h(0,∞) but

not in H1
h(0,∞). By regularization and passage to the limit, it can be shown

that equation (4.1) holds in the sense of distributions with the integral term
replaced by ε(η0/λ0)δ(t).

For the orthogonal superposition flow in (3.37), equation (4.1) is replaced by

τ12(t) = η0γ̇, τ23(t) = −ε
∫ ∞

0

η0

λ0
δ̇(s)[φ(t)− φ(t− s)]ds.

It is now a straightforward matter to adapt the theory in Section 3 above
to polymeric materials in a Newtonian solvent. The Volterra kernels m in
(3.14) and m⊥ in (3.40) are simply augmented with a distributional derivative.
Technically, Volterra kernels are by nature continuous. We shall therefore refer
to the new kernels as augmented kernels.

Consider the incompressible corotational Oldroyd model

τ + λ1
Dτ

Dt
= η0[γ̇ + λ2

Dγ̇

Dt
], (4.2)

where λ2 denotes a constant retardation time. Let

η1 =
η0

λ1
(λ1 − λ2), η2 = η0

λ2

λ1
, η0 = η1 + η2. (4.3)

Then equation (4.2) may be rewritten in the form

τ = π + η2γ̇, π + λ1
Dπ

Dt
= η1γ̇. (4.4)

The parallel Volterra kernel for the corotational Maxwell fluid is therefore re-
placed by the augmented kernel

m(γ̇, s) =
η1

λ2
1

e−s/λ1 cos(γ̇s)− η2

λ0
δ̇(s), (4.5)

and the orthogonal Volterra kernel by

m⊥(γ̇, s) =
η1

λ2
1

be−s/λ1 cos( 1
2 γ̇s− θM )− η2

λ0
δ̇(s). (4.6)

The superposition moduli are amended in similar fashion. The relaxation moduli
G‖(γ̇, t) and G⊥(γ̇, t) carry the additional distribution (η2/λ0)δ(t), while the
complex moduli G∗‖(γ̇, ω) and G∗⊥(γ̇, ω) carry the additional Newtonian term

η2iω. Results 3.1(i), 3.2(i) and 3.2(ii) are unaffected, but the condition for the
global positivity of G′′‖ is much more complicated.
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5. Four-kernel interconversion

5.1. Single mode interconversion

Consider a class of models which solve the general problem of interconver-
sion, to order ε, by means of four inter-related rate-dependent Volterra kernels,
m(γ̇, s), n(γ̇, s),m⊥(γ̇, s) and n⊥(γ̇, s). The stress components are written

Parallel τ
(1)
11 (t) = 〈n,∆〉 ≡

∫ ∞

0

n(γ̇, s)[φ(t)− φ(t− s)]ds, (5.1)

τ
(1)
12 (t) = 〈m,∆〉 ≡

∫ ∞

0

m(γ̇, s)[φ(t)− φ(t− s)]ds, (5.2)

Orthogonal τ
(1)
13 (t) = 〈n⊥,∆〉 ≡

∫ ∞

0

n⊥(γ̇, s)[φ(t)− φ(t− s)]ds, (5.3)

τ
(1)
23 (t) = 〈m⊥,∆〉 ≡

∫ ∞

0

m⊥(γ̇, s)[φ(t)− φ(t− s)]ds. (5.4)

The corotational Maxwell model belongs to this class. Solving equations (3.9)
and (3.38) completely, the four kernels are

m(γ̇, s) =
η0

λ2
1

e−s/λ1 cos(γ̇s), (5.5)

n(γ̇, s) =
η0

λ2
1

e−s/λ1 sin(γ̇s), (5.6)

m⊥(γ̇, s) =
η0

λ2
1

be−s/λ1 cos( 1
2 γ̇s− θM ), (5.7)

n⊥(γ̇, s) =
η0

λ2
1

be−s/λ1 sin( 1
2 γ̇s− θM ). (5.8)

Other models within the class can have Fréchet series of the form

τ (t) = τ (0) + F1[I1, I2|E(s)] + F2[I1, I2|E(s)|E(s)] + . . . , (5.9)

where I1, I2 are the first and second invariants of the strain measure G(s),
or alternatively, of the Cauchy-Green tensor C(t, t − s). The Volterra kernels
representing F1 will depend on I1 and I2. Such models establish a link with
the K-BKZ and Rivlin-Sawyer class of models.

Returning to the corotational Maxwell model, once the model parameters η0

and λ1 are known, it is clear that, using equations (5.1) - (5.4), interconversion
between any parallel or orthogonal protocol is immediate. Of course, a single
mode representation is unlikely to prove effective in general. The inner products
in (5.1) - (5.4) should be viewed as basis elements for a multimode treatment.

5.2. Multimode interconversion

The key issue here is the effective determination of the discrete linear
spectrum {η0j , λ1j}. In Boltzmann’s formulation of linear viscoelasticity it
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is an inherent premise that, for shear deformations at fixed temperature and
pressure, every material has a unique continuous relaxation spectrum. This is
not the case for discrete spectra, as can be discerned immediately from the fact
that continuous spectra can be discretised in a number of different ways [26].
The problem of determining the spectrum from linear data is ill-posed, and
different methods of regularization invariably lead to different results, despite
fitting the data equally well [28]. There is an extensive literature covering a
variety of available methods, a selection of which are treated in [25-35]. Malkin
[36] states that: “The discrete relaxation spectrum is just a convenient way of
representing experimental data... It has no basic physical meaning”. Chow and
Zukoski [37,38] state: “No line spectrum - produced by whatever method - is
ever the true spectrum”.

It can be readily verified that determination of a linear spectrum by fitting
the experimental dynamic moduli G′(ω) and G′′(ω) separately does not gener-
ally enable effective interconversion between the two [39]. Under separate fitting,
the model parameters adjust to different distributions of statistical noise in the
data. The spectrum should be fitted to both moduli simultaneously so that
the parameters adjust to the overall distribution of noise. This phenomenon is
exacerbated when fitting superposition moduli. Let us assume that the real and
imaginary parts of the parallel superposition moduli G∗‖(γ̇k, ω), k = 0, 1, 2, 3,
have been measured under the same ambient conditions over a finite frequency
range, for four separate shear-rates γ̇k, where γ̇0 = 0 corresponds to the
quiescent state G∗(ω). The spectrum is best determined by fitting all four
pairs of moduli simultaneously, using Maxwell elements for G∗ and the basis
elements (3.24) and (3.25) for G∗‖. A good fit to the full set of data establishes
confidence in the multimode model, whereas on the other hand, an inability to
find a good fit indicates that the model is inadequate for the material concerned.

We make two final remarks in regard to multimode interconversion.
Remark 5.1. Consider Results 3.1. and 3.2 above. In a multimode scenario it
only requires one of the modes to satisfy the condition for global positivity of
the superposition modulus to weaken the overall constraint on global positivity.
In particular, admitting several modes increases the probability that ΣG′⊥(γ̇, ω)
is globally positive.
Remark 5.2. The constitutive equation (3.3) is linear in stress, as are all of
Oldroyd’s models. [This is not, in general, the case for differential models such
as those of Phan-Thien Tanner (PTT) and Giesekus]. Linearity enables each
mode to be treated separately in the series (1.2).

6. Second-order theory

It is well known than in MAOS and LAOS only odd-order harmonics appear
as the strain amplitude is increased. The same is true for O-OSR (orthogo-
nal superposition of oscillatory shear on a bulk simple shear flow) should the
amplitudes be increased above the linear range. However, in O-PSR (parallel

19Jo
ur

na
l P

re
-p

ro
of



Journal Pre-proof
superposition of oscillatory shear), both even and odd order harmonics will ap-
pear, as pointed out by Lennon et al [40, 41]. We begin with a general treatment
of second order terms in parallel superposition.

6.1. Second-order kernels. Parallel superposition.

Second-order viscoelasticity conventionally refers to the truncation of the
Fréchet series at the second functional derivative [16]. Coleman and Noll give
conditions under which the second derivative has an integral representation
for which the second-order Volterra kernels are continuous functions of their
arguments. As we pointed out in Section 4, to extend this theory to Oldroyd
models we must work in an appropriate weighted Sobolev space. We choose
a space H2

h, in which the scalar strain histories and their derivatives up to
order two in the sense of distributions are in the space  L2

h. Step-strain histories
require a slight modification. We shall show that the kernels contributing to
O(ε2) terms are no longer continuous Volterra kernels. Instead, their role are
played by distributions.

We remind the reader that the functional derivative F1 contains both
O(ε) and O(ε2) terms, whereas F2 contains O(ε2), O(ε3) and O(ε4) terms.
In our second-order theory we shall restrict attention to those kernels which
contribute toO(ε2) terms, and which identify the stress τ (2)(t) in the series (1.2).

Consider the corotational Maxwell model. All higher-order kernels may be
constructed from the four basic Volterra kernels m,n,m⊥, n⊥, and the two
Green’s functions G(γ̇, s) and G( 1

2 γ̇, s). Let us first consider the parallel set-
ting. For orders r ≥ 2, equations (3.9) are replaced by

τ
(r)
11 + λ1τ̇

(r)
11 − λ1γ̇τ

(r)
12 = λ1φ̇(t)τ

(r−1)
12 ,

τ
(r)
12 + λ1τ̇

(r)
12 + λ1γ̇τ

(r)
11 = −λ1φ̇(t)τ

(r−1)
11 . (6.1)

Let us assume, first, that φ is twice continuously differentiable, so that φ̇ and φ̈

are not distributions. Choosing r = 2 and eliminating τ
(1)
11 , we find

(1 + λ2
1γ̇

2)τ
(2)
12 + 2λ1τ̇

(2)
12 + λ2

1τ̈
(2)
12 = −λ2

1γ̇φ̇τ
(1)
12 − λ2

1φ̈τ
(1)
11 − λ1φ̇(τ

(1)
11 + λ1τ̇

(1)
11 ).
(6.2)

We may then use (3.9) to rewrite the right-hand side of (6.2) as

−αλ1φ̇
2 − 2λ2

1γ̇φ̇τ
(1)
12 − λ2

1φ̈τ
(1)
11 , (6.3)

where

φ̇2(t) = −
∫ ∞

0

δ̇(s)

s
[φ(t)− φ(t− s)]2 ds

λ0
, (6.4)

φ̇(t) = −
∫ ∞

0

δ̇(s)[φ(t)− φ(t− s)]ds
λ0
, (6.5)

φ̈(t) = −
∫ ∞

0

δ̈(s)[φ(t)− φ(t− s)]ds
λ0
. (6.6)
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Introducing the distributions

κ(γ̇, t, s1) =
η0

1 + λ2
1γ̇

2

λ1

λ0
G(γ̇, t)

δ̇(s1)

s1
, (6.7)

κ12(γ̇, t, s1, s2) =
λ2

1

λ0
G(γ̇, t)[2γ̇m(γ̇, s1)δ̇(s2) + n(γ̇, s1)δ̈(s2)], (6.8)

the solution to (6.2) may be expressed as

τ
(2)
12 (t) = λ1γ̇〈κ,∆2〉t + 〈κ12,∆,∆〉t, (6.9)

where 〈κ,∆2〉t is a linear functional of ∆2 and 〈κ12,∆,∆〉t is a bilinear functional
of ∆ defined by

〈κ,∆2〉t ≡
∫ t

−∞

∫ ∞

0

κ(γ̇, t− t1, s1)∆2
1(s1)dt1ds1, (6.10)

〈κ12,∆,∆〉t ≡
∫ t

−∞

∫ ∞

0

∫ ∞

0

κ12(γ̇, t− t1, s1, s2)∆1(s1)∆1(s2)dt1ds1ds2,

(6.11)

with ∆1(s) = φ(t1)− φ(t1 − s).

Now consider the case where φ is differentiable only in the sense of distri-
butions. For many distributions, equations (6.1) and (6.2) can be treated by
regularization. In particular, the formulation (6.9) can be derived by regulariz-
ing the distribution φ̇, solving the regularized equation (6.2), and then passing
to the limit. The stress in (6.9) is well-defined if

∫ ∞

0

f(s)[φ(t− s)− φ(t− s− s1)]nds

is twice right differentiable at s1 = 0 for certain well-defined functions f(s), with
n = 1 or 2 as required. This condition holds for the step-strain perturbation

φ(t) = H(t). The stress in (6.9) is then τ
(2)
12 (t) = H(t)G2‖(γ̇, t), with second-

order relaxation modulus

G2‖(γ̇, t) = −η(γ̇)

2λ1

√
9λ2

1γ̇
2 + 1e−t/λ1 cos(γ̇t− θ2G), θ2G = cot−1(3λ1γ̇).

The normal stress, τ
(2)
11 (t), may be written as

τ
(2)
11 (t) = −〈κ,∆2〉t + 〈κ11,∆,∆〉t, (6.12)

where

κ11(γ̇, t, s1, s2) =
λ2

1

λ0
G(γ̇, t)[2γ̇n(γ̇, s1)δ̇(s2)−m(γ̇, s1)δ̈(s2)]. (6.13)
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This means that the second order term in the first functional derivative
F1[γ̇|E‖(s)] in (2.10) takes the form

ε2〈κ,∆2〉t



−1 λ1γ̇ 0
λ1γ̇ 1 0
0 0 0


 , (6.14)

while the second functional derivative is given by

F2[γ̇|E‖(s)|E‖(s)] = ε2



〈κ11,∆,∆〉t 〈κ12,∆,∆〉t 0
〈κ12,∆,∆〉t −〈κ11,∆,∆〉t 0

0 0 0


+ O(ε3). (6.15)

In general both (6.14) and (6.15) contribute non-zero components to the shear-

stress τ
(2)
12 (t). These give rise to second harmonics in parallel oscillatory shear

perturbations, and we discuss this next.

6.2. Second order complex moduli. Parallel superposition.

Let φ = eiωt. We shall seek stress components in the complex form

τ
(2)
11 (t) = A0(ω) +A2(ω)e2iωt,

τ
(2)
12 (t) = B0(ω) +B2(ω)e2iωt, (6.16)

where the real parts of the equations are implied. To this end, we employ the
identity

(<φ̇)(<τ) = <[(<φ̇)τ ],

and replace equations (6.1) by

τ
(2)
11 + λ1τ̇

(2)
11 − λ1γ̇τ

(2)
12 = λ1[<φ̇(t)]τ

(1)
12 ,

τ
(2)
12 + λ1τ̇

(2)
12 + λ1γ̇τ

(2)
11 = −λ1[<φ̇(t)]τ

(1)
11 . (6.17)

Substituting (6.16) into (6.17) yields the equations

A0(ω)− λ1γ̇B0(ω) = − 1
2 iωλ1B(ω),

B0(ω) + λ1γ̇A0(ω) = 1
2 iωλ1A(ω),

(1 + 2iωλ1)A2(ω)− λ1γ̇B2(ω) = 1
2 iωλ1B(ω),

(1 + 2iωλ1)B2(ω) + λ1γ̇A2(ω) = − 1
2 iωλ1A(ω),

where A(ω) and B(ω) are given by (3.22). Solving for B0 and B2 then leads to
the expansion

τ12(t) = η(γ̇)γ̇[1+ε2C0(γ̇, ω)]+εG∗‖(γ̇, ω)eiωt+ε2G∗2‖(γ̇, ω)e2iωt+O(ε3), (6.18)

which displays the first and second harmonics. The coefficient C0 is given by

C0(γ̇, ω) = − 1
2

ω2λ2
1(3 + λ2

1γ̇
2 − ω2λ2

1)

(1 + λ2
1γ̇

2 − ω2λ2
1)2 + 4ω2λ2

1

(6.19)
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and has the limiting value C0(γ̇, ω) → 1
2 as ω → ∞, λ1γ̇ fixed. The first-order

complex modulus G∗‖ is given by (3.23), while the second-order modulus is given
by

G∗2‖(γ̇, ω) = − 1
2η(γ̇)γ̇

ω2λ2
1[2ω2λ2

1 + λ2
1γ̇

2 − 3(1 + 2iωλ1)]

[(1 + iωλ1)2 + λ2
1γ̇

2][(1 + 2iωλ1)2 + λ2
1γ̇

2]
. (6.20)

6.3. Second-order kernels. Orthogonal superposition.

In orthogonal superposition of oscillatory shear, it is the stress component
τ23(t) which is measured. This takes the form

τ23(t) = εG∗⊥(γ̇, ω)eiωt +O(ε3). (6.21)

Both expressions (6.18) and (6.21) are correct to second order, and intercon-
version between them should be second-order consistent. We discuss this issue
in Section 6.4 below. In this section we complete the description of the second-
order terms in the functional derivatives F1[γ̇|E⊥(s)] and F2[γ̇|E⊥(s)|E⊥(s)].

The second-order stress components satisfy

τ
(2)
13 = τ

(2)
23 = 0, (6.22)

τ
(2)
11 + τ

(2)
22 + τ

(2)
33 = 0, (6.23)

τ
(2)
12 + λ1τ̇

(2)
12 + λ1γ̇ν

(2) = − 1
2λφ̇τ

(1)
13 ,

ν(2) + λ1ν̇
(2) − λ1γ̇τ

(2)
12 = 1

2λφ̇τ
(1)
23 ,

τ
(2)
33 + λ1τ̇

(2)
33 = λ1φ̇τ

(1)
23 , (6.24)

where ν(2) = 1
2 (τ

(2)
11 − τ

(2)
22 ). Solving equations (6.24) and using (6.23) we find

that the O(ε2) term in (2.11) is

1
4ε

2〈κ,∆2〉t



−(2 + λ2

1γ̇
2) λ1γ̇ 0

λ1γ̇ 2 + λ2
1γ̇

2 0
0 0 0


 , (6.25)

while the second functional derivative is given by

F2[γ̇|E⊥(s)|E⊥(s)] = 1
4ε

2



〈κ⊥11,∆,∆〉t 〈κ⊥12,∆,∆〉t 0
〈κ⊥12,∆,∆〉t 〈κ⊥22,∆,∆〉t 0

0 0 〈κ⊥33,∆,∆〉t


+ O(ε3),

(6.26)
with κ⊥ij = κ⊥ij(γ̇, t, s1, s2),

κ⊥11 =
λ2

1

λ0
G(γ̇, t)[3γ̇n⊥(γ̇, s1)δ̇(s2)− 2m⊥(γ̇, s1)δ̈(s2)]− 1

2κ
⊥
33, (6.27)

κ⊥12 =
λ2

1

λ0
G(γ̇, t)[3γ̇m⊥(γ̇, s1)δ̇(s2) + 2n⊥(γ̇, s1)δ̈(s2)], (6.28)

κ⊥22 = −(κ⊥11 + κ⊥33), (6.29)

κ⊥33 = − 1

λ1
e−t/λ1m⊥(γ̇, s1)δ̇(s2). (6.30)
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6.4. Second-order consistent model parameterization

The discussion in this section is not necessarily confined to Oldroyd models.
We shall be concerned with the restricted problem of interconversion between
the two stress profiles τ12(t) and τ23(t). We shall say that a set of model
parameters is second-order consistent if, in a parallel setting, it correctly
characterizes the first- and second-order terms in the Fréchet expansion of
τ12(t). If the perturbation is an oscillatory shear, the model parameters must
fit both first and second harmonics. On the other hand, if the perturbation is a
step-strain, the model parameters must characterize both first and second su-
perposition relaxation moduli G‖(γ̇, t) and G2‖(γ̇, t). Second order consistency
is an essential element of interconversion, and consequently, of model validation.

In the case of a multimode corotational Maxwell model, the set of model
parameters is the discrete linear relaxation spectrum. A linear spectrum deter-
mined by fitting both linear data G∗(ω) and first-order parallel data G∗‖(, γ̇, ω),
together, may well require more parameters than the spectrum determined
from linear data alone. However, due to ill-posedness and non-uniqueness
issues, the extended spectrum need not be second-order consistent, even if the
model is valid. The linear spectrum, therefore, should be chosen to characterize
the linear data, and first-order and second-order data collectively, by means of
the appropriate first and second order moduli.

The above remarks refer to conversion from parallel to orthogonal set-
tings. In the reverse direction, determining the linear spectrum from G∗(ω)
and G∗⊥(γ̇, ω) together should provide a second-order consistent set of parame-
ters. If the model is valid, subsequent conversion to the parallel setting should
offer satisfactory estimates of both G∗‖(γ̇, ω) and G∗2‖(γ̇, ω). This can obviously
be checked by increasing the amplitude in a parallel experiment above the linear
range.

7. Summary

When the stress in a material is expressed as a tensor-valued functional of
the strain history, then if the strain history is drawn from a suitable function
space, the stress functional can be expanded as a Fréchet series of functional
derivatives. These derivatives can be evaluated at a base strain history of
choice. In the theory of Green-Rivlin materials, and the simple fluid theory
of Coleman and Noll, the derivatives are evaluated at the rest history, and we
say that the Fréchet series is expanded about the rest history. For infinite time
histories, the series should be viewed as asymptotic, i.e. valid for sufficiently
small strains or strain-rates. The first functional derivative in such series
represents the linear viscoelastic limit of the material, and only contains
information about the linear properties of the material. For an incompressible,
initially isotropic fluid, the first derivative has an integral representation in
terms of a single kernel (the linear viscoelastic memory kernel). Pipkin [20]
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has shown that for such a fluid, the second derivative has a double integral
representation in terms of another single kernel. Both kernels are independent
of the strain history generating the stress.

For perturbation flows superposed on a base simple shear flow, it is
expedient to expand the Fréchet series about the base viscometric strain
history. The first functional derivative then probes the nonlinear response of
the material to the imposed strains. For an incompressible, initially isotropic
fluid, the first derivative now requires at least one kernel to characterize each
component of its integral representation. Similarly for the higher derivatives.
For the incompressible corotational Maxwell model we have shown that the
kernels depend on the base rate of shear and on the direction of the superposed
perturbation, i.e. whether parallel or orthogonal to the base flow. They are
independent, however, of the actual perturbation function itself. For Oldroyd
constitutive models within the 8-constant framework, all the kernels of all
orders are implicitly inter-related.

The purpose of this paper is to demonstrate how the general problem of
interconversion between parallel and orthogonal superposition protocols can
be treated using the kernels in a Fréchet series expansion about the base
viscometric flow. The strategy involves identifying the kernels which specify the
components in the first and second order Fréchet derivatives for the nonlinear
constitutive models to be used in the interconversion. Interconversion between
parallel and orthogonal protocols can then be effected by establishing the
relationships between the kernels. We anticipate that this strategy may be
invoked for a wide class of constitutive models of differential and integral type,
with different inter-relationships between the kernels. Step-strain perturbations
are treated by allowing differentiation in the sense of distributions.

It is helpful to re-order the Fréchet series as a power series in the pertur-
bation amplitude, ε. We have chosen the incompressible corotational Maxwell
model as a template to illustrate a class of models in which four inter-related
rate-dependent Volterra kernels characterize the stresses at O(ε), while an ad-
ditional seven kernels are required at O(ε2). In a multimode treatment, the
steps required in converting from one protocol to another may be summarized
as follows:

• Determine a second-order consistent relaxation spectrum from available
data. In O-PSR, the real and imaginary parts of the basis elements (3.23)
and (6.20) are fitted to the first- and second-order data, respectively, while
in S-PSR, a stress-profile modelled by the basis elements G‖(γ̇, t) and
G2‖(γ̇, t) is fitted.

• Select the perturbation protocol to which conversion is to be made.

• If a stress component is required, calculate the appropriate linear and
bilinear functionals. For G⊥(γ̇, t), the basis elements (3.43) are needed.
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• If a superposition modulus is required, calculate the appropriate basis
representation. For G∗⊥(γ̇, ω), the basis elements consisting of the real
and imaginary parts of (3.45) are needed.

In recent articles we have treated first order kernels for a Lodge-type integral
constitutive model [21] and for the K-BKZ integral model [22]. At first order
these models fall into the four-kernel interconversion class outlined in Section
5. In both cases the first order kernels are Laplace transforms of parallel or
orthogonal response spectra H‖(γ̇, τ) or H⊥(γ̇, τ). If H‖(γ̇, τ) is represented as a
compliant rate-dependent spectrum we have shown that H⊥(γ̇, τ) is a first-order
hyperbolic spline in the case of the K-BKZ model, and a second-order hyperbolic
spline in the case of the Lodge model. The linear functional representations we
have presented in Section 5 can be used to interconvert between any parallel and

any orthogonal shear-stresses τ
(1)
12 (t) and τ

(1)
23 (t), the model parameters being

the parameters of the appropriate response spectrum. Our comments on second-
order consistent model parameterization should be taken into consideration.
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 Treats interconversion between protocols in superposition rheometry.

 Explores non-monotonicity and changes of sign in superposition moduli.

 Treats oscillatory and step-strain perturbations.

 Analyses Fréchet series expanded about viscometric fow history.

 Explains second-order consistency of model parameterization.
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