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Abstract
Our main equation of study is the nonlinear Schrodinger-Poisson system

—Au+u+p(x)pu = |ulPlu, x €R3,
_A(P :p(x)u27 XER37

with p € (2,5) and p : R® — R a nonnegative measurable function. In the spirit of
the classical work of P. H. Rabinowitz [55] on nonlinear Schrodinger equations, we
first prove existence of positive mountain-pass solutions and least energy solutions to
this system under different assumptions on p at infinity. Our results cover the range
p € (2,3) where the lack of compactness phenomena may be due to the combined
effect of the invariance by translations of a ‘limiting problem’ at infinity and of the
possible unboundedness of the Palais-Smale sequences. In the case of a coercive p,
namely p(x) — +oo as |x| — oo, we then prove the existence of infinitely many dis-
tinct pairs of solutions. For p € (3,5) we exploit the symmetry of the problem by
the action of Z;, as well as some well-known properties of the Krasnoselskii-genus,
whereas for p € (2,3] we use an appropriate abstract min-max scheme, which requires
some additional assumptions on p.

After establishing these existence and multiplicity results, we are then interested in
the qualitative properties of solutions the singularly perturbed problem

—&2Au+Au+p(x)pu=|ulP"'u, xcR3
_A(P:p(x)uza X€R3,

with p : R3 > Ra nonnegative measurable function, A € R, and A > 0, taking ad-
vantage of a shrinking parameter € < 1. In particular, we seek to understand the
concentration phenomena purely driven by p. To this end, we first find necessary
conditions for concentration at points to occur for solutions in various functional
settings which are suitable for both variational and perturbation methods. We then
discuss a variational/penalisation method, which has been exploited in the case of
nonlinear Schrodinger equations, and discuss its applications to the present nonlinear
Schrodinger-Poisson context, in the attempt of showing that the necessary conditions
are, in fact, sufficient conditions on p for point concentration of solutions. Finally,
we present some preliminary results in this direction that elicit interesting standalone
qualitative properties of the solutions.



Declaration and Statements

DECLARATION
This work has not previously been accepted in substance for any degree and is not

being concurrently submitted in candidature for any degree.

B —

Date: 15/04/2020

STATEMENT 1
This thesis is the result of my own investigations, except where otherwise stated.
Other sources are acknowledged by footnotes giving explicit references. A bibliogra-

phy is appended.

e
Date: 15/04/2020

STATEMENT 2
I hereby give consent for my thesis, if accepted, to be available for photocopying and
for inter-library loan, and for the title and summary to be made available to outside

organisations.

Signed: _ (candidate)

0

Date: 15/04/2020




Contents

Abstract

Declaration and Statements
Acknowledgements
Symbols and Notation

1 Introduction
1.1 Mainoriginal results . . . . . ... ... oo oL
I.1.1  Existence . . . . . . . . . . .. .. e
1.1.2  Multiplicity . . . . . . .. ..
1.1.3  Necessary conditions for point concentration . . . ... . ..
1.1.4  Sufficient conditions for point concentration . . . . . . . . . .

1.2 Organisationof Thesis . . . . . . ... ... ... ... .......

2 Background

2.1 Nonlinear Schrodinger equation with nonlinearity |u[P~'u. . . . . . .
2.1.1 Coercivepotential V- . . . . . . ...
2.1.2 Non-coercivepotential V.. . . . . .. ... ... ... ....
2.2 Mountain Pass Theorem . . . ... ... ... ... .........
2.3 Nonlinear Schrédinger equation with a more general nonlinearity . . .
2.3.1 Nonlinearity satisfying the Ambrosetti-Rabinowitz condition .

2.3.2 Nonlinearity not satisfying the Ambrosetti-Rabinowitz condi-
HON . . . . o o e e

2.4 Nonlinear Schrodinger equation versus nonlinear Schrodinger-Poisson

SYSIEIM . . v v e e e e

3 Preliminaries
3.1 The space D'*(R?) and the explicit representation of ¢, . . . . . . .
3.2 The associated energy functional and functional settings . . . . . . .
32.1 Thespace E(R®) . . ... ... ... ... ... .. .......
3.3 Regularity and positivity . . . . . ... ...
34 Pohozaevinequality . . . . . . .. ...

4 Existence

4.1 The min-max setting: definition of ¢y, ¢/, c,andc¢™ . . . . . . .. ..

il

il

vii

ix

11
15
18
18

20

23

25
25
33
34
36
37

42



4.1.1 Lowerboundsfor/and /% . ... ... ... ... ......
42 Thecaseofcoercive p(x) . . . . . . o o oo
4.2.1 Preliminaryresults . . . . ... ... ... ... .......
422 Theorem4.2 . . .. .. ...
423 Corollary4.3 . . . . ...
4.3 The case of non-coercive p(x) . . . . . . .. .. ...
4.3.1 Bounded PS sequences: proof of Proposition4.4 . . . .. ..
432 Theorem4.3 . . . . . . .. ...
433 Theorem4.4 . ... . . ...
434 Corollary4.6 . . . . . . . ... e

Multiplicity Results

5.1 Main multiplicity result: coercive p(x)andp >3 . . ... ... ...
5.1.1 Krasnoselskii-genus . . . .. ... ... ...........
5.1.2 The min-max setting: definitionof b,, . . . . . . . . .. ...
5.1.3 Proof of Theorem 5.1 . . . . . ... ... ... ........

5.2 Preliminary result: coercive p(x) and p<3 . ... ... ... .. ..
5.2.1 The abstract min-max setting . . . . . . . . ... ... ....
5.2.2 Proofof Theorem53 . . ... ... ... ... ........

Necessary Conditions for Point Concentration
6.1 Theorem 6.1 . . . . . . . . . . . ..
6.2 Theorem 6.2 . . . . . . . . . . . ...

Sufficient Conditions for Point Concentration

7.1 Model problem: nonlinear Schrodinger equation . . . . . . . ... ..
7.1.1 Penalisedproblem . . .. ... .. ... ...........
7.1.2 Limitproblem . ... ... ... ... ... .......
7.1.3  Asymptotics of solutions to penalised problem . . . .. . ..
7.1.4  Concentration and existence of solutions to original problem .

7.2 Preliminaries for nonlinear Schrodinger-Poisson system . . . . . . . .
7.2.1 Penalised problem . ... ... ... .............
7.2.2 Limitproblem . ... ... ... ... ... ... ...
7.2.3  Perturbed penalised and associated limit problem . . . . . . .
7.2.4  Outline of the proposed method and associated difficulties . .

7.3 Initial results for nonlinear Schrodinger-Poisson system . . . . . . . .
7.3.1 Existence of solutions to penalised problem . . . . . ... ..

7.3.2  Asymptotics of solutions to penalised problem . . .. . . ..

v



7.3.3  Further properties of rescaled solutions

7.3.3.1 Partial conclusions . . . . . .

8 Related questions

Bibliography



Acknowledgements

I would first like to say a huge thank you to my supervisor, Dr. Carlo Mercuri, for
his endless support and encouragement throughout my postgraduate studies. His pro-
found passion for and immense knowledge of mathematics was apparent from the
moment I met him and has inspired me throughout my studies and related research.
Thank you for the countless stimulating conversations that inevitably lead to new and
exciting ideas; for the “quick” meetings that turn into half a day as we get carried away
in a new research direction; for always looking for opportunities for me and giving
me your full support in each of them; for your guidance and invaluable suggestions
at the time of writing; and, most importantly, for helping me through the journey of

developing into the researcher that I am today.

Many thanks also to my second supervisor, Dr. Elaine Crooks, for always taking an
interest in the progress of my research and PhD studies and for all the catch-ups over

a coffee.

I would also like to acknowledge Norihisa Ikoma for his suggestion to consider a min-
imising sequence in order to prove the existence of least energy solutions and Denis

Bonheure for his hospitality and advice while visiting ULB.

I would further like to express my gratitude to my friend and colleague, Tomas Dutko,
for our many conversations regarding mathematics and life in general. I hope ours is

a collaboration that continues long into the future.

A very special thank you goes out to my parents, Stephen and Christina Goode, and
my sister, Tobi Goode. You have encouraged and supported me in every endeavour
I have undertaken and made me strive to be the best version of myself that I can be.
Thank you for always being on the other end of a Skype call, to hear about the roller-
coaster of emotions that comes with this process, from the highest of highs to the
lowest of lows. Your understanding, advice and willingness to listen has been crucial

in getting me through my studies.
I also greatly appreciate the support of my parents-in-law, Paul and Mercedes Tyler,

and my sister-in law, Kat Tyler. Thank you for all the times you have shown interest

in what I do and for being a second family to me.

Vi



A heartfelt thank you goes to my late grandad, Stanley Chicken. Your words of ad-
vice and encouragement at the start of my studies, as well as throughout my whole
life, have helped me to become the person that I am today. Every time that I start to
feel the pressure of a heavy workload, I hear you saying, “Well if you are busy, at least
you are staying out of trouble,” and suddenly I get a smile on my face and everything

feels manageable again. You will always be remembered.

My appreciation also goes out to my two dogs, Nando and Raffi. Your endless energy,
love and companionship makes me remember to not stress the small stuff in life and

to enjoy every moment of every day.

Last, but by no means least, I would like to thank my husband, Dr. Richard Tyler.
Throughout my PhD studies, we have grown so much together, from boyfriend and
girlfriend, to fiancés, to husband and wife, to Dr. and Mrs. Tyler, and now to Dr. and
Dr. Tyler. Reflecting back on these past few years, you have been my rock through
some of the toughest things that I have had to face in my life, and, in amongst it all,
you have also given me some of the best memories of my life. I simply would not
have been able to get through my PhD studies without you by my side, living through
it all with me - even if sometimes we wanted to strangle each other. I will be forever

grateful to you.

vii



Symbols and Notation

The following symbols and notation will be used throughout the thesis. Any other

notation that is used, will be clearly defined in the thesis.

e A s the classical Laplacian operator.

|x| is the Euclidean norm of x € RV,
o L7(Q), with Q C R3 and p > 1, is the usual Lebesgue space. LP(R3) = L?.

e The Holder space C’“‘"(Q), with Q CR3 and a € (0, 1], is the set of functions
on  that are k-fold differentiable and whose k-fold derivatives are Holder con-

tinuous of order o.
e H', W™P are classical Sobolev spaces.
e X*and H~'(R3?) = H~! denotes the dual space of X and H' (R?), respectively.
e 2(R?3) is the space of test functions.
e 7'(R?) is the dual space of Z(R?).

e D'2(R3) = D! is the space defined as
D'2(R?) = {u e L5(R?) : Vu € L*(R*)},
and equipped with norm
ullpramsy = [|Vull2@3)-
e E(R?) =E is the space defined as

E(R®) = {ue D"(R?) : [ju||p < +eo},

where
) _ W2(x)p (R)i2(y)p (y) 2
ol = [ 9 iyacs ([ [ PO gy )
e We set 5
ou) = [ POIO) 4

 Jgs Amlx—y|

viii



and )
z Poott™(y
= —=d
() R3 47|x — y|
@ is the usual normalization factor for the Green function of the Laplacian in

RY: in this thesis, @ = 47 since we work in R3

For any 1 > 0 and any z € R, By (z) is the ball of radius 1 centered at z. For
any 1 > 0, By, is the ball of radius 7 centered at 0.

el o
Ml 3y
Sp+l - lnfueHl(R3)\{0} ||MH2 pH+1(R3)

ding of H'(R?) into LP*1(IR3).

is the best Sobolev constant for the embed-

Let A C R3. Then, we define
) 1, X EA,
AlX) =
X 0, xX&ZA.
C,Cy,C, etc., denote generic positive constants.
Asymptotic Notation: For real valued functions f(z),g(t) > 0, we write:

f(t)g(¢) if there exists C > 0 independent of ¢ such that f(z) < Cg(z).

f(1)
£(t) ) _ ¢
f(@)
(1) <

0(g(t)) ast — +oo if and only if g(z) # 0 and lim,, | 0]
f(t

t

O(g(t)) as t — +oo if and only if there exists C; > 0 such that

f Cig(t) for t large.

X



1 Introduction

In this thesis, we study existence of positive solutions to the following nonlinear

Schrodinger-Poisson system

{ —Au+tu+p(x)pu = |ulP~u, x €R3, (D)

—A(]) = p(x)uz, X e R37

with p € (2,5) and p : R* — R a nonnegative measurable function which represents
a non-constant ‘charge’ corrector to the density #”>. In the context of the so-called
Density Functional Theory, variants of system (1.1) appear as mean field approxima-
tions of quantum many—body systems, see [9], [23], [45]. The positive Coulombic
potential, ¢, represents a repulsive interaction between particles, whereas the local
nonlinearity |u|P~'u generalises the u”/3 term introduced by Slater [58] as local ap-
proximation of the exchange potential in Hartree—Fock type models, see e.g. [16],
[46].

Throughout this thesis, we work in RV with N = 3. We note that the same analysis

can be performed in every dimension N # 2, provided N is such that the functional

W12
loc
dimension. Namely, we would need the technical assumption that

(RN), yielding a constraint on the

AN
N+2

cal with respect to the classical Sobolev exponent %, which holds if and only if

N = 3,4, 5. Because of the different structure of the Green function of the Laplacian,

space that we work in embeds compactly into L
is subcriti-
the case N = 2 requires different techniques and is mostly open.

Within a min-max setting and in the spirit of Rabinowitz [55], we study exis-
tence and qualitative properties of the solutions to (1.1), highlighting those phenom-

ena which are driven by p. The system (1.1) ‘interpolates’ the classical equation

—Au+u=u’, xeR (1.2)

whose positive solutions have been classified by Kwong [41], with

{ —Au+u+ du = |ulP~u, x € R?, (13)

—Ap =u?, x € R3,

studied by several authors in relation to existence, nonexistence, multiplicity and be-



haviour of the solutions in the semi-classical limit; see e.g. [2], [13], [23], and ref-
erences therein. In the case p(x) — 0 as |x| — +oo, (1.2) has been exploited as lim-
iting equation to tackle existence/compactness questions related to certain classes of
systems similar to (1.1), see e.g. [25] and [26]. In the present paper we consider in-
stances where the convergence of approximating solutions to (1.1) is not characterised
by means of (1.2), namely the cases where, as |x| — oo, it holds either that p — +oo0
(‘coercive case’), or that p — p. > 0 (‘non-coercive case’). The latter corresponds
to the case where nontrivial solutions of (1.3) (up to coefficients) cause lack of com-
pactness phenomena to occur. The main difficulty in this context is that, despite the
extensive literature, a full understanding of the set of positive solutions to (1.3) has

not yet been achieved (symmetry, non-degeneracy, etc.).

The autonomous system (1.3), as well as (1.1), presents various mathematical fea-
tures which are not shared with nonlinear Schrodinger type equations, mostly related
to lack of compactness phenomena. In a pioneering work [57], radial functions and
constrained minimisation techniques have been used, over a certain natural constraint
manifold defined combining the Pohozaev and Nehari identities, yielding existence
results of positive radial solutions to (1.3) for all p € (2,5). Again in a radial setting,
a variant of system (1.3) has been studied more recently in [40]. When p < 2 the
change in geometry of the associated energy functional causes differing phenomena
to occur. In [57] existence, nonexistence and multiplicity results have been shown to
be sensitive to a multiplicative factor for the Poisson term. Nonexistence results for
(1.3) have also been obtained in R3 in the range p > 5 (see e.g. [28]). In the pres-
ence of potentials, however, existence may occur when p =5, as it has been recently
shown in [24]. Ambrosetti and Ruiz [7] improved upon these early results by using
the so-called ‘monotonicity trick’ introduced by Struwe [59] and formulated in the
context of the nonlinear Schrodinger equations by Jeanjean [38] and Jeanjean-Tanaka

[39], in order to show the existence of multiple bound state solutions to (1.3).

Related problems involving a non-constant charge density p, and in the presence
of potentials, have been studied. The vast majority of works involve the range p > 3
since, when p < 3, one has to face two major obstacles in applying the minimax
methods: constructing bounded Palais-Smale sequences and proving that the Palais-
Smale condition holds, see e.g [57], and [7], [47]. Cerami and Molle [25] and Cerami
and Vaira [26] studied the system

{ —Au+V (@) u+Ap(x)¢pu = K(x)|u|P~u, x € R3, (1.4)

—Ap = p<x)l"27 X € R37



where 2 > 0 and V (x), p(x) and K (x) are nonnegative functions in R? such that

lim p(x)=0, lim V(x)=V.>0, lim K(x)=K.>0, (15

[rl=>+oo frl=>+oo frl=>+oo

and, under suitable assumptions on the potentials, proved the existence of positive
ground state and bound state solutions for p € (3,5). In [19] existence of positive
solutions to (1.4) in the range p € [3,5) has been proved under suitable assumptions on
the potentials that guarantee some compact embeddings of weighted Sobolev spaces

into weighted )ian spaces. Vaira [62] also studied system (1.4), in the case that

lim p(x) =p.>0,V(x)=1, lim K(x)=K,>0, (1.6)

|x| =0 |x| =0

and, assuming A > 0 and K(x) # 1, proved the existence of positive ground state
solutions for p € (3,5). In a recent and interesting paper, Sun, Wu and Feng (see
Theorem 1.4 of [61]) have shown the existence of a solution to (1.4) for p € (1,3],
assuming (1.6) and K (x) = 1, provided A is sufficiently small and [g3 p(x)®p ., w)zL <

Jr3 PooBpiy wi, where (wy, @p...w, ) is a positive solution to

—Au+u+ Apou = |ulPu, x € R,
—A = poii?, x€R3.

Their results are obtained using the fact that all nontrivial solutions to (1.4) lie in a
certain manifold M, (see Lemma 6.1 in [61]) to show that the energy functional Jj, is
bounded from below on the set of nontrivial solutions to (1.4). We believe that this is
necessary to prove Corollary 4.3 in [61], and, ultimately, to prove Theorem 1.4 in [61],
and thus the existence result is only viable in the reduced range 2.18 ~ ﬂ <p<
3 and provided the additional assumption 31”;23.4—7[’1;)23p(x) + pT_l(Vp (x),x) > 0 also
holds. In this range of p and under these assumptions, as observed in [61], solutions

are ground states.

1.1 Main original results

In light of the above results, in this thesis we aim to study existence and qualitative
properties of solutions to (1.1), in the various functional settings corresponding to
different hypotheses on the behaviour of p at infinity. The main original results of

this thesis are contained in Theorem 4.2, Corollary 4.3, Proposition 4.4, Theorem 4.3,



Theorem 4.4, Corollary 4.6, Theorem 5.1, Theorem 5.3, Theorem 6.1, Theorem 6.2,
Proposition 7.3, and Theorem 7.3.

1.1.1 Existence

We first study the case of coercive p, namely p(x) — +o0 as |x| — +oo, and work
in the natural setting for this problem, E(R?). When p € (2,3), we make use of
the aforementioned ‘monotonicity trick’ exploiting the structure of our functional, in
order to construct bounded Palais-Smale sequences for small perturbations of (1.1).
We are able to prove that these sequences converge using a compact embedding estab-
lished in Lemma 4.5. We finally show that these results extend to the original problem
and obtain the existence of a positive mountain pass solution in Theorem 4.2. After
establishing these results, we prove the existence of positive least energy solutions
for all p € (2,5) in Corollary 4.3. When p € (3,5) the existence follows relatively
straightforwardly using the Nehari characterisation of the mountain pass level, and

for p € (2,3], we make use of a minimising sequence in order to obtain the result.

We then focus on the case of non-coercive p, namely when p(x) — p > 0 as
|x| — +oo. For this problem, E(R?) coincides with the larger space H'(R?). Our
method to look for solutions of (1.1) in this case relies on an a posteriori compactness
analysis of bounded Palais-Smale sequences (in the spirit of the classical book of M.
Willem [64]), in which we find that any possible lack of compactness is related to the
invariance by translations of the subcritical ‘problem at infinity’ associated to (1.1).
This a posteriori compactness analysis is provided by Proposition 4.4. There are
several compactness results of similar flavour since the pioneering works of P.L. Lions
[44] and Benci-Cerami [12], which include more recent contributions in the context
of Schrodinger-Poisson systems, see e.g. [26], [62], [24]. We point out that these
recent results are mostly in the range p > 3, for Palais-Smale sequences constrained on
Nehari manifolds, and for functionals without positive parts, unlike our result. In the
case p € (2,3), we use Proposition 4.4 together with a Pohozaev type inequality and
Nehari’s identity to show that a sequence of approximated critical points, constructed
by means of the ‘monotonicity trick’, is relatively compact. This enables us to obtain
the existence of a positive mountain pass solution in Theorem 4.3. The non-coercive
case turns out to be more ‘regular’ with respect to compactness issues when p > 3. In
fact, we can show that the Palais-Smale condition holds at the mountain pass level and
as a consequence we obtain Theorem 4.4. We follow up the previous two theorems
with Corollary 4.6, which gives the existence of positive least energy solutions in the

non-coercive case.



1.1.2  Multiplicity

After proving the existence of mountain pass and least energy solutions (which may
or may not coincide), we then study the existence of multiple distinct solutions to
(1.1). In the case of a coercive p and for p > 3, the existence of infinitely many pairs
of distinct solutions to (1.1) (Theorem 5.1) follows relatively straightforwardly using
the results of [6], which rely on the structure of the associated energy functional as
well as some well-known properties of the Krasnoselskii-genus. As usual, however,
when p < 3, we face the additional difficulties of constructing bounded Palais-Smale
sequences, as well as proving that the Palais-Smale condition holds. To overcome this,
we need a more robust approach than given in [6]. Namely, in the case of a coercive
p and p < 3, inspired by [7], we use an appropriate abstract min-max scheme and
the aforementioned ‘monotonicity trick’, in order to obtain the existence of infinitely

many pairs of distinct solutions to (1.1) (Theorem 5.3).

1.1.3 Necessary conditions for point concentration

After establishing these existence and multiplicity results, it is natural to ask if the
non-locality of the Schrodinger-Poisson system allows us to find localised solutions.
Moreover, we are interested in removing any compactness condition on p. For these

reasons we focus on the equation

1.7
_A(P ZP(X)Mz, XER37 (47

{ —&2Au+Au+p(x)pu=ulP~lu, xeR3
with p : R3 > Ra nonnegative measurable function, A € R, and A > 0, taking ad-
vantage of a shrinking parameter € ~ /i < 1 which behaves like the Planck constant
in the so-called ‘semiclassical limit’. In this direction, Ianni and Vaira [37] notably

showed that concentration of semiclassical solutions to

—&2Au+V(x)u+p(x)pu = |ulP~u, l<p<5, xcR?
{ —A¢ = p(x)u?, x€R3,

occurs at stationary points of the external potential V using a Lyapunov-Schmidt

approach (in the spirit of the Ambrosetti-Malchiodi monograph [5] on perturbation

methods), whereas in [18] concentration results have been obtained using a varia-

tional/penalisation approach in the spirit of del Pino and Felmer [30]. In particular, in

[18] the question of studying concentration phenomena which are purely driven by p

has been raised. None of the aforementioned contributions have dealt with necessary



conditions for concentration at points in the case V = constant and in the presence
of a variable charge density function p. We manage to fill this gap, by obtaining a
necessary condition, related to p, for the concentration at points for solutions to (6.1)
both in E(R?) (Theorem 6.1) and in H'(R3) (Theorem 6.2), which are the suitable
settings for the study of concentration phenomena with variational and perturbative
techniques, respectively. These results are obtained in the spirit of [63] using classical

blow-up analysis, uniform decay estimates, and Pohozaev type identities.

1.1.4 Sufficient conditions for point concentration

As a natural next step, by adapting the penalisation method of del Pino and Felmer
[30], we are interested in showing that the necessary conditions for the point concen-
tration of solutions to (1.7) that we found, are, in fact, also sufficient conditions on p.
At this stage, we have only partial results in this direction, however at least two of the
results we have obtained thus far elicit interesting standalone qualitative properties of
the solutions. Namely, in Proposition 7.3, we show that if we rescale the solutions ug
to (6.1) as ug(xe + €-) around a well-chosen family of points x, then the rescaled so-
lutions have a strong limit in C llo’g (R3). Then, in Theorem 7.3, we show that under the

additional assumption p € L=(IR?®), we can find a uniform L* bound on the rescaled

solutions.

1.2 Organisation of Thesis

Chapter 2 consists of a background discussion of existence results for the nonlin-
ear Schrodinger equation. In Section 2.1, we detail two constrained minimisation
arguments that are used to obtain existence results for this equation when the nonlin-
earity is |u[?~'u. In Section 2.2, we present the well-known Mountain Pass Theorem
which allows us to work with unconstrained energy functionals, even in instances
when the functional is unbounded from below. In Section 2.3, we revisit the non-
linear Schrodinger equation, but this time with a more general nonlinearity. We list
two existence results due to Rabinowitz [55], based on variants of the Mountain Pass
Theorem, which hold when the nonlinearity satisfies the Ambrosetti-Rabinowitz con-
dition. We then shift the focus to the case when the nonlinearity does not satisfy
this condition. We discuss the technique that Jeanjean [38] and Jeanjean and Tanaka
[39] developed, inspired by Struwe’s ‘monotonicity trick’ [59], to overcome the diffi-
culty of constructing bounded Palais-Smale sequences and obtain an existence result
in this case. Finally, in Section 2.4 we relate this discussion back to the nonlinear

Schrodinger-Poisson system in order to better understand the unique features associ-



ated with it in comparison to the nonlinear Schrodinger equation.

Chapter 3 includes the preliminary results on the nonlinear Schrodinger-Poisson
system that will be used throughout this thesis. In Section 3.1, we define the space
D'2(R?) and the explicit representation of ¢, that allows us to reduce the Schrodinger-
Poisson system to one equation. Then, in Section 3.2 we define the energy functional
associated with the nonlinear Schrodinger-Poisson system and discuss the functional
settings that are used throughout the thesis, as well as some associated properties. In
Section 3.3, we prove a result which gives the regularity and positivity of solutions to
the Schrodinger-Poisson system. Lastly, a Pohozaev type inequality is established in
Section 3.4 that gives a necessary condition satisfied by solutions to the Schrodinger-

Poisson system under suitable assumptions on p.

Chapter 4 consists of the results that give the existence of mountain pass and least
energy solutions to the Schrodinger-Poisson system. The results in this chapter are
from [50]. In Section 4.1, we outline the min-max setting and define the levels ¢,
and c‘;f, ¢, and ¢, which are relevant for both the coercive and non-coercive cases.
We then find lower bounds on the functions 7, and Iff, when restricted to the set of
nontrivial solutions which are fundamental in relation to compactness properties of
Palais-Smale sequences. In Section 4.2, we study the case of a coercive p and estab-
lish that this coercivity is a sufficient condition for the compactness of the embedding
E(R?) < LPT1(R3?). This enables us, using the min-max setting of Section 4.1, to
prove existence of positive mountain pass solutions in the coercive case for p € (2,3)
(Theorem 4.1). We then use a minimisation argument to prove the existence of posi-
tive least energy solutions (Corollary 4.3). In Section 4.3, we focus on a non-coercive
p, and we first establish a representation result for bounded Palais-Smale sequence
for I, in Proposition 4.4. Using the min-max setting of Section 4.1 and the lower
bounds found in this section, we prove existence of positive mountain pass solutions
for p € (2,3) (Theorem 4.3). We then show that for p > 3 the Palais-Smale condition
holds for I at the level ¢, following which the proof of Theorem 4.4 easily follows.
We finally prove the existence of positive least energy solutions in the non-coercive
case for p € (2,5) (Corollary 4.6).

Chapter 5 includes the multiplicity results that we have obtained in the case of
a coercive p. The results in this chapter are from [31]. In Section 5.1, we provide
some background on the Krasnoselskii-genus and define the min-max levels b,, that

are relevant when p > 3, in order to obtain the existence of infinitely many pairs of



distinct solutions in this case (Theorem 5.1). Then, in Section 5.2 we discuss the ab-
stract min-max setting that is used when p < 3. We include a technical lemma that
enables us to use this min-max setting, along with the ‘monotonicity trick’, to prove

the existence of infinitely many pairs of distinct solutions for low p (Theorem 5.3).

Chapter 6 focuses on a singularly perturbed Schrodinger-Poisson system and the
concentration behaviour of its solutions in the semiclassical limit. The results in this
chapter are from [50]. In Section 6.1 and 6.2, we obtain necessary conditions for the
concentration at points in E(R3) (Theorem 6.1) and H'!(R?) (Theorem 6.2), respec-
tively.

Chapter 7 then focuses on the aim of showing that the necessary conditions ob-
tained in the previous chapter for solutions to the singularly perturbed Schrodinger-
Poisson system are also sufficient conditions on p for point concentration (Conjecture
7.1). The results in this chapter are from [51]. In Section 7.1, we first look at sufficient
conditions for concentration of solutions to the nonlinear Schrodinger equation, as a
model problem. We discuss the penalisation method of del Pino and Felmer [30] and
highlight the main elements of their proof of such sufficient conditions. In Section
7.2, we introduce the penalisation scheme for the nonlinear Schrodinger-Poisson sys-
tem and highlight the difficulties that we face and must overcome in trying to adapt
the method discussed in the previous section. In Section 7.3, we then list and prove
the initial results that we have obtained for the nonlinear Schrodinger-Poisson system.
These results include those established in the spirit of [30], as well as some further
qualitative properties of the rescaled solutions that we believe will be used going for-

ward to obtain some vital estimates on the energy levels.



2 Background

In this chapter, we begin by providing a background discussion of existence results
for the nonlinear Schrodinger equation under different assumptions on the potential
and the nonlinearity, which ultimately enables us to understand the unique features
associated with the nonlinear Schrodinger-Poisson system. The results included in

this section are based on lecture material presented by Carlo Mercuri.

2.1 Nonlinear Schridinger equation with nonlinearity |u|”~u

We first focus on the nonlinear Schrédinger equation

—Au+V(x)u= ]u\p_lu, xeR?, 2.1

with V € C(R?,R) and V (x) > ¢ > 0. Defining the space
H} = {u cH'(R): / V (x)|ul? < +oo},
R3
with norm

lulfyy = [ (VP4 V),

we search for weak solutions of (2.1) as critical points of the functional J : H‘l, —R
defined by

1 1

Jwy= | (IVuP+vou?) = —— [ [ut!,
w5 [ (TP +vene) = — |

2.1.1 Coercive potential V

We consider a coercive potential V, namely V(x) — +oo as |x| — +co. In this case,

the following result holds.

Lemma 2.1. Assume V (x) — +oo0 as |x| — +oo. Then, H} is compactly embedded in
LPTY(R3) for all p € [1,5).



This compactness result enable us to prove the existence of a solution to (2.1) in

the case of a coercive V. Namely, we have the following lemma.

Lemma 2.2. Assume V € C(R3R), V(x) > ¢ for some ¢ > 0, and V(x) — +o as
x| = oo. Then, (2.1) has a positive weak solution u € Hy, for all p € [1,5).

Proof. Set

o= inf I(u), where I(u):= l/ (|Vu|2—|—V(x)u2).
ueH& 2 R3
[P, =1
Take a minimising sequence (u,)neny C Hy such that ||u,||;,1 = 1 and I(u,) — «.
It follows that ||uy|| #, < C1 and so, by the Banach-Alaoglu Theorem, up to a subse-
quence, u, — u in H} and, by Lemma 2.1, u, — u in LPT1(R3) for p € [1,5). Hence,

|lu||;+1 = 1 and, by the weak lower semicontinuity of the norm,

< fimi .
1(“)—1,}2&1;“(”") o

By the definition of « it therefore holds that /() = a. So, by the Lagrange Multiplier
Rule, there exists A € R such that

/VMV(]H—/ V(x)u¢:7t(p+1)/ u|P"up, Vo € H.
R3 R3 R3

1

Setting uy = [A(p+1)]7Tu, it holds that
[ vuvos [ viuwo= [ e, voen).
R3 R3 R3

Namely J'(u; ) = 0, and so u;, € H} is a weak solution to (2.1). Since u is real, then

luy| € H,) and
[Vl = [ 9P
R3 R3

and so J(uy ) = J(|uy|). Therefore, u; > 0. Further, by standard regularity arguments
we can show u € C'(R?) and we can then use the maximum principle to show u; >
0. []
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2.1.2 Non-coercive potential V

We now consider (2.1) with a non-coercive potential V, namely V(x) — Vo > 0 as
|x| — 4-o0. We note that the proof of Lemma 2.2 relied on the compact embedding of
H& into LP*! in order to obtain the strong convergence of the minimising sequence
in LPT!. However, in the case of a non-coercive potential V, we no longer have this
compact embedding and therefore we require some additional compactness analysis
in order to prove the existence of a weak solution. Namely, we will require the fol-

lowing well-known compactness result due to P. L. Lions.

Lemma 2.3 (Concentration-Compactness Lemma [44]). Let g € [2,6) and r > 0. Sup-
pose (uy)neny C H' (R?) is bounded and

sup/ lup|? — 0, as n— +oo.
y€R3 Br(y)

Then, u, — 0 in LP(R3) for all p € (2,6).

With this in place, we can now prove an existence result in the case of a non-

coercive potential V.

Lemma 2.4. Assume V € C(R3,R), V(x) > ¢, and V(x) < liminf, , ., V(y) <C for
all x € R3 and some ¢, C > 0. Then, (2.1) has a positive weak solution u € H! for all

p € (1,5).

Proof. We first note that since ¢ < V(x) < C for all x € R? by assumption, it follows

that the H! and H& norm are equivalent and so we work in H!. We set

1
o= inf I(u), where I(u):= —/ (IVul* +V (x)u?), (2.2)
ueH! 2 Jr3
[l 41 =1
Lr+

and notice that o can be written as

I
a= inf 1<L): inf (_th)
oucH! \ ||u||pp1 0F£ucH! ||”||Lp+1

11



So, it holds that

I(u) > o|ju|[7 0, VYueH. (2.3)

We now take a minimising sequence (u, ),y C H' such that ||u||;,+1 = 1 and I(u,,) —
o. It follows that ||u,|| ;1 < C) and so, by the Banach-Alaoglu Theorem, up to a sub-

sequence, u, — u in H'. Due to this weak convergence, it holds that

1
I(un) = 3 [[lun = ul i+l [ = 200 — )]
=1I(up—u)+1(u)+o(1), asn— +oo.
Namely, we have
Iy, —u)+1(u) = o, asn— oo, (2.4)

We now break the proof into three claims.

+1

o1 =1loru=0.

Claim 1. The following alternative holds: ||u| |€

We first note that since ||u,||;1 < Ci, then u, — u almost everywhere in R?, and
so, by Fatou’s Lemma,

p+1

Pl
L+l = L.

[Jull Lo

< liminf ||uy]|
n——-oo
That is,

1
B = [[ull7,r € [0,1]:

By the Brezis-Lieb Lemma, as n — oo, it holds that
+1 +1 +1 +1
B+ Vun —ul |75 = [ul |7+ wn — w7500 = [ual[} 0 = 1.

Combining this with (2.3) and (2.4), we find that as n — oo,

12



That is, as n — +oo,

1> (1-B)r1+B71, Belol]

Figure 1: Sketch of f(B) := (1 — )7 + 7T,

This proves the claim.

Claim 2. If ||u|| ZT] =1, we are done. If u =0, then there exists a sequence (y,)en C
R3 such that v, := u,(- — y,) does not have any subsequences which weakly converge

to zero.
If ||u| \i;‘l = 1, then we can argue exactly as in Lemma 2.2 using the weak lower
semi-continuity of the norm and the Lagrange multiplier rule in order to obtain a

positive solution u € H'.

If u = 0, we first recall that ||uy||;,+1 = 1 and so by Lemma 2.3, it holds that

sup / |up|? = 0.
yeR3 J By (y)

Namely, there exists C; > 0 and a sequence (v, )nen C R such that

13



/ |un|22C2>0.
By (yn)

Setting v, := u, (- — y,), we find that

/ V>0 >0, VYneN,
B1(0)

which implies that v,, does not have any subsequences which weakly converge to zero.

Claim 3. If u = 0, then the sequence (vy),cn constructed in the previous claim is a

minimising sequence for (2.2).

We first note that

/R3|an\2 :/R3|vu,,|2, (2.5)
/|vn|2 :/ ||, (2.6)
R3 R3
/|vn|1’+1:/ [P = 1. (2.7)
R3 R3

Moreover, anH%2 = HunHi2 < C}, and so by Bolzano-Weierstrass Theorem, there

exists some k € R such that

val|22 = |lun| |72 — &, as n — +oo. (2.8)

Setting
y = liminfV (y) > V(x),
y[—=4oo
we find that
lim sup/ V(x)v2 <limsupy [ v =7k (2.9)
n——+oo JR3 n—oo R3

Now, since u, — u = 0 then, by Rellich Theorem and the assumption that V(x) < C,

14



it follows that for any R > 0,

n—r—+oo n—oo

liminf / V (x)u = liminf / V(x)u?. (2.10)
R3 |x|>R

We note that by the definition of v, it holds that for every € > 0, there exists R > 0
such that V (x) > y— € for all |x| > Re, and therefore we can write

/ V(x)u,%z(y—e)/ U, (2.11)
|x|>Re |x|>Re

Combining (2.8), (2.10) and (2.11) and once again using Rellich Theorem, it follows
that

SN

liminf / V(x)u2 > (y—¢)k. (2.12)
R3

n—r+-oo

Hence, from (2.9) and (2.12), we can see that

lim sup / V (x)v2 < liminf / V(x)u,
n—+eo JR3 n—rtee JR3

which, along with (2.5), (2.6), and (2.7), implies that v, is a minimising sequence for

(2.2).

Conclusion. In summary, if we let (u,),cn be a minimising sequence for (2.2), then
by Claim 1, u, — u in H' with ||MHZ,++11 =loru=0.If HuHi;l] = 1 we are done
by Claim 2. If u = 0, then we construct (v,),cy as in Claim 2 and have that v, is a
minimising sequence for (2.2) by Claim 3. Moreover, up to a subsequence, v, — v in

H', by Banach-Alaoglu. Then, either ||v| |€; | =1 or v=0by Claim 1, but by Claim

p+l _

2 the second alternative cannot hold and so we know |[v|[;,,; =

1. Thus, we can argue
as in Lemma 2.2 using the weak lower semi-continuity of the norm and the Lagrange

multiplier rule in order to obtain a positive solution v € H'. ]

2.2 Mountain Pass Theorem

The existence results that we discussed in the previous section relied on a constrained
minimisation argument. In this section we will discuss the well-known Mountain Pass
Theorem due to Ambrosetti-Rabinowitz [6], which gives us a set of conditions for the

energy functional to satisfy in order to guarantee the existence of a critical point at
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a certain critical level. The Mountain Pass Theorem allows us to work with uncon-
strained energy functionals, even in instances when the functional is unbounded from

below. In order to state the theorem we will need some preliminary definitions.

Definition 1 (Mountain Pass Geometry). Let X be a Banach space. A functional
J € CY(X,R) has the Mountain Pass Geometry if the following conditions hold:

(i) J(0)=0
(ii) There exists r, a > 0 such that J(u) > a if ||u||x = r

(iii) There exists v € X with ||v||x > r such that J(v) < 0.

Definition 2 (Palais-Smale sequence at level ¢). Let X be a Banach space, J € C' (X, R)
and ¢ € R. A sequence (uy)ren C X is a Palais-Smale sequence at level c for J, de-
noted (PS). sequence, if the following hold:

(i) J(up) —c

(i) J'(ux) — 0 in X*.

Remark 2.1. It has been shown that if a functional J has the Mountain Pass Geome-

try, then there exists a (PS). sequence at the level

‘= inf J(o(t
¢ = Inf max (g(1)),

where

I'={g € C([0,1],X) : (0) = 0, J(g(1)) <0} .

The next definition gives a compactness condition that must hold in order to find

solutions using the Mountain Pass Theorem.

Definition 3 (Palais-Smale condition). Let X be a Banach space, J € C'(X,R) and
c € R. The (PS). condition holds if every (PS). sequence has a strongly convergent

subsequence.
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With these definitions in place, we can now state the Mountain Pass Theorem.

Theorem 2.1 (Mountain Pass Theorem [6]). Let X be a Banach space. Assume J €
C'(X,R) has the Mountain Pass Geometry. Define

= inf J(g(t)),
¢:= Inf max (g(1))

where

I'= {g GC([()?I]?X) :g(0> :O,J(g<1)) < O}

If J satisfies the (PS). condition at the level c defined above, then c is a critical value
of J.

For the sake of brevity, the proof of the Mountain Pass Theorem will be omitted.
For a complete proof see e.g. p. 478-480 in [32]. The proof relies heavily on a so
called Deformation Theorem. The idea of the proof is to show that if ¢ is not a critical

level, then for some sufficiently small 6 > O we can nicely deform the set

Aps={ueX:Ju)<c+46}

into the set

Ac_s={ueX:Ju)<c—-46}.

In order to do so, one solves an appropriate ordinary differential equation and follows

the resulting flow “downhill”.

Remark 2.2. We note the the Mountain Pass Theorem gives rise to nontrivial solu-

tions. Namely, by the definition of a critical value, there exists u € X such that

which implies u is a solution, and
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J(u) = ¢ = inf max J(g(t)) >0
(u) =c inf max (g(r)) >0,

where the positivity is guaranteed by the Mountain Pass Geometry and implies that u

is nontrivial.

2.3 Nonlinear Schrodinger equation with a more general nonlin-

earity

In this section, the nonlinear Schrodinger equation will be considered with a more

general nonlinearity f(x,u). Namely, we consider

—Au+V(x)u= f(x,u), xeR. (2.13)

The ideas and results from this section will be used for our purposes later in the thesis.

2.3.1 Nonlinearity satisfying the Ambrosetti-Rabinowitz condition

In a crucial paper, Rabinowitz [55] listed assumptions on the nonlinearity f so that
variational methods based on variants of the Mountain Pass Theorem could be used
in order to obtain existence results for (2.13) in the case of both a coercive and non-
coercive potential V. In order to state the results, we first list certain hypotheses on V

and f that will need to be used, namely:

(V1) V € C'(R3 R) and there is a ¢ > 0 such that V (x) > ¢ for all x € R,
(V2) V(x) = +oo as |x]| = oo,

(V3) liminf|y_, 1o V (x) = Ve,

(V4) Vo > V(x) for all x € R? with V., # V (x),

(f1) f € C3(R? x R, R),

(f2) f(x,0) =0 = f(x,0),

(f3) there are constants a;, ay > 0 and s € (1,5) such that for all
xeR3andz € R,

f(02)| Sar+ale

(f4) there is a constant y > 2 such that
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0 < uF(x,2) = u /O fln)d < 2f(x.2)

for all x € R and z € R\ {0}.
(fs)t~'zf(z,1z) is an increasing function of # > 0 for all x € R and z € R\ {0}.

We now state the existence result for a coercive potential V.

Theorem 2.2 ([55]). If (V1)-(V2) and ( f1)-(f4) are satisfied, then (2.13) possesses a

nontrivial classical solution u € H'.

Proof. See Theorem 1.7 in [55]. O]

We follow up this theorem with the existence result for a non-coercive potential V.

Theorem 2.3 ([55]). Suppose (V1), (V3) and (V4) are satisfied. Assume further that f
is independent of x and ( f1)-(fs) hold. Define 7 : H& — R by

J(u) = %/R3 (IVu)* +V (x)u?) —/ F(x,u)dx.

R3
Then,

— inf t
¢ = Inf max (g(1)),

with

I'={g € C([0,1],X): 4(0) =0, 7 (g(1)) <0},

is a critical value of ¢ .

Proof. See Theorem 4.27 in [55]. O]
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Remark 2.3. Observe that the nonlinearity f(z) = |z|P~z satisfies (f1)-(fs) for all
p € (1,5), and so the results of Lemma 2.2 and 2.4 can be seen as specific cases of

Theorem 2.2 and 2.3, respectively.

As anticipated earlier, the proofs of these results are based on variants of the
Mountain Pass Theorem. Namely, the assumptions on the nonlinearity f are first used
to show that the Mountain Pass Geometry holds. As per Remark 2.1, this guarantees
the existence of a (PS). sequence. Assumption (f3), known as the global Ambrosetti-
Rabinowitz condtion, is then used in a vital way in order to show the boundedness
of the (PS). sequence, which, up to a subsequence, implies the existence of a weak
limit by the Banach-Alaoglu Theorem. This weak limit can then be shown to be a
weak solution to (2.13). The main difficulty in this problem is that it is unknown how
to prove that this weak limit is in fact a strong limit, namely that the (PS). condition
holds, because of the lack of compactness due to the nonlinearity. As a consequence,
it is not immediately known if the weak solution is nontrivial. To overcome this dif-
ficulty, Rabinowitz [55] argued by contradiction in the case of a coercive potential V
and by using comparison arguments in the case of a non-coercive potential V in order

to obtain the above results.

2.3.2 Nonlinearity not satisfying the Ambrosetti-Rabinowitz condition

The natural next step was to relax the global assumption on the nonlinearity f, namely
to relax the global Ambrosetti-Rabinowitz condition (f4). However, in doing so, a
new difficulty needed to be faced on top of the lack of compactness due to the non-
linearity; namely, constructing bounded Palais-Smale sequences. Jeanjean [38] and
Jeanjean and Tanaka [39] developed a technique to overcome this issue. Namely,
Jeanjean [38] and Jeanjean and Tanaka [39] formulated and proved the following the-
orem, which generalises Struwe’s ‘monotonicity trick’ [59] to the context of nonlinear
Schrodinger equations. We include the full statement of the result, as it will be used

for our purposes later in the thesis.

Theorem 2.4 ([38], [39]). Let X be a Banach space equipped with a norm || - ||x and
let J C R" be an interval. We consider a family (_Zu)ues of C Yfunctionals on X of
the form

Au(u) =A(u) —uB(u), Vuel,
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where B(u) > 0 for all u € X, and such that either A(u) — +o or B(u) — + as

||lu||x — +oo. We assume there are two points vy, v in X such that

cu = Inf max Fu(y0)) > max{_Fu(v), Fuv2)}, Ve

where
I'={yec([0,1],X) : y(0) = vi, ¥(1) = n2}.
Then, for almost every [ € J, there is a sequence {v,} C X such that

(i) {vn} is bounded,

(i) Ju(vn) = cu,

(iit) 7 (va) — 0 in X*.

The proof of this result will be omitted for the sake of brevity, but it is important
to note that it depends in a crucial way on the monotonicity of the functional ¢},
with respect to (4 and the almost everywhere differentiability of the mapping u — cy,.
This theorem then enabled Jeanjean and Tanaka [39] to obtain the following existence
result for nonlinearities which do not satisfy the global Ambrosetti-Rabinowitz con-

dition.

Theorem 2.5 ([39]). Assume f € C(RT,R) is such that:

(i) £(0) = 0 and f'(0) defined as lim,_,o+ f(s)s™" exists,
(ii) there is p < 5 such that limg_, 1 f(s)s™? =0,

(iii) imy_y oo f ()57 = o0,
Suppose further that the potential V € C(R>,R) satisfies the following conditions:

(i) f'(0) <info(—A+V(x)), where 6(—A+V (x)) denotes the spectrum of the
self-adjoint operator —A+V (x) : H*(R?) — L*(R?), i.e.,

Jea (IVul> +V (x)u?) dx
ueH! (R3)\ {0} Jgs lul?

info(—A+V(x)) =
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(ii) V(x) = Voo € R as |x| — oo,
(iii) V (x) < Vi a.e.,
(iv) there exists a function @ € L*(R3) "W 1=(R3) such that

X [VV(x)| < @*(x), VxeR’.
Then, (2.13) possesses a positive solution u € H'.

Although we will not include a formal proof of this result, we will try to give the

general ideas. The proof relies on investigating the “perturbed problem,”

—Au+V(x)u=pf(xu), xeR pe B,l} (2.14)

with the associated family of functionals 7, : H ' R given by

Sutyi=g [ (9 4vd) - [ Foaa we |3,

where
F(x,z) = /Zf(x,t)dt.
0

Under the assumptions of Theorem 2.5, it can be proved that _#,, has the Mountain
Pass Geometry for each u € [%, 1}. Using this and the monotonicity of _¢#,, with
respect to U, the min-max levels ¢, > 0 can be defined as in Theorem 2.4, namely
in such a way that the class I' does not depend on . Applying Theorem 2.4 with
J= %, 1], it follows that there exists a bounded Palais-Smale sequence for _#Z, at level
cy for almost every u € [%, 1}. Through compactness analysis, it can then be shown
that each of these levels ¢, correspond to a critical level of _#,, thus giving a sequence
of critical points of the perturbed functionals. The assumed decay assumption on
VV (x) enables the derivation of a Pohozaev type identity, that is a necessary condition
satisfied by critical points u of _#, obtained by using (x,Vu) as a test function in
(2.14). The Pohozaev identity can then be used in order to show the boundedness of a

selected sequence of critical points of the perturbed functionals. Finally, it is possible
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to prove that this sequence of critical points actually converges to a solution of the
original problem (2.13). In fact, this sequence of critical points is, indeed, a bounded

Palais-Smale sequence for ¢

2.4 Nonlinear Schrodinger equation versus nonlinear Schrodinger-

Poisson system

In this thesis, we will be interested in the nonlinear Schrodinger-Poisson system,

—Au+u+p(x)ou = |ulP"'u, x €R?,
—A¢ = p(x)u?, x€R3

with p € (2,5) and p : R? — R a nonnegative measurable function. Within a min-max
setting and in the spirit of Rabinowitz [55], we study existence and qualitative prop-
erties of the solutions to this system highlighting those phenomena which are driven
by p, in both the case of a coercive and non-coercive p. This system presents various
mathematical features, sensitive to the range of p, which are not shared with the non-
linear Schrodinger equation. Indeed, the vast majority of previous works involve the
range p > 3 since, when p < 3, one has to face two major obstacles in applying the
minimax methods: constructing bounded Palais-Smale sequences and proving that
the Palais-Smale condition holds, see e.g [57], and [7], [47].

We are immediately able to highlight a feature which is not shared with the non-
linear Schrodinger equation; even though the nonlinearity in the Schrodinger-Poisson
system satisfies the global Ambrosetti-Rabinowitz condition, the boundedness of the
Palais-Smale sequences is not automatic. Indeed, it is the structure of the functional
associated with the nonlinear Schrodinger-Poisson system when p < 3 that causes the
possible unboundedness of the Palais-Smale sequences. It remains an open question
as to whether the Palais-Smale sequences are bounded for p < 3 and it is, in fact, sus-
pected to be untrue. For p < 3, one must also overcome the obstacle of showing that
the Palais-Smale condition holds. In order to prove this condition, some compactness
analysis is needed. In the case p(x) — pw > 0 as |x| — oo it is the invariance by
translations of the limiting problem at infinity that causes the lack of compactness
phenomena to occur. This type of lack of compactness has been tackled in pioneer-
ing works of [44] and [12] in the context of minimisation problems and Schrodinger
type equations, respectively. More recent contributions in the context of Schrodinger-

Poisson systems are mostly in the range p > 3 (see e.g. [26], [62], [24]).
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The results contained in this thesis cover this difficult range p < 3. We generalise
previous results that we have discussed in this chapter to the context of the nonlin-
ear Schrodinger-Poisson system, in order to overcome the important technical differ-
ences associated with this system in comparison to the nonlinear Schrodinger equa-
tion. Namely, we make use of the aforementioned ‘monotonicity trick’ [59], [38],
[39] exploiting the structure of our functional to construct bounded Palais-Smale se-
quences for small perturbations of the nonlinear Schrodinger-Poisson system. We
then prove that these sequences converge using compact embeddings and an a pos-
teriori compactness analysis of bounded Palais-Smale sequences (in the spirit of the
classical book of M. Willem [64]) in the case of a coercive and non-coercive potential

p, respectively.
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3 Preliminaries

In this section, we discuss some preliminary results on the nonlinear Schrodinger-
Poisson system that will be used throughout this thesis. The results included in this

section are a critical elaboration on lecture material presented by Carlo Mercuri.

3.1 The space D'>(R?) and the explicit representation of ¢,

We set D!'2(IR?) = D' as the space defined as

D" (R%) := {u € L°(R?) : Vu € L*(R?)},

and equipped with norm
||l | prars) = |[Vull 2 (r3).-

With this definition in place, we can state the next result, which will ultimately allow
us to reduce the nonlinear Schrodinger-Poisson system to one equation. This result is
classical from potential theory, but we include the statement and proof for the reader’s

convenience.

Theorem 3.1. Assume p : R — R is a nonnegative measurable function. If u*p €
L} (R%)is such that

[ [ P00 g G
R3 JR3 x =] 7 |

then,

bulx) = p(y)u?(y)

= dy € D" (R?
g Ayl &)

is the unique weak solution in D' (]R3) of the Poisson equation

—A9 = p(x)u’
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and it holds that

/RJV%F:/WP%MZMZ/H@/H@ MZ(X)Z;Tibfg)p(y)dxdy'

Proof. We will break the proof into a series of claims.

1

Claim 1. Define f(x) := min(p2 (x)u(x), n) - xg,(0)(x). Then,

_ Sz ()
0= fo Ty @
solves
~Adn =12

in the sense of distributions. Namely, it holds that

—/RS ¢nAw=é3f3w,

(3.2)

forall y € C2(R3). Moreover; ¢, € C'(R3) and ¢, is uniformly bounded in D'?(R?).

We first note that by definition f,, has the following properties:
(i) f, has compact support,
(i1) f, is nondecreasing,
(i) f, 7 p%u almost everywhere,
(v) f, € L*(RY).
Thus, by Theorem 6.21 in [42], it follows that

o= [ 2,

Rr3 47|x —y|

solves
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—Ad, = fZ,

in the sense of distributions. It further follows from this theorem that ¢, has a distri-

butional derivative that is given, for almost every x, by

' B dGy(x) ,
o) = [ ST )y 6.3
where
1
Gyx) 4mt|x—y|
IG,(x) -1 4
e 47r|x—y| (xi —yi)
and

~AG, =6, inZ'(R%),
meaning that
[ Gmavioa =y e () G

Now, by (iv) and Theorem 10.2 in [42], it follows that ¢, € C'(R?). Finally, using
(3.3) and (iii), it holds that

3
var =1 [ @0
_[ [ Bwse
R

3 JR3 471")6 y]

/R3 /R3 47r!x y|)P(y)7

which is bounded by assumption, and so the claim is proved.
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Claim 2. Since @, is uniformly bounded in DI’Z(R3) by the previous claim, then up to
a subsequence ¢, — ¢ in D'*(R*). We claim that

—A9 = p ()’

in the sense of distributions. Namely, it holds that

—/ ¢Aw=/ puty,
]R3 R3

for all y € CZ(R3).

We first note that by Theorem 8.6 in [42] we have that ¢, — ¢ in L} (R?) for
all p < 6and ¢, — ¢ a.e. on R>. On the other hand, by the Monotone Convergence
Theorem, as n — oo, it holds that

[ R PLIG) _
On(x) = r3 47|x — y| _>/]R3 drlx—y| 0u(x)-

Therefore, we have that ¢, — ¢, a.e. and, so by the uniqueness of the limit, ¢, = ¢ €
D'?(R?). By Claim 1, we have that

- / oAy = / i, (3.5)
]R3 R3

for all w € C°(R?). Now, since ¢, € C'(R?), ¢, — ¢ in D'?(R?), and y has compact
support, it holds that

—/R3 ¢nA1//:/R3 V¢an/—>/R3 VoVy, asn— +oo. (3.6)

Further, by the Monotone Convergence Theorem, as n — oo,

/ iy — / puty. (3.7)
R3 R3

Therefore, putting together (3.5), (3.6), and (3.7) we have shown that for all v €
Co(R?),
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—/ ¢Aw=/ puy.
R3 R3

Claim 3. For each n € N, the following hold:
(@ [p3 VOV = [ps f2Wh, YW € CF(R3),

(b) [ VoV = [ps foy, VyeD2(RY).

To prove (a), we take y, € C°(R?). Then, using (3.3) and Fubini’s Theorem, it
holds that

[ o= [ 3([. %i()fn()dy) oy ds
LR

R3 ;=1

= / lllk.fnza
R3

where we have used integration by parts and (3.4) to obtain the final equality.

8Wkdx> fr(y)dy

To prove (b), we let w € D'?(R?) be arbitrary. We pick y; € C°(R?) such that
Wi — w in DV2(R3). This is possible because D'?(R?) can be defined as the closure
of C*(R?) with respect to ||V -||;2. Then, by (a), it holds that

/ Vo,V = / Vi f?. (3.8)
R3 R3

We note that by the Cauchy Schwarz Inequality,

[ vo | < 1901190~ vl

= ||@nl|pre||wk — w|lpiz = 0, ask — oo, (3.9)

since ¢, is bounded in D'?(R3) by Claim 1. Moreover, by Holder’s and Sobolev’s
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Inequality,

[on-w <l [ v
R3 supp fu

2 5
< || fullz=Isupp ful® | Wi — W[ s
5
< | full7=Isupp £l ¢ IV (W& — W) |2
5
= CI| ful[7supp ful* [|Wi — Wl[p12 = 0, ask— 40, (3.10)

since f,, is compactly supported and bounded in L*(R?) by Claim 1. Putting together
(3.8), (3.9), and (3.10), we have shown

| vovu=[ st

Claim 4. The following hold:
(@) [pVOVY = [papidyi, Yy € CZ(RY),

(b) [ VOV = [papu’y, Yy eD2(RY).

Since —A¢ = pu? in the sense of distributions by Claim 2, the proof of (a) follows
similarly to that of Claim 3. To prove (b), we let y € D!2(R?) be arbitrary. We pick
Wi € C2(R?) such that y;, — y in D'2(R?). Then, by (a), it holds that

/V(PV%:/ put . (3.11)
R3 R3

As in Claim 3, by Cauchy Schwarz Inequality, we have that

[ vov v <1190l 1¥ - vl

= [[9llpr2l|Wk = Wllpr2 =0, ask— +eo, (3.12)

since ¢ is bounded in D'?(R?) by Claim 2. We now notice that since ¢, is bounded
in D'2(IR?) by Claim 1 and |y;| € D'?(R3), then using Claim 3 (b) and the Cauchy
Schwarz Inequality, it holds that
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/ fr%’lllk|:/ Vo,V gl

R3 R3
< |IV@ul| 21Vl 2
< Cl|ykl|pr2-

Moreover, for each fixed k, by the Monotone Convergence Theorem,
/ falwil = / Py, asn— oo,
R3 R3
Putting (3.13) and (3.14) together, we have that

| Pl <Clivillpn
R3

Using this and Fatou’s Lemma, we obtain

‘/ puzw‘S/ pu? |y
R3 R3

< liminf/ pu? |y
k—+oo JR3

< Climinf .
< Climinf|[yi| 1.

= Cllyllpr2-

(3.13)

(3.14)

Therefore, we have shown that y — [ puy is a linear and continuous functional in

D'2(R3). Hence, since Wy — w in D12(R3), it follows that

/Puzllfk_)/ puty,
R3 R3

and so putting this, (3.12) and (3.11) together, we have proved the claim.

Claim 5. It holds that

l/t2
0(x) = dulx) = /R PONCD) 4

3 4mlx —y|
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is the unique weak solution in D' (R3) of the Poisson equation

—AY = p(x)u?.

It follows from Claim 2 that ¢ = ¢,,, where, by Claim 4 (b), ¢ is a weak solution in
D'?(RR3) of the Poisson equation —A¢ = p(x)u?. It remains to prove the uniqueness
of ¢. Assume there exists ¢;, ¢, € D?(R?) such that

—Ag; = p(x)u?, fori=1,2.
It follows that
A(¢1 —¢2) =0.
Testing this equation with (¢; — ¢ ), we obtain
19— g2 = 11901 = g3 =
Using this and the Sobolev Inequality, we can see that

Cllo1 — 9276 <1IV(91 — 92)[7> =0,

which implies ¢; = ¢, thus proving uniqueness.

Claim 6. The following are equivalent:

/RS ,V%’z:/Rsp(puuzdx:/]R3/]R3 uZ(x)ﬁj(r)’ciLf(yy‘)P(y)dxdy_

Testing the equation —A¢, = p (x)u? with ¢, we obtain

/IR3\V¢M\2=/R3P¢uuZ-

Therefore, plugging in
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l/l2
‘Pu(x):/l‘% Md}’a

3 4mlx—y|

it follows that

/ V62 = / P’ dx = /R 3 /]R 3 4ﬂ|x y|)p(y)dxdy.

3.2 The associated energy functional and functional settings

Using the explicit representation of ¢, given in Theorem 3.1 reduces the nonlinear

Schrédinger-Poisson system

—Au+u+p(x)ou = |ulP"'u, x €R3,
—A(]) P( ) 2 X e R37
to the problem
—Au+u+p(x)pyu = |ulPu. (3.15)

Positive solutions of this problem are critical points of the functional

1
I(u)::E/R3(|Vu|2+u /p% —m ul’“, (3.16)

which is natural to define in E(R3) C H!(R?)

E(R?) = {ue D" (R?) : ||ul|p < +oo},

where

= /R3<|vu|z+uz>dx+(/ /R |x & >p<y>dxdy>%

Variants of this space have been studied since the work of P.L. Lions [43], see e.g.
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[56], and [11], [19], [48]. We recall that by the classical Hardy-Littlewood-Sobolev
inequality, it holds that

2P ()P) s
< .
[ R0 [ ez, @

for some C > 0. Thus, if u € H' (R?), we see that, depending on the assumptions on p,
we may not be able to control the Coulomb integral using the natural bound provided
by Hardy-Littlewood-Sobolev inequality. This may be the case if e. g. p(x) — oo as
|x| — —-oo. For these reasons, in the present thesis we analyse those instances where
E(R?) and H'(R?) do not coincide.

3.2.1 The space E(R?)

Let us assume that p is continuous and nonnegative. It is easy to see that E(R?) is a
uniformly convex Banach space. As a consequence it is reflexive and, in particular,
the unit ball is weakly compact. Reasoning as in Proposition 2.4 in [56] and Proposi-

tion 2.10 in [48], we have the following important result.

Lemma 3.1. Assume p is continuous and nonnegative. A sequence (i, )nen C E(R?)
is weakly convergent to u in E(R?) if and only if it is bounded in E (R?) and converges
strongly to w in L} .(R®). In particular; ¢, — ¢, in DV*(R?).

Proof. We first note that if u, — u in E(R?), then ||u,|| E(r3) < C by weak lower semi-
continuity of the norm and so u, — i in L] _(R?) by Rellich Theorem. On the other
(R%) and ||uy||g(gs) < C, then u, — u in E(R)
since E (]R3) is reflexive. Thus, to prove the first part of the lemma, it suffices to show
that u = ii a.e. We first note that if we take ¢ € C°(R?) and v € E(R?), then

oo
R3

for some C > 0. Thus, v — f @v is a linear and continuous functional on E (R3). So,

hand, if we assume u,, — i in Llloc

<c| vzl
supp @

since u, — u in E(R?), it follows that

/(pun—>/ ou.
R3 R3

Moreover, since u,, — i in L}OC(R3), it holds that
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/ ¢(un—ﬁ)§C/ (uy, — i) — 0.
R3 supp ¢

Therefore, we have shown

[ o= [ on
R3 R3

and so since @ € C°(R?) was arbitrary, we conclude that u = i a.e.

It remains to show ¢, — ¢, in D'?(R3). Let w € D'*(R3) be arbitrary. Pick
Wi € C(R?) such that y; — w in DV2(R3). Then, since ¢,, solves —A@,, = p(x)u2,
it holds that

/V%vwk:/ P (xX)u2 . (3.18)
R3 R3

Now, since ¢, is bounded in D'?(R?) by assumption, then, up to a subsequence,
¢, — ¢ in DI2(R3), for some ¢ € D'?(R3). Thus, it automatically follows from the

weak convergence that
/ V¢unVlI/k—>/ VOV, asn— +oo. (3.19)
R3 R3

2

Moreover, since u;,

— u? in L}O . (R3) by Rellich Theorem and since p is continuous
by assumption, it holds that

[ o=y

gc/ 2 —u?| =0, asn— oo, (3.20)
supp W

Therefore, combining (3.18), (3.19) and (3.20) we have now shown that

[ vovu= [ ploniw (3.21)
R3 R3

Now, arguing exactly as in the proof of Claim 4 of Theorem 3.1, we obtain
‘/ Vq)V(y/k—y/)‘ — 0, ask— oo, (3.22)
R3
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since ¢ € D'?(R?). Furthermore, using the facts that
2 2
/ pun‘l’k%/ Pu~Yi, asn— +oo,
R3 R3

by (3.20) and ¢, is bounded in D'?(R3) by assumption, we can argue similarly to the
proof of Claim 4 of Theorem 3.1 to show that y — [ pu?y is a linear and continuous
functional on D'?(R?). Hence, since y; — y in D'?(R3), it follows that

/puzwk—>/ puty, ask— +oo,
R3 R3

and so putting this, (3.22) and (3.21) together, we obtain

/RS V¢Vw=/R3p(x)u2w-

Namely, we have shown that ¢ € D"?(R?) solves —A¢ = p(x)u?, and so by the
uniqueness of the solution in D'?(R?) (Theorem 3.1) we have ¢ = ¢,. [

The following nonlocal Brezis-Lieb lemma, which is stated without proof, will

also be very useful to study the compactness of Palais-Smale sequences.

Lemma 3.2 ([10], [48]). [Nonlocal Brezis-Lieb lemma] Assume p is continuous and
nonnegative. Let (uy),en C E(R?) be a bounded sequence such that u, — u almost
everywhere in R3. Then it holds that

m, [||V¢un||i2(m<3> - ”V‘Pun—““i%ll@)] = 1V ullz2qge)-

3.3 Regularity and positivity

Using standard regularity theory and the maximum principle, we now provide a result

giving the regularity and positivity of the solutions to the Schrodinger-Poisson system.
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Proposition 3.1. [Regularity and positivity] Let p € [1,5], p € C(R?) nLy C(RZ’) \
{0} be nonnegative and (u, ¢,) € E(R3) x D'2(R3) be a weak solution of the problem

{ —Au+bu+cp(x)pu=d|u|""u, x e R, (3.23)

—Ap = p<x)uza X € R37

with b,c,d € R,. Assume that u is nonnegative. Then, u, ¢, € Wz’q(R3),f0r every

loc

g>1,andsou, ¢, € Cl’a(R3). If, in addition, u # 0, then u, ¢, > 0 everywhere.

loc

Proof. Under the hypotheses of the proposition, both u and ¢, have weak second
derivatives in quoc for all g < 0. In fact, note that from the first equation in (3.23), we
have that —Au = g(x,u), where

80| = |(—bu—cp (x)du+dlul”
< C(1+|pdul +[ulP ") (1 + |ul)
h(x) (1 + |ul).

fO/CZ(R3), which implies

that u € L _(R3) for all ¢ < +oo (see e.g. p. 270 in [60]). Note that since u’p €

loc

quoc(]R3) for all g < +oo, then by the second equation in (3.23) and the Calderén-
Zygmund estimates, we have that ¢, € Wz’q(R3) (see e.g. [35]). This then enables

loc

Using our assumptions on p, ¢, and u, we can show thath € L

us to show that g € Lfoc(]R3) for all g < 40, which implies, by Calderén-Zygmund
estimates, that u € Wli’cq(R3) (see e.g. [35]). The Cllo’éx (R3) regularity of both u, ¢,
is a consequence of Morrey’s embedding theorem. Finally, the strict positivity is a

consequence of the strong maximum principle, and this concludes the proof. [

Remark 3.1. If, in addition, p € CO’O‘(]R3 ), then, by Schauder’s estimates on both

loc

equations, it holds that u, ¢, € C=*(R3).

loc

3.4 Pohozaev inequality

To complete the preliminaries on the nonlinear Schrodinger-Poisson system, we es-
tablish a useful Pohozaev type inequality, that gives a necessary condition satisfied
by solutions under suitable assumptions on p. Since we do not find a precise ref-
erence, we give a proof for the reader’s convenience. It is interesting to note that

Pohozaev type identities are often used to prove nonexistence results by showing that
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the necessary condition provided by the identity is violated, see the pioneering works
of Pohozaev [53] in the context of bounded domains and of Berestycki and Lions [15]
in RY. However, unlike these arguments, we will use the Pohozaev inequality that we

establish in the next lemma to produce existence results, in the spirit of [57].

Lemma 3.3. [Pohozaev inequality] Assume p € [1,5], p € L2 (R} nW ! (R3)

loc loc

is nonnegative, and kp(x) < (x,Vp) for some k > _(217([_7;)2). Let (u,¢,) € E(R?) x

D'2(R3) be a weak solution of the problem (3.23). Then, it holds that

1 3b (5+2k)c 3d
— | |Vu+= 2y T 2_—/ rrl<o.  (3.24
I e B I T N CE

Proof. With the regularity remarks of Section 3.3 in place, we now multiply the first
equation in (3.23) by (x, Vu) and integrate on Bg(0) for some R > 0. We will compute
each integral separately. We first note that by Lemma 3.1 in [28] it holds that

1

/—Au(x,Vu)dx:——/ |Vu|* dx
Bg 2 Bg
1

R (3.25)
——/ ](x,Vu)\sz—l——/ \Vul*do.
R /o, 2 JoBg

Fixing i = 1,2, 3, integrating by parts and using the divergence theorem, we then see
that,

/ bu(x;diu)dx =b {—%/ Lﬂdx%—% 3i(u2x,')dx1

Br

1 1 2
:b[——/ uzdx+—/ u"‘x—ldo}
2 /g 2 Jog, x|
So, summing over i, we get

R
/bu(x,Vu)dx:b[—é/ uzdx—}——/ usz]. (3.26)
Bgr 2 Bgr 2 0BR
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Again, fixing i = 1,2, 3, integrating by parts and using the divergence theorem, we
find that,

/ cp Quux;(diu)dx = c [ - % p(puuzdx — %/ (Z)uuzxi(&,-p) dx
Bg Bg Bg

—3 [ puaeiact s [ apoatnad
2 Bgr 2 Bg

:c{—l/ p(])uuzdx—l Guu’xi(d;p) dx
2 /By, 2 /B,

1 5 1 5 X7 ]

- = ux;(0;¢,)dx+ = W —do|.

Thus, summing over i, we get

/ cp<z>uu(x,Vu)cbc=c{—E PO — 1
Bg

2
u-(x,Vp)dx
2y 3 BR% (x,Vp)

L e ve)ax+ R p¢uu2d6}. (3.27)
2 /B 2 JoBg

Finally, once more fixing i = 1,2,3, integrating by parts and using the divergence

theorem, we find that,

-1 1 2
/ d|u|? u(x;u)dx = d [— P dx + —— ]u!”“x—’dG} :
Bx p+1Jp, P+ 1 /o, RY
and so, summing over i, we see that
-1 —3 +1
dulP" u(x,Vu)dx =d Pl |u|PT" dx
Br P b . (3.28)
+— Ju| PH! dc}.

p+1 /o,
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Putting (3.25), (3.26), (3.27) and (3.28) together, we see that

1 1 R
-l |Vu|2dx——/ |(x,Vu)|2dG+—/ Vuldo
2 Bgr R 0BR 2 0BR

3 R
—l—b{——/ uzdx—l——/ uchl
2 /By 2 JoBg

1

3
+e {‘ S| pgulde— [ gl (x,Vp)dx (3.29)
2 Br 2 Bpr

1 R
5 pu2<xav¢u)dx+ 5 P¢ul/l2 dG}
2 /By 2 /oy

-3 R
—d [— |u]p+1dx+—/ ]u\pHdG} =0.
p+1 /g, rP+1 /o,

We now multiply the second equation in (3.23) by (x, V¢,) and integrate on Bg(0) for
some R > 0. Using Lemma 3.1 in [28] we see that

pu*(x,Vo,)dx= [ —Ad,(x,V,)dx
Bg Bg

1 1
=——/ |v¢u|2dx——/ (x,Vé,)Pdo
2 /Bg R JoBy

R
+—/ Vo, |*do.
2 JoBg

Substituting this into (3.29) and rearranging, we get

1 3b 3+k
—/ \Vu]zdx—l——/ uzdx—l—u p(Puuzdx
2 /B, 2 /g 2 B
3d
— o VoL [t
4 /By p+1 /g,
1 3b 3
<= ]Vu\zdx+—/ uzdx+—c/ P d,u? dx
2 /By 2 /g 2 /B,
¢ 2 ¢ 2 3d +1
+= | ¢u(x,Vp)dx—— Vo, dx——/ ulP™dx  (3.30)
2y (x,Vp)dx—7 BR\ | P BR| |

1 R bR
:——/ |(x,Vu)|2dG+—/ |Vu|2dc+—/ u*do
R /B, 2 JoBp 2 JoBg

CR/ 2 C 2
+—= pouu dG—|——/ x,V¢,)|~do
2 Joge 2R 8BR|( 2

R dR
~ S Ve Pdo— 25 [ jurtde,
4 /o, p+1 /o8,

—2(p-2)
(p—1)

where we have used to assumption kp(x) < (x,Vp) for some k > to obtain
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the first inequality. We now call the right hand side of (3.30) Iz, namely

1 R
Iz = ——/ |(x,Vu)|2dG+—/ |Vu>do + —
R JoBy 2 JoBg

cR 2 C 2
+—= pou dG-l-—/ |(x,V¢y,)|"do
2 Joge 2R /3By !

bR

u*do
2 JoBg

R dR
_ R \V¢u|2d6——/ " do.
4 JoBg P+1Jogg

We note that |(x, Vu)| < R|Vu| and |(x,V¢,)| < R|V¢,| on dBg, so it holds that

3R bR
I g—/ |Vu|2do+—/ u*do
2 JoByg 2 JoByg

R dR
+ S pou d0+—/ Vo, |*do + —— ]u\p“da.
2 aBR +1
Now, since |Vu|?, u> € L' (R?) because u € E(R?) c H'(R?), p ¢u? > L'(R?)

because [p3 PPy’ dx = [p3|V@y,|?dxand ¢, € DI*(R?), and [u|P™! € L'(R?) because
E(R?) — L4(R?) for all ¢ € [2,6], then it holds that Iz, — 0 as n — oo for a suitable

sequence R, — 4o (see e.g. [28]). Moreover, since (3.30) holds for any R > 0, it
follows that

1 3b 34k
5/ |Vu|2dx+—/ uzdx—kg/ p b dx
R3 2 R3 2 R3
3d
—5/ |V¢u|2dx——/ uP* dx <0,
4 R3 p—|—1 R3

and so, we obtain

1 3b 542k
—/ |Vu|2dx—|——/ uzd)H—ﬂ po,u” dx — /|uyp+1dx<o
2 R3 2 R3 4 R3 p—|—1

using the fact that [p3 |V@,[>dx = [p3 p@u® dx. O
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4 Existence

In this chapter, we prove the existence of both mountain pass solutions and least en-

ergy solutions to the nonlinear Schrédinger-Poisson system

{ —Au+tu+p(x)pu = |ulP~u, x €R3, @.1)

—A(]) = p(x)uz, X e R37

with p € (2,5) and p : R® — R a nonnegative measurable function, in the case of a

coercive and non-coercive p. The results in this chapter are from [50].

4.1 The min-max setting: definition of ¢, Cy» ¢ and ¢

In what is to come, we will first examine the existence of solutions of (4.1) in the case
of a coercive potential p (see Section 4.2). The appropriate setting for this problem
will be the space E(R3) ¢ H'(R3). We begin by recalling that solving (4.1) reduces
to solving

—Au+u+p(x)duu = |ulPu, 4.2)

2
with ¢, (x) = [ps %dy € D'2(R?). Positive solutions of this equation are critical

x—

points of the functional I : E(R3) — R, defined as
I(u) = l/ (|Vu|2+u2)+l/ poul——— [ (4.3)
2 R3 4 R3 P —f- 1 R3 +
It will also be useful to introduce a perturbation of (4.2), namely

1
—Au+u+p(x)u = plulPu, J[IRS [5’ 1} : 4.4)

Similarly, the positive solutions of this perturbed problem are critical points of the

corresponding functional 7, : E(R3) — R, defined as

1 1 1
1, (u) ::E/RS(WMIZ—FMZ)—FZ/RSp(I)uuz—}% R3ui+1, pe [5,1}. (4.5)

We will now show that /;, has the mountain pass geometry in E for each u € [%, 1].
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Lemma 4.1. /[Mountain-Pass Geometry for ] Suppose p € C(R?) is nonnegative
and p € (2,5]. Then, for each u € [1,1], it holds:

(i) 1,(0) = 0 and there exists constants r,a > 0 such that I,(u) > a if ||u||g = .

(ii) There exists v € E with ||v||g > r, such that I,,(v) < 0.

Proof. We follow Lemma 14 in [19]. To prove (i) note that since H' (R?) < LP*!1(R?)
then for some constant C > 0, it holds that

1
1) = 3l [ poa = Cullul

Now, from the definition of the norm in £ we can see that

2 2 2 3?2
4n/Rsp¢uu — ([l = ] 0)

Therefore, we have that

1 1
1y (u) > —HMHHHL Ton (Iul|g — HuHiyl) —ClulPT
1

1
_ 2 4 201012 4 pl
— 3+ Il = SR+ ol )~

For some o # 0, using the elementary inequality
Lo @ 4 1 4
Sl Bl < -l + 5

we have

1y L (1, 4 & .4
) > Sl + = ( gl — bl — ol + 5l

—Cplul |
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1 (-1 s 1 [fa?—1 A
= gl (S5 )l + g (% ) Il @9

1
—Cul[ullf.

We now assume ||u||g < & for some & > 0, which also implies that ||u| |f{1 < 82, and

we take @ > 1. Then, from (4.6), we see that

11 [fa?-1) 1 (a?—1
S B _ p—1 2 (-
Iu<u>_{2 M( n )6 Cus }Huuwm(mz)u [

1 (a?—1
> — (a ) |lu||f, for & sufficiently small.

Hence, we have shown that the origin is a strict local minimum for I, in E if p € [2,5].
To show (ii), pick u € C'(R?®), supported in the unit ball, By. Setting v;(x) :=
t?u(tx) we find that

_r ul? 4+ X)P(f)

2p 1

t

o u / ulrrl.
p+1l Jrs

Since the Poisson term is uniformly bounded, namely for ¢ > 1

200p() o [ [ £
S °° . oo
/R3/R3 4”"“ yl e Pl r3 JR3 4Tx—y| by de < oo,

the fact that 2p — 1 > 3 in (4.7) yields I, (v;) — —oo ast — oo, and this is enough to

prove (ii). This concludes the proof. O

The previous lemma, as well as the monotonicity of I,, with respect to i, imply

that there exists v € E \ {0} such that

L) <L(F) <0, Vue B 1} .

o
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Thus, we can define, in the spirit of Ambrosetti-Rabinowitz [6], the min-max level

associated with 1, as

¢ = infl max Lu(y(1)), (4.8)

where I"is the family of paths
[':={yeC([0,1],E):y(0) =0, y(1) = v}.

It is worth emphasising that to apply the monotonicity trick [38] and [39] it is essential

that the above class I" does not depend on pi.
Lemma 4.2. Suppose p € C(R?) is nonnegative and p € (2,5). Then:
(i) The mapping [%, 1} S U+ cy is non-increasing and left-continuous.

(ii) For almost every U € [%, 1], there exists a bounded Palais-Smale sequence for I,
at the level cy,. That is, there exists a bounded sequence (uy),en C E such that
Ly (un) — cy and I (un) — 0.

Proof. The proof of (i) follows from Lemma 2.2 in [7]. To prove (ii), we notice that
by Lemma 4.1, it holds that

. _ 1
cu = inf max 1,(70) > 0= max{f, 0.1}, me [5.1].

Thus, the result follows by Theorem 2.4. ]

With this result in place, we can define the set

1
M= { ue {5, 1} : 3 bounded Palais-Smale
4.9)
sequence for I, at the level ¢, } .
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We can now state the following corollary which will be used to obtain the existence

of solutions to the non-perturbed problem.
Corollary 4.1. The set ./ defined in (4.9) is dense in [3,1].

Proof. Recall that .# is dense in [%, 1} if and only if for all x € [%, 1] and for all
0 > 0 there exists y € .# such that y € (x—0,x+0). Let x € [%, 1} and 6 > 0 be
arbitrary. Then,

A(BJ]HQ—&x+&)ewﬂﬂ,

where here A denotes the Lebesgue measure. We note that [%, 1] \ .# has zero

Lebesgue measure by Lemma 4.2 (ii). Therefore, it holds that

27

—A(<BJ}yﬂ)m@—5¢+50

:A(BJ}HQ—&x+®)
€[8,29].

z@%¢ux—&x+5»=1<[l{%ux—&x+50

So, since .# N (x — J,x+ &) has positive measure, it is necessarily nonempty. In

particular, we can choose y € .Z N (x— 8, x+ &§). This completes the proof. O

Now, we note that since I has the mountain pass geometry by Lemma 4.1, using

(i) of Lemma 4.2, we can define the min-max level associated with I as

2,3
Ci= f:la pE( ) ); (4.10)
lnfyefmaxt€[071]l(y(t)), p€[3,9),

where ¢y is defined in (4.8) and I" is the family of paths
= {ye C((0,1],E(R%)) : v(0) = 0,1(y(1)) < 0}.
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This finalises the preliminary min-max scheme for the case of a coercive p.

In Section 4.3, we will then focus on the case of non-coercive p, namely p(x) —
Peo as |x| — 40, and the appropriate setting for this problem will be the space H' (R3).
It will once again be useful to introduce a perturbation of (4.2), namely, (4.4), and to
recall that the positive solutions of this perturbed problem are critical points of the
corresponding functional, I, : H I(R?) — R, defined in (4.5). We note that Lemma
4.1 and Lemma 4.2 hold with E(R?) = H'(R?), and thus .# can be defined as in
(4.9). We now introduce the problem at infinity related to (4.2) and (4.4) in this case,

namely
—Au+ u A+ Pooyu = |ulP ", (4.11)
and
_ » 1
—Au~+u+ PooPyu = plul’u, ue 5,1 , (4.12)
respectively, where ¢, (x) ‘= [g; ff;f; y|a’y e D'2(R3). Positive solutions of (4.11) are
critical points of I : H' (R ) — R defined as
- 1
I”(u) ::E/Rs(|vu|2+u / PooPuit* — +1/ PH. (4.13)

Similarly, positive solutions of (4.12) are critical points of the corresponding func-
tional, I;; : H 1 (]R3) — R, defined as

L Vul? - 12) 4~ muz__/ p+ 1l @
=5 [ (VuP i) g [ pebal =B [t we ] s

It can be shown that ;" satisfies the geometric conditions of the mountain-pass theo-
rem, using similar arguments as those used in the proof of Lemma 4.1. We therefore
define the min-max level associated with /;;" as

(=]
C

= inf max [;7(

4.15
Yel*1e€l0,1] H }’(l)), ( )

where

47



= :={yec([0,1,H"(R%): y(0) =0, Iy (v(1)) < 0}.
Moreover, we define the min-max level associated with I as

e 2
c”;:{ 1> peE(23), (4.16)

infcpe maxco, ) I7(¥(2)), p€3,5),

where ¢’ is given by (4.15) and [ is the family of paths
™= {yeC((0,1],E(R%)) : 7(0) = 0,1(¥(1)) < 0}.

4.1.1 Lower bounds for / and I~

In the next two lemmas, we establish lower bounds on 7, and I,"f, when restricted to
nonnegative and nontrivial solutions of (4.4) and (4.12), respectively. These bounds

will be used on numerous occasions.

Lemma 4.3. Suppose p € C(R?) is nonnegative and p € [%, 1]. Define o == {u €
H'(R?)\ {0} : u is a nonnegative solution to (4.4)}. Then, if p € [3,5), it holds that

Pl (5,.1)F >0,

inf 1, >
wess ul) 2 2(p+1)

If p € (2,3), suppose, in addition, p € Wl:)cl (R3) and kp(x) < (x,Vp) for some k >

_2(11 —2). Then, it holds that
(p—1)

inf [ >C(k
ulélﬂ ,U(u)— ( 7p)a

with

2(p—2)+k(p—1 1
Clhor)= ( (é+2)k;L(p(i1) )> (Spe)7 >0

Proof. Let it € H'(R?)\ {0} be an arbitrary nonnegative solution of (4.4) such that
I, (@) = ¢, for some ¢ € R. Using the Sobolev embedding theorem and the fact that
I, (it) (&t) = 0, we see that
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112 112 112 2 s
Syl < 113 < Nl + [ posi® =l
Since u < 1 it follows that

p+1

(Sp1)? " < |[al[2,:. 4.17)

If p € [3,5), using the definition of ¢ and Nehari’s condition, we can see that

(1 : )H'H2 <c
———||u c
2 p1/THE=D

and so the bound on ¢ immediately follows from (4.17). If p € (2,3), we first note
that since Iy, (it) = ¢, I, (@) (@) = 0, and & = (i), then & satisfies

1 1 U
_ V—Z _D _ _—2__ —p+1:— 41
Z/Rﬂ il +u)+4/R3p¢uu Py AL ¢, (4.18)
and
/R3(|va|2+a2)+/wp¢ﬁa2—u/ﬂv Pt = 0. (4.19)

Moreover, since i solves (4.4) then, as a consequence of Lemma 3.3, it holds that

1 _ _ 5+2k _ 3u _
— Vi|? + i i -2——/ p+l <. 4.20
s v ey () [ o [ et < (4.20)

For ease, we now set o0 = ||ﬁ||12,11, Y= Jps p @i, and & = [T Pt and note that

o, Y, 6 > 0. From (4.18), (4.19), and (4.20), we can see that &, ¥, and 0 satisfy

0

‘b—

1 1 _
26+ 3V = 0 =6
o+ Y - 6 =0,
1 542k 3

o + (F)ry - ;8 <0,

and so, it holds that
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c(3+2k)(p+1)
S D) tk(p 1)’

and

Since Y is nonnegative, we find

B c(3+2k)(p+1)
S Y= S S T k(= 1)

This and (4.17) implies the statement, since k > —(2[51_7 1)2 S _73 for p € (2,3). This

concludes the proof. [

Lemma 4.4. If p € (2,5), p € [3,1] and u € H'(R?)\ {0} is a nonnegative solution
of (4.12), then, it holds that

Moreover, if p € (2,5) and u € H'(R*)\ {0} is a nonnegative solution of (4.11), then

I”(u) >c” >0.
In both cases, u > 0.

Proof. The lower bounds follow easily by similar arguments to those used in the proof
of Proposition 3.4 in [36]. Since u is nonnegative and nontrivial, then it is strictly

positive by the strong maximum principle, and this concludes the proof. ]

4.2 The case of coercive p(x)

In this section we will examine the existence of solutions of (4.1) in the case of a

coercive potential p, namely p(x) — oo as |x| — +oo.
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4.2.1 Preliminary results

In the following lemma, we establish that this coercivity is indeed a sufficient condi-

tion for the compactness of the embedding E < LP*1(R?).

Lemma 4.5. Assume p(x) — +oo as |x| — 4oo. Then, E is compactly embedded in
LPYYR3) forall p € (1,5).

Proof. We first recall that for any u € E, it holds that

_A(pbt = puza

where ¢, (x fR 4ﬂ|x (y‘)dy € D'2(R?). Testing this equation with u, and u_ and

using the Cauchy Schwarz inequality, it follows that

[ pla = [ Vv, | |
<(/, W,quy( / |v¢u\2)2 |
(L) (L7 eme)
< (jﬂ)znqu.

Thus, if p > 0, this implies the continuous embedding E — L; (R?), where L (R?) :=
{u: p%u € L*(R?)}, equipped with norm ||u||L133 = ||p%u||L3.

Without loss of generality, assume u, — 0 in E. Since p(x) — -+ as |x| — oo,
then for any € > 0, there exists an R > 0 such that

/ | :/ B|uny3 < s/ plun? < eC, (4.21)
R3\Bg R3\Bg P R3\Bg

for some C > 0. This and the classical Rellich theorem implies that, passing if neces-
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sary to a subsequence,

/ lun|? = 0. (4.22)
R3

Therefore, we have proved the lemma for p = 2. Now, if p € (1,2), then, by interpo-
lation, for some o € (0, 1), it holds that

il sy < el |5 = O

as the L?>(R?) norm is bounded. The case p € (2,5) is similar using Sobolev’s in-

equality, and this concludes the proof. ]

As a consequence of the previous lemma, we have the following warm-up theo-

rem regarding existence in the coercive case for p > 3.

Theorem 4.1. [Coercive case: existence of mountain pass solution for p > 3] Sup-
pose p € C(R?) is nonnegative and p (x) — oo as |x| — 4-oo. Then, for any p € [3,5),
there exists a solution, (u,¢,) € E(R3) x D2(R3), of (4.1), whose components are
positive functions. In particular, u is a mountain pass critical point of I at level c,

where c is the min-max level defined in (4.10).

Proof. Since p(x) — oo as |x| — +oo, then E is compactly embedded in LP*!(R?)
by Lemma 4.5, and therefore the existence of a Mountain Pass solution u to (4.1)
is provided by Theorem 1 of [19]. Both u, ¢, are positive by the strong maximum

principle, and this concludes the proof. []

It is also worth finding conditions such that the term pu? goes to zero at infinity,
since the whole right hand side of the Poisson equation is classically interpreted as a

‘charge density’. This is provided by the following.

Proposition 4.2. [Decay of u and pu®] Let p : R3 — R be continuous and nonnega-
tive, p € [1,5], and (u,¢,) € E(R?) x D'"2(R?) be solution to (4.1). Assume that u is
nonnegative. Then, for every y € (0, 1), there exists C > 0 such that
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u(x) < Ce Y+ (L*-decay).
If, in addition, p is such that
(i) liminfjy e, p (x)[x[' 72 > A
(if) limsupMHmp(x)e_ﬁ(“r‘x‘)oC <B
for some o, 3,A,B >0, with < 2\/2, then, for some constant C > 0, it holds that
(a) u(x) < CeVAUFRD®
and therefore

(b) p()u (x) = O(elB-2VMIHRD) s 2] = freo.

Proof. The conclusion easily follows by Theorem 6 in [19] (see also [21]). More
precisely, setting W (x) := 1+ P the L?-decay follows as W (x) > 1 and therefore

I

liminf W (x) > 7

e[ o
is automatically satisfied for every y € (0, 1). Moreover, note that by (i) it follows that

liminf W (x)|x[>~2% > liminf p (x)|x|' 2% > A
|x| =0 |x| =0

which yields (a) again by Theorem 6 in [19]. This concludes the proof. O

4.2.2 Theorem 4.2

We now prove the following theorem regarding existence of mountain pass solutions
in the coercive case for p < 3.

Theorem 4.2. [Coercive case: existence of mountain pass solution for p € (2,3)]
Suppose p € C(R¥) W, (R3) is nonnegative and p (x) — +oo as |x| — +oo. Suppose

loc

further that kp(x) < (x,Vp) for some k > %. Then, for any p € (2,3), there ex-

ists a solution, (u,¢,) € E(R?) x D12(R?), of (4.1), whose components are positive
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functions. In particular, u is a mountain pass critical point of I at level c, where c is
the min-max level defined in (4.10).

Proof. We first note that by Corollary 4.1, the set .#, defined in (4.9), is dense in

[1,1]. We now break the proof into a series of claims.

Claim 1. The values cy, are critical levels of I, for all i € .#. Namely, there exists
u € E such that I, (u) = cy and I (u) = 0.

By definition, for each u € .#, there exists a bounded sequence (u,),cn C E such
that Iy (u,) — cy and I, (u,) — 0. Since (uy),en is bounded, there exists u € E such
that, up to a subsequence, u,, — u in E. Using this and the fact that £ is compactly
embedded in LP*!(R?) by Lemma 4.5, arguing as in Lemma 16 in [19], with V (x) = 1
and K (x) = u, we see that for all § > 0, there exists a ball B C R3 such that

limsup PO, U <8, (4.23)
n—+oo JR3\B
and
limsup PO, unut| < 4. (4.24)
n—+oo | JR3\B

We then note that since (u,),cn is bounded in E, we also have that, up to a subse-
quence, u, — u in H'. Now, using this and the fact that (u,),cy is a bounded Palais
Smale sequence for I, as well as (4.23), (4.24), and Lemma 4.5, we can reason as in
Lemma 18 in [19], with V(x) = I and K(x) = u, to see that

/(\Vun\2+u,%)—>/ (|Vul® +u?). (4.25)
R3 R3

Thus, using (4.23) and the boundedness of (u,),cn, We can argue as in the proof of
Theorem 1 in [19], to see that

/ PP, 1ty — / p o, (4.26)
R3 R3

which, when combined with (4.25) and Lemma 4.5, implies that
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Iy (un) — Iy (u).
Therefore, we have shown

Moreover, by standard arguments, using the weak convergence u, — u in E, we can

show

I,(u) =0.

We finally note that, by putting (4.25) and (4.26) together, we have that ||u,||% —
||u||%, and so by Lemma 3.2, it follows that u, — u in E. This concludes the proof of
Claim 1.

Claim 2. Let (U,),cn be an increasing sequence in M such that W, — 1 and assume
(un)nen C E is such that Iy, (un) = cy, and I}, (un) = 0 for each n. Then, there exists
u € E such that, up to a subsequence, u, — uin E, I(u) = ¢, and I'(u) = 0.

We first note that testing the equation 7}, (u,) = 0 with (u,) -, one sees that u, >0

for each n. Therefore, it holds that u,, satisfies

—Auy +up + p(x) ¢unun = .unuil), 4.27)
1 Vi 12 4+ 2 1 2 Ha prl 49
5 R3(| un| +un)+z Rsp(punun_m RS”I’Z _C.un7 ( 8)
and
L) [ pouid—n [ =0 (4.29)
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Moreover, since u, solves (4.27) then, as a consequence of Lemma 3.3, we see that
1 5+2k 3u
- Vu,|> +u? = 2——”/ P <. 4.30
2/%3(‘ un‘ +un)+( 4 )/1%3p¢unun p+1 R3un — ( )

Setting 0y = [p3(|Vun|* +12), o = [ps Pu 2, and &, = Uy [ps ! we can see
from (4.28), (4.29), and (4.30), that o, ¥,, 0, > O satisfy

%an + iYn - ﬁsn = Cuy
%an + (#) Yo — 1%6” S 0
Solving the system, we find that
cu,(3+2k)(p+1)

S D)+ k(p—1)

—2cy,(p—5)
p—2)+k(p—1)’

<

and

0 = Oy — Y-

Since ¢y, is bounded, k > _(zlgf I)z ) > _73, and O, %, and o, are all nonnegative, we can
deduce that 9y, 7,, and @, are all bounded. Hence, the sequence (u,),cn is bounded
in E and so there exists u € E such that, up to a subsequence, u, — u in E.

We now follow a similar procedure to that of Claim 1. Using the facts that
1, (un) =0, uy is bounded in E, E is compactly embedded in LP1(R3) by Lemma
4.5, and u, — 1, by an easy argument similar to the proof of Lemma 16 in [19], with
V(x) = 1 and K(x) = u,, we have that for all § > 0, there exists a ball B C R? such

that

limsup PO, Uz < 8, (4.32)
n—+oo JR3\B
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and

limsup < 9. (4.33)

n— oo

/ p (pun Upl
R3\B

Now, using the facts that I;Ln (un) =0and p, — 1, as well as (4.32), (4.33), and Lemma
4.5, we can adapt the proof of Lemma 18 in [19], with V(x) = 1 and K(x) = p, to
see that

/(|Vun|2+u%;)—>/ (|Vul® +u?). (4.34)
R3 ]R3

Finally, using (4.32), (4.34), the boundedness of u,, Lemma 4.5, and the fact that
U, — 1, we can easily adapt the proof of Theorem 1 in [19], to see that

/ Py, — / POui’, (4.35)
R3 R3

C’un = I‘un (un) — I(u), (4.36)
and

0=1), (un) = I'(u).

As in Claim 1, we see that (4.34) and (4.35) imply that ||u,||% — ||u||%, and so by
Lemma 3.2, it follows that u, — u in E. We now recall that, for p € (2,3), it holds
that ¢y, — c as U, /1 by definition (4.10). Thus, from (4.36) it follows that /(1) = c.

Conclusion. Let (1, ),cn be an increasing sequence in .# such that u, — 1. By Claim
1, we can choose (un),en C E such that I, (u,) = cy, and I, (u,) = 0 for each n. By
Claim 2, it follows that that there exists u € E such that, up to a subsequence, u,, — u
in E, I(u) = ¢, and I'(u) = 0. Namely, we have shown (u, ¢,) € E(R?) x D'2(R?) is
a solution of (4.1). By the strong maximum principle @, is strictly positive. Testing
the equation I'(u) = 0 with u_ one sees that u > 0 and, in fact, strictly positive as a

consequence of the strong maximum principle. This concludes the proof. ]
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4.2.3 Corollary 4.3

We now prove the existence of least energy solutions for all p € (2,5). It is important
to note that for p € (3,5) the solutions provided by the following corollary coincide
with those provided by Theorem 4.1. For p € (2,3], we make use of a minimising se-
quence in order to obtain the result, however we do not know whether the least energy
solutions provided by what follows are the same as those provided by Theorem 4.1
(p = 3) and Theorem 4.2.

Corollary 4.3. [Coercive case: existence of a least energy solution for p € (2,5)]
Suppose p € C(IR?) is nonnegative and p(x) — +o0 as |x| — 4oo. If p € (2,3), sup-
pose, in addition, that p € Wl(l)’c1 (R3®) and kp (x) < (x,Vp) for some k > %. Then,
for all p € (2,5), there exists a solution, (u,,) € E(R?) x DV2(R?), of (4.1), whose

components are positive functions, such that u is a least energy critical point of 1.

Proof. When p > 3 it is standard to see that the Mountain Pass level ¢ has the follow-

ing characterisation

c= uérgyl(u), N ={uec E\{0}|I'(u)u =0}, (4.37)

see e.g. Theorem 5 in [19]. It follows that the mountain pass solution u# found in

Theorem 4.1 is a least energy solution of [ in this case. If p € (2,3], define

*:= inf [
¢ uc (u)’

where

o/ = {u € E(R*)\ {0} : u is a nonnegative solution to (4.2)}.

When p = 3, we notice that the mountain pass critical point, u, that we found in
Theorem 4.1 is such that u € .o/ Similarly, when p € (2,3), the mountain pass critical
point that we found in Theorem 4.2 is in .o/. Therefore, in both cases, <7 is nonempty
and ¢* is well-defined. Now, let (wy,),en C 7 be a minimising sequence for I on <7,
namely I(wy,) — ¢* as n — +oo and I'(w,) = 0. If p = 3, it holds that

c+1 +0(1)HW71HE(R3) > (p+DI(wa) _I/(Wn)wn > HWn”?_]l(]R@),
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and it follows from standard arguments that (w;,),cn is bounded (see e.g. Lemma
7.14). If p € (2,3), setting 0 = [p3(|Vwal> + W2), ¥ = [ps POw, w2, and §, =
fR3 wﬁ“, and arguing as in Theorem 4.2 Claim 2, we see that a,, ¥%,, and §, sat-
isfy the system (4.31) with d,, := I(w,,) in the place of cy,. Thus, solving this system
and arguing as in Theorem 4.2 Claim 2, we can obtain that &, },, and §, are all
bounded since (d,),cn is uniformly bounded. It follows that (w,),cn is also bounded
in this case. Therefore, for all p € (2,3], there exists wy € E such that, up to a sub-
sequence, w, — wq in E. Arguing as in the proof of Theorem 4.2 Claim 1, we can
show wy, — wo in E, I(wg) = ¢*, and I'(wg) = 0. We note that by Lemma 4.3, it holds
that ¢* > C > 0 for some uniform constant C > 0, and so wy is nontrivial. Finally,
reasoning as in the conclusion of Theorem 4.2, we see that both wy, ¢,,, are positive,

and this concludes the proof. ]

Remark 4.1. If we define

1 2, 2, 1 2 1/ prl
A= [Py [ poad—— [t @)

then, under the same assumptions on p as in Corollary 4.3, we can prove the existence
of a least energy critical point for . for all p € (2,5) by following similar techniques
to those used in the proof of Corollary 4.3. Since for p > 3 the mountain pass level
is equal to the infimum on the Nehari manifold, in this range it is possible to select a

positive groundstate critical point for . . It is not clear whether this is also the case
for p € (2,3].

4.3 The case of non-coercive p(x)

We now turn our attention to the problem of finding solutions when p is non-coercive,
namely when p(x) — po. > 0 as |x| — oo, In this setting, E(IR?) coincides with the
larger space H'(R?), and so we look for solutions (u,¢,) € H!(R?) x D'"?(R3) of
4.1).

4.3.1 Bounded PS sequences: proof of Proposition 4.4

Before moving forward, we will need some useful preliminary lemmas.
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Lemma 4.6 ([52]). Let p > 0 and (uy)neny C LPH(R3) be such that w, — u almost
everywhere on R3, sup, ||up|| 1 < +oo, and (u,)— — 0 in LPTV(R3). Then, u €
LP+1(R3), u>0,

(y—u)—- —0 in LPTH(R?),

and

+1 +1 +1
[ (tn = ) |17 = () 411700 = N[0 +o(1).

Lemma 4.7. Let p > 0 and set

1

= 1 s
p+1Jrs .

r+l g -

Assume (up)neny C H'(R?) is such that u, — u a.e. on R* and sup, ||up||g1 < oo,
Then, it holds that

F'(up) — F'(up —u) — F'(u) = o(1), in H-1(R?).

If. in addition, (u,)_ — 0 in LPY1(R3), then

F (uy) — F} (up —u) — Fy (u) = o(1), in H-1(R3).

Proof. The result follows as a consequence of Lemma 3.2 in [52], Lemma 4.6, and

Holder’s inequality. [

The final preliminary result that we need is a splitting lemma for the nonlocal part
of the derivative of the energy functional along bounded sequences. The proof follows
by convexity estimates and Fatou’s lemma, adapting similar arguments of Section 3

in [49] and Lemma 4.2 in [29] to a nonlocal context.

Lemma 4.8. [Nonlocal splitting lemma] Assume (u,),eny C H' (R?) is bound-
ed and u,, — vo almost everywhere. Suppose further p € C (R3 ) is nonnegative and
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p(x) = P > 0 as |x| = +oo. Then, the following hold:

(i) p¢(un—v0) (un - VO) - p°°¢(un—v0) (un - VO) = 0(1) in H™! (R3)
(ii) P Quyttn — P, —vy) (Un — v0) — POyyvo = o(1) in H1(R?).

Proof. For the proof of (i), we set

vy [ W0)
¢, (x) = /R3mdy~

Take any & € H', and note that

/]R3 <p¢(un—vo) (un - VO) - pw(ﬁ(un—vo)(un - VO))h‘
T Moo Uy —V, n— h
s‘/m(p P=2) 9, —vo) (tn = V0) ‘

_|_

/]R3 pm((p(unfvo) - qs(u,,fvo))(un - VO)h‘

=L +Db. (4.39)

Now, by assumption, for every € > 0, there exists R, > 0 such that |p — p..| < € for
all [x| > Re. So, using Holder’s and Sobolev’s inequalities, we can see that

I <

/B (P — Do) s0) (1 — v0)h

+

(P - p°°)¢(u,,—v0) (un - V())h
|x|>Re

< 1P z=119w,—vo) 128 11n = vol |2 ) 1Al |13
+ [0, —vo) sl = voll 21 3
S (Pl 1V @, —vo) 22 |l1n = vollr2 (s, )
+&[VOu, o)l |2l ltn = vol [ 2)[ ] (4.40)
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Moreover, by using Holder’s and Sobolev’s inequalities once again, we have

I < Pecl 9, -v0) = Pain—vo) o n = vol | 2[RI 2

S Peol 18, —v0) = Pu—vo) 2l 1n = vol |21l [1 (4.41)

and, by Minkowski’s, Sobolev’s, and Hardy-Littlewood-Sobolev inequalities, for ev-
ery € > 0, it holds

1D —v6) = Plutn—vo) || 6

) (00) = p)(tm—vol2) . ¥
N (/R% /R3 Amlx—y| @ dx)
p0) = puln—020) .\ \°
/u@ (/BR Amlx -y dy) o
PO — Pl tn — o)) .\
" /R3 (/x>Rs 4r|x —y| dy) &

Up —V 2 ; 6 l
<|lpl= /Rs (/Rs( 4(7)3|x(i)f|BR£(y> dy) "

e[ ([, 00w

= 1011116 oy, 15+ 11950,

IA

1

S P11V B, v, ez + €V OG-0 122

S ez (un = VO)%BRglli%z + €[V, ll2- (4.42)

So, putting together (4.39), (4.40), (4.41), and (4.42), we obtain, for every € > 0,

/]R3 (p¢(un—vo) (un - VO) - p°°¢(un—vo) (u” - VO))h

< C(llelle= 1V @, —vo) 22| 1n = vollr2(sg, ) + €V @, —vg) 22| 1tn = ol 2
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+ el 1] (= v0) i |1 g 1t = vol |2
+ Pl [V, o) 22| 1n = voll2) [l 1,

for some C > 0. Since p € L, @, ) ¢(* are uniformly bounded in D2, u,, —vq

Un 7V0)

12
is uniformly bounded in L?, and u, —vo — 0 in L . and L] , then we have proven (i).

To prove (ii), we first take any 4 € H!, and note that by Holder’s and Sobolev’s
inequalities, it holds that

‘ /R3 (p¢unun - pq)(u,ﬁvo) (”n - VO) - p¢v0V())h

< 11012161, — Oy (tn —v0) = Gupvoll 3 llhlls 44
< ClP @y tn = O, —vo) (0 —v0) = wgvol| 3 (Il
for some C > 0. Now, by convexity, iterating the inequality
3 3 3
a2 < V2 (Jaft +]]3),
we can obtain
3
Fy = “Pun”n - (P(u,,—vo) (tn —vo) — ¢voV0‘ ’
3 3 3
<2(1(60— 9l + [0y grol? Hlool?). @

Then, using the Cauchy-Schwarz inequality, we notice that

p|2u, — vol|vol
R:  4mx—y|

1 1
. 2 2 2 2
S plzun VO‘ dy p‘V()| dy
r3 4m|x—y| R3 47|x —y|

1 1

= Bl2s—vp) D0

|¢”n - ¢(Mn—vo)| =
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and so, using this and applying Young’s inequality twice, we see that, for every € > 0,

Naw

I 3
—VO (p‘j}) ’un‘ 2

‘ (‘Pun - (P(un—vo)) uy ’ 2 < q)

\l\oo <

12 —
(P 2up—vo) |I/ln| T+E 8¢V60
( Oy + ln?) + 7505, (4.45)

| /\

|/\
\l\oo

Moreover, again using Young’s inequality, it holds, for every € > 0,

3 4
[ B, —voyvol* < €%90, )+, (4.46)

Combining (4.44), (4.45), and (4.46), we see that, for all € > 0,

8 - _4 3
F, <2<e7 <¢(62un,v())+|un| )—i—e 8¢V0+s (pu o) T € 3\;(2).4_’%0\,0‘2)

and so G, — F;, > 0. We recall that by assumption u,, — vo almost everywhere, and so
it follows that @, ) — 0, @, — @y, and @(2,, ) — Py, almost everywhere. Thus,

applying Fatou’s Lemma to G,, — F,,, we obtain

§
/ (87 ¢vo+|v| +é& ¢vo+8 3V0+‘¢V0V0| >

<2 (87 SUP/ <¢62un—vo + |u”| te / (p"o +e'sup R3 ¢(6"”_V0)

n>1 n>1

+8_§/ v(z)—l-/ |¢v0V0|2) —limsup/ E,.
R3 R3 n—+4o JR3

Therefore, after cancelations and using Sobolev’s inequality, we see that
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limsup/ E, < 2<.€§ sup/ <¢)(62u Y )+|un|2>
n—s+oo JR3 n>1JR3 no

+&* sup . (])(6%_‘}0) —&
n>1JR

~Jjoo

JRCER)

3
_) <e7 50D (11612155 + il 2

n>1

4 6 8 6 2
et supl 19y, 1o — €7 (\|¢VOHL6+HvoHLz))
n=

8
< (&% sup (17002 52+ 103

n>1

8
etsupl10(, 52~ €¥ (1wl + 1ol ).
n=

for some C > 0 and for all € > 0. We note that u,,vy are uniformly bounded in
L? and D(up—vo)s P(2u,—vy) are uniformly bounded in D2 since u, — vo,2u, — vo are
uniformly bounded in H'. Moreover, since vy € H', it follows that ||¢,,| |26 is bounded

by Sobolev’s inequality. Hence, since € > 0 is arbitrary, it holds that

lim F, =0,
n—+o Jp3
which combined with (4.43) yields (ii), and this concludes the proof. [l

With these preliminaries in place, we now prove a useful ‘splitting’ proposition for
bounded Palais-Smale sequences for I, that highlights the connection to the problem
at infinity. There are several compactness results of similar flavour since the pio-
neering works of P.L. Lions [44] and Benci-Cerami [12], which include more recent
contributions in the context of Schrodinger-Poisson systems, see e.g. [26], [62], [24].
We point out that these recent results are mostly in the range p > 3, for Palais-Smale
sequences constrained on Nehari manifolds, and for functionals without positive parts,

unlike our result.

Proposition 4.4. [Global compactness for bounded PS sequences/ Suppose p €
C(R?) is nonnegative and p(x) — P > 0 as |x| — +oo. Let p € (2,5) and p € [%, 1]
and assume (up)nen C H'(R?) is a bounded Palais-Smale sequence for I,. Then,
there exist | € N, a finite sequence (v, ...,v;) C H'(R?), and | sequences of points
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()’{;)neN C R3, 1 < j <1, satisfying, up to a subsequence of () nen,
(i) vo is a nonnegative solution of (4.4),
(ii) v;j are nonnegative, and possibly nontrivial, solutions of (4.12) for 1 < j <1,

(iii) |ya| — +oo, |yh—yi | = +ooasn— oo if j#

(iv) |lutn = vo = X4 vi(- = 3 [ oy = 0 as n— oo,
(v) ||“n||12.11(R3) — le:o||vj||%_11(R3) as n — +oo,
(vi) I,u (un) = I,u (VO) +Z§-:1 I;o(vj') +0(1).

Remark 4.2. In the case p = 0, the limiting equation (4.12) reduces to coincide with
the classical nonlinear Schrodinger equation —Au+u = u? , whose positive solutions
have been classified by Kwong [41].

Proof of Proposition 4.4. Since (u,)nen is bounded in H', we may assume u,, — vy

in H' and u,, — vg a.e. in R3. We set u,]1 ‘= u, — vo, and we first note that

[lunll71 = letn = vol[7 = el 1 — [vol 71 +o(1). (4.47)

We now prove three claims involving the sequence (u)),en.
Claim 1. I (u,) = I (un) — I (vo) +0(1).

Testing 7}, (u,,) with (u,)— we have

L)) = [ (T () )+ ) )+ [ i)

RS
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= )1+ [ Pt

Since (un)nen is bounded, Iy, (4, ) (un) - = o(1), which implies

(y)— —0in H',

and by Sobolev’s embedding

(up)— — 0in L7 p € [1,5].

Now, using this and the boundedness of (u,),cn in LPHL it holds, by Lemma 4.6, that
+1
[ Gap) 4 175 = ) 117 = 11 (v0) £ 11755 +o(1).

Therefore, using this and (4.47), we can see that

I u)) = 5<||unui,l ~Iolf)+ 5 [ ey =02

(4.48)
(1) 1125 = o) 175 ) +o(1):

p+1

We now notice that since, by symmetry,

el =0) 000,y = [ Pl =30)F0 )

R3

then it holds that

Y 2
‘A3p¢(un—v0)(un VO) / p°°¢ (ttn—vo) ( -V )
< /IR3 (P(u,,—vo VO) ’P pw‘ +/ (P (un—vp) V0)2’p(x> _pw‘

=:h+D.
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We note that for all € > 0 there exists Re > 0 such that [p (x) — pe| < € for all |x| > Re.

Thus, we can see,

L< | Q) (tn—v0)?[P (%) — peo|
BRE

+ / B v (1t — 0?19 (x) — P
|x|>Re

S C<HPHL°°H [V 0w, o) 2|1t = VoHi% Br.)

€190, il ol ).

where C > 0 is a constant. Since p € L*, ¢ is uniformly bounded in D'? and
Uy — Vo —>OinL12/5

loc
that

un_VO)

, the above shows that I} — 0 as n — +oco. Similarly, we can see

_ 2
L<C (Ilpllmll 1V, —vo) 22|14 _V‘)”L‘s*z(BRg)

€190, izl =0l ).

and so I — 0 as n — +oo. Therefore, we have shown that
[ P07 = [ 90t a0+ (1),
R3 R3
and thus, by the nonlocal Brezis-Lieb Lemma 3.2, it holds that
T 2 _ 2 2
/ p°°¢(un—vo)(un_v0) - / p¢unun_/ P¢vovo+0(1)-
R3 R3 R3

Putting this together with (4.48), we see that I;"(u,i) =1y (un) —Iu(vo) +0(1), and the

claim is proved.
Claim 2. [}, (vo) = 0 and vy > 0.

We notice that for all y € C°(IR?), it holds that
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I/it(”n)(‘/f) :/R3(V”nvw+”n‘l/)+/R3P¢un”n‘/’_u/ﬂ@<”n)i‘/’-

Using the fact that u, — vo in H' and a local compactness argument, we can show
that Ij, (u,) (W) = I},(vo) (W) +o(1). So, since I}, (u,) — 0 by the definition of a Palais-
Smale sequence, it holds that I;L (vo) = 0 by density. We note that by testing this
equation with (vp)_, we obtain that vy > 0.

Claim 3. (I77)’ (1) — 0.

n

We first note that by Lemma 4.8, it holds that

p¢unun - p°°¢;(u,,fvo) (”n - VO) - P¢v0VO
= PPu,tn — p‘P(u,,fvo)(un —v0) = PPyyvo +o(1) (4.49)
=o(1) inH '(RY.

Moreover, since we have showed in Claim 1 that (u,)_ — 0in L? +1  then, by Lemma
4.7, it follows that

(un)? — (un —v0)7 — (v0)? =0(1),  inH '(R?). (4.50)

Therefore, using (4.49) and (4.50), we can conclude that
() () = 1 (1) — Iy (vo) + (1),

and so

since Ij, (un) — 0 by the definition of Palais-Smale sequence and [, (vo) = 0 by Claim
2. This completes the proof of the claim.

Partial conclusions. With these results in place, we now define
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0 = limsup sup/ ) [P
nte \yeR3JBi(Y)

We can see that § > 0. If § = 0, the P. L. Lions Lemma [44] implies u} — 0 in LPT!,
Since it holds that

Y b)) = b o+ | podigh? = [ (™
R3 R3

and (I77)' (uy) — 0 by Claim 3, then, if uy — 0 in LP*!, it follows that u;, — 0 in H'.
In this case, we are done since we have u,, — vy in H'. Therefore, we assume & > 0.
This implies that there exists (y}),en C R? such that

[ s
Bi(yi) 2

We now define v} := u}(- +y}). We may assume v\ — v; in H' and v} — v| a.e. in

R3. Then, since
0
[ wrs3,
B1(0) 2

it follows from Rellich Theorem that v; # 0. Since u} — 0 in H', then (y}),cry must
yl| = 4oo. We set u? =

be unbounded and so we assume, up to a subsequence,

u! —vi(-—yl), and, using (4.47), we note that

[azll7 = N [z = 1] +0(1) = aeal Iz = [vol [0 — w170 +o(1).  (4.51)

We now prove three claims regarding the sequence (12),en.
Claim 4. I;f(u%) = Iy (un) — Iy (vo) — 17 (v1) +o(1).
Arguing similarly as in Claim 1, namely testing (;;)’ (ul) with (u})_, we can show

that (u})- — 0 in LP*!, and so (u}(- +y}))- — 0in LP*!. Thus, once again using

Lemma 4.6, we can see that
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1 1
[ at) 11775 = [ 43m) =) 5+ [0+ [ +o(1)
= 1t =i =y ) 1L+ 104 50 +o(1)

2

n

+1 +1
= [[(u) 1175 + [ 01) 417 +o(1),
and so
2 +1 +1 +1
() 1755 = 1 p) 1755 = 1| (vn) 1755 + o(1).

Therefore, using this and (4.51), we have that

- 1
I (u >—|run||H1—Hvl||H1+ / DBt oy oy (1 — i (1 — 1))

(1) 158 =11+ ||",,H)+o<1>.

p-l—l

We can show, by changing variables and using Lemma 3.2, that

Pt =3P = [ ooy whP = [ podiri+o()

Thus, by combining the last two equations and using Claim 1, we see that Iﬁ(u%) =

Iff(u,ll) —I;(vi) +o(1) = Iy (un) — Iu(vo) — I (vi) +o(1), and so the claim is proved.

Claim 5. (I77)'(vi) =0 and v > 0.

Let h € H'(R?) and set &, := h(- —y)). By a change of variables, we can see that

(L) Cty (x+3)) () = (1) () (),
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and so, since (/77)’ (u}) — 0 by Claim 3, we have that

(1) (uy(x+y,)) = 0. (4.52)

We now note, for any y € C°(IR?), it holds that

/ PooP1 (X + 33 )ty (X + Y)W — / pquvlvlll”
R3 R3
<| [ peytrtsbuc st - vv]

_|_

JXCACERIE émvlw\

Y 1
< Dol (- + 36 16 (- +3) = V1|2 supp o W 3
+p°°||¢_)u}l( +yr11) - d;VI||L2(Suppl[/)||v1HL6||II/HL37

and so since u (- +y,) —vi — 0 in Li,. and @, (- +y,) — @y, — 0 in L, and all of

the other terms in the final equation are bounded, then we have shown that
/ Poo Pyt (X + Y )ty (X + Y)W — / PooBry V1 Y.
R3 R3

Using this and the fact that u!(- +yl) — v; in H', it follows by standard arguments
that (I77)' (u) (x +y3)) (W) = (I7)'(v1)(¥) 4 o(1). This implies that (I;7)(vi) = 0, by
(4.52) and density. Testing this equation with (v;)_, shows that v; > 0.

Claim 6. (I77)' (u7) — 0.

n

We take any 4 € H'(R?) and set h, := h(-+y!). We note that, by a change of
variables, it holds that

(1) (up) (h) = (I7) (s (- 4+ yp) = v1) (). (4.53)

72



Now, arguing as we did in the proof of (ii) of Lemma 4.8, we can show that

Peo Bt (- Yt (- +7)

_ | | _ (4.54)
- p°°¢(u,11(‘+y,1,)*v1)<un<' + V) = V1) — PooPyi V1 = o(1),

in H~'(R?). Moreover, since we showed (u}(- +y}))_ — 0 in LP*! in Claim 4, we

can once again use Lemma 4.7 to conclude that

(- +3)) 5 = (- +y) =) = ) =0(1),  inH'(R).

It follows from this and (4.54) that

(1) (ty (- +y) =v1) = () (- +3)) = (17) (v1) +o(1),  inH™H(RY). (4.55)

Since, by Claim 5 and a change of variables, it holds that
(7Y (up (- y0)) () = (I (v1) () = (I7) (1) (R),

then combining this, (4.53) and (4.55), we see that

() () = (1) () + (1), inH™'(RY).

It therefore follows that (I;7)' (u;) — 0 since (I;7)'(u,) — 0 by Claim 3, and we are

done.

Conclusions. With these results in place we can now see that if u2 — 0 in H', then we
are done. Otherwise, u> — 0 in H', but not strongly, and so we repeat the argument.
By iterating the procedure, we obtain sequences of points (yﬁ)neN C R3 such that
yh| = oo, |y —y{:\ — +ooas n — +ooif j # j' and a sequence of functions (i) nen
with u,ll = u, —vo and ui, = ué;l —vj—1(- —yfl) for j > 2 such that
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wl(x+yl) — vj(x) in H'
-1

H“n”%ﬂ(RS) = Z ||VJH%11(R3) + ||u£z||%]l +o(1), (4.56)
=0
l .
ltn —vo— Y vi(- =YDl ) — O as n— oo,
=
-1

Iy (un) = Iu(vo) + ;Q’f(w) +17 (up) +o(1),

(I7)'(vj) =0and v; > 0 for j > 1,

We notice from the last equation that it holds that (17)'(v;)(v;) = 0 for each j > 1.
Using this, the Sobolev embedding theorem and the fact that u < 1, we have that

z +1 +1
Spr1lvillZper < Wil < 11l +/R3Poo¢v,»(vj')2ZMH(VJ')HI,’;H < [villes

and therefore, we can conclude that, for each j > 1,

P+l
[[vil[7 = (Sper) 7T

Combining this and the fact (u,),cn is bounded in H'!, we see from (4.56) that the

iteration must stop at some finite index / € N. 0

4.3.2 Theorem 4.3

We are finally in position to establish two sufficient conditions that guarantee the ex-
istence of a mountain pass solution to (4.1) in the case of non-coercive p. When
p € (2,3), we use Proposition 4.4 together with a Pohozaev type inequality and Ne-
hari’s identity to show that a sequence of approximated critical points, constructed by
means of the ‘monotonicity trick’, is relatively compact. This enables us to obtain the

following result.

Theorem 4.3. /[Non-coercive case: existence of mountain pass solution for p €
(2,3)] Suppose p € C(R3) NW 1 (R3) is nonnegative, p(x) = poo > 0 as |x| = +oo,

loc
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—2(p—2)
(p—1)

and kp (x) < (x,Vp) for some k > . Suppose further that

(i) either c < ¢,

(ii) or p(x) < pw for all x € R3, with strict inequality, p(x) < P, on some ball
B C R3,

where ¢ and (resp.) ¢~ are min-max levels defined in (4.10) and (resp.) (4.16). Then,
forany p € (2,3), there exists a solution, (u,¢,) € H' (R3) x D'2(R?), of (4.1), whose
components are positive functions. In particular, u is a mountain pass critical point

of I at level c.

Proof. We first note that by Corollary 4.1 with E = H I the set .#, defined in 4.9),

is dense in [4,1].

Claim 1. Under assumptions (i), the values cy are critical levels of I, for all 1 €
(1 =g, )N, with € > 0 sufficiently small. Namely, there exists a nonnegative
u € H' such that 1, (u) = ¢, and I (u) =0 for all u € (1 —¢,1]N.#. Under as-
sumptions (ii), the same statement holds for all @ € A .

We recall that for all u € .#, by definition, there exists a bounded sequence
(un)nen C H' such that I, (u,) — ¢, and I, (up) — 0. We note that by Proposition
4.4 and the definition of (u,),cn, it holds that

l

cu =Iu(vo) + Zilﬁ(vj), (4.57)
o

where v is a nonnegative solution of (4.4) and v; are nonnegative solutions of (4.12)
for1 <j<L

Assume that (i) holds. For & > 0 small enough, it holds that ¢, < c}; for all
p e (1 —eg,1]N.#, by continuity. Pick u on this set. If v; is nontrivial for some
1 < j <1, it would follow that I;7(v;) > c¢j; > ¢, by Lemma 4.4. This is in contradic-
tion with (4.57) since 1, (vp) > 0, by Lemma 4.3, and so, v; =0 forall 1 < j <.
Therefore, u, — v in H' by (iv) of Proposition 4.4, Iy (vo) = cu by (4.57), and

Il/l (vo) = 0 since vp is a nonnegative solution of (4.4). Thus, we have shown cu 18
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a critical level of 1, in this case.

Now, assume that (ii) holds. We note that this implies that 7, (y(z)) < I7(¥(t))
for each fixed y € I'™°, u € [3,1] and r € [0,1]. It therefore follows that I%(y(l)) <
I7(y(1)) < 0 for all y e I'™, and so I'” C I'. Using this and Lemma 4.4, we can see
tlea'[ for each nontrivial v; in (4.57), it holds

I:f(vj) > ¢

e By )

> inf L, (y(t 458
_ylenmrggf] u(Y()) (4.58)

> inf 1 t
> ;Erfé}&’ﬁ u(y(1))

=Cu-

We now assume, by contradiction, vo = 0 in (4.57), which would imply 1, (vy) = 0.
Using this and (4.58), we see from (4.57) that there exists one nontrivial v;, call it vy,

such that v{ is a nonnegative solution of (4.12) and

Iy(v1) =c =cu. (4.59)

Define v (x) = #2v{(tx) and y: R — H'(R?), y(t) = ¥,. By Lemma 3.3 in [57, p. 663],
the function f(t) = I;(¥;) has a unique critical point corresponding to its maximum,
and it can be shown that f/(1) = 0 by Nehari’s and Pohozaev’s identities for v;. We
deduce that

max I (1) = I (),

and that there exists M > 0 such that

I7 (1) <0,

and
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max [y (v(t)) = max 17 (v()).

We then define 1y : [0,1] — H'(R?), % (t) = y(Mt), and see from the above work that
Y € I'™". Therefore, we have that

I7(v1) = rtrggd,i’i (v(2))

t€[0,M]

— I .
max Iy (70(2))

Since we have v; > 0 on B where p(x) < p.. by Lemma 4.4, it follows that

cyy :I;’(vl)

— e
max. [y (10(2))

1
> fé}%‘,’i] w(0(t))

> inf max ]
= ol max Lu(r(0))

> inf I, (y(t
2 Inf max u(y(1))

:C”7

which contradicts (4.59). Therefore, we have shown that vy #Z 0. Now, since vy is a
nontrivial and nonnegative solution of (4.4), then I,,(vg) > 0 by Lemma 4.3. Putting
this and (4.58) together in (4.57), it follows that v; = 0 for all 1 < j < /. Therefore,
un — vo in H' by (iv) of Proposition 4.4, I, (vo) = ¢, by (4.57), and I, (vo) = 0 since

Vo 1s a nonnegative solution of (4.4). This concludes the proof of Claim 1.

Claim 2. Letr u, — 1 be an increasing sequence in (1 —¢&,1]N.# and (resp.) M
under assumptions (i) and (resp.) (ii). Assume (u,),en C H' is such that u, is non-
negative, I, (un) = cy, and I, (un) = 0 for each n. Then, there exists a nonnegative

u € H' such that, up to a subsequence, u, — uin H', I(u) = ¢, and I'(u) = 0.
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Since u,, is nonnegative, (u,)+ = u,, and so we can see that

+1

M — 1 p+1
= 4.60
cpn+p+1/R3un : (4.60)

and, for all v € H'(R?),

I'(wn)(v) = Iy, () 0) + (e = 1) [ uv
Hn R3
< tn = U et 17| V]

_1
SSPJ&]‘.“n_ 1| HunHierleHHl' 4.61)

Set iy = o3 (|Vitn|? +12), o = 3 POu,u2, and 8, = ty, [ u?™'. As in Theorem 4.2
Claim 2, we see that o, ¥,, 0, > 0 satisfy (4.31), and thus we can obtain that @, ¥,
and &, are all bounded. Therefore, using this, (4.60), (4.61), and the fact that ¢;,, — ¢
as U, /* 1 by definition (4.10), we can deduce that ||u,||4: is bounded, I(u,) — ¢ and
I'(up) — 0 as n — +oo. That is, we have shown that (u,),cn is a bounded Palais-
Smale sequence for / = I; at the level ¢ = ¢y, and so, 1 € .Z. By Claim 1, it follows
that there exists a nonnegative u € H I such that, up to a subsequence, u, — u in H 1
I(u) =c,and I'(u) = 0.

Conclusion. Let 1, — 1 be an increasing sequence in (1 —&,1]N.# and (resp.) .#
under assumptions (i) and (resp.) (ii). By Claim 1, we can choose (u,),eny C H' such
that u, is nonnegative, I, (u,) = cy, and I, (u,) = 0 for each n. By Claim 2, it follows
that there exists a nonnegative u € H ' such that, up to a subsequence, u, — u in H 1
I(u) = ¢, and I'(u) = 0. That is, we have shown (u, ¢,) € H'(R?) x D'?(R?) solves
(4.1). Since u and ¢, are nonnegative by construction, by regularity and the strong
maximum principle, it follows that they are, in fact, strictly positive. This concludes
the proof. ]
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4.3.3 Theorem 4.4

The non-coercive case turns out to be more ‘regular’ with respect to compactness is-
sues when p > 3. In fact, we can show that the Palais-Smale condition holds at the

mountain pass level c.

Proposition 4.5. [Palais-Smale condition for p > 3] Let p € C(R?) be nonnegative
such that p(x) — pe > 0 as |x| — oo, and suppose one of the following conditions
holds:

(i) either c < c”,

(ii) or p(x) < pw for all x € R3, with strict inequality, p(x) < P, on some ball
B C R3,

where c and (resp.) ¢ are defined in (4.10) and (resp.) (4.16). Then, for any p € [3,5),
every Palais-Smale sequence (uy,),eny C H' (R?) for I, at the level c, is relatively com-

pact. In particular, c is a critical level for 1.

Proof. Since, for p > 3, we have

c+1 +0(1)HunHH1(R3) > (p+ l)l(un) _[/(un)un > Hun‘|[2_11(R3)7

it follows that (u,),cn is bounded. By the definition of u, and Proposition 4.4 with
u =1, it holds that

l
c=1I(vo)+ Y. I”(v)), (4.62)
j=1

where vy is a nonnegative solution of (4.2) and v; are nonnegative solutions of (4.11)
for 1 < j < 1. Reasoning as in Claim 1 of Theorem 4.3, setting u = 1 and replacing cy,
c:f, [, and ™ with ¢, ¢=, T, and T, respectively, throughout, the statement follows.

This concludes the proof. ]
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As a consequence of the previous result, we have the following theorem, giving

the existence of mountain pass solutions for p > 3.

Theorem 4.4. [Non-coercive case: existence of mountain pass solution for p > 3]
Suppose p € C(R?) is nonnegative and p(x) — pe > 0 as |x| — 4. Let one of the

following conditions hold:

(i) either c < c%,

(ii) or p(x) < pw for all x € R3, with strict inequality, p(x) < P, on some ball
B C R3,

where ¢ and (resp.) ¢ are minimax levels defined in (4.10) and (resp.) (4.16). Then,
forany p € [3,5) there exists a solution, (u,¢,) € H' (R3) x DV2(R?), of (4.1), whose
components are positive functions. In particular, u is a mountain pass critical point
of I at level c.

Proof. The regularity and the strong maximum principle imply that the nontrivial and
nonnegative critical point, u, of I, found in Proposition 4.5, is strictly positive. For the

same reason, ¢, > 0 everywhere. [

4.3.4 Corollary 4.6

We follow up the previous two existence theorems with a result giving the existence of
least energy solutions in the non-coercive case. When p € (3,5) the existence follows
relatively straightforwardly using the Nehari characterisation of the mountain pass
level, and when p € (2,3] we use a minimising sequence together with Proposition
4.4 to obtain the result.

Corollary 4.6. [Non-coercive case: existence of least energy solution for p €
(2,5)] Suppose p € C(R?) is nonnegative, p(x) — pw > 0 as |x| — +oo, and one
of the following conditions holds:

(i) either c < ¢,
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(ii) or p(x) < pw for all x € R3, with strict inequality, p(x) < P, on some ball
BCR3,

where ¢ and (resp.) ¢~ are minimax levels defined in (4.10) and (resp.) (4.16). If
p € (2,3), suppose in addition that p € W, (R3) and kp (x) < (x,Vp) for some k >

loc

%. Then, for all p € (2,5), there exists a solution, (u,¢,) € H' (R3) x D?(R?),
of (4.1), whose components are positive functions, such that u is a least energy criti-

cal point of I.

Proof. If p € (3,5), we can use the Nehari characterisation of the mountain pass level
(4.37) with E = H' to see that the mountain pass solution u# found in Theorem 4.4 is

a least energy solution for /. If p € (2,3], we set

*:= inf [
¢ ulél@/ (u),

where

o ={ue H' (RS) \ {0} : u is a nonnegative solution to (4.2)},

and can show that 7 is nonempty and c¢* is well-defined using the mountain pass
critical points that we found in Theorem 4.4 and Theorem 4.3 when p =3 and p €
(2,3), respectively. It is important to note that when p = 3, the critical point, u € <7,
that we found in Theorem 4.4 satisfies I(u) = ¢, which implies ¢* < c. Similarly, when
p € (2,3), we can show ¢* < ¢ using the critical point that we found in Theorem 4.3.
Now, for any p € (2,3), arguing as in the proof of Corollary 4.3, we can show that
there exists a bounded sequence (wy,),en C <7 such that I(w,) — ¢* as n — +o0 and
I'(w,) = 0. By applying Proposition 4.4 with u = 1 to (wy,),cN, We can see that

l
c>c"=1(vo)+ Zl‘x’(vj),
j=1

where v is a nonnegative solution of (4.2) and v; are nonnegative solutions of (4.11)
for 1 < j <[. Reasoning as in Claim 1 of Theorem 4.3 with 4 = 1 and replacing cy,
c:j, [, and ™ with ¢, ¢, T, and T, respectively, throughout, we can show /(vy) = ¢*
and I'(vg) = 0. We note that by Lemma 4.3, it holds that ¢* > C > 0 for some uniform

constant C > 0, and so it follows that v is a nontrivial least energy critical point of
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I. The strict positivity of vy and ¢, follows by regularity and the strong maximum

principle since they are nonnegative by construction. This concludes the proof. O]

Remark 4.3. By following similar techniques to those used in the proof of Corollary
4.6, we can show that under the same assumptions as this corollary (with obvious
modifications to the minimax levels), there exists a least energy solution for .7, defined
in (4.38), for all p € (2,5). As in the coercive case, it is not clear if we can select a

positive groundstate for p € (2,3].
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S Multiplicity Results

In this chapter, we study the existence of multiple solutions to the same nonlinear

Schrodinger-Poisson system

{ —Au+tu+p(x)pu = |ulP~u, x €R3, 5.1)

—A(]) = p(x)uz, X e R37

with p € (2,5) and p : R? — R a nonnegative measurable function. We obtain results
in the case of a coercive p for p > 3 and p < 3, in the spirit of Ambrosetti and
Rabinowitz [6] and Ambrosetti and Ruiz [7], respectively. The results in this chapter

are from [31].

5.1 Main multiplicity result: coercive p(x) and p > 3

In the case of a coercive p and for p > 3, the existence of infinitely many solutions to
the Schrodinger-Poisson system follows relatively straightforwardly using the results

of [6]. Namely, the main multiplicity result we obtain is as follows.

Theorem 5.1. Suppose p € C(R?) is nonnegative and p(x) — oo as |x| — +oo. Then,
for any p € (3,5), there exists infinitely many distinct pairs of critical points in E(R?)

for

1 1 1
1 Vul? 4+ 2) 4 = P — / p+1
A= [ (VP vy g [ poal—— [

Remark 5.1. We notice that here we deal with critical points of the functional %
rather than the functional I that we defined in (3.16) as we are no longer solely inter-

ested in positive solutions.

In order to prove this theorem, we will need some background material including
the notion of the Krasnoselskii-genus and its properties.
5.1.1 Krasnoselskii-genus

Throughout this section we let E be the usual Banach space defined previously and
let G be a compact topological group. Following [27], we begin with a number of

definitions that we will need before introducing the notion of the Krasnoselskii-genus.
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Definition 4. The set {T(g) : g € G} is an isometric representation of G on E if
T(g): E — E is an isometry for each g € G and the following hold:

(i) T(g1+82)=T(g1)oT(g2) forall g1,82€ G
(ii) T(0) =1, where I : E — E is the identity map on E

(iii) (g,u)— T(g)(u) is continuous.

Definition 5. A subset A C E is invariant if T(g)A = A for all g € G.

Definition 6. A mapping R between two invariant subsets A| and A,, namely R : A1 —
Ay, is said to be equivariant if RoT(g) =T(g)oR for all g € G.

Definition 7. We denote the class of all closed and invariant subsets of E by <.

Namely,
o/ ={ACE:Aclosed, T(g)A=AVg € G}.

Definition 8. A G-index on E with respect to </ is a mapping ind : &/ — NU{+oo}
such that the following hold:

(i) ind(A) =0 if and only if A = 0.
(ii) If R : Ay — A; is continuous and equivariant, then ind(A1) < ind(A).
(iii) ind(A; UAs) < ind(A;)+ind(A3).

(iv) If A € o/ is compact, then there exists a neighborhood N of A such that N € </
and ind(N) = ind(A).

With these definitions in place, we are ready to introduce the concept of the
Krasnoselskii-genus.

Lemma 5.1. Let G = Zy = {0,1} and define T(0) =1, T(1) = —1I, where I : E — E
is the identity map on E. Given any closed and symmetric with respect to the origin
subset A € o, define y(A) = k € N if k is the smallest integer such that there exists
some odd mapping @ € C(A, R\ {0}). Moreover, define y(A) = +oo if no such map-
ping exists and y(0) = 0. Then, the mapping y: o/ — NU{+eo} is a Zy-index on E,

called the Krasnoselskii-genus.
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Proof. See the proof of Proposition 2.1 in [27]. ]

The next lemma gives a property of the Krasnoselskii-genus that will be crucial in

obtaining our multiplicity result.

Lemma 5.2. Assume A € < is such that 0 ¢ A and Y(A) > 2. Then, A has infinitely

many points.

Proof. See the proof of Proposition 2.2 in [27]. ]

5.1.2 The min-max setting: definition of b,,

We will now define the min-max levels at which we will find critical points of .#. In

order to do so, we introduce a number of sets, following [6]. Namely, we let

Ag={ucE: 7 u) >0},
I, ={heC(E,E): h(0) =0, h is a homeomorphism of E onto E, h(B;) C Ay},

I'={hel\:hisodd},

and

I, ={K C E : K is compact and symmetric with respect to the origin and for
all h € T, it holds that Y(KNh(dBy)) > m}.
We are now in position to define the min-max levels as

by = inf max.7(u).
Kel'y, uek

For what follows, we will also need to define the set of critical points at any level
b > 0, namely

Ky={u€E: 9u)=>b, 5 (u)=0}.
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5.1.3 Proof of Theorem 5.1

Before completing the proof of Theorem 5.1, we recall a vital result from [6].

Theorem 5.2 ([6]). Let .# € C'(E,R) satisfy the following:
(i) Z(0) =0 and there exists constants R,a > 0 such that % (u) > a if ||u||[g = R

(ii) If (up)nen C E is such that 0 < .7 (uy), & (u,) bounded above, and 9" (u,) — 0,

then (uy),eN possesses a convergent subsequence
(iii) I (u) =S (—u)forallu € E

(iv) For a nested sequence E\ C E, C --- of finite dimensional subspaces of E of
increasing dimension, it holds that E;N A is bounded for eachi=1,2,...

Then, for each m € N, it holds that 0 < a < by, < by,+1 and by, is a critical value of
S . Moreover, if by 1 =+ = bytr = b, then Y(Kp) > r.

Proof. See the proof of Theorem 2.8 in [6]. ]
We are now in position to prove Theorem 5.1.

Proof of Theorem 5.1. We aim to apply Theorem 5.2 and therefore must verify that
& satisfies assumptions (i)-(iv) of this theorem. Arguing as in Lemma 4.1, we can
show that .# satisfies the Mountain Pass Geometry and thus (i) holds. To show (if),

we note that by the assumptions on (u,),cn and since p > 3, it holds that
C+1+o()un|lg = (p+1)F (tn) = I (un )it > |l [ 7 +/3P¢uu2,
R\

for some C > 0, and so it follows by standard arguments that (u,),cn is bounded
(see e.g. Lemma 7.14). Then, arguing as in the proof of Claim 1 of Theorem 4.2, we
can show that (u,),cn possesses a convergent subsequence, and thus .7 satisfies the
Palais-Smale condition. Namely, (i) holds. Clearly, (iii) holds due to the structure of
the functional .#. We now must show that (iv) holds. We first notice by straightfor-
ward calculations that for any u € d By, namely for any u € E\ {0} such that ||u||g =1,
and any for ¢ > 0, it holds that
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7 TR , 1! ptl
) = — _ _
) =Sl + 5 [ poud =T [

2 2 p—1
_rr 2 | 7 ) 2 p+1
(g + 5 [ oo =2 [ e,

We now set

1
aimlulfp B [ pout. yi=—g [ >0

and look for positive solutions of

2

t —
S+t =yl =

Since p > 3, it holds that ot + B> — yt?~! = 0 has a unique solution # = #(u) > 0. That
p

is, we have shown that for each u € dBj, there exists a unique r = £(u) > 0 such that
S satisfies

We now consider a nested sequence E| C E, C --- of finite dimensional subspaces of

E of increasing dimension. For any k € N, we set

Vi={veEE:v=tu,t >0, uc€ dBNE}.

Then, the function 4 : E; — V} given by

h(z) =t

with 7 = |||

Z
T2
12|
defines a homeomorphism from Ej onto Vi, and so V| C V, C --- is a nested sequence
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of finite dimensional subspaces of E of increasing dimension. We also notice that

Ty = sup t(u) < oo
u€dBNEy

since dB| N E} is compact. So, for all # > T} and u € dB| N Ey, it holds that .# (tu) < 0,
and thus V;, NAg is bounded. Since this holds for arbitrary k € N, we have shown that
(iv) holds. Hence, we have shown that Theorem 5.2 applies to the functional .#. If
b, are distinct for m = 1,... k with k € N, we obtain k distinct pairs of critical points
corresponding to critical levels 0 < by < by < --- < bp. lf byyy1 =+ = bypyr = b,
then y(Kp) > r > 2. Moreover, 0 ¢ K}, since b > 0 = .#(0). Further, K}, is invariant
since .# is an invariant functional and Kj, is closed since .# satisfies the Palais-Smale
condition, and so K, € 7. Therefore, by Lemma 5.2, K}, possesses infinitely many
points. This concludes the proof. O

5.2 Preliminary result: coercive p(x) and p <3

In this section, we discuss a preliminary multiplicity result in the case of a coercive
p and p < 3, as well as some current ongoing work. As usual, when p < 3, we face
the additional difficulty of constructing bounded Palais-Smale sequences. Because
of this, we need a more robust approach than given in [6]. Namely, in the case of a
coercive p and p < 3, we can borrow from the approach of [7] in order to obtain the

following preliminary multiplicity result.

Theorem 5.3. Suppose p € C(R*)N Wlla’c1 (R3) is nonnegativ_e and p(x)_—> +oo as
|x| = +oo. Suppose further t_hat p is homogeneous of degree k for some k € (0, %] U
{1YU {3}, namely p(tx) = t*p(x) for all t > 0. Then, for any p € (2,3], there exists

infinitely many distinct pairs of critical points, +u;, € E(R?), k €N, for

1 1 1
S =5 /R (VP 42 + /R Pt /R e,

such that I (uy) — +o0 as k — +oo.

Remark 5.2. We note that Theorem 5.3 can actually be proved for k € (2 — p,0)
also, however this range of k is incompatible with the coercivity assumption, namely

p(x) = +oo as x| — oo
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Before proving Theorem 5.3, we must recall some vital results from [7] that will
enable us to obtain our result.
5.2.1 The abstract min-max setting

The first lemma that we recall will give us an abstract definition of the min-max levels

and some properties.

Lemma 5.3 ([7]). Consider a Banach space E, and a functional ® : E — R of the
form @, (u) = ou(u) — uB(u), with u > 0. Suppose that o, § € C' are even functions,
1im) |y oo () = +oo, B(u) >0, and B, B’ map bounded sets onto bounded sets.
Suppose further that there exists K C E and a class ¥ of compact sets in E such that:

(F.1)K CAforall A c.% and sup,cx Py (u) < cy, where ¢y is defined as:

W AT )
(#.2)Ifn € C([0,1] X E,E) is an odd homotopy such that
e 1(0,-) =1, where I : E — E is the identity map on E
e 1(t,) is a homeomorphism
e N(t,x) =xforallx €K,
thenn(1,A) € .7 forall A € F.

Then, it holds that the mapping L — cy is non-increasing and left-continuous, and

therefore is almost everywhere differentiable.

Proof. See the proof of Lemma 2.2 in [7]. ]

With this lemma in place, we can now recall the second vital result from [7]. The
following proposition will be used to obtain the boundedness of our Palais-Smale se-

quences.

Proposition 5.1 ([7]). Under the hypotheses of the previous lemma, we denote the set
of values of W such that c,, is differentiable by # C (0,+0c0). Then, for any u € 7,

there exists a bounded Palais-Smale sequence for ®, at the level c,. That is, there
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exists a bounded sequence (u)ner C E such that @y (up) — cy and @), (uy) — 0.

Proof. See the proof of Proposition 2.3 in [7]. ]

The final result we will need is a technical lemma, which we now state and prove.

Lemma 5.4. Assume a, b, ¢, d are positive constants, p>2 and k € (2— p, 3]U{1}U
{3}. Define f : R — Ras

ft)=at® + bt + >~ —dr*P=1, r>0.
Then, f has a unique critical point corresponding to its maximum.

Proof. We will go through the details for the case k € (0, %) We begin by computing
some derivatives of f. Namely,

F(t) =3a® +b+ (3 —2k)ct> F — (2p— 1)dr* 2,

F(t) = 6at + (2—2k) (3 —2k)ct' " — (2p — 1)(2p — 2)ds*P 3,

(1) = 6a+ (1—2k)(2—2k)(3—2k)ct 2 — (2p — 1)(2p — 2)(2p — 3)dt*P 4,

FW () = (=2k) (1 — 2k) (2 — 2K) (3 — 2k)er 2!
—(2p—1)(2p—2)(2p—3)(2p—4)dr*" ™.

Now, since k € (0, 5) and p > 2, it holds that f"/(t) — +eoast — 0 and f"'(t) — —oo
as t — 4oo0. Moreover, it holds that f(4) (r) =0 if and only if

2k42p4 _ (—2k)(1 —2k)(2—2k)(3 —2k)c
2p—1)(2p—2)2p—3)2p—4)d

Thus, since
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(—2k)(1 —2k) (2 —2k)(3 —2k)c
2p-1)(2p—2)(2p—3)2p—4)d

<0,

it follows that f” has no positive critical points. Taken together, we have shown " is
strictly decreasing and so there exists 73 > 0 such that /" (t3) =0and f"'(t)(t3—1) >0
for 1 # t3. We now look at f” and notice that since f”(0) = 0 and f” is increasing
for ¢ < 13, it follows that f” takes positive values at least for ¢ € (0,73). Moreover,
f"(t) = —oco as t — 4o and f” is decreasing for ¢ > 13, and so there exists 7, > 13
such that f”(t;) = 0 and f”(¢)(t —t) > O for ¢ # ;. Then, since f(0) = b > 0 and
f'(t) = —ooas r — 4o, we can repeat these arguments to show that there exists 1, > 1,
such that f'(r;) = 0, namely 7, is a critical point of f, and f'(z)(r; —¢t) > 0 for ¢ # 11,
namely 71 is unique. Clearly, #; corresponds to a maximum of f since f(0) = 0 and
f(t) — —coast — +oo. The casesk € (2—p,0), k=0, k= %, k=1,and k= % follow
by similar analysis on the derivatives of f, with slight modifications.

[

5.2.2 Proof of Theorem 5.3

We are now in position to prove Theorem 5.3.

Proof of Theorem 5.3. Since p is coercive, we will work in the usual Banach space
E(R?). We aim to apply Proposition 5.1 in the case of the perturbed functional Fy
E(R?) — R defined by

'—1 202 1 Z_L/ p+1 l
sutw)i=3 [ vy [ poud =t [t we |5l

We must verify (%.1) and (#.2). For any u € E(R?) and for any ¢ > 0, we set
u; (x) == u(tx). Evaluating .#,, att*u, and using the assumption that p is homogeneous
of degree k, we find that

3 3 2 Yy\,,2 X
2 l 2, ! 2, 1 u (y)p(7)u(x)p(7)
- v z r
Full) 2/1&3‘ 4 +2/R3u +4/R3/R3 47)x—y|

‘ut2p—1
p+1 Jrs

|u’P+1
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3 3-2k 2p—1
t t t ut

= \ 2+ g U ? - / p+1.
2/]1&3‘ “ +2/R3u i R3p¢)u p+l1 R3|u’

We now set

| | 1 u
= Vul?, b= - 2 e=2 2d::—/ p+l
aimy [uPobig [l [ poutid= [ et

and, noting that a, b, ¢, d > 0, consider the polynomial

ft)=at* +bt+c>F—a?rt, t>o0.

By Lemma 5.4, it follows that for each u € dBj, there exists a unique t = t(u) > 0
such that %, with u = % satisfies

1 (1 () () = 0

S (Pu;) > 0, Vt < 1(u)
I (Pu) <0, Y > t(u). (5.2)

[

We can now follow Subsection 2.2 in [7]. We include the details for the sake of
completeness. We begin by considering a nested sequence E; C E, C --- of finite

dimensional subspaces of E of increasing dimension. For any k € N, we set
Vi = {veE:v:tzu,, t>0,u€dBNE}.

Then, the function & : E; — Vj given by

. e
h(€> = fzbtt, with t = HeH, U= M’

defines an odd homeomorphism from Ej onto V. We notice that it holds that
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Ty = sup t(u) < oo,
u€dBNEy

since dB; N E} is compact. So, the set

Ay ={veE:v=r’u,t€[0,T;], uc dB NE}

is compact and symmetric. We now define
H:={g:E — E: gis an odd homeomorphism and g(v) = v for all v € dA;},

and

Gy = {g(Ax) 1 g € H}.

We are finally in position to verify (% .1) and (% .2). We take Gy, as the class .% and
K = dA; and define the min-max levels

cry = inf max.%,(u).
K™ 4eGy ueh u(u)

Then, since Ty > t(u) for all u € dB N E, by definition, it follows from (5.2) that

1
Fulv) < f%(v) <0, VvedA, Vue {5,1] .

Moreover, since Gy C Gy forall k € N, it holds that ¢y, > ¢, 1y > --- > 1y > 0.

Taken together, we have shown that

sup Fu(v) <0 <cpp,
VGaAk

and thus (#.1) is verified. Moreover, for any 1 given by (.#.2) and any g € H, it
holds that § = n(1, g) belongs to H, and so (% .2) is satisfied.

Since (%#.1) and (% .2) are satisfied, Lemma 5.3 applies. Thus, for any k € N,
we denote by . the set of values y € [1,1] such that the function  — ¢y is
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differentiable. We then let

M= ﬂ Mk.
keN

We note that since

2= Y] )

keN

and [}, 1]\ .# has zero Lebesgue measure for each k by Lemma 5.3, then it follows
that [%, 1] \ . has zero Lebesgue measure. We can now apply Proposition 5.1 with
®, = .#,. Namely, for each fixed k € N and 1 € ./ we obtain that there exists a
bounded sequence (u,),en C E such that ) (u,) — cx y and & (u,) — 0. Arguing
exactly as in the proof of Claim 1 of Theorem 4.2, we can show that the values ¢y
are critical levels of .#, for each k € N and 1 € .#. We then take k fixed, (1,),cn an
increasing sequence in .# such that u, — 1, and (u,),en C E such that .7, (u,) =
Ck,u, and j;i,,(”n) = 0. We note here that since p is homogeneous of degree k by
assumption, it follows that kp(x) = (x,Vp). So, arguing as in Claim 2 of Theorem
4.2, we can show that for each fixed k there exists u € E such that, up to a subsequence,
up, > uin E, .7 (u) = S (u) = cx 1, and I/ (u) = #{(u) = 0. Since

1 1
I (u) > ~|ul|f — —— P YueE
)2 3lully —— [ Wi+, vuek,

and E is compactly embedded in LPT!(R3) by Lemma 4.5, we can then argue as in
the proof of Lemma 2.7 of [7] to show that .# (u) = ¢t | — o0 as k — +oo. This

concludes the proof. O

We suspect that the constrained minimisation approach in [61] may help refining
the approach we used in the above proof inspired by [7], in order to relax the rela-
tion between p and Vp that we imposed in Theorem 5.3. This, as well as obtaining

multiplicity results in the case of a non-coercive p, is ongoing work.
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6 Necessary Conditions for Point Concentration

In this chapter, we focus on the singularly perturbed system

6.1
~A9 = p(x)u, xR, ©D

{ —&2Au+Au+p(x)pu=|ufP"lu, xeR3
with p : R3 > Ra nonnegative measurable function, A € R, and A > 0, taking ad-
vantage of a shrinking parameter € ~ i < 1 which behaves like the Planck constant
in the so-called ‘semiclassical limit’. In what is to follow, we are interested in the

concentration behaviour of solutions, by which we mean the following.

Definition 9. Let (ug, 9y, ) be a sequence of positive solutions to (6.1). We say that u
concentrate at a point xg for sufficiently small € > 0 if for all § > O there exists € > 0
and R > 0 such that ug(x) < 0 for |x —xo| > €R, € < &.

We will prove a necessary condition for the concentration of positive solutions in
the semiclassical limit, € — 0T, in both E(R?) and H'(R?) using classical blow-up
analysis, uniform decay estimates, and Pohozaev type identities, in the spirit of [63].

The results in this chapter are from [50].

6.1 Theorem 6.1

We first prove a necessary condition for the concentration of positive solutions in
E(RY).

Theorem 6.1. [Necessary conditions in E] Suppose that p € C'(R?) is nonnegative
and |Vp (x)| = O(|x|%€?™) as |x| — oo for some a > 0 and some b € R. Let p € [2,5)
and let (ug,§,,) € E(R3) x DV2(R3) be a sequence of positive solutions of (6.1). As-

sume that ug concentrate at a point x for sufficiently small €. Then, Vp(xo) = 0.

Remark 6.1. Since we deal with concentrating solutions, we use the mean value the-
orem to control the growth of p with the assumption on Vp in order to apply the
dominated convergence theorem in the proof of the theorem (see Claim 5). We note
that this assumption is not needed in Theorem 6.2 as we work with a bounded p and

therefore the application of the dominated convergence theorem is more immediate.
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Remark 6.2. When b > 0 the proof of Theorem 6.1 Claim 5 is sensitive to € being
smaller than the ratio \/TI. This ratio arises as the proof consists of balancing the
aforementioned growth of p and Vp with the a priori exponential decay of the con-

centrating solutions in order to apply the dominated convergence theorem.

Proof of Theorem 6.1. We will break the proof into five claims.
Claim 1. sup,. ¢ |[ue || = (r3) < +o°

We will argue by contradiction. Assume, to the contrary, that there exists a se-
quence (&y)men such that &, — 0 as m — +oo, u,, := ug,, solves (6.1) for each m, and
it holds

HumHLoo(Rs) — oo as m — +oo.

Let
Oy, *= MAX Uy, (04, — 400 as m — +o0),

B = o@(p_l)ﬂ, (B — 0 as m — +-o0).

Define

1
Vin(x) = o (Xm + EmPmx),

m

where x,, is a global maximum point of u,,. We note that such a point exists be-
cause, by regularity theory, u,, are solutions in the classical sense and, moreover, by
the concentration assumption, u,, decays to zero uniformly with respect to m. Now,

2
multiplying (6.1) by g—’;, we obtain

82 2 ﬁz
— T Ay (xm + gmﬁmx) + _mlum(xm + 8mﬁm)€)
am am

1
+ Br%zp (xm + SmBmx) Ou,, (xm + Emﬁmx) a_um (xm + & Bmx)

2

= Zub (X + €nPmx).
O

Noting that Av,,(x) = €2 B2 Aty (X, + € Bmx)/ iy and B2 /oty = 1/ iy, we see that v,
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satisfies

—Avy, + Br%zl Vi + ﬁn%p (xm + emﬁmx) Qu,, (xm + Smﬁmx) Vm = Vﬁ-

We further note that

M2
Ou,,, (X + EnPmx) = / n()P ()

&3 47X + EnPmx — Y|
_ / M%(Xm ‘I‘emBm)’)p(xm + gmﬁmy) g3 BS dy
R3 4717’Xm + EnPmx — Xm — 8mﬁmy‘ e

:82B2a2/ vi(y)p(xm+8mﬁmy) dy
T IR 4z|x—y| 7

where we have used the change of variables y — x,, + &3,y in going from the first

to second line. Therefore, v,, satisfies

—Avy, + ﬁn%lvm

2
+ B1121p (xm + gmﬁmx) 8;31[3"2106’%1/ e (y)p(xm * 8m’3my) dy |vm = Vﬁr
R3 4m|x —y|

(p—1)

Namely, since 842 = o, 2 al = A (by the definition of ), we have that v,,

satisfies

2

_ m+ gmﬁmY)
—Av,, = —8,3106,1 2P0 (X + € Pmx (/ V()P (X d ) Vin
pl Pn) R3 47|x —y| Y (6.2)

— B2 Avy, VP

It is worth noting here that since o,, — o0 as m — +oo, then oc,i_zl’ —0asm— +oo
for p>2and gy ¥ — lasm— +ooforp=21.

We now fix some compact set K. We notice, by construction, |[v||z=(g3) = 1 for

all m, and, by assumption, p is continuous. We also highlight that due to the con-

I'This is the only point in which we use the restriction p > 2.
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centration assumption, we have that the sequence of global maximum points x,, is
uniformly bounded with respect to m. So, since v2,p is uniformly bounded in L= (K),
then [ps A )Z%”;jyg‘mﬁ ) dy is uniformly bounded in C%%(K) and consequently, is uni-
formly bounded in L*(K) (see e.g. p. 260 in [42]; p. 11 in [1]). Thus, the entire
right-hand side of (6.2) is uniformly bounded in L*(K) which implies v, is uniformly
bounded in C 17"‘(1( ) (see e.g. [35]). It then follows that the right-hand side of (6.2)

is uniformly bounded in C%%(K), and therefore v,, is uniformly bounded in C>%(K)

by Schauder estimates (see e.g. [35]). Namely, for x,y € K, x # y, and for every m, it
holds that

0P vin(x) = 9Py (v)| < Crlx—y/% Bl <2,

for some constant Cx which depends on K but does not depend on m. It follows that

uniformly on compact sets and for some vy € C%(R?),

By, — dPvyas m — +oo, 1B| <2.

Therefore, taking the limit m — o0 in (6.2) we get

—Avozvg, xeR3
vo(0) =1,

where the second equality has come from the fact that v,,(0) = u, (X)) / Om = O/ Oy =
1 for all m. On the other hand from the equation, by a celebrated result of Gidas-

Spruck [34] we infer vo = 0. So, we have reached a contradiction, and thus

Sup |[sg | =3y < +oo.
e>0

Claim 2. Assume there exists a sequence (& )ren such that & — 0 as k — o0 and
Uy = ug, solves (6.1) for each k. Let wi(x) := u(xo + &x), where X is a concentration

point for uy. Then,

(i) up to a subsequence, wy — some wy in szo C(R3 ),

(ii) wo > 0.
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We begin by proving (). We first notice that wy solves

{ —Awy + Awy + p(x0 + €rx) Ou, (x0 + &x)wy = Wf, xeR3 6.3)

—AQy, (X0 + &x) = p (x0 + EX)WE, x€R3.

We note that

2

o, (X0 + Exx) = / u; (y)p(y)

R3 470 |x0 + Ex — Y|
:/ 1 (x0 + &) (xo + &) e dy
R3 47|x0 + &x — X0 — Y| k

_ 2 / we ()P (xo + £)
“e 4nlx—yl

dy,

where we have used the change of variables y — xo + & in going from the first to

second line. So, wy solves

wi(y)p (xo+ &)
4rlx —y|

—Awg = —Awy — p(x0 + &x) (8,% /3 dy) wi + wi. (6.4)
R

We now once again fix some compact set K. We notice that, by Claim 1,

SUPg=0 ||Wil|r=(m3) < +o°, and, by assumption, p is continuous. So, since w2p is uni-

formly bounded in L*(K), then [p; W dy is uniformly bounded in C%%(K)
and thus, is uniformly bounded in L (K) (see e.g. p. 260 in [42]; p. 11 in [1]). There-
fore, the right-hand side of (6.4) is uniformly bounded in L=(K) which implies wy is
uniformly bounded in C1**(K) (see e.g. [35]). It follows that the right-hand side of
(6.4) is uniformly bounded in C%%(K), and thus, by Schauder estimates, we have that
wy is uniformly bounded in C>%(K) (see e.g. [35]). Since this holds for every compact
set contained in R3, arguing the same way as in Claim 1, it follows that uniformly on

compact sets and for some wy € C2(R?),

Pwi — Pwpask — oo, |B] <2.
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Therefore, taking the limit k — +c0 in (6.4), we have

—Awo+Awg=wh, xeR’. (6.5)

We now aim to prove (ii). Let x; be a maximum point of ;. Since i is a solution
to (6.1), we have that

— &7 Aug (xr) + At (1) P (1) Bu (o )ag (1) = 1 (x)

Noting that Auy(x;) < 0 since x; is a maximum point of u;, we see that

A+ p (xic) G, (o) Juare (i) < g (),

and so

i (xg) = [+ p (), (x0)]7T = A7 > 0. 6.6)

Therefore, the local maximum values of u;, and hence of wy, are greater than or equal
to A7-1, and since wy — wq in Clzoc(R3), then wo # 0. In particular, this and (6.5),

imply that wy > 0 by the strong maximum principle.

2 2
Claim 3. For large k, it holds that [y [, "EPUSITPI0 LA g, gy —

We first recall that wy, as defined in Claim 2, solves (6.3). Multiplying the first
equation in (6.3) by Vwy and integrating on Bg(0), we get

Vw? 1
0:/ AwVwidx — l—kdx——/ V(p(x0+8kx)¢uk(xo—l—skx)w,%)dx
Bpr Br 2 2 Bp

S
+ ik p (x0 + &x)Vy, (X0 + & x)wi dx
Br

dx.

8k VWP+1
+— [ Vp(xo+ &x)dy, (xo+ Skx)w,% dx+ / k
2 /By B P11

By using the divergence theorem and rearranging terms, this becomes
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&
Ek VP (x0 + &%) B (X0 + X)W dx
Bg

w2 wh ! 1
= / A—ky— k—v+—p(x0+8kx)¢uk(xo+8kx)w,%v do (6.7)
9B p+1

2 2
S
_ p(xo + &x)Vy, (xo + Skx)w% dx— | Aw;Vwidx,
2 Bgr Bg

where Vv is the exterior normal field on Bg. We now focus on the second integral on
the right-hand side of this equality. We begin by noting that if we multiply the second
equation in (6.3) by V@, (xo + &x) and integrate on Bg(0), we get

— P (x0 + &x)Vy, (xo + ekx)w,% dx
Br (6.8)

= / A(puk (X() + Skx)V(puk ()CO + Skx) dx.
Bg

Moreover, using the divergence theorem, we see that

& 0
2 /s, AQy, (x0 + &) 8_)ci¢“k (%o + &x)dx
1 . d
=3 /BR div (V(])uk (xo+ 8kx)8_x,-¢"" (xo+ ekx)> dx
1 d
5 | oo+ ex) 5 (Va0 + ) b
B Xi

_ APy, (x0 + &x) 9 1 .
"2 /aBR (Ta_xi%k (x0 + &) = 5|V (xo + &x)[ Vi | do. (6.9)

Therefore, combining (6.8) and (6.9), we obtain

&
- 5" P (X0 + €xX) Vi, (x0 + £x)wi dx (6.10)
Br
1 a9, (xo+ & 1
_ / (V(puk (x0 + ) QX0+ E0) (o +&x) = |V, (xo+ ekx)|2v) do.
2 dBg 8v 2
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Turning our attention to the third integral on the right-hand side of (6.7) and by arguing

in a similar way as above, we can show that

&Wk 1

Aw Vwy dx = (Vwk— — ~|Vwy 2v> do.
/B;R 8BR av 2‘ ’

Therefore, using (6.10) and (6.11), we see that (6.7) becomes

E
gk Vp (xo + &x) Py, (xo + Skx)w,% dx
Br

2 p+1

Wi k 1 5
_ /azaR (17\’ —orY + Ep(xo + £X) 0y, (X0 + EX)WEV
99 (X0 + &)

v
d 1
_ Vwklvk + §|Vwk|2v) do.

1
+ EV% (x0 + &x)

Call the integral on the right-hand side of this equation /g. Then,

w,% wf“ )
Ir| < A=+ + =p(xo+ &x) 0y, (x0 + Ex)w

1
— Z|V¢uk(X() +£kx)|2\/

6.11)

(6.12)

1 1 1
+ E\V(puk(xo +8kx)\2 + Z\V(])uk(xo +8kx)\2 + \Vwk\z + §|Vwk|2> do

3
< 5/ <7L.W%+w£+1 —|—p(x0—|—8kx)¢uk(x0+gkx)wz
JdBg

+ [V y, (x0 + skx)|2 + |Vwk|2) do.

So,

/ Iz| < / z / (zw§+w,’j+1 + p(x0 + &) P, (x0 + EX)WE
0 0 2JoBg

+ |V, (x0 + &%) > + IVwk|2) dodR

3
R
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[V (0 -+ £5) P+ erkF) dx

< 4o for each k,

since wy is a solution to (6.3). Thus, for each fixed k, there exists a sequence R, — oo
as m — +oo such that Iz, — 0 as m — +oo. Letting R = R,;, — +o0 in (6.12) yields

Sk

0= Vp (x0+ ekx) Ou, (X0 + ekx)w,% dx

€2 g \Y% £
R3 JR3 47f|x—y|

Since this holds for each fixed k, we have

/ / wi(y)p (X0 + &) wi (x)V (x0 + £x) dy dx = 0. 6.13)
R3 JR3 4r|x—y|

Claim 4. There exists Ry > 0 and C > 0 such that, for k sufficiently large, wi(x) <
C|x|*le*4|x| for all |x| > Ry.

We first note that, by the concentration assumption, it holds that wy — 0 as |x| —
+o0. Namely, there exists Ryg > 0, K > 0 such that

1
1
wk§<%)p . Vx| > Ro, V> K. (6.14)

It follows that

| >

wi, Vx| >Rg, Vk > K,

and therefore, since wy, solves (6.3), we have, for all |x| > Ry and for all k > K,

—Awy + Awg < —Awg + (A + p(x0 + &x) Ou, (xo0+ &x))wr =w

LRS!
VAN
| >

wg.  (6.15)
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Namely, it holds that

A
—Awy < —Ewk, Y |x| > Ro, Vk > K.

Now, define

1
p—1

Vi A
0(x) = C|x|_1e_T}LM7 where C = (5) Rpe?

Then, using this definition and (6.14), we see that

1
1
wi(x) < (&) " — o), for|x| =Ry, Yk >K.

2
It can also be checked that,

A
Ao < 79 for |x| # 0.

We then define @y (x) := wy(x) — @(x). By (6.17) it holds that

x(x) <0, for|x| =Ro, Yk > K.

Moreover, using (6.16) and (6.18), it holds that

A
—A(I)k+§d)k <0, V|x|>Ro, Vk>K.

and

lim @ (x) = 0.
x| o

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

Thus, by the maximum principle on unbounded domains (see e.g. [14]), it follows

that,
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VA
wi(x) < Cla e, v > R,

for k sufficiently large.
Claim 5. p(xo)Vp (xo) =0.

We first pick a uniform large constant C > 0 such that for all x € R? and large & it
holds that

we(x) < W(x) = C(1 + |x|) e, (6.22)

We now highlight the fact that due to the concentration assumption, from now on, we

can take k large enough and a suitable £ > 0 such that
A
& < & <min{80,\/7_}, if b >0,

and simply

&g <&, ifb<O0,

where €y > 0 is as in Definition 9. We assume that b > 0 as the case b < 0 is easier
and requires only obvious modifications. By the growth assumption on p, there exists
a uniform constant C; > 0 such that for all x € R3,

[V (xo+ &x)] < Cr(1+ |71 = g(x).

By the mean value theorem we have

lp(xo+&y)| < eyl Ve (xo+ 6 (&y))| +[p(x0)],

for some 6 € [0, 1]. Combining this with the estimate on |Vp (xo+ 0(&y))], it follows

that for some uniform constant C, > 0 and for all y € R3,
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1 (%0 + )| < Caly|(1+ [y])%e™ M + |p (x0)| =: £ (3)-
Therefore, putting everything together, we have that, for k sufficiently large,

We)P (o + e () VP (xo + &x) | _ w2 () f () ()g(x)

(x—y) B x — |

(6.23)

The right hand side is a uniform L' (R®) bound. In fact, using for instance the Hardy-

Littlewood-Sobolev inequality, we have

(X)g(X) <2 N
< e, (6.24)

as the choice of & implies that w2 f, w2g € LO/5 (R3). We now let k — -0 in (6.13),
and note that by (6.23), (6.24), Claim 2, and the assumption that p € C!'(R?), we can

use the dominated convergence theorem to obtain

R3 JR3

47f\x yl

Then, since wy > 0 by Claim 2, we have that
p(x0)Vp(xo) =0.

Since p is nonnegative, any zero is a global minimum, and so we have Vp(xg) =
0. [

6.2 Theorem 6.2

We follow up Theorem 6.1 with a similar result on necessary conditions for concen-

tration of solutions in H'(R?).
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Theorem 6.2. [Necessary conditions in H'!] Suppose that p € C'(R?) is nonnega-
tive and that p,Vp are bounded. Let p € [2,5) and let (ue, 9,,) € H' (R3) x D'2(R3)
be a sequence of positive solutions of (6.1). Assume that ugz concentrate at a point x

for sufficiently small €. Then, Vp(xgp) = 0.

Remark 6.3. It is possible to relax the global boundedness assumption on p and/or
on Vp when working in H'! (R3 ), if we make a growth assumption on Vp. Namely, if

we work in H' (R3) and have adequate local integrability on p to ensure

/ / ()P () ()PG) 4 dy < o0
R3 JR3 |

x— |

typically identified using the Hardy-Littlewood-Sobolev inequality, the statement of
the theorem and the proof is identical to that of Theorem 6.1.

Proof of Theorem 6.2. The proof closely follows that of Theorem 6.1. We assert that
the same five claims as were made in the proof of Theorem 6.1 hold, and will only
highlight the differences in the proofs of these claims. The proof of Claim 1 and Claim
2 follow similarly as in Theorem 6.1, however since p is both continuous and globally
bounded in this case, we do not need to fix a specific compact set K in the regularity
arguments, but instead it follows directly that v,, is uniformly bounded in Clzo’éx (]R3)
and wy, is uniformly bounded in Clzo’f‘(R3). The proof of Claim 3 and Claim 4 follow
exactly as in Theorem 6.1. To prove Claim 5, we define the exponentially decaying
function W as in (6.22) and since p and Vp are bounded, we have, for k sufficiently

large,

W20)P (50 -+ 8DV o+ )| _ #20)72()
(x—y) Y=yl

e L'(R).

This is enough to conclude the proof as in Theorem 6.1 using the dominated conver-

gence theorem. O

Remark 6.4. In the proof of both Theorem 6.1 and Theorem 6.2, one actually finds
the condition p(xo)Vp(xg) = 0. We believe that this may be a necessary condition in

the case p is allowed to change sign on a small region.
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7 Sufficient Conditions for Point Concentration

In this chapter, we once again focus on the singularly perturbed nonlinear Schrédinger-

Poisson problem

) = [u[P~! 3
{ e Au+u+p(x)pu=|ulP~lu, xeR (7.1)

—A¢:p(x)u2, X€R37

with p : R> — R a nonnegative measurable function and € < 1. As a natural next
step, in the spirit of del Pino and Felmer [30], we are interested in finding sufficient
conditions on p to guarantee concentration of positive solutions in the semiclassical
limit € — 0". Based on related literature on the nonlinear Schrodinger equation, as
well as the necessary conditions that we obtained in the previous chapter, we formu-

late the following conjecture.

Conjecture 7.1. Suppose p € C(R3) is nonnegative and p € (2,5). Assume that A C
R3 is a bounded open set satisfying

= inf inf p(x).
p(xo) = inf p(x) < inf p(x)

Then, there exists a family of solutions (ug, @y, ) of (7.1), whose components are posi-

tive functions, such that ug concentrate at the point xq for sufficiently small €.

We will discuss the method that we will attempt to adapt in order to prove this con-
jecture, as well as the preliminary results that we have obtained thus far. The results

in this chapter are from [51].

7.1 Model problem: nonlinear Schrodinger equation

Before going into more details about the partial results that we have obtained in the
case of the nonlinear Schrodinger-Poisson system (7.1), we will first look at suffi-
cient conditions for concentration of solutions to the nonlinear Schrodinger equation
with potentials. The seminal paper on this subject is credited to Floer and Weinstein
[33]. In [3] and [30], sufficient conditions were found on a ‘nice’ potential V, using
perturbative and penalisation approaches, respectively. More general and/or differ-
ent assumptions on the potential V have also been considered, see for example [4],

[8], and [20]. We will restrict our discussion to the penalisation method of del Pino
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and Felmer [30], as our Banach space setting will be most suited to this method. Al-
though the results that we cover in this section are well-established, we include them
for the reader’s convenience in order to illustrate the method that we aim to adapt in
the case of the nonlinear Schrédinger-Poisson system (7.1), as well as to be able to
later highlight the technical obstacles in doing so. Thus, in this section we focus on

the problem

{ —&2Au+V(x)u=ulp~'u, xecR3 72)

u>0, x e R3.

where € > 0 is a small parameter, p € (1,5) and V : R?® — R is a positive potential
bounded away from zero, namely inf, 3 V(x) > 0. The main concentration result

that we will discuss is as follows.

Theorem 7.1 ([30]). Assume that V is a positive locally Holder continuous potential
which is bounded away from zero and that A C R? is a bounded open set satisfying

Vo = inf V(x) < inf V(x).
TS YW

Then, there exist € > 0 and a family of solutions {ue € H'(R?) : 0 < & < &} of
(7.2) with the property that each ug possesses a single maximum point x¢ such that

V(xe) = Vo as € — 0. Moreover,

éii% |lute | (A\B(xe eR)) = 05
R oo

and the limiting profile is given by

o) = () + el

where v is the unique positive radial solution of

—Av+Vyv = |v|p_1v, X €E ]R3,

and we — 0 in C2 _(R3) and in L”(R?) as € — 0.

loc
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While we will not go through a precise proof of this result, we will discuss the crucial

steps that are required to do so in the forthcoming sections.

Penalisation Scheme in a Nutshell

The main idea of the approach of del Pino and Felmer [30] is to replace the nonlin-
earity outside of some compact set by an appropriate penalised nonlinearity (Section
7.1.1). Doing so makes the penalised problem compact, whereas the original problem
is, in general, not. Due to this compactness, the existence of mountain pass solutions
to the penalised problem can be deduced. The limit problem is then introduced
(Section 7.1.2), which will later be used to obtain asymptotic estimates and ultimately
to give the limiting profile of solutions to the original problem. The aim is to prove
that the solutions of the penalised problem are small outside of the compact set so
that they solve the original problem. To do so, estimates of the mountain pass level
and asymptotic analyses of solutions to the penalised problem are performed (Section
7.1.3). Barrier functions may be used in order to obtain sharper estimates of decay
of solutions to the penalised problem. Finally, the maximum/comparison principle is
used to prove that the solutions of the penalised problem solve the original problem,
and the asymptotic estimates are used to prove the concentration behaviour of such
solutions (Section 7.1.4).

7.1.1 Penalised problem

As alluded to above, the first step is to introduce the penalised nonlinearity g : R3 x
R* — R™ defined by

g(x,8) = xa(x)s” + (1 — xa(x)) min{xV (x)s,s"},

where k € (0,1) and A C R? is a bounded open set satisfying

Vo= inf V(x) < inf V(x).
0 xEA() xe&A()

This enables the penalised problem

—&’Au+V(x)u=g(x,u), xeR3, (7.3)
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to be defined. Weak solutions of this problem are critical points of the functional
He: H‘l, — R3 given by

—1 2\Vul? x)|ul?) — X, u
selw) =5 [ @FP+VlP) - [ G,

where
u
G(x,u) = / g(x,o0)do.
0
Here, the Hilbert space H& is defined as
H) = {u cH'(R): / V (x)|ul? < +oo},
R3

endowed with norm

1

fulle = ( [ (€2vaP+veonf) )

The advantage of introducing the penalisation is that the penalised problem (7.3) is
compact, and so it is possible to show that _Z, satisfies both the Mountain Pass Ge-
ometry and Palais-Smale condition. Therefore, by the Mountain Pass Theorem, the

following existence result holds for the penalised problem.

Lemma 7.1. For every € > 0, the functional _f¢ has a critical point ug € H'(R3) at

the min-max level

Ce = ,},lenrfg trgl%gfﬁ /8(’}/<t>)’

where
e == {ye C([0,1],Hy) : (0) =0, Ze(y(1)) < 0}.

In particular, ug is a weak positive solution of (7.3).
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7.1.2 Limit problem

It is then important to introduce the limit problem associated with (7.2). Namely, for

a > 0, the limit problem is

{ ~Autau=|ulP"'u, xeR3 7.4)

u>0, x € R3.

Weak solutions are critical points of the functional .7, : H!(R?) — R defined by

1 1
fa(u) = E/Rg (|Vu|2—l—au2) — m . l/lp+1.

Any nontrivial critical point u € H'(R?) of .7, belongs to the Nehari manifold

Ny ={uc H' (R*) :u#0and .7, (u)(u) = 0}.

A function u € H'(R?) is a least-energy solution of (7.4) if

Fa(u) = vle% Fa(v).

The ground-energy function & : RT — R is defined by

= inf Z,(v),
&(a) vlel:l%f(v)

and the concentration function % : R? — (0, 4] by

The following lemma gives the existence of a solution to the limit problem and its

relation with the ground-energy function.

Lemma 7.2. For every a >0, &(a) is a critical value of #,. If u € N, and &(a) =
I.(u), then u € C'(R3) and up to translation, u is a radial function with a unique and

nondegenerate maximum at the origin.
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7.1.3 Asymptotics of solutions to penalised problem

The next goal is to study the asymptotic behaviour of the solution u, of (7.3) as € — 0.
First, an upper estimate of the critical level c¢ is derived by using a cut-off function

supported in A, so that the penalisation agrees with u”. The result is as follows.

Lemma 7.3. It holds that

lim sup 873Cg <inf%.
e—0 A

This lemma, as well as properties of the penalisation, allow the following estimate

on the norm of the solutions to be proved.

Corollary 7.1. There exists C > 0 such that, for every € small enough

3
||ue|le < Ce2.

Since this norm is of order 8%, it is natural to rescale ug as ug(xe + €-) around a
well-chosen family of points x¢. For what is to follow, it will be important to observe
that such sequences are relatively compact for the uniform C'-convergence over com-
pact sets, using standard regularity and bootstrap arguments. Namely, the following
holds.

Lemma 7.4. Let (&,),eny C RT and (x,),en C R? be sequences such that €, — 0 and
X, = Xasn— oo, Set

Vn(X) == ug, (X, + €nx).

Then, there exists v € H'(R3) N C'(R?) such that, up to a subsequence, v, — v in
C! .(R3). Moreover,

/ Vv = lim lim e,;3/ 2|V, |,
R3 R—+oon—r+oo B(x,,,&‘,,R)

and

V(Ev = lim lim g3 V(x)uZ .
/R.% () R peon=s oo " /B(xn,enR) e
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The next step will be to derive a lower estimate of the energy of the solution u, as
a function of the number and the location of its local maxima. This will be done in
the following three lemmas. First, using the uniform C'-convergence of the rescaled
solutions v, over compact sets, as well as the Nehari characterisation of the solutions

to the limiting problem, the following estimate on small balls is established.

Lemma 7.5. Let (€,),eny C RY and (x,)pen C R? be sequences such that €, — 0,

X, —> Xasn— +ooand

lgi?of”% (x,) > 0.

Then, up to a subsequence,

1
e e _3 12 2 2\ > _
%Ei‘lfléﬂi&fsn (/B,,(R) > (&7|Vug,|” +V (x)uz,) — G(x, ugn)> > (%),
where B, (R) := B(x,, &,R).

Next, using Ng.g,Ue, as a test function in (7.3), where Ng ¢, € C°°(R3) is a well
chosen cut-off function supported outside small balls, the following estimate outside

balls is obtained.

Lemma 7.6. Let (&,),en C RT and (x!),en C R, 1 <i <K, be sequences such that
&, — 0and xﬁl — % e Aasn— +oo. Then, up to a subsequence,

(£3|Vugn|2+V(x)u%n) —G(x,ugn)> >0,

| =

liminfliminfe, /
R—+o00 n—r+00 R3\%,1(R)
where B,(R) := UK B(xi, ,R).

Then, combining Lemma 7.5 and 7.6, the following result is derived, which gives

a lower estimate of the energy of the solution u.
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Lemma 7.7. Let (&,)neny C RY and (x!),en C R3, 1 <i <K, be sequences such that
&, — 0and x', — & € A as n — 4oo. If for every 1 <i < j <K, we have
| —x£| B

limsup —~

n—r—+o0 &n
and if for every 1 <i <K,

.. i
lgi?f”en (x,) >0,

then

>

liminfe,> g, (ug,) > Y € ().

n——+oo

I
_

1

After establishing this estimate from below, it is then shown that there does, in
fact, exist a sequence (x;),en C R? satisfying the assumptions of the previous lemma.
Namely, using the definition of the penalisation and the positivity of ug, the following
result is established.

Lemma 7.8. It holds that

1

|t || =) > (KV0) 7T

7.1.4 Concentration and existence of solutions to original problem

With these results in place, it is possible to prove a first concentration result. The
proof of each of the statements in the following lemma rely on contradiction argu-
ments in which the energy of the solution is estimated from below using the assump-
tion infycp V(x) < infcgpn V(x) and Lemma 7.7. Ultimately a contradiction is found

with the upper estimate of the critical level obtained in Lemma 7.3.

Lemma 7.9. Let (x¢)e~0 C A be such that

liminfug (xg) > 0.
e—0
Then,
(l) 11m8_>() V (.xS) - infxeA V(x),
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(ii) liminf,_,odist(xg,dA) >0,

(iii) for every 6 > 0, there exists €y > 0 and R > 0 such that, for every € € (0, &),

| tte || L=(A\B(x eR)) < O-

Using this lemma, the assumption on the potential V and the maximum principle,
it is then shown that u% < kVu, in R*\ A and so g(x,u¢) = ub in R?\ A. Namely, the
solution ug to the penalised problem (7.3) is, in fact, a solution to the original problem

(7.2). This is summarised in the following result.

Lemma 7.10. Assume that 'V is a continuous potential bounded away from zero and
that A C R? is a bounded open set satisfying

Vo= inf V(x) < inf V(x).
V=V = BV

Then, there exist €y > 0 such that for every 0 < € < &, problem (7.2) has at least one
positive solution ue € H' (R3) NC>%(RR3).

Regularity estimates are then used to improve Lemma 7.4 and show that the
rescaled solutions converge to a solution of the limiting equation (7.4), giving the

limiting profile of the solutions u.

Lemma 7.11. Suppose that the assumptions of Lemma 7.10 are satisfied and assume
furthermore that V is locally Holder continuous in A. Let ug be the positive solution
of (71.2) found in that lemma and let (€,),cny C RT and (x,)nen C R3 be sequences
such that €, — 0 and x,, — X as n — +oo. Set

Vi (X) == ug, (X5 + €2X).

Then, there exists v € H'(R?) N C?(R3) such that, up to a subsequence, v, — v in
C2%(R3). In fact, v solves (1.4) with a = V (%).

loc

Next, using the fact that u2 < kVu, in R3 \ A, it is shown that if x; is a local max-

imum of ug, then x¢ € A. Using Lemma 7.9 and the non-degeneracy of the maximum
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of v (Lemma 7.2), an argument by contradiction shows that u, has exactly one maxi-

mum. Namely, the following result is obtained.

Lemma 7.12. Suppose that the assumptions of Lemma 7.10 are satisfied and assume
furthermore that V is locally Hélder continuous in A. Let ug be the positive solution
of (7.2) found in that lemma. Then, there exists & > 0 such that for every 0 < € < &,

ug has exactly one local, and hence global, maximum x¢ € A.

Finally, Theorem 7.1 is the consequence of combining Lemma 7.9, 7.10, 7.11 and
7.12.

7.2 Preliminaries for nonlinear Schrodinger-Poisson system

In this section, we will introduce the penalisation scheme for the nonlinear Schrodinger-
Poisson system, and then we will discuss in more detail how we aim to adapt the
method of del Pino and Felmer [30] in order to prove Conjecture 7.1. We will see that
although we would like to mimic the technique discussed in the previous section, it is
not directly applicable in the case of the nonlinear Schrodinger-Poisson system due to

a major obstacle; namely, a lack of direct relation with the limiting problem.

7.2.1 Penalised problem

We will first define the penalisation and its properties. Assume there exists a bounded

open set A C R? satisfying
p(xp) = inf p(x) < inf p(x).
XEA

XEIA

Fix k € (0, %) Define the penalised nonlinearity g : R? x RT — R¥ as

g(x,s) = xa(x)s? + (1 — xa(x)) min{ks,s”}, (7.5)

and set
)
G(x,s) ::/ g(x,0)do.
0

We note that g is a Carathéodory function which satisfies:
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1 X,§) =o(s)ass — uniformly 1n compact subsets o ,
(g1)  glx.s)=o(s) 0" uniformly in compact subsets of R
(g2) there exists A € (1,5) such that limy_, . & (;C,{S) =0,
(g3) (H)O0<(p+1)G(x,s) < g(x,s)sforall x € A, s >0,

(i) 0 < 2G(x,s) < g(x,s)s < ks forall x € A, s > 0,

(g4) the function s @ in non-decreasing in R.

With these definitions in place, we can now work with the penalised problem

—&2Au+u+p(x)pu = g(x,u), x €R3,
{ —A¢ = p(x)u?, x € R3. (7:6)
Using the explicit representation
the system (7.6) reduces to solving the equation
—&2Au+u+p(x)pu=g(x,u). (7.7)

Weak solutions of this equation are critical points of the functional Jg : E¢(R?) — R

given by

Je(u) ::%/M(ezwulz—l—uz)—k%/R3p¢uu2—/R3G(x,u). (7.8)

Here, the space E¢(R?) = E¢ is defined as

Ee(R?) := {u e D"*(R?) : ||u||g, < +oo},

where

ull3, = /R3(82|Vu|2+u2)dx—l— (/RS /R3 () ()u* (y)p () dxdy> 1/2.

lx—y|

For what follows, we will also need to define
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2 . 2 2 2
lull, .:/Rs(e Va2 + 1) dv.

Assumptions (g>) and (g3) imply that Je is well-defined and Je € C!(Eg,R).

7.2.2 Limit problem

We now introduce the associated limit problem, namely,

—Au+u=ulPlu, xc Rz (7.9)

u>0, xe R,
whose solutions have been classified by Kwong [41].
Remark 7.1. The limiting equation is identified by using the scaling

. X0
ug() =u ( - )
in the Schrodinger-Poisson system (7.1). Formally, one obtains the equation
2
)
—Au+u+€e*p(ex+xp) (/ ! (y)|p( y|+x0) dy> u=|ulPu, (7.10)
R3 xX=y

which becomes (7.9) as € — 0.

Remark 7.2. Due to the nature of our problem, namely due to the €* that appears in
front of the Poisson term in (7.10), we lose all information on p in the limiting equa-
tion. This is in stark contrast to the case of the nonlinear Schrodinger equation, in
which the limiting problem, ground energy function and concentration function have

a direct relation with the limit of the rescaled potential V (€x+ xg).

Weak solutions of the limit problem (7.9) are critical points of the functional 7 :
H'(R?) — R given by

1 1
1) = E/R%(|Vu|2—i—u2) _E/Rs P+, (7.11)

119



It is standard to characterise the energy level of ground state solutions of (7.9) by

c= inl£ max 1(y(z)), (7.12)

where I is the family of paths

= {yec([0,1],H" (R%)): y(0) = 0, 1((1)) < 0}.

7.2.3 Perturbed penalised and associated limit problem

For p € (2,3), it will be useful to define a perturbation of the penalised problem (7.6),

namely
—&2Au+u+p(x)pu = pug(x,u), xeR3 pe [%,1}, (7.13)
—A¢ = p(x)u?, x €R3, .
which reduces to solving
1
—&* Au+u+p(x)pu = ug(x,u), e {5, 1] , (7.14)

RAp)
with @, (x) == [gs %”_(yy‘) dy. Weak solutions of this equation are critical points of the

functional Jg ;, : E — R given by

1 1 1
Jeu(u) :=—/ <82|vu|2+u2>+_/ p%uz—u/ G(x,u), ue{—,l]- (7.15)
2 R3 4 R3 R3 2

For each 1 € [, 1], the associated perturbed limit problem is

{ —Autu=pluPlu, xeR3 (7.16)

u>0, xeR3.

Weak solutions of this limit problem are critical points of the functional 1, : H!(R?) —
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R given by

Iy (u) = ;/R (|Vul* +u?) — / P pe B 1} (7.17)

7.2.4 Outline of the proposed method and associated difficulties

Inspired by the approach of del Pino and Felmer [30] and with the aim to obtain Con-
jecture 7.1, for p € [3,5), we first prove that for each € > 0 there exists a solution u to
the penalised problem (7.7) (Theorem 7.2). Our goal is to then study the asymptotic
behaviour of ue as € — 0. The first key ingredient of such study is a comparison of the
mountain pass level associated with the penalised problem (7.7) and the energy level
associated with the limit problem (7.9) for small €. Doing so gives an upper estimate
of the mountain pass level. We obtain a preliminary estimate of this type in Lemma
7.18, however it seems that due to the nature of our problem we need higher order

estimates. Namely, we obtain an estimate of the form

e 3 e (ue) <I(v)+o(1), (7.18)

where v solves the limit problem (7.9). However, following a personal communication
of Denis Bonheure [17], the ideal type of estimate that we need to obtain in order to

retain information on the minimum of p is

-3 ug) —1(v V2 (x)v?
e Jg(€2> I()Sipz“‘))/ﬂ@/ﬂ@wﬂm’ (7.19)

where v solves the limit problem (7.9) and p(xg) = infycp p(x). Thus, we can see

that we require the remainder terms on the right hand side of (7.18) to be of order g2,
Rescaling ug as ug(xe + €-) around a well-chosen family of points xg, the next step
is to show that the rescaled sequences are relatively compact for the uniform C!+¢
convergence over compact sets (Proposition 7.3). Using this, the aim is to then esti-
mate from below the energy of solution u, as a function of the number and location
of its local maxima. In the approach of del Pino and Felmer [30], estimates are ob-
tained inside and outside small balls and then such estimates are combined. Here, we

endeavour to obtain an estimate of the form

8_3Jg(l/tg> V

1
2 4_1 /]R* /]1%3 = y| +o(1), (7.20)
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where v solves the limit problem (7.9) and xe — & € A. However, we once again
face difficulties in mimicking the technique discussed for the nonlinear Schrodinger
equation due to the lack of direct relation between our concentration function (right
hand side of (7.20)) and the limit problem (7.9). Once obtained, the estimates from
above and below would then be used in a contradiction argument to show that, in fact,
Xe — xo Where p(xo) = infyep p(x). Namely, assuming by contradiction that x, — &
where p(xg) = infyep p(x) < p(§), then if (7.19) and (7.20) hold, it would follow that
as € — 0,

RIS I s y\
1
4

<p€// ,
R3 JR3 ’XY\

a contradiction. This would give a first concentration result. Finally, the asymptotic
estimates would then enable the application of the maximum/comparison principle to
show that u, are small outside A and actually solve the original problem (7.1) for €

small.

7.3 Initial results for nonlinear Schrodinger-Poisson system

In this section, we discuss the results that we have obtained thus far which, based on

the discussion in the previous section, should aid in proving Conjecture 7.1.

7.3.1 Existence of solutions to penalised problem

Using the properties of the penalisation, we first prove that the functional J¢ has the

Mountain-Pass Geometry for each € > 0.

Lemma 7.13. [Mountain-Pass Geometry for J. ] Suppose p € C(R?) is nonnegative
and p € (2,5]. Then, for each € > 0, it holds:

(i) Je(0) =0 and there exists constants r,a > 0 such that J¢(u) > a if ||u||g, = 7.

(ii) There exists v € E¢ with ||v||g, > r, such that J¢(v) < 0.
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Proof. To prove (i), we first note that by (g3) and the Sobolev inequality, for all
u € E¢, it holds that

_l 2 2 2 l 2 o
Je(u) = 2/}}{3(8 |Vu|*+u )+4/R3p¢uu /AG(x,u) /R3\AG(x,u)

1 2 2 2 1/ 2 1 / 1 1/ 2

> — e lVulr +u) + - o ——— [ uPtt—— Ku
Y G R N W AL

1-x 2 1/ 2 1 / +1
> u + - - — — ul? 7.21
> (455 )iy g [ poai = [ (7.21)

1-x 2 1 2 p+1
> (155 )i+ 5 [ poa—clully”

for some C > 0. Using the definition of the norm in E¢ and following the arguments
of Lemma 4.1 we can show that the origin is a strict local minimum for J; in E¢ if
p € [2,5].

To show (ii), we pick u € C!(R?)\ {0}, supported in A. Setting v;(x) := t?u(tx),
with # > 0, we argue as in Lemma 4.1 to show Jg(v;) — —e0 as t — 4o if p € (2,5].
This concludes the proof. [

We now define the min-max level associated with J, as

Ce i= ;glfstrggﬁ] Je(y(1)), (7.22)

where I'¢ is the family of paths

Te :={y e C([0,1], E¢) : v(0) = 0, Je((1)) < 0}.

The previous lemma gives us the existence of a Palais-Smale sequence for J; at the
level c.. That is, there exists a sequence (u,),en C Ee such that Je(u,) — ¢¢ and
Ji(un) — 0. For large p, the boundedness of such Palais-Smale sequences follows

relatively straightforwardly. Namely, we have the following result.

Lemma 7.14. Suppose p € C(R?) is nonnegative, p € [3,5), and (u,)nen C Ee(R?)
is a Palais-Smale sequence for Je. Then, (uy)nen is bounded in E¢(R?).
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Proof. Assume (u,)neny C Ee(R?) is a Palais-Smale sequence for Je. Then,

o+ 03etn) i) ) = (25 ) [ @9 i)+ (22) [ ouiip

+/ (g(x,un)uy — (p+1)G(x,uy)) . (7.23)
R3

Using the definition of g and property (g3), we find that

/ (8t — (p+ 1) G, 10)) > / (8, t)itn — (p+ 1)Glx, 1)
RS

R3\A
> (—p+1) / G, 100)
R3\A

— 1
>PT K/ u
2 R3\A

—p+1
> Z i a7 (7.24)

Putting (7.23) and (7.24) together, and using the fact that (uy,),cn is a Palais-Smale

sequence, we obtain

C+0(1)||”n‘|Ea > (p+ I)JS(”H) _Jz/-:(”n)(”n)
p—1 p—3
> (P50 ) a-wlwliy+ (272) [ o 29

For convenience, we now set

an = ||”n||Hga

and
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We then assume, by contradiction, ||uy||g, — 4o, and note that this can occur in three

ways; namely

(1) an, by — oo,
(ii) a, bounded and b,, — oo,

(iii) a; — o0 and b,, bounded.

Thus, we need to find a contradiction in each of these three cases.

We first restrict to p > 3. If b,, — +oo, then it follows that b,% > by, for large n.
Hence, for large n, (7.25) can be written as

et olle, = min{ (24 ) (1 -0, (22) ] <||un||§,g ([ ¢unu%p)é>
—mind (220} (=00, (257) .

So, dividing by ||u,||g, and letting n — +oo, we have reached a contradiction in case
(i) and (ii). If @, — +o0 and b, is bounded, then, for large n, this implies

|ltnl | ~ an.

Combining this with (7.25), we find that, for large n,

c+o(1)a, > min{ (1%1) (1—x), <p4i)} <\|unHi,sl +/RS %mﬁp)
o (50 (52)

Thus, dividing by a, and letting n — +oo, we have reached a contradiction in case
(iii). Therefore, since we have reached a contradiction in each possible case, we have

shown that if p > 3, then (u,),c is bounded in Eg.
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We now consider p = 3. Once again, we need to find a contradiction in each of
the three cases. We first notice that since u,, is a Palais-Smale sequence for J¢ and by

property (g3) and the Sobolev inequality, it holds that

CZJS(Mn)
“levin- [ G
BPACRIVECEN Sl

l-x 1
> (T) a+ b2 —Cal™!,

bz, (7.26)

which immediately yields a contradiction in case (if). In both remaining cases we

assume a, — +oo, and so, since p = 3, we can see from (7.26) that, for large n,

b, < a2 (7.27)

~Y

We also notice that since p = 3, (7.25) becomes

c+o(1)||un||g, > (1—;<)||un||§1§. (7.28)

1
Now, dividing both sides of this inequality by |[un||g, = (a2 +b,)?, we obtain

a2

(1- 1) —H = o(1),
(a%+bn)2

or equivalently

(1-x)*




Hence, we find that, for large n,

b, > a’

n?

immediately yielding a contradiction in case (iii). Otherwise, by combining the pre-

vious inequality with (7.27), we obtain, for large n,

4 2
a, Sjanv

a contradiction in case (i). Therefore, we have reached a contradiction in each pos-
sible case, and so we have shown that if p = 3, then (u,),cn is bounded in E¢. This

completes the proof. ]

We note that the previous result only holds for p € [3,5). When p € (2,3) we
can recover the boundedness of Palais Smale sequences associated with the perturbed
energy functional Jg , for almost every u € [4,1]. We will first need the following

preliminary result.

Lemma 7.15. [Mountain-Pass Geometry for J; , | Suppose p € C (R3) is nonnega-
tive and p € (2,5]. Then, for each € > 0 and each pL € [%, 1}, it holds:

(i) Jeu(0) = 0 and there exists constants r,a > 0 such that Jg y, (1) > a if ||ul|g, = r.

(ii) There exists v € E¢ with ||v||g, > 1, such that Jg ;,(v) < 0.

Proof. The proof follows similarly to that of Lemma 7.13. ]

The previous lemma, as well as the monotonicity of Jg ;, with respect to u, imply
that for each € > 0, there exists v € E¢ \ {0} such that

Jeu(V) <Jg. 5

D=

(7)<0, Vue [1,1} |

Thus, for each € > 0, we can define the min-max level associated with J¢ , as

‘— inf J, 1), 7.29
Ce ylélfez?ﬁ’ﬁ en(Y(1)) (7.29)
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where I¢ is the family of paths
Ie = {y € C([0,1], E¢) : ¥(0) = 0, ¥(1) = 7}.

Applying Lemma 4.2, it follows that for each € > 0 and for almost every u € [%, 1},
there exists a bounded Palais-Smale sequence for J¢ ; at the level cg . That is, for

every fixed € > 0, we can define the following dense set of [%, 1} ,

1
Mg = { ue [5’ 1] : 3 bounded Palais-Smale sequence

for Je , at the level c¢ g } (7.30)

Using the results we have obtained thus far, we can now obtain existence to the pe-
nalised problem for each € > 0 if p € [3,5) and existence to the perturbed penalised
problem for each € > 0 and each u € .#; if p € (2,3).

Theorem 7.2. Suppose p € C(R?) is nonnegative. If p € (2,3), then for each € > 0
and each | € M, there exists a solution (ug 1, Py, ) € E:(R?) x D'2(R?) of (7.13),
whose components are nonnegative functions, such that ug y, is a critical point of Je
at level ce . If p € [3,5), then for each € > 0, there exists a solution (ug,@y,) €
E¢(R?) x D12(R?) of (7.6), whose components are positive functions, such that ue is

a critical point of J¢ at level ce.

Before completing the proof of this theorem, we will need two preliminary lem-
mas. These results are known in the case E(R?) is compactly embedded in LPT!(R?),
so here we will only highlight the parts of the proof where the penalisation replaces

the role of this embedding.

Lemma 7.16. Suppose p € C(R3) is nonnegative. Let (u,)nen be a bounded Palais-
Smale sequence for Jg , with L € [%, 1}, such that, up to a subsequence, u, — u in
E¢(R?). Then, for every § > 0, there exists a ball B C R? such that
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(i) limsup [ @yup <6,

n—+e JR3\B
(i) limsup/ ut < 8,
n—+eo JR3\B
(iii)  limsup Ou, unup| < 6.

n—+oo | JR3\B

Proof. Consider a smooth function &(r) such that £(r) = 1 on [2,4oc0) and & (r) =0
on [0, 1]. Define

Ne(x) =& <w> _

Since (upn)nen is a bounded Palais-Smale sequence for Je y, arguing as in Lemma 16
in [19], it holds that

o(1) = Jg p, (un) (unMg)
2 2 2 2 o 1
Z/ €°|Vuy| nR+/ ”nnR+/ Qu, UnP MR U/ g(x7”n)”nnR+0(_>-
R3 R3 R3 R3 R

We note that we can take R large enough so that ng = 0 on A, and so, from the

definition of g and the previous equation, it follows that, for R large,

1
o) = [ evulnet [ (1-uxrines [ ouionero().
R3 R3 R3 R

Since all of the terms are nonnegative, taking B := {x € R3 : |x| < ¢*R} with R large
enough, the previous inequality yields both (i) and (ii). The proof of (iii) follows as
in Lemma 16 (b) in [19]. O

Lemma 7.17. Suppose p € C(R?) is nonnegative. Let (uy,),cn be a bounded Palais-
Smale sequence for Jg y,, with L € [%, 1}, such that, up to a subsequence, u, — u in

Ee¢ (R3). Then, passing if necessary to another subsequence, it holds that
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2 2
e 2 = N2

Proof. We first note that since (uy),cn is a Palais-Smale sequence and u, — u in
E¢(R?), it follows that

o(1) = T, (un) (un — )

2 2
= [unl By — [l 3 + (1)

+/ (Punun(un—u)p—u/ 26, 1) (1t — ). (7.31)
R3 R3

Using Lemma 7.16, we can argue as in Lemma 18 in [19], to show
/3¢unun(un—u)p =o(1), (7.32)
R
and so it remains only to prove

[.L/R3g(x,un)(un—u) =o(1). (7.33)

To do so, let § > 0 be arbitrary. By Lemma 7.16 (ii), we can choose B C R? large

enough so that it contains A and, for large enough n,

S/ Kty |ty — u|
R3\B

1 1

2 2
(L) (o)
R3\B R3\B

< 6. (7.34)

L8t

Now, since (u,)nen is bounded, then by Rellich Theorem, up to a subsequence u,, — u
+1
in LP*1(A). So, on A, we have that |g(x,u,)| < g(x) for some g € L (A). Thus,

130



using the Dominated Convergence Theorem, it follows that

ptl # 1 ﬁ
< (/ g (x,un)| 7 ) (/ !w—ul”) —0. (7.35)
A A

Similarly, by Rellich Theorem, up to a subsequence u, — u in L?(B\ A), and so again

/A (5, t0) (1 — )

using the Dominated Convergence Theorem, we have

1

g(/ !g(x,umz) (/ \un—uP) 0. (736)
B\A B\A

Since & > 0 was arbitrary, putting together (7.34), (7.35) and (7.36), we have proved

/ om0

(7.33), and therefore, we have shown H”"H%Ig — HuH%{é 0

We are now in position to complete the proof of Theorem 7.2.

Proof of Theorem 7.2. For p € (2,3), we follow the ideas of Theorem 4.2 Claim 1.
First, fix € > 0 and u € .#;. By definition, there exists a bounded sequence (u,),en C
E¢(R?) such that Jg ; (uy) — cey and Jgp(tn) = 0 as n — 4oo. Since (un)nen is
bounded, there exists u € E¢(IR?) such that, up to a subsequence u,, — u in E¢(R?) as

n — +oo. We will show

(1)) Jeu(un) = Jeu(u),

(ii) Jg(u)=0.

To prove (i), we first note that by Lemma 7.17, it holds that

2 2
[etn [y = (el -

Moreover, using Lemma 7.16 and the boundedness of (u,),cN, We can argue as in the

proof of Theorem 1 in [19], to show that
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/ P Pu tnp — / p b’
R3 R3

It therefore remains to show that

,u/3G(x,un) —>,u/ G(x,u). (7.37)
R

R3

To do so, we let 0 > 0 be arbitrary. Then, we can choose B C R3 containing A and
large enough so that, arguing as in the proof of the previous lemma and using property
(g3), the compact embeddings E¢ << LI(A) forall ¢ € [1,6) and E¢ << L*(B\ A),

the Dominated Convergence Theorem and Lemma 7.16 (i), we can show that

/]12{3 G(x,up) — G(x,u) /AG(X,Mn)—G(x,u) .

/ G(x,u) — G(x,u)
B\A

+

/ G(x,uy) — G(x,u)
R3\B

<0,

for large n. Since 6 > 0 was arbitrary, it follows that (7.37) holds and so we have
proved (i). The proof of (ii) is standard using the weak convergence and similar
splitting arguments as we have used above and in the proof of the previous lemma.
Therefore, by (i) and (ii), for each € > 0 and u € .#,, we have shown the existence
of a solution to (7.13), which we denote by (e 1, P, ,) € E:(R3) x D"?(R3) to rep-

resent the dependence on € and u. By the strong maximum principle, ug ; > 0.

When p € [3,5), we first fix € > 0. By Lemma 7.13, there exists a Palais-Smale
sequence for J; at the level c.. That is, there exists a sequence (uy),cn C Eg such that
Je(un) — ce and J;(u,) — 0. By Lemma 7.14, it follows that (u,),cn is bounded in
E¢(R3). Thus, up to a subsequence, u, — u in E¢(R>). Now, setting u = 1, we notice
that Jg 1 = Je, and so both Lemma 7.16 and Lemma 7.17 hold with Jg 1 replaced by

Je. Therefore, we can argue exactly as in the case p € (2,3), to show

(@) Je(un) = Je(u),
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yielding a solution to (7.6), which we denote by (ug,¢,,) € E¢(R?) x D'(R?) to
represent the dependence on €. By the strong maximum principle, ue > 0. This

concludes the proof. [

Remark 7.3. For p € (2,3), the idea will be to prove that each of the results that we
obtain are independent of |, with the ultimate goal to show that, for sufficiently small
g, there exists a family of solutions (ug y, Que., u) of the perturbed Schrodinger-Poisson

system

—82Au+u—|—p(x)¢u=u|ufp_lu, XER37 ue [%51}7
—Ap = p(x)u?, x € R3.

For each € > 0 small enough, we would then take (U,),cn an increasing sequence
in Mg such that u, — 1, and follow the ideas of Theorem 4.2 Claim 2 to show that
Ug i, — Ug Where (ug, Qu,) is a solution of (7.1). In what is to follow, however, we

only consider the case p € [3,5).

7.3.2 Asymptotics of solutions to penalised problem

Now that we have established the existence of solutions to the penalised problem, the
next step is to study the asymptotic behaviour of such solutions as € — 0. The follow-

ing lemma gives a preliminary upper estimate of the mountain pass level c.

Lemma 7.18. Suppose p € C(R3) is nonnegative and p € [3,5). Then, for € suffi-
ciently small, it holds that

ce < 83(E—|—0(1)),
where c¢ is defined in (7.22) and ¢ is defined in (7.12).

Proof. We first note that, by definition of infimum, for all 6 > 0, we can choose a
continuous path s € I" such that
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¢ = inf max I(y(r)) < max I(ys(t)) < ¢+ 0.
yel't€[0,1] t€[0,1]

Let xo € A be such that p(xo) = inf,c p(x). Define a cut-off function n € C(R3,[0,1])

such that

1n(x) = 1 for all x in a neighborhood of xo,
n(x) =0 for all x € R3\ A,
V[ = (m3) < C for some C > 0,

and consider the path

7o) x ) (50 (52 )

By a change of variables, and using the fact that y5(¢) € H' (R?), we find that

L &0 + (00 P)ds

[ ’75 Dn(ey30)+ LT E0IME+0)| o
+e / (75 (1) (7)) n (€Y +x0)[* dy

=& [ 1600 PIvntey+0) Py
+2¢ [ (6(00))Vn(er-+30) (V00D ey +30)d

+& [ IVO0Pnter+ 0
‘e / 1%5(0))In (ev+x0) 2y
=& [ (9500)F + 00 (e +x0)F - 1)

+8 [ (VBOOP+1BO0PD+ole) @39)
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Now, let § > 0 be arbitrary. Since y5(t) € H'(R?), there exists a compact set contain-

ing xq such that

| O

/3 (Vs ()0 + 175 (0)0)1P) (I (ey +x0) > — 1) d

Moreover, since |1](€y+x0)|* — 1 converges uniformly to 0 on K as € — 0, there exists
&9 > 0 such that for all € < & it holds that

| O

/ (IV3(0)0) P+ 1150 0)P)(n ey +x0) — 1)d

Therefore, combining the previous two inequalities and (7.38), we have shown that

for all € < &,
/ (€219 75() () + (75 (1) (0) Py dr = €7 /R (VB00)P + 10 ()P dy+ofe?)

We now focus on the Poisson term. Making the change of variables x — €x’ 4 xo and
y — €y’ +x, we obtain

/ / (7s(t p(x) (¥ (1) (y )>2p(y>dxdy
R3 JRR3 ’X y|
(n(ex' +x0))*(15(1) (") *(n (&Y +x0))* ' dy/

(vs(
< w0
€ ||p||L / / |x _y/|

=o(&’

by the Hardy-Littlewood-Sobolev inequality since ¥5(¢) € H'!(R?). Finally, arguing

similarly, since 7 = 0 on R\ A we see that

)

[ emsoeac= i [ neo (w0 (%5
p+1/ [n(ey+x0) (¥ (1) ()] dy

Y5 () ())P " dy +o(€?).

P+1 R3
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Thus, for € > 0 small enough, we have

3
eBs0) <€ [ (VIOP+ 0Py~ [ 60 dy-role)
= £(35(0)) + o)

It follows that for € > 0 small enough, ¥5 belongs to the class of paths I'c. Therefore,

— inf
Ce Jé‘rg,lé‘ﬁ’ﬁjs(y(”)

< Je(7
< max e(¥5(2))

< max &1(15(t)) +o()
t€[0,1]

<&(E+8)+o(e),
and so, since 0 > 0 is arbitrary, we have

ce <€ (¢+o(1)) ase—0.

]

As a consequence of the previous result, the following estimates on the H! norm

of the solutions and on the Poisson term can be established.

Corollary 7.2. Suppose p € C(R?) is nonnegative. Let us C E¢ be the sequence of
positive solutions to (7.7) found in Theorem 7.2. For all p € [3,5), it holds

||”8H§1b; <ce’,

Furthermore, for all p € (3,5), it holds

[ IVouPar<ce
R3
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for some C > 0.

Proof. Using the result of the previous theorem, we see that

(p+1)ce
(P+ 1)J£(ue) J

p_
= 2 el + 25 / |v¢u£|2

+ / (srue)ue— (p+ 1)Glrue).  (1.39)
]R3

e(p+1)(E+o(1)) >

By (g3), we have that

/ (8(r.ue)ue — (p+ )G (x,ue)) > —(p—1) / G, )
R3 R3\A

> —(p— 1)/ 2
2 R3\A

v

(7.40)

Hence, putting (7.39) and (7.40) together, we have
_ p—1 p—3
&+ e+ o(1) 2 P el + 7 [ 190
4 € 4 R3

and so we have shown that for € > 0 small enough, it holds

4(p+1)c_
2 3
u < —"—¢
|| 8||H£1 = 1 ’

and

4 1)c
/ ’V¢Ms‘2dX< <p+ )683'

2This is the only point in which we use the restriction p > 3.
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This concludes the proof. [

As in the case of the nonlinear Schrodinger equation, it is natural to rescale the so-
lutions u¢ as ug (xe + €-) around a well chosen family of points x¢. A crucial step is to
observe that such sequences are relatively compact for the uniform C'**-convergence
of compact sets. This requires much more delicate regularity and bootstrap arguments
in the case of the nonlinear Schrodinger-Poisson system, provided in the proof of the

following proposition.

Proposition 7.3. Suppose p € C(R?) is nonnegative and p € [3,5). Let (€,),eny C RT
and (x,)neny C R be sequences such that &, — 0 and x, — x* € A as n — +oo. Assume
ug, C Eg, is the sequence of positive solutions to (7.7) found in Theorem 7.2 and define
Vn(x) == ttg, (X, + €,x). Then, v, is positive and there exists v € H' (R3) such that, up
to a subsequence,

Vv, —vin C17a(R3).

loc

Proof. Since ug, solves (7.7), it follows that v, solves

—Av, = —vy, — p(xn + €.%) O (x) vy + g (X0 + Exx, V), (7.41)

where

2
B1(1) = Guy, (1 + €4) = £ ( [ e |<_ : ’eny>) |

and
8(xn + €0, vn) = XA (X + €20)VE + (1 — YA (x5 + €4x)) min{ kv, v}

We first note that by Corollary 7.2, we have that v, is uniformly bounded in H'(R?).
We then notice that since x, — x* € A, then for any x € K, where K C R3 is some
fixed compact set, and for n large enough, it holds that x,, + &,x € B, where B is some
ball such that A C B. So, for n large,
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1

3
& {/Kvgm(xnirenx)} < &2l |-l 26 )
< Ceyllpll=(s) || VVal lF2 o)

< CS}%‘ |pHL°°(B)HVn| |12-11(]R3)

S CKE,%,

and thus €2v2p(x, + &,x) is uniformly bounded in L} (R%). It follows that ¢, is

uniformly bounded in C};%
(see e.g. [42, p. 260]; [1, p. 11]). Hence, p(x, + €:x)@,(x) is uniformly bounded

in Ly (R?) since by assumption p € L7 (R?) and x, — x* € A. So, looking at the

loc

(R?) and consequently, is uniformly bounded in L (R?)

right-hand side of (7.41), on any compact set K, we have that

—Vn— p(xn + gnx)q)n(x)vn +g(xn + &nx, Vn)l < (1 + p(xn + gnx>q3n(x))vn + fol’
< Cx(vn+0). (7.42)

We now use a bootstrap argument. From Corollary 7.2 and the Sobolev inequality it
holds that v, is uniformly bounded in LY(B(0,R)) for all g € [1,6], and so from (7.42)
we have that the right-hand side of (7.41) is uniformly bounded in Ly (B(O,R)) for
any R > 0. It then follows that v, is uniformly bounded in w2 (B(0,R)) (see e.g. p.
235 1in [35]). We have three cases:

(i) If 1 > 3 (namely, p € [3,4)), then
W25 (B(0,R)) c C**(BO,R)), a<2— g,

and so v, is is uniformly bounded in L*(B(0,R)). Therefore, using this and
(7.42) it follows that the right-hand side of (7.41) is uniformly bounded in
L*(B(0,R)), which implies that v, is uniformly bounded in C'"*(B(0,R)).

(ii) If % =3 (namely, p = 4), then

W25 (B(0,R)) C LYB(O,R)), Vg€ [1,+o).
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Using this and (7.42) we have that the right-hand side of (7.41) is uniformly
bounded in L7 (B(0,R)), where ¢’ = % € [1,+o0). It follows that v, is uniformly
bounded in W24 (B(0,R)) for all ¢’ € [1,oo).

(iii) If p € (4,5), then

W25 (B(0,R)) C LY(B(O,R)), Vqe [1,1%4} .

Using this and (7 42) we have that the right-hand side of (7.41) is uniformly
bounded in Lt J(B(0,R)). It follows that v, is uniformly bounded in
W (B(0,R)).

In cases (i) and (if), namely for p € [3,4], we are done. In case (iii), namely if
p € (4,5), we go through a second iteration of this process and again find three cases
depending on the value of p:

1) If > 3 (namely, p € (4,2 + V/8 &~ 4.83), then

2

W (B(0,R))  C““(BO.R)), a<2-PP=Y

2
As in (i), we can show v, is uniformly bounded in C'**(B(0,R)).
(ii") If 2% = 3 (namely, p = 2 ++/8 ~ 4.83), then

W20 (B(0,R)) C LY(B(0,R)), Vq € [1,+o0).

As in (ii), it follows that v, is uniformly bounded in W24 (B(0,R)) for all

q €[1,+).
(iii”) If 7 < 3 (namely, p € (2++/8 ~ 4.83,5)), then
Wz’l’<l’6*4) (B(O,R)) C L1(B(0,R)), Vqe€ {1, L] )
p(p—4)—4
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Using this and (7.42) we have that the right-hand side of (7.41) is uniformly
6
bounded in LrPr—49-4(B(0,R)). It follows that v, is uniformly bounded in
6
W94 (B(0, R)).

Again, in cases (/') and (ii’), namely for p € [3,2++/8 &~ 4.83], we are done. In case
(iii'), namely if p € (2+ V8 &~ 4.83, 5), a third iteration of this process reveals, once
again, three cases depending on the value of p. Continuing to iterate this process, we

find that at the n™™ iteration, the third case does not occur for all p such that

%23, ifn=1

For each n > 1, this can be rewritten as
n—1

pn_42pl§07
i=0

namely,

Solving this inequality for n, we find that this condition is equivalent to

(%)
n> W

So, for fixed p € [3,5) we find that the third case does not occur after the n™ iteration,

where

Therefore, we have shown that for any p € [3,5), we are done after a finite number of
steps depending on p. Now, since v, in uniformly bounded in H'(R?) by Corollary
7.2, then up to a subsequence v, — v, for some v € H 1 (R3). Hence, using the result of

our bootstrap argument and Morrey estimates, we have that v, — v in C'"*(B(0,R))
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for every R > 0. By a diagonal argument, it follows that, up to a subsequence, v,, — v
in Cl1 O’g (R3). Finally, applying the strong maximum principle, we have that v, is

positive. ]

Remark 7.4. An alternative way to conclude the bootstrap argument is as follows.
After the first iteration, if we are in case (iii), it holds that vﬁ,’fl is uniformly bounded
in L%+5(B((),R))f0r some 8 >0, where (p—1) (% +8) < %. Note that it is possible
to choose such a 8 since

6 3(p—1)_ —3p(p-5)

_ — 0
—4 2 2p—4)

for p € (4,5). Multiplying and dividing by 1+ v,, we can rewrite (7.41) as

—Av, = ap + a,vy,

where

a4 = —Vn— p(xfl + Snx)q)n(x)vn +g<xn + &nx, Vn)
n- T +v, .

Using (7.42), we can see that

jan] < C(L+VEY),

and so ay is uniformly bounded in L3+9 (B(0,R)). From the Harnack inequality (see
e.g. [54, p. 163]), it follows that

sup v, < C< inf vn+K(R)> ,
B(O,R) B(0,2R)

with C and K(R) depending only on 8, R, and ||ay||
Corollary 7.2 it holds that

L%“S(B(OAR))' Using this and

sup vg <(C /vg < (G,
B(O,R) B

with B(0,R) C B. Therefore, it follows that v, is uniformly bounded in L (B(0,R)),
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and we are done.

Corollary 7.4. Suppose p € C(R?) is nonnegative and p € [3,5). Let (€;,),en C R
and (x,)nen C R? be sequences such that €, — 0, x, — x* € A as n — oo, and

lﬁﬂi‘;f"‘gn (xn) >0,

where ug, C Eg, is the sequence of positive solutions to (7.7) found in Theorem 7.2.
Define v, (x) == ug, (x, + &x) and let v € H' (R?) be the strong Clloix (R3) limit found

in Proposition 7.3. Then, v is a positive weak solution to the equation

—Av+v=x(x)’+ (1 —x(x)) min{xv,v"}, (7.43)
where X is a measurable function satisfying 0 < y(x) < 1.

Proof. By Proposition 7.3, we have that, up to a subsequence,

Vv, — vin Cllo’f‘(R3).

Moreover, since A is smooth, up to a subsequence, ya(x, + €,x) converges almost
everywhere to a measurable function x satisfying 0 < y(x) < 1. Thus, taking the
limit n — +oo in the weak formulation of (7.41), it follows that v is a weak solution

to the equation

—Av+v = x(x)v’+ (1 —x(x)) min{xv,v"}.

By assumption, we have that

v(0) = lim v, (0) = li_r)n ug, (x,) >0,
n—roo

n—yoo

and so it follows that v is nontrivial, and, in fact, positive by the strong maximum

principle. O

In the next result, we show that there does, in fact, exist a sequence (x,),en C R3

satisfying the assumptions of the previous corollary.
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Lemma 7.19. Suppose p € C(R?) is nonnegative and p € [3,5). Let uz C E¢ be the
sequence of positive solutions to (7.7) found in Theorem 7.2. Then, it holds that

where K > 0 is as in (7.5).

1
Proof. Assume by contradiction, that us < k-1 in A. Then, for all x € A,

g(x7 uE) = upil “Ug S Kug,

and, moreover, for all x ¢ A

g(x, ug) = min{Kug, ug} < Kug.

Thus, for all x € R3, it holds that

0= —&*Aug + ug + P (x) Py ue — g(x,ue)
> —82Aue +ue — g(X7 us)
> —&Aue + (1 — K)ug

Multiplying the previous inequality by u, and integrating, we obtain
/ (2 Vel + (1 — k)i) <0,
R3

contradicting the positivity of ug. This completes the proof. ]

7.3.3 Further properties of rescaled solutions

In this section we establish some properties of the rescaled solutions v,,. Since we can-

not directly apply the technique we discussed for the nonlinear Schrédinger equation
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in Section 7.1 in order to obtain a lower estimate of €, 3J(u¢), we expect that having
further information on the rescaled solutions will aid us in adapting the method to
our problem. Going forward, we would like to use these properties to obtain a lower
estimate similar to (7.20). We first state a result on the pointwise decay of the rescaled

solutions, which we will need for the subsequent theorem.

Lemma 7.20. Suppose p € C(R3) is nonnegative and p € [3,5). Let (€)peny C RT
and (X, )pen C R3 be sequences such that €, — 0 and x, — x* € A as n— +oo. Assume
ug, C Eg, is the sequence of positive solutions to (7.7) found in Theorem 7.2 and
define vy(x) == ug, (xn + €,x). Then, for every A >0 and § € (0,1), there exists C > 0,
possibly depending on n, such that

va(x) < CeMI+RD°,

Proof. We note that v, satisfies (7.41), which we can rewrite as

2
Vn(Y)P(xn‘any))} p, = 8(Xn + X, V)

v
3 A4Axm|x—y| vl "

—Av, + 1+£,fp(x,,+£nx) (/
R

By definition, it holds that g(x, + &,x,v,) < v}, and so

g(xn + &nx, Vn) <1

vﬁ -

Moreover,

2
&
liminf 1+€3p(xn+€nx) (/ Vn(y)p(xn+ ny)):| |x|2—26 > |x|2—25 > 127
x| —-+eo R Amlx—y|

for any A > 0 and & € (0,1). Thus, the conclusion follows from Theorem 8 (ii) in
[21]. [

Next, using the previous result and the bounds established in Corollary 7.2, we
find a uniform L™ bound on the rescaled solutions. We note that, at this point, we can

only prove the following theorem under the additional assumption that p € L”(R?),
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and so, in what follows, the space E¢, coincides with the larger space Hgln.

Theorem 7.3. Suppose p € C(R3) NL>(R?) is nonnegative and p € [3,5). Let
(&2)nen C RT and (x,)peny C R? be sequences such that €, — 0 and x, — x* € A as
n — +oo. Assume ug, C Hgln is the sequence of positive solutions to (7.7) found in The-
orem 7.2 and define vy(x) = ug, (Xn + €x). Then, it holds that sup,cy |[va||1=®3) <
o0,

Proof. We will argue by contradiction. Assume, to the contrary, that there exists a
sequence (&py)men such that g, — 0 as m — o0, ug, solves (7.7) for each m, and it
holds

||Vm||L°°(R3) — +o0 as m — oo,

where vy, (x) = ug,, (X + €nx). Let

Oy, := Max vy, (O, —> 400 as m — +o0),

Bri=an” 2 (B Oasm— o).

Define

Vm(x) = aimvm(xm + Bmx)v

where X, is a global maximum point of v,,. We note that such a point exists because,
by regularity theory, v,, are solutions in the classical sense and, moreover, by Lemma
7.20, v, decays to zero for each m. Now, since ug, solves (7.7), then v, solves (7.41).

2
Multiplying this equation by g_’:,’ we obtain

2
— AV (X + Bmx)
O

_ a_m P (X + EnFn + EnBnX) Qug, (Xm + EmEm + EmBmnX)Vin (X + Binx)
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2
+ g_m XA (xm + EmXm + gmBmx)V% (Xm + Bmx)

m

+ (1 = XA (Xm + EnFm + EnPmx)) min { KV (X + i), v, (X + B) } | -

Noting that Av,,(x) = B2 Av,, (% + Bux)/ 0y and ﬁ,%,a,fl_l = 1, we see that v, satisfies

AV =— B0,
— B2 (X + EmZm + EmBnx) Oug,, (X + EmXm + EmBuX) Vim

+ XA (X + EnXm + EnPmx) V)

%,\7{,’1} L (44

m

+ (1 = xa (tm + EnEm +8m[3mx))min{1<

Now, since

2

_ 2,0)p0)
8 8 — m
(P”Sm (xm T EmXm MﬁmX) /R-g |xm + En X + SmBmX - y|

222 72,(0)P (Xm + EnTm + EnPmy)
- O‘mgmﬁm d )
R3 |x —y,

dy

then (7.44) reads as
_A‘jm = Brivm
_2 —
_ v Xm + EmXm + EnPm _
= 0631831 ,ip(xm + €nXm + EnPmx) (/ ()P Bny) dy) Vi
R3 x =]
+ XA (xm + EmXm + gmﬁmx) \71;1
_ . v _
+(1—xA(xm—f—&‘mxm+£m[3mx))m1n{1(%,v§l}. (7.45)

It is worth noting here that since @, — +oo as m — +oo, then, using the assumption
p > 3, it follows that o2 €2 B4 = a,;z(p_l)s,%la% = Oa,ifzps,%l — 0 as m — +-o0. Hence,

we can use the same regularity arguments as in the proof of Theorem 6.2. Namely,
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we notice that, by construction, ||Vy||~rs) = 1 for all m, and, by assumption, p is in

)p(xm+€mjm+£mﬁmy)
4r|x—y]

L>(R?). So, since 72,p is uniformly bounded in L*(R?), then [g; 0
is uniformly bounded in C;, Ocx #(R3) and consequently, is uniformly bounded in L (R?)
(see e.g. [42, p. 260]; [1, p. 11]). Thus, the entire right-hand side of (7.45) is uni-
formly bounded in L7 (R?) which implies #,, is uniformly bounded in Cz “(R3) (see

e.g. [35]). It then follows that uniformly on compact sets and for some 7 € C!(R?)

Py, = Prasm— 4o, |B]<1.3 (7.46)

We now notice that Corollary 7.2 implies that ||v,,||;1 < C for some C > 0, and so we

have

- +1 +1

vauip-H = p+1ﬁ H m|‘€p+l
'm

p 5)/2 p+1

[Vl [

5 2
< Cou |2

< Calp™"? (747)

Y

Since o7 > 5 0 as m — 4o, it follows from (7.46) and (7.47), that 7 = O by
Fatou’s Lemma. On the other hand, by definition v,,(0) = v;,, () /Oy = Oy / Oy = 1
for all m, and so in particular ¥(0) = 1. We have therefore reached a contradiction and
have proved that

sup [V | (r3)y < 4o
neN

Remark 7.5. We note that this proof is very similar to the proof of Theorem 6.2,
however in the previous proof we used (7.47) to arrive at a contradiction rather than
obtaining a contradiction from the limiting problem. We are not able to simplify the
proof of Theorem 6.2 in this way because we have no information about the varia-
tional characterisation of the solutions in that theorem. Indeed, to obtain (7.47) in the
previous theorem, we use Corollary 7.2, which relies in a vital way on the fact that the

solutions we deal with are Mountain Pass solutions.

3n fact, we only require uniform convergence at this stage.
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Remark 7.6. An interesting consideration is how far we can get in the previous proof
if we do not have the variational characterisation of the solutions, namely if we do
not have (7.47). If this is the case, we must go to the limiting problem associated
with (7.45). We first recall that o2,€2 B3 = Oc,i_zi’e,% — 0 as m — +o0 since p > 3.
Moreover, since A is smooth, it follows that, up to a subsequence, Xa(Xm + EnXm +
EnPmx) converges almost everywhere to a measurable function ¥ which satisfies ¥ €

[0, 1]. Thus, taking the limit m — oo in (7.45), we get

AV =% =D R3
v=x(x)v, x€ (7.48)
v(0) = 1.
We now look at three possible cases. If
dist T, R\ A
lim sup L510m + Enfn, RIAA) (7.49)
m—r—+oo emﬁm
then this implies ¥ (x) = 1, and if
dist Xmy OA
lim sup L5+ Enfm, OA) (7.50)
m—y—+oo gmﬁm

then this would imply that ¥ (x) = xg(x), where E is a half-space. In both cases, one
can evoke some Liouville type theorems, as in [34], to show that vV = 0, in contradic-
tion with v(0) = 1. If neither (7.49) nor (7.50) hold, then it follows that

) dist(xp + Enim, N)
lim sup
m—r—+oo gmﬁm

= oo, (7.51)

and so X (x) = 0. In order to arrive at a contradiction in this case, one needs to show
that v has bounded energy. Thus, the conclusion in this case seems to rely on an LP*!
estimate such as (7.47), and so we have the impression that this is precisely the point

where the variational characterisation of the solutions is needed.

7.3.3.1 Partial conclusions

We observe that by Proposition 7.3 we are able to prove the strong C ll(;g (R3) conver-
gence of the rescaled solutions v,,. We will show that this strong convergence also
holds in H'(R?), provided one proves the following uniform decay estimate on the

rescaled solutions.

149



(Hy) Forevery A >0and 6 € (0,1), there exists a uniform constant C > 0
such that
va(x) < Ce AR
where vy, (x) == ug, (x, + €x), ug, is the sequence of nonnegative solu-

tions to (7.7) found in Theorem 7.2, and (&, ),eny C RT and (x,),eny C
R3 are sequences such that g, — 0 and x, — x* € A as n — oo

Assuming that p € C(R?) NL=(IR?) is nonnegative and p € [3,5), we believe that it is
very plausible that (H;) can be proved by combining the previous two results we have
obtained, namely, the pointwise decay estimate found in Lemma 7.20 and the uniform
L* bound found in Theorem 7.3. Hypothesis (H}) will be required for the following

result.

Lemma 7.21. Suppose p € C(R?)NL>(R3) is nonnegative and p € (3,5). Let

(€2)nen C RT and (x,)neny C R? be sequences such that €, — 0 and x,, — x* € A as
n — oo, Assume ug, C Hén is the sequence of nonnegative solutions to (7.7) found in
Theorem 7.2 and define v, (x) = ug, (X, + €:x). Then, if (H) holds, it follows that up

to a subsequence,

vp — vin HY(RY),
where v € H'(R?) is a positive weak solution to equation (7.43).

Proof. By Corollary 7.2 we have that v, is uniformly bounded in H' (R3). By Propo-
sition 7.3 and Corollary 7.4, we have that up to a subsequence v, — v in H'(R?),
where v € H' (R?) is a positive weak solution to equation (7.43), which can be rewrit-

ten as

x ()P + (1 — x(x)) min{kv,v"} "

—Av+v= P

Since

x ()P + (1 — x(x)) min{kv,v"} <
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we can follow the same arguments as in the proof of Lemma 7.20, to show that for

every A >0 and § € (0, 1), there exists a constant C > 0 such that

v(x) < C_'e_l(]ﬂx‘)é,

by Theorem 8 (ii) in [21]. Combining this with (H;), we have

v —v| < 2max{C,C_'}e_QL(lJ“PCD(3 < eI,

So, for any € > 0, there exists an R > 0 such that

Lo mamstt= [ i —op
R3\BR R3\BR

-A(g-2)(1 8 2
< e Ma=2)(IHR]) ||Vn_V||H1(R3)

< ce~Ma-2)(1HIR)?

< CE,

for some uniform constant ¢ > 0 and for all ¢ > 2. This and the classic Rellich Theo-

rem implies that, passing if necessary to a subsequence,

/R* vy —v[? — 0,

for all ¢ € (2,6). We now note that since v, solves (7.41), it follows that

/ (VvuV vy =) + v, (v =)+ [ p (0 + €X) 9 (X)vi (v, — V)
R3 R3

- / gy +&x,v)(va—v) =0,  (7.52)
]R3

where

Ba(5) = B, (ot ) = €2 < /R va(y)p (xa + eny)) |

3 Amx—y|
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and
8(xn + €0, vn) = XA (X0 + €2)VE + (1 — YA (x5 + €4x)) min{ kv, v}

Since v, — v in H'(R?), it holds that
/R IV =) vl ) = Wl ey~ By, (753)
and since we showed that v,, — v in L¢(R?) for all ¢ € (2,6), it also holds that

/]R3 g(xn + &x,vy) (v —v) — 0. (7.54)

Moreover, since p € L(R3) by assumption and V@, is uniformly bounded in L?(R?)
by Corollary 7.2, we have that

< 1Pz 19nllzoes) v Cvn =V g o

‘ /R3 P (n + €3X) B (X) v (Vi — v)

< Cllp =) IV 9allzes) [[va(va =)l g

(R3)
< Cl||vn(Vn_V>HLg(R3)
< Clllvnl\Lg@(N)H(vn - V)"L%(Rs) —0, (7.55)

where the final convergence holds since v, is uniformly bounded in L% (R3) as a
consequence of Corollary 7.2 and we showed v, — v in LI(R?) for all ¢ € (2,6).
Therefore, combining (7.52), (7.53), (7.54), and (7.55), implies that

Vol w3y = VI [ 3y
Using this and the fact that v, — v in H'(R?), we obtain

[V —V||%11(R3) = ||Vn||%{1(R3) =2V, V)1 (r3) + ||VH12L11(R3) — 0,
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and so we have shown that

v, — vin HY(R?),

as required.
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8 Related questions

In addition to accomplishing the sufficient conditions programme discussed in the
previous chapter, there are a number of interesting questions related to our work in

this thesis which, in our opinion, are worth studying in future projects.

A. Radial versus non-radial solutions. In the case p is a radial function one can
restrict on functions having the same symmetry to find radial solutions, using Palais
criticality principle, in all of the scenarios we have discussed (coercive/non-coercive
cases, for low/large p). It is not clear how to compare the energy levels nor the sym-
metry of the solutions with those that one finds using the non-radial approaches em-
ployed in this thesis.

B. Variational characterisation. When p € (2,3], it is not obvious whether the
mountain pass critical points for /, are least energy solutions. Namely, for p € (2,3],
there is no clear relation between the solutions found in Theorem 4.1 (for p = 3) and
Theorem 4.2 with those found in Corollary 4.3, as well as between the solutions found

in Theorem 4.4 (for p = 3) and Theorem 4.3 with those found in Corollary 4.6.

C. Multiplicity. We suspect that the constrained minimisation approach in [61] may
help refining the approach in [7], to obtain a multiplicity result for coercive p and
p < 3, with a more relaxed relation between p and Vp than is assumed in Theorem
53

D. ‘Sharp’ necessary conditions for point concentration. Is it possible to allow a
faster growth for p in the necessary conditions for point concentration? The proof we
provide is based on the uniform exponential decay of solutions, which is essentially
due to the L? setting.
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