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Abstract

In this thesis, amplitudes in pure Yang-Mills and an extended theory
of gravity are investigated through the use of four-dimensional gener-
alised unitarity and recursive techniques. In particular, the two-loop
all-plus helicity amplitude in Yang-Mills is examined which, when
viewed through the lens of four-dimensional unitarity, has a singu-
larity structure related to general one-loop amplitudes. This helicity
amplitude is computed for n = 6, 7 at leading order in the number of
colours, presenting new results for the rational terms of these ampli-
tudes through augmented recursion. Augmented recursion deals with
the complications faced when performing complex recursion on an
amplitude that contains double poles in particular momentum chan-
nels. A section is dedicated to reviewing this method in great detail.
Additionally, the reach of four-dimensional unitarity and recursion is
extended to all orders in the number of colours, and used to compute
all partial amplitudes that contribute to the two-loop n = 5 all-plus
amplitude in U(Nc) Yang-Mills. In the second half of the thesis,
tree-level and one-loop amplitudes that arise in a theory of Einstein-
Hilbert (EH) gravity extended by an αR3 term are examined. Such a
theory provides counterterms for two-loop amplitudes in EH gravity.
Focussing on the leading deformation of EH gravity, the O(α) tree-
level S-Matrix is obtained solely by demanding the amplitudes fac-
torise as a propagator goes on shell, and defining the O(α0) and O(α)
three-point amplitudes. Finally, the renormalisability of the one-loop
amplitudes in this theory are studied by using four-dimensional tech-
niques to determine the UV singularities present in bubble integral
functions.
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Chapter 1

Introduction and Historical
Overview

The field of amplitudes is one for which theory meets experiment. When think-
ing about the way physics was conducted traditionally, one imagines taking some
physical theory and performing an experiment to test the observables. For high
energy particle physics, the data we need to gather in order to test our theories
is obtained from colliders experiments. For example, collider experiments per-
formed at the Large Hadron Collider (LHC) are vital to a full understanding of
the Standard Model of particle physics and possible deviations from it. In the
LHC, high energy beams of protons are fired at one another producing swarms
of particles, whose signatures are measured at detectors on the boundary. The
signatures are quantified and measured using the total cross-section of all possible
particle interactions that can occur between two protons in a beam. This is an
object that gives a probability of all the various interactions that can occur. At
high energies, the parton model [2, 3] provides a basis for analysing total cross-
sections. The parton model is an illustration of the hadrons that comprise particle
collisions through quantum chromodynamics (QCD). Its key feature being that
the hadrons contain a multitude of subatomic particles and gauge boson - partons.
In the case of the proton1, deep inelastic scattering experiments [4, 5] uncovered
that three quarks are confined inside the proton by way of gluon interactions.

1at low energies
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1. INTRODUCTION AND HISTORICAL OVERVIEW

At higher energies, the proton can contain many particle anti-particle pairs and
many more gluons. The parton model and the QCD factorisation theorem tell us
that the total cross-section between two protons is written as the convolution of
parton distribution functions (PDF’s) and a partonic cross-section. The PDF’s
are a non-perturbative quantity that describe the composition of the hadrons
involved in the scattering, these are determined experimentally. While the par-
tonic cross-section is a perturbative quantity that describes the hard scattering
interactions between the partons.

The majority of the signal detected in hadron-hadron collisions comes from jet
signals that are considered as ‘noise’ in the detector since they can obscure more
interesting signals. A large portion of these jets originate from gluon interactions.
If we are to test the predictive strength of the Standard Model, understand de-
viations from it, or accurately look for resonances belonging to new unidentified
particles, these jet signals must be understood to higher and higher degrees of
precision. This amounts to understanding, in part, gluon amplitudes order by
order in perturbation theory that contribute to the partonic cross sections.

Since we can model the total cross-section from a theoretical standpoint and
measure such a quantity in a collider experiment, we are provided with a testable
link between theory and experiment.

We approach this collaboration from the theoretical perspective. In this thesis,
we consider a theory of pure Yang-Mills [6]. We consider only gluon interactions
and promote the gauge group from SU(3) to, in general, U(Nc). Protons involved
in collisions at the LHC are ultra-relativistic. In this regime the coupling constant
of QCD is small, and we can take a pertubative approach to calculating the am-
plitudes that describe gluon interactions in an expansion of the coupling constant.

Traditionally, amplitudes are computed by deriving Feynman rules from the
Lagrangian of the theory in question and calculating every Feynman diagram [7]
that contributes to the scattering process of interest. For low multiplicities and
at leading order in perturbation theory, this method can be used successfully
with a fair amount of effort. However, we are concerned with more complicated
interactions i.e. higher multiplicity and higher order amplitudes. This poses a

2



n= 4 5 6 7 8 9 10
- 4 25 220 2485 34300 559,405 10,525,900

Figure 1.1: The number of independent Feynman diagrams required to calculate
an amplitude increases with the number of external legs [1].

problem for the traditionalist, since they will have to calculate hundreds to thou-
sands of diagrams, with each diagram being comprised of unwieldy expressions.
Fig. 1.1 illustrates how many Feynman diagrams contribute to a calculation at
tree-level for an n-pt gluon scattering amplitude. For comparison at one-loop,
the seven-point gluon amplitude contains 227,585 diagrams.

Moreover, each Feynman diagram is a gauge dependent object, with gauge
independence only restored in the full sum of Feynman diagrams contributing to
an amplitude. The lack of an appropriate way to group these Feynman diagrams
together into gauge invariant subsets meant that there is a vast amount of redun-
dancy. This redundancy manifests itself as large expressions for an amplitude
that are subject to a multitude of cancellations and simplifications resulting in
compact formulae. These sorts of scenarios often to point to a misunderstanding,
the notion that there must be a better way to formulate the problem.

A breakthrough emerged in the late 1980’s with the calculation of the tree-
level six-gluon amplitudes in Yang-Mills [8, 9]. The authors utilised a new tech-
nique in calculating multi-gluon scattering, inspired by Chan-Paton factors [10]
arising in string theory. It was shown that the colour information could be used
to organise the amplitude as ‘colour × kinematics’, where the kinematics were
labelled as the ‘subamplitudes’. These subamplitudes - referred to as partial am-
plitudes in this thesis - are gauge invariant objects with a symmetry governed by
the colour trace structure they multiply. This trace based colour decomposition
is achieved by rewriting the structure constants, that carry the colour informa-
tion of the vertices, as traces of the group generators of the external gluons in
the fundamental representation. The full tree-level amplitude could then be ex-
pressed as a sum over all the independent diagrams multiplied by their colour
trace structures, given by a sum over non-cyclic permutations of a tree-level am-
plitude. Additionally, the partial amplitudes present themselves with symmetries

3



1. INTRODUCTION AND HISTORICAL OVERVIEW

that aid in the calculation of the full tree-level amplitude. They can be related
to each other via cyclic shuffling of the legs, a flip symmetry and decoupling
identities, then referred to as dual Ward identities [8, 11]. Colour decomposi-
tion is now a well established procedure in the literature and can at times be
taken for granted, but it has great significance in the genesis of the modern ap-
proach - the amplitude could be organised into gauge invariant subsets eliminating
some redundancy from the outset. With this insight, researchers could focus on
calculating the gauge invariant partial amplitudes and reduce the scale of the
computation. Other colour decompositions have emerged since [12–14] that are
useful for calculating cross-sections or for efficiency improvements in numerical
evaluation. Indeed, comparison between the various colour decompositions has
lead to more complete relations between partial amplitudes at different orders of
colour [15, 16].

Following the expression for a six-gluon amplitude in 1985 [17], an important
understanding of the simplicity of the partial amplitudes arose with the conjecture
for the n-gluon MHV amplitude1 by Parke and Taylor [19]. However, this conjec-
ture was written in terms of four momenta. Through the work of the CALKUL
collaboration [20–25] and an extension to non-abelian gauge theories by [26] it
was found that polarisation vectors could be expressed in the helicity basis and
the most compact way to express gluon amplitudes was through the spinor he-
licity formalism. This method allowed on-shell momenta to be expressed using
two-component Weyl spinors and lead to compact six-point expressions [8, 9].

Tree-level calculations made a leap forward when Witten [27] found a dual def-
inition of Yang-Mills using Penrose’s twistor space. Fourier transforming from the
usual description of momentum space scattering amplitudes to Pensrose’s twistor
space [28], allowed Witten to show that non-vanishing amplitudes in Yang-Mills
live on specific curves in twistor space. In addition, Witten motivated an alter-
native way of viewing the three-point amplitudes of the theory. In particular
for amplitudes with all but one gluon having positive helicity, the amplitudes
are described by a curve of degree zero - a point. This implies that pi · pj = 0,
for all i, j ∈ n, which is only valid for n = 3. The three-point MHV amplitude

1The conjecture was later proven by Berends and Giele [18] using off-shell recurrence rela-
tions, whereby an n-point amplitude is found using an (n− 1)-point off-shell current.

4



vanishes for real momenta in Minkowski space with the signature (+−−−), but
is well-defined and can be written in a Parke-Taylor like expression in a different
signature, or by using complex momenta. This prompted a new method for calcu-
lating tree-level amplitudes in Yang-Mills using MHV amplitudes appropriately
continued off shell as vertices, known as the CSW formalism [29].

By this point Britto, Cachazo and Feng developed generalised unitarity in the
pursuit of calculating one-loop amplitudes in N = 4 SYM [30]. At one-loop this
supersymmetric theory can be expressed as a sum over six types of scalar box
integrals, massless through to four-mass boxes. Quadruple cuts of these boxes
uniquely determine the integral functions coefficients, hence the amplitude is
determined by reading off the cut expression. The IR singular terms of all n-point
one-loop QCD amplitudes are well understood [31–33] and are proportional to
the same helicity n-point tree-amplitude. Since N = 4 SYM is simpler than QCD,
in that its integral basis only contains box integral functions - the IR singular
terms in N = 4 SYM are determined by the sum of the box integral functions
multiplied by coefficients. Thus the box coefficients are related to the n-point tree-
level amplitude. This lead to a definition of tree-level amplitudes as a sum of the
coefficients of the various box integrals appearing in one-loop amplitudes in N = 4

SYM [34]. The culmination of this line of work lead to the now famous tree-level
recurrence relation [35] based on factorisation theorems for tree-level amplitudes.
Developing a complex shift1 that altered the position of the spinors of two gluons
in complex momentum space allowed the amplitude to become a meromorphic
function in the complex shift parameter z. In conjunction with the existence of the
complex valued three-point MHV and Googly amplitudes [27], the authors showed
that a tree-level amplitude can be calculated by considering complex analysis and
factorisations of a tree-level amplitude as various z-dependent propagators go on-
shell [36].

Understanding that an amplitude in Yang-Mills could be calculated recur-
sively via its pole structure and factorisation theorems caused a surge of develop-
ments in the field of amplitudes at tree-level and for a variety of one-loop ampli-
tudes (both pure gluon and more phenomenologically related amplitudes2) [37–

1dubbed the BCFW shift
2The list of references is a small sample of the work, but shows the scope of the method.
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1. INTRODUCTION AND HISTORICAL OVERVIEW

43]. Since the BCFW relations rely on factorisation theorems where an internal
propagator goes on-shell, it had a natural extension to other physical theories.
Indeed this was found to be the case for tree-level gravity amplitudes [44]. Ben-
incasa and Cachazo [45], introduced a set of consistency conditions of the S-
Matrix based on factorisation of tree-level amplitudes. Theories that admitted
construction from three-point vertices with a non-trivial S-matrix were deemed
‘constructible’, and ‘fully constructible’ if this approach extended to determining
all n-point amplitudes.

Interest in amplitudes calculations moved on to one-loop calculations before
fully understanding tree-level amplitudes. The necessity of investigating one-loop
amplitudes arose from the need for more precise predictions for theoretical cross-
section calculations to compare with experiment. Without the next-to-leading
order calculations, we can only predict the magnitude of the cross-section with-
out any added precision.

The S-Matrix program of the 1960’s [46] attempted to determine amplitudes
via their singularity structure and the unitarity condition of the S-matrix. The
unitarity condition, in essence, expressed the discontinuity over a branch cut con-
tained in an L-loop amplitude as the product of (L − 1)-loop amplitudes using
Cutkosky’s cutting rules [47]. However, at one-loop this amounted to calculating
dispersion integrals that described the branch cut singularity structure of a one-
loop amplitude. Lacking sufficient additional constraints, this method produced
generalised dispersion relations, which are far too computationally involved to be
of practical use. Progress in this vein met a dead end until the theory of QCD
emerged, allowing an amplitude to be expressed as a sum of Feynman integrals.
The integrals range over all momenta that the unconstrained loop momenta can
take, i.e. ∞ ≤ ℓ ≤ +∞ and are plagued by divergences at high (ultraviolet) and
low (infrared) energies in D = 4 dimensions. This was rectified by analytically
continuing to D = 4−2ϵ dimensions with dimensional regularisation [48], shifting
the divergences to poles in ϵ as ϵ → 0. With the added perspective of QCD, it was
shown that a general one-loop n-point tensor integral could be reduced to a sum
of box, triangle and bubble integral functions [49–51] with rational coefficients,
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through Passarino-Veltman reduction [52]. Applying the reduction in four di-
mensions amounts to rational ambiguities at O(ϵ0) [53] that must be determined
via a different route. Alternative methods emerged for dimensionally regulated
amplitudes, keeping track of the −2ϵ dimensional degrees of freedom [54, 55].
The integral basis thus restricts the space of transcendental functions (and thus
branch cut structures) that can arise at one-loop. Leaning on this description
of the amplitude, the authors of refs. [53, 56] realised by considering Cutkosky’s
rules in four dimensions1 and promoting the cut integrals to covariant integrals,
dispersion relations could be circumvented. The unitarity method matches inte-
grals arising from the cuts to integrals in the basis, identifying the coefficients.
The unitarity method substantially simplified the approach to one-loop ampli-
tude calculations and lead to a more manageable technique.

Double cuts of an amplitude were the primary incarnation of this method. In
the modern approach, we are comfortable with more complicated cuts - cutting
more than two propagators at a time to isolate more specific branch cut struc-
tures described by particular integral functions. This idea has its roots in the
work of the S-Matrix program [46] but triple cuts were employed to calculate
one-loop amplitudes [57] and the splitting functions of two-loop amplitudes [58].
However, its now accustomed form came in the calculation of one-loop NMHV

and N2MHV amplitudes in N = 4 SYM [30]. The authors found that apply-
ing a maximal cut, i.e. cutting all four propagators of a one-loop box integral,
constrained the loop momenta entirely. This demonstrated that the box integral
coefficient could be given by a product of four tree-level amplitudes summed over
the solutions given by the cut constraints. Although ref. [30] approached the issue
of a vanishing real valued three-gluon amplitude in the (+−−−−) signature by
using an alternative metric, inspiration from Witten [27], allowed for an easier
path by using complex momenta in the (+ − − − −) signature. This method
had two impacts on the community; the aforementioned major breakthrough in
tree-level calculations [36] and it also led to a variation in the canonical unitarity
method in the form of generalised unitarity. Systematically applying quadruple

1applied in all channels
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1. INTRODUCTION AND HISTORICAL OVERVIEW

cuts to fix the box coefficients, then applying triple cuts and double cuts, al-
lows the extraction of all integral coefficients in a hierarchical fashion designed
to decrease the complexity of the calculation. Lower order cuts that don’t fix the
loop momenta entirely, like a triple or double cuts, have degrees of freedom that
remain in the cut to be integrated over. Methods based on complex analysis [59]
and evaluating a basis of possible integrals that can arise from the cuts [60],
emerged to calculate the coefficients from triple and double cuts.

The philosophy above relates to the four-dimensional unitarity method that
relies on performing cuts in four-dimensions, disregarding the −2ϵ dimensional
part of the loop momenta. Another method that is widely used is D-dimensional
unitarity [61–66], that keeps track of these dimensionally regulated degrees of
freedom. This method requires a D-dimensional reduction of an n-point loop am-
plitude [67, 68]. In this framework, the cut constructible pieces can be calculated
in a similar manner to the above case, however the rational terms are identified
as arising from higher dimensional integrals depending on the −2ϵ dimensional
components of the loop momenta [62, 63, 69, 70]. All rational contributions to
one-loop amplitudes have been identified from the integral reduction [71].

Not all loop-amplitudes contain transcendental functions that have branch
cuts in the kinematic invariants. The all-plus and single minus amplitudes are
rational at one-loop, owing to the fact their tree-level counterparts vanish [72–
74]. These rational functions only contain collinear and multiparticle poles, in
fact the highest order pole for these one-loop amplitudes in QCD are second order
poles, arising from a factorisation of the amplitude where one of the factorised
amplitude is the complex one-loop three-point all-plus amplitude. In theory,
these amplitudes are obtainable from the tree-level recursive methods outlined by
refs. [35, 36], general factorisation theorems of one-loop amplitudes [38], collinear
limits of one-loop amplitudes [53] and soft theorems [75, 76]. The one-loop all-
plus amplitude was conjectured by Bern, Chalmers, Dixon and Kosower [77, 78]
through string theory methods and also by a collinear bootstrap method [56,
69, 77, 78] and was later proven by Mahlon [79]. The one-loop single-minus n-
point amplitude was written down by Mahlon [79] using a generalisation [80]
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of the Berends-Giele recurrence relations [18]. The single-minus and all-plus
amplitudes were interestingly revisited in ref. [38] using BCFW recursion. This
amplitude contains double poles that alter the form of the recurrence relations
used to derive the n-point single minus amplitudes. Examining the five-point
single minus amplitude as a guide to a general expression, the authors found that
three of the four terms in the expression could be generated via the factorisation
theorem given by BCF [35]. However, the subleading single pole arising from the
double pole cannot be found this way. Instead, the subleading contribution from
the double pole term was built from a combination of soft factors.

This is a very important point, rational parts of loop amplitudes can contain
double poles in the spinor variables, whose Laurent series contains a subleading
single pole contribution that general factorisation theorems are insensitive to.

Augmented recursion, is a method developed to determine coefficients of sub-
leading poles in a Laurent series about double pole contributions (or in principle,
higher order poles) to rational amplitudes, or rational parts of loop amplitudes.
In particular, for an amplitude that contains simple and double poles; factorisa-
tion theorems and BCFW recursion can be used to determine the coefficients of
simple pole contributions and leading singularities of higher order poles - aug-
mented recursion is required to determine the remaining subleading poles. It
has been applied to a variety of one-loop leading in colour Yang-Mills and gravity
amplitudes [81–84] and also the leading in colour two-loop all-plus Yang-Mills am-
plitudes [85–88] with a generalisation to the full colour rational parts of the five-
and six-gluon amplitudes in Yang-Mills [89–91]. The methods found in [89, 91]
are simply extended to seven-point and are currently under way. This method
is examined in exhaustive detail in later chapters, however the principle is very
similar to both [38, 79], in that one constructs a doubly off-shell current and
in doing so exposes the subleading pole structure belonging to the Laurent se-
ries of the double pole. This is combined with the knowledge that at one- and
two-loops the double poles arise from factorisations of the amplitude that involve
the one-loop all-plus three-point vertex that is singular when the two external
legs go collinear. As such the doubly off-shell current that is derived from the
(L− 1)-loop, n-point single-minus (and MHV) amplitude for the L-loop all-plus

9



1. INTRODUCTION AND HISTORICAL OVERVIEW

(single-minus) amplitude must reproduce these factorisations up to additional
non-factorising contributions.

Two-loop amplitudes represent the state of the art for the field of amplitudes
in non-supersymmetric pure Yang-Mills. The full colour all-plus four-point gluon
helicity amplitude in 2000 [70] was the first two-loop amplitude computed using
a unitarity based approach. It was swiftly succeeded by a description of all he-
licity amplitudes at two-loop four-point in QCD [92] that found agreement with
ref. [93] which calculated the tree-level to two-loop interference for cross section
calculations. Many issues make life harder at two-loops; the lack of a general
basis of integral functions and more complicated Feynman integrals pose a signif-
icant obstacle to practical calculation. Beyond four-point, the authors of ref. [94]
calculated numerically, the leading in colour five-point gluon amplitude [94] using
a generalised OPP reduction [67] and D-dimensional unitarity. The full colour
numerical result followed shortly after [95]. Analytic results at five-point came
with the all-plus [96], again using D-dimensional unitarity and a technique for
relating all the integrals present to a set of ad hoc master integrals, via differen-
tial equations [97]. Gehrmann et al. showed that the two-loop all-plus could be
reorganised in terms of its singularity structure in the dimensional regulator ϵ.
The amplitude is composed of IR divergent terms comprised of soft divergences,
finite polylogarithmic parts and a rational piece.

These D-dimensional unitarity techniques have led to many advancements
at two-loop five-point, including full colour results for five-point amplitudes and
leading in colour single-minus and MHV amplitudes [98–110]. Despite its obvious
success, D-dimensional unitarity techniques have been thus far unable to reach
higher multiplicities at the all-plus level. Four-dimensional methods uncover the
fact that the one-loop integral basis may be applied to this specific two-loop am-
plitude, as cuts of the one-loop all-plus amplitude vanish. The one-loop all-plus
amplitude appears as a tree-like rational vertex in the corner of one-loop box, tri-
angle and bubble diagrams that contribute to the two-loop amplitude. This major
simplification allowed a combination of four-dimensional unitarity and augmented
recursion to be applied to the helicity amplitude, leading to compact forms of the
five-, six- and seven-gluon leading in colour amplitudes [86–88]. Since the cut
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constructible parts of the amplitude are easily calculated using one-loop meth-
ods, a general n-gluon expression was given for the IR and polylogarithmic parts
of the all-plus [111], whose IR terms agreed with the predicted forms given by
Catani [33]. The bottleneck to an all-n form of the full amplitude comes from the
derivation of the rational piece via augmented recursion. However, the general
method applied at leading in colour has recently been extended to full colour
results via colour dressed unitarity and recursion up to six-point [89, 91]. Addi-
tionally, the first sub-subleading partial amplitude in the colour decomposition
has been given to all-n [90]. The four dimensional helicity method and augmented
recursion are the computational schemes we review and use in this thesis.

The structure of the thesis is as follows. In chapter 2 we outline all the
technology we require to describe the papers that form the foundations of chap-
ter 3 [88], chapter 4 [89], chapter 5 [112] and chapter 6 [113]. We introduce the
two theories of interest in this thesis, pure Yang-Mills and pertubative gravity.
We then outline the colour decomposition and the spinor helicity formalism that
organise the amplitudes into compact gauge invariant partial amplitudes. Then,
the derivation of low multiplicity tree-level amplitudes are discussed, from the
Feynman diagram perspective and we constrain the form of the three-point am-
plitudes from Lorentz invariance and locality. Subsequently, we develop on these
three-point complex trees to build higher multiplicity tree-level amplitudes using
factorisation theorems and BCFW recursion. Later, loop amplitudes are intro-
duced and we show how we dimensionally regulate amplitudes and show some
universal divergent properties of unrenormalised Yang-Mills amplitudes. We then
discuss how a one-loop amplitude is reduced to a basis of scalar integrals and
demonstrate the unitarity and generalised unitarity methods. After outlining the
important factorisation properties of one-loop amplitudes, we thoroughly demon-
strate augmented recursion with an explicit example ascertaining the double pole
contribution to the rational part of the two-loop five-gluon all-plus amplitude.
Since this technique is used in both chapter 3 and chapter 4, we dedicate a large
portion of the thesis to adequately explain the method.

Chapter 3, is based on the work performed in ref. [88]. In this chapter we
determine the leading in colour two-loop seven-gluon all-plus amplitude in Yang-
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1. INTRODUCTION AND HISTORICAL OVERVIEW

Mills. The IR divergent parts of the amplitude have been given in general by
Catani [33], and the n-point finite polylogarithmic parts were worked out in [111].
The major contribution to the field comes from deriving the rational part of the
amplitude. Despite this, we take the time to review the n-point calculation
from a four-dimensional unitarity perspective before moving on to determining
the rational part of the amplitude. The improved techniques developed in this
derivation of the seven-point rational piece1 were developed in conjunction with
an improvement for the six-point rational piece. As the six-point rational piece
is more manageable to deal with, we show this improvement in terms of the six-
point rational term and present the seven-point rational piece at the end of the
chapter.

Chapter 4 extends the work on four-dimensional unitarity and augmented
recursion from its application at leading in colour, to determining a full colour
amplitude - the two-loop five-point all-plus. Casting the amplitude in terms of
U(Nc) colour factors we directly determine both the physical and non-physical
partial amplitudes by colour dressing the cut integrals and augmented recursion
calculation with full colour amplitudes instead of the leading in colour partial
amplitudes. The advantage of working in U(Nc) Yang-Mills comes from addi-
tional consistency checks afforded to us from the decoupling identities that relate
some of the partial amplitudes. In this context they act as independent checks on
the directly evaluated partial amplitudes. The sub-subleading single trace partial
amplitude, A(2)

5:1B, is the only partial amplitude that is not related to another par-
tial amplitude via decoupling relations, and thus is not uniquely specified by its
decoupling identity. To resolve this, we use additional five-point specific group
theory relations [15, 16] that specify this amplitude in terms of other partial am-
plitudes. We verify the full colour IR divergences predicted by Catani [33]2 and
the results obtained in ref. [110]. We present the full colour forms for the finite
polylogarithmic functions arising from the full colour box integrals and show a
major development in augmented recursion. We demonstrate that only the lead-
ing in colour one-loop current3 is required to calculate all subleading in colour

1compared with the original implementations at two-loop for the five- and six-point rational
pieces, originally calculated in [87]

2and present another form of the all-n IR divergences of this amplitude in Appendix D.
3which in essence defines the most complicated portion of the rational piece
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rational terms.
Chapter 5 deals with determining the tree-level S-Matrix elements of a the-

ory of gravity, extended by the term αR3. This theory defines the counterterms
for two-loop Einstein-Hilbert gravity. As a foundation, we use the tree-level
three-graviton amplitudes from Einstein-Hilbert (EH) gravity, and we constrain
the forms of the three-point amplitudes given by the extension at O(α) using
Lorentz invariance and locality. From these grounds we recursively construct
the higher multiplicity graviton amplitudes at O(α) using BCFW recursion, in-
volving a tree-level EH amplitude and an O(α) tree-level amplitude given by the
extension. Collinear limits are employed as checks on these amplitudes, in ad-
dition to soft limits. Graviton amplitudes satisfy universal [114–116] soft limits
to sub-subleading order [115, 117] and we verify this is the case for each helicity
amplitude in the extended theory of gravity up to n = 8. We also briefly consider
this approach to other extensions, both the at a higher order in α and by the
extension of an additional R4 term.

Chapter 6 considers the same theory at the next order in perturbation theory.
Using the integral basis of one-loop amplitudes and four-dimensional unitarity
techniques we examine the renormalisability of such a theory by considering the
UV divergences arising from the bubble integral functions. As a comparison to
this approach, we also consider the extension of pure Yang-Mills by an O(α)F 3

terms. For extended Yang-Mills, we find that the UV singularity at O(α) is
proportional to the O(α) tree-level amplitude and a redefinition of the coupling
constant provides an appropriate counterterm to cancel the divergence. In the
extended gravity case however, the UV singularities are not proportional to the
tree amplitude and higher dimensional operators - corresponding to an additional
four point vertex in the diagrammar approach - must be added to renormalise
the theory.
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Chapter 2

Review of Techniques for
Calculating Scattering
Amplitudes

Amplitudes are an important bridge between theories of particle physics and
experiment. They are essential components of the observables constructed from
a Quantum Field Theory and thus allow us to test the legitimacy and accuracy
of a particular theory.

In this chapter we briefly discuss the role that amplitudes play in compar-
ison to experimental measurements, through cross-sections. In section 2.1 we
introduce the theories that describe the interactions of the amplitudes we are in-
terested in calculating, namely pure Yang-Mills and Gravity, and we present the
perturbative approach to calculating amplitudes in these theories in section 2.2.
The link from the Lagrangian approach to an amplitude calculation, is the deriva-
tion of the Feynman rules that govern the allowed interaction vertices of a theory.
In Yang-Mills, these are a product of colour factors and kinematics. Generating
an amplitude using these Feynman rules leads to often unwieldy intermediate
expressions before large cancellations occur. Much work has been performed in
reducing this calculational complexity, in the form of a reorganisation of the
colour factors and a more compact representation for the momenta of the inter-
acting particles. Colour ordering and the spinor helicity method are presented in
section 2.3 and section 2.4 respectively.
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2. REVIEW OF TECHNIQUES FOR CALCULATING
SCATTERING AMPLITUDES

In section 2.5 we determine the complex three-gluon amplitudes in Yang-Mills
in two fashions and find agreement. First, by considering the Feynman rules for
gluon interactions, and secondly by fixing the form of the three-gluon amplitudes
by Lorentz invariance and locality. The second of which is the basis for calculating
rational amplitudes with single poles, in particular tree-level amplitudes through
the recursive BCFW formalism. This is outlined in section 2.7.

Loop amplitudes that contribute to higher orders in perturbation theory are
introduced and discussed in section 2.8. The unconstrained loop momenta are
integrated over, and in four dimensions these integrals are divergent in the high
energy (ultraviolet) and low energy (infrared) regions of the loop integration. We
tame these infinities through dimensional regularisation, and present the UV and
IR divergences of one-loop (and a special two-loop case: the all-plus) amplitudes
after reducing the problem to a set of integral basis functions. In general, these
loop momenta contain branch cut singularity structures plus additional rational
terms. We discuss the unitarity method, which utilises the branch cut singularity
structures and the integral basis for a general one-loop amplitude, to calculate
the ‘cut constructible’ parts of the amplitude in section 2.9.

This chapter concludes with section 2.10, where we discuss the rational parts
of one-loop amplitudes and the two-loop all-plus amplitude. These amplitudes
can have double poles that obstruct the general implementation of the BCFW
technique. As such we have developed a technique to determine the rational
terms despite this - augmented recursion. We take the time to give a thorough
calculation of the necessary elements to determining the rational pieces in this
fashion.

Returning to the link between theory and experiment, consider the total cross-
section given by the collision of two partons with momentum x1p1 and x2p2, in
a collider experiment. At high energies the QCD Factorisation Theorem tells us
that a total cross-section is a convolution of the parton distribution functions
(PDF’s) fi and fj of the colliding partons and the partonic cross-section, σ̂ij
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related to the hard-scattering process [118],

σ(p1, p2) =
∑
i,j

∫
dx1dx2 fi(x1, µ

2)fj(x2, µ
2)σ̂ij

(
x1p1, x2p2, α(µ

2),
Q2

µ2

)
. (2.1)

The PDF’s are non-perturbative objects that depend on the Bjorken variable
x, the coupling constant α, the factorisation scale µ and the energy scale of
the hard scattering Q. They describe the long range behaviour of the partons
and are a probability density of finding a quark or gluon inside the hadron in
question, namely a proton in the case of LHC experiments. The DGLAP evolution
equations [119–121] show the variation of the PDF’s with Q. It facilitates the
evolution of the PDF’s between different energy scales, such that measurements
of the functions at particular collision energy can be used for collisions at another
energy. Although QCD predicts the scaling behaviour with respect toQ, it cannot
predict the form of the PDF’s with respect to x - the PDF’s must be determined
experimentally.

On the other hand, the partonic cross-section describes the short range in-
teractions. Since it depends on the coupling constant, at high energies1 it is a
perturbative object, that is comprised of all the hard-scattering processes that
can contribute to interactions between the partons [118],

σ̂ij =
∑
k

cij,kα
k . (2.2)

The coefficients of the coupling constant are the scattering cross-sections that
contribute to a hard scattering event at each order in perturbation theory. They
are proportional to the square of an amplitude summed over colours. In general
they would be summed over all contributing particles, however we will only con-
sider the purely gluonic contributions. In the next section, we define the theories
responsible for the amplitudes we will calculate.

1where α << 1
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2. REVIEW OF TECHNIQUES FOR CALCULATING
SCATTERING AMPLITUDES

2.1 Pure Yang-Mills and Pertubative Gravity
In this section, we introduce the two theories of interest in this thesis that describe
the amplitudes; pure Yang-Mills and pertubative gravity. We briefly discuss the
definition of these theories with enough information to move on to the modern
approach using on-shell gauge invariant partial amplitudes.

2.1.1 Pure Yang-Mills

The Lagrangian for pure Yang-Mills takes the form:

L = −1

4
Tr (FµνF

µν) , (2.3)

where the field strength tensor Fµν is composed of derivatives of the gluon-field
Aµ,

Fµν = ∂µAν − ∂νAµ + igfabcAb
µA

c
ν . (2.4)

Imposing that the theory is invariant under local transformations amounts to
the fact that the gluon fields, Aµ, are invariant under the gauge transformations
described by SU(Nc). We can extend SU(Nc) to U(Nc), since U(Nc) = SU(Nc)×
U(1) and we consider both gauge groups in this thesis. The transformations can
be described by the generators of the group via

U(x) = eiT
axa

, (2.5)

where the T a are the traceless Hermitian generators that span the space of the
transformation and xa is a continuous variable.

The structure constants fabc are defined by the commutator of the gauge
boson generators in the fundamental representation,

[
T a, T b

]
= ifabcT c , (2.6)
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2.1 Pure Yang-Mills and Pertubative Gravity

that are normalised according to

Tr
[
T aT b

]
= δab . (2.7)

Gauge fixing the Lagrangian using the axial gauge term,

Lgf = −1

ξ
(qaAµ

a)
2 , (2.8)

imposes that the ghosts decouple from the gluons, meaning that we can ignore
them. The gluon propagator is then given as

i

p2
dµν =

i

p2

(
−ηµν + 2

pµqν + qµpν
2q · p

)
, (2.9)

where the metric is the Minkowski metric in the Lorentz signature (+ − −−)

and we have selected the lightcone gauge, which ultimately amounts to setting
ξ = 0 and q2 = 0 once the gluon propagator has been derived1. The lightcone
gauge is the most natural gauge to be used when working with the spinor helicity
formalism. The axial gauges only permit two physical polarisation states of the
gluons to exist which satisfy

ϵµ(p, q) · pµ = 0 , (2.10)
ϵµ(p, q) · qµ = 0 . (2.11)

Extracting the Feynman rules in the canonical way leads to the following
allowed three-gluon and four-gluon interactions,

V3(p
µ
1 , p

ν
2, p

ρ
3) = igfabc [ηµν(p1 − p2)

ρ + ηνρ(p2 − p3)
µ + ηρµ(p3 − p1)

ν ] , (2.12)

1There is an intermediate step that we omit for brevity, where the gluon propagator has an
extra term proportional to (q2+ ξp2). This term is dropped once we select the lightcone gauge.
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Figure 2.1: Diagrammatic form of the three-point gluon vertex where all momenta
are outgoing.

Figure 2.2: Diagrammatic form of the four-point gluon vertex where all momenta
are outgoing.

V4(p
µ
1 , p

ν
2, p

ρ
3, p

σ
3 ) = ig2

[
fabef cde(ηµρηνσ − ηµσηνρ) + facefdbe(ηµσηρν − ηµνηρσ)

+ fadef bce(ηµνησρ − ηµρησν)
]
.

(2.13)

To calculate the scattering amplitude for a particular interaction, the polarisation
vectors, ϵ±µ (p, q), of the external gluons must be contracted with the interaction
rules and each independent Feynman diagram must be summed. This represents
the traditional approach to calculating scattering amplitudes.

We present the three-gluon interaction vertex specifically for the following
two reasons. We use it to derive forms for the off-shell1 three-point gluon vertex
via axial gauge methods [122], since we will show that all tree-level amplitudes
can be built from the three-gluon vertices [27, 36]. Secondly, the Feynman rule
for the interaction constrains the mass dimension/momentum weight of the in-
teraction. Combined with the helicity of the external legs, we may uniquely fix

1and subsequently on-shell three-point vertices.
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2.1 Pure Yang-Mills and Pertubative Gravity

the form of a three-point amplitude1. In this sense, we make use of the concept
that a method of calculating scattering amplitudes exists via Feynman rules and
Feynman diagrams only to simplify calculations avoiding their explicit use. We
explore this passive use in greater detail in the subsequent chapters.

2.1.2 Pertubative Gravity

Gravitational theories have been shown to be intimately linked with pure Yang-
Mills, through for example the KLT relations [123].

The Einstein-Hilbert Lagrangian is written as

L = − 2

κ2

∫
d4x

√
−gR , (2.14)

where R is the Ricci scalar, √−g is the square root of the determinant of the
metric and κ =

√
32πGN .

We consider the weak field approximation, when the spacetime is almost flat
with small perturbations around the Minkowski metric defined by the graviton
|hµν | << 1,

gµν = ηµν + κhµν . (2.15)

The perturbation generates an infinite series from an expansion of √−g and
the Ricci scalar. This produces an infinite series of n-point graviton interaction
terms in the Lagrangian, where n = 2 gives the propagator, and n ≥ 3 are the
interactions.

The calculation of scattering amplitudes requires the condition that the states
enter from infinity where they are non-interacting, interact and subsequently
propagate out to infinity again to a regime of non-interaction. In terms of a the-
ory of general relativity, we can have well-defined states when the gravity force
is weak and the interactions take place on a flat spacetime i.e. in the weak field
approximation. One may approach the problem of calculating these interaction
vertices by standard Feynman diagram techniques. However, this approach is

1specifically in pure Yang-Mills, pertubative gravity, and a particular extension to these
theories.
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plagued by large expressions and computational strain. We refer the reader to
Veltman’s lecture notes on the subject for a glimpse at the Feynman rules [124] as
we will not directly consider that approach here. Rather, as with the Yang-Mills
case, we make use of the concept that a Feynman diagram approach exists to sim-
plify our calculations. One key takeaway from the field theory approach though,
is the three-graviton interaction term is of the form [125] hh∂2h. Therefore it has
momentum weight two, and the Feynman rules can be shown to be proportional
to a product of three-point Yang-Mills Feynman rules [126],

M3(pµ1µ2 , pν1ν2 , pρ1ρ2) ∝ V3(p
µ1

1 , pν12 , pρ13 )V3(p
µ2

1 , pν22 , pρ23 ) . (2.16)

2.2 Perturbation Theory and Conventions
In this section we outline the conventions we use in labelling and describing the
amplitudes present in the pertubative expansion. A pertubative expansion is
permitted when the strength of the coupling constant accompanying a scattering
amplitude is small. In Yang-Mills, the coupling constant is small for high energies
above the QCD scale Λ. In the General Relativity, we expand in the metric when
the metric describes small perturbations around a flat metric.

Within a Yang-Mills an n-gluon amplitude in may be expanded in the gauge
coupling constant,

An = δ(4)

(
n∑
i

pi

)
ign−2

∑
L≥0

αLA(L)
n , (2.17)

where1 α = g2cΓ and the delta function ensures conservation of momentum. We
define the amplitudes A(L)

n to be an n-point, L-loop full colour amplitude that is
short hand for

A(L)
n ≡ A(L)

n (1h1 , 2h2 , ..., nhn) ≡ A(L)
n ({T a1 , p1, ϵ

h1
1 }, {T a2 , p2, ϵ

h2
2 }, ..., {T an , pn, ϵ

hn
n })

≡ A(L)
n (ph1

1 , ph2
2 , ..., phn

n ) . (2.18)
1The factor cΓ is defined as Γ(1 + ϵ)Γ2(1− ϵ)/Γ(1− 2ϵ)/(4π)2−ϵ.
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2.2 Perturbation Theory and Conventions

The amplitudes are a function of the group generators of the gluons, T ai , that
carry the colour structure, the gluon momenta, pi and polarisation vectors, ϵhi

i

that have positive or negative helicity, hi = ±. Each amplitude is composed of
helicity amplitudes that are specific assignments of all allowed helicity configura-
tions at each loop-order and are elements of the S-matrix.

Gravity amplitudes have a similar prescription,

M(L)
n = δ(4)

(
n∑
i

pi

)
i
(κ
2

)n−2∑
L≥0

bLM (L)
n , (2.19)

where b =
(
κ
2

)2
cΓ, and we label the stripped amplitude as

ML
n ≡ ML

n (1
hi , 2h2 , ..., nhn) ≡ M (L)

n ({p1, ϵh1
1 }, {p2, ϵh2

2 }, ..., {pn, ϵhn
n })

≡ ML
n (p

hi
1 , ph2

2 , ..., phn
n ) . (2.20)

For both Yang-Mills and Gravity theories, calculation of scattering amplitudes
by Feynman diagrams is the natural next step in this field theory approach. At
L = 0 this is cumbersome but manageable for low multiplicities. We will see
shortly that through efficiency improvements given by colour ordering and the
spinor helicity formalism we can adopt a recursive approach to calculating tree-
level amplitudes. This method makes use of the singularity structure of the
amplitudes via factorisation theorems and complex analysis. At L ≥ 1, Feynman
integrals of massless theories contain divergences at high energies (UV singulari-
ties) and at low energies (IR singularities). We regularise these divergences using
dimensional regularisation [127],∫

d4ℓ

(2π)4
P(ℓ)

ℓ2(ℓ− p1)2 · · · (ℓ+ pn)2
→
∫

dDℓ

(2π)D
P(ℓ)

ℓ2(ℓ− p1)2 · · · (ℓ+ pn)2
, (2.21)

where D = 4 − 2ϵ and the divergences are shifted to singularities in the regu-
larisation parameter ϵ. Dimensional regularisation is covered in more depth in
subsection 2.8.1.

The subsequent sections outline techniques that allow us to calculate these
amplitudes in a more economical way.

23
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2.3 Colour Ordering and Group Theory Rela-
tions

Amplitudes in Yang-Mills are composed of kinematic and colour factors as can be
seen from the form of the Feynman rules presented in subsection 2.1.1. Were we
to calculate an amplitude from these Feynman rules we would have to consider
many Feynman diagrams, each of which would be independently gauge dependent
with gauge invariance only restored in the full sum. Moreover, the full sum in-
volves a large amount of Feynman diagrams that admit cancellations culminating
in a simple expression i.e. there is a great deal of redundancy in this approach. A
huge step forward in simplifying the procedure came with the development of an
organisation of the amplitude through its colour factors. In calculations involving
the six-gluon tree-level amplitude [8, 9], the colour components were factorised
from the (then called) ‘subamplitudes’ into traces of the group generators in the
fundamental representation belonging to each external gluon line1. This organ-
isation is called colour ordering and is now well established in the literature.
Colour ordering can at times be taken for granted, but it has great significance
in the genesis of the modern approach. Before the amplitude was organised into
a sum over non-cyclic permutations of the partial amplitudes, there had been
no general method of organising the amplitude into gauge invariant subsets of
the Feynman diagrams that contribute to the full amplitude. However the tree-
level amplitudes that multiply the colour trace structures after colour ordering
are gauge invariant - the gauge invariant subsets of Feynman diagrams are those
that are related by cyclic symmetry. Moreover, each independent amplitude in
the colour ordering is guaranteed to be gauge invariant under a transformation
in the polarisation vectors2 [8].

ϵµ±(pi, qi) → ϵµ±(pi, qi) + c pµj , (2.22)

where pµj is the momentum of an external gluon and c is a constant. With this
insight, the calculation is reduced to determining the gauge invariant partial am-

1inspired by Chan-Paton factors [10] arising in string theory
2i.e. the Ward Identity.
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plitudes.

In this section, we show how the colour ordering works in a trace basis ap-
proach for tree-level and loop-level amplitudes, showing the explicit U(Nc) colour
decomposition up to two-loops. We also explore the various symmetries and re-
lations that each type of partial amplitude can have, including; cyclic symmetry,
flip symmetry and group theory relations including decoupling identities. We ded-
icate subsection 2.3.2 to summarising decoupling identities [128] and the group
theory relations [15, 16] that relate partial amplitudes to each other. In doing
so, we take a cursory glance at alternative methods of colour decomposition and
note their advantages.

2.3.1 Colour Ordering

Yang-Mills is invariant under gauge transformations described by the gauge group
SU(Nc). In terms of the colour factors we have met in the Feynman rules, this
amounts to writing the generators of the external gluons in a representation of
SU(Nc). We are free to extend SU(Nc) to U(Nc) as U(Nc) = SU(Nc)× U(1).

Working in U(Nc) effectively amounts to working in SU(Nc) since the U(1)-
‘photon’ does not couple to the gluons. Therefore, the only physical partial
amplitudes that are present in U(Nc) are those that arise in the SU(Nc) theory
as well. The remaining non-physical U(Nc) amplitudes are only present in order
to ensure that when a U(1)-‘photon’ is introduced into the theory, the partial
amplitudes that survive, sum to give a vanishing contribution to the amplitude.
If the amplitudes are non-physical it is natural to wonder about their use. The
reasoning is two-fold:

• the colour algebra for U(Nc) theories is simpler to perform,

• the vanishing sums of partial amplitudes when including U(1)-‘photons’
into the theory source the decoupling identities that we use as checks.

Each gluon has an associated Hermitian group generator T a, where the gener-
ators belong to either U(Nc) or SU(Nc) as appropriate. The unitary group U(Nc)

25
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has dimension N2
c whilst the special unitary group SU(Nc) has dimension N2−1

and the group generators span the colour space. The index a labels each of the
generators and in the fundamental representation a = 1, ..., N2 for U(Nc) and
a = 1, ..., N2 − 1 for SU(Nc). Both U(Nc) and SU(Nc) are non-abelian groups
described by the commutation relation,

[
T a, T b

]
= i fabcT c , (2.23)

where fabc are the non-trivial structure constants. We normalise the generators
according to

Tr
(
T aT b

)
= δab . (2.24)

The colour decomposition follows from considering a particular diagram writ-
ten in terms of three-point vertices where one of the legs labels an internal line.
Each three-point vertex has a factor of fabc associated with it. These structure
constants can be rewritten in terms of traces of the gluon generators, using the
commutation relation of the gluon generators resulting in

i fabc = Tr(T aT bT c)− Tr(T cT bT a) . (2.25)

An internal line will have its generator appear in two structure constants and sub-
sequently in the product of traces. By combining the traces using a Fierz identity
the colour decomposition can be achieved. In order to obtain the amplitude in
SU(Nc), we could apply the SU(Nc) Fierz identity:

∑
a

T a
ijT

a
kl = δilδjk −

1

Nc

δijδkl . (2.26)

However we choose to obtain the amplitude in U(Nc) using the U(Nc) form
of the Fierz identity: ∑

a

T a
ijT

a
kl = δilδjk . (2.27)

The following trace structures are all the possible combinations of traces shar-
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ing the same generator that can appear in a colour decomposition. Using the Fierz
identity with our normalisation of the generators we have,

Tr(T aX)Tr(T aY ) = T a
ijXjiT

a
klYlk = T a

ijT
a
klXjiYlk = δilδjkXjiYlk = XjiYij = Tr(XY ) ,

(2.28)

Tr(T aXT aY ) = T a
ijXjkT

a
klYli = T a

ijT
a
klXjkYli = δilδjkXjkYli = XjjYii = Tr(X)Tr(Y ) ,

(2.29)

and

Tr(XT aT aY ) = XijT
a
jkT

a
klYli = T a

jkT
a
klXijYli = δjlδkkXijYli = XijYji = NcTr(XY ) .

(2.30)

Repeated application of the previous formulae lead to the expression of the
n-point tree amplitude in a colour trace basis as [8, 9]

A(0)
n (1, 2, 3, · · · , n) =

∑
Sn/Zn

Tr[T a1 · · ·T an ]A(0)
n (a1, a2, · · · an). (2.31)

The sum is over all non-cyclic permutations of the legs, defined by the quotient
group Sn/Zn. This group is composed of Sn, the permutation group of n objects
and the cyclic group Zn. Every partial amplitude in the colour decomposition
shares the same symmetry as the traces they multiply. In the tree-level case we
have what we define to be single traces, i.e. the group generators are contained in
one trace. Since a trace is symmetric under a cycling of its elements, the partial
amplitude is invariant under a cycling of the external legs as well,

A(0)
n (a1, a2, ..., an) = A(0)

n (a2, ..., an, a1) . (2.32)

Hence, performing the colour ordering allows us to reduce the amount of diagrams
that are required to describe a tree-level amplitude because we can relate n of
the amplitudes by cyclic symmetry. After taking into account this cyclic symme-
try, the number of independent diagrams is n!/n = (n − 1)! - all the non-cyclic
permutations of the external legs.
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Other non-trivial relations exist that reduce the number of independent partial
amplitudes. Although we don’t make use of them in this thesis, the developments
should be taken note of. The Kleiss-Kuijf relations [129] reduce the number of
independent diagrams to (n − 2)! and the BCJ relations [130] that reduce this
further to (n− 3)!.

The colour ordering procedure simplifies the game if one were wish to proceed
using Feynman diagrams. The three-gluon and four-gluon Feynman rules are
stripped of their colour factors and are given by1,

V3(p
µ
1 , p

ν
2, p

ρ
3)

∣∣∣∣∣
c.o.

= [ηµν(p1 − p2)
ρ + ηνρ(p2 − p3)

µ + ηρµ(p3 − p1)
ν ] , (2.33)

V4(p
µ
1 , p

ν
2, p

ρ
3, p

σ
3 )

∣∣∣∣∣
c.o.

= [2ηµρηνσ − ηµνηρσ − ηµσηνρ] . (2.34)

This form of the Feynman rules highlights another property. The tree-level partial
amplitudes are also invariant under a reflection identity, hereto referred to as a
flip symmetry defined by

A(0)
n (a1, a2, ..., an) = (−1)nA(0)

n (an, ..., a2, a1) . (2.35)

This follows from the anti-symmetry of the colour ordered Feynman Rules.

Since the full amplitude is gauge invariant and we have separated the ampli-
tude into linearly independent partial amplitudes, each of the independent partial
amplitudes must be gauge invariant. With this formulation we ensure that in the
construction of the full amplitude, we are working with gauge invariant subsets
of the full amplitude. By identifying the gauge invariant subsets of the ampli-
tude we avoid large cancellations that would occur from the Feynman diagram
approach, where each Feynman Diagram is not gauge invariant and gauge invari-
ance is only recovered in the full sum. This is a core principle of the modern
amplitudes approach.

1We have removed a factor of i from the vertices due to the convention set out in (2.17).
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2.3 Colour Ordering and Group Theory Relations

At one-loop, we can play the same games to decompose the amplitude into
colour and kinematic factors. In a U(Nc) gauge theory the one-loop n-point
amplitude can be expanded as [128],

A(1)
n (1, 2, 3, · · · , n) =

∑
Sn/Zn

NcTr[T a1 · · ·T an ]A
(1)
n:1(a1, a2, · · · an)

+

[n/2]+1∑
r=2

∑
Sn/(Zr−1×Zn+1−r)

Tr[T b1 · · ·T br−1 ]Tr[T cr · · ·T cn ]A(1)
n:r(b1 · · · br−1; cr · · · cn) .

(2.36)

For n even and r = n/2+1 there is an extra Z2 modded out of the summation to
ensure each colour structure only appears once. At leading order in the number of
colours Nc, we have the familiar single trace structures. In the large Nc limit [131]
these diagrams dominate and lead to a planar theory. We can gain an intuition
for this planarity by examining the colour structures appearing at subleading
orders in colour too. Double trace structures appear here, where the group gen-
erators are split across the product of two traces. The difference between these
colour structures is clearly shown diagrammatically by colour dressing the partial
amplitudes.

Figure 2.3: Colour dressed one-mass box diagrams, demonstrating how the trace
structures Nc Tr(abcde) and Tr(ab)Tr(cde) can arise in a one-loop amplitude.
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2. REVIEW OF TECHNIQUES FOR CALCULATING
SCATTERING AMPLITUDES

The leading in colour partial amplitude A
(1)
5:1 is planar as there are no colour

lines that cross. The subleading in colour amplitude has a non-planar structure
owing to the crossing colour lines. This is the distinction we make between planar
and non-planar amplitudes.

The leading in colour partial amplitudes share the same symmetry as the
tree-level partial amplitudes, (2.32) and (2.35), while the sum is again over all
non-cyclic permutations of all the external legs.

The double trace structures of the subleading in colour partial amplitudes also
reflect the symmetries of the partial amplitudes. If we consider separating set of
the all the external gluons of the partial amplitude into the two sets {b1, ..., br−1}
and {cr, ..., cn} defined by

Tr[T b1 · · ·T br−1 ]Tr[T cr · · ·T cn ]A(1)
n:r(b1 · · · br−1; cr · · · cn) . (2.37)

The subleading partial amplitudes exhibit cyclic invariance under a cycling of
the two sets individually. Additionally, the partial amplitudes have a similar flip
symmetry to the planar case,

A(1)
n:r(b1, b2..., br−1; cr, cr+1, ..., cn) = (−1)nA(1)

n:r(b1, br−1, ..., b2; cr, cn, ..., cr+1) ,
(2.38)

where both sets are flipped simultaneously. For the special case, r = 3, we are
free to flip the sets independently. This is due to the fact that a flip of a two
element set is equivalent to the cyclic reordering of such a set.

The partial amplitudes A(1)
n:2 are the only unphysical partial amplitudes present

in the U(Nc) colour decomposition at one-loop. They are absent (or zero) in the
SU(Nc) case since the generators of SU(Nc) are traceless.

Two-loop amplitudes are the only other class of amplitudes we will consider
in this thesis. A general two-loop amplitude may be expanded in a U(Nc) colour
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trace basis as,

A(2)
n (1, 2, · · · , n) = N2

c

∑
Sn/Zn

Tr [T a1T a2 · · ·T an ]A
(2)
n:1(a1, a2, · · · , an)

+Nc

[n/2]+1∑
r=2

∑
Sn/(Zr−1×Zn+1−r)

Tr
[
T b1T b2 · · ·T br−1

]
Tr [T cr · · ·T cn ]A(2)

n:r(b1, b2, · · · , br−1; cr · · · cn)

+

[n/3]∑
s=1

[(n−s)/2]∑
t=s

∑
Sn/(Zs×Zt×Zn−s−t)

Tr
[
T d1 · · ·T ds

]
Tr [T es+1 · · ·T es+t ]Tr

[
T fs+t+1 · · ·T fn

]
× A

(2)
n:s,t(d1, · · · , ds; es+1 · · · es+t; fs+t+1 · · · fn)

+
∑

Sn/Zn

Tr [T a1T a2 · · ·T an ]A
(2)
n:1B(a1, a2, · · · , an) . (2.39)

Again, for n even and r = n/2 + 1 there is an extra Z2 modded out of the sum-
mation to ensure each colour structure only appears once. In the s, t summations
there is an extra Z2 when exactly two of s, t and n− s− t are equal and an extra
S3 when all three are equal.

This amplitude has three different orders in colour, two of which we have
already seen. Triple trace structures appear at sub-subleading in colour. Sub-
subleading in colour is composed of two colour structures, A

(2)
n:s,t and a single

trace structure A
(2)
n:1B. Despite the fact A

(2)
n:1B multiplies a single trace, this is a

non-planar amplitude. In chapter 4 we calculate the full colour two-loop five-
point all-plus amplitude and calculate this partial amplitude explicitly. Part of
this partial amplitude is a rational piece that can be calculated by considering
fig. 2.4, where it is clear that this is a non-planar contribution but still has a
single trace colour structure.

The two-loop partial amplitudes exhibit generalised versions of the cyclic and
flip symmetries already presented. At two-loops however, the full amplitude
cannot be determined by decoupling identities alone. There exist additional group
theory identities [15, 16] that are discussed at the end of the next section.
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Figure 2.4: The ‘maximally non-factorising’ sub-subleading rational contribution
to the full colour two-loop five-gluon amplitude, which multiplies the trace structure
N0

c Tr(abcde).

2.3.2 Decoupling Identities

Using U(Nc) as the gauge group for Yang-Mills provides additional constraints
on the physical and unphysical partial amplitudes in the colour decomposition.
Setting any of the generators of the gauge bosons in the amplitude to be the U(1)

generator

T ai → TU(1)i =
1√
Nc

1 , (2.40)

where i labels any of the external legs i ∈ {1, ..., n}, we obtain traces whose
product is a sum of partial amplitudes. The sum is the contribution to an un-
physical amplitude containing a U(1)-‘photon’ therefore it should vanish. The
vanishing sum arising from the various ways of setting the gluon generators to be
the ‘photon’ gives the decoupling identities [128].

As a short example, take a four point tree-level amplitude whose colour de-
composition is,

A
(0)
4 =

∑
Sn/Zn

Tr [T a1T a2T a3T a4 ]A
(0)
4 (1, 2, 3, 4) . (2.41)

Setting T a1 to be the U(1) generator reduces the traces to a common trace with
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the vanishing coefficient

1√
Nc

Tr [T a2T a3T a4 ]
(
A

(0)
4 (a1, a2, a3, a4) + A

(0)
4 (a2, a1, a3, a4) + A

(0)
4 (a2, a3, a1, a4)

)
.

(2.42)

This vanishing coefficient gives the decoupling identity,

A
(0)
4 (a1, a2, a3, a4) + A

(0)
4 (a2, a1, a3, a4) + A

(0)
4 (a2, a3, a1, a4) = 0 , (2.43)

with the extension to n-point given by,

A(0)
n (1, 2, 3, ..., n) + A(0)

n (2, 1, 3, 4, ..., n) + A(0)
n (2, 3, 1, ..., n) + ...+ A(0)

n (2, 3, ..., 1, n) = 0 .
(2.44)

This is identical to the dual Ward identities found and discussed in [8, 11]. We
will refer to this a a tree-level decoupling identity as these types of decoupling
identities also appear at loop-level.

At one-loop there are additional decoupling identities that are available from
taking one or more of the generators of the gauge bosons to be U(1)-‘photons’.

Before continuing, in the colour decompositions at loop-level there is a sub-
tlety regarding our definition of the labels of the external legs that can cause
an issue when discussing decoupling identities. At one-loop, for subleading or-
ders in colour we use the sets {bi} ∪ {ci} ∈ {p1, p2, ..., pn} to distinguish between
the gauge bosons whose generators appear in a double trace. Whereas we use
ai ∈ {p1, p2, ..., pn} to label the gauge bosons whose generators appear in the
single trace terms. When we use numbers by themselves, i.e. (1, 2, 3, 4, 5) we are
referring to an explicit choice, i.e. a1 = p1, etc. This explicit choice will arise
when evaluating the sums in the colour decomposition. Consequently, there are
instances when for example b1 = a1 and ci = ai for i = 2, ..., n.

Using this assignment in the one-loop decomposition of (2.36) for n = 5 we
may relate leading and subleading partial amplitudes.

Taking leg a1 to be the U(1) leg and extracting the coefficient of Tr[T a2T a3T a4T a5 ]
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implies

Nc

(
A

(1)
5:2(b1; c2, c3, c4, c5) + A

(1)
5:1(a1, a2, a3, a4, a5) + A

(1)
5:1(a2, a1, a3, a4, a5)

+ A
(1)
5:1(a2, a3, a1, a4, a5) + A

(1)
5:1(a2, a3, a4, a1, a5)

)
= 0 .

(2.45)

Thus the A
(1)
5:2 are expressible in terms of the leading in colour amplitudes.

Another type of subleading partial amplitude, A(1)
5:3, is related to A

(1)
5:1 and A

(1)
5:2

by setting legs a1 and a2 to be the U(1) legs. Only one trace structure survives
from the A

(1)
5:3’s, i.e. Tr

[
T b1T b2

]
Tr [T c3T c4T c5 ] (when ai = bj for i, j = 1, 2)

which reduces to Tr [T a3T a4T a5 ]. Both the A
(1)
5:2’s and A

(1)
5:1’s will contribute to

this decoupling identity, relating all three types of trace structures at one-loop.
Using (2.45) the A

(1)
5:3 partial amplitude is expressed in terms of the leading in

colour partial amplitude. This extends to n-point via repeated application of the
decoupling identities. All the A(1)

n:r can be expressed as sums over the A(1)
n:1 [128],

A(1)
n;r(b1, b2, . . . , br−1; cr, cr+1, . . . , cn) = (−1)r−1

∑
σ∈COP{α}{β}

A
(1)
n;1(σ) , (2.46)

where1 αi ∈ {α} ≡ {br−1, br−2, . . . , b2, b1} and βi ∈ {β} ≡ {cr, cr+1, . . . , cn−1, cn}.
COP{α}{β} is the set of all permutations of {1, 2, . . . , n} with n held fixed

that preserve the cyclic ordering of the αi within {α} and of the βi within {β},
while allowing for all possible relative orderings of the αi with respect to the βi.
For example if {α} = {2, 1} and {β} = {3, 4, 5}, then COP{α}{β} contains the
twelve elements

(2, 1, 3, 4, 5), (2, 3, 1, 4, 5), (2, 3, 4, 1, 5), (3, 2, 1, 4, 5), (3, 2, 4, 1, 5), (3, 4, 2, 1, 5),

(1, 2, 3, 4, 5), (1, 3, 2, 4, 5), (1, 3, 4, 2, 5), (3, 1, 2, 4, 5), (3, 1, 4, 2, 5), (3, 4, 1, 2, 5) .

These decoupling identities completely determine the subleading partial am-
plitudes in terms of the leading partial amplitudes. In chapter 4 following on
from work presented in [89], we present more compact forms of the subleading

1Note that the ordering of the first set of indices is reversed with respect to the second.
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in colour amplitudes deduced from momentum weight and spinor weight/little
group scaling. These topics are discussed in section 2.5.

At two-loop, the decoupling identities cannot be used to determine each of
the subleading in colour partial amplitudes uniquely. Instead they can be used
to uniquely determine the specifically U(Nc) functions. In section 4.2 we will see
explicit examples in the context of the two-loop five-gluon amplitude.

Additionally, since we’re specifying generators of the gauge bosons to be the
U(1) generator, we are introducing powers in the number of colours Nc. This
means that decoupling identities are present at different orders in Nc and will
therefore be independent, even if they have matching trace structures. An im-
portant example is the case, T a1 → TU(1). Two of the resultant decoupling
identities involve a tree-like decoupling identity. One at leading in colour,

N
3
2
c

(
A

(2)
n:1(1, 2, ..., n) + A

(2)
n:1(2, 1, ..., n) + ...+ A

(2)
n:1(2, ..., 1, n)

)
= 0 , (2.47)

and another occurring at sub-subleading order,

N
− 1

2
c

(
A

(2)
n:1B(1, 2, ..., n) + A

(2)
n:1B(2, 1, ..., n) + ...+ A

(2)
n:1B(2, ..., 1, n)

)
= 0 . (2.48)

These two decoupling identities cannot be associated since they differ by a factor
of N2

c . In fact, the sub-subleading in colour partial amplitude cannot be related
to any other partial amplitude through decoupling identities at all. This poses
a problem when checking a direct calculation since this decoupling identity does
not specify the A

(2)
n:1B uniquely. Having a relation including other partial am-

plitudes is a much stronger condition and is far more desirable. First, we must
review alternative colour decompositions, since this extra constraint arises from
comparing the trace based colour decomposition to another decomposition.

There are alternative colour decompositions available that are advantageous
in different scenarios. Zeppenfeld [12] introduced a complete orthogonal basis of
colour factors, thus simplifying cross-section calculations. Dixon, Del Duca and
Maltoni [13, 14] write the amplitude in terms of the structure constants fabc. In
this form the decoupling identities are made manifest as any structure constant
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containing a U(1)-‘photon’ will automatically vanish since the U(1) generator
commutes with all other generators. This method of colour decomposition has
many advantages. It has the same qualities as the trace based decomposition,
but in addition, the decoupling identities and the Kleiss-Kuijf relations are made
manifest. The amplitude is written only in terms of its independent partial am-
plitudes.

Examining the link between two colour decompositions, the trace based colour
decomposition [8, 9] and the colour based decomposition [13, 14] in SU(Nc) sheds
light on additional group theory constraints on the partial amplitudes. This
method was utilised at four-point [15] and five-point [16] to derive these group
theory relations up to L-loops. It is the latter result that we make use of in
chapter 4 to provide the additional consistency check on the sub-subleading in
colour single trace partial amplitude. The key element of the method is noticing
that the trace based decomposition has a larger dimension than the number of
independent colour factors in the colour based decomposition. A transformation
matrix can be used to describe the relation between two decompositions and since
the colour based composition has a smaller dimension, the transformation matrix
will contain eigenvectors that span the kernel of the linear map. It is the action
of the partial amplitudes on these null vectors that gives the decoupling iden-
tities [128], Kleiss-Kuijf relations [129], BCJ relations [130] and give additional
group theory relations between leading and subleading partial amplitudes.

For the two-loop five-gluon amplitude, we utilise the methods of [15, 16] to
find such a relation, this is discussed in section 4.2.

2.3.3 Summary

These colour relations are used in all subsequent calculations of gluon amplitudes.
Separating out the colour from the kinematics reduces the problem of calculat-
ing a gluon amplitude down to deducing the individual gauge invariant partial
amplitudes. The colour decomposition illuminates symmetries of the partial am-
plitudes aiding as a calculational tool.

Despite the usefulness of the DDM formulation, we choose to use the trace-
based decomposition in U(Nc) Yang-Mills, but with the main focus of obtaining
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compact forms for the physical SU(Nc) partial amplitudes. With that, we turn
out attention from the colour to the kinematics - the partial amplitudes them-
selves.

2.4 Spinor Helicity Formalism
The spinor helicity formalism is an essential tool in a particle physicists kit when
studying scattering amplitudes. First seen in the context of QED calculations [20–
25] and later extended to non-abelian gauge theories by [26] these developments
allowed the polarisation vectors of gluons to be written in terms of the spinor
helicity formalism. This formalism has the advantage of encoding the massless
condition of the four-vectors, the orthogonality of the gluon polarisations and
leads to compact expressions for the kinematic components of amplitudes. The
formalism essentially trades on-shell Minkowski four-vectors that transform under
SO+(1, 3), for a pair of Weyl spinors, λ and λ, that transform under SL(2,C), the
universal cover of SO+(1, 3). That is, the 4-dimensional Dirac representation of
the Lorentz group is reducible, to a 2-dimensional Weyl representation. We will
see that this decomposition into λ’s and λ’s is the most natural way of expressing
amplitudes as, for example, the tree-level MHV amplitude is solely expressed in
terms of the λ spinors. Amplitudes containing massless fermions can also be
expressed using the same formalism. Since we are working in the high energy
regime of Yang-Mills, the fermions would be ultra-relativistic and thus behave
similarly to massless particles.

In this section we introduce the spinor helicity formalism. We show how the
four momentum of a massless particle is naturally expressed as a bispinor and
give its decomposition into a product of two Weyl spinors. Additionally, we define
the products of these spinors in terms of the angled and square brackets that are
synonymous with the formalism, subsequently building Lorentz invariant prod-
ucts from them.

We begin by stating our conventions for the gamma matrices,γµ. we choose
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a convenient representation - the Weyl representation,

γµ =

(
0 σµ

σµ 0

)
, (2.49)

where σµ ≡ (1, σi) and σµ ≡ (1,−σi). Writing a four momentum using the
gamma matrices in this representation, using the usual combination γµ∂µ,

/p =

(
0 pαβ̇
pα̇β 0

)
, (2.50)

highlights the property that momenta transform under the reducible
(
1
2
, 1
2

)
repre-

sentation of the Lorentz group since this representation is block diagonal. From
this perspective we see that the four momentum is more naturally defined from
a bispinor pαβ̇, where we have,

pµσ
µ

αβ̇
= pαβ̇ =

(
−p0 + p3 p1 − ip2

p1 + ip2 −p0 − p3

)
. (2.51)

The determinant of this matrix gives the mass-shell condition,

det
(
pαβ̇
)
= p20 − p2i = pµp

µ = m2 . (2.52)

For massless particles the determinant of this matrix is zero and we can decompose
the four-vector into an outer product of two, two-component Weyl spinors,

pαβ̇ =

(
λ1

λ2

)(
λ1 λ2

)
= λαλβ̇ . (2.53)

These spinors satisfy the Weyl equation and for real momenta the solutions are
given by,

λα =
t√

p0 − p3

(
p0 − p3

−p1 − ip2

)
, (2.54)
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and

(2.55)

λβ̇ =
t−1

√
p0 − p3

(
p0 − p3, −p1 + ip2

)
. (2.56)

The reality condition on these spinors implies λα = sign(p0)
(
λβ̇

)∗, however fol-
lowing the insight of Witten [27] we may also take pi ∈ C such that λα ̸=
sign(p0)

(
λβ̇

)∗ and the spinors are independent of each other. This is an im-
mensely important quality of the spinors, as it allows us to write non-vanishing
three-point amplitudes. We make use of complex momenta throughout this thesis
and unless otherwise stated, all momenta should be taken to be complex.

The free parameter t, in the solutions, is related to the Little Group scaling
- what we refer to in this thesis as spinor weight. We are free to scale the
Weyl spinors in this fashion since it leaves the four-momentum invariant. This is
investigated further in subsection 2.4.1.
The spinor indices are manipulated through the use of the Levi-Civita tensor,

ϵαβ = −iσαβ
2 , (2.57)

λαϵ
αβ = λβ . (2.58)

Spinor products of the λ’s or λ’s can also be defined through the use of the
Levi-Civita tensor. Given two momenta, p1 and p2 defined using (2.53),

⟨p1 p2⟩ ≡ ⟨1 2⟩ = ϵαβλ
α
1λ

β
2 , [p1 p2] ≡ [1 2] = ϵα̇β̇λ

α̇

1λ
β̇

2 . (2.59)

Any physical quantity of interest should be Lorentz invariant and so it is
convenient for us to construct Lorentz invariant products of these spinor variables.
The familiar Mandlestam invariants are defined using these spinorial products as,

sij = (pi + pj)
2 = 2pi · pj = ⟨i j⟩ [j i] , (2.60)

for two particles. We define general Mandlestam invariants for the squared sum
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of an arbitrary number of gluon momenta as,

ti...j = p2i...j = (pi + ...+ pj)
2 . (2.61)

Another Lorentz invariant quantity arises in the expression of contractions of
momenta with the four dimensional Levi-Civita tensor,

ε(i, j, k, l) = εµνρσp
µ
i p

ν
jp

ρ
kp

σ
l = tr+( /pi /pj /pk /pl)− tr−( /pi /pj /pk /pl) , (2.62)

where

tr+( /pi /pj /pk /pl) =
1

2
tr((1− γ5) /pi /pj /pk /pl) = ⟨i j⟩ [j k] ⟨k l⟩ [l i] ,

tr−( /pi /pj /pk /pl) =
1

2
tr((1 + γ5) /pi /pj /pk /pl) = [i j] ⟨j k⟩ [k l] ⟨l i⟩ . (2.63)

We can build up arbitrarily large spinor products using,

⟨i j⟩ [j k] = ⟨i|j|k] . (2.64)

The spinors also satisfy a Schouten identity,

⟨i j⟩ ⟨k l⟩ = ⟨i k⟩ ⟨j l⟩+ ⟨i l⟩ ⟨k j⟩ . (2.65)

Massless spin 1 particles have two transverse polarisations/helicities. Cru-
cially the two physical polarisation vectors can also be written in the spinor
helicity formalism,

ϵ−µ (p, q) =
[q|γµ|p⟩√
2[pq]

, ϵ+µ (p, q) =
[p|γµ|q⟩√
2⟨qp⟩

, (2.66)

where,

ϵ+µ ϵ
µ + = 0, ϵ−µ ϵ

µ − = 0. (2.67)
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The polarisation vectors satisfy the completeness relation,∑
h=±

ϵhµ(p, q)ϵ
h
ν(p, q)

∗ = −ηµν + 2
pµqν + qµpν

2q · p
, (2.68)

related to the propagator of the gluon in the lightcone gauge. In fact, we use
this relation when a propagator goes on shell and an amplitude factorises into
the product of two lower multiplicity amplitudes and a propagator. There is an
implicit sum over the possible helicity assignments of the on-shell internal leg
arising from (2.68).

Additionally, following work in this gauge [122, 132] we are able to continue
momenta off-shell with the addition of an non-physical polarisation vector that is
absorbed into a redefinition of the four-point vertex1. The off-shell continuation
can be written as

pµ, ♭ = pµ − p2

2p · q
qµ , (2.69)

where pµ,♭ denotes an on-shell momentum and the unflattened momentum, pµ, is
off-shell p2 ̸= 0. If p2 = 0, then we have p♭, µ = pµ.

This can be implemented explicitly, or by ensuring that the external momen-
tum we wish to continue off-shell are contracted with the axial gauge reference
momentum q.

Massless gravitons are also considered in this thesis. These massless spin
2 particles have two polarisations and can be constructed using the Yang-Mills
gluon polarisations via,

ϵ++
µν (p, q) = ϵ+µ (p, q)ϵ

+
ν (p, q) ϵ−−

µν (p, q) = ϵ−µ (p, q)ϵ
−
ν (p, q) . (2.70)

1We are also free to choose a different lightcone gauge for each external leg in a partial
amplitude - corresponding to a choice of the reference spinor qi in the polarisation vectors - in
order to simplify a calculation.
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2.4.1 Spinor Weight: Little Group Scaling

We have seen that the Weyl spinors have a scaling freedom afforded to them from
the definition of the four momentum as a bispinor,

pαβ̇i = λα
i λ

β̇

i , (2.71)

λα
i = |i⟩ → t|i⟩, λ

β̇

i = [i| → t−1[i| . (2.72)

Glimpsing at the Feynman rules when computing a partial amplitude for a mo-
ment, we see we must dot polarisation vectors with the Feynman rules for an inter-
action vertex. The interaction vertex only depends on the momentum, therefore
the polarisation vectors are the only source of the little group scale dependence
in the partial amplitudes. The helicity of the external gluons dictates this scale
dependence. Under the scaling (2.72), the polarisation vectors scale as

ϵ−µ (p, q) =
[q|γµ|p⟩√
2[pq]

∼ t2, (2.73)

ϵ+µ (p, q) =
[p|γµ|q⟩√
2⟨qp⟩

∼ t−2 . (2.74)

implying a partial amplitude scales as

A(..., ihi , ...) ∼ t−2hi , (2.75)

for each on-shell gluon. We use the convention that the λ’s have spinor weight
+1 and the λ’s have spinor weight −1. These constraints, along with the mass
dimension of an interaction (and the symmetry of the partial amplitude in some
rational one-loop amplitudes [89]) is enough to fully determine the form of the
three-point vertices of a theory and some rational one-loop amplitudes. For ex-
ample, we can circumvent the use of the Feynman rules directly to write down
the unique form of the three-gluon MHV complex amplitudes.
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2.5 From Feynman Diagrams to On-shell Am-
plitudes

In this short section, we take a look at two methods to obtain the on-shell three-
point amplitudes that are subsequently used in recursive techniques to compute
higher multiplicity amplitudes.

We can construct a tree-level three-point MHV complex amplitude by con-
sidering the Feynman rules for the three-point interactions. This amplitude is
vanishing in real momenta, but by considering the insight of Witten [27] we can
construct a non-vanishing amplitude by writing pi = λiλi with pi ∈ C.

The colour ordered Feynman rule for the three-gluon interaction vertex is
given by,

V3(p
µ
1 , p

ν
2, p

ρ
3) = [gµν(p1 − p2)

ρ + gνρ(p2 − p3)
µ + gρµ(p3 − p1)

ν ] , (2.76)

where1 we contract the vertex with the appropriate polarisation vectors for each
external gluon,

ϵ−µ (pi, qi) =
[qi|γµ|pi⟩√
2[piqi]

, ϵ+µ (pi, qi) =
[pi|γµ|qi⟩√
2⟨qipi⟩

. (2.77)

Applying these rules, the MHV three-point amplitude is written in terms of a
reference spinor2 q,

A
(0)
3 (1−, 2−, 3+) = ϵ−µ (p1, q1)ϵ

−
ν (p2, q2)ϵ

+
ρ (p3, q3)V3(p

µ
1 , p

ν
2, p

ρ
3) ∝

⟨1 2⟩ [3 q]2

[1 q] [2 q]
.

(2.78)

Including the axial gauge reference spinor in this way allows each of the three
gluons to be trivially continued off-shell through (2.69).

Alternatively, through a line of additional manipulation, we may write the
1We have also removed a factor of i from the definition due to (2.17).
2Here, we set q1 = q2 = q3 = q.
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amplitude in a form where the gluons are explicitly on-shell,

A
(0)
3 (1−, 2−, 3+) =

⟨1 2⟩3

⟨2 3⟩ ⟨3 1⟩
. (2.79)

This is a special case of the Parke-Taylor formula [19] for the n-gluon MHV
amplitude

A(0)
n (1+, ..., i−, ..., j−, ..., n+) =

⟨i j⟩4

⟨1 2⟩ · · · ⟨n 1⟩
. (2.80)

The three-point MHV amplitude we have looked at is a simple example for
which we have only needed to consider one diagram and we have been able to keep
the gauge general, i.e. we did not fix the value of q, the reference momentum.
As a side note; the four-gluon MHV amplitude involves the calculation of three
Feynman diagrams, the s-channel, the t-channel and the four-point interaction
vertex - each of which is not a gauge invariant quantity by itself. In calculating
the four-point amplitude we can associate the axial gauge reference spinors to the
momenta of the external gluons to give a vanishing contribution from the contact
term.

Alternatively, we can approach the construction of these partial amplitudes
from a related but simpler method. The form of the three-point MHV com-
plex amplitude can be constrained using two principles; locality and Lorentz
invariance. Schematically, the three-point gauge boson interaction term in the
Yang-Mills Lagrangian is given by AA∂A. Fourier transforming to momentum
space, where amplitudes are most naturally written, tells us that this interaction
has mass dimension (or momentum weight) one. This is confirmed by checking
the Feynman rule for a three-point interaction. Locality, determines the momen-
tum weight of the interaction then. Furthermore, we know how the amplitude
will scale under the Little group (its spinor weight) given the helicity assignment
of the external legs. These two conditions uniquely determine the form of the
on-shell amplitude to be (2.79).

For the three-point MHV gluon amplitude, A(0)
3 (1−, 2−, 3+), we know the am-

plitude must have spinor weight 1 in the legs p1 and p2 and spinor weight −1 in
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leg p3. Additionally, since three-point kinematics implies

2pi · pj = 0 , i < j = 1, 2, 3, (2.81)
⟨ij⟩[ji] = 0 . (2.82)

and for p ∈ C, we are free to choose either ⟨ij⟩ = 0 with [ji] = 0 or vice versa. The
first condition is the only choice that satisfies the spinor weight conditions in a
non-trivial way. The momentum weight of the spinor brackets can be determined
from the relation 2p1 · pj = ⟨i j⟩ [j i] which has momentum weight 2, therefore
each spinor bracket has momentum weight 1. Resulting in,

A
(0)
3 (1−, 2−, 3+) =

⟨1 2⟩3

⟨2 3⟩ ⟨3 1⟩
, (2.83)

which has momentum weight 1 and the correct spinor weight for the external
legs.

The three-point Einstein-Gravity amplitudes can be fixed in this way, too. In
chapter 5, we go further and look at how we may define the tree-level S-matrix
of an extended theory of gravity from exactly these principles.

We cannot fix the form of the four-point amplitude in this way, but instead
determine its form through BCFW recursion [35, 36] which utilises complex re-
cursion and factorisation theorems. In order to understand this methodology we
subsequently review the factorisation theorems of tree and loop level amplitudes.

2.6 Tree-Level Amplitudes: Analytic Structure
and Factorisation

Amplitudes exhibit many different properties as we have already seen, however
they also possess additional features owing to their analytic structure. For tree-
level amplitudes, singularities arise from internal propagators connecting sums of
external momenta in the limit that the propagator momenta goes to zero. These
limits, apart from showing the interesting behaviour of amplitudes in particular
regions of momentum space, are strong consistency checks on a calculation and
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furthermore place strong constraints on the form of an amplitude. The singu-
larities in these limits for tree-level amplitudes are simple poles in the spinor
brackets. In the limit that the propagator goes on-shell, the amplitude factorises
into the product of the two on-shell amplitudes partitioned by this propagator.
Multiparticle factorisations occur when there is a sum of three or more external
legs on either side of the propagator1,

A(0)
n (1, ..., i, i+ 1, ..., n) −−−→

K2→0

∑
h=±

A
(0)
i+1

(
1, ..., i,Kh

) −1

K2
A

(0)
n−i+1

(
−K−h, i+ 1, ..., n

)
,

(2.84)

where K = p1...i = p1+ ...+pi and we have defined the legs in a cyclic order here,
but is applicable to any partitioned set of legs. Note that the gluon propagator
has been replaced by −1/k2 multiplied by a sum over polarisation vectors (2.68).

In the special case of i = 2, we have a collinear singularity. In this limit, the
two external gluons are close to collinear since 2p1 · p2 → 0 and the amplitude
exhibits a universal behaviour,

A(0)
n (1h1 , ..., ihi , jhj , ..., nhn) −→

i||j

∑
h=±

Split(0)h

(
phi
i , p

hj

j , z
)
A

(0)
n−1

(
1h1 , ..., k−h, ..., nhn

)
.

(2.85)

The universal behaviour characterised by the splitting functions can be investi-
gated by parametrising the collinear limit as

pi = (1− z)k, pj = zk , (2.86)
1Ordinarily the propagator is multiplied by a factor of i, but since we have defined the

amplitudes factoring out i, the equivalent formalism in the BCFW relations is to include a
factor of −1.
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where k = pi + pj. The tree-level splitting functions are given by [19, 133, 134],

Split(0)+ (i+, j−) =
1

⟨a b⟩
(1− z)2√
z(1− z)

, (2.87)

Split(0)− (i+, j−) =
1

[b a]

z2√
z(1− z)

, (2.88)

Split(0)− (i+, j+) =
1

⟨a b⟩
1√

z(1− z)
, (2.89)

Split(0)− (i−, j−) = 0 . (2.90)

The splitting functions depend on the helicities of the collinear legs pi and pj,
the helicity of the intermediate particle k and the collinear parameter z. The
remaining splitting functions can be related to these by conjugation.

Tree-level amplitudes also have universal factorisation behaviour when the
momenta of an external particle goes to zero, i.e. a soft limit [133, 134].

In Yang-Mills, the soft limit is described by,

A(0)
n (1, ..., i, s, j, ..., n) −−−→

ps→0
Soft(0)(i, s, j)A(0)

n−1(1, ..., i, j, ..., n) , (2.91)

where the tree-level soft factor is independent of the helicities of the soft leg and
its adjacent legs

Soft(0)(i, s, j) = ⟨i j⟩
⟨i s⟩ ⟨s j⟩

. (2.92)

Gravity amplitudes also have soft limits [114–117] that are exposed in the
variable t as t → 0, when a positive helicity leg is parametrised as pi = t ps. When
using complex momenta, gravity amplitudes have soft limits to sub-subleading
order in t. This is examined in the context of a calculation in an extended theory
of gravity in section 5.3.

Understanding the factorisation properties has proved to be a crucial step
in simplifying calculations in the study of Yang-Mills and Gravity amplitudes.
In the following section we review techniques that rely on these properties to
construct rational amplitudes: complex recursion and the BCFW formalism.
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2.7 Complex Recursion
Complex recursion is a term describing techniques that are used to determine
rational amplitudes, or rational parts of amplitudes by use of complex analysis
and factorisation theorems. In general, shifting the external momenta of an
amplitude by a complex momentum z, whilst maintaining overall conservation of
momentum, transforms the amplitude into a meromorphic function in the variable
z. The poles in the complex variable z correspond to regions of momentum
space for which an intermediate gluon i.e. a propagator, goes on-shell. For
tree amplitudes only simple poles are present but for loop amplitudes and in
particular the one- and two-loop amplitudes discussed in this thesis the highest
order poles are double poles. The residues of the highest order terms in the
Laurent series around such poles coincide with factorisations of the amplitude on
collinear and multiparticle poles. This allows the amplitude to be expressed as a
sum of products of two lower-point on-shell gauge invariant amplitudes and the
propagator separating them.

This was a powerful observation of Britto, Cachazo, Feng and Witten [36]
who employed a very simple shift of the external momenta to prove that the re-
currence relation [35] detailed below can be used to express tree-level amplitudes
as a product of complex three-point amplitudes [27] and propagators. This tech-
nique has also been implemented with the use of other shifts, namely the all-line
shift [135] and Risager shift [37].

2.7.1 BCFW Recursion

Tree-level amplitudes have the simplest analytic structure of all the amplitudes
present in a pertubative expansion of the gauge coupling, α. They are rational
functions of the external momenta and locality imposes the condition that inter-
actions occur at the same point in spacetime and are mediated by the transfer of
momentum by an intermediate particle. This implies that tree-level amplitudes
only contain simple poles that correspond to regions of momentum space where
internal propagators go on-shell. We can exploit this analytic structure using
complex momentum to build n-point tree-level amplitudes from the product of
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three-point tree-level amplitudes and a propagator connecting them. Defining a
complex shift that acts on two external momenta pi and pj,

λi → λ̂i = λi − zλj , (2.93)
λj → λ̂j = λj + zλi , (2.94)

where p̂i and p̂j are on either side of the propagator and become

p̂i = pi(z) = pi − zω p̂j = pj(z) = pj + zω , (2.95)

with ω = λjλi. The shift is designed such that conservation of momentum is
preserved and all external lines remain null,

pi(z) + pj(z) = pi − zω + pj + zω = pi + pj , (2.96)
p2i (z) = p2j(z) = 0 , (2.97)

where the following arise from the definition of ω,

ω2 = 0, 2ω · pi = 2ω · pj = 0 , (2.98)

such that the shift passes a z-dependence to the propagator separating the two
legs.

The discussion that follows will be limited to tree-level amplitudes due to the
complication that double poles present in loop amplitudes. The use of complex
recursion with regards to loop amplitudes containing double poles requires an
extension that we dedicate to a later section.
Take for example a tree-level n-point partial amplitude

Tr (T a1T a2 · · ·T an)A(0)
n (p1, p2, · · · , pn) , (2.99)

where the momenta have a cyclic ordering and obey conservation of momentum,

p1 + p2 + · · ·+ pn = 0 . (2.100)

With p̂i and p̂j on either side of a propagator, the shifted propagator can be
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written as,

p̂1···i ≡ p̂1···i(z) = p1 + · · ·+ p̂i ,

p̂21···i ≡p̂21···i(z) = p21···i − z⟨j|p1···i|i] = −z − zI
zI

p21···i , (2.101)

where zI is the location of the pole in the complex plane.
It is clear from the second line of eq. (2.101) that the shifted propagator

p21···i(z) contributes a simple pole at z = zI to the amplitude. This meromorphic
function of z will contain simple poles at various points in the complex plane
corresponding to different internal propagators going on shell. It follows then
that an amplitude contains a pole for every allowed group of momenta going
on shell1, and by identifying the poles and their corresponding residues we can
uniquely determine the form of the tree-level amplitude.

Consider the contour integral,

1

2πi

∮
γ

A(0)(z)

z
dz , (2.102)

where γ is a circular contour taken to infinity, encompassing all the poles of the
amplitude and the pole at z = 0 that we have inserted. The pole corresponding
to z = 0 is not a propagator pole, rather it’s a pole whose residue returns the
amplitude we are interested in calculating, A(0)(0).

The remaining poles in A(0)(z) are simple poles in z belonging to propagator
poles. By use of Cauchy’s residue theorem we can write

1

2πi

∮
γ

dz
A

(0)
n (z)

z
= A(0)

n (0) +
∑
zI ̸=0

Res
[
A

(0)
n (z)

z
, zI

]
, (2.103)

and if the amplitude vanishes at infinity, A(z) → 0 as z → 0, the contour integral
1By allowed group, we mean configurations of the external momenta allowed after colour

decomposition. For a partial amplitude multiplied by Tr (T a1T a2 · · ·T an), this would be only
cyclically ordered momenta.
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vanishes. The amplitude is given as a sum of residues of the propagator poles,

A(0)
n (0) = −

∑
zI

Res
[
A

(0)
n (z)

z
, zI

]
. (2.104)

This is a statement of complex analysis of which we would like to connect to
physics. We have seen that on collinear and multiparticle poles, tree-level ampli-
tudes factorise

A(0)
n (1, 2, · · · , n) −−−−→

p21...i→0

∑
h=±

A
(0)
i+1

(
1, · · · , i,Kh

) −1

K2
A

(0)
n−i+1

(
−K−h, (i+ 1), · · · , n

)
,

(2.105)

where we must sum over all helicity configurations of the internal propagator
that goes on shell. Both lower multiplicity amplitudes are on-shell amplitudes,
allowing for a recursive implementation.

Figure 2.5: Diagrammatic representation of an amplitude factorising as the inter-
nal propagator t1...n, goes on-shell. The factorisation includes a sum over internal
helicity configurations.

The key to this technique is calculating the residues. As the residues are the
amplitude evaluated on the simple propagator poles, we may use the factorisation
property in the calculation of the residues. Without loss of generality, we define
the legs to be in a cyclic order with j = i+ 1 and define the shifted legs to be p̂i
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and p̂j. The residues are given as,

Res
[
Â

(0)
n (z)

z

]∣∣∣∣∣
zI

= Res
[∑
h=±

A
(0)
i+1(p1, ..., p̂i, K̂

h; z)A
(0)
n−i+1(−K̂−h, p̂j, ...pn; z)

p̂21···i(z)

1

z
, zI

]
,

(2.106)

= lim
z→zI

(
(z − zI)

z

∑
h=±

A
(0)
i+1(p1, ..., p̂i, K̂

h; z)A
(0)
n−i+1(−K̂−h, p̂j, ...pn; z)

p̂21···i(z)

)
.

(2.107)

Rewriting the propagator using eq.(2.101) cancels the pole in the propagator
located at zi and the resultant expression is the original z-independent propagator
multiplied by the factorised sub-amplitudes evaluated at z = zI ,

Res
[
Â

(0)
n (z)

z

]∣∣∣∣∣
zI

=
∑
h=±

A
(0)
i+1(p1, ..., p̂i, K̂

h; zI)A
(0)
n−i+1(−K̂−h, p̂j, ...pn; zI)

p21···i
.

(2.108)

Then providing the contour integral vanishes, we may calculate a tree amplitude
via the following relation,

A(0)
n (0) = −

∑
zi

∑
h=±

A
(0)
i+1(p1, ..., p̂i, K̂

h; zi)A
(0)
n−i+1(−K̂−h, p̂j, ...pn; zi)

p21···i
. (2.109)

The sum over zi implies that all independent configurations of the external legs
that admit a different shifted propagator must be summed over after taking their
residues.

The property that the shifted amplitude vanishes at infinity is a necessary con-
dition for the recursion to work. This has been investigated using a background
field method [136] to determine the large |z| behaviour of tree-level amplitudes
under various shifts. The proof covers amplitudes in gauge theories and general
relativity and shows this behaviour up to n = 10 for all helicity configurations
in gravity amplitudes [137]. Clearly, there are four combinations of the types
of legs that can be shifted given gluons and massless gravitons have two helic-
ities. The behaviour of the amplitude under the BCFW shifts are summarised
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[i, j⟩ [−,−⟩ [−,+⟩ [+,−⟩ [+,+⟩
A(z) z−1 z−1 z3 z−1

M(z) z−2 z−2 z6 z−2

Table 2.1: The large |z| behaviour of gauge and gravity amplitudes under BCFW
shifts.

in table. 2.1. For the rational part of loop amplitudes the large |z| behaviour
is hard to tell a priori, however we can get an indication via less elegant means.
The complex shifts break the symmetry of a partial amplitude by deforming the
momenta of some specified legs position in the complex plane. If this symmetry
is not recovered after performing the complex recursion, this is an indication that
the shifted amplitude does not vanish at infinity. The fact that one recovers the
symmetry of the amplitude then, is a strong check that the amplitude has been
calculated correctly. In the cases where a BCFW shift does not produce the de-
sired behaviour at infinity we can attempt to employ a different shift. One such
case is the rational part of the two-loop all-plus amplitude, where we employ the
Risager shift.

The Risager shift [37] originally employed to prove the CSW rules [29] deforms
three momenta, say pi, pj and pk, by

λi →λ̂i = λi + z [jk]λη ,

λj →λ̂j = λj + z [k i]λη ,

λk →λ̂k = λk + z [i j]λη , (2.110)

where λη must satisfy ⟨i η⟩ ̸= 0, ⟨j η⟩ ̸= 0 and ⟨k η⟩ ̸= 0 but is otherwise uncon-
strained. Under the Risager shift, the two-loop all-plus amplitude does have the
desired asymptotic behaviour and so when we come to calculate the rational part
of the two-loop all-plus we will use this shift.

Complex recursion can therefore determine any amplitude that contains only
single poles. In chapter 5 we briefly discuss the application of complex recursion
to Einstein-Hilbert gravity and use these recursive techniques to determine the
tree-level S-matrix elements for an extended theory of gravity. Having shown a
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method of completely determining the tree-level amplitudes we move to discussing
amplitudes that appear at higher orders in perturbation theory. In general these
amplitudes have a far more complicated singularity structure, owing to the inte-
grations that must be performed over the loop momenta. In the next section we
discuss the intricacies associated to the loop integrations and explore the various
techniques used to simplify and efficiently compute one-loop amplitudes and a
special two-loop amplitude, the all-plus.
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2.8 Loop-Amplitudes

2.8 Loop-Amplitudes
Higher orders in a perturbative treatment of a quantum field theory are due to
virtual corrections to the tree-level amplitudes. These corrections amount to
amplitudes that contain loops of intermediate virtual particles whose momenta
can range from −∞ ≤ ℓ ≤ +∞. This extra degree of freedom must be integrated
over this range. For each higher order in the pertubative expansion of the coupling
constant, each amplitude gains an additional virtual loop,

An = δ(4)

(
n∑
i

pi

)
ign−2

∑
L≥0

aLA(L)
n . (2.111)

In this section we limit the discussion of loop amplitudes mainly to general
one-loop amplitudes and a particular helicity configuration of two-loop ampli-
tudes, the all-plus. We review dimensional regularisation [48], a method of tam-
ing the ultraviolet (UV) and infrared (IR) infinities [32, 33] that arise from high
and low energy regions of the loop integration respectively. Loop integrals of gen-
eral n-point amplitudes can have up to n propagators and n powers of the loop
momentum1. We outline integral reduction methods [52] at one-loop that express
the amplitude in terms of a simpler basis of integrals2 with a rational ambigu-
ity [49–51, 54, 55, 138, 139]. We show how we utilise generalised four-dimensional
unitarity [30, 46, 47, 53, 56] to construct the amplitude from its branch cut sin-
gularity structure. The last section is dedicated to a specific calculational tool -
augmented recursion - developed in refs. [81, 84–89] to deduce the rational parts
of one- and two-loop amplitudes in Yang-Mills and Gravity. This technique is
used in chapter 3 and chapter 4 to generate the rational parts of a leading in
colour six- and seven-gluon amplitude and a full colour five-gluon amplitude.

1This is in Yang-Mills. In gravity there may be up to 2n powers in the numerator.
2These integrals evaluate to functions that contain branch cut singularities.
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2.8.1 Dimensional Regularisation

The Feynman integrals that arise in loop computations diverge in four dimensions.
The bubble integral,

ID=4
2 =

∫
d4ℓ

(2π)4
1

ℓ2(ℓ− pij)2
, (2.112)

has a logarithmic divergence in the ultraviolet as ℓ → ∞, but is finite in the IR
as ℓ → 0. However, the one-mass triangle integral1 has IR divergences,

I1m,D=4
3 =

∫
d4ℓ

(2π)4
1

ℓ2(ℓ− pij)2(ℓ+ pn)2
, (2.113)

where p2ij ̸= 0 but p2n = 0.
In order to regulate these divergences, we analytically continue away from

D = 4 dimensions to D = 4−2ϵ dimensions using dimensional regularisation [48].
In this scheme, we choose the external particles to be described in four dimen-
sions, whereas the loop momenta are in D = 4 − 2ϵ. The main advantage of
using dimensional regularisation is that it regularises both UV and IR diver-
gences simultaneously, such that calculations of unrenormalised amplitudes can
be performed.

Dimensional regularisation has important ramifications for the theory in ques-
tion. Firstly, massless tadpole integrals that could appear in pure Yang-Mills
vanish due to the lack of a mass scale in the integral.∫

dDℓ

(2π)D
1

ℓ2
= 0. (2.114)

This is the reason that the integral basis for one-loop amplitudes shown in sub-
section 2.8.2 contains integrals with at least two propagators.

Secondly, it allows for an organisation of the amplitude in terms of its singu-
larity structure in ϵ. For the two-loop all-plus unrenormalised amplitude, the UV
and collinear IR singularities cancel leaving only the soft IR singularities that are
O(ϵ−2) [32, 33, 96]. This particular amplitude can then be organised into its soft

1amongst other types of integrals that can appear
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IR contribution, plus other finite terms. We show this organisation in chapter 3.
Finally, the IR and UV divergences of the integrals, and by proxy the am-

plitude as a whole, are shifted to singularities in the dimensional regularisation
parameter ϵ as we take the limit ϵ → 0. Although this procedure mixes these
singularities1 it makes the singularity structure manifest in ϵ. At the heart of
this discussion on the singularities in the loop integration is the need to control
the numerical instabilities these divergences present in cross-section calculations.
Understanding the nature of the UV and IR singularities facilitates a relatively
straightforward renormalisation of the amplitude using, for examples the MS

scheme. Additionally, the IR singularities can be cancelled in the full cross-
section as a result of the KLN theorem.

Grasping the nature of the divergent integrals is then of paramount impor-
tance for subsequent phenomenological calculations.

2.8.2 Integral Reduction of One-Loop Amplitudes

A multitude of Feynman integrals appear when considering the amplitudes in a
pertubative expansion of a quantum field theory. At one-loop for an n-point pure
Yang-Mills amplitude, it is possible in general to encounter Feynman integrals
with n-propagators and polynomials in the numerator consisting of up to n-
powers of the loop momenta2,

In =

∫
dDℓ

(2π)D
P(ℓ)

ℓ2(ℓ− p1)2 · · · (ℓ+ pn)2
, (2.115)

where P(ℓ) is some general polynomial in the loop momentum.
It is possible, however, to reduce a general n-point integral to a sum of box,

triangle and bubble integrals in D = 4 [49–51]. This can be achieved using
Passarino-Veltman reduction [52]. Given the loop momenta and external mo-
menta are linearly dependent, the loop dependent numerator can be written in
a basis of external momenta3. This sets up a system of equations for which

1For example in a one-loop amplitude simple poles in ϵ correspond to both UV and IR
divergences.

2In gravity amplitudes there can be up to 2n powers of the loop momenta.
3and combinations of the metric tensor for even powers of the loop momenta.
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each term in the basis can be used to cancel propagators in the original integral
provided the external momenta are in D = 4-dimensions.

Repeated application of this procedure reduces tensor integrals with n-propagators
to scalar integrals with up to four propagators [138, 139]. The reduction coef-
ficients found by this approach are restricted to four dimensions and thus this
approach - which does not take into account the −2ϵ additional dimensions of the
loop momenta in the numerator - leaves a rational ambiguity at O(ϵ0). An ex-
ample that illustrates this discrepancy comes from refs. [49, 50] who showed that
the D = 4 dimensional pentagon integral can be reduced to a sum of five boxes.
However, an alternative dimensionally regulated approach [54, 55] using a Feyn-
man parameter representation showed this is true with the addition of the scalar
pentagon in D = 6 − 2ϵ dimensions with an O(ϵ) coefficient. Keeping track of
the orthogonal −2ϵ dimensions in the reduction leads to integrals that depend on
even powers of this orthogonal loop momentum component, (µ2), that ultimately
integrate to rational contributions. This is discussed briefly in subsection 2.9.3.
Either approach, once taking the D = 4 limit for external particles and ignoring
contributions of O(ϵ) and above, leads to a description of a one-loop amplitude
in terms of a basis of integrals,

A(1)
n =

∑
i

c4,iI4,i +
∑
i

c3,iI3,i +
∑
i

c2,iI2,i +Rn . (2.116)

where the coefficients are rational functions of the external momenta in D = 4

dimensions. The sum is over all possible configurations of scalar box, triangle
and bubble integral functions where for example four-,three-,two- and one-mass
box integrals can appear. The integrals are summarised in Appendix B.

Given this integral basis, we can better understand the UV and IR singularity
structure of one-loop amplitudes.
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2.8.3 UV and IR singularities

We work with unrenormalised amplitudes, where the UV divergences are poles in
the dimensional regulator. Given the one-loop integral basis, it is possible to see
that the bubble integral functions contribute to the UV poles and the remaining
triangle and box integral functions comprise the IR singularities.

The UV singularities are related to ϵ−1 poles. For one-loop amplitudes this
divergence can be renormalised by the counter term in the MS scheme [32],

A(1)
n

∣∣∣∣∣
UV

= −(n− 2)(4π)ϵ

2ϵΓ(1− ϵ)

( g

4π

)2
β0A

(0)
n , (2.117)

where β0 = (11Nc)/3 in pure Yang-Mills.
An alternative way to view the UV divergences of an amplitude is by consid-

ering an expansion in the coupling constant, adding a counterterm given by,

g → g + δg . (2.118)

Considering the pertubative expansion of a gluon amplitude with a non-vanishing
tree-level amplitude,

An =
( g

4π

)n−2

A(0)
n +

( g

4π

)n
A(1)

n +
( g

4π

)n+2

A(2)
n + ... , (2.119)

we see that we require expansions of the form,

(g + δg)i = gi + i gi−1δg + ... . (2.120)

Applying the expansion (2.120) to the pertubative expression of the amplitude
gives,

An =
( g

4π

)n−2

A(0)
n +

( g

4π

)n
A(1)

n +
( g

4π

)n+2

A(2)
n

+ (n− 2)
( g

4π

)n−3

δgA(0)
n + n

( g

4π

)n−1

δgA(1)
n + (n+ 2)

( g

4π

)n+1

δgA(2)
n + ... .

(2.121)
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The counterterm δg is identified by considering the general form of the UV coun-
terterm given by (2.117) and noticing that it is proportional to the tree-level
amplitude. Taking the UV divergent part of the one-loop amplitude1 and the
tree-level term proportional to δg for the moment, we have that the one-loop
divergence is cancelled by

( g

4π

)n
A(1)

n

∣∣∣∣∣
UV

+ (n− 2)
( g

4π

)n−3 δg

ϵ
A(0)

n =
( g

4π

)n [
A(1)

n

∣∣∣∣∣
UV

+ (n− 2)
( g

4π

)−3 δg

ϵ
A(0)

n

]
= 0 ,

(2.122)

such that,

A(1)
n

∣∣∣∣∣
UV

= −(n− 2)
( g

4π

)−3 δg

ϵ
A(0)

n . (2.123)

From (2.117), we have

(n− 2)
( g

4π

)−3 δg

ϵ
A(0)

n =
(n− 2)(4π)ϵ

2ϵΓ(1− ϵ)

( g

4π

)2
β0A

(0)
n , (2.124)

such that the counter term δg is given by,

δg =
(4π)ϵ

2Γ(1− ϵ)

( g

4π

)5
β0 . (2.125)

For the two-loop amplitudes whose tree-level amplitudes vanish, such as the two-
loop all-plus, the one-loop amplitudes are rational and the first UV divergence in
the theory appears at two-loop. The pertubative expansion is

An =
( g

4π

)n
A(1)

n +
( g

4π

)n+2

A(2)
n + ... , (2.126)

applying (2.120),

An =
( g

4π

)n
A(1) +

( g

4π

)n+2

A(2)
n + n

( g

4π

)n−1

δgA(1)
n + (n+ 2)

( g

4π

)n+1

δgA(2)
n + ... .

(2.127)
1proportional to ϵ−1
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The UV divergence at two-loop is proportional to the one-loop amplitudes, as
such we can group the divergent part of the two-loop amplitude together with
the counterterm proportional to the one-loop amplitude,

( g

4π

)n+2
[
A(2)

n

∣∣∣∣∣
UV

+ n
( g

4π

)−3 δg

ϵ
A(1)

n

]
= 0 . (2.128)

Since δg has already been fixed, we have that the UV counterterm for this case
is given by,

A(2)
n

∣∣∣∣∣
UV

= −n
( g

4π

)−3 δg

ϵ
A(1)

n = −n
(4π)ϵ

2ϵΓ(1− ϵ)
β0

( g

4π

)2
A(1)

n . (2.129)

The collinear singularities arise from self energy corrections to the external
lines and have the form [32],

A(1)
n

∣∣∣∣∣
collinear

= −
( g

4π

)2 nγ(g)
ϵ

A(0)
n , (2.130)

where γ(g) = 11Nc/6 for pure Yang-Mills.
For the case where the tree-level amplitudes vanish in the theory, the collinear

divergences of the two-loop amplitude are given by,

A(2)
n

∣∣∣∣∣
collinear

= −
( g

4π

)2 nγ(g)
ϵ

A(1)
n . (2.131)

Interestingly, in the two-loop all-plus amplitude, the collinear and UV diver-
gences are given by (2.129) and (2.131), which cancel upon expanding in ϵ. We
only consider unrenormalised amplitudes in this thesis, and the analysis of UV
and collinear divergences for the two-loop all-plus amplitude above shows that it
contains only soft IR divergences.

The IR singular structure of loop amplitudes has been investigated by [33],
where the highest order IR divergence of a loop amplitude is

A(L)
n ∼

(
1

ϵ

)2L

. (2.132)
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Therefore a one-loop amplitude in pure Yang-Mills has at most double poles
in the dimensional regulator. Additionally, the soft divergences arise from the
virtual contribution whereby a soft gluon connects two external legs. For a soft
gluon connecting two external legs, i and j, we pick up a factor proportional to

− 1

ϵ2

(
−µ2

sij

)ϵ

. (2.133)

Considering all the possible hard legs that can be connected with a soft gluon,
the full soft contribution can be obtained. This is easily seen by viewing the form
of the IR singularity structure of the leading in colour two-loop five-point all-plus
amplitude, since we know it only contains soft IR divergences. For this amplitude,
the colour ordering imposes that the external legs have a fixed cyclic ordering.
Contributions to the soft divergences are therefore only obtained by connecting
adjacent legs with a soft gluon, leading to the result,

A
(2)
5:1

(
a+, b+, c+, d+, e+

) ∣∣∣∣∣
IR

= − 1

ϵ2

5∑
i=1

(
− µ2

si i+1

)ϵ

A
(1)
5

(
a+, b+, c+, d+, e+

)
.

(2.134)

Combining our understanding of the amplitudes integral basis and the nature
of their singularities provides a major advantage in the pursuit of the calculation of
one-loop amplitudes. The integral functions evaluate to singular terms in epsilon
and polylogarithms whose arguments are Lorentz invariant scalar products of
the external momenta. These terms contain branch cut singularities and thus
constrain the branch cut singularity structure of the amplitude, paving the way
for a modern application of the S-matrix program philosophy [46].

2.9 Exploiting the Singularity Structure of Loop
Amplitudes: Unitarity and Branch Cuts

The S-matrix is a mathematical object that describes the scattering behaviour
of momentum eigenstates propagating from t = −∞ to t = +∞ and scattering
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in some finite time,

S = 1 + iT . (2.135)

The principal term in (2.135) encodes the possibility that the initial states do
not meet at the same spacetime point and thus do not interact. The latter term
governs the interactions of the states for the case in which they scatter.

A scattering amplitude can be defined through an element of the S-matrix
whose square is related to the probability of such an interaction occurring

⟨pn · · · pi+1|S|p1 · · · pi⟩ = An (p1, ..., pi; pi+1, ..., pn) , (2.136)

where the momenta on the right hand side of the equation are partitioned to
emphasise the incoming and outgoing momenta. The sum of the probabilities of
all possible outcomes occurring is 1, imposing the constraint that the S-matrix
is unitary,

SS† = 1 . (2.137)

Substituting (2.135) in (2.137) gives a condition on the interaction matrix T ,

T − T † = TT † . (2.138)

The left-hand side corresponds to 2Im(T ), but noting that T and T † are related
to each other by hermitian analyticity [46] implies 2Im(T ) = Disc(T ), where
Disc(T ) is a discontinuity across a branch cut. The right-hand side is the product
of interaction matrices summed over all possible internal states.

Expanding the interaction matrix in the coupling constant,

T = aT (0) + a2T (1) + a3T (2) + ... , (2.139)

where a ∝ g2, and collecting terms that contribute at the same order in the
coupling, we see that

i(T (1) − T (1) †) = T (0)T (0) † . (2.140)
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Therefore, the discontinuity across a branch cut of one-loop amplitudes is related
to the on-shell product of tree-level amplitudes summed over all possible con-
figurations of the intermediate on-shell legs. This is the basis for the modern
technique of unitarity, used to construct loop level amplitudes in terms of lower
order loop amplitudes.

2.9.1 The Unitarity Method

The description of a discontinuity of an amplitude in terms of a product of lower
order products of amplitudes was known to researchers in the early stages of the
S-matrix program [46]. The left-hand side of (2.140) can be calculated using
Cutkosky’s rules [47]. In the context of a one-loop amplitude, this amounts to
cutting two internal propagators using the replacement

i

ℓ2
→ i(2π)4δ(+)(ℓ2),

i

(ℓ− pi j)2
→ i(2π)4δ(+)((ℓ− pi j)

2) . (2.141)

The double cut factorises the one-loop amplitude into a product of two on-shell
trees with a sum over the helicities of the cut legs. In the original S-matrix pro-
gram, this was used in the context of determining the amplitude using dispersion
relations. The unitary relation (2.140) was used to simplify the numerator of
the dispersion integrals - the amplitude written in terms of the complex vari-
able introduced by Cauchy’s integral formula. A major issue with this approach
is that the lower order amplitudes in the numerator are also determined using
dispersion relations. Therefore, generalised dispersion relations were needed in
order to capture the dispersive part of the amplitude from the absorptive part1.
Without further constraints, this approach to calculating amplitudes is unfeasible.

The development of QCD gave a description of loop amplitudes in terms
of Feynman integrals that ultimately lead to a way of circumventing dispersion
relations. At one-loop,the four dimensional integral reduction techniques [50, 51,
54, 55] we have reviewed, describe all one-loop amplitudes in terms of a basis of
integral functions. The scalar integrals in the basis evaluate to polylogarithmic

1given by the discontinuity
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functions that contain branch cut singularities, thus isolating the branch cut
singularity structure of the one-loop amplitudes.

Constraining the singularity structure allows for a feasible application of the
S-matrix approach using the unitarity approach [53, 56]. In the unitarity method,
Cutkosky’s rules are used in reverse. Sewing tree-level amplitudes with on-shell
internal legs in a particular channel describes the corresponding discontinuity
of the one-loop amplitude. The authors showed in refs. [53, 56] that promoting
the cut integral to a covariant integral with the opposite replacement of (2.141)
produces integrals that correspond to those of the integral basis, multiplied by
rational coefficients. Systematically repeating this process with cuts in all the
possible channels of an amplitude fully reconstructs the integral basis determin-
ing their rational coefficients. Note that for amplitudes that contain rational
terms, the cuts in four dimensions do not fully determine the amplitude.

The choice available to us at the stage of imposing the cuts has large implica-
tions in how the amplitude is determined. The cuts can be performed in D = 4

dimensions, or D = 4 − 2ϵ-dimensions. Both methods have their pros and cons.
Four-dimensional unitarity is the method used in this thesis, but we discuss D-
dimensional unitarity briefly at the end of this section.

The delta functions that impose the cuts are in four-dimensions, such that
the −2ϵ dimensional part of the cut loop momenta are set to zero. The loop inte-
gration and the propagators are still in D-dimensions, in order to regularise the
integral. This may seem like some vital information is lost, however discrepancies
that arise from this method contribute to rational terms at O(ϵ0) [53]. This O(ϵ0)
discrepancy will be recovered when we determine the rational piece via complex
recursion in subsection 2.10.1. The part of the amplitude that is recovered from
analysing the cuts is called the cut constructible part of the amplitude.

As a small example of the unitarity method, consider the leading in colour
one-loop four-gluon MHV amplitude. The integral basis for this amplitude is
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given by

A
(1)
4 (1−, 2−, 3+, 4+) = c4I

1m
4 +

∑
i

c2m3,i I
2m
3 +

∑
i

c1m3,i I
1m
3 +

∑
i

c2,iI
2m
2 . (2.142)

Performing a double cut on the amplitude in the s-channel gives the discontinuity
of the amplitude in terms of the following cut integral,

A
(1)
4 (1−, 2−, 3+, 4+)

∣∣∣∣∣
s−channel

=

∫
dLIPS A

(0)
4 (1−, 2−, ℓ+1 ,−ℓ+2 )A

(0)
4 (ℓ−2 ,−ℓ−1 , 3

+, 4+) ,

(2.143)

where dLIPS is the Lorentz invariant phase space measure defined as dLIPS =

dDℓ1δ
(+)(ℓ21)δ

(+)(ℓ22)δ
(4)(p12+ l1− l2)

1, encoding the loop integral measure and the
cut conditions. The other helicity configurations of the internal on-shell legs give
vanishing contributions to the cuts, since the tree-level amplitudes vanish.

Integral functions containing a higher number of propagators will contribute
to this discontinuity since they also contain the propagators that are placed on-
shell. Hence from examining the double cuts, we obtain information about the
discontinuities originating from all the integral functions in the basis.

Promoting the cut integral (2.143) to a covariant integral,

A
(1)
4 (1−, 2−, 3+, 4+)

∣∣∣∣∣
s−channel

=

∫
dDℓ1
(2π)D

1

ℓ21ℓ
2
2

A
(0)
4 (1−, 2−, ℓ+1 ,−ℓ+2 )A

(0)
4 (ℓ−2 ,−ℓ−1 , 3

+, 4+)

=

∫
dDℓ1
(2π)D

1

ℓ21ℓ
2
2

⟨1 2⟩3

⟨2 ℓ1⟩ ⟨ℓ1 ℓ2⟩ ⟨ℓ2 1⟩
⟨ℓ2 ℓ1⟩3

⟨ℓ1 3⟩ ⟨3 4⟩ ⟨4 ℓ2⟩

=
⟨1 2⟩3

⟨3 4⟩

∫
dDℓ1
(2π)D

1

ℓ21ℓ
2
2

[1|ℓ2|ℓ1⟩⟨ℓ1|ℓ2|4]
⟨2 ℓ1⟩ ⟨ℓ1 3⟩ [1|ℓ2|1⟩[4|ℓ2|4⟩

=
⟨1 2⟩3 [1 2] [3 4]

⟨3 4⟩

∫
dDℓ1
(2π)D

1

ℓ21ℓ
2
2

1

[1|ℓ2|1⟩[4|ℓ2|4⟩
.

(2.144)

The covariant integral now represents a scalar box integral. Reimposing the cuts
and performing some simplifications, we find the coefficient of the s-channel cut

1where, ℓ2 = ℓ1 + p12.
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to be,

A
(1)
4 (1−, 2−, 3+, 4+)

∣∣∣∣∣
s−channel

= ⟨1 2⟩2 [3 4]2 . (2.145)

This has shown that the s-channel cut uniquely determines the coefficient of the
box integral function contained in the full amplitude. We confirm this statement
by considering quadruple cuts of the amplitude in the following section.

We have only considered the s-channel cut here. In a practical calculation,
we should consider the t-channel cut too, which contains additional triangle and
bubble integrals.

Double cuts of a one-loop amplitude can thus determine the amplitude with
the help of the known integral basis. Generalised unitarity [30] extends the use
of cuts such that the cut constructible calculation is relatively easier.

2.9.2 Generalised Unitarity

It is possible to consider cutting more than two propagators at a time when
deducing the cut constructible parts of an amplitude. This method is known
as generalised unitarity and has its roots in the original S-matrix program [46].
However, its more familiar form came about from calculating coefficients of box
integral functions in N = 4 SYM [30]. Cutting more than two propagators at once
has the advantage of isolating specific contributions of various integral functions
to a discontinuity.

At one-loop we have four degrees of freedom encoded by the loop momentum
that we are required to integrate over. The integral basis contains integrals
that have at most four propagators. Double cuts pick up the discontinuities of
bubble, triangle and box integral functions. Alternatively, quadruple cuts isolate
contributions to the discontinuity from box integral functions and triple cuts have
contributions from box and triangle integral functions. In this way we may view
the integral basis as having a hierarchy of branch cut structures.

When all four of the box integral functions propagators are placed on shell,
the branch cut structure found by the cuts is isolated to the box functions since
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the triangles and bubbles vanish,

Disc(A(1)
n )|quad cut =

∑
i

c4,iDisc(I4) . (2.146)

By imposing the quadruple cuts, the loop momentum has four constraints
places upon it, freezing the loop integration and uniquely determining the box
coefficient.

Taking the four-point example we examined earlier the quadruple cut of
A(1)(1−, 2−, 3+, 4+) gives the coefficient,

c4 =

∫
dLIPSA

(0)
3 (1−, ℓ−2 ,−ℓ+1 )A

(0)
3 (ℓ+3 ,−ℓ+2 , 2

−)A
(0)
3 (ℓ−4 , ℓ

−
3 , 3

+)A
(0)
3 (−ℓ+4 , 4

+, ℓ−1 ) ,

(2.147)

where the integral is frozen due to the four delta functions, and all other internal
helicity configurations vanish. Examining the cut conditions, i.e. ℓ2i = 0 for
i = 1, 2, 3, 4, the necessity for having pi ∈ C becomes apparent.

ℓ24 = (ℓ1 + p4)
2 = ⟨ℓ1 4⟩ [4 ℓ1] = 0 , (2.148)

since we require A
(0)
3 (−ℓ+4 , 4

+, ℓ−1 ) to be non-zero we pick λℓ1 = λ4. There were
two choices available to us, leading to two sets of solutions to the cut conditions.
We choose the non-trivial solution. Performing the same analysis on the corner
containing p1,

ℓ22 = (ℓ1 − p1)
2 = ⟨ℓ1 1⟩ [1 ℓ1] = 0 , (2.149)

and we select, up to a scale factor, λℓ1 = αℓ1λ1. Fixing the scale factor across a
massive corner,

ℓ23 = (ℓ1 + p34)
2 = 0, s34 + αℓ1⟨4|p34|1] = 0 =⇒ αℓ1 =

⟨1 2⟩
⟨4 2⟩

,

(2.150)
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hence

ℓ1 =
⟨1 2⟩
⟨4 2⟩

λ4λ1 . (2.151)

Solving for the remaining loop momenta gives the solutions,

ℓ1 =
⟨1 2⟩
⟨4 2⟩

λ4λ1 , ℓ2 =
⟨1 4⟩
⟨4 2⟩

λ2λ1 , ℓ3 =
⟨3 4⟩
⟨2 4⟩

λ2λ3 , ℓ4 =
⟨2 3⟩
⟨4 2⟩

λ4λ3 ,

(2.152)

we arrive at the same expression for the one-loop massless box integral,

c4 = ⟨1 2⟩2 [3 4]2 , (2.153)

and we have,

A
(1)
4 (1−, 2−, 3+, 4+)

∣∣∣∣∣
quad−cut

= ⟨1 2⟩2 [3 4]2 . (2.154)

Next, by considering triple cuts of the triangle integral functions, we will pick
up contributions from triangle integral functions as well as box integral functions.

Disc(A(1)
n )|triple cut =

∑
i

c4,iDisc(I4) +
∑
i

c3,iDisc(I3) . (2.155)

Since we have determined the box contributions from the quadruple cuts, any box
integral that we pick up from performing the triple cuts can be discarded. At the
level of the triple cuts, there is one degree of freedom left unfixed after imposing
the cuts. Determining the coefficients in this case require explicit integration over
this remaining degree of freedom. One can use complex analysis to determine the
coefficients [59] or by using the canonical basis approach [60] that provides a
dictionary for integrals appearing at the level of triple-cuts or double cuts. The
canonical basis approach is the method of choice in all subsequent calculations
of integral coefficients that require integration. The bubble contributions can be
determined in a similar fashion.

By performing the cuts in all channels the full cut constructible part of an
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amplitude can be determined.

2.9.3 D-dimensional Unitarity

The unitarity sections above performed cuts of the amplitude in D = 4 di-
mensions. The simplicity of the calculation, supplied by ability to use four-
dimensional amplitudes in the cut integrands, came at the cost of an O(ϵ0) am-
biguity. Alternatively, cuts of the amplitude can be performed in D = 4 − 2ϵ

dimensions [61–66] with a decomposition of the loop momentum in terms of a
four-dimensional component and a −2ϵ component

ℓ = ℓ[4] + ℓ[−2ϵ] = ℓ̃+ µ , (2.156)

where ℓ2 = ℓ̃2 − µ2. The decomposition of the D-dimensional integral measure
then reads as, ∫

dDℓ

(2π)D
=

∫
d4ℓ̃

(2π)4

∫
d−ϵµ2

(2π)−2ϵ
. (2.157)

This framework avoids any ambiguity in the dimensional regulator leading to,
in part, all-order collinear behaviour of loop-amplitudes [140] and all-ϵ forms of
one-loop amplitudes [141].

In order to use the cuts in D-dimensions, a D-dimensional basis of integrals
is required [67, 68]. A major advantage of this line of work amounts to a deter-
mination of the rational parts of the amplitudes that arise from rational integrals
involving O(−2ϵ) integrations. The contributions to the rational terms in one-
loop amplitudes were determined directly in [71].

More recently, the D-dimensional unitarity approach has proved to be an
especially effective method in computing two-loop amplitudes [94–96, 99–102,
105, 106, 108–110].

Despite the reach and obvious effectiveness of D-dimensional unitarity 1 a
major drawback is the ability to reach higher multiplicities due to the need for
calculating more complicated integrals. With this in mind, our preferred method

1The first S-matrix elements at two-loops (at both leading in colour and full colour) with
non-identical helicities have been calculated using D-dimensional unitarity.
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of four-dimensional unitarity avoids this issue especially for the two-loop all-plus
amplitude 1 at the cost of calculating the rational pieces separately.

The following section discusses the factorisation properties of loop amplitudes,
which are vital in determining the rational terms of loop amplitudes in the four-
dimensional unitarity philosophy.

2.9.4 Factorisation of Loop Amplitudes

Much like their tree-level partners, loop amplitudes also exhibit factorisation
properties. These properties are useful for consistency checks on an amplitude
and also provide strong constraints in the process of building some rational one-
loop amplitudes [38, 77, 78]. In chapter 3 and chapter 4 we use the multiparticle
factorisation of the two-loop all-plus amplitude to determine its rational contri-
bution, as such we briefly review the factorisation theorems here.

When two external legs become collinear under the parametrisation (2.86),
one-loop amplitudes factorise in a similar way to tree-level amplitudes with the
addition of a term dependent on a one-loop splitting function [56, 140, 142],

A(1)
n (..., ihi , jhj , ...) −→

i||j

∑
h=±

(
Split(0)−h

(
ihi , jhj ; z

)
A

(1)
n−1

(
1..., kh, ..., n

)
+ Split(1)−h

(
ihi , jhj ; z

)
A

(0)
n−1

(
1..., kh, ..., n

))
.

(2.158)

Explicitly, the one-loop splitting functions can be written as the sum of a fac-
torising and non-factorising terms [142],

Split(1)h (ihi , jhj) = Split(1)h (ihi , jhj)fact + Split(1)h (ihi , jhj)non-fact . (2.159)
1discussed in chapter 4 and chapter 3
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The factorising parts are given as,

Split(1)± (i+, j−)fact = Split(1)± (i−, j+)fact = 0 ,

Split(1)+ (i+, j+)fact = −1

3

√
z(1− z)

[i j]

⟨i j⟩2
,

Split(1)− (i+, j+)fact =
1

3

√
z(1− z)

1

⟨i j⟩
, (2.160)

and the non-factorising part is given as,

Split(1)h (ihi , jhj)non-fact = Split(0)h (ihi , jhj)

[
− 1

ϵ2

(
−z(1− z)sij

µ2

)−ϵ

+ 2 ln(z) ln(1− z)− π2

6

]
.

(2.161)

The one-loop collinear behaviour has a straightforward generalisation to all-
loop orders [58, 140],

A(L)
n

(
..., ihi , jhj , ...

)
−→
i||j

L∑
l=0

∑
h=±

Split(l)−h

(
ihi , jhj ; z

)
A

(L−l)
n−1

(
..., kh, ...

)
, (2.162)

where the two-loop splitting functions were found in ref. [58]. Analogous expres-
sions exist for soft factorisations in the limit that the momentum of an external
leg approaches zero. The soft behaviour of gluon amplitudes has been understood
at tree-level [133, 134], one-loop [142, 143] and two-loop [144–147].

Likewise for multiparticle factorisations, amplitudes factorise in the limit,

A(L)
n (1, ..., i, i+ 1, ..., n) −−−−−−−→

k2=t1...,i→0

L∑
l=0

∑
h=±

A
(l)
i+1

(
1, ...i, kh

) −1

k2
A

(L−l)
n−i+1

(
−k−h, i+ 1, ..., n

)
,

(2.163)

which is of paramount importance in calculating the rational part of loop-amplitudes
through recursive techniques.

A specific example of its use is presented in section 3.4 and section 4.6 where
the rational parts of some two-loop all-plus amplitudes are calculated, both at
leading in colour [88] and subleading in colour [89] respectively. In those cases,
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we examine the factorisations of the amplitudes and only consider the rational
contributions to the factorised amplitudes in such a limit. The multiparticle and
collinear1 factorisations used in this way allow us to calculate the rational part of
a higher-point amplitude using lower-point amplitudes through augmented recur-
sion. The multiparticle factorisations contain only simple poles, but the collinear
factorisations contain double poles that hinder the canonical implementation of
complex recursion. We discuss this issue and show how to overcome it in subsec-
tion 2.10.1. Preliminarily, in the next section we discuss rational amplitudes and
some of their properties.

2.10 Rational Contributions to Loop Amplitudes
This section deals with rational contributions to loop amplitudes. In particular
we consider the rational one-loop all-plus and single-minus helicity amplitudes,
then in the later sections we review the rational contributions to the two-loop
all-plus amplitude at n = 5 through augmented recursion. The one-loop all-plus
and single-minus helicity amplitudes are completely rational, i.e. they are finite
as ϵ → 0 and additionally do not contain branch cut singularities in D = 4

dimensions. These helicity amplitudes owe their simpler singular structure2 to
the fact that their tree-level counterparts vanish through supersymmetric Ward
identities [72–74].

The leading in colour one-loop all-plus amplitude [77–79] expressed to O (ϵ0)

is,

A
(1)
n:1(1

+, 2+, · · · , n+) = − i

3

∑
1≤k1<k2<k3<k4≤n

⟨k1 k2⟩ [k2 k3] ⟨k3 k4⟩ [k4 k1]
⟨1 2⟩ ⟨2 3⟩ · · · ⟨n 1⟩

+O(ϵ) .

(2.164)

This expression is rational to order ϵ0.
The one-loop n-point single-minus amplitude was found recursively [79] via

a generalised of the Berends-Giele recursion method, and their forms for four-,
1Which is a special case of the multiparticle factorisation.
2compared to other one-loop amplitudes.
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five- and six-point [38] are given as

A
(1)
4:1(a

−, b+, c+, d+) =
i

3

[b d]3 ⟨b d⟩
[a b] ⟨c d⟩ [d a]

, (2.165)

A
(1)
5:1(a

−, b+, c+, d+, e+) =
i

3

1

⟨c d⟩2

(
− [b e]3

[a b] [e a]
+

⟨a d⟩3 [d e] ⟨c e⟩
⟨a b⟩ ⟨b c⟩ ⟨d e⟩2

+
⟨a c⟩3 [b c] ⟨b d⟩
⟨a e⟩ ⟨d e⟩ ⟨b c⟩2

)
,

(2.166)

A
(1)
6:1(a

−, b+, c+, d+, e+, f+)

=
i

3

[
[f |Kbc|a⟩3

⟨a b⟩ ⟨b c⟩ ⟨d e⟩2 tabc[f |Kab|c⟩
+

[b|Kcd|a⟩3

⟨c d⟩2 ⟨e f⟩ ⟨f a⟩ tbcd[b|Kcd|e⟩

+
[bf ]3

[ab][fa]tcde

(
[bc][cd]

⟨d e⟩ [b|Kcd|e⟩
− [de][ef ]

⟨c d⟩ [f |Kab|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)
− ⟨a c⟩3 [bc] ⟨b d⟩

⟨b c⟩2 ⟨c d⟩2 ⟨d e⟩ ⟨e f⟩ ⟨f a⟩
+

⟨a e⟩3 [ef ] ⟨d f⟩
⟨a b⟩ ⟨b c⟩ ⟨c d⟩ ⟨d e⟩2 ⟨e f⟩2

− ⟨a d⟩3 ⟨c e⟩ [d|Kbc|a⟩
⟨a b⟩ ⟨b c⟩ ⟨c d⟩2 ⟨d e⟩2 ⟨e f⟩ ⟨f a⟩

]
. (2.167)

All-ϵ forms of the one-loop amplitudes exist and are expressed in terms of higher
dimensional scalar integrals. For n ≤ 6 they are [64]

A
(1)
4:1(1

+, 2+, 3+, 4+) =
2iϵ(1− ϵ)

⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 1⟩
× s12s23I

D=8−2ϵ
4 , (2.168)

A
(1)
5:1(1

+, 2+, 3+, 4+, 5+) =
iϵ(1− ϵ)

⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ ⟨5 1⟩

×
[
s23s34I

(1),D=8−2ϵ
4 + s34s45I

(2),D=8−2ϵ
4 + s45s51I

(3),D=8−2ϵ
4

+ s51s12I
(4),D=8−2ϵ
4 + s12s23I

(5),D=8−2ϵ
4 + (4− 2ϵ)ε(1, 2, 3, 4)ID=10−2ϵ

5

]
,

(2.169)
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A
(1)
6:1(1

+, 2+, 3+, 4+, 5+, 6+) =
iϵ(1− ϵ)

⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ ⟨5 6⟩ ⟨6 1⟩
1

2

[
−
∑

1≤i1<i2≤6

tr[/ki1
/P i1+1,i2−1/ki2

/P i2+1,i1−1]I
(i1,i2),D=8−2ϵ
4 + (4− 2ϵ) tr[ /p1 /p2 /p3 /p4 /p5 /p6] ID=10−2ϵ

6

+ (4− 2ϵ)
6∑

i=1

ε(i+ 1, i+ 2, i+ 3, i+ 4)I
(i),D=10−2ϵ
5

]
, (2.170)

where I
(i),D
m denotes the D-dimensional scalar integral obtained by removing

the loop propagator between legs i−1 and i from the (m+1)-point scalar integral
etc. [55]. The all-ϵ forms of the one-loop all-plus amplitudes are relevant as they
appear as the coefficients of the IR divergent part of the leading in colour two-loop
amplitudes [97]. Moreover, when taking collinear limits of the two-loop all-plus,
the all-ϵ form of the one-loop amplitudes are required to correctly describe the
collinear limits to all orders in ϵ [111].

The expression of the all-ϵ forms in terms of higher dimensional integrals is a
reflection of the fact they contain cuts in higher dimensions. The higher dimen-
sional cuts are related to the integrals arising from considering −2ϵ dimensions
when performing the integral reduction [62, 63, 69, 70].

With the relevant rational loop amplitudes discussed, we move to the pre-
ferred method of determining the rational part of loop amplitudes - augmented
recursion.

2.10.1 Complex Recursion Revisited: Augmented Recur-
sion

As touched on earlier, rational contributions to loop amplitudes may contain
double poles as well as single poles. If we consider the case of an amplitude that
only contains a simple pole at zi, the function has a Laurent expansion,

Rs(z) =
a−1

(z − zi)
+ O

(
(z − zi)

0
)
. (2.171)
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This is analogous to the tree-level case and we may determine the single pole
contributions via the residue theorem and general factorisation theorems.

In general, amplitudes can contain simple poles, double poles and higher order
poles. Amplitudes that contain double poles are slightly more complicated than
their tree-level counterparts. We cannot simply apply the residue theorem and
understand the full rational part of the amplitude by examining its residues using
factorisation theorems. Factorisation theorems describe the contributions to the
residue from leading singularities - the highest order poles. This is why simple
pole contributions can be straightforwardly described by their residues. The
higher order poles (double pole or above) have a Laurent series for which there
are subleading poles. The subleading poles are non-factorising objects and must
be determined by alternative methods. In this thesis, we choose to calculate these
subleading poles present in the rational part of amplitudes which contain double
poles using augmented recursion [81, 84–89]. Augmented recursion is a modified
BCFW recursion technique.

We begin the discussion on augmented recursion generally with an analysis
of a Laurent series of a function, R(z), whose highest order pole is a double pole.
Borrowing from the BCFW technique, we consider the ratio of this series with
z, to relate the residue at z = 0 to the rational function we wish to calculate.
Then, we consider a general expression that can arise from a practical calcula-
tion of a rational term containing double poles and compare the residues from
each expression. A specific calculation is then used to demonstrate augmented
recursion, applying it to the case of the two-loop five-gluon all-plus rational piece.

Consider the Laurent expansion of the rational part of an amplitude that
contains a double pole. Expanding about the point in the complex plane where
the double poles are located, zj, we have

R(z) =
b−2

(z − zj)2
+

b−1

(z − zj)
+ O

(
(z − zj)

0
)
. (2.172)

The analytic function of interest when using BCFW recursion, R(z)/z, has the
form
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R(z)

z
=

b−2

z(z − zj)2
+

b−1

z(z − zj)
+ O

(
(z − zj)

0
)
, (2.173)

which we can rewrite in terms of δ = z − zj,

R(z)

z
=

b−2

(δ + zj)δ2
+

b−1

(δ + zj)δ
+ O

(
δ0
)
. (2.174)

Near the pole, δ << 1, hence we can expand close to the pole,

R(z)

z
=

b−2

δ2zj
+

1

δ

(
−b−2

z2j
+

b−1

zj

)
+ O

(
δ0
)
. (2.175)

Writing the Laurent series in this way, exposes the contribution of the double
pole term to the residue. The residue of the rational piece is then calculated with
a contour integration and Cauchy’s residue theorem,

1

2πi

∮
γ

dz
R(z)

z
= R(0) + Res

[
R(z)

z

]∣∣∣∣∣
zj

. (2.176)

The contour, γ is taken to infinity and the contribution at infinity must vanish
for the rational piece to be recovered without requiring boundary terms.

The residue being,

Res
[
R(z)

z

]∣∣∣∣∣
zj

= −b−2

z2j
+

b−1

zj
. (2.177)

In practice we employ an asymptotically well behaved complex shift on the
amplitude, obtaining spinorial expressions that depend on the shift parameter
z. This is not an expression of the amplitude in terms of a Laurent series. It
is an expression that is closely linked to the Laurent series from which we can
determine the coefficients b−2 and b−1 and show their dependence on the value of
the pole zj

1.
1This is an important point. To be a well defined Laurent series, the coefficients of the

poles must not depend on the shift variable z. They do however depend on the pole in question
and will therefore vary according to zj .
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Considering the practical application of this procedure, we obtain an expres-
sion of the form

R(z)

z
=

c−2(z)

z(z − zj)2
+

c−1(z)

z(z − zj)
+ O

(
(z − zj)

0
)
, (2.178)

where the functions ci(z) are a product of spinors that depend on the shift param-
eter. In order to determine the rational piece in general, we use Cauchy’s residue
theorem and the general expression for the contribution of n-th order poles to
the residue,

Res
[

f(z)

(z − zj)n

]∣∣∣∣∣
zj

=
1

(m− 1)!
lim
z→zj

(
d(n−1)

dz(n−1)

(z − zj)
nf(z)

(z − zj)n

)
, (2.179)

where f(z) is a holomorphic function of spinors1 and we have extracted the n-th
order pole.

Consequently, the residue of (2.172) is

Res
[R(z)

z

]∣∣∣∣∣
zj

= −c−2(zj)

z2j
+

1

zj

 d
dz c−2(z)

∣∣∣∣∣
zj

+ c−1(zj)

 . (2.180)

Thus, we have identified the coefficients in (2.173) through the residues (2.177)
and (2.178) as

b−2 = c−2(zj) b−1 =
d
dz c−2(z)

∣∣∣∣∣
zj

+ c−1(zj) . (2.181)

The identification of the Laurent series coefficients demonstrates the dependence
on the location of the pole. That is to say, the coefficients are not universal and
vary with regard to the specific momentum channel taken on-shell.

In subsection 2.10.5 we will see an explicit example of this in terms of the
leading in colour two-loop five-gluon all-plus rational piece. We also show how the
first term in (2.180) is related to factorisation theorems, implying the remaining
subleading contributions are non-factorising.

1In the explicit double pole example, f(z) would be c−2(z).
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So in principle, we may use Cauchy’s residue theorem provided we know the
value of c−2(z), the leading pole and c−1(z) the subleading pole coefficients.

2.10.2 The Rational Part of Two-Loop All-Plus Ampli-
tudes: Double Poles

This technique is best illustrated in the context of a calculation. In the following
sections we examine the factorisations that give double pole contributions from
a two-loop all-plus amplitude in general at first, then specialising to n = 5.

To perform the recursion we require R(z) → 0 as |z| → ∞ which we can
achieve by exciting the amplitude using the Risager shift [37] (2.182), here we
choose to shift the legs a, b and c 1

λa →λ̂a = λa + z [bc]λη ,

λb →λ̂b = λb + z [c a]λη ,

λc →λ̂c = λc + z [a b]λη . (2.182)

It follows that excited complex poles will be functions only of the λ spinors. The
shift also introduces a reference spinor λη into the functional form of the rational
piece. The rational piece is independent of the choice of λη (since it is a reference
spinor) and we may reconstruct the rational piece to generate a form that is
explicitly independent of λη. This will be examined in section 3.7.

This shift will excite diagrams that contain poles in z. In general they will
correspond to factorisation shown in (2.163). As we are focussing on double
poles from two-loop amplitudes however, we will constrain the discussion to the
one-loop to one-loop factorisations where the double poles reside.

General factorisation theorems only determine the value of the leading pole.
As of yet there are no general theorems that allow us to construct the sublead-
ing pole structure using four-dimensional on-shell methods. Therefore we must
deduce the value of the subleading pole on a case by case basis using augmented

1In principle, we can shift any combination of legs for the all-plus.
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recursion. This approach has seen success at one-loop [81, 84, 85] and two-
loops [86–89], the latter two references forming part of chapter 3 and chapter 4.

To analyse the double pole structure we use axial gauge methods. The ad-
vantage of axial gauge is that, although it is an off-shell method, helicity still
labels the internal legs and the vertices can be expressed in terms of nullified
momenta [122, 132] defined using,

k♭ = k − k2

[q|k|q⟩
q , (2.183)

where q is a null reference vector.
Double poles in two-loop (and one-loop) amplitudes arise in diagrams where

there is a factorisation of the amplitude into a product of a one-loop single minus
amplitude (or a non-vanishing tree-amplitude) and crucially the one-loop three-
point vertex.

In the axial gauge formalism the one-loop three-point all-plus vertex is ex-
pressed as,

A
(1)
3 (a+, b+, k+) =

V
(1)
3 (a+, b+, k+)

k2
=

i

3

[a b]
[
b k♭
] [
k♭ a
]

k2
, (2.184)

which is only non-zero for complex momenta1.
Consider the leading sab double pole in one- and two-loop all-plus amplitudes.

It can be written in terms of factorisations of the type

V
(1)
3 (a+, b+, k+)

−1

s2ab
A(L)(−k−, c+, ..., n+) , (2.185)

where L = 0, 1. The factorisation is shown diagrammatically in 2.6, and we will
only consider L = 1 from now on.

1and where we can express the one-loop all-plus amplitude as a vertex function with the
propagator extracted explicitly.
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Figure 2.6: The origin of the double pole. The double pole corresponds to the
coincidence of the singularity arising in the complex three-point all-plus amplitude
and the propagator when the amplitude factorises as K2 = sab → 0.

The full pole contribution1 of eq.(2.175) arises from applying a Risager shift
to the amplitude and taking residues of all excited diagrams of the form shown
in fig. 2.7.

Figure 2.7: Diagram containing the leading and sub-leading poles as sab → 0. The
axial gauge construction permits the off-shell continuation of the internal legs. The
two internal helicity configurations must be summed over to obtain the complete
contribution to the 1/sab residue. The one-loop current τ

(1)
n can be built from the

on-shell n-point one-loop single minus amplitude.

This diagram can be expressed as a loop integral containing two off-shell
tree-level amplitudes and a doubly off-shell current, τ (L)n , which encodes the in-

1Including the non-factorising components.
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formation that gives the double pole and subsequent subleading single pole con-
tributions. There are two helicity configurations of the diagram and the full pole
structure is only recovered by summing the two, as in (2.186).

Expressing the 3-pt vertices in axial gauge, fig. 2.7 gives the integral1

i

cΓ(2π)D

∫
dDℓ

ℓ2α2β2

[a|ℓ|q⟩[b|ℓ|q⟩
⟨a q⟩ ⟨b q⟩

⟨β q⟩2

⟨α q⟩2
[
τ (1)n (α−, β+, c+, ..., n+) + τ (1)n (α+, β−, c+, ..., n+)

]
.

(2.186)

The integral contributes one power of s−1
ab upon evaluation, and the doubly

off-shell current contains terms that are O(s−1
ab ) and terms that are finite and/or

polynomial in sab. Once the integration has been performed, it is the singular
terms in the current that coincide with general factorisations. The remaining
terms that are finite in sab in the current acquire the factor of s−1

ab from the inte-
gration to give the non-factorising contributions. The current, τ (1)n , is pivotal to
augmented recursion.

If the current being considered is the leading in colour current, the second
helicity configuration can be related to the first using the flip symmetry followed
by the cycling and relabelling of the legs,

τ
(1)
n:1(α

+, β−, c+, ..., n+) = (−1)nτ
(1)
n:1(β

−, α+, n+, ..., c+) . (2.187)

We are free to relabel the off-shell legs since they have been treated in the same
manner, likewise with the external on-shell legs. This implies that only one cur-
rent needs to be calculated, τ (1)n (α−, β+, c+, ..., n+).

The pole as sab → 0 arises from regions of the loop momentum integration
where three adjacent propagators are simultaneously on-shell. The pole corre-
sponds to a momentum configuration where pa||pb, since sab = 0 =⇒ 2pa ·pb = 0.

1Where the factor cΓ is inserted in order to be consistent with the convention set out in
(2.17).
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When ℓ2 = 0, α2 = 0 and β2 = 0, we have

α2 = 2pa · ℓ = 0, β2 = 2pb · ℓ = 0, sab = sαβ = 2α · β = 0 , (2.188)

such that all the internal legs are close to collinear.
Since we are really only interested in the function derived from fig. 2.7 in this

particular collinear region, these relations can be used to simplify the current.
Any powers of ℓ2, α2 or β2 appearing in the numerator of the integrand generate
powers of sab when the loop momentum integration is performed, and can hence
be regarded as small, allowing for expansions in sab. Similarly ⟨aα⟩, ⟨a β⟩, ⟨b α⟩
and ⟨b β⟩ can all be regarded as small.

Moreover, we will ultimately be taking residues of this integrated expression
on the sab pole. Any terms that are O(sab) or higher in the current can be ignored
as they will vanish in the residue. Instead of generating the full off-shell current,
it is sufficient for τ (1)n to satisfy two conditions [85]:

(C1) it reproduces the leading poles in sαβ → 0 shown in fig. 2.8.

(C2) in the limit α2, β2 → 0 (the on-shell limit) the n-point one-loop single minus
amplitude is reproduced.

Figure 2.8: The factorisations that τ
(1)
n must reproduce.

Condition (C1) provides a starting point for constructing the current. In
the next section, we show how to expose the non-factorising subleading pole
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contribution by deriving the current1 needed for the rational part of the leading
in colour two-loop five-point all-plus amplitude.

We reiterate here, that this off-shell meromorphic function, τ (1)n (α−, β+, c+, d+, e+)

was deduced in [89] with the choice of shifted reference spinor only set to equal
to the axial gauge reference spinor λη = λq. This differs from the function first
found in [86] which set λη = λq = λd.

2.10.3 Determining the leading current, τ (1)5;1 (α
−, β+, c+, d+, e+).

The leading adjacent current is 2 derived from the one-loop single-minus five-point
amplitude [148],

A
(1)
5;1

(
α−, β+, c+, d+, e+

)
=

i

3

1

⟨c d⟩2

(
⟨c e⟩ ⟨α d⟩3 [d e]
⟨αβ⟩ ⟨d e⟩2 ⟨β c⟩

+
⟨α c⟩3 ⟨β d⟩ [β c]

⟨d e⟩ ⟨α e⟩ ⟨β c⟩2
− [β e]3

[αβ] [e α]

)
=

∑
j=i,ii,iii

A
(1)
5;1j

(
α−, β+, c+, d+, e+

)
, (2.189)

where

A
(1)
5;1i

(
α−, β+, c+, d+, e+

)
=

i

3

1

⟨c d⟩2

(
⟨c e⟩ ⟨α d⟩3 [d e]
⟨αβ⟩ ⟨d e⟩2 ⟨β c⟩

)
, (2.190)

A
(1)
5;1ii

(
α−, β+, c+, d+, e+

)
=

i

3

1

⟨c d⟩2

(
− [β e]3

[αβ] [e α]

)
, (2.191)

A
(1)
5;1iii

(
α−, β+, c+, d+, e+

)
=

i

3

1

⟨c d⟩2

(
⟨α c⟩3 ⟨β d⟩ [β c]

⟨d e⟩ ⟨α e⟩ ⟨β c⟩2

)
. (2.192)

We choose to separate the amplitude into a sum of terms for two reasons. Firstly,
to identify the term that will ultimately become the double pole coefficient, b−2

in the Laurent series (2.172) around sab. Secondly, to identify the terms that are
associated to the factorisations of the current on the sαβ pole as shown in fig.2.8

1dubbed the adjacent current
2Creatively named as such since the off-shell legs are adjacent.
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and written in the axial gauge formalism as

τ
(1),α−β+

5:1dp:fact =
[β k] ⟨α q⟩2

⟨β q⟩ ⟨k q⟩
1

sαβ
A

(1)
4

(
k−, c+, d+, e+

)
=

i

3

⟨α q⟩2

⟨β q⟩2
⟨e c⟩ ⟨q|αβ|q⟩
sαβ ⟨c d⟩ ⟨d e⟩

(
[c e]3

[e|kαβ|q⟩[c|kαβ|q⟩

)
,

(2.193)

and

τ
(1),α−β+

5:1sb:fact =
⟨α k⟩ [β q]2

[α q] [k q]

1

sαβ
A

(1)
4

(
k+, c+, d+, e+

)
= − i

3

⟨α k⟩ [β q]2

[α q] [k q]

1

sαβ

[e k]2

⟨c d⟩2
.

(2.194)

We must expose these singularities explicitly since we are keeping the reference
momenta general.

A
(1)
5;1i is singular in ⟨αβ⟩ and will give rise to the double pole. It can be

expressed as a sum of terms; the factorisation of the current on sαβ pole (2.193)
and contributions to the subleading pole structure. A(1)

5;1ii is singular in [αβ] and
corresponds to the second helicity configuration in the factorisation of the current
on the sαβ pole given by (2.194) and ultimately contributing to b−1 in (2.172).
Similarly, A(1)

5;1iii is not singular in either ⟨αβ⟩ or [αβ] and when integrated will
contribute to the subleading pole structure, b−1.

Turning our focus to A
(1)
5;1i, we apply the following formula to expose the sαβ

pole by stripping off a term finite in sαβ,

1

⟨αβ⟩ ⟨β c⟩
=

[β α] [q|kαβ|c⟩ ⟨β q⟩
sαβ ⟨β c⟩ ⟨β q⟩ [q|kαβ|c⟩

(2.195)

=
1

⟨α q⟩ ⟨β q⟩2

(
⟨q|αβ|q⟩[q|kαβ|q⟩

sαβ[q|kαβ|c⟩
+

⟨q β⟩ ⟨q c⟩ [q|α|q⟩
⟨β c⟩ [q|kαβ|c⟩

)
. (2.196)

Using this, we rewrite A
(1)
5;1i while factoring out ⟨α q⟩2 / ⟨β q⟩2 for ease of inte-

gration. Simultaneously, by capping on-shell instances of the legs we wish to
continue off-shell, i.e. ⟨αX⟩, with [β α] in both the numerator and denominator,
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we can perform the off-shell continuation using,

[β α] ⟨αX⟩
[β α] ⟨α q⟩

=
[β|k♭

αβ|X⟩
[β|kαβ|q⟩

=
[q|kαβ|X⟩
[q|kαβ|q⟩

+ sαβ
[β|q|X⟩

[β|kαβ|q⟩[q|kαβ|q⟩
+ O

(
s2αβ
)
.

(2.197)

Taking k♭
αβ, off-shell disregarding any O(sαβ) terms that will vanish once the

residue is taken and performing some on-shell simplifications,

A
(1)
5;1i

(
α−, β+, c+, d+, e+

)
=

i

3

⟨c e⟩ [d e]
⟨c d⟩2 ⟨d e⟩2

⟨α q⟩2

⟨β q⟩2
[β|k♭

αβ|d⟩3

[β|kαβ|q⟩3

(
⟨q|αβ|q⟩[q|kαβ|q⟩

sαβ[q|kαβ|c⟩
+

⟨q β⟩ ⟨q c⟩ [q|α|q⟩
⟨β c⟩ [q|kαβ|c⟩

)
=

i

3

⟨c e⟩ [d e]
⟨c d⟩2 ⟨d e⟩2

⟨α q⟩2

⟨β q⟩2
[q|kαβ|d⟩3

[q|kαβ|q⟩2
⟨q|αβ|q⟩

sαβ[q|kαβ|c⟩

+
i

3

⟨c e⟩ [d e]
⟨c d⟩2 ⟨d e⟩2

⟨α q⟩2

⟨β q⟩2

(
−3

⟨q d⟩ [q|β|q⟩[q|kαβ|d⟩2

[q|kαβ|c⟩[q|kαβ|q⟩2
+

[q|kαβ|d⟩3

[q|kαβ|q⟩3
⟨q β⟩ ⟨q c⟩ [q|α|q⟩
⟨β c⟩ [q|kαβ|c⟩

)
+ O(sαβ) . (2.198)

The first term is close to the factorisation. Manipulating part of the first term in
(2.198),

⟨c e⟩ [q|kαβ|d⟩3 [d e]
[q|kαβ|q⟩2[q|kαβ|c⟩

=
⟨e c⟩ [q|kαβ|d⟩2 [c e]

[q|kαβ|q⟩2
+

⟨e c⟩ [q|kαβ|d⟩2 [q e] sαβ
[q|kαβ|q⟩2[q|kαβ|c⟩

, (2.199)

we extract another term contributing to b−1. The final step to extract the fac-
torisation (2.193) is the following expansion around sαβ

1. Consequently, we can
eliminate the factors of [q|kαβ|d⟩2 in the numerator of terms like,

[q|kαβ|d⟩2 [c e]2

⟨c d⟩ ⟨d e⟩ [c e]2 [q|kαβ|q⟩2
=

[q|kαβ|d⟩2 [c e]2

[e|kαβ|d⟩[c|kαβ|d⟩[q|kαβ|q⟩2

=
[c e]2

[e|kαβ|q⟩[c|kαβ|q⟩

(
1 +

[c q] ⟨q d⟩ sαβ
[c|kαβ|q⟩[q|kαβ|d⟩

)−1(
1 +

[e q] ⟨q d⟩ sαβ
[e|kαβ|q⟩[q|kαβ|d⟩

)−1

=
[c e]2

[e|kαβ|q⟩[c|kαβ|q⟩

(
1− sαβ

(
[c q] ⟨q d⟩

[c|kαβ|q⟩[q|kαβ|d⟩
+

[e q] ⟨q d⟩
[e|kαβ|q⟩[q|kαβ|d⟩

))
+ O(s2αβ) . (2.200)
1sαβ can be considered small since the pole arises in regions of the integration for which all

three internal propagators are on shell.
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These manipulations applied concurrently give the following result with the fac-
torisation of the current (2.193) explicitly exposed. The additional terms con-
tribute to the non-factorising single pole contribution,

A
(1)
5;1i

(
α−, β+, c+, d+, e+

)
=

i

3

⟨α q⟩2

⟨β q⟩2
⟨e c⟩ ⟨q|αβ|q⟩
sαβ ⟨c d⟩ ⟨d e⟩

(
[c e]3

[e|kαβ|q⟩[c|kαβ|q⟩

)

+
i

3

⟨α q⟩2

⟨β q⟩2
⟨e c⟩ [c e]2 ⟨q|αβ|q⟩

⟨c d⟩ ⟨d e⟩ [c|kαβ|q⟩[e|kαβ|q⟩

(
[q e]

[q|kαβ|c⟩
− [c e] [c q] ⟨q d⟩

[c|kαβ|q⟩[q|kαβ|d⟩
− [c e] [e q] ⟨q d⟩

[e|kαβ|q⟩[q|kαβ|d⟩

)
+

i

3

⟨c e⟩ [d e]
⟨c d⟩2 ⟨d e⟩2

⟨α q⟩2

⟨β q⟩2

(
−3

⟨q d⟩ [q|β|q⟩[q|kαβ|d⟩2

[q|kαβ|c⟩[q|kαβ|q⟩2
+

[q|kαβ|d⟩3

[q|kαβ|q⟩3
⟨q β⟩ ⟨q c⟩ [q|α|q⟩
⟨β c⟩ [q|kαβ|c⟩

)
+ O(sαβ). (2.201)

At this stage A(1)
5;1i is almost well defined for α2, β2 ̸= 0, the last term contains the

ratio ⟨q β⟩ / ⟨β c⟩ for which the denominator is has not been continued off-shell.
We may use a result that is only well defined when considering the current as part
of the diagram in fig.2.7, where the current has been integrated, and α = a + ℓ

and β = b− l. In this context we may use the Schouten identity,

⟨X α⟩
⟨Y α⟩

=
⟨X α⟩
⟨Y α⟩

⟨Y a⟩
⟨Y a⟩

=
⟨X a⟩
⟨Y a⟩

+ O(⟨α a⟩) , (2.202)

since factors of ⟨α a⟩, ⟨α b⟩, ⟨β a⟩, ⟨β b⟩ integrate to ⟨a b⟩ they can be considered
small; additionally, they will not contribute to the residue.

Next we consider,

A
(1)
5;1ii

(
α−, β+, c+, d+, e+

)
=

i

3

1

⟨c d⟩2

(
− [β e]3

[αβ] [e α]

)
. (2.203)

This term is singular in [αβ] and we may associate it to the factorisation (2.194)
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by Schoutening terms in the numerator to expose the pole,

A
(1)
5;1ii

(
α−, β+, c+, d+, e+

)
= − i

3

1

⟨c d⟩2
[β e]3

[αβ] [e α]

= − i

3

1

⟨c d⟩2
[β e]2

[αβ] [e α] [α q]
[α q] [β e]

= − i

3

1

⟨c d⟩2
[β e]2 [q e]

[e α] [α q]
− i

3

1

⟨c d⟩2
[β e]2 [q β]

[αβ] [α q]
. (2.204)

We take the [β e]2 term off-shell using,

[β e]2 [β q] ⟨β α⟩
sαβ [α q]

= −
〈
α k♭

〉
[β q]2

[
e k♭
]2

sαβ [α q] [k q]
+

[e|q|α⟩
[q|k|q⟩ [α q] [k q]

(
[e β] [β q] [k q] + [β q]2

[
e k♭
])

.

(2.205)

Through this manipulation the factorisation is exposed with the addition of sub-
leading terms,

A
(1)
5;1ii

(
α−, β+, c+, d+, e+

)
= − i

3

〈
α k♭

〉
[β q]2

[α q] [k q]

1

sαβ

[
e k♭
]2

⟨c d⟩2

− i

3

1

⟨c d⟩2

(
[β e]2 [q e]

[e α] [α q]
− [e|q|α⟩

[q|k|q⟩ [α q] [k q]

(
[e β] [β q] [k q] + [β q]2

[
e k♭
]))

.

(2.206)

Summarising the other two terms originating from the on-shell five-point ampli-
tude,

A
(1)
5;1i

(
α−, β+, c+, d+, e+

)
=

i

3

⟨α q⟩2

⟨β q⟩2
⟨e c⟩ ⟨q|αβ|q⟩
sαβ ⟨c d⟩ ⟨d e⟩

(
[c e]3

[e|kαβ|q⟩[c|kαβ|q⟩

)

+
i

3

⟨α q⟩2

⟨β q⟩2
⟨e c⟩ [c e]2 ⟨q|αβ|q⟩

⟨c d⟩ ⟨d e⟩ [c|kαβ|q⟩[e|kαβ|q⟩

(
[q e]

[q|kαβ|c⟩
− [c e] [c q] ⟨q d⟩

[c|kαβ|q⟩[q|kαβ|d⟩
− [c e] [e q] ⟨q d⟩

[e|kαβ|q⟩[q|kαβ|d⟩

)
+

i

3

⟨c e⟩ [d e]
⟨c d⟩2 ⟨d e⟩2

⟨α q⟩2

⟨β q⟩2

(
−3

⟨q d⟩ [q|β|q⟩[q|kαβ|d⟩2

[q|kαβ|c⟩[q|kαβ|q⟩2
+

[q|kαβ|d⟩3

[q|kαβ|q⟩3
⟨q β⟩ ⟨q c⟩ [q|α|q⟩
⟨β c⟩ [q|kαβ|c⟩

)
+ O(sαβ) , (2.207)
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and

A
(1)
5;1iii

(
α−, β+, c+, d+, e+

)
=

i

3

1

⟨c d⟩2

(
⟨α c⟩3 ⟨β d⟩ [β c]

⟨d e⟩ ⟨α e⟩ ⟨β c⟩2

)
, (2.208)

we choose to rewrite these functions in the conventions set out in [86, 89].

τ
(1),α−β+

5:1dp =
i

3

⟨α q⟩2

⟨β q⟩2
⟨e c⟩ ⟨q|αβ|q⟩
⟨c d⟩ ⟨d e⟩

1

sαβ

(
[c e]3

[e|kαβ|q⟩[c|kαβ|q⟩

)
, (2.209)

τ
(1),α−β+

5:1sf = − i

3

〈
α k♭

〉
[β q]2

[α q] [k q]

1

sαβ

[
e k♭
]2

⟨c d⟩2
, (2.210)

τ
(1),α−β+

5:1ap =
i

3

⟨α q⟩2

⟨β q⟩2

[
⟨e c⟩ [c e]2 ⟨q|αβ|q⟩

⟨c d⟩ ⟨d e⟩ [c|kαβ|q⟩[e|kαβ|q⟩

(
[q e]

[q|kαβ|c⟩
− [c e] [c q] ⟨q d⟩

[c|kαβ|q⟩[q|kαβ|d⟩

− [c e] [e q] ⟨q d⟩
[e|kαβ|q⟩[q|kαβ|d⟩

)

+
⟨c e⟩ [d e]

⟨c d⟩2 ⟨d e⟩2

(
−3

⟨q d⟩ [q|β|q⟩[q|kαβ|d⟩2

[q|kαβ|c⟩[q|kαβ|q⟩2
+

[q|kαβ|d⟩3

[q|kαβ|q⟩3
⟨q β⟩ ⟨q c⟩ [q|α|q⟩
⟨β c⟩ [q|kαβ|c⟩

)
+

1

⟨c d⟩2
⟨α c⟩3 ⟨β d⟩ [β c]

⟨d e⟩ ⟨α e⟩ ⟨β c⟩2

]
+ O(sαβ) , (2.211)

τ
(1),α−β+

5:1sl = − i

3

1

⟨c d⟩2

(
[β e]2 [q e]

[e α] [α q]

)
, (2.212)

τ
(1),α−β+

5:1sk =
i

3

1

⟨c d⟩2

(
[e|q|α⟩

[q|k|q⟩ [α q] [k q]

(
[e β] [β q] [k q] + [β q]2

[
e k♭
]))

. (2.213)

The leading current for this helicity configuration, τ (1)5;1 (α
−, β+, c+, d+, e+) is,

τ
(1)
5;1 (α

−, β+, c+, d+, e+) = τ
(1),α−β+

5;1dp + τ
(1),α−β+

5;1sf + τ
(1),α−β+

5;1ap + τ
(1),α−β+

5;1sl + τ
(1),α−β+

5;1sk + O(sαβ).

(2.214)

We now move on to integrate this current.
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2.10.4 Integrating the leading current, τ (1)5;1 (α
−, β+, c+, d+, e+).

In order to obtain the rational term arising from the configuration in fig. 2.6 for
n = 5 the current must be integrated into the triangle,∫

dΛ0(α
+, a+, b+, β−)τ

(1)
5:1 (α

−, β+, c+, d+, e+) , (2.215)

where the measure of the leading in colour contribution to the rational piece is
defined as,∫

dΛ0(α
+, a+, b+, β−) ≡ i

cΓ(2π)D

∫
dDℓ

ℓ2α2β2

[a|ℓ|q⟩[b|ℓ|q⟩
⟨a q⟩ ⟨b q⟩

⟨β q⟩2

⟨α q⟩2
≡
∫
dΛ0 .

(2.216)

Integrating the double pole piece,

Cα−β+

dp =
i

3

∫
dΛ0

⟨α q⟩2

⟨β q⟩2
⟨e c⟩ ⟨q|αβ|q⟩
sαβ ⟨c d⟩ ⟨d e⟩

(
[c e]3

[e|kαβ|q⟩[c|kαβ|q⟩

)

=
i

18

⟨e c⟩ ⟨q|ba|q⟩
sab ⟨c d⟩ ⟨d e⟩

[a b]

⟨a b⟩

(
[c e]3

[e|kab|q⟩[c|kab|q⟩

)

=
i

18

⟨e c⟩ ⟨q|ab|q⟩
⟨c d⟩ ⟨d e⟩ ⟨a b⟩2

(
[c e]3

[e|kab|q⟩[c|kab|q⟩

)
, (2.217)

where we required the integral,∫
dΛ0

[
⟨q|αβ|q⟩

]
= −1

6

[ab]

⟨a b⟩
⟨q|ab|q⟩+ O(ϵ) . (2.218)

Cα+β−

dp , the other helicity configuration of the current, has the same contribution
and combining the two gives,

Cdp = Cα−β+

dp + Cα+β−

dp =
i

9

⟨e c⟩ ⟨q|ab|q⟩
⟨c d⟩ ⟨d e⟩ ⟨a b⟩2

(
[c e]3

[e|kab|q⟩[c|kab|q⟩

)
. (2.219)
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The first subleading pole contribution integral is,

Cα−β+

ap =
i

3

∫
dΛ0

×⟨α q⟩2

⟨β q⟩2

[
⟨e c⟩ [c e]2 ⟨q|αβ|q⟩

⟨c d⟩ ⟨d e⟩ [c|kαβ|q⟩[e|kαβ|q⟩

(
[q e]

[q|kαβ|c⟩
− [c e] [c q] ⟨q d⟩

[c|kαβ|q⟩[q|kαβ|d⟩
− [c e] [e q] ⟨q d⟩

[e|kαβ|q⟩[q|kαβ|d⟩

)
+

⟨c e⟩ [d e]
⟨c d⟩2 ⟨d e⟩2

(
−3

⟨q d⟩ [q|β|q⟩[q|kαβ|d⟩2

[q|kαβ|c⟩[q|kαβ|q⟩2
+

[q|kαβ|d⟩3

[q|kαβ|q⟩3
⟨q a⟩ ⟨q c⟩ [q|α|q⟩
⟨a c⟩ [q|kαβ|c⟩

)
+

1

⟨c d⟩2
⟨a c⟩ [c|β|d⟩
⟨d e⟩ ⟨e a⟩

]
+ O(⟨a β⟩) , (2.220)

where we have used the approximation (2.202) to simplify the integration, dis-
carding terms of order ⟨a β⟩, ⟨b β⟩, ⟨aα⟩, ⟨b α⟩ that will not contribute to the
residue after integration. After using (2.218), the integrated terms are,

Cα−β+

ap = − i

18

[a b]

⟨a b⟩

[
⟨e c⟩ [c e]2 ⟨q|ba|q⟩

⟨c d⟩ ⟨d e⟩ [c|kab|q⟩[e|kab|q⟩

(
[q e]

[q|kab|c⟩
− [c e] [c q] ⟨q d⟩

[c|kab|q⟩[q|kab|d⟩
− [c e] [e q] ⟨q d⟩

[e|kab|q⟩[q|kab|d⟩

)
+

⟨c e⟩ [d e]
⟨c d⟩2 ⟨d e⟩2

(
−3

⟨q d⟩ [q|d+ 2e|q⟩[q|kab|d⟩2

[q|kab|c⟩[q|kab|q⟩2
+

[q|kab|d⟩3

[q|kab|q⟩3
⟨q a⟩ ⟨q c⟩ [q|2d+ e|q⟩

⟨a c⟩ [q|kab|c⟩

)
+

1

⟨c d⟩2
⟨a c⟩ [c|d+ 2e|d⟩

⟨d e⟩ ⟨e a⟩

]
+ O(⟨a b⟩) . (2.221)

The third piece is related to the other helicity configuration of fig. 2.6 and we can
make use of the factorisation to write the integral in terms of splitting functions.
If we write,

Cα−β+

sf =

∫
dΛ0

⟨α k⟩ [β q]2

[α q] [k q]

1

sαβ
A(1)(k+, c+, d+, e+)

= Cα−β+

tri × 1

sαβ
A(1)(k+, c+, d+, e+) ,

(2.222)

then the triangle integral

Cα−β+

tri =

∫
dDℓ

ℓ2α2β2

[a|ℓ|q⟩[b|ℓ|q⟩
⟨a q⟩ ⟨b q⟩

⟨β q⟩2

⟨α q⟩2
⟨α k⟩ [β q]2

[α q] [k q]
, (2.223)
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is closely related to the (+,+,−) one-loop splitting function such that we find

Cα−β+

sf + Cα+β−

sf =
1

3

[q a] [q b] [b a]

[k q]2
1

sab
A(1)(k+, c+, d+, e+) . (2.224)

The fourth piece is

Cα−β+

sl =
i

3

∫
dΛ0

1

⟨c d⟩2

(
− [β e]2 [q e]

[e α] [α q]

)
, (2.225)

and after extracting a factor of ⟨β q⟩2 / ⟨α q⟩2 from the measure and rewriting, we
have,

Cα−β+

sl =
i

3

∫
dΛ′

0

[q e]

⟨c d⟩2

(
− [e|kab|q⟩2

[e|α|q⟩[q|α|q⟩
+ 2

[e|kab|q⟩
[q|α|q⟩

− [e|α|q⟩
[q|α|q⟩

)
. (2.226)

We promote [q|α|q⟩ in the denominator to a propagator, discarding terms of order
α2 through,

1

2α.q
− 1

(α + q)2
=

α2

2α.q(α + q)2
. (2.227)

We also make use of the following to reduce box integrals to triangles using

[a|ℓ|q⟩[b|ℓ|q⟩ = α2⟨q|bℓ|q⟩+ β2⟨q|aℓ|q⟩+ ℓ2⟨q|Pabβ|q⟩
⟨a b⟩

. (2.228)

Taking into account the promoted propagator, the only non-vanishing triangle is,

− i

3

[q e]

⟨a b⟩ ⟨c d⟩2 2k.q

∫
dDℓ

(2π)D
⟨q|bℓ|q⟩[e|α|q⟩

⟨a q⟩ ⟨b q⟩ ℓ2β2(α + q)2
. (2.229)

After Feynman parametrisation, only the scalar parts of the integrals survive
since each loop momenta is capped with λq and the integral evaluates to the
rational result,

Cα−β+

sl = − i

6

[q e] [a b] [e|b|q⟩
⟨a b⟩ ⟨c d⟩2 sbq

. (2.230)
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Finally we have the C−+
sk piece

Cα−β+

sk =
i

3

∫
dΛ0

1

⟨c d⟩2

(
[e|q|α⟩

[q|k|q⟩ [α q] [k q]

(
[e β] [β q] [k q] + [β q]2

[
e k♭
]))

,

(2.231)

which also makes use of (2.202) and (2.228) to simplify the integral, giving,

Cα−β+

sk =
i

3

∫
dDℓ

(2π)D
[a|ℓ|q⟩[b|ℓ|q⟩

⟨a q⟩ ⟨b q⟩ ℓ2α2β2

⟨β q⟩2

⟨α q⟩2

× 1

⟨c d⟩2

(
[e|q|α⟩

[q|k|q⟩ [α q] [k q]

(
[e β] [β q] [k q] + [β q]2

[
e k♭
]))

,

(2.232)

Cα−β+

sk =
i

18

[b a]

⟨a b⟩
[e q]

⟨c d⟩2 2k.q

(
1

sbq
(5[q|b|q⟩[e|b|q⟩+ 3[q|a|q⟩[e|b|q⟩+ [q|b|q⟩[e|a|q⟩)

+
[e|Pab|q⟩
2k.q

(5[q|b|q⟩+ 4[q|a|q⟩)

)
.

(2.233)

The full current is the sum of the above terms with the currents arising from
the second helicity configuration of the current, τ (1)5:1 (α

+, β−, c+, d+, e+) that are
obtained via (2.187). This can be done before integration, but is often more
convenient to obtain this contribution post-integration. With this is mind (2.187)
translates to replacing the off-shell legs with the on-shell external legs they are
related to, here that is α → a and β → b.

2.10.5 Calculating Residues

The previous two sections have dealt with constructing a diagram that captures
the full singularity structure of the Laurent series about the double pole contained
in the two-loop five-point all-plus amplitude. We have determined the leading
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Figure 2.9: When the amplitude is excited with a Risager shift acting on the legs
pa, pb and pc with general λq, four diagrams corresponding to the rational part of
the two-loop all-plus are excited.

double pole, consistent with factorisation theorems, and we have uncovered its
subleading single pole. Having only had one eye on using complex recursion to
generate the contribution of fig.2.7 to the rational part of the two-loop amplitude,
we turn briefly to examine it and relate our findings to the residue shown in
(2.172).

Performing the Risager shift on the external legs pa, pb and pc excites poles in
exactly four diagrams, each of which is a constituent of the full residue. One such
diagram has the external leg configuration we have used up to this point and it
is straightforward to obtain the remaining three diagrams by a simple cycling of
legs. The four diagrams are shown in fig. 2.9 where the first set describe the two
legs that are contained in the one-loop three-point amplitude when the amplitude
factorises on the pole.

Taking the double pole term from the first diagram and showing the Risager
shifted legs,

Ĉdp

(
â+, b̂+, ĉ+, d+, e+

)
=

i

9

⟨e ĉ⟩ ⟨q|ab|q⟩
⟨ĉ d⟩ ⟨d e⟩ ⟨âb̂⟩2

(
[c e]3

[e|kab|q⟩[c|kab|q⟩

)
, (2.234)

we see that only the holomorphic spinors are shifted. Any spinors contracted
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with λq are unshifted due to the fact that the shift reference spinor has been
associated to the axial gauge reference spinor, λq = λη. This term is the first
term in (2.178).

The double pole in the complex shift variable z is

1

⟨âb̂⟩2
=

1

(⟨a b⟩+ z[c|kab|q⟩)2
=

1

[c|kab|q⟩2
1

(z − zj)2
, (2.235)

where the location of the pole is zj = − ⟨a b⟩
[c|kab|q⟩

.
The contribution to the residue of the rational piece is calculated using (2.179)

for m = 2, resulting in

Res

[
c−2(z)

z(z − zj)2

] ∣∣∣∣∣
z=zj

=
i

9

(
− ⟨q|ab|q⟩ [c e]3 ⟨ĉ e⟩

⟨a b⟩2 ⟨ĉ d⟩ ⟨d e⟩ [c|kab|q⟩[e|kab|q⟩

+
⟨q|ab|q⟩ [c e]3 ⟨ĉ e⟩

⟨a b⟩2 ⟨ĉ d⟩ ⟨d e⟩ [c|kab|q⟩2[e|kab|q⟩

(
[a b] ⟨c q⟩
⟨ĉ e⟩

− [a b] ⟨q d⟩
⟨ĉ d⟩

))∣∣∣∣∣
z=zj

.

(2.236)

Therefore, the contribution of the double pole to the residue for this configuration
is

b2 = c−2(zj) =
i

9

⟨e ĉ⟩ ⟨q|ab|q⟩
⟨ĉ d⟩ ⟨d e⟩ [c|kab|q⟩2

(
[c e]3

[e|kab|q⟩[c|kab|q⟩

)
. (2.237)

The second term in (2.236) contributes to the non-factorising terms described by
the coefficient c−1(zj).

The remaining contributions to c−1(zj) appear in the residues calculated from
the functions

Res

[
c−1(z)

z(z − zj)

] ∣∣∣∣∣
z=zj

= Res

[
Ĉap + Ĉsf + Ĉsl + Ĉsk

z(z − zj)

] ∣∣∣∣∣
z=zj

, (2.238)

where the single pole structure has been explicitly shown for each term and the
hats denote that all instances of the shifted spinors depend on z.

Combining the residue for this external leg configuration with the other three
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diagrams in Figure 2.9, gives the double pole - and its related subleading single
pole - contribution to the rational part of the two-loop five-point diagram. We
will see this specific calculation in the context of the full colour two-loop five-
point all-plus amplitude in chapter 3, however we see the extension of this to six-
and seven-point leading in colour gluon amplitudes in the following chapter.
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Chapter 3

Analytic all-plus-helicity gluon
amplitudes in QCD

3.1 Introduction
The beginning of the 21st century saw the first leaps forward in the calculation
of the scattering elements at next-to-next-to leading order (NNLO) for gluon
scattering and the past twenty years have seen a great deal of progress. The
accuracy of a cross-section calculation is dictated by NLO and higher order pro-
cesses. As the sensitivity of detectors improves at particle colliders, in particular
the LHC, we are required as theorists to hold up our end of the bargain and
improve our theoretical estimates for cross-sections involving multiple processes
including jets. At NNLO many helicity amplitudes involving quarks and gluons
are still required. The foray into the realm of two-loop gluon amplitudes began
with the calculation of the first full colour four-point gluon helicity amplitude -
the all-plus - in 2000 [70] using a unitarity based approach. The interference of
the two-loop four-point amplitude with tree amplitudes radiating gluons relevant
for NNLO along with its finite remainder being calculated soon after [93] via an
alternative Feynman diagram approach. This was succeeded by the calculation
of all the four-point helicity amplitudes contributing at two-loops in QCD [92]
laying a solid foundation for higher multiplicity helicity amplitudes in the future,
whilst also highlighting the increased complexity of integral functions that we
could expect to meet.
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The methods at four-point illustrated that it was possible to deduce these
amplitudes analytically, however one could expect that the story at two-loop was
not going to proceed as straightforwardly as it did at one-loop.

At the one-loop level, Passarino-Veltman reduction [52] gives a basis of inte-
grals needed for the calculation of gluon amplitudes - box, triangle and bubble in-
tegrals, leaving behind a rational function to be determined. At two-loop however,
one obtains thousands of Feynman diagrams and although a basis of integrals can
be found on a case by case basis using differential equations [54, 97, 149, 150]
and IBP relations [151] there is no method available to find an integral basis for
a generic two-loop amplitude. Moreover, even when an ad hoc basis is found,
often the next bottleneck is in the computation of the Feynman integrals that
are present. These issues present considerable problems in the field and a great
deal of time and effort has gone into both veins of research [152–159].

The two-loop five-point leading in colour amplitude was the first step toward
higher multiplicity in gluon scattering calculations [94]. In this paper the authors
developed a method of D-dimensional integrand reduction solving for a basis of
master integrals, generalising the result of Ossola, Papadopoulos and Pittau [67].
Coupling this with generalised unitarity in D-dimensions to solve for the integrals
coefficients, the branch cut structure and finite remainder was found. Although
the majority of the result was known analytically, three of the integrals present
in the final form depended on five scales and were unknown in analytic form,
requiring numerical evaluation.
These methods at leading in colour saw an extension to full colour utilising tree-
level BCJ relations to relate planar integrals to the non-planar integrals that arise
in the amplitude at subleading in colour [95].

By 2015, Henn et al. presented a compact form for the leading in colour two-
loop five-point all-plus helicity amplitude [96] using differential equations [97].
This paper motivated an organisation of the unrenormalised amplitude into an
IR divergent part and a finite remainder up to O(ϵ). The remarkably compact
form of the amplitude derived in both papers [94, 96] suggested perhaps this
simplicity could be better illustrated via different means. The calculation of the
two-loop five-point all-plus using the four-dimensional generalised unitarity and
augmented recursion [86] showed such simplifications and set the starting point of
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a vein of work that lead to the work presented in this chapter. Four-dimensional
unitarity shows us that the basis of integrals for the two-loop all-plus is in fact the
same as the one-loop integral basis with one small caveat; the cuts of the one-loop
all-plus amplitude are vanishing and force it to act as a vertex in these calcula-
tions. This drastically simplifies the amount of diagrams needed to deduce the
cut constructible part of the amplitude. The trade-off being that the rational part
of the amplitude must be calculated via other means, since the four-dimensional
unitarity cuts aren’t sensitive to rational terms. Augmented recursion was devel-
oped for this reason by the same authors, and had been successfully applied in
many one-loop calculations in gravity and supergravity contexts [81, 84, 85] for
loop amplitudes containing double poles. The combination of four-dimensional
unitarity and augmented recursion then generated the first leading in colour six-
point gluon scattering amplitude at two-loops [87]. This simplified approach to
calculating the cut constructible parts was subsequently used to deduce an all-n
result in Yang-Mills for the polylogarithmic part of the two-loop all-plus [111].

In this chapter, we present a detailed look at the work performed in [88]
that lead to the leading in colour two-loop seven-gluon all-plus amplitude. We
briefly review the one-loop functions that come into play in the four-dimensional
unitarity methods. These functions are recycled in the approach in order to
calculate the two-loop amplitude.

We will then follow the logic of ref. [111] and review the calculation of the
n-point polylogarithmic terms generated by the cuts, as this is a general property
of the two-loop all-plus and illustrates the simplicity of the cut constructible parts
of the amplitude.

The largest contribution to the field from this work is in understanding the
form of the seven-gluon all-plus rational piece. This amplitude contains double
poles and augmented recursion must be applied in this case. We review the
role of augmented recursion in the context of the six-gluon amplitude, since this
result was rederived in the process of computing the seven-point, resulting in a
simpler expression. The method used to rederive the six-point is identical to the
method used for the seven-point, but the six-point is a more tractable example.
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Performing a Risager shift1 [37] on the amplitude excites factorisations containing
the double pole i.e. the one-loop to one-loop factorisations, and also two-loop to
tree factorisations that only contain single poles. The linchpin of augmented
recursion is the use of axial gauge techniques [122] to obtain a doubly off-shell
current that encodes the double pole structure of the rational piece, along with
its vital subleading pole information, which we present at both six- and seven-
point. Combining traditional BCFW [36] recursion techniques to capture the
single pole structure and augmented recursion for the double pole structure, we
derive the rational terms of the six- and seven-gluon amplitudes. This method
initially builds a rational piece that is dependent on the reference spinor λη that
we set to the axial gauge reference spinor2 λq. However, we present the result
which is explicitly independent of the reference spinors and has the correct cyclic
symmetric, by rebuilding the rational piece from the leading double pole and
multiparticle pole factorisations.

3.2 The all-plus helicity amplitude
Before delving into the methods used to calculate the two-loop all-plus amplitude
at six-point and seven-point, we take the time to review some general aspects of
the leading in colour all-plus amplitude in general. The all-plus helicity amplitude
at leading colour can be written as,

An:1(1
+, 2+, ..., n+) =gn−2

∑
L≥1

(
g2NccΓ

)L ×
∑

σ∈Sn/Zn

Tr(T aσ(1)T aσ(2)T aσ(3) · · ·T aσ(n))

× A
(L)
n:1(σ(1)

+, σ(2)+, ..., σ(n)+) , (3.1)

where Nc is the number of colours and the summation is over the set of non-cyclic
permutations, Sn/Zn. This is the specific trace structure belonging to leading in
colour amplitudes at all-loops. At two-loop (L = 2), it is only one of many partial
amplitudes present, but dominates in the limit of large Nc. For the purposes of
specificity we restrict the detail to the leading in colour amplitude for now.

1which introduces a reference spinor λη
2To avoid the excitation of spurious poles in the recursion.
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The tree-level all-plus amplitude vanishes as a consequence of supersymmetric
Ward identities [72, 73]. The first non-vanishing amplitude in the pertubative
expansion of the all-plus, is the rational one-loop amplitude [77]. Expressed to
O (ϵ0) the leading contribution is given by,

A
(1)
n:1(1

+, 2+, · · · , n+) = − i

3

∑
1≤k1<k2<k3<k4≤n

⟨k1 k2⟩ [k2 k3] ⟨k3 k4⟩ [k4 k1]
⟨1 2⟩ ⟨2 3⟩ · · · ⟨n 1⟩

+O(ϵ) .

(3.2)

All-ϵ forms of the one-loop amplitudes are given in terms of higher dimensional
scalar integrals and are presented in section 2.10. The all-ϵ forms of the one-loop
all-plus amplitudes are relevant as they appear as the coefficients of the IR diver-
gent part of the leading in colour amplitudes [97]. When taking collinear limits
of the two-loop all-plus, the all-ϵ form of the one-loop amplitudes are required
such that the collinear limits match order by order in ϵ.

The focus of this chapter is the determination of the two-loop partial ampli-
tude A

(2)
n:1(1

+, 2+, ..., n+) for n = 7, with the calculation put in the context of the
result rederived for n = 6. The leading in colour partial amplitude shares the
symmetry of the trace structure it multiplies, that is, it has full cyclic symmetry,

A
(2)
n:1(1

+, 2+, ..., n+) = A
(2)
n:1(2

+, · · · , n+, 1+) , (3.3)

and a flip symmetry,

A
(2)
n:1(1

+, 2+, ..., n+) = (−1)nA
(2)
n:1(n

+, ..., 2+, 1+) . (3.4)

The IR and UV behaviours of this amplitude have been determined in general
from group theory grounds [33] and motivate a partition of the amplitude into
terms containing singularities in the dimensional regulator and finite pieces [96]:

A
(2)
n:1(1

+, 2+, ..., n+) =A
(1)
n:1(1

+, 2+, ..., n+)

[
−

n∑
i=1

1

ϵ2

(
µ2

−si,i+1

)ϵ

+
nπ2

12

]
+ F

(2)
n:1 + O(ϵ) .

(3.5)

In this equation A
(1)
n:1 is the all-ϵ form of the one-loop amplitude. The finite
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remainder function F
(2)
n:1 is separated into polylogarithmic terms1 P

(2)
n:1 , arising

from the evaluation of the cuts and terms that are purely rational functions of
the spinor variables, R(2)

n:1,

F
(2)
n:1 = P

(2)
n:1 +R

(2)
n:1 . (3.6)

For this helicity configuration the functions composing P
(2)
n:1 are completely de-

termined using four-dimensional cuts. The result for arbitrary numbers of glu-
ons [111] and the IR singularity structure determined by [33] completely specify
the form of the cut constructible terms for the all-plus helicity configuration at
two-loop for any number of external legs. In the following section on unitarity,
we take the time to review the work of [111] in which P

(2)
n:1 was determined in

general.
R

(2)
n:1 is a purely rational function that does not contain any branch cut sin-

gularities, only poles and is therefore missed by the four-dimensional unitarity
cuts. The result for R(2)

6:1 was first presented in [87]. This result was not explicitly
free of spurious singularities and required the inclusion of a term that was de-
signed to remove the spurious singularities. In computing the seven-point rational
term we understood to a greater extent how the pole structures stratifies, and by
grouping together like poles showed the cancellation of spurious poles explicitly.
This motivated us to rederive the six-point rational function and we present the
methodology of that calculation here for brevity since the seven-point rational
piece follows straightforwardly. We then present the result for R(2)

7:1.

3.3 Determining P
(2)
n:1 and Confirming the IR Sin-

gularity Structure
In this section, we review the construction of the cut constructible terms of the
amplitude contributing to the IR singular terms and P

(2)
n:1 . We are able to ob-

tain these using four-dimensional unitarity methods. Noting that the one-loop
amplitudes have no four dimensional cuts since the order ϵ0 expression is purely

1finite as ϵ → 0
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rational, by using cuts of the amplitude where the momenta lie in four dimen-
sions, the one-loop all-plus amplitude appears as a rational vertex. Consequently
the cuts of the two-loop amplitude manifest as cuts of one-loop integral functions
which can be evaluated using one-loop unitarity techniques. The integral basis
for one-loop amplitudes contains box, triangle and bubble integral functions [49–
52], and the integral basis for the two-loop all-plus is given by fig.3.1 in which
the one-loop all-plus amplitude appears as a vertex. For completeness we review
the n-point calculation presented in [111].

Figure 3.1: Four dimensional cuts of the two-loop all-plus amplitude involving
an all-plus one-loop vertex. In the boxes K2 may be null but K4 must contain at
least two external legs.

First consider the various box configurations. The only two non-vanishing
contributions to the integral basis come from the configuration shown in fig. 3.2,
including the one-mass box diagram present in the limit K2 → 0. The three- and
four-mass boxes have a vanishing contribution to the cuts since all external gluons
have positive helicity. In the quadruple cut, massive corners will correspond to
a contribution of a tree amplitude to the cut with four or more legs. As such at
least two of these legs must have negative helicities in order to have a non-trivial
cut. This requires each of the two internal cut legs to have negative helicity,
but a negative helicity of an internal leg on one side of the cut corresponds to a
positive helicity on the other side of the cut. Therefore, for boxes with three or
more massive corners, there is no choice of helicity configuration of the internal
legs that result in a non-vanishing cut.

Additionally, the limiting case, when K2
2 → 0 has three, three-point trees

that enter the cuts. This configuration is only non vanishing when there are
alternating MHV and MHV amplitudes, such that the complex momenta cut
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solutions do not require an unphysical momentum configuration. The last case
to consider is one for which the corner corresponding to the one-loop all-plus as
a vertex is massless. Any configuration where this corner is massless results in
a vanishing contribution. If all corners are massless, massless Googly trees are
adjacent and the cut conditions result in a vanishing contribution. Consider the
following cut1,∫

dLIPSA
(1)
3:1(1

+, l+2 ,−l+1 )A
(0)
3 (2+, l+3 ,−l−2 )A

(0)
3 (3+, l+4 ,−l−3 )A

(0)
3 (4+, l−1 ,−l−4 ) .

(3.7)

Taking the corners involving p1 and p2, the cut conditions imply,

λ1 ∝ λl2 , λ2 ∝ λl2 =⇒ λ1 ∝ λ2 =⇒ s12 = 0 , (3.8)

which is not allowed in general. The same applies if there is one-massive tree
corner. If there are two or more massive trees, again there are insufficient internal
negative helicities to provide a non-vanishing result.

Therefore the only contributions to the boxes arise from fig. 3.2.

Figure 3.2: The non-vanishing quadruple cut. A is a MHV tree amplitude whereas
B is a one-loop all-plus amplitude. The set K2 may consist of a single leg but
the set K4 must contain at least two legs. The integral function depends upon
S ≡ (pi−1 +K2)

2 and T ≡ (K2 + pi+r)
2.

The quadruple cuts [30] of fig. 3.2 generate the general box contributions to
1where there are two helicity configurations that give identical contributions
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the IR terms and P
(2)
n:1 . The cut is given by∫

dLIPSA
(1)
n−r:1

(
−l+1 , (i+ r + 1)+, ..., (i− 2)+, l+2

)
A

(0)
3

(
−l−2 , (i− 1)+, l+3

)
(3.9)

× A
(0)
r+2

(
−l−3 , i

+, ..., (i+ r − 1)+, l−4
)
A

(0)
3

(
−l+4 , (i+ r)+, l−1

)
,

(3.10)

where the legs are taken to be mod n. As shown in [111], the coefficient of the
one-loop box integral function I2m4 (S, T,K2

2 , K
2
4) is given by

[i− 1|K4|i+ r⟩[i+ r|K4|i− 1⟩
⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ · · · ⟨n 1⟩

×

( ∑
a<b<c<d∈K4

tr−[abcd]−
∑

a<b<c∈K4

tr−[abcK4] +
∑

a<b∈K4

⟨i− 1|K4abK4|i+ r⟩
⟨i− 1 i+ r⟩

)
,

(3.11)

where K4 is the sum of the momenta in the set {i+ r+1, · · · , i−2} with a cyclic
definition of indices, the inequality refers to ordering within the set. Additionally,
the numerator of the coefficient satisfies, [i− 1|K4|i+ r⟩[i+ r|K4|i− 1⟩ = ST −
K2

2K
2
4 which cancels the coefficient of the two-mass easy box integral function.

The corresponding integral function can be rewritten in the following way, by
rearranging,

−2(ST −K2
2K

2
4)I

2m
4 (S, T,K2

2 , K
2
4) =

(
−(−S/µ2)−ϵ

ϵ2
− (−T/µ2)−ϵ

ϵ2
+

(−K2
2/µ

2)−ϵ

ϵ2
+

(−K2
4/µ

2)−ϵ

ϵ2

)
+ F 2m[S, T,K2

2 , K
2
4 ] , (3.12)

where the finite polylogarithmic terms arising in the two-mass box are written as

F 2m[S, T,K2
2 , K

2
4 ] =Li2

[
1− K2

2

S

]
+ Li2

[
1− K2

2

T

]
+ Li2

[
1− K2

4

S

]
+Li2

[
1− K2

4

T

]
− Li2

[
1− K2

2K
2
4

ST

]
+ Log2 (S/T ) /2 . (3.13)

The divergent terms in (3.12) contribute to the full IR piece. The finite polylog-
arithmic part of the amplitude only has contributions from the remaining terms
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in (3.12) since polylogarithms only arise in the one- and two-mass boxes present
in the basis. Therefore, P (2)

n:1 is obtained by summing over all possible box contri-
butions, including the degenerate cases when K2 corresponds to a single leg (K4

must contain to at least two external legs).
For the sake of a compact expression, we briefly redefine the Mandlestam

invariants as in refs. [53, 56] ,

t
[r]
i = (pi + ...pi+r−1)

2 , (3.14)

such that the finite polylogarithms naturally take a form that is easily summed
over,

F 2m
n:r,i = F 2m

[
t
[r+1]
i−1 , t

[r+1]
i , t

[r]
i , t

[n−r−2]
i+r+1

]
. (3.15)

In this language, S = t
[r+1]
i−1 , T = t

[r+1]
i , K2

2 = t
[r]
i , K2

4 = t
[n−r−2]
i+r+1 , and r = 1 is the

case when K2
2 → 0 and F 2m goes smoothly to F 1m,

F 2m[S, T, 0, K2
4 ] = F 1m[S, T,K2

4 ] =Li2
[
1− K2

4

S

]
+ Li2

[
1− K2

4

T

]
+ Log2 (S/T ) /2 + π2

6
.

(3.16)

The full expression for P (2)
n:1 is [111],

P
(2)
n:1 = − i

3 ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ · · · ⟨n 1⟩

n∑
i=1

n−4∑
r=1

cr,iF
2m
n:r,i , (3.17)

where the labels on the integral function correspond to those in fig. 4.2 and the
coefficient is

cr,i =

( ∑
a<b<c<d∈K4

Tr−[abcd]−
∑

a<b<c∈K4

Tr−[abcK4] +
∑

a<b∈K4

⟨i− 1|K4abK4|i+ r⟩
⟨i− 1 i+ r⟩

)
.

(3.18)

There are also contributions from one- and two- mass triangle integral func-
tions. Again, we are restricted to configurations for which there are no adjacent
massive trees in the triple cuts as the identical helicity external legs require the
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introduction of a vanishing tree in these cases. There are two cases for which the
one-loop all-plus corner is massless. The first case is the one for which there are
two other massless corners or one massive corner. This case is akin to the box
integral case shown with the relations (3.8). Here, the cut constraints impose
that the sum of a subset of external momenta vanish. The second case pertains
to two massive corners and there are insufficient internal negative helicity legs to
constitute a non-vanishing cut.

The coefficients of the triangle integral functions are found by taking triple
cuts of the amplitude and the cut integrals evaluated using canonical forms [60]
(alternatively one can use [59]). The singularity structure found from performing
the triple cuts only contributes to the IR singularities. The coefficients of the
one-mass and two-mass triangles are given in [111].

The last type of integral in the basis is that of the bubble integral functions.
The only non-vanishing helicity configuration allowed by the double cuts of the
bubbles involves the one-loop all-plus amplitude and an MHV tree-level ampli-
tude. The n-point two-particle cut is given by

br,i =

∫
dLIPS ⟨l1 l2⟩3

⟨l2 (r + 1)⟩ ⟨(r + 1) (r + 2)⟩ · · · ⟨n l1⟩
∑

1≤i<j<k<l≤n

⟨i|jkl|i]
⟨l2 l1⟩ ⟨l1 1⟩ ⟨1 2⟩ · · · ⟨r l2⟩

.

(3.19)

The denominator of the cut integral is O (l−2), and there are three types of spinor
combinations of the loop momenta arising from the sum in the numerator of the
one-loop all-plus,

⟨l2|l1XY |l2] , ⟨l2|XY Z|l2] , ⟨W |XY Z|W ] , (3.20)

where W, X, Y, Z denote the appearance of external momenta. The first two
types of terms are O (l1) whereas the last type are O (l0). This means that at best
the two particle cuts are O (l−1) and hence will have already been captured by the
triangle and box contributions. The computation shows that the bubble integral
function has a vanishing coefficient. This fact is consistent with the absence of
terms proportional to ϵ−1 outlined in subsection 2.8.3 and agrees with [33].
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To obtain the full IR singular structure, one must sum over all possible box
and triangle configurations. This can be done post integration with one particular
configuration of the external legs. Performing the sum and collecting the IR
singular terms gives [111],

(∑
CiI

2m
4,i +

∑
CiI

2m
3,i +

∑
CiI

1m
3,i

) ∣∣∣∣
IR

= A
(1),ϵ0

n:1 (1+, 2+, · · · , n+)×−
n∑

i=1

1

ϵ2

(
µ2

−si,i+1

)ϵ

,

(3.21)

where A(1),ϵ0

n:1 (1+, 2+, · · · , n+) is the order ϵ0 truncation of the one-loop amplitude.
This matches the universal form found by Catani for the leading in colour all-
plus [33]. A key step is to promote the coefficient of these terms to the all-ϵ form
of the one-loop amplitude. This ensures that the two-loop amplitude has the
correct singular structure as confirmed in [97].

This completely specifies the cut constructible part of the two-loop all-plus
n-point gluon amplitude and thus contains the seven-point as a special case.
Four-dimensional unitarity highlights the simplicity of the all-plus at two-loops
by showing that the branch cut singularity structure is of the same class as a
general one-loop amplitude. With the branch cut singularity structure completely
determined the final task is to ascertain the form of the pole structure.

3.4 The Six-Point Rational Term, R(2)
6:1

To determine the rational part of the leading in colour two-loop all-plus six-
point amplitude we use augmented recursion to obtain its full pole structure.
Although this chapter centres on the calculation of A(2)

7 it is far more manageable
to work with the rational part of the six-point amplitude1. The six-point contains
multiparticle poles, double poles and single poles in a similar way to the seven-
point. Consequently, the methods applied here are easily extendible to the seven-
point whilst being comprised of more tractable expressions. We present the full

1The six-point rational terms were calculated in [87] however the derivation of this six-point
rational term is a new result in that it is explicitly free of spurious poles.
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derivation of the six-point rational term, presenting the results of the six- and
seven-point rational terms at the end of the section.

Augmented recursion1, like other forms of complex recursion, employs the use
of a complex shift to induce a dependence on a complex parameter z in the am-
plitude. Both the BCFW and Risager shifts are complex shifts that break the
symmetry of an amplitude by acting on specific legs. Furthermore, the Risager
shift introduces a dependence on an arbitrary spinor λη in the individual dia-
grams. Since this is an arbitrary reference spinor, the full sum of contributing
diagrams should be independent of this momenta. While it is hard to deter-
mine a priori the large z behaviour of an unknown amplitude, recovering cyclic
symmetry (and λη independence) are powerful checks.

For the two-loop all-plus amplitude this symmetry recovery does not occur
for the BCFW shift (the one-loop all-plus amplitude has the same feature). At
five-point this can be seen by applying the shift to the known result, while at
six- and seven-point it can be seen retrospectively by applying the shift to the
results we obtain. However, the Risager shift does vanish at infinity for the five-
point amplitude and results in rational terms with the correct symmetries and
factorisations for both the six- and seven-point amplitudes. This self-consistency
provides a stringent check of the result.

In this section, we examine the factorisation channels that are excited by
the Risager shift and contribute to the residue. We then focus on a particular
collinear factorisation channel that contains double poles and construct a doubly
off-shell current that captures the subleading pole information adequately. Having
found a function that is not explicitly λη independent, we then reconstruct the
amplitude from its factorisations capturing its full pole structure at the cost of a
finite ambiguity, that we construct an ansatz for and determine using the original
expression.

1Introduced in section 2.10, where we only dealt with factorisations of the two-loop all-plus
that contain double poles.
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3.5 Factorisations of R
(2)
6

In order to recognise where we must apply augmented recursion we must discuss
the factorisations of R(2)

6:1. Applying the Risager shift to three adjacent legs, a,
b and c of A(2)

6:1(a, b, c, d, e, f) motivates a factorisation of the two-loop amplitude
into two classes, one-loop to one-loop factorisations and tree to two-loop factori-
sations. The complex shift breaks the cyclic symmetry of the rational terms and
also introduces a dependence on a reference momentum η = ληλη. By identifying
λη with the axial gauge reference spinor λq we prevent the excitation of spurious
poles1 such as ⟨âq⟩ −→ 0. Note that P (2)

6:1 does not contain any unphysical poles
and so the factorisations of R(2)

6:1 are the physical factorisations of the amplitude.
The simple pole contributions to R

(2)
6:1 arise in the multiparticle one-loop to

one-loop factorisations,∑
h=±

A
(1)
4:1(e, f, â, K̂

h)
−1

K2
A

(1)
4:1(−K̂−h, b̂, ĉ, d) ,

∑
h=±

A
(1)
4:1(f, â, b̂, K̂

h)
−1

K2
A

(1)
4:1(−K̂−h, ĉ, d, e) , (3.22)

and all the tree to two-loop factorisations,

A
(0)
3 (â, b̂, K̂−)

−1

K2
R

(2)
5:1(−K̂+, ĉ, d, e, f) ,

A
(0)
3 (f, â, K̂−)

−1

K2
R

(2)
5:1(−K̂+, b̂, ĉ, d, e) ,

R
(2)
5:1(−K̂+, e, f, â, b̂)

−1

K2
A

(0)
3 (ĉ, d, K̂−) ,

R
(2)
5:1(−K̂+, d, e, f, â)

−1

K2
A

(0)
3 (b̂, ĉ, K̂−) ,

(3.23)

where R
(2)
5:1 refers to the rational part of the leading in colour two-loop five-gluon

all-plus amplitude. These factorisations contain single poles, whose residues can
simply be evaluated at the appropriate complex pole. The remaining factorisa-

1Note there is no need to specify λη since we are using complex momenta and the poles
only relate to poles in the λi spinors
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tions are the collinear one-loop to one-loop factorisations that involve the three-
point one-loop all-plus vertex:

A
(1)
3:1(f

+, â, K̂λ)
−1

K2
A

(1)
5:1(−K̂−λ, b̂, ĉ, d, e) ,

A
(1)
3:1(ĉ, d, K̂

λ)
−1

K2
A

(1)
5:1(−K̂−λ, e, f, â, b̂) ,

A
(1)
3:1(â, b̂, K̂

λ)
−1

K2
A

(1)
5:1(−K̂−λ, ĉ, d, e, f) ,

A
(1)
3:1(b̂, ĉ, K̂

λ)
−1

K2
A

(1)
5:1(−K̂−λ, d, e, f, â) . (3.24)

Diagrammatically, these are represented by fig. 2.6 where there is an explicit pole
from the highlighted propagator and a further pole from the complex three-point
one-loop amplitude (2.184). These factorisations are the now familiar source of
double poles in loop amplitudes. It is these four diagrams that we must obtain
by using augmented recursion.

3.6 The sab pole in the Six-Point Rational Term
In this section we determine the current required to describe the leading and
sub-leading poles in R

(2)
6:1 as sab → 0. As discussed in section 2.10, the current

must satisfy two conditions,

(C1) it reproduces the leading poles in sαβ → 0 shown in fig. 2.8.

(C2) in the limit α2, β2 → 0 (the on-shell limit) the n-point one-loop single minus
amplitude is reproduced.

Naturally, to calculate the six-point doubly off-shell current we begin with
the on-shell expression for the one-loop six-point single-minus amplitude [38],
rewriting it to identify α and β as the two legs we wish to continue off-shell and
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organising the amplitude by its poles in ⟨αβ⟩ and [αβ]:

A
(1)
6:1(α

−, β+, c+, d+, e+, f+)

=
i

3

[
1

⟨αβ⟩ ⟨β c⟩ ⟨d e⟩2

(
[f |Kβc|α⟩3

tαβc[f |Kαβ|c⟩
+

⟨α e⟩3 [ef ] ⟨d f⟩
⟨c d⟩ ⟨e f⟩2

− ⟨α d⟩3 ⟨c e⟩ [d|Kβc|α⟩
⟨c d⟩2 ⟨e f⟩ ⟨f α⟩

)

+
[βf ]3

[αβ][fα]tcde

(
[βc][cd]

⟨d e⟩ [β|Kcd|e⟩
− [de][ef ]

⟨c d⟩ [f |Kαβ|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)
+

[β|Kcd|α⟩3

⟨c d⟩2 ⟨e f⟩ ⟨f α⟩ tβcd[β|Kcd|e⟩
− ⟨α c⟩3 [βc] ⟨β d⟩

⟨β c⟩2 ⟨c d⟩2 ⟨d e⟩ ⟨e f⟩ ⟨f α⟩

]
. (3.25)

First, separating the terms with an eye to determining the leading and subleading
pole structures,

A
(1)
6:1

(
α−, β+, c+, d+, e+, f+

)
=

∑
j=i,ii,iii

A
(1)
6:1j

(
α−, β+, c+, d+, e+, f+

)
, (3.26)

where,

A
(1)
6:1i

(
α−, β+, c+, d+, e+, f+

)
=

i

3

1

⟨αβ⟩ ⟨β c⟩ ⟨d e⟩2

(
[f |Kβc|α⟩3

tαβc[f |Kαβ|c⟩
+

⟨α e⟩3 [ef ] ⟨d f⟩
⟨c d⟩ ⟨e f⟩2

− ⟨α d⟩3 ⟨c e⟩ [d|Kβc|α⟩
⟨c d⟩2 ⟨e f⟩ ⟨f α⟩

)
,

(3.27)

A
(1)
6:1ii

(
α−, β+, c+, d+, e+, f+

)
=

i

3

[βf ]3

[αβ][fα]tcde

(
[βc][cd]

⟨d e⟩ [β|Kcd|e⟩
− [de][ef ]

⟨c d⟩ [f |Kαβ|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)
,

(3.28)

A
(1)
6:1iii

(
α−, β+, c+, d+, e+, f+

)
=

i

3

[β|Kcd|α⟩3

⟨c d⟩2 ⟨e f⟩ ⟨f α⟩ tβcd[β|Kcd|e⟩
− ⟨α c⟩3 [βc] ⟨β d⟩

⟨β c⟩2 ⟨c d⟩2 ⟨d e⟩ ⟨e f⟩ ⟨f α⟩
.

(3.29)

We take the legs off-shell by initially replacing α and β by their nullified form
within axial gauge. We choose to compute the rational piece with this particular
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helicity configuration of the off-shell legs since we can relate the result obtained
to the other helicity configuration via a flip symmetry, cycling and a relabelling
of legs,

τ
(1)
6:1

(
α+, β−, c+, d+, e+, f+

)
= −τ

(1)
6:1

(
α−, β+, f+, e+, d+, c+

)
. (3.30)

In order to satisfy condition (C1), we need to ensure that we recover the leading
singularities of the six-point all-plus amplitude. The pole in sαβ can arise from two
sources when working in complex momenta, when ⟨αβ⟩ → 0 and [αβ] → 0. Since
we know that the rational part of the amplitude factorises on the sαβ pole, this
implies the current factorises on these poles in a similar manner. By considering
the factorisation of the current using the axial gauge formalism a priori, we can
match the terms that are singular in ⟨αβ⟩ and [αβ] to the factorisations of
the current. Therefore, we identify terms in the one-loop six-point single-minus
amplitude that contain these poles, consider the factorisations of the current
and rewrite the amplitude taking α and β off-shell to exactly reproduce the
factorisations. This leads us to organise the amplitude as

A
(1)
6:1(α

−, β+, c+, d+, e+, f+) = τ
(1),α−β+

6:1dp + τ
(1),α−β+

6:1sb + τ
(1),α−β+

6:1nf + O(sαβ) , (3.31)

where we write O(sαβ) to specify the fact these terms are required in order to
satisfy condition (C2), however they are not essential to this discussion as they
will vanish when we take the residues of the current to obtain the rational contri-
bution from fig. 2.7. The full derivation of each term contributing to the six-point
current is shown in Appendix C, however it is beneficial to identify the source of
the relevant terms here. A

(1)
6:1i will generate the double pole part of the current

and gives one factorisation of the current1 τ
(1),α−β+

6:1dp , while A
(1)
6:1ii generates the

single pole structure and the second factorisation of the current2, τ (1),α
−β+

6:1sb . The
remaining term, A(1)

6:1iii contributes to the non-factorising single pole contributions
of the current, along with the off-shell corrections applied to A

(1)
6:1i and A

(1)
6:1ii.

1as ⟨αβ⟩ → 0.
2as [αβ] → 0.
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With this organisation it is natural to write1,

i

cΓ(2π)D

∫
dDℓ

ℓ2α2β2

[a|ℓ|q⟩[b|ℓ|q⟩
⟨a q⟩ ⟨b q⟩

⟨β q⟩2

⟨α q⟩2
τ
(1)
6:1 (α

−, β+, c+, d+, e+, f+) = Cα−β+

dp + Cα−β+

sb + Cα−β+

nf + O(sab) ,

(3.32)

where the terms multiplying the current are the off-shell axial gauge three-point
gluon amplitudes proportional to (2.78). Since we will calculate fig. 2.7 using
only one helicity configuration of the current, we may write,∫

dΛ0(α
+, a+, b+, β−) ≡ i

cΓ(2π)D

∫
dDℓ

ℓ2α2β2

[a|ℓ|q⟩[b|ℓ|q⟩
⟨a q⟩ ⟨b q⟩

⟨β q⟩2

⟨α q⟩2
≡
∫
dΛ0 . (3.33)

It is useful to extract the term ⟨α q⟩2 / ⟨β q⟩2 from the terms in the current as the
inverse of this term is present in the integral measure dΛ0 and the cancellation of
such terms simplifies the integration. The double poles arise from

Cα−β+

dp ≡ i

3

∫
dΛ0

[
⟨α q⟩2

⟨β q⟩2
⟨q|αβ|q⟩[q|Kab|q⟩
sab[q|Kab|c⟩ ⟨d e⟩2

(
− [fc]3

tabc[f |Kab|c⟩
[q|Kab|c⟩3

[q|Kab|q⟩3

+
[ef ] ⟨d f⟩
⟨c d⟩ ⟨e f⟩2

[q|Kab|e⟩3

[q|Kab|q⟩3
− ⟨c e⟩ [dc]

⟨c d⟩2 ⟨e f⟩
[q|Kab|d⟩3

[q|Kab|q⟩3
[q|Kab|c⟩
[q|Kab|f⟩

)]
.

(3.34)

The integral corresponding to the square bracket pole in the current is,

Cα−β+

sb =
i

3

∫
dΛ0

[
[β q]2

[α q]2
[q|αβ|q]
[q|Kab|q⟩2

1

sab

[f |Kab|q⟩2

tcde

(
⟨q|Kab|c][cd]

⟨d e⟩ ⟨q|KabKcd|e⟩

− [de][ef ]

⟨c d⟩ [f |k|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)]
.

(3.35)

The remaining function constitutes the subleading non-factorising parts:

Cα−β+

nf =

∫
dΛ0 τ

(1),α−β+

6:1nf + O(sαβ) , (3.36)

1The factor cΓ is inserted to make the normalisation consistent with eq. 3.1.
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where τ
(1),α−β+

6:1nf is the expression defined in (C.24).
These expressions are integrated to obtain the contribution from fig. 4.5 (up

to terms that are finite as sab → 0) . The explicit integrations may be found in
appendix C.1 and we only keep the O (ϵ0) terms, i.e. the rational contributions
of the integrations. The double pole integrates to1

Cα−β+

dp

∣∣∣∣
Q

= − i

18

[ab]

⟨a b⟩
⟨q|ab|q⟩[q|Kab|q⟩
sab[q|Kab|c⟩ ⟨d e⟩2

(
− [fc]3

tabc[f |Kab|c⟩
[q|Kab|c⟩3

[q|Kab|q⟩3

+
[ef ] ⟨d f⟩
⟨c d⟩ ⟨e f⟩2

[q|Kab|e⟩3

[q|Kab|q⟩3
− ⟨c e⟩ [dc]

⟨c d⟩2 ⟨e f⟩
[q|Kab|d⟩3

[q|Kab|q⟩3
[q|Kab|c⟩
[q|Kab|f⟩

)
,

(3.37)

where this corresponds to the double pole factorisation in fig. 3.3. The second
helicity configuration of fig. 3.3 can be calculated via the symmetry principles
derived from the six-point all-plus eq. (3.30). The sum of both helicity configu-
rations gives the full sab contribution to the rational piece.

For Cα−β+

sb , however, there are useful cancellations between the two helicity
choices for α and β before integration. Defining Csb = Cα−β+

sb + Cα+β−

sb , the full
contribution from the square bracket factorisation is

Csb

∣∣∣∣
Q

=
i

9

[qa][qb]

⟨a b⟩
[f |Kab|q⟩2

[q|Kab|q⟩2tcde

(
⟨q|Kab|c][cd]

⟨d e⟩ ⟨q|KabKcd|e⟩
− [de][ef ]

⟨c d⟩ [f |k|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)]
.

(3.38)
1The restriction |Q means only the finite rational functions of the spinor variables are kept.
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Figure 3.3: The one-loop to one-loop factorisation that corresponds to the fac-
torisations derived in the current, Cdp and Csb. Cdp corresponds to the factorisation
involving the one-loop three-point all-plus and the one-loop five-point single-minus.

The expression for Cα−β+

nf is quite complicated and is given in (C.46). Having
integrated the diagram corresponding to the sab pole, by calculating the residues
of the excited diagrams via recursion, and subsequently summing over all con-
tributing diagrams we recover R(2)

6:1. This form of the rational piece has the correct
symmetry and λq = λη independence, however this is not explicit, instead we re-
construct a form of the function that is manifestly independent of λq = λη, and
is free of spurious poles.

3.7 λq Independent R
(2)
6:1

In this section we outline the method used to generate a manifestly λq-independent
rational function. To distinguish between the two we write R(2)

6:1 for the manifestly
λq-independent function and R

(2)
6:1(q) for the rational function where this fact is

not made explicit.
We can obtain a form forR(2)

6:1 which is explicitly independent of q, has manifest
cyclic symmetry and no spurious poles by reconstructing it from its factorisations.
At this stage, we wish to capture the double pole structures and multiparticle pole
structures from the factorisations and fix the remaining single pole contributions
with an ansatz and reference to R

(2)
6:1(q). This can be achieved by considering

the one-loop to one-loop factorisation channels 1 for one configuration of external
legs and perform a sum over a cycling of the legs. The relevant multiparticle and

1which source the multiparticle and double poles
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double pole factorisations are,

Gt
6:1 →

∑
Z6

A
(1)
4:1(a

+, b+, c+, k±)
−1

tabc
A

(1)
4:1(−k∓, d+, e+, f+) , (3.39)

Gd
6:1 →

∑
Z6

A
(1)
3:1(a

+, b+, k+)
−1

sab
A

(1)
5:1

(
−k−, c+, d+, e+, f+

)
. (3.40)

Note that the other helicity configuration of (3.40) is not considered since it is a
single pole contribution and will be recovered when we fix the single pole terms
with an ansatz.

These expressions are q-independent, but involve spurious poles that obscure
the true singularity structure of the amplitude. In eliminating the spurious poles,
we systematically obtain all the possible singularity structures1 that one expects
from a rational function with double poles. Performing the spurious pole cancel-
lation stratifies the pole structure and the spurious poles can only be cancelled
by exposing and then grouping together the physical poles. Following a great
deal of cancellation, we obtain the pole structures G1

6:1 through to G4
6:1, for the

six-point rational term2.

Rfact
6:1 =

i

9

1

⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ ⟨5 6⟩ ⟨6 1⟩
(G1

6:1 +G2
6:1 +G3

6:1 +G4
6:1) , (3.41)

where

G1
6:1 =

scdsdf⟨f |aKabc|e⟩
⟨f e⟩ tabc

+
sacsdc⟨a|fKdef |b⟩

⟨a b⟩ tdef
,

G2
6:1 =

[a b] [f e]

⟨a b⟩ ⟨f e⟩
⟨a e⟩2 ⟨f b⟩2 + 1

2

[a f ] [c d]

⟨a f⟩ ⟨c d⟩
⟨a c⟩2 ⟨d f⟩2 ,

G3
6:1 =

sdf ⟨a f⟩ ⟨c d⟩ [c a] [d f ]
tabc

, (3.42)

1with the exception of single poles.
2and G1

7:1 through to G6
7:1 for R

(2)
7:1 shown in section 3.8
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and
G4

6:1 =
⟨a|be|f⟩tdef

⟨a f⟩
. (3.43)

The remaining singular structure of the rational piece are the single poles.
By extracting the double pole and multiparticle pole factorisations from the full
rational function R

(2)
6:1(q), we isolate the simple pole contributions by considering

the difference between R
(2)
6 (q) and the factorisation channels, R(2)

6:1(q) − (G1
6:1 +

... + G4
6:1). We can fit this function via the following method. The simple pole

contributions will arise in the Parke-Taylor denominator and so we can posit
an ansatz for the numerator then solve for the coefficients for each term. The
amplitude has momentum weight [A(2)

6 ] = −2, by factoring out the Parke-Taylor
denominator we require the numerator to have momentum weight four. The
numerator ansatz must be a linear combination of all possible Lorentz invariant
products that have momentum weight four. The numerical coefficients of the
terms in the ansatz can then be solved for via a matrix inversion problem. We
find that the simple pole numerator terms are G5

6. There is a great deal of freedom
in solving for the coefficients. Although there may be an optimal way of solving
for these coefficients, we choose a solution that gives manageable coefficients.

G5
6:1 =2s2ac + s2eb + sab (−3sac − 2sad + 6sae + 4sbc + sbd + 2sbe + 4sbf + 7scd − sce − sde + 3sdf )

+ sac

(
2sad + 3sae − 2sbd − sbe + scf −

5

2
sdf

)
+

3

2
sadsbe

− 8 ⟨b c⟩ [c d] ⟨d e⟩ [e b] + 5 ⟨f a⟩ [a c] ⟨c d⟩ [d f ] ,

leading to the final expression,

R
(2)
6:1 =

i

9

∑
Z6

G1
6:1 +G2

6:1 +G3
6:1 +G4

6:1 +G5
6:1

⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ ⟨5 6⟩ ⟨6 1⟩
. (3.44)

This was confirmed in an independent calculation [98] and has a simpler form
than [87].
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3.8 The Seven-Point Rational Piece
The seven-point rational piece is calculated in an identical fashion. The seven-
point current τ (1)7:1 (α

−, β+, c+, d+, e+, f+, g+), is built from the corresponding seven-
point single-minus amplitude [38] just as the six-point current was built from the
six-point amplitude. Moreover, the complex shift excites tree to two-loop factori-
sations for which R

(2)
6:1 is required. Shifting the same legs, pa, pb and pc, we excite

the following factorisations. The simple pole contributions to R
(2)
7:1 arise in the

multiparticle one-loop to one-loop factorisations that we calculate using standard
recursive techniques,∑

h=±

A
(1)
5:1(e, f, g, â, K̂

h)
−1

K2
A

(1)
4:1(−K̂−h, b̂, ĉ, d) ,

∑
h=±

A
(1)
5:1(f, g, â, b̂, K̂

h)
−1

K2
A

(1)
4:1(−K̂−h, ĉ, d, e) , (3.45)

and all the tree to two-loop factorisations,

A
(0)
3 (g, â, K̂−)

−1

K2
R

(2)
6:1(−K̂+, b̂, ĉ, d, e, f) ,

A
(0)
3 (â, b̂, K̂−)

−1

K2
R

(2)
6:1(−K̂+, ĉ, d, e, f, g) ,

R
(2)
6:1(−K̂+, d, e, f, g, â)

−1

K2
A

(0)
3 (b̂, ĉ, K̂−) ,

R
(2)
6:1(−K̂+, e, f, g, â, b̂)

−1

K2
A

(0)
3 (ĉ, d, K̂−) ,

where R(2)
6:1 refers to the rational part of the leading in colour six gluon amplitude

calculated in the previous section.
The remaining factorisations are the collinear one-loop to one-loop factorisa-

tions that involve the three-point one-loop all-plus vertex and are captured by
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performing augmented recursion:

A
(1)
3:1(g, â, K̂

λ)
−1

K2
A

(1)
6:1(−K̂−λ, b̂, ĉ, d, e, f) ,

A
(1)
3:1(â, b̂, K̂

λ)
−1

K2
A

(1)
6:1(−K̂−λ, ĉ, d, e, f, g) ,

A
(1)
3:1(b̂, ĉ, K̂

λ)
−1

K2
A

(1)
6:1(−K̂−λ, d, e, f, g, â) ,

A
(1)
3:1(ĉ, d, K̂

λ)
−1

K2
A

(1)
6:1(−K̂−λ, e, f, g, â, b̂) . (3.46)

Taking α and β off-shell in an identical way to the previous methods, leads
to the double pole piece and the square pole pieces that recover the leading
factorisations,

τ
(1),α−β+

7:1dp (α−, β+, c+, d+, e+, f+, g+) =
i

18

⟨α q⟩2

⟨β q⟩2
⟨q|αβ|q⟩
[q|kαβ|q⟩2

1

sαβ

(
⟨g e⟩ [g f ] [q|kαβ|f⟩3

⟨c d⟩ ⟨d e⟩ ⟨e f⟩2 ⟨f d⟩2 [q|kαβ|c⟩

+
⟨c e⟩ [c d] [q|kαβ|d⟩3

⟨e f⟩ ⟨f g⟩ ⟨c d⟩2 ⟨d e⟩2 [q|kαβ|g⟩
− ⟨f d⟩ [q|kαβ|e⟩3[q|kαβKcd|e]

⟨c d⟩ ⟨f g⟩ ⟨d e⟩2 ⟨e f⟩2 [q|kαβ|c⟩[q|kαβ|g⟩

+
[q|kαβ|c⟩2[q|kαβKde|c]3

⟨f g⟩ ⟨d e⟩2 [q|kαβ|g⟩[q|kαβKfgKde|c⟩[q|kαβKαβcKde|f⟩

+
[c g]3 [q|kαβ|c⟩2[f |KdeKef |g]

⟨d e⟩ ⟨e f⟩ [c|kαβ|g⟩[d|Kef |g⟩[c|kαβ|c⟩tdef
+

sde [c d] [c g]
3 [q|kαβ|c⟩3

⟨d e⟩ ⟨e f⟩ [c|kαβ|g⟩[c|kαβ|c⟩[q|kαβKαβcKde|f⟩tdef

− [q|kαβKcd|g]3

⟨c d⟩ ⟨e f⟩2 [g|Kef |d⟩[q|kαβ|c⟩tefg]

)
, (3.47)

and,

τ
(1),α−β+

7:1sb (α−, β+, c+, d+, e+, f+, g+) =
i

18

⟨α q⟩2

⟨β q⟩2
[q|βα|q][q|β|q⟩2

[q|kαβ|q⟩[q|α|q⟩2
1

sαβ

[g|kαβ|q⟩
[q|kαβ|g⟩ ⟨c d⟩ ⟨d e⟩ ⟨e f⟩

×

(
[c f ]− sde[g|KefKcdkαβ|q⟩

[g|kαβ|c⟩⟨q|kαβKαβg|f⟩
+

[c|KdeKcdkαβ|q⟩
⟨q|kαβKαβg|f⟩

+
[f |KdeKef |g]
[g|kαβ|c⟩

)
.

(3.48)

The remaining non-factorising terms, τ (1),α
−β+

7:1nf , are the combination of the terms
in the seven-gluon single minus amplitude that are finite in sαβ, and the off-shell
corrections that lead to τ

(1),α−β+

7:1dp and τ
(1),α−β+

7:1sb .
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Integrating the current into the triangle diagram, fig. 2.7, and calculating
the residues of the four excited diagrams in the sab channel gives the rational
term encompassing the information from the double pole and its subleading pole.
Summing the double pole rational term and the single pole factorisation chan-
nels that did not require augmented recursion, gives the following function after
reconstruction,

G1
7:1 =

⟨g a⟩
tabctefg

(
⟨c d⟩ [e g] [d|Kabc|e⟩[a|Kabc|e⟩[c|Kabc|f⟩

⟨e f⟩
− ⟨d e⟩ [c a] [d|Kefg|c⟩[g|Kefg|c⟩[e|Kefg|b⟩

⟨b c⟩

+
⟨e f⟩ ⟨c d⟩ [c a] [f g] [e|Kefg|a⟩[d|Kefg|b⟩

⟨a b⟩
− ⟨b c⟩ ⟨d e⟩ [e g] [a b] [c|Kabc|g⟩[d|Kabc|f⟩

⟨f g⟩

)
,

(3.49)

G2
7:1 =

1

tabctefg
scdsde ⟨g a⟩ [g|KefgKabc|a] , (3.50)

G3
7:1 =

1

tcde

(
sce

(
sef⟨c|KabKfga|d⟩

⟨c d⟩
− sbc⟨e|KfgKgab|d⟩

⟨d e⟩

)
+

⟨e f⟩ ⟨b c⟩ [f b] [c|Kcde|g⟩[e|Kcde|a⟩
⟨g a⟩

+
⟨b c⟩ [c|Kcde|b⟩[e|Kcde|a⟩[b|Kfg|e⟩

⟨a b⟩
+

⟨e f⟩ [e|Kcde|f⟩[c|Kcde|g⟩[f |Kab|c⟩
⟨f g⟩

)
,

(3.51)

G4
7:1 =

[g a]

⟨g a⟩
⟨g e⟩ ⟨a e⟩

(
[d e]

⟨d e⟩
⟨d g⟩ ⟨d a⟩+ [e f ]

⟨e f⟩
⟨f g⟩ ⟨f a⟩

)
, (3.52)

G5
7:1 =

1

tcde

(
[c e]

(
⟨e f⟩ [d f ] ⟨c|KabKfga|d⟩+ ⟨b c⟩ [d b] ⟨e|KfgKgab|d⟩

)
+ ⟨b c⟩ ⟨e f⟩

(
2 ⟨g a⟩ [c e] [f g] [a b] + [b f ] [e|KabKfg|c]

))
, (3.53)

G6
7:1 =

1

⟨g a⟩

(
⟨g|fKbc|a⟩tefg − ⟨a|bKef |g⟩tabc

)
, (3.54)

and

G7
7:1 =s2bf − 2s2ga − 3sdbsdf + 4sdasdg − 6sacseg + 7(sebsfc + seasgc) + sabsfg + 3sfasgb

+ sce(scf + seb − 4(sab + sfg + sga) + 5[d|Kga|d⟩)

+ 4[e|bcf |e⟩ − 2[f |gab|f⟩+ 3[g|baf |g⟩+ 2[g|cea|g⟩, (3.55)
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the full function in this case is

R
(2)
7:1 = − i

9

∑
cyclic perms

G1
7:1 +G2

7:1 +G3
7:1 +G4

7:1 +G5
7:1 +G6

7:1 +G7
7:1

⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ ⟨5 6⟩ ⟨6 7⟩ ⟨7 1⟩
. (3.56)

This expression has the full cyclic and flip symmetries required and has all the
correct factorisations by construction. It additionally satisfies the collinear limits
that reduce R(2)

7:1 to R
(2)
6:1. It been generated under the assumption that the shifted

rational function vanishes at infinity: if this had been unjustified we would not
have generated a function with the appropriate symmetries. Notice that the
singularity structures found in the seven-point are the most This completes the
seven-point calculation.

3.9 Conclusion
In this section we have detailed the construction of the leading in colour two-
loop six-point all-plus gluon scattering amplitude and presented compact analytic
expressions for the six- and seven-point cases. Our methods are based upon
the understanding and utilisation of the singular structure an on-shell amplitude
possesses, specialised to the all-plus case.

In section 3.2 we reviewed the leading in colour all-plus amplitude and detailed
how the all-plus amplitude can be factorised into pieces based on its singular
structure. The amplitude can be separated into IR singular terms and finite
terms that are a sum of functions that contain branch cuts and poles.

In section 3.3 we reviewed a derivation of the IR singular terms and the finite
polylogarithmic terms from four-dimensional unitarity cuts. We saw that using
four-dimensional cuts drastically reduces the complexity of the diagrams that
have to be considered to capture the full branch cut singularity structure. The
only non-vanishing four-dimensional cuts of the amplitude are the configurations
for which the one-loop all-plus amplitude enters the cut integrals. This is a purely
rational function to O (ϵ) and can be treated as a vertex, thus the effective integral
basis of the two-loop all-plus amplitude is that of a one-loop amplitude. Utilising
generalised unitarity in four-dimensions to compute the cuts of the box, triangle
and bubble integrals confirmed the theorems for the IR singularity structure of
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two-loop amplitudes [33] and gave an all-n expression for the finite polylogarith-
mic terms [87].

Section 3.4 determined the rational term of the two-loop six-gluon all-plus
amplitude. Using complex recursion and augmented recursion, we determined
the excited factorisations that contribute to the rational piece, importantly de-
termining the subleading pole structure belonging to the double pole, which is
unavailable to general factorisation theorems. As of yet, augmented recursion
does not determine the subleading pole structure in general and so it must be
applied on a case by case basis. Despite this we have shown its success again at
seven-point by deriving the rational part of the seven-point all-plus and presenting
the result in section 3.8.

This is the first seven-point amplitude to be computed at the two-loop level
and shows the efficiency of employing four-dimensional unitarity. Despite its
success, the methods in this context are only geared to determining leading in
colour amplitudes. Given the relative simplicity of the calculations required to
compute the five-point all-plus amplitude at leading in colour, we were motivated
to understand how four-dimensional unitarity could be utilised at subleading in
colour. In the next chapter, we extend four-dimensional unitarity and recursion
to the realms of subleading in colour partial amplitudes by making use of the
group theory U(1)-decoupling relations and newly uncovered compact forms of
the subleading in colour one-loop all-plus amplitudes.
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Chapter 4

Colour Dressed Unitarity and
Recursion for Yang-Mills
Two-Loop All-Plus Amplitudes

4.1 Introduction
Two-loop amplitudes represent the frontier of phenomenological calculations in
Yang-Mills. The added degree of complexity introduced by an additional loop
integration, including the appearance of more complicated singularity structures,
poses a significant barrier to obtaining compact analytic formulae. This is com-
pounded by the difficulties that arise with considering the non-planar (sub-
)subleading in colour amplitudes, that were easily related to the leading in colour
amplitude at one-loop. In order to calculate partonic cross sections, a sum over
colour must be performed including the (sub-)subleading information. The im-
plication being, full colour information is of vital importance in extracting useful
data at particle colliders involving hadrons. Apart from the obvious application
to experiment, nonetheless it is interesting to investigate the kinematic structure
of subleading partial amplitudes especially at the two-loop level. One-loop partial
amplitudes have the property that all subleading in colour partial amplitudes are
related to the leading in colour partial amplitude via U(1)-decoupling identities.
The same is not true at the two-loop level. As discussed in subsection 2.3.2, de-
coupling identities [128] cannot determine the subleading structure alone. Even

125



4. COLOUR DRESSED UNITARITY AND RECURSION FOR
YANG-MILLS TWO-LOOP ALL-PLUS AMPLITUDES

with the inclusion of Edison and Nauclich’s group theory relations [15, 16], the full
amplitude is not available once the leading in colour amplitude has been deter-
mined. Therefore, it is worthwhile to explore methods of determining subleading
in colour partial amplitudes beyond one-loop.

The story of full colour two-loop amplitudes is entwined with the narrative
on the leading in colour amplitudes for obvious reasons, although in almost all
cases the leading in colour result preceded the full colour result. This is due in
part to the presence of more complicated non-planar integrals that are required
to determine the subleading in colour partial amplitudes and indeed there is a
larger class of master integrals.

The two-loop four-point all-plus amplitude [70] was the only two-loop pure
Yang-Mills helicity amplitude to have been computed to full colour at the first
time of asking. Utilising D-dimensional unitarity, the authors considered cuts of
the two-loop amplitude where the cut integral contained full colour amplitudes
using a colour decomposition akin to DDM [14]. Following on from these meth-
ods, all the helicity gluon amplitudes at two-loop four-point were calculated [92]
finding complete agreement with [93].

At five-point, the first full colour result came in the form of the all-plus [95].
The authors circumvented issues with non-planar integrals by relating them to
planar five-point two-loop integrals computed in the leading case [94]. Subse-
quently, the computation of the same full colour amplitude was carried out ana-
lytically in ref. [110]. In this case, an SU(Nc) colour trace basis was adopted in
combination with integration-by-parts (IBP) identities and differential equations
to solve for a basis of six master integrals, two planar and the rest non-planar.
Only one of the integrals, a non-planar double-pentagon required a new cal-
culation [103, 159]. In combination with finite field reconstruction methods, a
compact analytic form was found for the the subleading partial amplitude A

(2)
5:3,

in terms of integral functions multiplied by rational functions of the momenta,
plus a finite hard function. There is another partial amplitude at sub-subleading
order present in both U(Nc) and SU(Nc) theories, a term we have called A

(2)
5:1B,

that was not presented in an explicit form. Despite the fact there was no explicit
form detailed for this amplitude it can be related to the leading and subleading
partial amplitudes presented in ref. [110] via a group theory relation [15, 16].
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Each result found at subleading in colour was derived using D-dimensional
unitarity. However, the bottlenecks in calculations via approach lies in finding a
basis of integrals to describe the partial amplitudes and the evaluation of higher-
point integrals, including those of a non-planar nature. At the level of the all-plus
amplitude, we circumvent these issues with four-dimensional unitarity. Since all
external gluons have positive helicity, this strongly constrains the helicity config-
urations of the diagrams that one can write down. In addition, every cut integral
describing the discontinuity of the two-loop diagrams must contain the one-loop
all-plus amplitude. As the one-loop all-plus amplitude is purely a rational func-
tion, we may treat it as a vertex and use a one-loop integral basis to describe the
discontinuity of the two-loop amplitude.

The following chapter is based on work performed in [89] in which we extend
our methods to a process of colour dressed unitarity and recursion. We develop a
method of directly calculating the partial amplitudes at all orders in Nc to fully
reconstruct the full colour two-loop five-point all-plus amplitude.

The calculation is founded on the principles of four-dimensional unitarity used
to determine a variety of amplitudes at leading order in the number of colours.
In the leading case, the external legs are fixed in a cyclic order when considering
the cuts and residues of the amplitude. This is implicitly respecting the ordering
of the gluon generators present in the trace structure multiplying the leading in
colour partial amplitude. In this calculation, we simply replace the partial ampli-
tudes present in the cuts and factorisations with their full colour counterparts and
perform the colour algebra accordingly. This replacement ensures that by con-
sidering all cuts and all residues1 of the amplitude we reconstruct the full colour
amplitude. We choose to determine the full colour amplitude in U(Nc) Yang-Mills
using a colour trace basis where the colour decomposition is in terms of traces of
U(Nc) generators, T a, rather than contractions of the structure constants fabc.

This amplitude is fully crossing symmetric which makes computation rela-
tively more tractable but nonetheless is a valuable laboratory for studying the
properties of gluon scattering. The all-plus amplitude has a singular structure
which is known from general theorems [32, 33] together with a finite remainder
part. We present a form for the finite part of the partial amplitudes which is

1relating to the rational part of the amplitude
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a simple combination of polylogarithms together with rational terms. Our re-
sults are in complete agreement with the results recently computed by Badger
et. al. [110] and are consistent with constraints imposed by group theoretical
arguments [15, 16].

The chapter is organised in the following way. In section 4.2, we review the
colour decompositions of tree-level and one-loop amplitudes in U(Nc) Yang-Mills
and describe the U(1)-decoupling identities present amongst those amplitudes.
We also present compact formulae for the subleading partial amplitudes of the
all-plus and single-minus one-loop amplitudes and demonstrate a way of char-
acterising the singular nature of the subleading in colour amplitudes at one-,
and two-loops. In section 4.3, we present the colour decomposition for two-
loop amplitudes in U(Nc) and SU(Nc) Yang-Mills and show relations between
the various partial amplitudes from decoupling identities. We also show that
the sub-subleading amplitude A

(2)
5:1B cannot be related to the other partial am-

plitudes via decoupling identities but requires the use of another group theory
result [15] [16]. In section 4.4, we briefly show how we organise the kinematics
of the amplitude via its singularity structure. Thereafter, section 4.5 deals with
the cut-constructible parts of the amplitude, illustrating the all-n prescription
for the all-plus amplitude, then specialising to the full colour five-point results.
We reproduce the IR singular structure predicted by Catani and present compact
formulae for the leading and (sub-)subleading polylogarithmic terms at n = 5.
Finally, section 4.6 shows how to extend augmented recursion to a full colour for-
malism. In particular, it highlights the two independent doubly off-shell currents
that are required to compute the full pole structure of the amplitude at all orders
in colour at five-point. This direct calculation culminates in compact formulae
for the rational parts of the SU(Nc) amplitude.
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4.2 Colour Decomposition of Amplitudes for Colour
Dressed Unitarity and Recursion

The natural extension of four-dimensional unitarity and recursion from its appli-
cation to leading in colour partial amplitudes to fully colour dressed amplitudes is
found, in essence, with the replacement of partial amplitudes with colour dressed
amplitudes. Using the same philosophy applied at leading in colour, this extension
is applied in the context of obtaining the full colour two-loop five-point all-plus
amplitude. In the previous section for example, to obtain the leading in colour
result, a basis of integral functions was selected and the corresponding diagrams
systematically cut. The diagrams are constrained by the symmetry of the trace
structure they multiply, for example a partial amplitude may be accompanied by
the following trace structure,

Tr (T a1T a1 · · ·T an)An:1 (p1, p2, · · · , pn) . (4.1)

The trace is invariant under cycles of the the generators of the external legs
which fixes the legs of the amplitude to have the corresponding ordering and
cyclic symmetry. Thus in that case we only consider the basis of diagrams that
respect this ordering. When considering the extension of this to a full colour
result, the natural question to ask is what diagrams one should consider when
determining the cut-constructible pieces at (sub-)subleading order? The usual
methodology when dealing with gluon scattering amplitudes is to separate colour
and kinematics and treat them as separate entities. In the method of colour
dressed unitarity we utilise unitarity and recursion together with colour in an
effort to understand which types of partial amplitudes contribute to a specific
order in the full colour decomposition. In this way we can determine all the
partial amplitudes at play in the full colour amplitude.

We choose to describe the full colour amplitudes using the gauge group,
U(Nc) = SU(Nc) × U(1). Despite introducing some unphysical U(Nc) partial
amplitudes, picking an external leg to be the U(1)-‘photon’ would mean the
photon decouples from the gluons and the colour decomposition reduces to the
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physical SU(Nc) form. The freedom to include the U(1)-‘photon’ has the ad-
vantage of relating various leading and (sub-)subleading partial amplitudes to
each other in order to sum to zero. This is a statement that the gluon and the
‘photon’ do not interact and so a sum of partial amplitudes that involve such a
particle will vanish. These decoupling identities [128] act as important checks on
the partial amplitudes that are calculated at each order in the number of colours.
The U(Nc) colour decompositions and decoupling identities are important to un-
derstand given they will appear in all subsequent calculations, and have been
reviewed in subsection 2.3.1 and subsection 2.3.2.

In order to compute the two-loop all-plus gluon amplitude, we require the
full colour one-loop all-plus amplitude in both unitarity cuts and factorisation
channels. Due to the decoupling identities, only the leading in colour one-loop
partial amplitude [77] is required to fix the subleading one-loop partial ampli-
tudes. However, expressing the one-loop subleading partial amplitudes via the
decoupling identities gives rise to expressions that are built up of large sums. By
considering Lorentz invariance, locality and the symmetries that the subleading
in colour amplitudes must satisfy, it is possible to write down a more compact
form of these rational partial amplitudes. We summarise the n-point expressions
to O (ϵ0) below - presenting new compact formulae for the subleading partial
amplitudes A(1)

n:2 and A
(1)
n:r,

A
(1)
n:1(1

+, 2+, 3+, · · · , n+) = − i

3

1

⟨1 2⟩ ⟨2 3⟩ · · · ⟨n 1⟩
∑

1≤i<j<k<l≤n

tr−[ijkl] + O(ϵ) ,

(4.2)

A
(1)
n:2(1

+; 2+, 3+, · · · , n+) = −i
1

⟨2 3⟩ ⟨3 4⟩ · · · ⟨n 2⟩
∑

2≤i<j≤n

[1 i] ⟨i j⟩ [j 1] + O(ϵ) ,

(4.3)

and for r ≥ 3,

A(1)
n:r(1

+, 2+, · · · , r − 1+; r+ · · ·n+) = −2i
(K2

1···r−1)
2

(⟨1 2⟩ ⟨2 3⟩ · · · ⟨(r − 1) 1⟩)(⟨r (r + 1)⟩ · · · ⟨n r⟩)
+ O(ϵ) .

(4.4)
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These expressions are remarkably compact given the number of terms arising
in the naive application of the decoupling identities (2.46). The number of terms
in the numerator of a single A

(1)
n:1 grows as,

1

24
n(n− 1)(n− 2)(n− 3) , (4.5)

while the summation over COP terms in (2.46) grows with n as,

∼ (n− 1)!

(r − 2)!(n− r)!
. (4.6)

The naive application of the decoupling identities in determining the subleading
partial amplitudes leads to huge sums of leading partial amplitudes. This is
contrasted with the stark fact that (4.4) is made up of only one term.

The decoupling identities have their use in other ways, however. When com-
puting the rational part of the full colour amplitude, we have seen that the two-
loop all-plus amplitude contains double poles that must be treated with aug-
mented recursion. To obtain the subleading pole contributions, we continued
two gluons in the one-loop single-minus amplitude off-shell to produce a current
that adequately captured the subleading pole behaviour. In the full colour ex-
tension to five-point, we consider the full colour single-minus five-point gluon
amplitude in order to construct a full colour current. At subleading in colour we
can understand a priori, through the decoupling identities, if the subleading in
colour rational terms have double poles and require augmented recursion.

Beginning at one-loop, we know from the form of the leading in colour single-
minus amplitude that double poles in the amplitudes can be seen explicitly. The
five-point case [148],

A
(1)
5:1(1

−, 2+, 3+, 4+, 5+) =
i

3

1

⟨3 4⟩2

[
− [2 5]3

[1 2] [5 1]
+
⟨1 4⟩3 [4 5] ⟨3 5⟩
⟨1 2⟩ ⟨2 3⟩ ⟨4 5⟩2

− ⟨1 3⟩3 [3 2] ⟨4 2⟩
⟨1 5⟩ ⟨5 4⟩ ⟨3 2⟩2

]
,

(4.7)
has ⟨a b⟩−2 singularities for ⟨a b⟩ = ⟨2 3⟩, ⟨3 4⟩ and ⟨4 5⟩.

We also know that factorisations as in fig. 4.1 are responsible for such double
poles.
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Figure 4.1: The origin of the double pole. The double pole arises due to the
coincidence of the singularity arising in the one-loop three-point all-plus vertex,
and the propagator defining the channel in the factorisation corresponding to K2 =
sab → 0. The helicities on the right hand side of the factorisation are general.

The factorisation takes the form,

V (1)(a+, b+, K+)

sab
×−1

sab
×A

(0)
n−1:1(K

−, c−, · · · , n+) ∼ [a b]

⟨a b⟩2
×A

(0)
n−1:1(K

−, c−, · · · , n+) ,

(4.8)
where,

V (1)(a+, b+, K+)

sab
= − i

3

[a b] [bK] [K a]

sab
, (4.9)

is the one-loop three-point vertex1 [38].
Expressing the subleading partial amplitudes in terms of the leading case from

the application of (2.46), naively indicates that the subleading in colour partial
amplitude could also contain double poles. This method of obtaining the sublead-
ing amplitudes, despite ensuring they have the correct symmetries, introduces a
great deal of redundancy in the expression obscuring the simplicity of the pole
structure. However, as we have identified (4.8) as the factorisation sourcing of
the double poles, we can use this to our advantage. By expressing the subleading
in colour amplitude using the decoupling identities, relating it to the leading in
colour amplitude, we may expose the double pole contributions from the leading

1As a small aside, the same analysis (4.8) is available to the all-plus amplitude with the a
positive helicity on c. For n > 4, the all-plus one-loop amplitude does not contain double poles
since A

(0)
n−1:1(K

−, c+, · · · , n+) vanishes.
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partial amplitude using (4.8). This allows us to understand a priori if there are
double poles at subleading orders. In fact, we show there are no double poles in
the one-loop sub-leading partial amplitudes for n > 4.

Consider the first subleading in colour partial amplitude, A(1)
n:2(a1; b2, b3, b4, · · · bn)

and express this as a sum over the A
(1)
n:1,

A
(1)
n:2(a1; b2, b3, , · · · bn) = −A

(1)
n:1(a1, b2, b3, · · · bn)−A

(1)
n:1(b2, a1, b3, · · · bn) · · ·−A

(1)
n:1(b2, b3, · · · a1, bn) ,

(4.10)
where the sum is over the (n−1) distinct positions that a1 may be inserted within
b2, b3 · · · bn. There are two cases for which the amplitude can pick up a complex
double pole. The first is when the legs a1 and b2 are adjacent and have positive
helicity, and the second is when the legs b2 and b3 are adjacent and have the same
helicity.

If we consider the double pole in ⟨a1 b2⟩, the double pole only arises in the
first two terms of the decoupling identity (4.10) and will be of the form

−V (1)(a+1 , b
+
2 , K

+)

s2a1b2
×A

(0)
n−1:1(K

−, b3, · · · bn)−
V (1)(b+2 , a

+
1 , K

+)

s2a1b2
×A

(0)
n−1:1(K

−, b3, · · · bn) ,

(4.11)
which vanishes since V (1)(a+, b+, K+) is antisymmetric. The double pole in ⟨b2 b3⟩
also vanishes, but via a different route. Only the second term in (4.10) does not
contribute and we obtain

−V (1)(b+2 , b
+
3 , K

+)

s2b2b3
×
(
A

(0)
n−1:1(a1, K

−, b4, · · · bn)+A
(0)
n−1:1(K

−, a1, b4, · · · bn)

+ · · ·+ A
(0)
n−1:1(K

−, b4, · · · a1, bn)
)
.

(4.12)

This sum is exactly a tree-level decoupling identity (2.44) for (n − 1) legs that
arises by setting the leg a1 to be the U(1)-photon. Similar arguments show the
vanishing of double poles for all A(1)

n:r with r > 1.
This drastically simplifies the range of functions that we know could describe

the subleading in colour partial amplitudes. The partial amplitudes are rational
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functions with simple poles that must satisfy the symmetries of the trace struc-
tures they multiply and indeed they must carry the correct spinor weight for a
given helicity configuration.

Using these facts we can find all-n formulae for A(1)
n:2(1

−; 2+, · · ·n+) and
A

(1)
n:3(1

−, 2+; 3+, · · ·n+):

A
(1)
n:2(1

−; 2+, 3+, · · · , n+) =
−i
∑

2≤i<j≤n⟨1|ij|1⟩
⟨2 3⟩ ⟨3 4⟩ · · · ⟨(n− 1)n⟩ ⟨n 2⟩

, (4.13)

and

A
(1)
n:3(1

−, 2+; 3+, · · · , n+) =
∑

Z(3···n)

i
∑

2≤i<j≤n⟨1|ij|1⟩
⟨2 3⟩ ⟨3 4⟩ · · · ⟨(n− 1)n⟩ ⟨n 2⟩

, (4.14)

where Z(3···n) is the set of cyclic permutations of the set (3, · · ·n).

The vanishing of the ⟨b2 b3⟩ double poles in (4.12) uses a tree-level identity,
so we do not expect the argument to extend beyond one-loop. Specifically if we
consider A(2)

n:2(a1; b2, b3, b4, · · · bn), a formula for the double pole in ⟨b2 b3⟩ akin to
(4.12) will exist but with the tree amplitudes A

(0)
n−1:1 replaced by their one-loop

equivalents A(1)
n−1:1. The combination of A(1)

n−1:1 is that of the decoupling identity
(2.46) so the double pole does not vanish but instead is proportional to

V (1)(b+2 , b
+
3 , K

+)

s2b2b3
× A

(1)
n−1:2(a1;K

−, b4, · · · bn) . (4.15)

Specialising to the five-point case, we consider the non-vanishing (sub-)subleading
partial amplitudes, A(2)

5:3, A
(2)
5:1,1 and A

(2)
5:1B. The decoupling identities involving two

generators becoming U(1) generators gives a relation,

A
(2)
5:1,1(a1; b1; c1, c2, c3) = −A

(2)
5:3(a1, b1; c1, c2, c3) +

∑
COP{a1,b1}{c1,c2,c3}

A
(2)
5:1(a1, b1, c1, c2, c3) .

(4.16)
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Analysing the double pole structure, ⟨a1 b1⟩, we have,

A
(2)
5:1,1(a1; b1; c1, c2, c3) + A

(2)
5:3(a1, b1; c1, c2, c3)

∣∣∣∣∣
⟨a1 b1⟩

=
V

(1)
3 (a+1 , b

+
1 , K

+)

s2a1b1

[
A

(1)
5:1(a1, b1, c1, c3, c2)

+ A
(1)
5:1(a1, b1, c2, c1, c3) + A

(1)
5:1(a1, b1, c2, c3, c1) + A

(1)
5:1(a1, b1, c3, c1, c2)

]
,

(4.17)

which implies that both A
(2)
5:1,1 and A

(2)
5:3 contain double poles. Furthermore, using

Edison and Naculich’s [15, 16] group theory relations shown in (4.24) to identify
A

(2)
5:1B, this function will contain terms that have double poles in the rational

piece. However, direct calculation reveals an interesting caveat to this statement,
which is discussed at the end of section 4.6.

4.3 Two-Loop Amplitudes
In this section we briefly review the trace based colour decomposition for two-
loop amplitudes [160] in U(Nc) Yang-Mills. We show the form for n-gluons,
then specialise to the five-point case, comparing the U(Nc) and SU(Nc) colour
decompositions, to highlight the physical amplitudes present and show the group
theory relations used as checks. A general two-loop amplitude may be expanded
in a colour trace basis as,

A(2)
n (1, 2, · · · , n) = N2

c

∑
Sn/Zn

Tr(T a1T a2 · · ·T an)A
(2)
n:1(a1, a2, · · · , an)

+ Nc

[n/2]+1∑
r=2

∑
Sn/(Zr−1×Zn+1−r)

Tr(T a1T a2 · · ·T ar−1)Tr(T br · · ·T bn)A(2)
n:r(a1, a2, · · · , ar−1; br · · · bn)

+

[n/3]∑
s=1

[(n−s)/2]∑
t=s

∑
Sn/(Zs×Zt×Zn−s−t)

Tr(T a1 · · ·T as)Tr(T bs+1 · · ·T bs+t)Tr(T cs+t+1 · · ·T cn)

×A
(2)
n:s,t(a1, · · · , as; bs+1 · · · bs+t; cs+t+1 · · · cn)

+
∑

Sn/Zn

Tr(T a1T a2 · · ·T an)A
(2)
n:1B(a1, a2, · · · , an) . (4.18)

135



4. COLOUR DRESSED UNITARITY AND RECURSION FOR
YANG-MILLS TWO-LOOP ALL-PLUS AMPLITUDES

For n even and r = n/2 + 1 there is an extra Z2 in the summation to ensure
each colour structure only appears once. In the s, t summations there is an extra
Z2 when exactly two of s, t and n − s − t are equal and an extra S3 when all
three are equal. At five-point, the specific scattering configuration in question,
this reduces to,

A
(2)
5 (1, 2, 3, 4, 5) = N2

c

∑
S5/Z5

Tr(T a1T a2T a3T a4T a5)A
(2)
5:1(a1, a2, a3, a4, a5)

+ Nc

∑
S5/Z4

Tr(T a1)Tr(T b2T b3T b4T b5)A
(2)
5:2(a1; b2, b3, b4, b5)

+ Nc

∑
S5/(Z2×Z3)

Tr(T a1T a2)Tr(T b3T b4T b5)A
(2)
5:3(a1, a2; b3, b4, b5)

+
∑

S5/(Z2×Z3)

Tr(T a1)Tr(T b2)Tr(T c3T c4T c5)A
(2)
5:1,1(a1; b2; c3, c4, c5)

+
∑

S5/(Z2×Z2×Z2)

Tr(T a1)Tr(T b2T b3)Tr(T c4T c5)A
(2)
5:1,2(a1; b2, b3; c4, c5)

+
∑
S5/Z5

Tr(T a1T a2T a3T a4T a5)A
(2)
5:1B(a1, a2, a3, a4, a5) , (4.19)

which is the full colour amplitude we calculate in this chapter. There are six par-
tial amplitudes that will be directly computed using colour dressed unitarity, but
only three are present in the physical SU(Nc) theory. To highlight the physical
amplitudes, we present the decomposition in an SU(Nc) gauge group,

A
(2)
5 (1, 2, 3, 4, 5) = N2

c

∑
S5/Z5

Tr(T a1T a2T a3T a4T a5)A
(2)
5:1(a1, a2, a3, a4, a5)

+ Nc

∑
S5/(Z2×Z3)

Tr(T a1T a2)Tr(T b3T b4T b5)A
(2)
5:3(a1, a2; b3, b4, b5)

+
∑
S5/Z5

Tr(T a1T a2T a3T a4T a5)A
(2)
5:1B(a1, a2, a3, a4, a5) . (4.20)

Thus, there are three independent physical functions to be determined: A(2)
5:1, A

(2)
5:3

and A
(2)
5:1B. Unlike in the one-loop case, the U(1)-decoupling identities do not

determine any of the three SU(Nc) partial amplitudes alone, however they can
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be used to obtain the specifically U(Nc) functions, A(2)
5:2 , A(2)

5:1,1 and A
(2)
5:1,2:

A
(2)
5:2(1; 2, 3, 4, 5) = −A

(2)
5:1(1, 2, 3, 4, 5)− A

(2)
5:1(2, 1, 3, 4, 5)− A

(2)
5:1(2, 3, 1, 4, 5)− A

(2)
5:1(2, 3, 4, 1, 5) ,

A
(2)
5:1,1(4; 5; 1, 2, 3) = −A

(2)
5:2(5; 1, 2, 3, 4)− A

(2)
5:2(5; 1, 2, 4, 3)− A

(2)
5:2(5; 1, 4, 2, 3)− A

(2)
5:3(4, 5; 1, 2, 3)

= −A
(2)
5:3(4, 5; 1, 2, 3) +

∑
COP{4,5}{1,2,3}

A
(2)
5:1(1, 2, 3, 4, 5)

and

A
(2)
5:1,2(1; 2, 3; 4, 5) = −A

(2)
5:3(2, 3; 1, 4, 5)− A

(2)
5:3(2, 3; 1, 5, 4)− A

(2)
5:3(4, 5; 1, 2, 3)− A

(2)
5:3(4, 5; 1, 3, 2)

= 0 . (4.21)

The last relation in (4.21) is a simplification arising at five-point for the A
(2)
5:1,2

result since the flip symmetry of A(2)
5:3 implies,

A
(2)
5:3 (1, 2; 3, 4, 5) = −A

(2)
5:3 (2, 1; 5, 4, 3) = −A

(2)
5:3 (1, 2; 5, 4, 3) , (4.22)

i.e. reversed ordering of a two element list is equivalent to cycling the list. This
does not extend beyond five-point.

Decoupling identities do not relate the A
(2)
n:1B to the other terms as they do

not contribute to the same order in colour once a U(1) leg has been chosen, but
do have the property of a tree-like identity,

A
(2)
n:1B(1, 2, 3, · · ·n) + A

(2)
n:1B(2, 1, 3, · · ·n) + · · ·A(2)

n:1B(2, · · · , 1, n) = 0 , (4.23)

which in itself does not specify A
(2)
n:1B uniquely. There are however further colour

restrictions beyond the decoupling identities [15, 16] which may be obtained by
recursive methods. These, together with eq. (4.23) determine the A

(2)
5:1B in terms
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of the A5:1 and A5:3

A
(2)
5:1B(1, 2, 3, 4, 5) = −A

(2)
5:1(1, 2, 4, 3, 5) + 2A

(2)
5:1(1, 2, 5, 3, 4) + A

(2)
5:1(1, 2, 5, 4, 3)

−A
(2)
5:1(1, 3, 2, 4, 5) + 2A

(2)
5:1(1, 3, 4, 2, 5)− 5A

(2)
5:1(1, 3, 5, 2, 4)

−2A
(2)
5:1(1, 3, 5, 4, 2) + 2A

(2)
5:1(1, 4, 2, 3, 5) + A

(2)
5:1(1, 4, 3, 2, 5)

+2A
(2)
5:1(1, 4, 5, 2, 3) + A

(2)
5:1(1, 4, 5, 3, 2)

− 1

2

∑
Z5(1,2,3,4,5)

(
A

(2)
5:3(1, 2; 3, 4, 5)− A

(2)
5:3(1, 3; 2, 4, 5)

)
. (4.24)

Colour dressed unitarity determines A(2)
5:1B directly, but we use (4.24) as a consis-

tency check.

4.4 Singularity Structure of the Two-Loop All-
Plus Amplitudes

The IR singular structure of a colour partial amplitude was determined by general
theorems [33]. This motivates an organisation of the amplitude into terms that
are divergent in the dimensional regulator, i.e. for the all-plus amplitude the IR
singular terms U (2)

n:λ and terms that are finite in the dimensional regulator F (2)
n:λ,

A
(2)
n:λ = U

(2)
n:λ + F

(2)
n:λ + O(ϵ) . (4.25)

This organisation was found to be the case in the leading in colour context and
we show that it is indeed the case at (sub-)subleading orders in the colour as
well. The subscript λ is used to refer to the particular order in colour. As the
all-plus tree amplitude vanishes, U (2)

n:λ simplifies considerably and is at worst 1/ϵ2.
In general an amplitude has UV divergences, collinear IR divergences and soft
IR divergences. As the tree amplitude vanishes, both the UV divergences and
collinear IR divergences are proportional to n and cancel leaving only the soft
IR singular terms [32]. The leading case, U (2)

n:1, is proportional to the one-loop
amplitude,

U
(2)
n:1 = A

(1)
n:1 × I

(2)
n:1 (4.26)
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where

I
(2)
n:1 =

[
−

n∑
i=1

1

ϵ2

(
µ2

−si,i+1

)ϵ
]
. (4.27)

In Appendix D the form of the two-loop IR divergences for the other unrenor-
malised partial amplitudes are presented in a colour trace basis.

Given the general expressions for U (2)
n:λ, the challenge is to compute the finite

parts of the amplitude: F
(2)
n:λ. This finite remainder function F

(2)
n:λ can be further

organised into polylogarithmic and rational pieces,

F
(2)
n:λ = P

(2)
n:λ +R

(2)
n:λ . (4.28)

The polylogarithmic terms can be computed using four-dimensional unitarity
whereas the rational pieces are calculated via recursive methods.

4.5 Colour Dressed Unitarity
We begin the discussion of the cut-constructible pieces of the amplitude by purely
considering the kinematics of the two-loop all-plus amplitude. Understanding the
kinematic structure of the functions that are at play in this calculation vastly
simplifies the amount of work that one needs to perform in the full colour calcu-
lation. The discussion on the kinematics of the all-plus amplitude was set out in
section 3.2 and section 3.3. We refer the reader to those sections for a more in
depth look. We briefly review the integral basis required to compute the two-loop
all-plus gluon amplitude to show its full colour extension.

Again, even at full colour, the two-loop cuts effectively become one-loop cuts
with the full colour all-plus one-loop amplitude acting as an additional on-shell
vertex. The non-vanishing four dimensional cuts are shown in fig. 4.2.
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Figure 4.2: Four dimensional cuts of the two-loop all-plus amplitude involving
an all-plus one-loop vertex. For the five-gluon amplitude, we take K2 → 0, and as
always K2

4 ̸= 0.

At five-point, we only have contributions from the one-mass box integral func-
tion, and the one- and two-mass triangle integral functions. Catani predicted the
absence of ϵ−1 terms even at subleading orders in colour and as such, there are
no contributions from bubble integral functions here. The integral functions are
given by,

I1m4 (S, T,K2
4) =

2µ2ϵ

ST

[
1

ϵ2
(
(−S)−ϵ + (−T )−ϵ − (−K2

4)
−ϵ
)

− Li2
(
1− K2

4

S

)
− Li2

(
1− K2

4

T

)
− 1

2
ln2

(
S

T

)
− π2

6

]
+ O(ϵ) ,

(4.29)

where S = (k1 +K2)
2 and T = (k1 +K4)

2, and we write,

F1m[S, T,K2
4 ] = Li2

(
1− K2

4

S

)
+ Li2

(
1− K2

4

T

)
+

1

2
ln2

(
S

T

)
+

π2

6
. (4.30)

The one-mass boxes will completely determine the form of P (2)
n:λ since they are the

source of the finite polylogarithms. The triangle integral functions are given as,

I1m
3 (K2

4) =
1

ϵ2
(−K2

4)
−1−ϵ , and I2m

3

(
K2

4 , K
2
3

)
=

1

ϵ2
(−K2

4)
−ϵ − (−K2

3)
−ϵ

(−K2
4)− (−K2

3)
, (4.31)

where K2
3 = (K2 + k3)

2 in the labelling of fig. 4.2. This same integral basis,
used in the leading case, is easily extended to the full colour case. Generalised
unitarity is used with the same philosophy, of cutting the diagrams systematically
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using quadruple cuts then triple cuts. However, in the full colour case we promote
partial amplitudes to full colour amplitudes. Explicitly, the quadruple cut of the
one-mass box,∫

dLIPS A
(1)
4:1(d

+, e+, l+1 ,−l−4 ) A
(0)
3 (−l−1 , a

+, l+2 ) A
(0)
3 (−l−2 , b

+, l−3 ) A
(0)
3 (−l+3 , c

+, l−4 ) ,

(4.32)

is promoted to∫
dLIPS A

(1)
4 (d+, e+, l+1 ,−l−4 ) A

(0)
3 (−l−1 , a

+, l+2 ) A
(0)
3 (−l−2 , b

+, l−3 ) A
(0)
3 (−l+3 , c

+, l−4 ) .

(4.33)

The cut integrals are now colour dressed and come accompanied with a variety
of trace structures multiplying the partial amplitudes. We consider a basis of
diagrams for which we pick an ordering for the external legs in the cuts, as shown
in (4.33) for the following reason. When colour dressing a cut integral, amplitudes
will contain trace structures that have generators of the loop momenta. These
trace structures will be combined, along with their respective partial amplitudes,
in the cut integral through application of the U(Nc) colour algebra shown in
subsection 2.3.1. This method produces all possible types of trace structures
composing the two-loop colour decomposition but not the full set of traces we
expect. It is possible to take this generated colour decomposition and sum over
each of the independent diagrams that appear in the cuts, once the cut integral
has been performed, due to the identical helicity of the external legs. Specifically
there are thirty independent one-mass boxes and two-mass triangles, along with
ten independent one-mass triangles. The total sum of the cuts then recovers every
possible trace present in the full colour two-loop amplitude.

The basis of integrals we consider in the five-point case are contained in the
integral basis of fig. 4.2, with K2

2 = 0 and K4 is the sum of two external legs.
With this philosophy in mind, it is extremely useful to simplify the tree-level

and one-loop amplitudes that will appear in the cut integrands, before computing
the cuts. There are two types of tree-level amplitudes entering the cuts, the three-
and four-point trees. Since the three-point tree amplitude has two traces that
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are antisymmetric and the kinematic expressions are flip symmetric, each trace
structure has a common factor related by a minus sign.

A
(0)
3 = Tr[abc]A(0)

3 (a, b, c) + Tr [acb]A(0)
3 (a, c, b) (4.34)

= A
(0)
3 (a, b, c) (Tr [abc]− Tr [acb]) . (4.35)

Whereas the four-point MHV can be factored out as

A
(0)
4 (a−, b−, c+, d+) = A

(0)
4 (a−, b−, c+, d+)

(
(Tr[abcd] + Tr[adcb]) + t

u
(Tr[abdc] + Tr[acdb])

(4.36)

+
s

u
(Tr[acbd] + Tr[adbc])

)
.

(4.37)

The one-loop four-point all-plus enters into the cut expressions of both the 1-mass
box and 2-mass triangle. Due to four-point kinematics, the partial amplitudes
are related via the following

A
(1)
4:1(a, b, c, d) = A

(1)
4:1(a, b, d, c) = A

(1)
4:1(a, c, b, d) , (4.38)

which implies that

A
(1)
4:2(a; b, c, d) = −3A

(1)
4:1(a, b, c, d) and A

(1)
4:3(a, b; c, d) = 6A

(1)
4:1(a, b, c, d). (4.39)

As each subleading partial amplitude is proportional to the leading in colour
amplitude, there is a common kinematic factor so that the full colour amplitude
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factorises into a colour component and kinematic component. In full this is,

A
(1)
4 (a+, b+, c+, d+) = A

(1)
4:1(a

+, b+, c+, d+)

×

[
Nc

(
Tr[abcd] + Tr[adcb] + Tr[acbd] + Tr[adbc] + Tr[acdb] + Tr[abdc]

)
− 3
(
Tr[a] (Tr[bcd]− Tr[dcb]) + Tr[b] (Tr[acd]− Tr[dca])

+ Tr[c] (Tr[abd]− Tr[dba]) + Tr[d] (Tr[abc]− Tr[cba])
)

+ 6
(
Tr[ab]Tr[cd] + Tr[ac]Tr[bd] + Tr[ad]Tr[bc]

)]
. (4.40)

We abbreviate it to the following for ease,

A
(1)
4 (ℓ1, ℓ4, d, e) = C× A

(1)
4:1(ℓ4, d, e, ℓ1) . (4.41)

The only other one-loop amplitude to enter into the cuts is the five-point
all-plus. It is not possible in this case to pull out a common factor from the full
colour decomposition and we retain its form for the calculation. However as will
be seen later, it is possible to relate the cut integrals for which the five-point
all-plus appears in at different orders of the colour to three basis integrals.

We now turn to consider the three non-zero basis diagrams contributing to
the cuts, beginning with the one-mass box. The colour and kinematics can be
factored out completely to give a full colour cut integral

Cutbox = C′ × A
(0)
3 (a, ℓ2, ℓ1)A

(0)
3 (b, ℓ3, ℓ2)A

(0)
3 (c, ℓ4, ℓ3)A

(1)
4:1(ℓ4, d, e, ℓ1) . (4.42)

The colour structures can be shown diagrammatically as in fig. 4.3. Given the
configuration of external legs and colour labelling of the internal legs shown in
fig. 4.4, the combination of trace structures arising from the four components of
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Figure 4.3: Four-dimensional quadruple cuts uniquely define the coefficients of
the box integral functions. Extended to a full colour amplitude, the cut diagrams
appear as three types of boxes reflecting the three types of colour structures con-
tained in the full colour four-point all-plus one-loop amplitude.

the cut gives explicitly,

C′
(de;abc) =

∑
m,n,p,q

(
(Tr[amn]− Tr[man])(Tr[bpn]− Tr[pbn])(Tr[pcq]− Tr[pqc])

)
×
(
Nc Tr[mqed] +Nc Tr[meqd]/2 +Nc Tr[qemd]/2 +Nc Tr[qmed]

− 3Tr[m]Tr[qde]− 3Tr[q]Tr[mde]− 3Tr[d]Tr[emq]− 3Tr[d]Tr[eqm]

+ 3Tr[de]Tr[mq] + 3Tr[dm]Tr[eq] + 3Tr[dq]Tr[em] + {d ↔ e}
)

= N2
c

(
Tr[deabc] + Tr[edabc]− Tr[badec]− Tr[baedc]

)
+Nc

(
− 2Tr[d](Tr[eabc]− Tr[baec])− 2Tr[e](Tr[dabc]− Tr[badc])
− Tr[a](Tr[debc] + Tr[edbc]− Tr[bdec]− Tr[bedc])
− Tr[b](Tr[deac] + Tr[edac]− Tr[aedc]− Tr[adec])
− Tr[c](Tr[deab] + Tr[edab]− Tr[adeb]− Tr[aedb])

+8Tr[de](Tr[abc]− Tr[bac]) + Tr[da](Tr[bec]− Tr[ebc])
+Tr[db](Tr[aec]− Tr[eac]) + Tr[dc](Tr[aeb]− Tr[eab])

−Tr[ea](Tr[dbc]− Tr[bdc])− Tr[eb](Tr[dac]− Tr[adc])− Tr[ec](Tr[dab]− Tr[adb])
)

+3
(
− 2Tr[d]Tr[e](Tr[abc]− Tr[bac]) + Tr[d]Tr[a](Tr[ebc]− Tr[bec])
+Tr[d]Tr[b](Tr[eac]− Tr[aec]) + Tr[d]Tr[c](Tr[eab]− Tr[aeb])
+Tr[e]Tr[a](Tr[dbc]− Tr[bdc]) + Tr[e]Tr[b](Tr[dac]− Tr[adc])

+Tr[e]Tr[c](Tr[dab]− Tr[adb])
)

+6
(
Tr[deabc]− Tr[dcbae] + Tr[dcbea]− Tr[daebc] + Tr[dceba]− Tr[dabec] + Tr[dcaeb]− Tr[dbeac]

+Tr[dbaec]− Tr[dceab] + Tr[dabce]− Tr[decba] + Tr[daecb]− Tr[dbcea] + Tr[dbeca]− Tr[daceb]
)
.

(4.43)
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Figure 4.4: The box diagram considered in the quadruple cut with explicit colour
labels and internal helicity configuration.

For simplicity, we say this is an expansion of the form,

C ′
(de;abc) =

∑
λ

aλ(de;abc)C
λ , (4.44)

where the Cλ are the different colour structures.
On the kinematic side, the loop momenta integral is completely constrained

by the cuts. The solution to the quadruple cuts in this case is

ℓ2 = −⟨b a⟩
⟨c a⟩

λ̄bλc, ℓ3 = −⟨b c⟩
⟨a c⟩

λ̄bλa ,

ℓ1 =
⟨a c⟩ λ̄a + ⟨b c⟩ λ̄b

⟨a c⟩
λa, ℓ4 =

⟨c a⟩ λ̄c + ⟨b a⟩ λ̄b

⟨c a⟩
λc . (4.45)

This solution gives the box integral coefficient as,

A
(0)
3 (a, ℓ2, ℓ1)A

(0)
3 (b, ℓ3, ℓ2)A

(0)
3 (c, ℓ4, ℓ3)A

(1)
4:1(ℓ4, d, e, ℓ1) =

2i

3
sabsbc ×

[d e]2

⟨a b⟩ ⟨b c⟩ ⟨c a⟩

=
1

3
sabsbc × A

(1)
5:3(d, e; a, b, c) .

(4.46)

The box integral function contains IR singular terms and finite polylogarithmic
terms. We relegate the explicit forms of the IR singular terms to Appendix D.
The full contribution from the box functions comes from summing the full colour
and kinematic result over the thirty independent diagrams related by relabelling

145



4. COLOUR DRESSED UNITARITY AND RECURSION FOR
YANG-MILLS TWO-LOOP ALL-PLUS AMPLITUDES

of the external legs, i.e∑
S5/(Z2×Z2)

sabsbc
3

A
(1)
5:3(d, e; a, b, c)I

1m
4 (sab, sbc, K

2
de) . (4.47)

This is a combination of IR singular terms and polylogarithmic terms. The
full sum over one-mass boxes completely determines the leading and subleading
in colour polylogarithmic terms. Consequently, the polylogarithmic part of the
partial amplitudes is proportional to the box coefficient,

P
(2)
5:λ ∝

∑
S5/(Z2×Z2)

A5:3(d, e; a, b, c)× F1m
abc;de , (4.48)

where F1m
abc;de ≡ F1m[sab, sbc, sde]. Specifically we recover the previous results of [96]

and [110]. Defining S5:1 = Z5(a, b, c, d, e), S5:2 = Z4(b, c, d, e) and S5:3 = Z2(a, b)×
Z3(c, d, e) we have,

P
(2)
5:1 (a, b, c, d, e) =

∑
S5:1

−A
(1)
5:3(d, e; a, b, c)F1m

abc;de ,

P
(2)
5:3 (a, b : c, d, e) =

4

3

∑
S5:3

(
A

(1)
5:3(a, b; c, d, e) F1m

cde,ab

+
1

4
A

(1)
5:3(a, c; b, e, d) (F1m

bed;ac + F1m
bde;ac − F1m

dbe;ac)
)
. (4.49)

We also directly determine the polylogarithmic part of the sub-subleading SU(Nc)

partial amplitude,

P
(2)
5:1B(a, b, c, d, e) = 2

∑
S5:1

(
A

(1)
5:3(a, b; c, d, e) F1m

cde;ab+

A
(1)
5:3(a, c; b, e, d) (F1m

bed;ac + F1m
bde;ac − F1m

dbe;ac)
)
. (4.50)

This expression satisfies the constraint obtained by using the results of (4.49) in
(4.24).
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The specifically U(Nc) partial amplitudes may also be extracted directly:

P
(2)
5:2 (a; b, c, d, e) = −2

3

∑
S5:2

(
A

(1)
5:3(a, b; c, d, e) F1m

cde;ab

+
1

2
A

(1)
5:3(b, c; a, e, d) (F1m

ade;bc + F1m
dea;bc − F1m

dae;bc)
)
,

(4.51)

and

P
(2)
5:1,1(a; b; c, d, e) = −

∑
S5:3

(
A

(1)
5:3(a, b; c, d, e) F1m

cde;ab

+ A
(1)
5:3(a, c; b, e, d) (F1m

bed;ac + F1m
bde;ac − F1m

dbe;ac)
)
.

(4.52)

As a check we have confirmed that these satisfy the decoupling identities (4.21).

The remaining one- and two-mass triangles only contribute to the IR singular
term. Since the IR terms have been determined in general, we include this cal-
culation as a proof of concept of the method. The two-mass triangle cut integral
is given by,

c2m =

∫
dLIPS A

(1)
4 (d+, e+, l+1 ,−l+3 )A

(0)
3 (−l−1 , a

+, l+2 )A
(0)
4 (l−3 ,−l−2 , b

+, c+).

There is a common term that can be factored out of A(1)
4 and the A

(0)
3 , however

the A
(0)
4 is not so trivial. In this configuration, if we factor out the first term in

the full colour amplitude we get,

A
(0)
4 (l−3 ,−l−2 , b

+, c+) = A
(0)
4:1(l

−
3 ,−l−2 , b

+, c+)
(
(Tr[l3l2bc] + Tr[l3cbl2])

+
(l3 + kc)

2

(l3 + kb)2
(Tr[l3l2cb] + Tr[l3bcl2]) +

sbc
(l3 + kb)2

(Tr[l3bl2c] + Tr[l3cl2b])
)

By considering the power counting of the factored rational function in the cut
integral multiplying the colour bracket above, we can determine whether we need
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to integrate all three terms. Introducing the colour factor with kinematic terms,

c2m =
i

3
C′
2m

[d e]2 [b c]

⟨a b⟩ ⟨b c⟩

∫
dLIPS

( [a|l2|b⟩
[c|l3|c⟩

(Tr[l3l2bc] + Tr[l3cbl2])

+
[a|l2|b⟩

(l3 + kb)2
(Tr[l3l2cb] + Tr[l3bcl2]) +

sbc[a|l2|b⟩
(l3 + kb)2(l3 + kc)2

(Tr[l3bl2c] + Tr[l3cl2b])
)
.

The first two terms give boxes and triangles while the last term is a linear pen-
tagon integral that will give scalar boxes so we can ignore it since it has already
been captured by the quadruple cuts. Dropping the last term and focussing on
the former,

c2m =
i

3
C′
2m

[de]2[bc]

⟨ab⟩⟨bc⟩

∫
dLIPS

( [a|l2|b⟩
[c|l3|c⟩

(Tr[l3l2bc] + Tr[l3cbl2])

+
[a|l2|b⟩

(l3 + kb)2
(Tr[l3l2cb] + Tr[l3bcl2])

)
.

Using [c|l3|c⟩ = (l3 + kc)
2 = (l2 − kb)

2 = −[b|l2|b⟩, and l2 = l3 + kb + kc,

[a|l2|b⟩
[c|l3|c⟩

= − [al2]

[bl2]
,

[a|l2|b⟩
(l3 + kb)2

=
[a|l3 + kc|b⟩

[b|l3|b⟩
=

[al3]

[bl3]
+

[a|c|b⟩
[b|l3|b⟩

.

We are left with linear boxes that are in a canonical form and a scalar box, which
we can discard. The relevant pieces of the cut integral are,

c2m =
i

3
C′
2m

[de]2[bc]

⟨ab⟩⟨bc⟩

∫
dLIPS

(
− [al2]

[bl2]
(Tr[l3l2bc] + Tr[l3cbl2])

+
[al3]

[bl3]
(Tr[l3l2cb] + Tr[l3bcl2])

)
.

The relevant canonical form for a two-mass triangle comes from the general 3-
mass triangle canonical forms and taking the massless limit for one of the corners.
For a linear box we have,

ε1 =
[Y ℓ]

[Xℓ]
→ E1 =

1

2

[X|[K1, K3]|Y ]

[X|K1K3|X]
=

1

2

[X|[K1, K2]|Y ]

[X|K1K2|X]
=

1

2

[X|[K2, K3]|Y ]

[X|K2K3|X]
,
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where K1 = kd + ke, K2 = ka and K3 = kb + kc for the two mass-triangle
configuration. Performing the cut integral using canonical forms treats the ℓ2

and ℓ3 in the same way. Since the functions are identical after integration, we
can factor this out keeping track of minus signs in the colour factors and absorbing
the overall minus sign from the previous definition of c2m.

c2m = C′
2m

(
(Tr[l3l2bc] + Tr[l3cbl2])− (Tr[l3l2cb] + Tr[l3bcl2])

)(−i

6

)
[de]2[a|Pbc|a⟩
⟨ab⟩⟨bc⟩⟨ca⟩

I2m3 [K2
de, K

2
bc].

Summing over the thirty possible 2-mass triangles gives the full contribution from
these types of diagrams.

The remaining 1-mass triangle requires a little more work since we can’t factor
out a common term from the A

(1)
5 amplitude present in the cuts. The full colour

cut integral is given by,

c1m =

∫
dLIPS A

(1)
5

(
a+, b+, c+, l+1 ,−l+3

)
A

(0)
3

(
−l−1 , d

+, l±2
)
A

(0)
3

(
−l∓2 , e

+, l−3
)
.

(4.53)

The tree factors will factorise out and for one helicity configuration are given by,

A
(0)
3

(
−l−1 , d

+, l+2
)
A

(0)
3

(
−l−2 , e

+, l−3
)
=

[l2d]
3

[dl1][l1l2]

⟨l3l2⟩3

⟨l2e⟩⟨el3⟩

(
Tr[dl2l1]− Tr[l1l2d]

)
×
(
Tr[l3l2e]− Tr[el2l3]

)
=

[de]

⟨de⟩
⟨l1l3⟩2

(
Tr[dl2l1]− Tr[l1l2d]

)(
Tr[l3l2e]− Tr[el2l3]

)
.

(4.54)

Note that there are two helicity configurations for the triple cut of the one-
mass triangle. In the triple cut, the one-loop amplitude is always the same,
A

(1)
5 (a+, b+, c+, l+1 ,−l+3 , ). However, for configuration A we have the product of

trees A(0)
3 (d+, l+2 ,−l−1 )A

(0)
3 (l−3 ,−l−2 , e

+), and for configuration B we have
A

(0)
3 (l−2 ,−l−1 , d

+)A
(0)
3 (−l+2 , e

+, l−3 ).
The product of trees for configuration A has been calculated above, and con-

figuration B gives the same result since the two configurations of the trees are
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related by d ⇐⇒ e whilst being symmetric under the exchange of those legs.
Hence we may sum the two helicity configurations by doubling the result from
configuration A.

Naively, there are thirty seven separate integrals to perform for the full colour
expression of the one-mass triangle. On closer inspection, there are a set of three
independent integrals that can be related to the other integrals, and evaluate to
functions of the form,

ca1m[{a, b, c}, d, e] =
i

6

sde
⟨ab⟩⟨bc⟩⟨ed⟩

{
sab

(
[ae]

⟨cd⟩
− [ad]

⟨ce⟩

)
− sbc

(
[ce]

⟨ad⟩
− [cd]

⟨ae⟩

)
− 2[ac][de]

}
,

(4.55)

cb1m[{a, b, c}, d, e] =
i

6

sde
⟨bc⟩

{
[ae]2

⟨bd⟩⟨cd⟩
+

[ad]2

⟨be⟩⟨ce⟩

}
= − 1

12
sde

{
A

(1)
5:3(a, e; b, c, d) + A

(1)
5:3(a, d; b, c, e)

}
, (4.56)

and

cc1m[{a, b, c}, d, e] = −2i
s3de

⟨ab⟩⟨bc⟩⟨ca⟩⟨de⟩2
= −sdeA

(1)
5:3(d, e; a, b, c). (4.57)

Rewriting the thirty seven integrals as relabelled versions of the three basis
integrals and summing over the ten independent diagrams gives the full contri-
bution from the one-mass triangles.

Combining the IR pieces from the boxes and triangles then gives the correct
IR singularities [33, 111] to all orders in colour for the two-loop all-plus(∑

αiI
2me
4,i

∣∣∣∣
IR

+
∑

αiI
2m
3,i +

∑
αiI

1m
3,i

)
λ

= U
(1),ϵ0

n:λ (a+, b+, · · · , n+) (4.58)

where U
(2),ϵ0

n:λ (1+, 2+, · · · , n+) is the order ϵ0 truncation. We have checked the
relation of (4.58) by using four dimensional unitarity techniques to compute the
coefficients and then comparing to the expected form of U (2)

n given in appendix D
for n ≤ 9. The coefficients of these IR pieces also satisfy decoupling identities.
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4.6 Recursion
The remaining parts of the amplitude are the rational functions R

(2)
n:λ belonging

to partial amplitudes contained in the full colour decomposition of the two-loop
all-plus. Since we know there are double poles present in the amplitude we
apply augmented recursion to tame the double poles and determine the full pole
structure directly. In subsection 2.10.1 we described a technique for evaluating
the double pole structure of a leading in colour two-loop five-point amplitude.
In chapter 3 we showed the extension of this work in the context of calculating
the whole rational piece of a leading in colour six- and seven-point amplitude
based on work in [88]. We briefly review the most relevant aspects of this type of
calculation before moving to describe the extensions necessary to determine the
full-colour rational piece, but refer the reader back to the previously mentioned
chapters that offer more detail on the specifics.

As R
(2)
n:λ is a rational function we can obtain it recursively given sufficient

information about its singularities. Introducing a complex parameter, z, whilst
preserving overall momentum conservation and keeping all external momenta null
can be achieved with the aid of the Risager shift [37],

λa → λâ = λa + z [b c]λη ,

λb → λb̂ = λb + z [c a]λη ,

λc → λĉ = λc + z [a b]λη ,

(4.59)

where λη must satisfy ⟨a η⟩ ̸= 0 etc., but is otherwise unconstrained. All-plus
amplitudes are well behaved for |z| → 0 and vanish as required under this shift,
allowing the use of Cauchy’s theorem to determine the rational piece by comput-
ing the residues of the shifted amplitude,

R = R(0) = −
∑
zj ̸=0

Res
[R(z)

z

]∣∣∣
zj
. (4.60)

The Risager shift (4.59) excites poles corresponding to tree to two-loop and one-
loop to one-loop factorisations. The former involve only single poles and their
contributions arise from the contribution of the rational part of the four-point all-
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plus amplitude [92] and a googly three-point tree. This is the only non-vanishing
helicity configuration of the propagator legs since all external legs are positive.
The full colour SU(Nc) parts of the two-loop four-point all-plus are given by [70],

R
(2)
4:1(K

+, c+, d+, e+) =
1

3
A

(1)
4:1(K

+, c+, d+, e+)

(
s2ce

scdsde
+ 8

)
, (4.61)

R
(2)
4:3(K

+, c+; d+, e+) =
1

9
A

(1)
4:3(K

+, c+; d+, e+)

(
s2cd

scesde
+

s2ce
scdsde

+
s2de

scdsce
+ 24

)
.

(4.62)

The U(Nc) amplitudes can be determined from these via decoupling identities,

R
(2)
4:2(K

+; c+, d+, e+) =
1

9
A

(1)
4:2(K

+; c+, d+, e+)

(
s2cd

scesde
+

s2ce
scdsde

+
s2de

scdsce
+ 24

)
,

(4.63)

and

R
(2)
4:1,1(K

+; c+; d+, e+) = 0 . (4.64)

A priori, it is not obvious which of the factorisations are required for the
correct contribution to the tree to two-loop factorisations at subleading in colour.
Colour dressing the two-loop rational amplitude and the corresponding tree1,

A
(0)
3 (â+, b̂+, K̂−)

−1

sab
R

(2)
4 (K̂+, ĉ+, d+, e+) , (4.65)

and combining traces, produces the full contribution to the rational piece from
this channel. Additionally, we must sum over all excited channels, for which there
are nine distinct combinations of excited poles. Explicitly, they are sab, sbc, scd,
sea, sac, sad, sbd ,sbe, sce. These poles reflect the chosen legs for the tree amplitude
in the factorisation. In calculating the residues of this chnnel, we may pick any
orientation for the remaining three legs on the right hand side of the factorisation
since every configuration is accounted for in the full colour decomposition. This

1For example, this is the excited tree:two-loop factorisation in the sab channel.
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method correctly reconstructs the factorising contribution for the leading piece1,

R
(0−2)
5:1 (a, b, c, d, e) = A

(0)
3

(
a+, b+,−K−) −1

sab
R

(2)
4:1

(
K+, c+, d+, e+

)
+ A

(0)
3

(
b+, c+,−K−) −1

sbc
R

(2)
4:1

(
K+, d+, e+, a+

)
+ A

(0)
3

(
c+, d+,−K−) −1

scd
R

(2)
4:1

(
K+, e+, a+, b+

)
+ A

(0)
3

(
e+, a+,−K−) −1

sea
R

(2)
4:1

(
K+, b+, c+, d+

)
. (4.66)

The rational term, R(0−2)
5:2 (a; b, c, d, e), has contributions from factorisations

R
(0−2)
5:2 (a; b, c, d, e) = A

(0)
3

(
b+, c+,−K−) −1

sbc
R

(2)
4:2

(
K+, a+, d+, e+

)
+ A

(0)
3

(
c+, d+,−K−) −1

scd
R

(2)
4:2

(
K+, a+, b+, e+

)
+ A

(0)
3

(
e+, b+,−K−) −1

seb
R

(2)
4:2

(
K+, a+, c+, d+

)
. (4.67)

In general, there is another factorisation that is picked up from the colour algebra,
the factorisation on the pole sde, however this is not excited by the shift.

R
(2)
5:3(a, b; c, d, e), has factorisations,

R
(0−2)
5:3 (a, b; c, d, e) = A

(0)
3

(
c+, d+,−K−) −1

scd
R

(2)
4:3

(
K+, a+, b+, e+

)
+ A

(0)
3

(
e+, c+,−K−) −1

sec
R

(2)
4:3

(
K+, a+, b+, d+

)
, (4.68)

again here the factorisation in the sde channel is present but not excited.
R

(2)
5:1,1(a; b; c, d, e), has factorisations,

R
(0−2)
5:1,1 (a; b; c, d, e) = A

(0)
3

(
c+, d+,−K−) −1

scd
R

(2)
4:1,1

(
K+; a+; b+, e+

)
+ A

(0)
3

(
e+, c+,−K−) −1

sec
R

(2)
4:1,1

(
K+; a+; b+, d+

)
, (4.69)

once more, the factorisation in the sde channel is present but not excited.
If we were to include the sde channel, it is clear that the poles in the subleading
1Here, the legs pa, pb and pc are shifted in the recursion.
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rational terms are poles in all adjacent legs in the trace structure with the larger
amount of elements. At the R

(2)
5:2 level this is Tr (bcde). The only term that has

no contribution from this factorisation channel is the sub-subleading single trace
rational piece, R(2)

5:1B. This is an indication that this partial amplitude does not
behave in a conventional fashion, we will see another fact about this amplitude
in the one-loop:one-loop factorisations.

Given that we have accounted for the simple pole contributions from the tree
to two-loop factorisations, we move on to the one-loop to one-loop factorisations.

Figure 4.5: Diagram containing the leading and sub-leading poles as sab → 0.
The axial gauge construction permits the off-shell continuation of the internal legs.

The one-loop to one-loop factorisations involve double poles which are readily
available from factorisation theorems, however we need to determine the sub-
leading poles in their Laurent expansion. By considering the familiar diagram
fig. 4.5 using an axial gauge formalism, we can determine the full pole structure
of the rational piece, including the non-factorising simple poles using augmented
recursion. In the full colour context, the double pole structure is determined by
calculating the full colour doubly off-shell current τ (1),cn (α−, β+, c+, ..., n+) where
the two off-shell legs are,

α = α(ℓ) = ℓ+ a and β = β(l) = b− ℓ . (4.70)

The sum of these legs, Pαβ = α + β = a + b = Pab, is independent of the loop
momentum, ℓ.
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The colour dressed principal helicity assignment in fig. 4.5, gives∫
dΛc(α+, a+, b+, β−) τ (1),cn (α−, β+, c+, ..., n+) , (4.71)

where∫
dΛc(α+, a+, b+, β−) ≡ i

cΓ(2π)D

∫
dDℓ

ℓ2α2β2
A

(0)
3 (α, a, ℓ)A

(0)
3 (ℓ, b, β) . (4.72)

The three-point vertices, A(0)
3 carry the colour factors associated with three-point

trees, i.e.

A
(0)
3 (a, b, c) = [Tr(abc)− Tr(cba)]A(0)

3 (a, b, c).

The full colour method differs from the methods applied at leading order in the
same way that unitarity did, we simply write the full colour contribution of the
component amplitudes.

As we are only interested in the residue on the sab → 0 pole, we do not
need the exact current. It is sufficient that the approximate current satisfies two
conditions [84, 86]:

(C1) The current contains the leading singularity as sαβ → 0 with α2, β2 ̸= 0,

(C2) The current is the one-loop, single-minus amplitude in the on-shell limit
α2, β2 → 0, sαβ ̸= 0.

This process is detailed in subsection 2.10.1 and [88].
We now apply the method to the full colour amplitude. The U(Nc) colour

decomposition of the integral measure, dΛc contains a common kinematic factor
so we have the colour decompositions

τ (1),cn =
∑
λ

Cλτ
(1)
n:λ and

∫
dΛc = CΛ

∫
dΛ0 (4.73)

where ∫
dΛ0(α

+, a+, b+, β−) =
i

(2π)D

∫
dDℓ

ℓ2α2β2

[a|ℓ|q⟩[b|ℓ|q⟩
⟨a q⟩ ⟨b q⟩

⟨β q⟩2

⟨α q⟩2
. (4.74)
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Hence the full colour contribution is∑
λ

CΛCλ

∫
dΛ0(α

+, a+, b+, β−) τ
(1)
n:λ(α

−, β+, c+, · · ·n+). (4.75)

The current is derived from the one-loop five-point single-minus amplitude
and consequently has the same colour decomposition. The fact that we take two
legs off-shell here only affects the kinematics - colour is unaffected and has the
same colour algebra.

This decomposition is schematic, it illustrates the point that traces sourced
from the two tree amplitudes combine with all the trace structures from the one-
loop decomposition. Performing the colour algebra while identifying the positions
of the off-shell legs in the functional form of the current with respect to the on-shell
legs, allows us to understand what types of currents will arise in the subleading
rational pieces. Since this is a one-loop current, we may also use the useful
property that the various τ (1)n:λ can be expressed as sums of the leading amplitudes
τ
(1)
n:1 via a series of U(1)-decoupling identities. This is useful in this case because
the leading in colour current was calculated in [86] and rederived for a general
λq for this calculation (presented in subsection 2.10.1).

We now focus on the five-point case, where we show that the only two objects
we need to calculate for the one-loop:one-loop factorisations are two distinct forms
of the leading current,

τ
(1)
5:1 (α

−, β+, c+, d+, e+) and τ
(1)
5:1 (α

−, c+, β+, d+, e+) , (4.76)

which we call the ‘adjacent’ and ‘non-adjacent’ leading currents respectively.
Performing the colour algebra with the functional form of the current uncovers
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that the SU(Nc) rational terms R(2)
5:3 and R

(2)
5:1B get contributions of the form,

R
(1−1)
5:3 (a, b; c, d, e)

= Res
[{∫

dΛ0(α
+, b̂+, ĉ+, β−)

(
τ
(1)
5:1 (d

+, e+, β+, â+, α−) + τ
(1)
5:1 (e

+, d+, β+, â+, α−)

+ τ
(1)
5:3 (d

+, e+; β+, â+, α−)
)

+

∫
dΛ0(α

+, â+, b̂+, β−)
(
τ
(1)
5:1 (d

+, e+, β+, ĉ+, α−) + τ
(1)
5:1 (e

+, d+, β+, ĉ+, α−)

+ τ
(1)
5:3 (d

+, e+; β+, ĉ+, α−)
)

+

∫
dΛ0(α

+, â+, ĉ+, β−)
(
τ
(1)
5:1 (b̂

+, β+, d+, e+, α−) + τ
(1)
5:1 (b̂

+, β+, e+, d+, α−)

− τ
(1)
5:3 (d

+, e+; β+, b̂+, α−)
)

−
∫
dΛ0(α

+, d+, â+, β−)
(
τ
(1)
5:1 (d

+, β+, b̂+, ĉ+, α−) + τ
(1)
5:1 (b̂

+, ĉ+, β+, d+, α−)
)

−
∫
dΛ0(α

+, d+, b̂+, β−)
(
τ
(1)
5:1 (d

+, β+, ĉ+, â+, α−) + τ
(1)
5:1 (ĉ

+, â+, β+, d+, α−)
)

−
∫
dΛ0(α

+, e+, ĉ+, β−)
(
τ
(1)
5:1 (d

+, β+, â+, b̂+, α−) + τ
(1)
5:1 (â

+, b̂+, β+, d+, α−)
)

−
∫
dΛ0(α

+, d+, â+, β−)
(
τ
(1)
5:1 (e

+, β+, b̂+, ĉ+, α−) + τ
(1)
5:1 (b̂

+, ĉ+, β+, e+, α−)
)

−
∫
dΛ0(α

+, d+, b̂+, β−)
(
τ
(1)
5:1 (e

+, β+, ĉ+, â+, α−) + τ
(1)
5:1 (ĉ

+, â+, β+, e+, α−)
)

−
∫
dΛ0(α

+, d+, ĉ+, β−)
(
τ
(1)
5:1 (â

+, b̂+, β+, e+, α−) + τ
(1)
5:1 (e

+, β+, â+, b̂+, α−)
)}

+ {Other Helicity Configuration}
]
,

(4.77)

and
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Figure 4.6: The rational piece, R
(2)
5:3, multiplying the trace structure

NcTr[ab]Tr[cde], is constructed from currents of the form τ
(1)
5:1 (α

±, c+;β∓, d+, e+).

R
(1−1)
5:1B (a, b, c, d, e)

= Res
[{∫

dΛ0(α
+, b̂+, ĉ+, β−)

(
τ
(1)
5:3 (α

−, â+; β+, d+, e+) + τ
(1)
5:3 (β

+, d+;α−, e+, â+)
)

+

∫
dΛ0(α

+, â+, b̂+, β−)
(
τ
(1)
5:3 (α

−, e+; β+, ĉ+, d+) + τ
(1)
5:3 (β

+, ĉ+;α−, d+, e+)
)

−
∫
dΛ0(α

+, â+, ĉ+, β−)
(
τ
(1)
5:3 (α

−, b̂+; β+, d+, e+) + τ
(1)
5:3 (β

+, b̂+;α−, d+, e+)
)

+

∫
dΛ0(α

+, e+, â+, β−)
(
τ
(1)
5:3 (α

−, d+; β+, b̂+, ĉ+) + τ
(1)
5:3 (β

+, b̂+;α−, ĉ+, d+)
)

+

∫
dΛ0(α

+, e+, b̂+, β−)
(
τ
(1)
5:3 (α

−, â+; β+, d+, ĉ+) + τ
(1)
5:3 (β

+, â+;α−, d+, ĉ+)
)

−
∫
dΛ0(α

+, e+, ĉ+, β−)
(
τ
(1)
5:3 (α

−, d+; β+, â+, b̂+) + τ
(1)
5:3 (β

+, d+;α−, â+, b̂+)
)

−
∫
dΛ0(α

+, d+, â+, β−)
(
τ
(1)
5:3 (α

−, e+; β+, b̂+, ĉ+) + τ
(1)
5:3 (β

+, e+;α−, b̂+, ĉ+)
)

−
∫
dΛ0(α

+, d+, b̂+, β−)
(
τ
(1)
5:3 (α

−, ĉ+; β+, e+, â+) + τ
(1)
5:3 (β

+, ĉ+;α−, e+, â+)
)

+

∫
dΛ0(α

+, d+, ĉ+, β−)
(
τ
(1)
5:3 (α

−, b̂+; β+, e+, â+) + τ
(1)
5:3 (β

+, e+;α−, â+, b̂+)
)}

+ {Other Helicity Configuration}
]
.

.

(4.78)

In general, we see the appearance of non-adjacent τ5:1 currents and τ5:3 currents
for which the off-shell legs appear in both different sets and in the same set,
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Figure 4.7: The maximally non-factorising rational piece, R
(2)
5:1B, multiply-

ing the trace structure Tr[abcde], is constructed from currents of the form
τ
(1)
5:3 (α

±, e+;β∓, c+, d+).

i.e. τ5:3 (α
−, b+; β+, d+, e+) and τ5:3 (d

+, e+;α−, β+, a+). We may analyse the
decoupling identities of both types of subleading currents to confirm that only
the adjacent and non-adjacent τ5:1 currents are required. The decoupling identity
is given as

A
(1)
5:3 (1, 2; 3, 4, 5) =

∑
σ∈COP

(123)
4

A
(1)
5:1 (σ(1), σ(2), σ(3), σ(4), 5) (4.79)

which, for the currents given above translates to,

A
(1)
5:3(α, b; β, d, e) = A

(1)
5:1(α, b, β, d, e) + A

(1)
5:1(α, b, d, e, β) + A

(1)
5:1(α, b, e, β, d) + A

(1)
5:1(α, β, b, d, e)

+ A
(1)
5:1(α, d, b, e, β) + A

(1)
5:1(α, e, b, β, d) + A

(1)
5:1(α, β, d, b, e) + A

(1)
5:1(α, d, e, b, β)

+ A
(1)
5:1(α, e, β, b, d) + A

(1)
5:1(α, β, d, e, b) + A

(1)
5:1(α, d, e, β, b) + A

(1)
5:1(α, e, β, d, b) ,

(4.80)

and

A
(1)
5:3(a, b;α, β, d) = A

(1)
5:1(a, b, α, β, d) + A

(1)
5:1(a, b, β, d, α) + A

(1)
5:1(a, b, d, α, β) + A

(1)
5:1(a, α, b, β, d)

+ A
(1)
5:1(a, β, b, d, α) + A

(1)
5:1(a, d, b, α, β) + A

(1)
5:1(a, α, β, b, d) + A

(1)
5:1(a, β, d, b, α)

+ A
(1)
5:1(a, d, α, b, β) + A

(1)
5:1(a, α, β, d, b) + A

(1)
5:1(a, β, d, α, b) + A

(1)
5:1(a, d, α, β, b) .

(4.81)
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These expressions confirm that both the leading adjacent and non-adjacent
currents appear at subleading in colour partial amplitudes. This is supported by
the observation that the only possible doubly off-shell currents that can exist at
five point are just the leading adjacent and non-adjacent currents. Despite the
addition of an extra current to compute, this is promising since at six-point there
is just one additional current on top of these, that is required.

τ
(1)
5:1 (α

−, β+, c+, d+, e+) has been calculated previously for a specific choice of
the axial gauge spinor λq = λd [86]. Since in the full colour result we require
currents for which all the legs have been permuted, it is necessary to derive
this current for arbitrary λq. This general formulation will avoid any chance of
exciting spurious poles in the rational expression. The non-adjacent case has
not previously been considered. The derivation of the adjacent current is given
in subsection 2.10.1. A major difference in the derivation of the current in this
paper to the current derived in [86] is that the term F cde

dp describing the leading
factorisation of the current had to be exposed explicitly since λq was kept general.
This point is touched on in more depth in subsection 2.10.1.

This current is given by,

τ
(1)
5:1 (α

−, β+, c+, d+, e+) = F cde
dp

[
1 + sαβ

(
[q e]

[c e] [q|Pαβ|c⟩
+

[c|q|d⟩
[q|Pαβ|q⟩[c|e|d⟩

+
[e|q|d⟩

[q|Pαβ|q⟩[e|c|d⟩

)]
+

i

3 ⟨c d⟩2
⟨α q⟩2

⟨β q⟩2

[
⟨α c⟩ [c|β|d⟩
⟨d e⟩ ⟨e α⟩

+
⟨c e⟩ [d e]
⟨d e⟩2

(
[q|Pαβ|d⟩3

[q|Pαβ|q⟩3
⟨q c⟩ ⟨q α⟩ [q|α|q⟩
⟨α c⟩ [q|Pαβ|c⟩

− 3
⟨q d⟩ [q|Pαβ|d⟩2[q|β|q⟩
[q|Pαβ|q⟩2[q|Pαβ|c⟩

)]
+ F cde

sb +
i

3 ⟨c d⟩2

(
− [β e]2 [q e]

[e α] [α q]
+ [e|q|α⟩([e β] [β q] [q|Pαβ|q⟩ − [β q]2 [e|Pαβ|q⟩)

[α q] [q|Pαβ|q⟩2

)
+ O(⟨αβ⟩) + O(α2) + O(β2) ,

(4.82)

where,

F cde
dp =

i

3

⟨α q⟩2

⟨β q⟩2
⟨q|αβ|q⟩

sαβ

⟨e c⟩ [c e]3

⟨c d⟩ ⟨d e⟩ [e|Pαβ|q⟩[c|Pαβ|q⟩
, (4.83)
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and

F cde
sb = − i

3

[e|Pαβ|α⟩ [β q]2

[α q] [q|Pαβ|q⟩
1

sαβ

[e|Pαβ|q⟩
⟨c d⟩2

. (4.84)

Setting λq = λd in (4.82) reproduces the current presented in [86].
The non-adjacent leading current is derived from the five-point single minus

with the off-shell legs non-adjacent. The current has no pole in ⟨αβ⟩ and is
therefore much simpler. Although this current will not lead to a double pole in
⟨αβ⟩, it has a non-planar factorisation. Since augmented recursion automatically
encodes this property, we can safely capture the desired behaviour without having
to worry about the intricacies of a non-planar factorisation.

The same conditions apply to this current and so we start with the amplitude,

A
(1)
5:1(α

−, c+, β+, d+, e+) =
i

3

1

⟨β d⟩2

(
⟨c d⟩ ⟨αβ⟩3 [c β]
⟨c β⟩2 ⟨d e⟩ ⟨α e⟩

+
⟨α d⟩3 ⟨β e⟩ [d e]
⟨c β⟩ ⟨d e⟩2 ⟨α c⟩

− [c e]3

[e α] [α c]

)
.

(4.85)

The first term is O(⟨αβ⟩3) which means we can discard it. The same leading
approximations can be used as in the previous current to derive

τ
(1)
5:1 (α

−, c+, β+, d+, e+) =
i

3

⟨α q⟩2

⟨β q⟩2

(
⟨α e⟩ [e c]
⟨c α⟩ ⟨d e⟩2

− [e c]3

[e|α|d⟩[c|α|d⟩

)
+ O(⟨αβ⟩).

(4.86)
Integrating the current into the triangle diagram responsible for capturing the
rational terms, the non-adjacent case integrates to the simple form,∫

dDℓ

ℓ2α2β2

i

3

[a|ℓ|q⟩[b|ℓ|q⟩
⟨a q⟩ ⟨b q⟩

⟨a e⟩ [e c]
⟨c a⟩ ⟨d e⟩2

=
i

6

[e c] ⟨a e⟩ [a b]
⟨d e⟩2 ⟨c a⟩ ⟨a b⟩

. (4.87)

where the second term in eq. (4.86) has been dropped since it is a quadratic
pentagon and does not contain any rational terms. The integrated adjacent case
is a generalisation of the previous result [86]. Summing over all the channels
excited by the Risager shift, including both the tree to two-loop and one-loop to
one-loop factorisations, we recover the full two-loop colour decomposition. We
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present compact forms of the SU(Nc) rational pieces below, including the first
compact form for the rational piece of R(2)

5:1B, obtained via a direct computation.
These λq-independent functions can be reconstructed from the analytic forms
computed using the two independent currents. However, in this computation
we confirmed our result for R(2)

5:3 against the explicitly λq-independent result cal-
culated by [110] finding complete agreement. Our R

(2)
5:1B satisfies the constraint

(4.24) and consequently we utilised this along with the decoupling identities to
generate explicitly λq-independent results for the remaining U(Nc) and SU(Nc)

amplitudes.

R
(2)
5:1(a

+, b+, c+, d+, e+) =
i

9

1

⟨a b⟩ ⟨b c⟩ ⟨c d⟩ ⟨d e⟩ ⟨e a⟩
∑
S5:1

(tr2+[deab]
sdesab

+5sabsbc+sabscd

)
,

(4.88)

R
(2)
5:3(a

+, b+; c+, d+, e+) =
2i

3

1

⟨a b⟩ ⟨b a⟩ ⟨c d⟩ ⟨d e⟩ ⟨e c⟩
∑
S5:3

(
tr−[acde]tr−[ecba]

saescd
+

3

2
s2ab

)
,

(4.89)
and

R
(2)
5:1B(a

+, b+, c+, d+, e+) = 2iε (a, b, c, d)
(
CPT(a, b, e, c, d) + CPT(a, d, b, c, e)+

CPT(a, b, d, e, c) + CPT(a, c, d, b, e)+

CPT(a, d, e, b, c)
)
, (4.90)

where

CPT(a, b, c, d, e) =
1

⟨a b⟩ ⟨b c⟩ ⟨c d⟩ ⟨d e⟩ ⟨e a⟩
. (4.91)

These expressions are valid for both U(Nc) and SU(Nc) gauge groups and are
remarkably compact.

We note that there are double poles at leading and sub-leading in colour, but
not at sub-sub-leading. AsR(2)

4:1B vanishes [92] the poles inR
(2)
5:1B do not correspond

to tree to two-loop factorisations, instead they arise from contributions of the
type shown in fig.4.5 however the lack of double poles indicates that the terms
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containing double poles cancel. Together these two facts show that R
(2)
5:1B is a

purely non-factorising object.

4.7 Conclusion
In this chapter we have shown how to extend the methods of four-dimensional
unitarity and recursion to the computation of full colour amplitudes and applied
such methods to the computation of the full colour five-point all-plus amplitude.
Using both U(Nc) Yang-Mills and fully colour dressing amplitudes, we have shown
that the simplifications afforded to us in the leading in colour case extends to full
colour amplitudes as well. In doing this we have developed a direct method of
calculating every partial amplitude that a full colour two-loop all-plus amplitude
is comprised of.

Here we calculated the polylogarithmic parts and rational parts of all U(Nc)

partial amplitudes present in this full colour amplitude, finding complete agree-
ment with [110] whilst also using decoupling identities and group theory relations
to verify the results.

Colour dressed unitarity and recursion holds true to the recursive principles of
building unknown rational parts of amplitudes from simpler loop amplitudes in-
cluding those with lower multiplicity. In this vein the method holds great promise
for obtaining all-n expressions for two-loop subleading in colour amplitudes. In
fact, we have since seen the calculation of R(2)

n:1B extended from the simple form
found here to an alln expression [90] and the two-loop six-point all-plus amplitude
has since been computed [91].

Having discussed pure Yang-Mills calculations, we now proceed to the appli-
cation of the methods utilised here in a gravitational context.
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Chapter 5

Diagrammar in an Extended
Theory of Gravity

5.1 Introduction
There’s a lot of information that can be gleamed from the previously investi-
gated work carried out in Yang-Mills. Yang-Mills amplitudes can be defined
from a quantum field theory by calculating the Feynman diagrams constructed
from Feynman rules derived from the aforementioned quantum field theory. We
have since demonstrated that for higher multiplicity amplitudes, utilising com-
plex momenta and factorisations in a recursive approach [35, 36] is more suited
to tree-level calculations. Although the factorisation properties of tree-level am-
plitudes and the momentum power counting of complex three-point amplitudes
arose from the analysis performed using Feynman rules and Feynman diagrams,
we have since diverged from the original approach. That being said, although
employing the spinor helicity formalism and complex recursion is a far better
method computationally, there is still a link to the field theory approach. This
is pertinent when considering the scattering amplitudes that arise in the analysis
of theories of linearised gravity.

The expansion of the gravitational field in a flat spacetime generates an infinite
series in the graviton hµν . In a flat spacetime we can have non-interacting states
that are well defined at infinity and as such hard scattering events can be described
by the S-matrix. Therefore, the infinite series of graviton interactions corresponds
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at leading order to a sequence of tree-level n-point scattering amplitudes where
n = 3, 4, ...,∞ .

Since pertubative gravity can be investigated using Feynman diagrams, we
have the advantage of already understanding the singularity structure of tree-
level amplitudes. This vantage point has allowed the same methods to be applied
in the context of perturbative gravity to determine the S-matrix elements [44].
This comes with a caveat, although the link to the Feynman diagram approach
allows us to utilise factorisation theorems, it naively implies that under a complex
shift graviton amplitudes are not well behaved. Calculating gravity amplitudes
using on-shell amplitudes and factorisation highlights concealed cancellations be-
tween diagrams that ultimately results in shifted quantities that are well behaved,
allowing for the recursive construction of higher multiplicity graviton amplitudes
from the complex three-point amplitudes [44, 161–163].

This chapter is based on work performed in [112]. In this chapter, we seek
to determine the S-matrix elements of a theory of massless extended Einstein-
Hilbert (EH) gravity using similar complex recursive techniques. The extension
involves including the term αR3, where α is a dimensionful coupling constant.
This theory provides the UV counterterms for the two-loop all-plus amplitude in
EH gravity [164].

The amplitudes in this theory can be expanded as a power series in α,

Mn(1, · · · , n) =
∑
r=0

αrM (L),αr

n (1, · · · , n) , (5.1)

where L is the number of loops and M
(0),α0

n is the EH tree-level gravity amplitude.
Here, we focus on leading deformation of the theory, i.e. the r = 1 part of the
extended theory.

The theory we are considering would arise using field theory methods from
the Lagrangian

L =

∫
dDx

√
−g(R + CαRabcdR

cdefRef
ab) , (5.2)

where Cα = α/60. However, we note that to do so would involve determining
increasingly complicated n-point vertices as the Lagrangian is expanded in the
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graviton field. As we will see the three-point amplitudes are sufficient to com-
pletely determine the tree-level S-matrix.

It is not very useful to define a theory by specifying the entire S-matrix ex-
plicitly but it is an important question whether the S-matrix can be defined from
a minimal set of data and rules i.e. a ”diagrammar” [165]. Once a minimal set of
amplitudes is specified we aim to construct all other amplitudes by demanding
they have the correct symmetries and singularities. Defining the S-matrix using
its singularities is a long-standing programme [36, 46, 53, 56, 166, 167].

In addition to determining the tree-level S-matrix via recursion, we also cal-
culate the soft limits of the graviton amplitudes we calculate. With the soft
limit parametrisation, λn = t × λs and λn = λs, tree level graviton amplitudes
are singular, with a Laurent series whose highest order singularity is t−3. The
coefficients of the terms in the Laurent series are described by soft theorems.
Weinberg described the universal leading soft behaviour of a graviton scatter-
ing amplitude [117]. The subleading and sub-subleading coefficients are given
by [115]. It has been posited that these soft functions are universal [114–116] and
in section 5.3 we investigate the claim for this extended theory of gravity.

5.2 Determining the Tree-Level S-Matrix Ele-
ments

The key element in determining the tree-level S-matrix is that it is entirely char-
acterised by the three-point vertices if we demand that the amplitudes factorise
on simple poles. Since we are working with graviton amplitudes, there is no order-
ing of the external gravitons as there was with gluons. As such, for any partition
of the external legs into two sets, {pL1 , pL2 · · · , pLl

} and {pR1 , pR2 · · · , pRm} with
l +m = n and l,m ≥ 2, if K =

∑l
j=1 kLj

, then when K2 −→ 0 the amplitude is
singular with the simple pole being,

M (0)
n

K2→0−→
∑
h=±

M
(0)
l+1

(
pL1 , . . . , pLl

,−Kh
) −1

K2
M

(0)
m+1

(
K−h, pR1 , . . . , pRm

)
. (5.3)

We can excite the pole in K2 by utilizing complex momenta and applying
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methods of complex analysis. There are two shifts which we use to generate the
S-matrix. First, the BCFW shift [36],

λi −→ λi + zλj , λ̄j −→ λ̄j − zλ̄i . (5.4)

For EH gravity, this shift is sufficient to generate the tree level S-matrix [163].
Additionally we use the Risager shift [37],

λi −→ λi + z [j k]λη ,

λj −→ λj + z [k i]λη ,

λk −→ λk + z [i j]λη , (5.5)

where λη is a reference spinor. Details involving the use of these shifts can be
found in section 2.7. We find that both shifts are required to construct the
S-matrix for the extended theory. This is due to the fact that there are non-
vanishing all-plus graviton amplitudes at O(α) and from the work performed in
Yang-Mills, shown in previous chapters, the BCFW shift does not have the desired
asymptotic behaviour as z → ∞ for the all-plus amplitudes.

In tree-level Yang-Mills amplitudes and EH gravity, the form of the complex
three-point amplitudes determines the tree-level S-matrix completely. In order to
ascertain the S-matrix elements at O(α) we require both the three-point tree-level
EH amplitudes and the three-point deformations.

The usual three-point amplitudes of EH gravity are given by:1

M
(0),α0

3 (a−, b−, c+) =
⟨a b⟩6

⟨a c⟩2 ⟨c b⟩2
,

M
(0),α0

3 (a+, b+, c−) =
[a b]6

[a c]2 [c b]2
,

M
(0),α0

3 (a+, b+, c+) = M
(0)
3 (a−, b−, c−) = 0 . (5.6)

These amplitudes have the correct spinor weight and are quadratic in the mo-
menta.

1We remove a factor of i(κ/2)n−2 from the n-point amplitude, as set out in (2.19).
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For the amplitudes arising from the leading deformation of αR3, we must
understand the momentum power of the three-point vertex and it’s spinor weight.
In momentum space R has two powers of momentum1 and as such the three-point
amplitude should have six powers of momentum. As the graviton is spin two and
can be built from the product of two Yang-Mills polarisation vectors, the spinor
weight is doubled for each helicity of the graviton with respect to the gluon
in Yang-Mills. To be non-trivial, these three-point amplitudes must either be
functions of ⟨i j⟩ or [i j] exclusively. The simplest polynomial amplitudes with
six powers of momenta are

M
(0),α
3

(
a+, b+, c+

)
= α [a b]2 [b c]2 [c a]2 , M

(0),α
3

(
a−, b−, c−

)
= α ⟨a b⟩2 ⟨b c⟩2 ⟨c a⟩2 ,

(5.7)

whilst

M
(0),α
3

(
a−, b−, c+

)
= 0 , M

(0),α
3

(
a−, b+, c+

)
= 0 . (5.8)

The helicity amplitudes (5.8) vanish since there are no expressions that satisfy
the constraints imposed by spinor and momentum weight. This is essentially the
unique choice for a three-point amplitude [45].

Figure 5.1: The non-zero three-point amplitudes.

The S-matrix of the leading deformation of EH gravity in this context must
therefore be determined by the O(α) complex three-point identical helicity am-
plitudes.

To begin verifying this claim, the next step is to determine the four-point O(α)
amplitudes. This S-matrix element is composed of three independent helicity

1Which can be viewed from noting that the Ricci Scalar in co-ordinate space depends on
two spacetime derivatives.
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configurations,

M
(0),α
4 (1+, 2+, 3+, 4+) , M

(0),α
4 (1−, 2+, 3+, 4+) , M

(0),α
4 (1−, 2−, 3+, 4+) . (5.9)

These amplitudes are generated by sewing together the O(α0) EH amplitudes
with the O(α) amplitudes sourced from the R3 term.

In EH gravity, the first two helicity configurations are vanishing, with the
MHV amplitude being the only non-trivial amplitude for this multiplicity. How-
ever by studying the factorisations, the amplitudes needed to generate the four-
point MHV at O(α) are vanishing, with the all-plus and single minus amplitudes
being composed of non-vanishing three-point amplitudes.

In order to generate the all-plus and single-minus amplitudes using complex
recursion, we must employ the use of a complex shift under which the amplitude
vanishes as |z| → ∞. For the all-plus amplitude, as was the case in all-plus
Yang-Mills amplitudes, the Risager shift [37] produces the desired asymptotic
behaviour. Whereas the single minus amplitude behaves well under either the
Risager shift or the BCFW shift [36] and we are free to choose the shift we pre-
fer. The added bonus of using the BCFW shift is that it does not introduce
the reference spinor, λη, that the Risager shift incorporates. In this sense, it is
the preferable choice, since we will need to reuse the result at higher multiplici-
ties and keeping expressions as simple as possible allows for more compact results.

Figure 5.2: General factorisation for an n-point O(α) all-plus amplitude. The
O(α) amplitude can only enter the factorisation on the side of the on-shell propa-
gator with a positive helicity.

The all-plus undergoes a Risager shift, resulting in six factorisations. They
come in two types, where the O(α) appears on either side of the factorisation.
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After performing the residues, which in general for a pole ⟨i j⟩−1, becomes,

Res
[
− 1

⟨i j⟩
, zI

]
= 1 , (5.10)

Two of the types of factorisations are given as,

M (0),α0

(ĉ+, d+, K̂−)
1

scd
M (0),α(â+, b̂+,−K̂+) =

[c d]6

[cK̂]2[dK̂]2
1

scd
[a b]2 [bK̂]2[aK̂]2 ,

(5.11)

and

M (0),α(ĉ+, d+, K̂+)
1

scd
M (0),α0

(â+, b̂+,+K̂+) =
[a b]6

[bK̂]2[aK̂]2
1

scd
[c d]2 [dK̂]2[cK̂]2 .

(5.12)

The remaining four factorisations are related to these by considering all the other
permutations of the external legs.

Note that the spinor λK , related to the momentum of the propagator is shifted
and still depends on λη. In general the momentum of the propagator will carry
a dependence of the reference spinor λη. For the shifted legs î, ĵ, k̂, defining the
momenta K, as the sum of external momenta on the side of the factorisation
containing only one of the shifted legs, say leg i, we may express the shifted
propagator momentum as1,

λ̂K = |K|i] , λ̂K =
|K|η⟩
[i|K|η⟩

. (5.13)

In the all-plus case we have shifted â, b̂ and ĉ, such that the momentum of the
propagator under the Risager shift is given by,

K = λKλK , λK = λc [d c] = |d|c⟩ , λK =
λc ⟨c η⟩+ λd ⟨d η⟩

[c|d|η⟩
. (5.14)

This shows how the Risager shift incorporates the reference spinor in this case.
1For completeness, if −K appears in the spinor brackets, then λK picks up the minus sign

and λK is unaltered. However, since all the spinor brackets in the four-point factorisations are
squared, this does not pose a problem here.
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Substituting the values for the shifted propagator into the factorisation and sum-
ming over the remaining factorisations1, gives a function that is λη-independent.
After some algebra, we arrive at the explicitly λη-independent function,

M
(0),α
4 (a+, b+, c+, d+) = 10

(
st

⟨a b⟩ ⟨b c⟩ ⟨c d⟩ ⟨d a⟩

)2

stu . (5.15)

Figure 5.3: The only type of factorisation of the four-point O(α) single-minus.

The single-minus can be evaluated using the BCFW shift, shifting legs â and b̂.
This excites two factorisations, that take the following form after taking residues,

M (0),α0

(â−, K̂−, d+)
1

sad
M (0),α(b̂+, c+,−K̂+) =

⟨aK̂⟩6

⟨K̂d⟩2⟨dâ⟩2
1

sad
[bc]2[bK̂]2[cK̂]2 ,

(5.16)

and

M (0),α0

(â−, K̂−, c+)
1

sac
M (0),α(b̂+, d+,−K̂+) =

⟨aK̂⟩6

⟨K̂c⟩2⟨câ⟩2
1

sad
[bd]2[bK̂]2[dK̂]2 .

(5.17)

In a similar way to the Risager shift, the BCFW shift affects the momentum of
the propagator. In general for the BCFW shift [j, i⟩, we define the momenta K,
as the sum of external momenta on the side of the factorisation λi. Given this

1appropriately redefining the shifted propagator
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we may write1,

λ̂K = |K|i] , λ̂K =
|K|j⟩
[i|K|j⟩

. (5.18)

Applying this to the factorisations above and summing, reduces to,

M
(0),α
4 (a−, b+, c+, d+) =

(
[b d]2

[a b] ⟨b c⟩ ⟨c d⟩ [d a]

)2
s3t3

u
. (5.19)

The other non-trivial amplitudes are related to these results by parity conjuga-
tion.

These four-point amplitudes due to a R3 term are not a novel result. They
were previously computed using field theory methods [168]. Our results agree
with the previously calculated expressions. They have also been found recursively
using an all-line shift [135], a technique where all legs have shifted momenta. Ad-
ditionally, they vanish to all orders in a supersymmetric theory: a fact used to
show supergravity was two-loop ultraviolet finite [169, 170]. In a similar vein,
they also appear as the UV counterterms of both two-loop gravity in four dimen-
sions [164, 171] and one-loop gravity in six dimensions [172].

The five-point O(α) amplitudes follow on naturally. Using the four-point and
three-point amplitudes from the extended theory and EH gravity we construct
the following independent five-point amplitudes.

M
(0),α
5

(
a+, b+, c+, d+, e+

)
, M

(0),α
5

(
a−, b+, c+, d+, e+

)
, M

(0),α
5

(
a−, b−, c+, d+, e+

)
.

(5.20)

As before, the shift (5.5) yields an all-plus amplitude that is independent of
λη and has full crossing symmetry:

M
(0),α
5 (a+, b+, c+, d+, e+) =

(∑
P6

TA
(a,b,c),(d,e) +

∑
Z3

TB
(a,b,c),(d,e)

)
(5.21)

1Again, for completeness, if −K appears in the spinor brackets, then λK picks up the minus
sign and λK is unaltered. However, since all the spinor brackets in the four-point factorisations
are squared, this does not pose a problem here.
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where

TA
(a,b,c),(d,e) = 10

[a d]

⟨a d⟩
[e c] [e b]

⟨a η⟩2 ⟨d η⟩
[b c]2

⟨d e⟩
× [e|Kad|η⟩[b|Kad|η⟩[c|Kad|η⟩ , (5.22)

TB
(a,b,c),(d,e) = −10

[a d] [a e] [b c] [a|Kbc|η⟩2[e|Kbc|η⟩[d|Kbc|η⟩
⟨b c⟩ ⟨b η⟩2 ⟨c η⟩2

[d e]

⟨d e⟩
, (5.23)

and Z3 denotes summation over the three cyclic permutations of legs a,b and c.
P6 = Z3 × Z2 denotes the three permutations of {a, b, c} under Z3 together with
interchange of legs d and e. Although λη appears explicitly in the expression for
the amplitude, M (0),α

5 (a+, b+, c+, d+, e+) is independent of λη, however this has
not been made manifest.

Figure 5.4: Factorisations of the five-point single-minus amplitude.

There are many more factorisations of the single minus amplitude since adding
an additional negative external helicity allows for more internal helicity config-
urations, as shown in fig. 5.4. Using the BCFW shift on (λ̄a, λb) we obtain the
amplitude,

M
(0),α
5 (a−, b+, c+, d+, e+) =

10

[a b]2

( ∏
i,j=b,c,d,e,i<j

[i j]

)(
⟨a e⟩
[a e]

[b e]3

⟨c d⟩
+

⟨a c⟩
[a c]

[b c]3

⟨d e⟩
+

⟨a d⟩
[a d]

[b d]3

⟨e c⟩

)

+
⟨a b⟩2

⟨c d⟩ ⟨c e⟩ ⟨d e⟩
∏

i=c,d,e ⟨a i⟩

(
[b c]5 [d e] ⟨a c⟩5

⟨b c⟩
+

[b d]5 [e c] ⟨a d⟩5

⟨b d⟩
+

[b e]5 [c e] ⟨a e⟩5

⟨b e⟩

)

+
1

⟨a b⟩2 ⟨c d⟩ ⟨c e⟩ ⟨d e⟩

(
[b c] [d e]5 ⟨a e⟩3 ⟨a d⟩3

⟨b c⟩
+

[b d] [e c]5 ⟨a c⟩3 ⟨a e⟩3

⟨b d⟩

+
[b e] [c d]5 ⟨a d⟩3 ⟨a c⟩3

⟨b e⟩

)
. (5.24)
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The five-point MHV amplitude is non-zero since we have sufficient external
legs to include a non-zero O(α) tree. The non-zero factorisations of the amplitude
are shown in fig. 5.5.

Figure 5.5: Factorisations of the five-point MHV amplitude

This amplitude can be obtained using the [−,−⟩ or [−,+⟩ BCFW shifts. We
employ the shift on the two negative helicity legs as this excites only the second
factorisation of fig. 5.5 hence reducing the computational workload. The recursion
generates the following expression,

M
(0),α
5 (a−, b−, c+, d+, e+) = −scd

⟨a e⟩
[a e]

[c d]2 [c e]3 [d e]3

[a b]2 [b c] [b d]

−sde
⟨a c⟩
[a c]

[d e]2 [d c]3 [e c]3

[a b]2 [b d] [b e]
− sec

⟨a d⟩
[a d]

[e c]2 [e d]3 [c d]3

[a b]2 [b e] [b c]
. (5.25)

With this, all the independent five-point amplitudes contributing to the tree-
level S-matrix of this extended theory of gravity have been determined. The
process can be continued and we have calculated the O(α) amplitudes up to
n = 8 solely using complex recursion and the two types of complex shifts. The
amplitudes have the correct symmetries, are η-independent and have the correct
leading soft-limits. Since the all-plus amplitudes of higher multiplicity have not
been made manifestly independent of λη and the expressions for the remaining
helicity amplitudes grow in size considerably, the remaining helicity amplitudes
M

(0),α
n for n ≤ 7 are available in Mathematica format at

http://pyweb.swan.ac.uk/ dunbar/Smatrix.html.
In ref. [173] amplitudes in Yang-Mills theory extended by F 3 terms were

studied. Then using double copy techniques and the KLT relations [123] graviton
scattering amplitudes were derived up to n = 6. As noted in [173] these corre-
spond to amplitudes in a R + αR3 +

√
αR2ϕ theory. The four-point amplitudes
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in the R+αR3 +
√
αR2ϕ and the R3 theories are proportional [135, 173] but be-

yond four-point the two sets of amplitudes are functionally different. The all-plus
amplitude in the two theories remain proportional for n > 4 with

M (0),R3+R2ϕ
n (1+, 2+, · · ·n+) =

5

2
M (0),R3

n (1+, 2+, · · ·n+) , (5.26)

and we find this is the case for n ≤ 7.

5.3 Soft Limits
Graviton scattering amplitudes are singular as an external graviton becomes soft.
Parametrising the momentum of the n-th leg as kµ

n = t × kµ
s then in the limit

t −→ 0 the singularity in the n-point amplitude is,

Mn −→ 1

t
× S(0) ×Mn−1 +O(t0) , (5.27)

where Mn−1 is the (n− 1)-point amplitude and S(0) is the universal leading soft
factor.

By sending the momentum of a positive helicity leg to become soft using the
following parametrisation,

λn = t× λs , λ̄n = λ̄s . (5.28)

and sending t −→ 0 we see that the amplitude has t−3 singularities in complex
momenta. At tree-level the amplitudes behave as (5.29), given by soft theo-
rems [115] in this limit. The coefficient of this leading singularity is the universal
leading soft factor determined by Weinberg. It has also been proposed [114–116]
that the sub-leading and sub-sub-leading terms are also universal.

M tree
n = StM

tree
n−1 +O(t0) =

(
1

t3
S(0) +

1

t2
S(1) +

1

t
S(2)

)
M tree

n−1 +O(t0) (5.29)
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where, for a positive helicity-leg becoming soft [115, 174, 175]

S(0) = −
n−1∑
i=1

[s i] ⟨i α⟩ ⟨i β⟩
⟨s i⟩ ⟨s α⟩ ⟨s β⟩

, (5.30)

S(1) = −1

2

n−1∑
i=1

[s i]

⟨s i⟩

(
⟨i α⟩
⟨s α⟩

+
⟨i β⟩
⟨s β⟩

)
λ̄ȧ
s

∂

∂λ̄ȧ
i

, (5.31)

S(2) =
1

2

n−1∑
i=1

[i s]

⟨i s⟩
λ̄ȧ
s λ̄

ḃ
s

∂

∂λ̄ȧ
i

∂

∂λ̄ḃ
i

. (5.32)

The proof of the soft theorems follows fromWard identities of extended Bondi,
van der Burg, Metzner and Sachs (BMS) symmetry [176]. Although exact for tree
level amplitudes, these subleading theorems receive loop corrections [83, 174,
177]. Whether the soft theorems extend beyond EH gravity has been examined
before. In particular the leading soft behaviour can often be used as a check
upon amplitudes such, e.g. in [173]. The leading and sub-leading limits were
shown to hold for a R3 insertion in [178]. Here we examine the amplitudes and,
in particular, test the sub-sub-leading soft behaviour.

We can summarise the behaviour of the leading amplitudes, M (1)
n , simply by

stating:

All the amplitudes calculated satisfy the soft limits of
(5.29) up to and including the sub-sub-leading term.

We have verified this for all helicity amplitudes up to n = 8. Note: to
check (5.29) one must implement momentum conservation consistently between
the n-point amplitudes and the (n−1)-point amplitudes which in essence specifies
how the point t = 0 is approached. These are several ways to do this. We have
followed the prescription of [115] by Laurent expanding the amplitude around
t = 0 and numerically evaluating the amplitude checking the coefficients of the
terms t−n where n = 1, 2, 3.

Incidentally as a consequence of eq.(5.26) the amplitudeM (1),R3+R2ϕ
n (1+, 2+, · · ·n+)

also satisfies the soft theorems to sub-sub leading level.
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5.4 Other Theories
We have chosen to extend gravity using a three-point vertex and use a diagrammar
approach only considering massless gravity, i.e. on-shell amplitudes. There is,
of course, complementarity between this approach and that of Lagrangian based
field theory. The single choice of three-point amplitude corresponds to the single
R3 field density that affects on-shell amplitudes. As there is only one choice of
R3 that can contribute, this makes the extended S-matrix simply depend upon
the single parameter α.

If we were to deform EH gravity by an additional four-point amplitude then
there are more choices consistent with symmetry and spinor weight, e.g. we could
have

M4(a
+, b+, c+, d+) = α1 (⟨a b⟩4 ⟨c d⟩4 + ⟨a c⟩4 ⟨b d⟩4 + ⟨a d⟩4 ⟨b c⟩4)

+ α2 (⟨a b⟩ ⟨b c⟩ ⟨c d⟩ ⟨d a⟩+ permutations)2 + · · · .

(5.33)

From a field theory perspective this freedom corresponds to the observation that
there are multiple R4 tensors that contribute to on-shell amplitudes [179].

The same issue arises when we consider the further expansion in α. If we
consider M (0)α2

4 (a−, b−, c+, d+) there is a single factorisation as shown in fig. 6.3.
The amplitude,

M
(2)
4 (a−, b−, c+, d+) = ⟨a b⟩4 [c d]4

(
tu+ βs2

s

)
, (5.34)

has the correct factorisation for any choice of β. This ambiguity means we also
have to specify the four-point amplitude in order to determine the S-matrix. In
the diagrammar approach, this ambiguity arises due to the existence of a poly-
nomial function with the correct symmetries and spinor and momentum weight.
From a field theory perspective, additional counterterms can contribute to this
amplitude. Specifically, we could deform the theory via

R −→ R + CαR
3 + CβD

2R4 (5.35)
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and the four-point amplitude is only specified once Cα and Cβ are determined.

Figure 5.6: Factorisations of the four-point MHV amplitude at α2.

5.5 Conclusion
We have constructed the tree-level S-matrix elements of the leading deformation
to EH gravity arising in an extended theory of gravity. There is only one choice
of R3 that affects on-shell amplitudes, and we fix the form of the three-point
amplitudes arising from this extension through spinor and momentum weight
for massless gluons. Therefore, the theory is extended by the addition of ampli-
tudes which are polynomial in momentum, thus implicitly imposing locality and
unitarity on the S-matrix. With this starting point, the S-matrix has been con-
structed from the two types of three-point amplitudes contributing to the O(α)

deformation in addition to demanding factorisation on propagator poles. In [45]
the authors call such theories fully constructible, hence we find the O(α) extended
theory to be such a theory.

Beyond the leading deformation, there exist independent polynomial ampli-
tudes with a higher number of legs and these must be specified in order to fully
determine the S-matrix. Consistency of this approach and a field theoretic ap-
proach beyond leading order, requires a correspondence between these polynomial
amplitudes and the counter terms contributing to on-shell amplitudes.

In addition to constructing the S-matrix of this extended theory of gravity, we
find that these amplitudes satisfy the same soft theorems as the tree amplitudes
of EH gravity up to and including the sub-subleading terms.

In the context of perturbation theory, this is only the leading order term.
Armed with the understanding of the tree-level S-matrix elements for this ex-
tended theory, we are able to understand the renormalisability of this theory by

179



5. DIAGRAMMAR IN AN EXTENDED THEORY OF GRAVITY

examining the ultraviolet behaviour of the one-loop amplitudes. Given the known
basis of integral functions that describe a one-loop amplitude, investigation into
the UV behaviour can be achieved by considering the double-cuts of the ampli-
tudes and uncovering the coefficients of the scalar bubble integral functions. In
doing so we understand the form of the counterterms that are required in order
to renormalise the extended theory of gravity.
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Chapter 6

Loop Amplitudes in an Extended
Theory of Gravity

6.1 Introduction
In the previous chapter we investigated the tree-level S-matrix of Einstein-Hilbert
(EH) gravity extended by the inclusion of an αR3 term. The amplitudes that
compose the S-matrix of this theory can be expanded as a power series in α,

Mn(1, · · · , n) =
∑
r=0

αrM (L),αr

n (1, · · · , n) , (6.1)

where L is the number of loops and M
(0),α0

n is the EH tree-level gravity amplitude.
The theory we are considering would arise using field theory methods from the
Lagrangian

L =

∫
dDx

√
−g(R + CαRabcdR

cdefRef
ab) , (6.2)

where Cα = α/60. We focused on leading deformation of the theory, i.e. the
r = 1 part of the extended theory.

In conjunction with information available from the Lagrangian perspective,
we used complex momenta and spinor weight to constrain the form of the three-
point amplitudes. By employing the use of complex recursion and factorisation
theorems involving on-shell amplitudes we were able to determine the tree-level
S-matrix [165] for the O(α) deformation of this extended theory of gravity and
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label it fully constructible [45]. This is akin to the philosophy of the S-matrix
program of the 1960’s [46].

Having understood that the O(α) tree-level S-matrix is fully constructible, it
is an interesting question to investigate whether the theory itself is renormalisable
at the one-loop level in perturbation theory. In particular what counterterms are
required to renormalise the theory. As we have done with the tree-level case
of gravitational theory, we may borrow from the lessons we have learned in the
context of Yang-Mills amplitudes. In particular, we use the knowledge that a
Passarino-Veltman reduction [52] can be applied to the one-loop Feynman inte-
gral functions that are present in this extended theory of gravity to construct
a basis of integrals. The singularity structure of one-loop amplitudes are also
well understood and we may reorganise the amplitude according to this singu-
larity structure. The O(α) tree-level amplitudes we have calculated in [112] and
shown in the previous chapter, can be coupled with four-dimensional unitarity to
understand the UV structure of the gravity amplitudes at one-loop.

This chapter is based on the work performed in [113] in which we examine
the one-loop amplitudes for both extended Yang-Mills and gravity - in partic-
ular their UV structure - using four-dimensional unitarity. In agreement with
long established results we find that the extended Yang-Mills theory is renor-
malised [180–183] through a redefinition of the coupling constants. For the ex-
tended theory of gravity however, we find that additional counter-terms, written
in the spinor helicity, are required in order to renormalise the theory. The use
of four-dimensional unitarity techniques gives relatively easy access to the UV
structures of these theories.

6.2 Structure of the Amplitudes
Before determining the one-loop amplitudes in these extended theories, we take
a short moment to review the general analytic form of one-loop amplitudes in
massless gauge theories. A one-loop amplitude in a theory of massless particles
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can be expressed, after a Passarino–Veltman reduction [52], in the form

A(1)
n =

∑
i∈C

ai I
i
4 +

∑
j∈D

bj I
j
3 +

∑
k∈E

ck I
k
2 +Rn +O(ϵ) , (6.3)

where the I im are m-point scalar integral functions and the ai etc. are rational
coefficients. C is the set of box integral functions with all allowed partitions of the
external legs between the corners. For a colour-ordered Yang-Mills amplitude the
allowed partitions respect the cyclic ordering of the legs, whereas for a gravity
theory, all possible permutations are allowed. Similarly D and E are the sets
of triangle and bubble integral functions. The sums include all possible integral
functions allowed by the ordering and depend upon the masses of the diagrams,
i.e. the number vertices of a diagram with a non-null sum of external momenta.
Rn is a purely rational term.

Alternately, we can re-express the one-loop amplitude for pure Yang-Mills or
gravity in a form which highlights the singular structure of the amplitude,

A(1)
n = A(0)

n In +Gn + Fn +Rn , (6.4)

where In contains the soft-singular Infra-Red (IR) [32] terms of the amplitude
and is

In = − cΓ
(4π)2

n∑
i=1

(−sii+1/µ
2)−ϵ

ϵ2
, (6.5)

for a leading in colour gluon amplitude where cΓ = (4π)ϵΓ2(1−ϵ)Γ(1+ϵ)/Γ(1−2ϵ).
For a graviton scattering amplitude [117, 184],

In = − cΓ
(4π)2

∑
i<j

sij
(−sij/µ

2)−ϵ

ϵ2
. (6.6)

Within the decomposition of (6.3) the contributions to In arise from the box
integral functions and the one and two mass triangle integral functions. Gn is of
the form

Gn =
∑
i

ci
(−sii+1/µ

2)−ϵ

ϵ
, (6.7)
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for leading in colour gluon scattering amplitudes and

Gn =
∑
i<j

cij
(−sij/µ

2)−ϵ

ϵ
, (6.8)

for graviton scattering. Within the integral basis decomposition (6.3), the Gn

arise from the bubble integral functions. The Gn terms contain both the collinear
IR singular terms and the UV divergences. The function Fn contains the finite
transcendental functions. These arise from both the box integral functions and
from the three-mass triangle integral function. Rn is the remaining rational term
finite in the dimensional regularisation parameter ϵ.

The coefficients of the integral functions can be determined using four dimen-
sional generalised unitarity techniques from the on-shell amplitudes. Computing
Rn from unitarity requires using d = 4− 2ϵ tree amplitudes.

We will find that the form of the IR singularities is not altered in the extended
theories, as is expected by naive power counting. That is, since the additional
vertices introduced by the extensions have a larger momentum power counting
they do not affect the (−µ2/s)ϵ IR singularities.

6.3 Yang-Mills Case
Before looking at gravity theories, we consider the case of gluon scattering in
pure Yang-Mills. We consider the leading in Nc colour partial amplitude that
have fixed cyclic ordering. The full amplitude can be reconstructed by rein-
troducing the trace structures and deducing the subleading partial amplitudes
through decoupling identities [128].

We define the theory in an analogous fashion to the previous chapter - from
the fundamental complex three-point amplitudes,

A
(0)
3 (1h1 , 2h2 , 3h3) , (6.9)

where hi is the helicity of the i-th leg. For gluons the helicity is ±1. The
constraints imposed from spinor weight and momentum weight give the following
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four allowed tree-level amplitudes1,

A
(0),α0

3 (1−, 2−, 3+) = g
⟨1 2⟩3

⟨2 3⟩ ⟨3 1⟩
,

A
(0),α0

3 (1+, 2+, 3−) = g
[2 1]3

[2 3] [3 1]
,

A
(0),α
3 (1+, 2+, 3+) = αg [1 2] [2 3] [3 1] ,

A
(0),α
3 (1−, 2−, 3−) = αg ⟨1 3⟩ ⟨3 2⟩ ⟨2 1⟩ . (6.10)

The first two amplitudes are the well known MHV (“Maximally Helicity Violat-
ing”) and MHV amplitudes. The parameter α is dimensionful with mass dimen-
sion minus two, ie. α = c/M2 where c is dimensionless in natural units and M

is some mass scale2 and the α expansion can be considered as an expansion in
inverse powers of the mass M .

In this section we expand Yang-Mills theory by including the α-vertices in ad-
dition to the MHV vertices. The amplitudes in this theory can then be expanded
as a power series in α,

An(1, · · · , n) =
∑
r=0

αrAαr

n (1, · · · , n) , (6.11)

where Aα0

n is the usual Yang-Mills amplitude.
From a Lagrangian field theory viewpoint we are extending the theory by

LF 3 = α′Tr(FµνF
νρFρ

µ) . (6.12)

where α′ = −αg/3 [173]. Having defined the three-point vertices, factorisation
theorems can be used [112, 135] to obtain the leading four-point tree amplitudes

1We reintroduce the couplings just for this definition. Subsequently, we remove a factor of
g.

2With the normalisation of (6.10) each n-point, L-loop amplitude contains a factor of
gn−2+2L which we suppress.
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in an analogous way as described in chapter 5:

A
(0),α
4 (1+, 2+, 3+, 4+) = 2α

stu

⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 1⟩
= 2αK++++ × u ,

A
(0),α
4 (1−, 2+, 3+, 4+) = −α

[2 4]2 st

[1 2] ⟨2 3⟩ ⟨3 4⟩ [4 1]
= αK−+++ × u . (6.13)

These expressions match those obtained from Feynman diagram calculations [185],
or colour-kinematics duality [173] or scattering equations [186]. The combinations
K++++ and K−+++ carry all the necessary spinor weight of the amplitude with
|K++++| = |K−+++| = 1 for real momenta. The factorK++++ has manifest cyclic
symmetry but is also fully crossing symmetric since

st

⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 1⟩
=

su

⟨1 2⟩ ⟨2 4⟩ ⟨4 3⟩ ⟨3 1⟩
=

tu

⟨1 4⟩ ⟨4 2⟩ ⟨2 3⟩ ⟨3 1⟩
. (6.14)

Similarly K−+++ has manifest flip-symmetry but is also invariant under exchange
of the positive helicity legs, 2 ↔ 3 etc. These factors can be written in many
ways, e.g.

K++++ = − [1 2]2

⟨3 4⟩2
= − [1 2]2 [3 4]2

s2
. (6.15)

For the pure Yang-Mills theory, all tree amplitudes can be constructed us-
ing factorisation from the three-point trees [36] i.e. the theory is “constructible”
using the definition of [45]. The tree-amplitudes arising from the leading defor-
mation, A(0),α

n , can also be constructed in this way, however amplitudes beyond
this leading deformation are not constructible purely from factorisation. This
will be pursued further in the context of gravity theories later.

We now wish to determine the one-loop amplitudes in the extended theory
to O(α). Unitarity methods have proven very efficient in determining one-loop
amplitudes using the on-shell tree amplitudes.

Working in four-dimensions, the simplicity of the four-dimensional trees greatly
simplifies the calculation of the coefficients of the integral functions, but does not
allow us to compute the finite rational terms R. Since we are mainly interested
in the UV singularities, which come with an accompanying ln(µ2/s), four dimen-
sional two-particle cuts suffice [187].
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Noting that

A
(1),α
4 (1−, 2−, 3+, 4+)|cut part = 0 , (6.16)

since there are no non-vanishing four dimensional cuts for these amplitudes, the
non-vanishing O(α) amplitudes are the all-plus and the single minus.

Calculating the s-channel two-particle cut for the all-plus amplitude, as shown
in fig.6.1, gives

Figure 6.1: The two-particle cut of the all-plus amplitude.

C2 =

∫
dLIPS A

(0),α
4 (1+, 2+, ℓ+2 ,−ℓ+1 )× A

(0),α0

4 (ℓ−1 ,−ℓ−2 , 3
+, 4+)

= −2α

∫
dLIPS

s12s1ℓ1s1ℓ2
⟨1 2⟩ ⟨2 ℓ2⟩ ⟨ℓ2 ℓ1⟩ ⟨ℓ1 1⟩

× ⟨ℓ1 ℓ2⟩4

⟨3 4⟩ ⟨4 ℓ1⟩ ⟨ℓ1 ℓ2⟩ ⟨ℓ2 3⟩

= −2α

∫
dLIPS

s12
⟨1 2⟩ ⟨3 4⟩

s1ℓ2 [ℓ1 1]

⟨2 ℓ2⟩
× ⟨ℓ1 ℓ2⟩2

⟨4 ℓ1⟩ ⟨ℓ2 3⟩
, (6.17)

where we also have a configuration where the α vertex is on the right hand side.
Manipulating eq. (6.17) using

⟨ℓ2 ℓ1⟩ [ℓ1 1]
⟨2 ℓ2⟩

=
⟨ℓ2 2⟩ [2 1]
⟨2 ℓ2⟩

= [1 2] , (6.18)

we have

C2 = −2α

∫
dLIPS

[1 2]2

⟨3 4⟩
× s1ℓ2 ⟨ℓ1 ℓ2⟩

⟨4 ℓ1⟩ ⟨ℓ2 3⟩
. (6.19)
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Now

⟨4 ℓ1⟩ ⟨ℓ2 3⟩ × [ℓ1 ℓ2] = ⟨4|ℓ1ℓ2|3⟩ = −⟨4 3⟩ [3|ℓ2|3⟩ = −⟨3 4⟩ (ℓ2 − k3)
2 , (6.20)

so

C2 = 2α

∫
dLIPS

[1 2]2 s12

⟨3 4⟩2
× [1|ℓ2|1⟩

(ℓ2 − k3)2
. (6.21)

Rather than perform the integration over the cut momenta, we recognise this as
the cut of a covariant integral which we can evaluate∫

dLIPS f(ℓ1, ℓ2) −→
∫

dDℓ
f(ℓ1, ℓ2)

ℓ21ℓ
2
2

, (6.22)

where we only keep terms with a s-channel cut in the resultant integral [53, 56].
Consequently we replace C2 by a triangle integral with linear numerator I1m3 [ℓµ2 ].
Using

I1m3 [ℓµ2 ] =
(k4 − k3)

µ

s
I2m2 (s) + kµ

3 I
1m
3 (s) , (6.23)

where I2m2 (s) is the scalar bubble integral function and I1m3 (s) is the one-mass
scalar triangle integral function which only depend on the kinematic variable s,
we obtain

−2α
[1 2]2

⟨3 4⟩2
[1|(4− 3)|1⟩I2m2 (s)− 2α

[1 2]2 s12

⟨3 4⟩2
[1|3|1⟩I1m3 (s)

= −2α
[1 2]2

⟨3 4⟩2
(t− u)I2m2 (s)− 2α

[1 2]2 s12s13

⟨3 4⟩2
I1m3 (s)

= 2αK++++(t− u)I2m2 (s) + 2αK++++u× sI1m3 (s) . (6.24)

Doubling this to account for inserting the F 3 operator on the opposite side of the
cut and combining with the t-channel cut leads to the amplitude

A
(1),α
4 (1+, 2+, 3+, 4+) = A

(0),α
4 I4

+4αK++++

[
(t− u)I2m2 (s) + (s− u)I2m2 (t)

]
+R4 , (6.25)
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Figure 6.2: The bubbles for single minus

where we have used
2sI1m3 (s) + 2tI1m3 (t) = I4 . (6.26)

Note that there are no box functions in this amplitude and the triangle functions
generate the soft part of the IR term. The overall coefficient of ϵ−1 is

4
α

(4π)2
((t− u) + (s− u))K++++ = − 12

(4π)2
uαK++++ = − 6

(4π)2
×A

(0),α
4 (1+, 2+, 3+, 4+) ,

(6.27)
which is proportional to the tree and so the one-loop UV infinity leads to a
renormalisation of the αF 3 term.

We also compute the one-loop contribution to the single-minus amplitude
A

(1),α
4 (1−, 2+, 3+, 4+). There are three non-zero configurations as shown in fig. 6.2.

The first of these is

CA
2 = A

(0),α
4 (1−, 2+, l+2 ,−l+1 )× A

(0),α0

4 (l−1 ,−l−2 , 3
+, 4+)

= −α
[2 − l1]

2 s12s2l2
[1 2] ⟨2 l2⟩ ⟨l2 − l1⟩ [−l1 1]

× ⟨l1 − l2⟩3

⟨−l2 3⟩ ⟨3 4⟩ ⟨4 l1⟩

= −α
⟨1 2⟩
⟨3 4⟩

[2 l1]
2 [2 l2]

[l1 1]
× ⟨l1 l2⟩2

⟨l2 3⟩ ⟨4 l1⟩
. (6.28)

This can be rearranged to

CA
2 = −α

s212
⟨3 4⟩2

× [2 l1] [2 l2] ⟨l1 1⟩ ⟨l2 1⟩
(l1 − k1)2(l1 + k4)2

, (6.29)

which is the two particle cut of a quadratic box. Replacing this by a covariant
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integral and only keeping terms with a s-channel cut we obtain

CA
2 = −αK−+++

(
s3t

2u
I0m4 +

s3

u
I1m3 (s)− suI1m3 (s)− (2t+ s)I2m2 (s)

)
. (6.30)

The other terms are a little more complex (requiring a quartic box integral) and
yield

CB
2 = −αK−+++

(
st3

2u
I0m4 (s, t) +

st2

u
I1m3 (s)− tI2m2 (s)

)
,

CC
2 = −αK−+++

(
stu

2
I0m4 (s, t) + uI2m2 (s)

)
. (6.31)

Combining these gives

A
(1),α
4 (1−, 2+, 3+, 4+) = −αK−+++

(
st

2u
(s2 + t2 + u2)I0m4 (s, t) +

(s2 + t2 − u2)

u
(sI1m3 (s) + tI1m3 (t))

− (2s+ 4t)I2m2 (s)− (4s+ 2t)I2m2 (t))

)
+R4 .

(6.32)

The box functions combine with the triangle functions to generate the IR singular
terms and the finite transcendental function,

aI0m4 (s, t) +
∑
j=s,t

bjI
1m
3 (j) = A

(0),α0

4 I4 + F4 , (6.33)

where
F4 = − α

(4π)2
K−+++ × (s2 + u2 + t2)

u
ln2(s/t) , (6.34)

and we find no corrections to the IR structure.
We also find the UV terms, the coefficient of ϵ−1 as

α

(4π)2
K−+++ ((2s+ 4t) + (4s+ 2t)) = −6

α

(4π)2
uK−+++ = − 6

(4π)2
A

(0),α
4 (1−, 2+, 3+, 4+) ,

(6.35)
which matches the singularity found for the A

(1),α
4 (1+, 2+, 3+, 4+) case.

Equations (6.27) and (6.35) are the singularities in the bare amplitudes. The
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amplitudes contain universal collinear IR singularities [32]:

− nβ0g
2

2(4π)2
A(0),α

n = −22Ncg
2

3(4π)2
A(0),α

n , (6.36)

where β0 = 11Nc/3. We determine the UV divergence by first subtracting these
from the bare singularity.

When renormalising the theory there must be a simultaneous renormalisation
of g2 and α. The renormalisation of g2 is unaltered since it is determined by the
α0 amplitudes.

g2α −→ g2α− g4β0α + g2δα , (6.37)

so that (reinserting g and Nc)

g2δα− g4β0α

ϵ
− 6Ncα

(4π)2ϵ
= −22Ncg

2

3(4π)2
α , (6.38)

so that
δα =

g2Ncα

(4π)2ϵ
(6− 11

3
) =

7Ncα

3

g2

(4π)2
. (6.39)

This value of 7Nc/3 matches previous calculations of the anomalous dimension
of Yang-Mills extended by the F 3 operator [180–183].

6.4 Extended Gravity Amplitudes
We now consider extending gravity by additional three point vertices. For gravi-
tons with h = ±2 the possible three point amplitudes are1

M
(0),α0

3 (1−, 2−, 3+) =
⟨1 2⟩6

⟨2 3⟩2 ⟨3 1⟩2
,

M
(0),α0

3 (1+, 2+, 3−) =
[1 2]6

[2 3]2 [3 1]2
,

M
(0),α
3 (1+, 2+, 3+) = α [1 2]2 [2 3]2 [3 1]2 ,

M
(0),α
3 (1−, 2−, 3−) = α ⟨1 2⟩2 ⟨2 3⟩2 ⟨3 1⟩2 . (6.40)

1Where we use the conventions of (2.19).
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From a Lagrangian viewpoint we are considering the theory

L =

∫
dDx

√
−g(R +

α

60
RabcdR

cdefRef
ab) . (6.41)

The non-vanishing four-point O(α0) tree is

Mα0

4:tree(1
−, 2−, 3+, 4+) = − [3 4] ⟨1 2⟩6

⟨3 4⟩ ⟨1 3⟩ ⟨1 4⟩ ⟨2 3⟩ ⟨2 4⟩
, (6.42)

and the non-zero O(α) trees are

M
(0),α
4 (1+, 2+, 3+, 4+) = −10

(
st

⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 1⟩

)2

stu

= −10K2
++++ × stu ,

M
(0),α
4 (1−, 2+, 3+, 4+) =

(
[2 4]2

[1 2] ⟨2 3⟩ ⟨3 4⟩ [4 1]

)2
−s3t3

u

= −K2
−+++ × stu . (6.43)

These four-point amplitudes due to a R3 term have been computed using field
theory methods [168] but can also be obtained from the three-point amplitudes by
factorisation as shown in the previous chapter [112, 135] . These expressions also
appear as the UV infinite pieces of both two-loop gravity in four dimensions [164,
171] and one-loop gravity in six dimensions [172].

We evaluate the one-loop amplitude for the all-plus amplitude via the two
particle cuts

C2 =

∫
dLIPS M

(0),α
4 (1+, 2+, ℓ+2 ,−ℓ+1 )×M

(0),α0

4 (ℓ−1 ,−ℓ−2 , 3
+, 4+) . (6.44)
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Arranging the trees carefully we obtain

C2 = 10

∫
dLIPS

[1 2]2 [ℓ1 ℓ2]

⟨ℓ1 ℓ2⟩
[2 ℓ1] [1 ℓ2][2 ℓ2] [ℓ1 1]×

s ⟨ℓ1 ℓ2⟩4 [3 4]
⟨3 4⟩3

(
1

sℓ14
+

1

sℓ13

)
= 10

∫
dLIPS

s2 [1 2]2 [3 4]

⟨3 4⟩3
[2 ℓ1] [1 ℓ2][2 ℓ2] [ℓ1 1]× ⟨ℓ1 ℓ2⟩2

(
1

sℓ14
+

1

sℓ13

)
= 10

∫
dLIPS

s2 [1 2]4 [4 3]

⟨3 4⟩3
[1|ℓ1|1⟩[1|ℓ2|1⟩ ×

(
1

sℓ14
+

1

sℓ13

)
, (6.45)

which is the cut of a pair of quadratic triangle integrals. Replacing this by the
covariant integral and evaluating yields

10
tu

s3
[1 2]4 [3 4]4 × s2I1m3 (s) + 10

[1 2]4 [3 4]4

s2
×
(
t2 + u2 − 4tu

)
I2m2 (s) , (6.46)

where both integrals yield the same resultant integral function. After doubling
this to account for inserting the R3 operator on the opposite side of the cut, this
can be rewritten as

20K2
++++stu× s2I1m3 (s) + 20K2

++++ × s2
(
t2 + u2 − 4tu

)
I2m2 (s) . (6.47)

The triangle functions correctly generate the IR terms and so the the amplitude
can be expressed as

M
(1),α
4 = M

(0),α
4 I4 + F4 +G4 +R4 , (6.48)

with F4 = 0 and

G4 = 20K2
++++

[
s2
(
t2 + u2 − 4tu

)
I2m2 (s) + t2

(
s2 + u2 − 4su

)
I2m2 (t)

+u2
(
t2 + s2 − 4ts

)
I2m2 (u)

]
. (6.49)

193



6. LOOP AMPLITUDES IN AN EXTENDED THEORY OF
GRAVITY

The coefficient of ϵ−1 is

20K2
++++×

(
s2
(
t2 + u2 − 4tu

)
+{s ↔ t}+{s ↔ u}

)
= 10K2

++++×(s2+t2+u2)2 .

(6.50)
In EH gravity the IR singularity is of the form

∑
s ln(s)/ϵ [117, 184] and the

additional vertex will not affect this since the vertex has a higher momentum
power count. Therefore the rational ϵ−1 singularities in eq. (6.50) represents the
ultraviolet divergence. The Yang-Mills case, whose UV singularity is proportional
to the O(α) tree-level Yang-Mills amplitude (6.35), differs in form compared to
the UV singularity in the gravitational case - which is not proportional to the
tree-level O(α) gravity amplitude (6.50). The implication of this being that the
two theories are renormalised in differing ways. The extended Yang-Mills theory
is renormalised via a redefinition of the cubic vertex, whereas the extended gravity
theory but must be renormalised by the addition of a four-point vertex produced
by a higher-dimension local operator.

As a consistency check we also consider the single-minus amplitude. The
s-channel bubble in this case has three configurations:

M
(0),α
4 (1−, 2+, ℓ+2 ,−ℓ+1 ) × M

(0),α0

4 (ℓ−1 ,−ℓ−2 , 3
+, 4+) , (6.51)

M
(0),α0

4 (1−, 2+, ℓ∓2 ,−ℓ±1 ) × M
(0),α
4 (ℓ±1 ,−ℓ∓2 , 3

+, 4+) . (6.52)

These give contributions to the coefficients of the bubble integral functions. We
find

cA = K2
−+++ × s2

tu

(
2(t4 + u4) + 5ut(t2 + u2)

)
,

cB = K2
−+++ × s2

tu

(
2(t4 + u4)− 3ut(t2 + u2)

)
, (6.53)

giving the overall coefficient of I2m2 (s) to be

c = K2
−+++ × s2

tu

(
4(t4 + u4) + 2ut(t2 + u2)

)
. (6.54)
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Extracting the UV divergence we find

1

ϵ
×
(
s2

tu

(
4(t4 + u4) + 2ut(t2 + u2)

)
+ {s ↔ u}+ {s ↔ t}

)
= 0 , (6.55)

and so this amplitude has no UV divergence.
In summary, the UV infinities for the four-point one-loop amplitudes are,

(re-inserting the appropriate factors)

Mα
4:1−loop(1

−, 2−, 3+, 4+)

∣∣∣∣
1/ϵ

= 0 ,

Mα
4:1−loop(1

+, 2+, 3+, 4+)

∣∣∣∣
1/ϵ

= α
i

(4π)2

(κ
2

)4 1
ϵ
× 10K2

++++ × (s2 + t2 + u2)2 ,

Mα
4:1−loop(1

−, 2+, 3+, 4+)

∣∣∣∣
1/ϵ

= 0 . (6.56)

Unlike the Yang-Mills case, the UV infinity is not removed by a renormalisation
of the three-point vertex but requires the addition of a four-point vertex which
acts as a counterterm. The counterterm is examined in [113] and is given by,

R4
counter =

i

(4π)4ϵ
Rab

cd R
cd

ef R
ef

gh R
gh

ab . (6.57)

6.5 Beyond Cubic Vertices
The non-extended theory of graviton scattering ( and of gluons) is constructible:
that is the entire tree-level S-matrix can be generated by demanding that the
amplitudes are factorisable [163]. In practice the factorisation can be excited by
the BCFW shift. In the extended theory the leading deformation of the tree-
level S-matrix is also constructible [112] albeit by using alternative shifts [37,
162]. However at order α2, if we consider Mα2

4:tree(1
−, 2−, 3+, 4+) there is a single

factorisation as shown in fig. 6.3. The amplitude

Mα2

4:tree(1
−, 2−, 3+, 4+) = α2 ⟨1 2⟩4 [3 4]4

(
tu+ βs2

s

)
, (6.58)

195



6. LOOP AMPLITUDES IN AN EXTENDED THEORY OF
GRAVITY

has the correct factorisation for any choice of β. This ambiguity means we also
have to specify the four-point amplitude to determine the S-matrix. In the di-
agrammar approach this ambiguity arises due to the existence of a polynomial
function with the correct symmetries and spinor and momentum weight. From
a field theory perspective, additional counterterms can contribute to this ampli-
tude. Specifically, we could deform the theory via

R −→ R + CαR
3 + CβD

2R4 (6.59)

and the four-point amplitude is only specified once Cα and Cβ are determined.

Figure 6.3: Factorisations of the four-point MHV amplitude at α2.

From a constructibility viewpoint, defining the theory from its four-point am-
plitudes is much less constrained than using the three-point amplitudes because
momenta constraints do not limit the vertex to be constructed only from λi or λ̄i

but can involve both (or more likely momenta invariants). Specifically we could
introduce a fundamental amplitude

M4:tree(1
−, 2−, 3+, 4+) = β′s ⟨1 2⟩4 [3 4]4 . (6.60)

From a Lagrangian perspective this would be implemented by a D2R4 opera-
tor giving non-vanishing M(1−, 2−, 3+, 4+) but vanishing M(1+, 2+, 3+, 4+) and
M(1−, 2+, 3+, 4+). As the all-plus and single-minus amplitudes vanish in a super-
symmetric theory, any operator compatible with supersymmetry that generates
a non-vanishing four-point MHV amplitude will suffice.

Although constructibility from three-point vertices is an attractive concept,
unfortunately we find the theory is not completely specified by the three-point
vertex.
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6.6 Conclusion
We have studied the S-matrix of extended Yang-Mills and gravity using a dia-
grammar approach in which the theory is defined by its on-shell amplitudes. If
we wish to extend either pure Yang-Mills or gravity by the addition of a three-
point interaction there is a unique choice governed by the unique choice of F 3

or R3 operator from the field theory perspective. This choice leads to a theory
in which the leading deformation is constructible from three-point amplitudes
although higher order deformations require further information to fix the ampli-
tudes. In this chapter, we have studied the one-loop corrections to these theories
and demonstrated how unitarity can be used to examine the UV structure of the
theories to understand the renormalisability of the theory. For Yang-Mills the
one-loop UV infinities are renormalised by the four-point vertex at leading order.
For gravity however the UV infinities must be cancelled by four-point amplitudes
arising from a different source. Extending the S-matrix of gravity by the addi-
tion of the minimal three-point amplitude is equivalent to adding R3 terms to the
Lagrangian. From a Lagrangian view point this is then renormalised at one-loop
by R4 counterterms.
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Chapter 7

Conclusions

This thesis has reviewed techniques and recent discoveries made in pure Yang-
Mills and extended theories of gravity by the use of four-dimensional unitarity
and recursive techniques. Splitting the calculation of an amplitude into two parts
allows for a vast simplification in the deduction of the branch cut singularity
structures, while leaving the rational terms to be determined. Augmented recur-
sion has proven to be an effective method of capturing the full rational parts of
various loop amplitudes which in general contain double poles. While currently
this constitutes the majority of the calculation at higher multiplicities, it still
presents the most promising way to determine rational terms of amplitudes that
contain higher order poles. We also used these techniques to examine a theory
of extended gravity that provides the counterterms for two-loop gravity in four
dimensions.

Through the investigations into the scattering of gluons, we continue to add to
the dictionary of amplitudes required to describe partonic cross sections relevant
in collider experiments. Having access to higher multiplicity expressions allows IR
safe cross sections to be expressed at higher orders in the coupling constant and
furthermore, promotes progress in the theoretical understanding of the structure
of gluon amplitudes. In chapter 3 we have shown that the applicability and
effectiveness of these methods have range even at the two-loop level in pure Yang-
Mills. Moreover, given that these techniques have computed the first six- and
seven-gluon expressions for the leading in colour two-loop all-plus amplitude,
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they offer a more promising path to discovering all-n formulae for amplitudes
than other conventional techniques.

In chapter 4 we demonstrated the efficacy of four-dimensional techniques for
amplitudes at all orders in the number of colours. Examining the two-loop five-
point all-plus amplitude, we showed the simple extension to determining full
colour amplitudes comes from promoting the leading in colour partial amplitudes
with their full colour counterparts when computing the amplitude using unitar-
ity cuts and augmented recursion. The cut constructible parts of the amplitude
follow straightforwardly from the leading in colour case. The rational part of the
amplitude follows suit, however we showed that the double pole contributions,
to all orders in Nc, can be derived from the leading in colour doubly off-shell
adjacent and non-adjacent currents. This result has its foundation in the de-
coupling identities for the one-loop current and shows, at least at two-loop, that
we can reuse the leading in colour currents to generate the (sub-)subleading in
colour rational terms at two-loop. This is a promising discovery and has already
proven fruitful, with the expression for the two-loop six-point all-plus amplitude
given shortly after the five-point. Furthermore, the simple expression for the
sub-subleading single trace partial amplitude found by these methods has led to
an all-n form. Providing a direct method of calculating a full colour amplitude
at two-loops for a particular helicity amplitude is a demonstration of the staying
power that four-dimensional unitarity still possesses to this day.

The recursive methods we employ also provide a simple way of examining
a theory of extended gravity. In chapter 5, we showed that we could generate
the tree-level S-matrix of the leading deformation of Einstein-Hilbert gravity ex-
tended by an αR3 term. This leading O(α) deformation is determined by fixing
the three-point amplitudes and demanding factorisation. In order to determine
the theory to higher orders in α, more constraints are required. We then con-
sidered the renormalisability of this theory in chapter 6, by extracting the UV
infinite terms, and identifying the counterterm required to renormalise the theory.
We also compared this with the tree-level and one-loop amplitudes of a related
theory, pure Yang-Mills extended by an F 3 term, whose double copy gives a grav-
itational theory extended by αR3+

√
αR2ϕ. We showed that the pure Yang-Mills
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theory was renormalised by a redefinition of the coupling constant.

The next step for calculations involving four-dimensional unitarity would be to
calculate the single-minus two-loop amplitude. The IR singular structure of this
amplitude remains the same, since the associated tree-level amplitudes vanishes.
However, the simplifications we were able to use to study the all-plus do not
apply in general here. In this case, we must consider genuine two-loop integrals
when computing the cuts of the amplitude. In terms of the rational part of
this amplitude, it would be preferable to reach a general prescription for these
terms at two-loops, but in its absence we must consider the inclusion of an MHV
current. Since the current is still a one-loop object, we expect that the decoupling
identities will still provide a route to determining the (sub)-subleading in colour
rational terms.

The results and evolving methods presented in this thesis continue to prove
the relevance of four-dimensional unitarity methods. Its ability to determine
physically relevant scattering amplitudes has seen success and motivates further
efforts along this vein.
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Appendix A

Feynman Rules for Gluon
Amplitudes

Here we briefly summarise the Feynman rules for gluon amplitudes, where we
present the forms with the factors of i reinstated. In the lightcone axial gauge,
the gluon propagator is,

i

p2
dµν =

i

p2

(
−ηµν + 2

pµqν + qµpν
2q · p

)
. (A.1)

The Feynman rules for three- and four-gluon vertices derived from the Yang-Mills
Lagrangian, with colour are given as,

V3(p
µ
1 , p

ν
2, p

ρ
3) = igfabc [ηµν(p1 − p2)

ρ + ηνρ(p2 − p3)
µ + ηρµ(p3 − p1)

ν ] , (A.2)

V4(p
µ
1 , p

ν
2, p

ρ
3, p

σ
3 ) = ig2

[
fabef cde(ηµρηνσ − ηµσηνρ) + facefdbe(ηµσηρν − ηµνηρσ) + fadef bce(ηµνησρ − ηµρησν)

]
.

(A.3)
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After colour decomposition, the colour ordered Feynman Rules for the three- and
four-gluon vertices are given as,

V3(p
µ
1 , p

ν
2, p

ρ
3)

∣∣∣∣∣
c.o.

= i [ηµν(p1 − p2)
ρ + ηνρ(p2 − p3)

µ + ηρµ(p3 − p1)
ν ] , (A.4)

V4(p
µ
1 , p

ν
2, p

ρ
3, p

σ
3 )

∣∣∣∣∣
c.o.

= i [2ηµρηνσ − ηµνηρσ − ηµσηνρ] . (A.5)

Gluons are massless spin 1 gauge bosons and have two polarisations, ϵ+µ and ϵ−µ .
To compute a gluon amplitude the Feynman rules for the vertex interactions must
be contracted with the specific gluon polarisation corresponding to the relevant
gluon. In the spinor helicity formalism, the polarisation vectors are given as,

ϵ−µ (p, q) =
[q|γµ|p⟩√
2[pq]

, ϵ+µ (p, q) =
[p|γµ|q⟩√
2⟨qp⟩

. (A.6)
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Appendix B

Integrals

This section lists the scalar one-loop integrals relevant for calculating Yang-Mills
and gravity one-loop amplitudes and the two-loop all-plus amplitude [53, 55, 188,
189].

B.1 Integral Functions
This section lists the scalar one-loop integrals relevant for calculating Yang-Mills
and gravity one-loop amplitudes and the two-loop all-plus amplitude [53, 55, 188,
189].

B.1.1 Bubble Integrals

Massless or one-mass bubbles vanish since tadpoles vanish in dimensional regu-
larisation. The only non-vanishing bubble integrals are the UV divergent massive
bubble integrals,

I2m2 (S) =

(
µ2

−S

)ϵ [
1

ϵ
+ 2

]
+ O(ϵ). (B.1)

B.1.2 Triangle Integrals

The IR divergent massless, one- and two-mass triangles are given below, along
with the finite three-mass triangle.
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The 1-mass triangle is,

I1m3 (K2
1) =

µ2ϵ

ϵ2

[
(−K2

1)
−ϵ

K2
1

]
(B.2)

=
1

K2
1

[
1

ϵ2
− 1

ϵ
ln(−K2

1

µ2
) +

1

2
ln2

(
−K2

1

µ2

)]
+ O(ϵ). (B.3)

The two-mass triangle is,

I2m3 (K2
1 , K

2
2) =

µ2ϵ

ϵ2

[
(−K2

1)
−ϵ − (−K2

2)
−ϵ

K2
1 −K2

2

]
=

1

K2
1 −K2

2

[
1

ϵ
ln
(
K2

2

K2
1

)
+

1

2

(
ln2

(
−K2

1

µ2

)
− ln2

(
−K2

2

µ2

))]
+ O(ϵ).

(B.4)

The three-mass triangle [55, 188] is given as,

I3m3 (S, T,K2
1 , K

2
2 , K

2
3) =

1√
∆3

3∑
j=1

[
Li2
(
−1 + iδj
1− iδj

)
− Li2

(
−1− iδj
1 + iδj

)]
+ O(ϵ) ,

(B.5)

where

δ1 =
K2

1 −K2
2 −K2

3√
∆3

,

δ1 =
−K2

1 +K2
2 −K2

3√
∆3

, (B.6)

δ1 =
−K2

1 −K2
2 +K2

3√
∆3

,

with

∆3 = −
[
K2

1 +K2
2 +K2

3

]2
. (B.7)
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B.1.3 Box Integrals

The IR divergent massless, one-mass, two-mass and three-mass box integrals are
given below along with the finite four-mass triangle.
The massless box is,

I0m4 (S, T ) =
µ2ϵ

ST

[
2

ϵ2
(
(−S)−ϵ + (−T )−ϵ

)
− ln2

(
S

T

)
− π2

]
+ O(ϵ). (B.8)

The 1-mass box is,

I1m4 (S, T,K2
1) =

µ2ϵ

ST

[
2

ϵ2
(
(−S)−ϵ + (−T )−ϵ − (−K2

1)
−ϵ
)

− 2Li2
(
1− K2

1

S

)
− 2Li2

(
1− K2

1

T

)
− ln2

(
S

T

)
− π2

3

]
+ O(ϵ).

(B.9)

Next we have two types of two-mass boxes. The two-mass hard box, where the
massive legs are adjacent is,

I2mh
4 (S, T,K2

1 , K
2
2) =

µ2ϵ

ST

[
2

ϵ2
(
(−S)−ϵ + (−T )−ϵ − (−K2

1)
−ϵ − (−K2

2)
−ϵ
)

+
1

ϵ2
(−K2

1)
−ϵ(−K2

2)
−ϵ

(−S)−ϵ
− 2Li2

(
1− K2

1

T

)
− 2Li2

(
1− K2

2

T

)
− ln2

(
S

T

)]
+ O(ϵ).

(B.10)

The two-mass easy box, where the massive legs are not adjacent is,

I2me
4 (S, T,K2

1 , K
2
3) =

µ2ϵ

ST −K2
1K

2
3

×

[
2

ϵ2
(
(−S)−ϵ + (−T )−ϵ − (−K2

1)
−ϵ − (−K2

3)
−ϵ
)
− 2Li2

(
1− K2

1

S

)
− 2Li2

(
1− K2

1

T

)

− 2Li2
(
1− K2

3

S

)
− 2Li2

(
1− K2

3

T

)
+ 2Li2

(
1− K2

1K
2
3

ST

)
− ln2

(
S

T

)
− π2

3

]
+ O(ϵ).

(B.11)
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The three-mass box is given as,

I3m4 (S, T,K2
1 , K

2
2 , K

2
3) =

µ2ϵ

ST −K2
1K

2
3

[
2

ϵ2
(
(−S)−ϵ + (−T )−ϵ − (−K2

1)
−ϵ − (−K2

2)
−ϵ − (−K2

3)
−ϵ
)

+
1

ϵ2
(−K2

1)
−ϵ(−K2

2)
−ϵ

(−T )−ϵ
+

1

ϵ2
(−K2

2)
−ϵ(−K2

3)
−ϵ

(−S)−ϵ
− 2Li2

(
1− K2

1

S

)
− 2Li2

(
1− K2

3

T

)
+ 2Li2

(
1− K2

1K
2
3

ST

)
− ln2

(
S

T

)]
+ O(ϵ). (B.12)

Finally, the finite four-mass box is given by,

I4m4 (S, T,K2
1 , K

2
2 , K

2
3 , K

2
4) =

−µ2ϵ

K2
2K

2
3

[
Li2
(
1

2
(1− r1 + r2 − ρ)

)
− Li2

(
1

2
(1− r1 + r2 + ρ)

)

+ Li2
(
− 1

2r1
(1− r1 − r2 + ρ)

)
− Li2

(
1

2r1
(1− r1 − r2 − ρ)

)
− 1

2
ln
(
−r1
r22

)
ln
(
1 + r1 − r2 + ρ

1 + r1 − r2 − ρ

)]
,

(B.13)

where

ρ =
√

1− 2r1 − 2r2 + (r1 − r2)2 , (B.14)

with

r1 =
K2

1K
2
3

ST
, r2 =

K2
2K

2
4

ST
. (B.15)
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Appendix C

Derivation of the One-Loop
Six-Gluon Current

The six-point single minus one-loop amplitude is [38]:

A
(1)
6:1(α

−, β+, c+, d+, e+, f+)

=
i

3

[
[f |Kβc|α⟩3

⟨αβ⟩ ⟨β c⟩ ⟨d e⟩2 tαβc[f |Kαβ|c⟩
+

[β|Kcd|α⟩3

⟨c d⟩2 ⟨e f⟩ ⟨f α⟩ tβcd[β|Kcd|e⟩

+
[βf ]3

[αβ][fα]tcde

(
[βc][cd]

⟨d e⟩ [β|Kcd|e⟩
− [de][ef ]

⟨c d⟩ [f |Kαβ|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)
− ⟨α c⟩3 [βc] ⟨β d⟩

⟨β c⟩2 ⟨c d⟩2 ⟨d e⟩ ⟨e f⟩ ⟨f α⟩
+

⟨α e⟩3 [ef ] ⟨d f⟩
⟨αβ⟩ ⟨β c⟩ ⟨c d⟩ ⟨d e⟩2 ⟨e f⟩2

− ⟨α d⟩3 ⟨c e⟩ [d|Kβc|α⟩
⟨αβ⟩ ⟨β c⟩ ⟨c d⟩2 ⟨d e⟩2 ⟨e f⟩ ⟨f α⟩

]
. (C.1)

We manipulate the amplitude into a form where taking the off-shell con-
tinuation exactly reproduces the factorisations shown in fig.2.8, thus satisfying
condition I. As the starting point is the six-point amplitude, condition II is auto-
matically encoded. First we collect terms with ⟨αβ⟩ and [αβ] in the denominator
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as these contribute to the factorisations.

A
(1)
6:1(α

−, β+, c+, d+, e+, f+)

=
i

3

[
1

⟨αβ⟩ ⟨β c⟩ ⟨d e⟩2

(
[f |Kβc|α⟩3

tαβc[f |Kαβ|c⟩
+

⟨α e⟩3 [ef ] ⟨d f⟩
⟨c d⟩ ⟨e f⟩2

− ⟨α d⟩3 ⟨c e⟩ [d|Kβc|α⟩
⟨c d⟩2 ⟨e f⟩ ⟨f α⟩

)

+
[βf ]3

[αβ][fα]tcde

(
[βc][cd]

⟨d e⟩ [β|Kcd|e⟩
− [de][ef ]

⟨c d⟩ [f |Kαβ|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)
+

[β|Kcd|α⟩3

⟨c d⟩2 ⟨e f⟩ ⟨f α⟩ tβcd[β|Kcd|e⟩
− ⟨α c⟩3 [βc] ⟨β d⟩

⟨β c⟩2 ⟨c d⟩2 ⟨d e⟩ ⟨e f⟩ ⟨f α⟩

]
. (C.2)

Expanding in ⟨αβ⟩ to isolate the singular pieces we find

A
(1)
6:1(α

−, β+, c+, d+, e+, f+)

=
i

3

[
1

⟨αβ⟩ ⟨β c⟩ ⟨d e⟩2

(
[fc]3 ⟨c α⟩3

tαβc[f |Kαβ|c⟩
+

⟨α e⟩3 [ef ] ⟨d f⟩
⟨c d⟩ ⟨e f⟩2

− ⟨α d⟩3 ⟨c e⟩ [dc] ⟨c α⟩
⟨c d⟩2 ⟨e f⟩ ⟨f α⟩

)

+
1

⟨β c⟩ ⟨d e⟩2

(
[βf ](3[f |c|α⟩2 + 3[f |c|α⟩[f |β|α⟩+ [f |β|α⟩2)

tαβc[f |Kαβ|c⟩
− ⟨α d⟩3 ⟨c e⟩ [βd]

⟨c d⟩2 ⟨e f⟩ ⟨f α⟩

)

+
[βf ]3

[αβ][fα]tcde

(
[βc][cd]

⟨d e⟩ [β|Kcd|e⟩
− [de][ef ]

⟨c d⟩ [f |Kαβ|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)
+

[β|Kcd|α⟩3

⟨c d⟩2 ⟨e f⟩ ⟨f α⟩ tβcd[β|Kcd|e⟩
− ⟨α c⟩3 [βc] ⟨β d⟩

⟨β c⟩2 ⟨c d⟩2 ⟨d e⟩ ⟨e f⟩ ⟨f α⟩

]
. (C.3)

The first line of eq. (C.3) has the ⟨αβ⟩−1 factor. This can be rewritten using,

1

⟨αβ⟩ ⟨β c⟩
=

[β α] [q|Kαβ|c⟩ ⟨β q⟩
sαβ ⟨β c⟩ ⟨β q⟩ [q|Kαβ|c⟩

=
[β α] ([q|Kαβ|q⟩ ⟨β c⟩+ [q|Kαβ|β⟩ ⟨c q⟩)

sαβ ⟨β c⟩ ⟨β q⟩ [q|Kαβ|c⟩

=
1

⟨α q⟩ ⟨β q⟩2

(
⟨q|αβ|q⟩[q|Kαβ|q⟩

sαβ[q|Kαβ|c⟩
+

⟨q β⟩ ⟨q c⟩ [q|α|q⟩
⟨β c⟩ [q|Kαβ|c⟩

)
, (C.4)

which is an algebraic identity for any q, but we specifically identify q with the
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axial gauge reference momenta. Applying the formula to (C.3),

A
(1)
6:1(α

−, β+, c+, d+, e+, f+) =

i

3

[
⟨q|αβ|q⟩[q|Kαβ|q⟩

sαβ[q|Kαβ|c⟩ ⟨α q⟩ ⟨β q⟩2 ⟨d e⟩2

(
[fc]3 ⟨c α⟩3

tαβc[f |Kαβ|c⟩
+

⟨α e⟩3 [ef ] ⟨d f⟩
⟨c d⟩ ⟨e f⟩2

− ⟨α d⟩3 ⟨c e⟩ [dc] ⟨c α⟩
⟨c d⟩2 ⟨e f⟩ ⟨f α⟩

)

+
⟨c q⟩ [q|α|q⟩

⟨β c⟩ [q|Kαβ|c⟩ ⟨α q⟩ ⟨β q⟩ ⟨d e⟩2

(
[fc]3 ⟨c α⟩3

tαβc[f |Kαβ|c⟩
+

⟨α e⟩3 [ef ] ⟨d f⟩
⟨c d⟩ ⟨e f⟩2

− ⟨α d⟩3 ⟨c e⟩ [dc] ⟨c α⟩
⟨c d⟩2 ⟨e f⟩ ⟨f α⟩

)

+
1

⟨β c⟩ ⟨d e⟩2

(
3[βf ][f |c|α⟩2

tαβc[f |Kαβ|c⟩
− ⟨α d⟩3 ⟨c e⟩ [βd]

⟨c d⟩2 ⟨e f⟩ ⟨f α⟩

)

+
[βf ]3

[αβ][fα]tcde

(
[βc][cd]

⟨d e⟩ [β|Kcd|e⟩
− [de][ef ]

⟨c d⟩ [f |Kαβ|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)
+

[β|Kcd|α⟩3

⟨c d⟩2 ⟨e f⟩ ⟨f α⟩ tβcd[β|Kcd|e⟩
− ⟨α c⟩3 [βc] ⟨β d⟩

⟨β c⟩2 ⟨c d⟩2 ⟨d e⟩ ⟨e f⟩ ⟨f α⟩
+ O(⟨αβ⟩)

]
.

(C.5)

The prefactor in the first line of (C.5) encodes the three-point vertex in dia-
gram 2.8a and the five-point single minus amplitude on the right can be recon-
structed using

[β|Kαβ|X⟩
[β|Kαβ|Y ⟩

=
[q|Kαβ|X⟩
[q|Kαβ|Y ⟩

+ sαβ
⟨Y X⟩ [βq]

[β|Kαβ|Y ⟩[q|Kαβ|Y ⟩
+ O(s2αβ) , (C.6)
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applied to the remainder of the first line:

1

⟨α q⟩

(
[fc]3 ⟨c α⟩3

tαβc[f |Kαβ|c⟩
+

⟨α e⟩3 [ef ] ⟨d f⟩
⟨c d⟩ ⟨e f⟩2

− ⟨α d⟩3 ⟨c e⟩ [dc] ⟨c α⟩
⟨c d⟩2 ⟨e f⟩ ⟨f α⟩

)

= ⟨α q⟩2
(

− [fc]3

tαβc[f |Kαβ|c⟩
[β|Kαβ|c⟩3

[β|Kαβ|q⟩3
+

[ef ] ⟨d f⟩
⟨c d⟩ ⟨e f⟩2

[β|Kαβ|e⟩3

[β|Kαβ|q⟩3
− ⟨c e⟩ [dc]

⟨c d⟩2 ⟨e f⟩
[β|Kαβ|d⟩3

[β|Kαβ|q⟩3
[β|Kαβ|c⟩
[β|Kαβ|f⟩

)

= ⟨α q⟩2
(

− [fc]3

tαβc[f |Kαβ|c⟩
[q|Kαβ|c⟩3

[q|Kαβ|q⟩3
+

[ef ] ⟨d f⟩
⟨c d⟩ ⟨e f⟩2

[q|Kαβ|e⟩3

[q|Kαβ|q⟩3
− ⟨c e⟩ [dc]

⟨c d⟩2 ⟨e f⟩
[q|Kαβ|d⟩3

[q|Kαβ|q⟩3
[q|Kαβ|c⟩
[q|Kαβ|f⟩

)

+
3sαβ ⟨α q⟩2 [βq]

[q|Kαβ|q⟩

(
− [fc]3 ⟨q c⟩

tαβc[f |Kαβ|c⟩[β|Kαβ|q⟩
[β|Kαβ|c⟩2

[β|Kαβ|q⟩2
+

[ef ] ⟨d f⟩ ⟨q e⟩
⟨c d⟩ ⟨e f⟩2 [β|Kαβ|q⟩

[β|Kαβ|e⟩2

[β|Kαβ|q⟩2

− ⟨c e⟩ [dc]
⟨c d⟩2 ⟨e f⟩

[β|Kαβ|d⟩2

[β|Kαβ|f⟩[β|Kαβ|q⟩3

(
⟨q d⟩ [β|Kαβ|c⟩+

⟨f c⟩ [q|Kαβ|q⟩[β|Kαβ|d⟩
3[q|Kαβ|f⟩

))

+ O(s2αβ) ,

(C.7)

and so we obtain,

τ
(1),α−β+

6:1dp =
i

3

⟨q|αβ|q⟩[q|Kαβ|q⟩
sαβ[q|Kαβ|c⟩ ⟨d e⟩2

⟨α q⟩2

⟨β q⟩2

(
− [fc]3

tαβc[f |Kαβ|c⟩
[q|Kαβ|c⟩3

[q|Kαβ|q⟩3

+
[ef ] ⟨d f⟩
⟨c d⟩ ⟨e f⟩2

[q|Kαβ|e⟩3

[q|Kαβ|q⟩3
− ⟨c e⟩ [dc]

⟨c d⟩2 ⟨e f⟩
[q|Kαβ|d⟩3

[q|Kαβ|q⟩3
[q|Kαβ|c⟩
[q|Kαβ|f⟩

)
.

(C.8)

When K2
αβ → 0 this reduces to 1

τ
(1),α−β+

6:1dp =
⟨α q⟩2

⟨β q⟩2
⟨q|αβ|q⟩
⟨k q⟩2

1

sαβ
A

(1)
5:1(k

−, c+, d+, e+, f+) (C.9)

which exactly reproduces the first factorisation in fig. 2.8 if we allow α and β to
1From here on k = Kαβ ; k♭ is defined as in equation (2.183).
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be massive. This term will generate the double pole after integration. The order
s1αβ term in (C.7) will contribute to the subleading single pole in sab.

The fourth line in (C.5) contains the [αβ]−1 factor. To extract the factorisa-
tion in fig. 2.8b we use the following rearrangements:

1

[αβ]

(
[β X]

[β Y ]
−
[
k♭X

]
[k♭ Y ]

)
=

1

[αβ]

[
β k♭

]
[X Y ]

[β Y ] [k♭ Y ]
= − 1

[αβ]

⟨q|k|β] [X Y ]

[β Y ] ⟨q|k|Y ]
= − ⟨q α⟩ [X Y ]

[β Y ] ⟨q|k|Y ]
,

(C.10)

[βf ]3

[αβ][fα]
=

[βf ]3

[αβ][fα]

[α q]

[α q]
=

[βf ]2

[αβ][fα] [α q]
[α q] [βf ] =

[βf ]2[qf ]

[fα] [α q]
− [βf ]2[βq]

[αβ] [α q]
,

(C.11)

and

[βf ]2 [β q] ⟨β α⟩
[α q]

= −⟨αk♭⟩ [β q]2

[α q] [k♭ q]

[
f k♭

]2
+ sαβ

[f |q|α⟩
[q|k|q⟩

(
[fβ] [β q]

[
k♭ q
]
+ [β q]2

[
f k♭

])
[α q] [k♭ q]

.

(C.12)

Applying (C.10) to the fourth line in (C.5):

[βf ]3

[αβ][fα]tcde

(
[βc][cd]

⟨d e⟩ [β|Kcd|e⟩
− [de][ef ]

⟨c d⟩ [f |k|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)
=

[βf ]3

[αβ][fα]tcde

(
[k♭c][cd]

⟨d e⟩ [k♭|Kcd|e⟩
− [de][ef ]

⟨c d⟩ [f |k|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)
+

⟨q α⟩ [βf ]3[cd][c|Kcd|e⟩
[fα][β|Kcd|e⟩⟨e|Kcdk|q⟩ ⟨d e⟩ tcde

. (C.13)

Applying (C.11) and (C.12) to the pre-factor:

[βf ]3

[αβ][fα]
=

[βf ]2[qf ]

[fα] [α q]
+

⟨αk♭⟩ [β q]2

sαβ [α q] [k♭ q]

[
f k♭

]2 − [f |q|α⟩
[q|k|q⟩

(
[fβ] [β q]

[
k♭ q
]
+ [β q]2

[
f k♭

])
[α q] [k♭ q]

,

(C.14)
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we obtain

τ
(1),α−β+

6:1sb = − i

3

⟨α q⟩2

⟨β q⟩2
[q|β|q⟩2

[q|α|q⟩2
[q|αβ|q]
sαβ [k♭ q]

2

[
f k♭

]2
tcde

(
[k♭c][cd]

⟨d e⟩ [k♭|Kcd|e⟩
− [de][ef ]

⟨c d⟩ [f |k|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)
.

(C.15)

When K2
αβ → 0 this reduces to

τ
(1),α−β+

6:1sb = − [β q]2

[α q]2
[q|αβ|q]
[k q]2

1

sαβ
A

(1)
5:1(k

+, c+, d+, e+, f+) . (C.16)

which exactly reproduces the factorisation in fig. 2.8b. The remaining terms
contribute to τn.f

6 . Explicitly,

τ
(1),α−β+

6:1nf =
i

3

[
⟨c q⟩ [q|α|q⟩

⟨β c⟩ [q|k|c⟩ ⟨α q⟩ ⟨β q⟩ ⟨d e⟩2

(
[fc]3 ⟨c α⟩3

tαβc[f |k|c⟩
+

⟨α e⟩3 [ef ] ⟨d f⟩
⟨c d⟩ ⟨e f⟩2

− ⟨α d⟩3 ⟨c e⟩ [dc] ⟨c α⟩
⟨c d⟩2 ⟨e f⟩ ⟨f α⟩

)

+
⟨α q⟩2

⟨β q⟩2
3⟨q|αβ|q⟩[βq]

[β|k|q⟩[q|k|c⟩ ⟨d e⟩2

(
− [fc]3 ⟨q c⟩

tαβc[f |k|c⟩
[β|k|c⟩2

[β|k|q⟩2
+

[ef ] ⟨d f⟩ ⟨q e⟩
⟨c d⟩ ⟨e f⟩2

[β|k|e⟩2

[β|k|q⟩2

− ⟨c e⟩ [dc]
⟨c d⟩2 ⟨e f⟩

[β|Kαβ|d⟩2

[β|Kαβ|f⟩[β|Kαβ|q⟩3

(
⟨q d⟩ [β|Kαβ|c⟩+

⟨f c⟩ [q|Kαβ|q⟩[β|Kαβ|d⟩
3[q|Kαβ|f⟩

))

+
1

⟨β c⟩ ⟨d e⟩2

(
3[βf ][f |c|α⟩2

tαβc[f |k|c⟩
− ⟨α d⟩3 ⟨c e⟩ [βd]

⟨c d⟩2 ⟨e f⟩ ⟨f α⟩

)

+
[β|Kcd|α⟩3

⟨c d⟩2 ⟨e f⟩ ⟨f α⟩ tβcd[β|Kcd|e⟩
− ⟨α c⟩3 [βc] ⟨β d⟩

⟨β c⟩2 ⟨c d⟩2 ⟨d e⟩ ⟨e f⟩ ⟨f α⟩

+
[βf ]2[qf ]

[fα] [α q]

1

tcde

(
[k♭c][cd]

⟨d e⟩ [k♭|Kcd|e⟩
− [de][ef ]

⟨c d⟩ [f |k|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)
− [f |q|α⟩

[q|k|q⟩

(
[fβ] [β q]

[
k♭ q
]
+ [β q]2

[
f k♭

])
[α q] [k♭ q] tcde

(
[k♭c][cd]

⟨d e⟩ [k♭|Kcd|e⟩
− [de][ef ]

⟨c d⟩ [f |k|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)
+

⟨q α⟩ [βf ]3[cd][c|Kcd|e⟩
[fα][β|Kcd|e⟩⟨e|Kcdk|q⟩ ⟨d e⟩ tcde

]
. (C.17)
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Applying (C.6) and α + β = k and applying some minor rearrangements gives

τ
(1),α−β+

6:1nf =
i

3

⟨α q⟩2

⟨β q⟩2

[
[q|α|q⟩ ⟨c q⟩

[q|k|c⟩2[q|k|q⟩2 ⟨d e⟩2

(
− [fc]3[q|k|c⟩3

tαβc[f |k|c⟩

+
[ef ] ⟨d f⟩ [q|k|e⟩3

⟨c d⟩ ⟨e f⟩2
− ⟨c e⟩ [dc][q|k|d⟩3[q|k|c⟩

⟨c d⟩2 ⟨e f⟩ [q|k|f⟩

)
− [c|β|d⟩ [q|k|c⟩

⟨c d⟩2 ⟨d e⟩ ⟨e f⟩ [q|k|f⟩

−3[q|β|q⟩ 1

[q|k|c⟩ ⟨d e⟩2

(
− [fc]3 ⟨q c⟩

tαβc[f |k|c⟩
[q|k|c⟩2

[q|k|q⟩2
+

[ef ] ⟨d f⟩ ⟨q e⟩
⟨c d⟩ ⟨e f⟩2

[q|k|e⟩2

[q|k|q⟩2

− ⟨c e⟩ [dc]
⟨c d⟩2 ⟨e f⟩

[q|Kαβ|d⟩2

[q|Kαβ|f⟩[q|Kαβ|q⟩3

(
⟨q d⟩ [q|Kαβ|c⟩+

⟨f c⟩ [q|Kαβ|q⟩[q|Kαβ|d⟩
3[q|Kαβ|f⟩

))

−3[f |β|q⟩ [fc]2[q|k|c⟩
⟨d e⟩2 tαβc[f |k|c⟩[q|k|q⟩

− [d|β|q⟩ [q|k|d⟩3 ⟨c e⟩
⟨c d⟩2 ⟨d e⟩2 ⟨e f⟩ [q|k|c⟩[q|k|f⟩[q|k|q⟩

+

(
[q|β|q⟩2

[q|α|q⟩
[f |k|q⟩
[q|k|q⟩2

+
[f |β|q⟩[q|β|q⟩
[q|k|q⟩[q|α|q⟩

+
[f |β|q⟩2

[f |α|q⟩[q|α|q⟩

)
×

[fq]

tcde

(
[k♭c][cd]

⟨d e⟩ [k♭|Kcd|e⟩
− [de][ef ]

⟨c d⟩ [f |k|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)
− [β|Kcd|α⟩3 ⟨β q⟩3

⟨f α⟩ tβcd⟨q|βKcd|e⟩ ⟨α q⟩2
1

⟨c d⟩2 ⟨e f⟩
− [f |β|q⟩3

[f |α|q⟩⟨q|βKcd|e⟩
[cd][c|Kcd|e⟩

⟨e|Kcdk|q⟩ ⟨d e⟩ tcde

]
.

(C.18)

Some of the terms can be further expanded to aid integration:

[c|β|d⟩ = −[c|α|d⟩+ [c|k|d⟩ = −⟨dα⟩
⟨q α⟩

[c|α|q⟩+ [c|k|d⟩

[q|β|q⟩2

[q|α|q⟩
= [q|α|q⟩ − 2[q|k|q⟩+ [q|k|q⟩2

[q|α|q⟩
[f |β|q⟩[q|β|q⟩

[q|α|q⟩
= −[f |β|q⟩ − [f |α|q⟩[q|k|q⟩

[q|α|q⟩
+

[f |k|q⟩[q|k|q⟩
[q|α|q⟩

[f |β|q⟩2

[f |α|q⟩[q|α|q⟩
=

[f |α|q⟩
[q|α|q⟩

− 2
[f |k|q⟩
[q|α|q⟩

+
[f |k|q⟩2

[f |α|q⟩[q|α|q⟩
[f |β|q⟩3

[f |α|q⟩⟨q|βKcd|e⟩
= − [f |α|q⟩2

⟨q|βKcd|e⟩
+ 3

[f |α|q⟩[f |k|q⟩
⟨q|βKcd|e⟩

− 3
[f |k|q⟩2

⟨q|βKcd|e⟩
+

[f |k|q⟩3

[f |α|q⟩⟨q|βKcd|e⟩
.

(C.19)
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The term with t−1
βcd factor is the most difficult to deal with:

[β|Kcd|α⟩3 ⟨β q⟩3

⟨f α⟩ tβcd⟨q|βKcd|e⟩ ⟨α q⟩2
=

[β|Kcd|β⟩3 ⟨α q⟩
⟨f α⟩ tβcd⟨q|βKcd|e⟩

+ O(⟨αβ⟩)

= − (tβcd − scd)
3

tβcd⟨q|βKcd|e⟩
[q|k|q⟩
[q|k|f⟩

+ O(⟨αβ⟩)

= − [q|k|q⟩
[q|k|f⟩

(
[β|Kcd|β⟩2

⟨q|βKcd|e⟩
− [β|Kcd|β⟩scd

⟨q|βKcd|e⟩
+

s2cd
⟨q|βKcd|e⟩

− s3cd
tβcd⟨q|βKcd|e⟩

)
+ O(⟨αβ⟩) ,

(C.20)

and

[β|Kcd|β⟩ = [c|β|c⟩+ [d|β|d⟩ = −[c|α|c⟩ − [d|α|d⟩+ ([c|k|c⟩+ [d|k|d⟩)

=
⟨α|Kcdα|q⟩

⟨q α⟩
+ ([c|k|c⟩+ [d|k|d⟩) . (C.21)

This yields the final form for τ
(1),α−β+

6:1nf . Thus the full amplitude can be written
as

A
(1)
6:1(α

−, β+, c+, d+, e+, f+) = τ
(1),α−β+

6:1dp + τ
(1),α−β+

6:1sb + τ
(1),α−β+

6:1nf +O(⟨αβ⟩) , (C.22)

where

τ
(1),α−β+

6:1dp =
i

3

⟨q|αβ|q⟩[q|Kαβ|q⟩
sαβ[q|Kαβ|c⟩ ⟨d e⟩2

⟨α q⟩2

⟨β q⟩2

(
− [fc]3

tαβc[f |Kαβ|c⟩
[q|Kαβ|c⟩3

[q|Kαβ|q⟩3

+
[ef ] ⟨d f⟩
⟨c d⟩ ⟨e f⟩2

[q|Kαβ|e⟩3

[q|Kαβ|q⟩3
− ⟨c e⟩ [dc]

⟨c d⟩2 ⟨e f⟩
[q|Kαβ|d⟩3

[q|Kαβ|q⟩3
[q|Kαβ|c⟩
[q|Kαβ|f⟩

)
,

τ
(1),α−β+

6:1sb = − i

3

[q|β|q⟩2

[q|α|q⟩2
[q|αβ|q]

[q|Kαβ|q⟩2
1

sαβ

[f |Kαβ|q⟩2

tcde

(
⟨q|Kαβ|c][cd]

⟨d e⟩ ⟨q|KαβKcd|e⟩
− [de][ef ]

⟨c d⟩ [f |k|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)
,

(C.23)
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and

τ
(1),α−β+

6:1nf =
i

3

⟨α q⟩2

⟨β q⟩2

[
[q|α|q⟩ ⟨c q⟩

[q|k|c⟩2[q|k|q⟩2 ⟨d e⟩2

(
− [fc]3[q|k|c⟩3

tαβc[f |k|c⟩

+
[ef ] ⟨d f⟩ [q|k|e⟩3

⟨c d⟩ ⟨e f⟩2
− ⟨c e⟩ [dc][q|k|d⟩3[q|k|c⟩

⟨c d⟩2 ⟨e f⟩ [q|k|f⟩

)

+

(
⟨dα⟩
⟨q α⟩

[c|α|q⟩ − [c|k|d⟩
)

[q|k|c⟩
⟨c d⟩2 ⟨d e⟩ ⟨e f⟩ [q|k|f⟩

−3[q|β|q⟩ 1

[q|k|c⟩ ⟨d e⟩2

(
− [fc]3 ⟨q c⟩

tαβc[f |k|c⟩
[q|k|c⟩2

[q|k|q⟩2
+

[ef ] ⟨d f⟩ ⟨q e⟩
⟨c d⟩ ⟨e f⟩2

[q|k|e⟩2

[q|k|q⟩2

− ⟨c e⟩ [dc]
⟨c d⟩2 ⟨e f⟩

[q|k|d⟩2

[q|k|f⟩[q|k|q⟩3

(
⟨q d⟩ [q|k|c⟩+ ⟨f c⟩ [q|k|q⟩[q|k|d⟩

3[q|k|f⟩

))

−3[f |β|q⟩ [fc]2[q|k|c⟩
⟨d e⟩2 tαβc[f |k|c⟩[q|k|q⟩

− [d|β|q⟩ [q|k|d⟩3 ⟨c e⟩
⟨c d⟩2 ⟨d e⟩2 ⟨e f⟩ [q|k|c⟩[q|k|f⟩[q|k|q⟩

+

(
[f |k|q⟩
[q|k|q⟩2

(
[q|α|q⟩ − 2[q|k|q⟩+ [q|k|q⟩2

[q|α|q⟩

)
+

[f |α|q⟩
[q|α|q⟩

− 2
[f |k|q⟩
[q|α|q⟩

+
[f |k|q⟩2

[f |α|q⟩[q|α|q⟩

+
1

[q|k|q⟩

(
− [f |β|q⟩ − [f |α|q⟩[q|k|q⟩

[q|α|q⟩
+

[f |k|q⟩[q|k|q⟩
[q|α|q⟩

))
×

[fq]

tcde

(
[k♭c][cd]

⟨d e⟩ [k♭|Kcd|e⟩
− [de][ef ]

⟨c d⟩ [f |k|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)
+
[q|k|q⟩
[q|k|f⟩

1

⟨c d⟩2 ⟨e f⟩

(
(⟨α|Kcdα|q⟩+ ⟨q α⟩ ([c|k|c⟩+ [d|k|d⟩))2

⟨q α⟩2 ⟨q|βKcd|e⟩
+

s2cd
⟨q|βKcd|e⟩

− s3cd
tβcd⟨q|βKcd|e⟩

− (⟨α|Kcdα|q⟩+ ⟨q α⟩ ([c|k|c⟩+ [d|k|d⟩))scd
⟨q α⟩ ⟨q|βKcd|e⟩

)
− [cd][c|Kcd|e⟩
⟨e|Kcdk|q⟩ ⟨d e⟩ tcde

×(
− [f |α|q⟩2

⟨q|βKcd|e⟩
+ 3

[f |α|q⟩[f |k|q⟩
⟨q|βKcd|e⟩

− 3
[f |k|q⟩2

⟨q|βKcd|e⟩
+

[f |k|q⟩3

[f |α|q⟩⟨q|βKcd|e⟩

)]
,

(C.24)

where the expansions (C.19), (C.20) and (C.21) have been applied to (C.18) to
produce the final form of τ (1),α

−β+

6:1nf . Using this form we take α and β off-shell.
The τ

(1),α−β+

6:1dp and τ
(1),α−β+

6:1sb terms then exactly reproduce the two contributions
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in fig. 2.8, while τ
(1),α−β+

6:1nf is finite as sαβ −→ 0. The first two terms then ensure
that condition I is satisfied and all three reproduce the amplitude in the on-shell
limit up to terms of order ⟨αβ⟩.

C.1 App 2: Integrations
In order to determine the contribution from the diagram shown in fig. 4.5 we need
to evaluate the integral in (4.71):

i

cΓ(2π)D

∫
dDℓ

[a|ℓ|q⟩[b|ℓ|q⟩
⟨a q⟩ ⟨b q⟩

⟨β q⟩2

⟨α q⟩2
τ
(1)
6:1 (α

−, β+, c+, d+, e+) , (C.25)

where we write

i

cΓ(2π)D

∫
dDℓ

[a|ℓ|q⟩[b|ℓ|q⟩
⟨a q⟩ ⟨b q⟩

⟨β q⟩2

⟨α q⟩2
≡
∫

dΛ0 , (C.26)

and commonly use the shorthand,∫
dΛ′

0 =

∫
dΛ0

⟨α q⟩2

⟨β q⟩2
, (C.27)

since the current is often proportional to ⟨α q⟩2 / ⟨β q⟩2 and cancels with its inverse
in the integral measure.

Feynman parametrisation is carried out in the usual way,

1

ℓ2α2β2
= Γ(3)

∫ 1

0

∫ 1−x2

0

dx1dx2
1

(ℓ2 + 2ℓ · (x1a− x2b))3

= Γ(3)

∫ 1

0

∫ 1−x2

0

dx1dx2
1

((ℓ+ x1a− x2b)2 + x1x2sab)3
, (C.28)

where upon the shift ℓ → ℓ − x1a + x2b the denominator becomes symmetric.
The numerators of Cdp and Cnf contain loop momenta contracted solely with λq,
thus all quadratic and higher tensor reductions vanish.
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C.1.1 The Cdp piece

Extracting the loop momentum dependent terms from Cdp we have∫
dDℓ

ℓ2α2β2
[a|ℓ|q⟩[b|ℓ|q⟩⟨q|αβ|q⟩

= Γ(3)

∫ 1

0

∫ 1−x2

0

dx1dx2

∫
dDℓ

((ℓ+ x1a− x2b)2 + x1x2sab)3
[a|ℓ|q⟩[b|ℓ|q⟩⟨q|(ℓ+ a)k|q⟩

= Γ(3)

∫ 1

0

∫ 1−x2

0

dx1dx2

∫
dDℓ

(ℓ2 + x1x2sab)3
x1x2[a|b|q⟩[b|a|q⟩⟨q|(x2b+ (1− x1)a)k|q⟩

= Γ(3)
−2π

D
2 i

Γ(D
2
)

∫ 1

0

∫ 1−x2

0

dx1dx2[a|b|q⟩[b|a|q⟩⟨q|ab|q⟩x1x2(1− x1 − x2)

∫ ∞

0

ℓD−1
E dℓE

(ℓ2E − x1x2sab)3
.

(C.29)

The integral∫ ∞

0

ℓD−1
E dℓE

(ℓ2E +∆)3
=

1

2

∫ ∞

0

(ℓ2E)
D
2
−1dℓ2E

(ℓ2E +∆)3
=

1

2

1

∆3

∫ ∞

0

(ℓ2E)
D
2
−1dℓ2E

(ℓ2E +∆)3
=

∆
D
2
−3

2

Γ(3− D
2
)Γ(D

2
)

Γ(3)
.

(C.30)

So ∫
dDℓ

ℓ2α2β2
[a|ℓ|q⟩[b|ℓ|q⟩⟨q|αβ|q⟩ =− iπ

D
2 Γ(3− D

2
)
[ab]3 ⟨a q⟩2 ⟨b q⟩2

s
3−D

2
ab∫ 1

0

∫ 1−x2

0

dx1dx2[(1− x1 − x2)(−x1x2)
D
2
−2]

(C.31)

and∫ 1

0

∫ 1−x2

0

dx1dx2[(1− x1 − x2)(−x1x2)
D
2
−2] =

∫ 1

0

dx1x
D
2
−1

1 (1− x1)
D
2 (− 1

D
2
− 1

+
2

D
)

=
Γ(D

2
− 1)Γ(D

2
+ 1)

Γ(D)

−4

D(D − 2)

=
Γ(1− ϵ)Γ(3− ϵ)

Γ(4− 2ϵ)

−1

(2− ϵ)(1− ϵ)

=
Γ(1− ϵ)2

Γ(4− 2ϵ)
(−1) ; (C.32)
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so that we can simply write∫
dΛ′

0 [⟨q|αβ|q⟩] = −1

6

[ab]

⟨a b⟩
⟨q|ab|q⟩+ O(ϵ) . (C.33)

C.1.2 The Cnf piece

Another algebraic step is needed before integration can easily be carried out on
τ
(1)
6:1nf :

⟨X α⟩
⟨Y α⟩

=
⟨X a⟩
⟨Y a⟩

+ O(⟨aα⟩) , (C.34)

implies that

(⟨α|Kcdα|q⟩+ ⟨q α⟩ ([c|k|c⟩+ [d|k|d⟩))
⟨q α⟩ ⟨q|βKcd|e⟩

=
(⟨a|Kcdℓ|q⟩+ ⟨q a⟩ ([c|b|c⟩+ [d|b|d⟩))

⟨q a⟩ ⟨q|βKcd|e⟩
+ O(⟨aα⟩).

(C.35)

After this step, the relevant triangle integrals are∫
dΛ′

0 [1] = −1

2

[ab]

⟨a b⟩
+ O(ϵ) ,∫

dΛ′
0

[
[X|α|q⟩

]
= −1

6

[ab]

⟨a b⟩
[X|b+ 2a|q⟩+ O(ϵ) ,∫

dΛ′
0

[
[X|β|q⟩

]
= −1

6

[ab]

⟨a b⟩
[X|2b+ a|q⟩+ O(ϵ) . (C.36)

Integrals with extra propagators involve a little bit more subtlety.
Setting Kχ = λqλ̄Y , some terms in (C.24) have factors which can be promoted

to full propagators:

1

[Y |β|q⟩
=

1

(β +Kχ)2
+ O(β2) . (C.37)

The numerator can be re-written using

[a|ℓ|q⟩[b|ℓ|q⟩ =(α2 − ℓ2)⟨q|bℓ|q⟩+ (β2 − ℓ2)⟨q|aℓ|q⟩+ ℓ2⟨q|ba|q⟩
⟨a b⟩

=
β2⟨q|aℓ|q⟩+ α2⟨q|bℓ|q⟩ − ℓ2⟨q|(ℓ− b)Kab|q⟩

⟨a b⟩
. (C.38)
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The pole has now been made manifest, thus the integral need not contribute a
pole to contribute to the residue. For each term in (C.38) the α2, β2 and ℓ2

factors cancel with the propagators in
∫
dΛ. For terms involving a single extra

loop momentum dependent factor in the denominator this yields a sum of triangle
integrals. For the α2 term in (C.38)

⟨q|bℓ|q⟩
ℓ2β2(β +Kχ)2

→ ⟨q|bℓ|q⟩
((β − x2b+ x1χ)2 + x1x2[b|χ|b⟩)3

→ ⟨q|b(x2b− x1χ)|q⟩
(β2 + x1x2[b|χ|b⟩)3

= 0 , (C.39)

and for the ℓ2 term

⟨q|(ℓ− b)Kab|q⟩
α2β2(β +Kχ)2

→ ⟨q|(ℓ− b)Kab|q⟩
((β − x2(b+ a) + x1χ)2 − x2sab + x1x2[χ|Kab|χ⟩)3

−→ 0 .

(C.40)

Thus only the β2 term survives. For the quadratic triangle,

⟨q|aℓ|q⟩[X|ℓ|q⟩
ℓ2α2(β +Kχ)2

→ ⟨q|aℓ|q⟩[X|ℓ|q⟩
((ℓ+ x2a− x1(b+ χ))2 + x1x2(sab + [a|χ|a⟩)− (x1 − x2

1)[b|χ|b⟩)3

→ x1⟨q|a(b+ χ)|q⟩(−x2[X|a|q⟩+ x1[X|b+ χ|q⟩)
(ℓ2 + x1x2(sab + [a|χ|a⟩)− (x1 − x2

1)[b|χ|b⟩)3

=
x1⟨q|ab|q⟩(−x2[X|a|q⟩+ x1[X|b|q⟩)
(ℓ2 + x1x2[a|χ|a⟩ − (x1 − x2

1)[b|χ|b⟩)3
+ O(sab) ; (C.41)

so in this case
∆ = −x1x2([a|χ|a⟩) + (x1 − x2

1)[b|χ|b⟩ . (C.42)

Carrying out the integration:

∫
dΛ′

0

[
[X|ℓ|q⟩

(β +Kχ)2

]∣∣∣∣∣
Q

=
1

2

[ab]

⟨a b⟩
[X|a|q⟩
[a|χ|a⟩

. (C.43)

Note that if the promoted propagator is of the form (α+Kχ)
2, then only the α2

term survives and the calculation follows in the same way, but with a change of
Feynman parametrisation.

Quadratic boxes and quadratic or cubic pentagons lead to nothing but tran-
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scendental functions: ∫
dΛ′

0

[
1

(α +X)2

]∣∣∣∣∣
Q

= 0 ,

∫
dΛ′

0

[
1

(α +X)2(β + Y )2

]∣∣∣∣∣
Q

= 0 ,

∫
dΛ′

0

[
[W |ℓ|Z⟩

(α +X)2(β + Y )2

]∣∣∣∣∣
Q

= 0 . (C.44)

The only other type of term in (C.24) is

∫
dΛ′

0

[
[X|ℓ|q⟩2

(β +Kχ)2

]∣∣∣∣∣
Q

= −1

6

[a b]

⟨a b⟩
[X|a|q⟩
[a|χ|a⟩

(
[X|a|q⟩

(
1− 2

[b|χ|b⟩
[a|χ|a⟩

)
− 2[X|b|q⟩

)
.

(C.45)
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The integrated non factorising contribution is thus (with k = Kab)

Cα−β+
nf = − i

6

[a b]

⟨a b⟩

[
1

3
[q|b+ 2a|q⟩ ⟨c q⟩

[q|k|c⟩2[q|k|q⟩2 ⟨d e⟩2
×(

− [fc]3[q|k|c⟩3

tabc[f |k|c⟩
+

[ef ] ⟨d f⟩ [q|k|e⟩3

⟨c d⟩ ⟨e f⟩2
− ⟨c e⟩ [dc][q|k|d⟩3[q|k|c⟩

⟨c d⟩2 ⟨e f⟩ [q|k|f⟩

)

+

(
1

3

⟨d a⟩
⟨q a⟩

[c|b+ 2a|q⟩ − [c|k|d⟩
)

[q|k|c⟩
⟨c d⟩2 ⟨d e⟩ ⟨e f⟩ [q|k|f⟩

− [q|2b+ a|q⟩ 1

[q|k|c⟩ ⟨d e⟩2
×(

− [fc]3 ⟨q c⟩
tαβc[f |k|c⟩

[q|k|c⟩2

[q|k|q⟩2
+

[ef ] ⟨d f⟩ ⟨q e⟩
⟨c d⟩ ⟨e f⟩2

[q|k|e⟩2

[q|k|q⟩2

− ⟨c e⟩ [dc]
⟨c d⟩2 ⟨e f⟩

[q|k|d⟩2

[q|k|f⟩[q|k|q⟩3

(
⟨q d⟩ [q|k|c⟩+ ⟨f c⟩ [q|k|q⟩[q|k|d⟩

3[q|k|f⟩

))

− [f |2b+ a|q⟩ [fc]2[q|k|c⟩
⟨d e⟩2 tabc[f |k|c⟩[q|k|q⟩

− 1

3
[d|2b+ a|q⟩ [q|k|d⟩3 ⟨c e⟩

⟨c d⟩2 ⟨d e⟩2 ⟨e f⟩ [q|k|c⟩[q|k|f⟩[q|k|q⟩

+

(
[f |k|q⟩
[q|k|q⟩2

(
1

3
[q|b+ 2a|q⟩ − 2[q|k|q⟩

)
− 1

3

[f |2b+ a|q⟩
[q|k|q⟩

)
×

[fq]

tcde

(
⟨q|k|c][cd]

⟨d e⟩ ⟨q|k|Kcd|e⟩
− [de][ef ]

⟨c d⟩ [f |k|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)
+

[q|k|q⟩
[q|k|f⟩

1

⟨c d⟩2 ⟨e f⟩

(
1

3

1

⟨q a⟩2
⟨a|Kcda|q⟩
⟨q|aKcd|e⟩

(
⟨a|Kcda|q⟩

(
1− 2

⟨q|bKcd|e⟩
⟨q|aKcd|e⟩

)
− 2⟨a|Kcdb|q⟩

)

− ⟨a|Kcda|q⟩
⟨q|aKcd|e⟩

(
2([c|b|c⟩+ [d|b|d⟩)− scd

⟨q a⟩

))

+
[cd][c|Kcd|e⟩

⟨e|Kcdk|q⟩ ⟨d e⟩ tcde
×(

1

3

[f |a|q⟩
⟨q|aKcd|e⟩

(
[f |a|q⟩

(
1− 2

⟨q|bKcd|e⟩
⟨q|aKcd|e⟩

)
−2[f |b|q⟩

)
−(2[f |a|q⟩−3[f |k|q⟩) [f |a|q⟩

⟨q|aKcd|e⟩

))]
.

(C.46)
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App 3: The Csb piece

Finally, for the square bracket term:

Cα−β+
sb = − i

3

∫
dΛ′

0

[
[q|β|q⟩2

[q|α|q⟩2
[q|αβ|q]
sαβ [k♭ q]

2

[
f k♭

]2
tcde

(
[k♭c][cd]

⟨d e⟩ [k♭|Kcd|e⟩
− [de][ef ]

⟨c d⟩ [f |k|c⟩
+

[ce]

⟨c d⟩ ⟨d e⟩

)]

=

∫
dΛ′

0

[
−⟨α q⟩2

⟨β q⟩2
[q|β|q⟩2

[q|α|q⟩2
[q|αβ|q]
[k♭ q]

2

1

sab
A

(1)
5:1(k

♭+, c+, d+, e+, f+)

]
. (C.47)

In this form this term can be summed with the other internal helicity configura-
tion to give:

Csb = Cα−β+
sb + Cα+β−

sb =

∫
dΛ′

0

[
−
(
[q|β|q⟩2

[q|α|q⟩2
+

[q|α|q⟩2

[q|β|q⟩2

)
[q|αβ|q]
[k♭ q]

2

1

sab
A

(1)
5:1(k

♭+, c+, d+, e+, f+)

]
.

(C.48)

Using

[q|β|q⟩2

[q|α|q⟩2
= 1− 2

[q|k|q⟩
[q|α|q⟩

+
[q|k|q⟩2

[q|α|q⟩2
[q|α|q⟩2

[q|β|q⟩2
= 1− 2

[q|k|q⟩
[q|β|q⟩

+
[q|k|q⟩2

[q|β|q⟩2
, (C.49)

as the final term in each case corresponds to a cubic pentagon and

[q|k|q⟩
[q|α|q⟩

+
[q|k|q⟩
[q|β|q⟩

=
[q|k|q⟩2

[q|α|q⟩[q|β|q⟩
(C.50)

also leads to a cubic pentagon only the first term contributes:

Csb =

∫
dΛ′

0

[
− 2

[q|αβ|q]
[k♭ q]

2

1

sab
A

(1)
5:1(k

♭+, c+, d+, e+, f+)

]
+ transcendental functions .

(C.51)
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There is the obvious problem that quadratic terms in the numerator will be
present, as the loop momenta are not adjacent to a λq:

[a|ℓ|q⟩[b|ℓ|q⟩[q|αβ|q] → [a|ℓ+ x2b|q⟩[b|ℓ− x1a|q⟩[q|(ℓ+ (1− x1)a+ x2b)K|q]

→ ℓ2

4
(([aq] + [bq])[q|K|q⟩+ x1x2[ab]

2 ⟨a q⟩ ⟨b q⟩)(1− x1 − x2)[q|ab|q] .
(C.52)

The logarithmically divergent integral is captured by the cut-constructible piece
and thus dropped. The remaining rational integral leads to

Csb

∣∣∣∣∣
Q

=
1

3

1

⟨a b⟩
[qa][qb]

[k♭ q]
2 A

(1)
5:1(k

♭+, c+, d+, e+, f+) , (C.53)

which corresponds to the rational part of the one-loop (+,+;−) splitting function
[142].

Cα+β−
dp and Cα+β−

nf can be obtained from their respective opposite helicity
contributions, Cα−β+

i , using the reflection symmetry of the current

Cα+β−(a, b, c, d, e, f ; q) = Cα−β+(b, a, f, e, d, c; q) . (C.54)

The final expression:

C(a+, b+, c+, d+, e+, f+, g+; q) = Cdp + Csb + Cnf (C.55)

can then be divided by z and shifted to give the residues.

225



C. DERIVATION OF THE ONE-LOOP SIX-GLUON CURRENT

226



Appendix D

5-pt all plus - Infra-Red
Divergences

The singular behaviour of two-loop gluon scattering amplitudes is known from a
general analysis [33]. The leading IR singularity for the n-point two-loop ampli-
tude is [70]

−s−ϵ
ab

ϵ2
faijf bik ×A(1)

n (j, k, · · · , n) , (D.1)

where A
(1)
n is the full-colour one-loop amplitude. We wish to disentangle this

simple equation into the colour-ordered partial amplitudes. It will be convenient
to use a more list based notation for the partial amplitudes where we use

A(l)
n (S) = A(l)

n ({a1, a2, · · · an}) ≡ A
(l)
n:1(a1, a2, · · · an) , (D.2)

A
(l)
n (S1;S2) for A(l)

n:r and A
(l)
n (S1;S2;S3) for A(l)

n:s,t. First we define

Ii,j ≡ −(sij)
−ϵ

ϵ2
, (D.3)

and we have for a list S = {a1, a2, a3, · · · , ar},

Ir[S] =
r∑

i=1

Iai,ai+1
(D.4)

227



D. 5-PT ALL PLUS - INFRA-RED DIVERGENCES

where the term Iar,ar+1 ≡ Iar,a1 is included in the sum. We also define Ij[S1, S2]

and Ik[S1, S2],

Ij[S1, S2] = Ij[{a1, a2 · · · ar}, {b1, b2, · · · bs}] ≡ (Ia1,ar + Ib1,bs − Ia1,b1 − Iar,bs) ,

Ik[S1, S2] = Ik[{a1, a2 · · · ar}, {b1, b2, · · · bs}] ≡ (Ia1,bs + Ib1,ar − Ia1,b1 − Iar,bs)

(D.5)

giving
Ir[S1 ⊕ S2] = Ir[S1] + Ir[S2] + Ik[S1, S2]− Ij[S1, S2] , (D.6)

where {a1 · · · ar} ⊕ {b1 · · · bs} = {a1 · · · ar, b1 · · · bs}. In this language the leading
and subleading IR singularities at one-loop are

A(1)
n (S) = A(0)

n (S)× Ir[S] ,

A(1)
n (S1;S2) =

∑
S′
1∈C(S1)

∑
S′
2∈C(S2)

A(0)
n (S ′

1 ⊕ S ′
2)× Ij[S

′
1, S

′
2] . (D.7)

The set C(S) is the set of cyclic permutations of S.
At two-loops, we have

A(2)
n (S) = A(1)

n (S)× Ir[S] ,

A(2)
n (S1;S2) = A(1)

n (S1;S2)× (Ir[S1] + Ir[S2])

+
∑

S′
1∈C(S1)

∑
S′
2∈C(S2)

A(1)
n (S ′

1 ⊕ S ′
2)× Ij[S

′
1, S

′
2] ,

A(2)
n (S1;S2;S3) =

∑
S′
2∈C(S2)

∑
S′
3∈C(S3)

A(1)
n (S1;S

′
2 ⊕ S ′

3)× Ij[S
′
2, S

′
3]

+
∑

S′
1∈C(S1)

∑
S′
3∈C(S3)

A(1)
n (S2;S

′
1 ⊕ S ′

3)× Ij[S
′
1, S

′
3]

+
∑

S′
1∈C(S1)

∑
S′
2∈C(S2)

A(1)
n (S3;S

′
1 ⊕ S ′

2)× Ij[S
′
1, S

′
2] ,

A
(2)
n,B(S) =

∑
U(S)

A(1)
n (S ′

1;S
′
2)× Ik[S

′
1, S

′
2] , (D.8)

where U(S) is the set of all distinct pairs of lists satisfying S ′
1⊕S ′

2 ∈ C(S) where
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the size of S ′
i is greater than one. For example

U({1, 2, 3, 4, 5}) =
{
({1, 2}, {3, 4, 5}), ({2, 3}, {4, 5, 1}), ({3, 4}, {5, 1, 2}),

({4, 5}, {1, 2, 3}), ({5, 1}, {2, 3, 4})
}
. (D.9)
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