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Abstract

In this thesis we study the pseudo-differential operator — (D) where on S(R")
we have ¢(D)u(z) = (2m) 72 [, €6 (£)a(€)dE with a continuous negative defi-
nite function ¢ : R” — R as the symbol. We find conditions for the existence of
a fundamental solution to (D) which is given by E = (27)"2 F~! (l) where
with the help of the scale of anisotropic Bessel potential spaces HY*(R"), s € R,
we obtain F € H ’”’*STO(R”) for suitable so. This allows us to study regularity
properties of u := E x f, f € H"*(R"), which solves (D)u = f.

We find that d,(&,n) = 2(¢£ —n) is a metric on R™ which arises from a contin-
uous negative definite function ¢ : R™ — R which satisfies ¢(§) = 0 if, and only
if, ¢ = 0. Given additional properties we show that the corresponding Dirichlet
form (€Y, H¥'(R™)) is transient and its potential kernel & is given by F~! (i) :
We evaluate that the fundamental solution and the potential kernel coincide

where the potential kernel is up to a constant equivalent to the fundamental

solution of (D).

Finally, we discuss the fundamental solution in relation with the metric dy, (¢, 7) =
2 (€—n). We find in particular that the fundamental solution which is rotational
invariant can be described with the help of dy (€ — 1) = g(/|€ — 7]|*). Moreover,

we obtain some further results in which the density of « is a function of d,.
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Notation

N natural numbers

No =Nu {0}

Ng set of all multiindices

R real numbers

R"™ Euclidean vector space

C complex numbers

a A'b=min(a,b)

a Vb= max(a,b)

ut = wu V0 positive part of u

u” = (—u V 0) negative part of u
A closure of a set

B™ Borel o-algebra on R”

B(G) Borel sets of a topological space G
Re freal part of a function

Im fimaginary part of a function
(u)ven sequence of functions u,
f o g composition of functions

u * v convolution of functions

Sx = —ux reflection at the origin
T,x = x + a translation by a

Fu Fourier transform of u

F~1u inverse Fourier transform of «

xi



xii

Lu Laplace transform of u

A" Lebesgue measure in R

g, Dirac measure at ¢ € R"

la| = a1 + ... + a,, for a € Nj

11 ® po product of the measures p; and g

11 * g convolution of the measures py and o

||u|| total mass of a measure

supp p support of a measure p

(1¢)¢>0 convolution semigroup of subprobabilites
(1] )1>0 subordinate convolution semigroup

(X, d) metric space with metric d(-,-) on X x X
(X, d, ) metric measure space with metric d and measure p
C(G) continuous functions

Co(G) continuous functions with compact support
C«(G) continuous functions vanishing at infinity

Cy(G) bounded continuous functions

C™(G) m-times continuously differentiable functions
Ci'(G) = C™(G) N Go(G)
C=(G) = Npen C™(G)

67 (G) = Mpen G (G)

2'(G) vector space of distributions on G

E'(Q) space of all distributions with compact support
LP(€2, 1) usual Lebesgue space over (€, A, i)

LP(G) = LP(G, A\™)

HYS(R") = {u € S'R"); Ju],, < 00}

M (Q) bounded measures on €

S(R™) Schwartz space of tempered functions

S'(R™) tempered distributions

S Stieltjes functions



xiii

CN(R™) continuous negative definite functions

N(R"™) negative definite functions

MCN continuous negative definite functions that induce a metric
on R™ which generates the Euclidean topology

|u|| x norm of w in the space X

|ull, norm in L*(€2, p)

Jull, = llully + 1 Aully graph norm of A

[ull oo = sup [u(x)] or esssup u(z)|

|u||, norm in the space H*(R")

[ull,, , norm in the space H**(R")

(X, ||I-)x Banach space with norm ||-||

X < Y continuous embedding of X into Y

(u, ) duality pairing between X* and X

Pas(t) = SUp, e [t u(z)|

(A, D(A)) linear operator with domain D(A)

D(A) domain of an operator

['(A) graph of an operator

A closure of an operator

A* conjugate operator or adjoint Hilbert space operator

p(A) resolvent set of an operator

Ry = (A — A)! resolvent of operator A

By (u,v) = B(u,v) + A(u,v) 2 for a bilinear form B

q(z, D) pseudo-differential operator with symbol ¢(z, &)

(D) pseudo-differential operator with symbol ()

|z| Euclidean distance in R”

&(-,-) Dirichlet form

(T})1>0 one parameter semigroup of operators

(T2 semigroup on Cag(R™)

A generator of (T )0

(T"),50 semigroup on LP(R"), 1 < p < 00

A® generator of (T,”);s0
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Introduction

We can study the Laplace operator A, from many different points of view.
These include as a classical second order partial differential operator, along with
the starting point for investigating the Newton potential. Moreover they may
include as an operator related to the Euler-Lagrange equation for a certain
quadratic problem in the calculus of variations, hence as generator of a Dirichlet
form, as well as generator of the Brownian semigroup, hence as generator of a
diffusion process, and also as the Laplace-Beltrami-operator in flat space with
corresponding Riemannian metric being the Euclidean as linear partial operator
acting on distributions in the sense of Laurent Schwartz, etc. Of course there
are plenty of relations of the results studied in each of these topics, indeed
the richness of the theory of the Laplacian is due to these many connections.
It is natural to ask which of the results valid for the Laplace operator can
be transferred to other operator classes, and to which extent can we recover
or interpret the relation of these results along the similar way we can for the

Laplacian.

In this thesis we want to study generators of symmetric L? sub-Markovian
semigroups on L?(R™) which are pseudo-differential operators —(D) where on

S(R™) we have

n

$(D)u(z) = (2m)°% / (€ )u(€)de

with a continuous negative definite function ¢ : R® — R as the symbol. If
we look at —¢(D) as a pseudo-differential operator with constant coefficients

we may ask for the existence of a fundamental solution for ¢(D). Moreover if



we look at —(D) as generator of a translation invariant Dirichlet form or as
generator of an L? sub-Markovian semigroup we may ask whether it allows an
abstract potential operator which admits a potential kernel. We may now ask
how this potential kernel is related to a fundamental solution for ¢(D). In the
case of the Laplacian for n > 3 this leads of course to the Newton kernel which is
(with a suitable normalization) the potential kernel and a fundamental solution.
We may move a step further and ask whether, as in the case of the Laplacian,
the symbol (&) of (D) has the property that dy(£,n) == Yz (€ — n) defines a
metric on R” and whether the potential kernel (or the fundamental solution) can
be better understood with the help of this metric. The latter question relates to
the investigations started in [23] where the densities of the transition function
of the Lévy process associated with the operator —(D) under considerations

were studied with the help of the metric d,.

This programme does not work out without additional assumptions and indeed
some technical difficulties lead us to some severe restrictions. Nonetheless, for
some non-trivial larger classes of symbols we find that the suggested programme
is a reasonable one leading to interesting results and examples. On the other
hand, we are left with several open questions, partly due to technical difficulties

with some of a fundamental nature.

Assume that ¢ : R” — R is a continuous negative definite function satisfying

the following properties

i) ¥(&) =0 if and only if £ = 0;
11) 1/’(5) Z CO|€|pO7 |€| Z ROa Po > 07 Co > 07 RO Z 07
loc

iii) 3 € Li,.(R");

iV) 1/1(5) S Cl‘f’pl for |£| 2 R17 C1 Z 07 0 S P1 S 27 Rl Z 07

where Ry and R; are independent of each other. Note that not all these con-

ditions are required for all results throughout the thesis. However they are all



needed in order to prove various results. In particular the first condition im-
plies that dy is a metric on R™ which induces the Euclidean topology. Further
the conditions imply that the corresponding Dirichlet form (¥, H¥*(R")) is

transient and that its potential kernel x is given by

1
()
where & = Fu denotes the Fourier transform of v and F~'u its inverse.

Moreover, the associated operator semigroup (Ttw)tzo has densities

plo) = (2m) " [ g, v

n

with p; € L'(R")NC, (R™). Note that for all these results i € L} (R™) would be
sufficient. In fact, see [14], i € L} .(R™) would allow us to introduce the general-
ized Laplacian associated with v which can be viewed as a convolution operator
on certain classes of distributions, we refer again to [14] and the reference given

there.

However, since v is in general only continuous we have some problems to treat

(D) as an operator on all Z'(R™) or §’(R™). While for u € S(R™) we can define

the natural idea of extending (D) by duality to S'(R™) (or even to Z'(R")) by

(W(D)u, ) = (u, ¥(D)p), » € S(R"), (1)

causes some difficulties. Clearly, since 1 is by assumption real-valued, we expect
(1) to hold for all u,p € S(R™), but for ¢ € S(R") it does in general not follow
that ¥(D)p € S(R™) nor does (D) have a compact support if ¢ has. Thus
for u € S'(R™) (or u € 2'(R")) the term

(u,(D)g), » € S(R")

is in general not defined. This observation is critical when searching for a fun-

damental solution to (D), i.e. a distribution E with the property that

’QZ}(D)E =&y



where ¢y is the Dirac measure at 0. More precisely, we are searching for a
fundamental solution which allows us to deduce regularity properties for E * f
in terms of function spaces being determined by . This emphasis on regularity
properties of solutions E * f of ¢(D) = f in terms of such function spaces goes
much further than the observation made in [14]. Once ¥(D)FE is properly defined

and we can prove that

then it follows that

E=2n)2F! (i)

and that E can be identified with the potential kernel. Since i € L (R") im-

loc
plies that i is a positive definite distribution, the Bochner-Schwartz theorem

yields already the existence of F'~1 (i) in this case. Moreover as a consequence

of the Bochner-Schwartz theorem the potential kernel which is the Fourier trans-

form of a positive definite measure is also a positive definite distribution. How-

1
v

(R™). Now we can use the

ever, we aim for more information on E and this requires more conditions on

2

The condition we add is assumption i), i.e. i €L,

scale of anisotropic Bessel potential spaces H¥*(R"), s € R, and for sy > %
we can prove that E € H*~ % (R") C S'(R") which will act on certain function
spaces H¥'(R") by convolution allowing to study u := E * f, f € H"*(R"). We

may now apply regularity results such as
sing suppu C sing suppFE + sing supp f

which have their roots in the theory of distributions. But we can also use the
fact that E which is equivalent to k is a non-negative potential kernel to derive
further properties of u. Note that  is of at most polynomial growth and has a

density with respect to A(™ which however is in general not integrable over R".

Note that we can relax the condition i e L? (R") to i e LV (R") for some

1 < p. This requires non-trivial analysis in the frame of 1-Bessel potential

spaces H'*(R™) as introduced in [9] and this is worked out in [8].

Next we consider the fact that dy(&,n) = Y2 (€ — 1) is a metric on R” and we



ask whether the potential kernel x (which is up to a constant the fundamental
solution to ¢(D)) can be studied with the help of d;. For example we may look
at regularity results for E/ *x h in relation to Holder-conditions imposed on h in
terms of dy. If for example 1 is rotational invariant the density of & is also
rotational invariant, hence the fundamental solution is rotational invariant and
can be described with the help of d (€ —1) = g(||€ — n||*) for a suitable function
g:10,00) = RU{ +00} which in turn allows to study E*h more closely. While
in general we have no result stating that the density of « is a function of dy,, we
can provide new and interesting non-trivial examples where this result holds. For
example for ¥(€,7) = ¢] + [n], €, € R, and symbols F((¢,n)) = F(1€] + [n]),
where f belongs to a suitable class of Bernstein functions the result can be

proved.

Hence, combining the theory of L.Schwartz distributions with potential theory,
with the theory of 1)-Bessel potential spaces and with properties of the metric
measure space (R”, dy, A() leads to some (first) new insights on regularity prop-
erties of solutions to the equation ¥(D)u = f for v satisfying the assumptions

i) —iv).

Here is a brief summary of the main chapters: In Chapter 1 we recollect main
results from Fourier analysis including the Fourier analytical treatment of con-
volution semigroups, e.g. mnegative definite functions and the Lévy-Khinchin
formula where the proof can be found in [25], along with Bochner’s theory of
subordination where the original proof is found in [5]. Chapter 2 deals with
the essential background knowledge from functional analysis, in particular one-
parameter semigroups of operators. It also includes a section on Dirichlet spaces
as well as one on pseudo-differential operators with negative definite symbols.
The latter class of operators allows us to construct certain Dirichlet forms given
certain additional assumptions. The example provided in Theorem 2.4.12 is new
and seems to be helpful to extend results obtained later in this thesis for trans-
lation invariant operators to those with variable coefficients. The most useful

books on semigroup theory are given by [26], [32] and [38] where we consider



mainly [7]. In Chapter 3 we introduce and discuss metric measure spaces related
to continuous negative definite functions. Here we rely mainly on [23] where an
introduction to the analysis on metric measure spaces can also be found in the

book by Heinonen [13].

In Chapter 4 we first summarise important results from the theory of distribu-
tions and their applications to fundamental solutions of linear partial differential
operators with constant coefficients. The aim is to transfer some of these results
to pseudo-differential operators with negative definite symbols. These operators
we will deal within an L2-theory and the corresponding function spaces are intro-
duced in Paragraph 4.3. With these preparations we eventually can prove one of
our main results as described above, i.e. Theorem 4.4.4 and Corollary 4.4.10. In
Chapter 5 we make use that we are working with operators generating extended
Dirichlet spaces. Background material is presented in the first two paragraphs
of this chapter, in Paragraph 5.3 we then identify fundamental solutions with
potential kernels, and derive related properties, see Theorem 5.3.1 and Theorem
5.3.2. In the last paragraph of this chapter we discuss some comparison results
for transition densities, we in particular are interested in getting first ideas how
freezing the coefficient techniques might work in our context, and for this we
will use our example from Theorem 2.4.12. Our final chapter serves three pur-
poses. Firstly, we use the results we obtained with the help of the theory of
distributions where we combine this with those obtained with the help of the
theory of (extended) Dirichlet spaces and the associated metric measure spaces
to give a further insight with regard to the equation ¢(D)u = f. The main part
of Chapter 6 consists of providing examples, where some of these examples allow
us to handle rather anisotropic continuous negative definite functions, therefore
are leading far away from existing results. In the examples we give details for
the calculations leading to % € L},.(R™) and make a short remark to the changes
needed to obtain i € L (R™). This is justified by the fact that we hereby also
provide concrete (new) examples for extended Dirichlet spaces. Of particular
interest are Example 6.2.10, and Example 6.2.11. In the final paragraph we

outline some ideas for further investigations.



Chapter 1

Fourier Analysis

1.1 Fourier Transform

We will begin by discussing the Fourier transform in S(R™). We need the fol-

lowing definition which is taken from [20].

Definition 1.1.1. A. The Schwartz space S(R™) of functions ¢ : R" — C is
defined as

S(R™) = {gp € CP(R") : paslp) < 00,Va,f € N’g}

where

Pas(#) = [I#llap = suD |27 0%p(x).

B. A sequence of functions (¢r)ken, vr € S(R™), converges to a function ¢

in S(R™) if for all multi-indices o, B we have

lok — @llag = 0 as k — oo.

We say that Schwartz space functions are rapidly decreasing. When there is no

ambiguity we will write S(R") as S.

Example 1.1.2. The function f(z) = e~ 17* belongs to S(R™). More generally,

if p is any polynomial, then g(x) = p(z)e™*" belongs to S.
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Example 1.1.3. The function

1
1) = T ey

does not belong to S for any k € N since |z|** f(z) does not decay to zero as

|z| — oo.

Now, we will look at the Fourier transform in S(R").

Definition 1.1.4. Let u € S(R™). The Fourier transform of u is defined by

u(§) = (27r)2n/ e~ Su(x)de.

n

We will also write F'(u)(§) for 4(€¢) and state some properties of the Fourier

transform taken from [20].

Lemma 1.1.5. A) LetT, : R™ — R" be the translation operator T,x = a+z,
a € R". Forue S(R") it follows that

(wo Tu)(€) = e u(€).
B) Let T : R" — R"™ be a bijective linear mapping, then for v € S(R™) the
function wo T belongs to S(R™) too, and for its Fourier transform we find

— I —1\¢
(uoT)() = muo (T7)"(6).

C) Foru e S(R™) we have

D) For u,v € S(R") we have the convolution theorem

(w*0)(€) = (2m)2a(€) - (8).

Next, we will look at the Fourier transform in LP(R™). We begin by looking at
the case where p = 1. For u € L*(R") the function x — e~®%u(x) is an element

of L'(R™), therefore its integral is well defined and we set

u(§) = (27T)_2n/ ety (x)de.

n



1.1 Fourier Transform 9

We call @ the Fourier transform of u € L'(R™), where we also note that S(R") C
LY(R™).

A key result regarding the Fourier transform in L? is that of Plancherel’s theo-

rem.
Theorem 1.1.6. Ifu € L*(R") N L*(R"), then @ € L*(R") and

~ 112 2
lall™ = flull™.

We will now state a sesquilinear version of the Parseval’s identity.

Corollary 1.1.7. If u € L*(R") and v € L*(R"™), then

(u,0) = (u,v).

We will find the next result useful which is taken from [10].

Theorem 1.1.8. C°(R") is dense in L*(R™).

Proof. Let f € L*(R") be given, and define f, by

fo(e) = frj = / F@)jele — v)dy,

where

Choose some ¢ € C§°(R™) such that 0 < ¢ <1 and ¢ =1 for |z| < 1, and put
ge(x) = ¢(ex) fe(x). Then g. € C5°(R"), and

1f = gell < W(F = fo)dlex)[| + [[(p(ex) — 1) ]l

<|\\f = fell + </||> - |f(x)|2dx>2.

In the last expression, the first term tends to 0, and the second one does so

because f € L*(R"). O

For a function u € L?(R") the integral

(271) 7 / e u(a)de
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does not in general converge. Therefore the Fourier transform cannot be defined
for uw € L*(R™) by the above. To obtain an extension of the Fourier transform
from L'(R™) N L*(R™) onto L?*(R™), we will make use of Plancherel’s theorem,
Theorem 1.1.6.

Theorem 1.1.9. The Fourier transform as it is defined on L'(R™) N L*(R™)
has an extension to L*(R™). This extension is an isometry on L*(R™) which is
bijective and has a continuous inverse. We will denote this extension again by

w or Fu.

We want to extend the Fourier transform to LP(R™) and for this we need the

Riesz-Thorin convexity theorem, see [6] or [39].

Theorem 1.1.10. A) Let X be a Hausdorff topological space containing all
spaces LP(R™), 1 < p < oo, in the sense of continuous embeddings. Let T
be a linear operator acting from X into X and for 1 < p1,ps,q1,q2 < 00
suppose that T|ppjgny © LP/(R") — LU (R™) is continuous, ||T|p; 1o =
M;, 5 =1,2. For 6 € [0,1] define pg and gy by

1—-6 0

1 1—-6 0 1
= +— and — =
Do b b2 de qQ1 q2

Then T'|ppomny : LP?(R™) — L%(R™) is continuous with operator norm My
satisfying
My < MM,

B) Let 1 < p1,p2,q1,q2 < 00 and let T' be a linear operator from LP*(R™) N
LP2(R") to L®(R™) + L=(R") satisfying | Ty = My < 00, j = 1,2.
Then for pg and qg, as defined above, the operator T|peinre. Satisfies the
estimate

| Tull,, < MO M3]|ull,,

and therefore extends to a continuous operator from LP?(R™) to L% (R™).

For 6 € [0, 1] we set

and py = —— (1.1)
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hence, 1 < py < 2 and pie + pi, = 1. Therefore using the Riesz-Thorin convexity
/]

theorem, Theorem 1.1.10, gives the Hausdorff-Young theorem which is given by

Theorem 1.1.11. The Fourier transform extends to a continuous linear map-
ping from LP?(R™) into LPo(R™) with norm less or equal to (2%)’”%, where pg is

given by (1.1).

The inverse Fourier transform of  is given by:

Theorem 1.1.12. For u € S(R") we have for all x € R"

(Fu)(e) = (20) 7 [ e Ca(e)de

In general we call for v € S(R")

the inverse Fourier transform of v.

A continuous functional on S is a linear map f : S(R") — C, ¢ — (f, ) such
that for any sequence (¢g)ken, pr € S(R™), the property pa s(¢vx) — 0 for all
a, f € N§, implies (f, pr) — 0. Given two topological vector spaces X and Y,
we say that (A, D(A)) is a linear operator from X to Y if D(A) C X is a linear
subspace and A : D(A) — Y is linear. Linear operators (I, D(l)) from a vector

space X to C (or R) are called linear functionals.

Definition 1.1.13. The space of continuous linear functionals on S(R™) is

S'(R™), the space of tempered distributions.

On S'(R™) we will consider the weak-#-topology. Note that LP(R") C S'(R"),
as well as Cp(R™) C §’(R™) and the bounded Borel measures belong to S'(R™).
We extend the Fourier transform from S(R™) to S’'(R™) by

Definition 1.1.14. For u € §'(R™), the Fourier transform u of u is defined by

~

(G, @) = (u, ¢) for all p € S(R"). (1.2)
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The Fourier transform is an automorphism of the space of tempered distribu-

tions, as well as of the Schwartz space.

Since the bounded Borel measures u € M, (R™) belong to S'(R™), i.e. M, (R") C
S'(R™), the Fourier transform [ of u is well defined and for ¢ € S(R™) we have

(i 6) = (. 0) = | SE)n(de).

From (1.2) and by the definition of ¢ we get, using a version of Fubini’s theorem,

(00) = 0¥ [ [ e oty

—e0? [ ([ e o

— (@0 [ e ude).0).

Hence we have

i) = n)F [ e outan)

n

which is the Fourier transform of bounded Borel measures p € M, (R™).
The following theorem states some properties of the Fourier transform on M (R™).

Theorem 1.1.15. A) For a linear mapping T : R — R™ we have for the
image T'(u) of the measure u € M; (R™)

T(w) = o T".

B) For the translation T, : R" — R", x +— x + a, it follows that

—

[Ta(w)] = e fa.

C) For u,v € My the convolution theorem holds, i.e.

—

(nxv)=2m)2f- 0.

D) For yu € M (R") and v € M} (R™) we have

L —

(n@v)(&n) =) -vn), £ €R™ andn € R™.
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The positive definite functions are needed to characterise the Fourier transform

of bounded measures.

Definition 1.1.16. A function u : R™ — C is called positive definite if for any
choice of k € N and vectors &, ....,&% € R™ the matriz (uw(& — &€))ji=1. x is

positive Hermitian, i.e. for all A1, ...., A\ € C we have
u(& — YN N > 0.
=1

Lemma 1.1.17. Let p € M (R™). Then [i is a positive definite function.

Proof. For k € N and &', ..., €% € R” we find with \,...., \, € C

k k
SOANE €)= (2m)F / S A Re €07 )
R™ 5 1=1

=1

k k
7 ($ne): (S
R\ =1 1=1
k .
_ (271’)_2"/ Z)\je—iga.x
LU

2
w(dx) > 0.

]

One of the most important results on positive definite functions and their char-
acterisation in terms of Fourier transforms which was established by Bochner in
1932, says that every continuous, positive definite function v : R™ — C is the
Fourier transform of a measure p € M (R™). This is stated formally in the

following theorem; see Theorem 3.5.7 in [20]:

Theorem 1.1.18. A function u : R™ — C is the Fourier transform of a measure
p € M (R"™) with total mass ||u||, if and only if the following conditions are
fulfilled

1) w is continuous.
2) u(0) = @(0) = (2m) = |lu].

3) w is positive definite.
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1.2 Negative Definite Functions and Convolu-

tion Semigroups

We start with

Definition 1.2.1. The sequence (ii,),en of bounded measures py, € M, con-
verges weakly to po € My if for all u € Cy(G;R) we have

lim [ w(x)p,(dx) :/u(x)po(dm). (1.3)

v—00 G G

Whenever (1.3) holds only for all u € C(G;R), the sequence (i, ), en is said to
converge with respect to Cy, to pg, but if (1.3) holds only for all u € Cy(G;R),

we say that (u,),en converges vaguely to pug.
For pi1, p12 € My (R") and any non-negative measurable function on R™ we have
A (@) (1 * pi2)(dw) = / T (x + ) (dz) o (dy)
= [ [ st pmlanm(n)

which yields

(s 2)(B) = [

for all B € B™,

(B = y)pa(dy) = / p2(B — ) (dz)

n n

Definition 1.2.2. A family (u:)i>0 of bounded Borel measures on R™ is called

a convolution semigroup on R™ if the following conditions are fulfilled
w(R™) <1 for allt > 0;
Hs * fle = Heys S, 6 2> 0 and po = €;
e — €0 vaguely ast — 0

where gq is the Dirac measure at zero.

Next, we will look at the definition of a negative definite function, where the
results are taken from [20]. The concept and definition of negative definite
functions is due to I.J.Schoenberg [36], who introduced it in connection with

isometric embeddings of metric spaces into Hilbert spaces.
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Definition 1.2.3. A function ¢ : R™ — C is called negative definite if

¥(0) >0

and

—-n

€ (21) 2 e O s positive definite for t > 0.

For any convolution semigroup (4 ):>0, its Fourier transform can be characterised

by a continuous negative definite function, where the following theorem holds.

Theorem 1.2.4. Let (u1)i>0 be a convolution semigroup on R™. Then there

exists an unique continuous negative definite function ¢ : R™ — C such that
fu(€) = (2m) T e

holds for all £ € R™ and t > 0.

Note that ) is real-valued if and only if all measures u; are symmetric.

We will now introduce the classes N(R") and C'N(R"), so that we can study

negative definite functions in more detail.

Definition 1.2.5. A function v : R™ — C belongs to the class N(R™) if for any

choice of k € N and vectors €', ..., € R™ the matrix
V(&) + W — (g — fl))j,l=1,...,k
18 positive Hermitian. Further we set
CN(R"™) := N(R") N C(R"™).

Theorem 1.2.6. [20] A function ¢ : R" — C is an element of N(R™) if and

only if it is negative definite.

Corollary 1.2.7. Let ¢ : R® — C be a negative definite function. Then ﬁ I8

for all € > 0 a positive definite function.
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We will now give some elementary properties of negative definite functions.
The set of all continuous negative definite functions is a convex cone which
is closed under locally uniform convergence. Moreover, if 1 is real-valued it is
non-negative and further, for ¢y € CN(R") exists a constant ¢, such that for all
€ € R™ we have ¥(§) < ¢y (14 |€]%).

Lemma 1.2.8. For any ) € N(R") we have

VILE+n)l < VIR + VIvm) (1.4)
VI = VIvm)| < Vb€ —n)
and

[(€) + 1 (n) — »(€ +n)| < 2(Retp(€)) (Ret(n))?.

Proof. We will give a proof of the first inequality. Firstly, for any £, 7 € R™ we

will take the matrix

(&) +P(€) —v(0)  »(E) +v(n) — (€ —n)
+ )+

() + (&) —vn—&)  w(n) +1(n) —(0)

where the determinant is non-negative. Since ¢ = ¢ and 9(0) > 0 it follows

that
[W(E) + () — (& —n)|* < 4Reyp(E)Retb(n) < 4w (&)][¢(n)]-

We may also take —7, and observing that |¢(n)| = [¢(—n)| we get

(&) +1(En) — w(E £ )P < 4w(E)||v(n),
and further we have

(€ £ )| — |P(&)] — |v(En)| < (€ £n)| — (€ + ¥(En)]
< (&) +(En) —Y(E£n)| < QW(@’%WW)’%

which yields [¥(€ +n)| < ([¥(€)|2 + [(n)|?)? implying (1.4). O

We will now show that dy (&, 1) = \/|[¢(§ —n)| is a metric provided ¢(§) = 0 if

and only if £ = 0. To do this we need to give the definition of a metric.
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Definition 1.2.9. Let X # 0 be a set. We call a mappingd : X x X - R a

metric on X and (X,d) a metric space if

i) d(z,y) >0 for all z,y € X and d(x,y) = 0 if and only if x = y;
i) d(z,y)=d(y,x) for all z,y € X;
iii) d(z,y) < d(x,z)+d(z,y) for al z,y,z € X.
Lemma 1.2.10. Let 1) : R" — C be a negative definite function. Then dy(&,n) =

|v(& —n)| is a metric if and only if (&) = 0 implies £ = 0.

Proof. Firstly, we have dy(§,n) > 0 and dy(&,n) = 0if and only if \/|¢(§ — )| =
0, i.e. £ = n. This requires the condition where ¥ (§) = 0 if and only if £ = 0.

Moreover, we find

= VIv(E—n) = VU= —n) = V] — &) =dy(n,€).

We find further that

7) = V(€ =)= VIbE—n+n—7)
< VIU(E=n)|+ V] — )| = dy(&n) + dp(n,7).

Hence, the triangle inequality is satisfied proving that d,(&,n) = /|¢Y(§ —n)] is

a metric on R". O

The following lemma, often called Peetre’s inequality which is taken from [9],

indicates the closeness of continuous negative definite functions to metrics.

Lemma 1.2.11. Let ¢ : R — C be a negative definite function. Then we have

el 9]

We also have,

Lt (e £ m)] < (1+ 1o(e) (1+\/ )
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1.3 Lévy-Khinchin Formula

The Lévy-Khinchin formula was presented by Paul Lévy in (1934) and later a
much simpler proof was given by Aleksandr Khinchin (1937). Every continuous
negative definite function admits a Lévy Khinchin representation, as is stated

in the theorem below; see Theorem 1.1.5 in [20].

Theorem 1.3.1. The Lévy-Khinchin formula states that every continuous neg-

ative definite function ¢ : R — C has the representation

B(E) = ild-€) + g€+
e ix-§ \ 1+ |z .
* /Rn\{o} ( o) o )

with a non-negative constant ¢ > 0, a vector d € R™, a symmetric positive

semidefinite quadratic form q, and a finite Borel measure p on R”\{O}.

Definition 1.3.2. Let u be the measure in the Lévy-Khinchin representation of

the continuous negative definite function ¢ : R™ — C. The measure

defined on B(R”\{O}) is called the Lévy measure associated with .

The measure v is a Radon measure on R”\{ O} satisfying the integrability con-
dition
/ (Jz* A Dv(dz) < .
w0}

We can use the Lévy measure when working with the Lévy-Khinchin formula

and write

¥(§) = c+ild- &) +q(&) + /Rn\{o} (1 — el - ff ',f‘g)u(d:w.

Let ¢ : R® — R be a real valued continuous negative definite function. Then

we have the representation

WO =era©+ [0 costa nta) (1.5
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where we denote by v its Lévy measure which is not symmetric.

The following theorem is due to W.Hoh, [15], which relates the smoothness and
the growth of v to integrability properties of v.

Theorem 1.3.3. Let ) : R® — R be a continuous negative definite function with
Lévy-Khinchin representation (1.5). Suppose that for 2 < 1 < m all absolute

moments of the Lévy measure v exist, i.e.
M, = / lz|'v(dr) < 00,2 <1 < m.
'\ {0

Then, v is of class C™(R™), and for a € N¥, |a| < m, we have the estimates

7#(5% a=0,
08P < oy~ S 03(6), o =1, (1.6)
17 |OZ| Z 27

with ¢g = 1, 61:<2M2)%+2)\%, co =M —2+2)\ and ¢, = M;, 3 <1 < m,

where X\ is the mazimal eigenvalue of the quadratic form q in (1.5).

The following examples of continuous negative definite functions are taken from
[9] where the first example in particular will be useful with regard to further

examples later in the thesis.

Example 1.3.4. For any «, 8 € (0,1], the functions & — [£]*® and & — |E** +

€28, € € R™, are continuous and negative definite.

Example 1.3.5. Fiz any A € (0,2) and choose M = M(X) € N such that

M > ﬁ Then the measure

v(dx) := Z 2’\Mj_j82,Mj (dx)
j=1
18 easily seen to be a Lévy measure. Therefore the function ¢ : R — R,
0= [ (1 cosa oldn) = 3221 - cos(2 ),
e {o} =1

18 continuous and negative definite.
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Example 1.3.6. Pick 0 < k < A < 2 and denote by 1\(§) the function con-

structed in Example 1.3.5. Then

¥(&) = a(§) + €]

is a continuous negative function that oscillates for |£] — oo between the curves

€ [€]F and € 2|E1*. Moreover ¢(€) = O(J€]}) as |€] = oo.

1.4 Bernstein Functions and Subordination

Let us begin with

Definition 1.4.1. A real-valued function f € C*((0,00)) is said to be com-

pletely monotone if

holds for all k € N.

Definition 1.4.2. A real-valued function f € C*((0,00)) is called a Bernstein

function if
pd* f(x)

f>0and (—1) o

<0

holds for all k € N.

A Bernstein function is positive, increasing and concave and the set of all Bern-
stein functions forms a convex cone containing the positive constants. Bernstein
functions are closely related to completely monotone functions, where the fol-
lowing theorem gives the link between these two classes of functions which is

taken from [35].

Theorem 1.4.3. For a function f : (0,00) — R the following two assertions

are equivalent:

1) f is a Bernstein function;

2) f >0 and for all t > 0 the function x +— e~7@) is completely monotone.
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We will now look at an integral representation for Bernstein functions which is
analogous to the Lévy-Khinchin formula, where the following theorem is taken

from [35].

Theorem 1.4.4. Let f be a Bernstein function. Then there exist constants

a,b >0 and a measure p on (0,00) verifying

/Ooo 5 u(ds) < o0 (1.7)

L 1+s

such that

o0

flz)=a+bx+ /0+ (1 —e™)u(ds),z > 0. (1.8)

The triple (a, b, p) is uniquely determined by f. Conversely, given a,b > 0 and

a measure p on (0,00) satisfying (1.7), then (1.8) defines a Bernstein function.

A Borel measure p is called a Radon measure if it is locally finite and inner
regular. The support supp p of a Radon measure p is the complement of the
largest open set G such that u(G) = 0. Now, we want to relate Bernstein

functions to certain semigroups of measures.

Definition 1.4.5. Let (n;)i>0 be a convolution semigroup of measures on R. It

is said to be supported by [0,00) if suppn, C [0,00) for allt > 0.

Convolution semigroups of measures (1;);>o supported in [0, 00) are of particular
interest and are better described by their Laplace transform £(7,) than by their

Fourier transform which is illustrated in the following theorem from [35].

Theorem 1.4.6. Let f : (0,00) — R be a Bernstein function. Then there exists

a unique convolution semigroup (n:)i>o supported by [0, 00) such that
L(n)(z) = / e n(ds) = e 2 >0 and t > 0. (1.9)
07

Conwversely, for any convolution semigroup (n:)i>o supported by [0,00) there ex-

ists a unique Bernstein function f such that (1.9) holds.

Every Bernstein function f extends to the half-plane Rez > 0, and from this,
we may state important properties of Bernstein functions and how they operate

on negative definite functions.
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Lemma 1.4.7. For any Bernstein function f and any continuous negative def-

wite function ¢ : R™ — C, the function f o1 is also continuous and negative

definite.

Let ¢ and f to be the same as in Lemma 1.4.7. Since f o % is a continuous
negative definite function on R", there exists a convolution semigroup (,u{ )0

associated with f o).

Proposition 1.4.8. Let ¢ € CN(R™) be a continuous negative definite func-
tion with associated convolution semigroup (ut)i>o on R™. Further let f be a
Bernstein function with associated semigroup (n;)i>o supported on [0,00). The
convolution semigroup (,u{ )e>o on R™ associated with the continuous negative

definite function f o) is characterised by

[sonlian = [~ [ stwmiannias, oe ). w10

Remark 1.4.9. Instead of (1.10) we will sometimes write

pl = / psne(ds) vaguely.
0

Definition 1.4.10. In the case of Proposition 1.4.8 we call the convolution
semigroup (pl)=o the semigroup subordinate (in the sense of Bochner) to (1i)i>o
with respect to (ny)e>0. The convolution semigroup (n:)i>o is sometimes called a

subordinator.

Next, we will look at some examples of Bernstein functions and associated semi-

groups which is taken from [20].

Example 1.4.11. The function x — a, a > 0, is a Bernstein function, as is the
funcion x — bx, b > 0. The associated semigroups are (e~"eq)i>0 and (pt)e>o0,

respectively.

Example 1.4.12. If s > 0 the function f(x) = 1—e ** is a Bernstein function.

It corresponds to the Poisson semigroup with jumps of size s, i.e.

0o - tk
nt:Ze tHESk7 t > 0.

k=0
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Example 1.4.13. The function f(x) = log(1+ x) is a Bernstein function since

log(1+z) = / (1—e™)s e 5ds, x> 0.
0

The semigroup associated with this Bernstein function is called the I'-semigroup

which 1s given by
nt = gt(')>\(1)

where
1
gt@) = X(o,oo)(iﬂ)ﬁt)$

t—le—x

Clearly, © — %log(l + x) is also a Bernstein function with corresponding con-

volution semigroup

1 .
1e(ds) = X(0,00) () 552 e " AW (ds).
’ I'(3)

We call this semigroup the modified I"-semigroup.

Example 1.4.14. For any o € [0,1] the function f,(xr) = z® is a Bernstein
function. For o =0 and o = 1 this is trivial but for o € (0,1) we have
Q o0
o 1 — %8 7a71d > 0.
x F(l—a)/o (1 —e)s s, x>
The corresponding semigroup is called the one-sided stable semigroup of order
a and is denoted by (0{);>0. For a = 0 we find of = e~'eq, and for a = 1 it

L a closed expression of the density of o is

follows that o} = ¢,. Only for o = 3
1
known where we have a formula for the density of of with respect to XV :

gt(~)/\(1)

Q
o=
I

with
1 -3 2
s) = o) (8 ts2 eds,
gt( ) X(o, )( )\/E

The following lemma is also taken from [20].

Lemma 1.4.15. A) For every Bernstein function f we have

J;’((j)) < % for s > 0.
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B) For every Bernstein function f and all ¢ > 1 it follows that
1
“I(5) < Ses) < ef s).

C) If f is a complete Bernstein function, then

f(k+1)(s)
FO(s)

E+1
s

, >0,

holds for all k € N.

D) For the derivatives of any Bernstein function we have

k!
‘f(k)(s) < Ef(s), s> 0 and k € Ny.

Corollary 1.4.16. Let f and g be two Bernstein functions. Then f o g is also

a Bernstein function.



Chapter 2

Semigroups and Their

(Generators

2.1 Results from Functional Analysis

We begin with some general results from functional analysis. Firstly, we look
at linear operators A on topological vector spaces. Let X, Y be two topological
vector spaces. Recall that (A, D(A)) is a linear operator from X to Y if D(A) C
X is a linear subspace and A : D(A) — Y is linear, where D(A) is the domain
of A. The following definitions are taken from [20].

Definition 2.1.1. Consider two linear operators T and S from X into Y with
domains D(T) C D(S). If Tu = Su for each w € D(T), then S is called an

extension of T and we write T' C S.

Definition 2.1.2. Let (A, D(A)) be a linear operator from X to'Y, both being

topological vector spaces.

A) If D(A) C X is dense we call D(A) a dense subspace and (A, D(A))
densely defined.

B) We call A a closed operator if the graph T'(A) := {(u, Au)lu € D(A)} is
closed in X x Y.

25
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C) The operator A is closable if it has a closed extension.

The smallest closed extension of (A, D(A)) is called its closure and denoted by
(4, D(A)).

In the case of an operator acting between Banach spaces, A* stands for the
conjugate operator, but in the case of an operator acting between Hilbert spaces,
A* stands for the adjoint operator. For operators in a Hilbert space we have the

following.
Definition 2.1.3. Let (A, D(A)) be a densely defined operator on a Hilbert space

(H’ ('v )H)

A) The operator A is called symmetric if A* is an extension of A.

B) We call A self-adjoint if A = A*.

For a symmetric operator we have (Az,y)y = (x, Ay)y for all z,y € D(A),
whereas for self-adjoint operators we have in addition D(A) = D(A*).

Self-adjoint operators play a vital role in spectral theory and we indicate some

results below, we follow from [33].

We denote L(H) to be the space of bounded operators on a Hilbert space H.

An important class of operators on Hilbert spaces is that of the projections.

Definition 2.1.4. If P € L(H) and P? = P, then P is called a projection. If

i addition P = P*, then P is called an orthogonal projection.

The following definition is needed before discussing the spectral theorem.

Definition 2.1.5. Two Hilbert spaces Hy and Hs are said to be isomorphic if
there is a linear operator U from Hy onto Hy such that (Uz,Uy)y, = (x,y)m,

for all x,y € Hy. Such an operator is called unitary.

In [33] a class of unbounded self-adjoint operators are discussed where the fol-

lowing result is given.
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Theorem 2.1.6. (Spectral theorem-multiplication operator form): Let A be a
self-adjoint operator on a Hilbert space H with domain D(A). Then there is
a measure space (M, ) with p a finite measure, a unitary operator U : H —

L*(M,dy), and a real-valued function f on M which is finite a.e. so that

0) ¢ € D(A) if and only if F(-)(U)(-) € L*(M, dp).

b) If ¢ € U(D(A)), then (UAU ¢)(m) = f(m)p(m).

Using this theory we can define functions of a self-adjoint operator. Given a

bounded Borel function A on R we define
h(A) = U ' Ty U

where Tjs) is the operator on L?*(M,du) which acts by multiplication by the

function A(f(m)). Therefore we obtain the following theorem given in [33].

Theorem 2.1.7. (Spectral theorem-functional calculus form): Let A be a self-
adjoint operator on H. Then there is a unique map gg from the bounded Borel

functions on R into L(H) so that

a) (/5 15 an algebraic x-homomorphism, that is,
¢(hg) = o(h)p(g) d(Ah) = Ag(h)

¢(1) =1 ¢(h) = o(h)"

b) ¢ is norm continuous, that is, ngﬁ(h)H : < ||~ -
H

1
c) Let h,(x) be a sequence of bounded Borel functions with h,(x) — z as

n — oo for x and |h,(x)| < |x| for all z and n. Then, for any ¢ € D(A),
lim,, 00 qg(hn)go = Aep.

d) If ho(x) — h(z) pointwise and if the sequence |hy|., is bounded, then
d(hn) — O(h) strongly.
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Functional calculus is useful in many cases. In particular the spectral theorem
in its projection-valued measure form follows easily from the functional calculus.
By definition given in [33] P, is called the spectral projection of an unbounded
self-adjoint operator A where €2 is a Borel set of R. The family of operators {PQ}
is called a projection-valued measure with properties stated in the following

proposition.

Proposition 2.1.8. The family {Pg} of spectral projections of unbounded self-

adjoint operator, A, has the following properties:
a) FEach Py is an orthogonal projection;
b) Ph=0, P(,oo’oo) = I,'
¢) If Q = Up=1Qy, with Q, N Qy, = 0 if n # m, then Py = s—limy o ZnN=1 P, ;
d) P91PQ2 = PleQQ.
For ¢ € H, Q — (o, Pop) is a well defined Borel measure v on R. If Py is a
projection-value measure, then (¢, Pop) is an ordinary measure for any ¢. We
will use the symbol d(¢, Py¢) to mean integration with respect to this measure.

Thus, given a bounded Borel function g we can define g(A), where A is a self-

adjoint operator, by

<%ﬂAww:/mmMﬂ¢fm» 2.1)

—00

Suppose ¢ is an unbounded complex-valued Borel function and let
D, ={o| [ laPate. o) < o). (2.2

Then, D, is dense in H and an operator g(A) is defined on Dy by (2.1).

We can write
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In particular, for ¢, € D(A),

(%AW=[%Aﬂ%Pw)

o0

If g is real-valued, then g(A) is self-adjoint on D,. We summarise these results

in the following theorem.

Theorem 2.1.9. (Spectral theorem-projection valued measure form): There
is a one-to-one correspondence between self-adjoint operators (A, D(A)) and
projection-valued measures {PQ} on H, the correspondence being given by

A:/ AP,

i.e. for all ¢ € D(A) we have Ap = [7_Xd(p, Pxp). If g() is a real-valued

Borel function on R, then

defined on D, given by (2.2) is self-adjoint.

If A is unbounded and self-adjoint we can use the functional calculus to define

et and e 4.

Theorem 2.1.10. Let A be a self-adjoint operator then we can use spectral
calculus to define the unitary operator group

. o0 .
eztA — / €Zt>\dp>\

oo

and the contraction semigroup

o0
etA:/ e’t)‘dPA.
0

We will now look at some results regarding quadratic forms, which can be found

in detail in [33].

Definition 2.1.11. A quadratic form is a map q : Q(q) x Q(q) — C, where
Q(q) is a dense linear subset of a Hilbert space H called the form domain, such

that q(-,1) is conjugate linear and q(p,-) is linear for p, 1 € Q(q).
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Moreover, if q(p, 1) = q(p, 1)) we say that ¢ is symmetric. If ¢(p, ) > 0 for all
¢ € Q(q), q is called positive, and if ¢(p, p) > —M]||¢||* for some M, we say that
¢ is semibounded. Additionally, if ¢ is semibounded, then it is automatically

symmetric if H is complex.

Recall that an operator A is closed if and only if its graph is closed. Extending

this notion to closed quadratic forms is defined as follows.

Definition 2.1.12. Let ¢ be a semibounded quadratic form, q(e,¢) > —M |||

q is called closed if Q(q) is complete under the norm

lell = vale. ) + (M + Dl

The following theorem which characterizes H* is known as the Fréchet-Riesz

theorem.

Theorem 2.1.13. Let H be a Hilbert space. For each T € H*, there is an

unique yr € H such that T(x) = (x,yr) for all x € H, where we also have

1zl = 11Tl 5=

Every quadratic from defined in Definition 2.1.11 can be expressed in terms of

a symmetric bilinear form. We define a bilinear form as follows.

Definition 2.1.14. Let (H, (-, )g) be a Hilbert space. Further let D(B) C H
be a dense linear subspace. We call B : D(B) x D(B) — C a bilinear form on
H with domain D(B) if for all u,v,w € D(B) and A\, u € C,

B(Au + pv,w) = AB(u,w) + uB(v, w)

and

B(u, A + pw) = AB(u,v) + B (u, w)

hold.

In order to discuss the form domain we need to discuss the spectral theorem for

bounded operators which is taken from [33]. Firstly we need a definition.
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Definition 2.1.15. Let (A, D(A)) be a densely defined closed operator on (X, ||-]|),
Ry = (A= A)~L. The operator Ry is called the resolvent of A at X if it is defined
on X and bounded. The set
p(A) :={X € C|A\I — A is surjective and has a continuous inverse defined on
RA—A) =X}
is called the resolvent set of A. If A & p(A), then X is said to be in the spectrum
a(A) of A.

We are now in a position to state the following.

Theorem 2.1.16. Let A be a bounded self-adjoint operator on H, a separable

Hilbert space. Then, there exists measures {,un}N (N =1,2,...,00) on o(A)

n=1

and a unitary operator

U:H— @ L*(R, u,)
so that

(AU )a(A) = A (A)
where we write an element ¢ € ®Y_| L*(R, u,,) as an N-tuple (1 (N), ..., n(N)).
The realization of A is called a spectral representation.

We will define the form domain of an operator through the following example.

Example 2.1.17. Let A be a self-adjoint operator on a Hilbert space H. We
pass to a spectral representation of A, so that A is multiplication by x on

®N_ L*(R, py,). Let

Q(Q) = {{¢n(x)}iv1

and for ¢, € Q(q) define

N oo
S [ o) P, < oo}
n=1Y ~®

W)=Y [ @i,

We call q the quadratic form associated with A and write Q(q) = Q(A), where
Q(A) is called the form domain of the operator A.
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We will find the Friedrichs’ extension theorem useful which is taken from [34].

Theorem 2.1.18. Let A be a positive symmetric operator and let q(p,v) =
(p, AY) for ¢, € D(A). Then q is a closable quadratic form and its closure
q 1s the quadaratic form of an unique self-adjoint operator /1, where A is a
positive extension of A. Moreover, A is the only self-adjoint extension of A

whose domain is contained in the form of q.

2.2 One-Parameter Semigroups

We will now look at some theory on one-parameter semigroups which is taken
from [20]. We begin by defining a sub-Markovian semigroup on LP(R"), 1 <p <

oo. Firstly, we have

Definition 2.2.1. A) A one parameter family (1})i>0 of bounded linear oper-
ators Ty, : X — X on a Banach space (X, ||-||y) is called a (one parameter)
semigroup of linear operators, if Ty = id and Ty, = Ts o Ty hold for all
s,t > 0.

B) We call (Ty)i>o strongly continuous if
ing 70— ul = 0
forallu € X.
C) The semigroup (T})>o is called a contraction semigroup, if for all t > 0
1T < 1
holds, i.e. if each of the operators Ty is a contraction.

Definition 2.2.2. Let (T})i>0 be a strongly continuous contraction semigroup
on LP(R"), 1 < p < co. We call (T})i>0 a sub-Markovian semigroup on LP,
1 <p<oo,if for ue LP(R™) such that 0 < u < 1 almost everywhere it follows

that 0 < Tyu < 1 almost everywhere.
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Here, we have defined a L” sub-Markovian semigroup. However, we are mainly

interested in L? sub-Markovian semigroups.

We will now state an important definition in the theory of one parameter semi-

groups of operators which is that of a generator.

Definition 2.2.3. Let (T})1>0 be a strongly continuous semigroup of operators

on a Banach space (X, ||-||). The generator A of (T})io is defined by

T —u

Au = lim (strong limit)

t—0 t
with domain

. Tywu—u
lim
t—0

D(A) = {u eX

exists as strong limit}.

We look at further results from the general theory of semigroups where the
following lemma taken from [20] discusses the relation of A and (7}):>o.
Lemma 2.2.4. Let (T})i>0 be a strongly continuous semigroup on the Banach

space (X, |||l ) and denote by A its generator with domain D(A) C X.

A. Foranyu e X andt >0 it follows that fot Tsuds € D(A) and
t
Tiu —u = A/ Tyuds.
0

B. For u € D(A) and t > 0 we have Tyu € D(A), i.e. D(A) is invariant
under Ty, and
d
ETtu = ATu = T Au.
C. Foru e D(A) and t > 0 we always get
¢ t
Tiuw —u —/ AT uds —/ T, Auds.
0 0

Lemma 2.2.5. Let (T})i>0 be a strongly continuous semigroup on (X, ||| x)-

Then there exists constants w > 0 and M, > 1 such that

7)) < Mye™.
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We will introduce the Hille-Yosida theorem which allows us to characterise gen-
erators of strongly continuous contraction semigroups. Firstly, we will state

some definitions.

Definition 2.2.6. A linear operator A : D(A) — X, D(A) C X, is called
dissipative if

[Au = Aull x = Allull x

holds for all A > 0, u € D(A).
Definition 2.2.7. Let A: D(A) — B(R™;R) be a linear operator, where B(R™)
is a Borel measurable function, D(A) C B(R™R). We say that (A, D(A))

satisfies the positive maximum principle if for any u € D(A) such that for some

zo € R, u(xg) = sup,epn w(x) > 0 it follows that Au(zg) < 0.

Lemma 2.2.8. Suppose that a linear operator (A, D(A)), D(A) C Cx(R™;R),
on Coo(R™ R) satisfies the positive maximum principle on D(A). Then A is

dissipative.

Definition 2.2.9. Let (T});>0 be a strongly continuous contraction semigroup on
(Co(R™R), ||-|l..) which is positivity preserving. Then (1})i>o is called a Feller

SEMIGroup.

We can now formulate the Hille-Yosida-Ray theorem which is taken from [20].

Theorem 2.2.10. A linear operator (A, D(A)), D(A) C Co(R™), on Co(R™)
18 closable and its closure is the generator of a Feller semigroup if and only if

the following conditions hold

1. D(A) C C(R™) is dense;
2. A satisfies the positive maximum principle;

3. R(A— A) is dense in Coo(R™) for some A > 0.
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2.3 Dirichlet Spaces

We begin by looking at some general results involving Dirichlet spaces, where

the following definition is taken from [30], see also [11].

Definition 2.3.1. A closed form (£, D(E)) on L*(R™) is called a Dirichlet form
if for all uw € D(E) it follows that u™ N1 € D(E) and

E(u+ (ut Al),u— (ut A1) >0,
E(u—(u"Al),u+ (u" A1) >0.
If (€,D(E)) is in addition symmetric, in which case we have

Ewr AL ut Al) < E(u,u),

it is called a symmetric Dirichlet form.

The notion of a symmetric Dirichlet form was introduced in [3] and [4].

The translation invariant symmetric Dirichlet forms are given by

EVu,v) = [ (©u(€)o(€)ds, u,v € S(R"),

Rn

where ¢ : R" — R is a continuous negative definite function, see [9].

The domain F¥ of £¥ is given by the Hilbert spaces H*"!(R™) where for s > 0,
HY$(R") is defined as follows

o) = {ue PR [ (14 0Or IR < oo

Note, that S(R") is a dense subset of H%*. Moreover, we can associate with
(F¥,EY) the operator semigroup (7)o on Lo(R™) defined by
Tu() = (207 [ e Qi) = [ ule = pyuldy),
n Rn
where (pt):>0 is the vaguely continuous convolution semigroup of sub-probability

measures on R” such that
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It can be shown that the one parameter family (73);>0 of bounded linear opera-
tors Ty : L?(R™) — L*(R") gives a strongly continuous one-parameter semigroup

on L*(R"), where we find the following example in [20].

Example 2.3.2. Let (1)i>0 ba a convolution semigroup on R™. For u € S(R™)

we define
Tyu(x) = /n u(x — y)pu(dy)

and find with a continuous negative definite function v : R™ — C that

(Tru)"(€) = e a(g). (2.3)
We find

1T — ul]? = / T Oq(e) — a(e)|Pde
RTL

= [ |e™O —11P|a(é)Pde,
Rn

implying the strong continuity of (1i)i>0 as t tends to 0. From (2.3) we can
see that (T})i>o is a semigroup. Hence, (T})i>o extends to a strongly continuous

semigroup on L*(R™).

We now look at some estimates involving the Dirichlet forms.

Lemma 2.3.3. Given the translation invariant symmetric Dirichet form defined

by

R

where (€) is real-valued. Then for every u,v € HY', the following estimate
holds

(€9 (u, )| < Nl 1 llvlly,-
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Proof. For u,v € S(R"),

€% (u, )| = | | w(&)a€)o(8)de

Rn

< [ Wl
<(( Rﬁ“ o) ) ((/M
Ry
s(/nmw |d5)

= llully V]l 2

M\»—A

|)2d§>é
3] ds)

V(€
( (14 ol <)|ds)l

3

N

where we used that () < ¢y (141(€)), making use of the fact that a real-valued

continuous negative definite function is non-negative. O

We want to get a better understanding of Example 2.3.2 in relation to Lemma

2.3.3. For this let u,v € S(R™) and consider

<Ttu —u ) (e“f’(')ﬂ — U A>
7U - —7 v
t L t L

which follows from Plancherel’s theorem. Passing on the right hand side to the

limit ¢ — 0 we obtain, assuming for simplicity (§) € R,

t—0 t

() 4
lim (wv) = (=)t D) 2
L2
or

t—0

lim ( - (MU)L = ()i, D)2 = E¥(u,v)

for all u,v € S(R™). For this calculation we have used the estimate

CL2

—at_l t

t

and the growth bound [1(§)] < ¢, (1 + [€]?).

Thus for u,v € S(R™) we find

) Tou—u ) e WOg —a
lim ) =lim|—, 0
t—0 t 12 t—0 t L2
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With Au: —¢(D)u, u € S(R™) it follows

Ty —
lim ( v u,v) = (Au,v) 2.
t L

t—0

In Chapter 5 we will pick up the ideas outlined in this paragraph and will discuss

as a central topic extended Dirichlet spaces.
Furthermore, we have

Lemma 2.3.4. Given the Dirichlet form, £¥, we define
5‘;\?0 (U’7 ’U) = gw(u7 U) + )‘O(uv U)LQa

where we consider N\g > 0 and ¥(€) is real-valued. Then for every u,v € H¥'

the following estimate holds
[Ex (1w, 0)| < (o) ully 1ol

Proof. For every u,v € S(R"),

bl =| [ vouei@+ [ i
< [ s w@la@i©ids + ol [ 1a©l©de

R

= llully 1 llolly 1 + Pollleliolivllo
< c(Qo)llully 1 [v]ly -

]

There is a one-to-one correspondence between Dirichlet forms and strongly con-
tinuous symmetric semigroups (7});>0 on L2 In order to illustrate this in a
theorem, we need to define a Dirichlet operator which we find in [20]. Firstly,

we have

Lemma 2.3.5. Let (T})i>0 be a sub-Markovian semigroup on LP(R"), 1 < p <
oo, with generator (A, D(A)). Then for all u € D(A) we have

/H(Au)((u — )" dz <. (2.4)
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Definition 2.3.6. A closed, densely defined linear operator A : D(A) — LP(R™),
1 <p<oo, D(A) C LP(R™), is called a Dirichlet operator if for all u € D(A)
the relation (2.4) holds.

The following result is taken from both [20] and [30].

Proposition 2.3.7. Suppose that a Dirichlet operator (A, D(A)) on LP(R™;R),
1 < p < o0, generates a strongly continuous contraction semigroup (1)i>o on
LP(R™; R) with corresponding resolvent (Ry)xso. Then (T})i>0 and (Ry)aso are

sub-Markovian. Moreover, we can state that the following are equivalent.

i) (Rx)aso is sub-Markovian.
i) (T)i>0 is sub-Markovian.

ii1) (A, D(A)) is a Dirichlet operator.

We can now deduce that the following theorem holds.

Theorem 2.3.8. Let (A, D(A)) be a Dirichlet operator on L*(R™) which gen-
erates a sub-Markovian semigroup (Ty)i>o. If (A, D(A)) is self-adjoint, then
(&, D(E)) is a symmetric Dirichlet form. Conversely, for a symmetric Dirichlet
form it follows that (A, D(A)) is a self-adjoint operator. Moreover the semigroup

has an analytic extension to L*(R™).

If we combine Theorem 2.3.8 with the calculation following Lemma 2.3.3 we see
that at least on S(R™) we have for the generator of (T} )0, where ¢ : R* — R

and (Tf)tzo denotes the semigroup from Example 2.3.2, the formula

n

(o) = ~0(Dula) = (2m)F [ (p(©)i)de
The following results will be helpful when discussing extended Dirichlet spaces
which we will do later on.

Lemma 2.3.9. Let (€, D(E)) be a symmetric Dirichlet form. Then every normal
contraction operates on (€, D(E)), i.e. if T : R — R such that T(0) = 0 and
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|T(s)=T(t)] <|s—t| then Tou € D(E) for everyu € D(E) and E(Tou,Tou) <
E(u,u).

2.4 Pseudo-Differential Operators with Nega-

tive Definite Symbols

In this section we look at some results with regard to the pseudo-differential
operator with negative definite symbols. A linear operator A : C§°(R") — C(R)
which satisfies the positive maximum principle, has a representation as a pseudo-

differential operator

Aw@>:q@aDﬁmx>:<%ﬂ3“/°e”@xagﬁuoda

where we assume that ¢ : R" xR" — C is a locally bounded funtion such that for
every € R™ the function ¢(z, ) : R* — C is a negative definite and continuous.

The following definition and assumptions are taken from [21].

Definition 2.4.1. We call a function q : R" x R™ — C a (continuous) negative
definite symbol if q is locally bounded (continuous) and for each x € R™ the

function q(x,-) : R" — C is negative definite and continuous.

For a negative definite symbol ¢ for every compact set K C R™ there exists a

constant cx such that
lg(x,&)| < ex(1+1€]%)

holds for all x € K and & € R™.

For a (negative definite) symbol ¢(x, &) we set

i1.6)i= 2m)F [ g, )dn = Foo ol ) ),

whenever this Fourier transform exists.

We will also consider the following decomposition of the symbol ¢(z, &)

q(7,€) = q(w0,€) + (g2, €) — (20, €)) = @1(€) + @2(, §) (2.5)
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which we obtain when freezing the coefficients with the grid point xg.

Before moving on we will state some assumptions which will be essential in the

following.

Assumption 2.4.2. We assume that the function ¢ : R® x R* — C is a
continuous negative definite symbol having the decomposition (2.5) into a con-

tinuous negative definite function ¢ : R — C and a continuous function

g2 : R" x R" — C.

A.1. The function q, is continuous and negative definite and satisfies the

following

L p(©) <1+ 1a(©)] < n+ () (2.6)

1
for some constant 7 > 0 and a fized continuous negative definite function (&)
such that for large |£|, £ € R™, ¥(&) > c[¢|™ holds with some constants ¢ > 0,

7"0>O.

A.2. For m € Ny the function x — qa(x, &) belongs to C™(R™) and we have

the estimate
|07 @2(, §)] < @alz)(1+¥(8))
for all a € NI, |o| < m, with function p, € L'(R™). Moreover, we have for all

k € Ny, |k| < m, the estimate

1G] < Ak D 1@all o (14 1*) = (1+(8))-

laj<m

We will now look at the bilinear form in conjunction with the operator ¢(z, D),

with [21] being our main reference.

We introduce the bilinear form
B(u,v) := (q(x, D)u,v)o

which is assosciated to ¢(z, D) and defined on C§°(R") where we have the de-
composition

B(u,v) = B%(u,v) + B%(u,v),
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with B (u,v) := (q1(D)u,v)e and B2(u,v) := (q2(x, D)u, v)o.

Note, that since S(R") is a dense subset of H¥**, we can prove the following

estimates for u,v € S(R"), and then conclude that they hold first in H¥*.

Theorem 2.4.3. Suppose that ¢1(§) and qa(x,§) satisfy A.1 and A.2 with m >
n+2. Then B is continuous on H"(R"), i.e. for all u,v € H*(R") we have

| B(u, v)] < cllully |vll,- (2.7)

Proof. Firstly, we show that

| B (u, v)| < 7aflully 0]l

with 71 as in (2.6). To do this it is sufficient to look at the case for all u,v €

S(R™). From (2.6) we obtain

| B (u,v)| =

| a©aiea
<n [ (L w©)a©llo©)lde

< 7'1||U||¢,1||U||¢,1'

For the second half of the proof it remains to show that

1BE(u,0)] < k2 Y N@allpllully loll

|a|<n+-2
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For all u,v € S(R") we deduce
| B (u,v)| = [(g2(z, D)u,v)o|
= / q2(z, D)u(z)v(z)dx
-1/ / (6~ n,nm(n)@dndf’
. ~(n42)
<wian 3 leal [ [ alg=aP)
|ar|<n+4-2
x (14 (n))la(n)|o(€)]dndg
- ~(n+2) 1+(n :
< Vnt2n ||%||L1/ / (1+1€—n) <T¢E§§)
|oo| <n+2 " "
X (L (n)) 2 [aln)| (1 +(€)2[0(€)|dndg
<VEiaaltvedt Y leals [ [ @ ig-nP
|a| <n+2
X (1 (n)) 2 [aln)| (1 +(€)2[0(¢)|dndg
<y Y leallpllely vl
|| <n+2
with
Ko = \/§<1 \% Ci/))%:ynJrZ,nén,nJrl- (2.8)

This implies (2.7). O

Theorem 2.4.4. Suppose that ¢1(§) and go(z, &) satisify A.1 and A.2 with m >

n+ 2. Assume further with o from (2.8) that

0:=7—k2 Y l@all >0.

|| <n+2

Then we have for all u € HY'(R")

where :\0 > 0.

|B(u, u)| = ReB(u,u) > dullully,, — Nolulls

Proof. We begin by proving that we have with some Ao >0

(B, u)| > ReB (u,u) > ollul2,, — Xollull2 (29)
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For all u,v € S(R")

B (u, )| > ReB (u, u) = / Reg) (£)[a(€) d

n

>0 [ WO e + / Reg, (€) a(€)[*de

B{(0) B1(0)

2 2 2
> ollullyy = 0llully = E&%(Reql(ﬁ) — 00 (E)llully-

Therefore, we have proven (2.9). Hence using the above and part of the proof
from Theorem 2.4.3, we obtain for u € H*'(R")
|B(u,u)| > ReB(u,u) > B™"(u,u) — |B%(u, u)|

2 N 2 2
> yollull?y — Nollully — k2 D leallpllull?,
|| <n+2

2 NIIE
= O flully, = Allullg

which proves our theorem. O

We will now discuss a lengthy example extending some results. For u,v € S(R™)
we consider

B(u,v) = (q(z, Dy)u,v)o (2.10)

where we define the operator ¢(x, D,) in the following way

q(x, Dy)u(zr) = a(y)y(D:)u(x) + b(2)a(Dy)u(z) (2.11)
for functions v : R" — C, where z = (y,2) € R™ x R", n = n; + ny and
(&) =¥, Q) = vi(n) + ¥a(Q).

Then, for R = R™ xR" and u(z) = u(y, z) the following holds for u,v € S(R™),
where we look at the Fourier transform of u with respect to two variables y and

z which we define in the following way.

n

:(QW);LI(QTF);2/ / e~ Ve =y (y, 2)dzdy
R JR72

1 2 2 1
= (Fyo o Feww(@) = (F2y o F()) u)(x).

(Floeyu)(z) = (27)F / iy ()
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Our aim is to show that

a(y)Pr(Dz)u(r) = ¢1(D:)(au)(x)

and
b(2)2(Dy)u(z) = ta(D,) (bu)(z).

To prove these equalities we need to show that the commutator described below
is equal to 0, e.g.

la(y), ¥1(Dz)]u = 0.

Theorem 2.4.5. Given an operator ¥, (D,) on S(R"™) defined by

61 (D, )ulz) = (2m) +* /

R"™2

e OEn T [ ey, udud,

R"2
where 11 : R™ — R is a continuous negative definite function. Then, for the

coefficient a(y), we have

[a'(y)a wl (Dz)] = 0.

for all y € R™.

Proof. We find, for two variables y and z, where z = (y, 2),

a(y)er(D2)u(y, 2) = a(y)(FE)) (11 () Flaey ) (v, 2)
—aen# [ (@0 [ atyui)a

— 0 [ a0 [ eatyui )
e [ enoen [ el wided

= Cn)F [ OF ). 0dC

— (D2 au)(y, 2)

Hence, we have

[a(y), ¥1(D2)Ju = ay)y2(D:)uly, 2) — ¢1(D-)(au)(y, 2) = 0.
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Similarly, we have [b(2), ¢2(Dy)]u = 0. We may use these results to look at some
estimates regarding the bilinear form B. Firstly, we look at the symmetry of

the bilinear form.

Theorem 2.4.6. Assume that |a(y)|,|b(z)| < c. Given the bilinear form

B(u7 U) = (q(x, Dw)uv U)O‘

Then, the bilinear form is symmetric, i.e. B(u,v) = B(v,u).

Proof. For u,v € S(R"), due to Theorem 2.4.5 we have the following

(q(z, Dy)u, v)o = (arh1 (D) + bib2(Dy)u, v)o
= (a1 (Dz)u,v)o + (bh2(Dy)u, v)o
= (u, ¥1(D:)(av))o + (u, 12(Dy) (bv))o
= (u, a1 (D))o + (u, b (Dy)v)o
= (u, q(z, Dy)v)o.
Hence, our statement is proven. O

We will now look at some estimates with regard to the bilinear form, where we

use the results we obtained in Theorem 2.4.5.

Theorem 2.4.7. Given that [a(y), Y1 (D.)|u = [b(z),¥2(D,)]u = 0, then for
every u,v € HV1(R"), the following estimate holds

| B(u, v)| < cllully llvlly,, (2.12)

where ¢ = ||al| + 10|l
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Proof. For u,v € S(R"), we have

Ui

o}

< lall

Ui (D) |

iy |

[e.e] ‘

1
2
2

(Dy)v

+ 10l

0'

We have for £ = (,(),

— [ wapa
GG

IN

Similarly, we have

1 2
3 2
|3 )| < lul,
Therefore, this implies

|[B(u, v)| < lallgllully 1 lvllyx + 10l lelly 1 101l 1

= (lallee + 0l Mlelly 10l

Hence, this proves our estimate for ¢ = ||al|_ + ||b]| .. O

Theorem 2.4.8. Given that [a(y)1(D,)u = [b(2),¥2(Dy)]u = 0, then for every
u € HVY(R™), the following estimate holds

2 2
Blu,u) = rllully,, — #llullg (2.13)

where we assume that |a(y)|, |b(z)| > k > 0.
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B(u,u) = /}Rn1 /Rm a(y)(1(D)u(y, 2))uly, z)dzdy

> I{( / / 1% 2)|?dzdy
Rn1 JRn2
/ / )| dydz)
Rn1 JR72
—n ( / / O)dcdy
Rn1 JRn2
+/ / %2 n)(Flymt) n,z)]andz>.
Rn1 JR72

Calculating the first part, since 11(¢) € R implies 11(¢) > 0, we obtain

1
// 2 (O (o), O Py
R™1 R”2

-/ %(C)F/R@ (Floya) (0, ) Py
*1(Flagyw) (0, Q)| *dng

’—‘m\»-‘

1
= / W1 (€)
1 R"2

1

5

1
1 ]R"z

A
-/ O, P

/Rnl Rz P1(Q)|a()]dndC.

_ / () 0(6) PandC.
R™1 R™2
Hence, we conclude that

Bz ([ [ 0+ watnlate) Panac)

2 2
= rllullyy = wllull-

Similary, we have

Mw\»—t

,2)|dndz
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]

We have shown that B(u,v) is bounded, i.e. |B(u,v)| < c|ull,,[[v[l,, for all
u,v € S(R™). Further, we have shown that for some k, that the following

inequality holds for all u € S(R")
2 2
B(u,u) = &ully , = #llullg-

Since the bilinear form on the domain H%! is bounded from above and below

we can conclude that (B, H¥!) is a closed form on L*(R").

We will now look at some estimates with regard to the operator ¢(x, D,).

Theorem 2.4.9. Given that [a(y),yY1(D.)|u = [b(2),¥2(Dy)|lu = 0, then for
every u € HY2(R"), the following estimate holds

llq(x, Dm)“”wo < CHUH1/1,2

where ¢ = ||al| + ||b]|

Proof. Here, we follow the structure of the proof for Theorem 2.4.7. For u €
S(R™),

a2yl = | [ oDty 1z

i ‘ /Rnl /an b(2)1h1 (Dy)uly, Z)dzdy‘

< [lalls[¢1 (D=)ully
+ 10l o [[02(Dy ull-

We have for £ = (7, ()

Jon(D2yul} = / EGLORE
< [ w©la@)
< / (14 0(©))?la(E) P

2
= ||U||¢2
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Hence, we have
2 2 2
la(z, De)ully < llallollully o + [0l llully 2

2
= (llall o + N0l lelly 2

This proves our estimate for ¢ = ||a|| + ||b]]..- O

We may now look at the case for the lower bound.

Theorem 2.4.10. Given that [a(y), Y1 (D,)|u = [b(2),¥2(Dy)]u = 0, then for
every u € H¥2(R™), the following estimate holds

lg(z, Da)ully o > K1 =27)[lully 5 = Aollully
fory <1, where we assume that sup,cgn, |a(y)—a(yo)| < vk and sup,cgns b(y)—

b(yo)| < k.

Proof. Firstly, we rewrite the operator as follows
q(z, Dz) = q(o, D) — (q(20, Dz) — q(x, D2)),
where we "freeze” the coefficients at zy. Therefore, we have
la(z, Dz)ully = llq(xo, Da)ully = [[(a(x0, Do) — g2, Dz))ullg
Following the calculations as in Theorem 2.4.8, we obtain
lg(z0, De)ully = #llully, 2 = Aollully-

Thus, we have remaining the norm ||(¢(zo, D,) — q(z, D;))ul|, to estimate. For

u € S(R™), we have
latan, D)~ e Dl = [ [ fol)in(Dyuty.2) + a1 (D,
— a(yo)¥1(D:)uly, z) — b(z0)v2(Dy)uly, 2)*dzdy

/Rn1 /Rn2 ) — a(yo))1(D:)u(y, 2)

+ (b(2) — b(20))th2(Dy)uly, 2)|*dzdy

<2// (la(y) ~ alyo)s(D-)uly, )
+1b(9) — bl Dy uly, 2)P)dzdy.
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Due to the fact that we have the estimates

sup |a(y) — a(yo)| < vk
yeR™

and

sup |b(y) — b(yo)| < x,
yeR™2

from the calculation obtained in the previous theorem, we conclude that

l(a(zo Dy) — g, D))ull2 < 24 / / (D, )uly, ) + [s(D,)uly, 2)2dzdy
R™1 R™2
< 227 Jull2,.

Hence, we have
lg(x, Dy)ully, > /{||u||¢72 — Aollully — 27’f||u||¢,2 = k(1 - 2’7)||u||¢,2 — Aollully,

where v < 1. [

We want to show that as a result of these estimates we have that this operator
has an extension generating a L? sub-Markovian semigroup. In order to do this,
since we have shown in Theorem 2.3.8 that there is a one-to-one correspondence
between Dirichlet forms and L? sub-Markovian semigroups, we need to show
that (B, H¥!) is a Dirichlet form. Firstly, we will show for the general case that
the following equality holds.

W@ = [ [ (ulaty) -u@)(ey) ~vle)vldpde. (219

R"

For the symmetric case, ¥ has a Lévy-Khinchin representation

0(©) = [ (1= cosly - )r(ay),

where we have no diffusion along with no killing term regarding the quadratic

form and constant.

Note, that for f,g € S(R"),

[ (=t = 2m)” [ [ e gt oy
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Hence, we have

1 Y- _ 6,,L'y, i w o(— D
:‘/;/Jeg 1)(e ¢ — 1) Fu(&) Fo(—£)de b (dy)

L e

YT — 1) Fo(r)dodri(dy)dx

X e
5 [ e+ 9) — u@)o(e + ) - v)rldy)do.

We may use this to rewrite the bilinear form in the following way:.

For u,v € H"'(R"),

B(u,v) = /n /n a(y)(D)uly, 2)v(y, 2)dzdy
+ /n /n b(2)a(Dy)uly, 2)v(y, z)dzdy

/n / u(y, z + 2) —u(y, 2))(v(y, 2 + 2) — v(y, 2))va(dZ)dzdy
/,L / u(y +9,2) —u(y, 2))(v(y + 7, 2) — v(y, 2))v1(dy)dyd=.

Note, for all u,v € L2(R"), we have
(uVO)AL)(z+y)— ((uV0)AL)(2))? < (u(z +y) — u(z))”. (2.15)

This implies that (B, H*!) is a symmetric Dirichlet form. We can state this

formally as a theorem.

Theorem 2.4.11. Given the bilinear form B defined by (2.10) on the domain
HYY where (2.14) and (2.15) holds, then (B, H¥') is a symmetric Dirichlet

form.

Due to the fact that within the proof of Theorem 2.4.6 we have shown that

(q(z, Dz)u,v) = (u, q(x, Dy)v)

which holds for all u,v € H¥2, we can say that the operator ¢(z, D, ) is symmet-

ric. Therefore, by Friedrichs’ extension theorem, Theorem 2.1.18, the operator
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has a self-adjoint extension. In particular, from our estimates, along with the
analysis obtained in the beginning of the chapter, we find that the operator
q(x, D,) has a self-adjoint extension generating a L? sub-Markovian semigroup

on the domain H¥2. Moreover we have

Theorem 2.4.12. Given that [a(y), ¢Y1(D,)u = [b(2),¥2(Dy)lu = 0 then the
estimates from Theorems 2.4.7-2.4.10 hold. Suppose that in addition Theorem
2.4.11 holds. Then we can say that the operator, q(x,D,), has a self-adjoint

extension generating a strongly continuous symmetric sub-Markovian semigroup

on L*(R").

Proof. Firstly, given an operator defined by

¢(x, Da)u(r) = a(y)1(D:)u(z) + b(2)ta(Dy)u(w),

where we have shown within the proof of Theorem 2.4.6 that

(q(z, Dz)u,v) = (u, q(x, Dy)v)

holds for all u,v € H¥?2. Therefore, we can say that the operator ¢(z, D,) is
symmetric. As a result, due to Friedrichs’ extension theorem, the operator has
a self-adjoint extension. From our estimates earlier in the chapter, we can con-
clude that (q(x, D,), H¥?(R")) is a densely defined closed operator on L?(R").
Since we have stated that the operator has a self-adjoint extension, we can con-
clude that the operator, ¢(z, D,), has a self-adjoint extension which generates a

strongly continuous symmetric sub-Markovian semigroup on L*(R"). O]

Note that this example extends the results in [21] since we do not need any

differentiability assumption on the coefficients.
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Chapter 3

Metric Measure Spaces

3.1 Transition Densities and Metric Measure

Space

We want to study transition densities of Lévy and Lévy-type processes and we
aim to relate them to some geometry induced by the symbol of their generator.
In order to do this we need to study metric measure spaces whose metric is
induced by a continuous negative definite function. Let ¢/ : R — R be a locally
bounded continuous negative definite function. Note that real-valued continuous
negative definite functions are non-negative,

0 < 9(€) < cy(1+€*) with ¢y + 2 sup ¥(n),
Inl<1

and subadditive, i.e.

VUE+n) S V() + Vib(n).

The defining property of continuous negative definite functions imply that when-
ever (&) = 0 for some &, # 0 then 1) is periodic with period &,. In fact, for a
continuous negative definite function ¢ to be non-periodic (and non-constant)

is equivalent to ¥(§) = 0 implies £ = 0. Since »(—¢) = ¥(£) and by the sub-

additive property we can see that every locally bounded, non-periodic negative

55
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definite function with 1(0) = 0 induces a metric on R"™ by

dw tR" X R" — [0700)7 dw(fﬂ]) =V 77Z}(£ - 77)
Thus, as we have shown in Lemma 1.2.10 if we require that ¥(£) = 0 if, and

only if, £ = 0, then dy(§,n) = /¥ (§ —n) generates a metric on R".

Let ¢ € MCN, where we denote by MCN the continuous negative definite
functions that induce a metric on R™ which generates the Euclidean topology.
We are interested in the metric measure space (R",dy, A™) and the notion of
volume doubling plays a vital role in the analysis on metric measure spaces. A
metric measure space is a triple (X, d, u) where (X, d) is a metric space and u
is a measure on the Borel sets of the space X. The following definition is taken

from [23].

Definition 3.1.1. Let (X, d, i) be a metric measure space. We say that (X, d, i)

or i has the volume doubling property if there exists a constant co such that
M(Bd(x7 ZT)) < CQ:U’(Bd(xv T))

holds for all metric balls B4(z,r) = {y € X :d(y,z) <r} C X.

The volume doubling property will be useful in proving Theorem 3.1.2. Let
Y € MCN and denote by (p);>0 the corresponding convolution semigroup with
F~'p, = e7®. We assume that e € L'(R", A(), so that the measures p, are
absolutely continuous with respect to the Lebesgue measure. The (transition)

density is given by

p(z) = (2%)_"/ e e WO qe = (2m) "2 Fe (), t > 0,

n

ie. = p(-)A™. We will discuss the relation of the transition density at
0, p:(0), in relation to the geometry induced by the metric measure space
(R™,dy, A™). The proof of the following theorem is taken from [23], a simi-

lar result can essentially be found in [27].

Theorem 3.1.2. Let ¢y € MCN(R™) and assume that e~ € L'(R™ A(™),

then po(0) = (27) /0 T am (Bdw (0, \/§)>e—’“dr, t>0. (3.1)
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If the metric measure space (R, dy, ™) has the volume doubling property, then
e e LYR", \™) and

- \(n) dy i or a
pe(0) < A (B (0, \/%)) for all t > 0. (3.2)

Proof. Observe that AW (B% (0, /p)) = AM{¢ € R™ : ¢(§) < p} is the distri-
bution function of . Using Fubini’s theorem and the change of variable p = %

we get
(27)"pe(0) = / e Odg = —t / TAM{E R (e > phedp
n 0
=t / ALE e R (€) < phedp =t / A (B (0, \/p))edp
0

0
= / A (Bdw (0, \/Z) ) e "dr,
0 t

and (3.1) follows.

Using (3.1) and the monotonicity of the function r — A™(B% (0, 7)) we get

(270)"p(0) > /1 A (Bdw (o, \/g))e_rdr > A\ (Bdw (o, %)) /1 S ey
(o 05)

This proves the first inequality of (3.2). The upper estimate requires that d
enjoys the volume doubling property stated in Definition 3.1.1 which gives

AW (B (0, er)) < 70(e)A™(B™(0,7)), ¢> 1, r >0,

for some function vy such that vo(c) < vo(1)c* for all ¢ > 1 with some suitable
constant a > 0. Combining this with (3.1) gives

(27)"p,(0) = /0 1 A (Bdw (o, \/§>)6_Tdr+ /1 (Bdw (o, ))
< (1—e Ham (Bdw (0, %)) + A0 (Bdw( : 1t)> Yo(1)r2e™"dr
(o (o5))

this is the upper estimate in (3.2). The statement that the volume doubling

~ | =

property implies e7* € L*(R"; () is proved in [27]. O
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3.2 Examples Involving some Transition Den-
sities

We will now give some examples which illustrate Theorem 3.1.2, where we take

part of the calculation from [29].

Example 3.2.1. Let f(s) = s*, 0 < a < 1 be a Bernstein function. Since we
know that v := f(|-]?) is in MCN(R™) it follows that

ABY2 (0, er)) = ea A(BY412(0,1)).

Since N(BY412*(0,7)) = cpora we obtain the estimate

2 _n
PP (0) =t 3,

where pEQa) (x) is the transition density of the symmetric 2a-stable Lévy process.

Example 3.2.2. Consider on R™ x R™ the function ¥(£,1) = |€]* + |n|® with
0<a<pf <2 Thentp € MCN(R™ x R"). We have

1
BY(0,p) = {(z,y) € R™ x R™ : (|z|* + |y|*)2 < p}

«

B
:{(I,y)eRmem: 2+ <1}.
pal lps

The Lebegue measure of BY(0, p) is given by:

)\(n)(Bw(O7 p)) = / / X g <£2, %) dydx
R™1 JR™2 ! pe p?

2ny  2ng

=pepr /Rn /R Xy (€ m)dndé = p* = TN (B (0,1))

where we used the change of variables £ := %, n := &, therefore dov = pQ?Tldf
pa pB

2n9
and dy = p 7 dn.

Consequently, we get for p!(0) = (2r) "2 - et S+ dedn that
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We have seen above that p;(0) has a natural meaning in the metric measure

space (R",dy, A). Moreover, we have

pi(x) —mgﬂd B _MLw(E)d
p(0) _/ne (2m)p,(0) § = Rne 20)"pi(0) 3 (3.3)

where we want to understand 1; i%;

. We have some examples to illustrate this.

Example 3.2.3. Let (&) = 5|¢|%. Then py(z) is the Gauss kernel in R",

ho o (- 5)

lz—y

and for the metric ¢y(x,y) = 7 we obtain
pi() 2
= exp(—¢;(x,0)).

Example 3.2.4. Let (&) = |£]. Then p(x) is the density of the Cauchy process
m R™ and we find

= exp(—¢;(,0))

n+1 r—y*+ 12
ast(x,y):\/ s (),

We will now give an interpretation of (3.3). We have

with

pe(z) = pe(0) exp(—éi(t, z,0))

where the map d0,(¢, -, -) : R® x R" — R is a metric and if ¢ satisfies the volume

doubling condition, we get from Theorem 3.1.2.

%»expeai(t,x,o»

with the balls B (0,r) = {y € R" : dy(y,0) < r}.

pe(x) < M(B%(0,

Example 3.2.5. The symmetric Meixner process on R has the Lévy exponent,

i.e. the symbol, (&) = In(cosh &) and the transition density

F(t—l—iz)
2

21‘/71 2

- 7l(t)

pe()
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Using the representation of the Gamma function as an infinite product, we find

o= I )

Since for a sequence (a;j);>1 of positive numbers the convergence of

[[2,(1+ay), X272, n(1 +ay) and 3777, a; is equivalent, we find that

:im(uﬁ).

=1

2

0;(2,0) = —In F(%)

For every j > 1 and t > 0 the function x — In(1 + 2?(t + 25)~2) is continuous
and negative definite. Since the series ) >~ In(1+x*(t+25)?) converges locally
uniformly as a function of x, its sum 6%(z,0) is again a continuous negative
definite function. This shows that the transition density of a symmetric Meixner

process satisifies

We can also write py(0) as

pt(o) _ (27’(’)"/ eftln(coshf)dg'

n

Thus if (R", dy, A) has the volume doubling property, p,(z) is controlled by two
geometric expressions. Therefore when discussing examples of the corresponding
density of certain continuous negative definite functions which we relate to cer-
tain metrics in chapter 6 we may consider whether we have control with regard

to two geometric expressions as we do above.



Chapter 4

Distributions in the Sense of
L.Schwartz and Fundamental

Solutions

4.1 Distributions

We introduce the notion of a distribution which is taken from [10].

Definition 4.1.1. Let G C R" be an open set. A linear form u : C3°(G) — C
18 called a distribution if, for every compact set K C G, there is a real number

C > 0 and a non negative integer N such that

e <C Y suplovo),

lo|<N
for all ¢ € C§°(G) with suppp C K. The vector space of distributions on G is
called 7'(G).

We will now give a simple example to illustrate this.

Theorem 4.1.2. Let G C R™ be an open set, and let g € C°(G). Then
(9.9) = [ gods, o€ CF(C)
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is a distribution. Moreover, for a locally finite measure pn on B(G) we may define

(1, 8) = / opu(dr)

which also gives a distribution.

This includes the Dirac distribution which belongs to 2’(R™) defined by

(€0, ) = ¢(0), ¢ € C°(R").
There is an equivalent way of defining distributions.

Theorem 4.1.3. A linear form u on C§°(G) is a distribution if and only if

lim; o0 (u, ¢j) = 0 for every sequence ¢; that has the following properties.

(1) The supports of all the ¢; are in a fived compact set,

(i) 0%¢; — 0, uniformly as j — oo, for every multi-indez «.

We can state Definition 4.1.1 differently:

Theorem 4.1.4. Let G C R™ be an open set. The topological dual space 9'(G)
of C3°(G) is the space of distributions on G.

A basic operation of distributions going beyond the vector space operations is
that of differentiation.

Let G C R" be an open set. If u € C'(G), then the distribution which is equal

to the derivative d;u, where i =1, ..., n, is

(Ou, ) = /gzﬁaiuda: = — /u&igzﬁda: = —(u,0;0), ¢ € CF(G), (4.1)
where we have used integration by parts.

Definition 4.1.5. Let u € Z'(G). The distributions O;u, i = 1,...,n, given by

(4.1), are called the first order derivatives of .
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We can iterate (4.1) to obtain for u € 2'(G)

(0°u, ¢) = (1) u,0%), ¢ € CF(G), (4.2)

and therefore a distribution has derivatives of all orders. An example is that of

the Heaviside function.

Example 4.1.6. Given the Heaviside function defined by
H(z)=1, x>0; H(z)=0, = <0.
Its distributional derivative is given by

(OH, 6) = —(H, 0) = / d(x)dz = 6(0), ¢ € C°(R).

Hence OH = gq in the sense of distributions. For a fized a € R a similar
manipulation gives

OH(- —a) = ¢,.

By (4.2) the higher order derivatives of the Dirac distribution are

(0Fcq, @) = (=1)*0%¢(a), k=1,...,¢ € C°(R).

We will now look at a subspace of the vector space of distributions. In particular,

the distributions with compact support which is taken from [10].

Definition 4.1.7. Let G C R" be an open set. A linear form w on the vector
space C*(Q) is called continuous if there are a compact set K C G, a constant
C' > 0 and a non negative integer N such that, for all ¢ € C*(G)
[(u,¢)] < C Y sup {|0°¢] -z € K} (4.3)
lal<N

The vector space of continuous linear forms on C*(G) is called £'(Q).

We know that C§°(G) C C*(G). Therefore it follows from Definition 4.1.7 that
the restriction of any u € £'(G) to C{°(G) is a distribution. (4.3) shows that
(u, ¢) = 0if the support of ¢ is disjoint from K, so u has compact support, when
regarded as a member of 2’(G). Therefore, we can conclude that £'(G) C Z'(G).

Moreover,
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Theorem 4.1.8. C3°(G) is dense in C(G), and E'(G) is dense in Z'(G).
Note that the space §’'(R™) as introduced in Chapter 1 is a further subspace of
2'(R™), in fact we have as continuous embeddings &'(R™) C §'(R") C Z'(R™).

The following theorem regarding convolution of distributions is taken from [10].

The convolution of two functions f and g on R" is defined by

(f*g)(r) = /f(y)g(w —y)dy = /f(w —y)g(y)dy, » € R",

provided the integral on the right hand side exists, e.g. f,g € L' or f € L! and
g € LP as it follows from Young’s inequality. Assuming that both functions are
continuous and that at least one has compact support, then f % g exists and is

continuous, therefore it determines a distribution which can be seen to be

(f*g.) = / / f(@)g)pla + y)dady, o € CPRY.  (4.4)

Before we define the convolution of distributions formally we will discuss several
situations for the convolution of functions with distributions which we take from

17).

Theorem 4.1.9. For a distribution u and a function ¢ the convolution is defined
by
(ux ¢)(x) = u(p(z —))

in each of the following situations:
A) ue Z'(G) and ¢ € CP(G);
B) uw € &'(G) and ¢ € C*(G);

C) ueSR") and ¢ € S(R™).

Moreover, in each case u * ¢ is a C'°°-function and we have
O (ux @) = (0%u) * ¢ = ux (9"9),

and foru € §'(R™), ¢ € S(R™), the function ux¢ has at most polynomial growth.
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Formally, we can define the convolution of two distributions u and v by

(uxv)(p) :==ux*(v*ep)

provided one of them has compact support.

We can look at some theory regarding convolution equations which we take from
[10]. Given a distribution & € £'(R™) we have a map K : Z'(R") — Z'(R")
given by u — k * u. Note that if & does not have compact support, we can still
consider the mapping u — kxu when restricting the domain of the corresponding
operator, for example to the set of all u € Z'(R"™) such that the restriction of
(x,y) — x4y to supp kxsupp u is a proper map. When k has compact support,
this is of course all of 2’(R"). If we choose a cut-off function p € C3°(R™) such
that p = 1 on a neighbourhood of the support of k£ then we can define a linear

form k % u on C§°(R™) by setting

(k*u,¢) = (k(x) @ uly), p(z)o(x +y)), ¢ C5(R")

which is the formal representation of (4.4) along with p where ® denotes the
tensor product. For the convolution of £ and u the above defines a distribution

given by

(kxu, 0) = (u(y), (k(x), oz +y)))
= (k(z), (u(y), o(x +y))),

where ¢ € C§°(R™). Note, that the map K commutes with translation. The
fundamental solution of the convolution operator u — k * u is a distribution E
such that

KE =k« FE = ¢.
If £ € D'(G) and v € £'(R™) then we obtain with u = E v

kxu=(k*xFE)xv=¢eq*xv=u.

Therefore u = E * v is a solution of the convolution equation k * u = v, given
that v has compact support. We return to convolution equations in the end of

this chapter.
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In order to discuss partial differential operators we need a definition which is

taken from [18].
Definition 4.1.10. Let A be a finite set of multi-indices, and let a, € C*(G),
a € A. Then

P(z,D) = Z ao(x)D?,

acA

where we denote D = —id and D* = (—i)l*10%, is a linear differential operator

with C'*° coefficients, defined on G.

The order of a differential operator P is defined by max{|a| : @ € A,a, # 0}

which we denote by m and we can write

P(z,D) = > an(x)D".

la|<m
Moreover, we have
(Pu,¢) = (u,'P¢), ¢ € C5°(G),
where 'P is the differential operator known as the formal adjoint or formal

transposed of P defined by

‘Pz, D)p= > (~1)"D*(aud).

la|<m

A differential operator with constant coefficients

defined on R™ can be regarded as a convolution operator. If we take k = P(D)gg
then we obtain

P(D)eg *xu=¢g¢x P(D)u= P(D)u.

4.2 Fundamental Solutions for Partial Differen-

tial Operators with Constant Coefficients

Definition 4.2.1. A fundamental solution for the partial differential operator

P(D) = }|j<m a D with constant complez coefficients ao € C is a distribution
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E € 2'(R") such that P(D)E = €y, where €y is the Dirac measure at 0 € R".

Recall that with D = —id we have D® = (—id)® = (—4)!*l0* and from
e P(D,)e™ = P(§) = Y aa&”
laj<m

we deduce that P(€) is determined by P(D). Recall that P(D)u = v means for
two distributions u,v € Z'(R™) that for all p € Z(R") we have

(P(D)u, ) = (u, P'(D)g) = (v, )

where P'(D) is the formal transposed operator
PYD)= > as(~1)* D"
|a|<m

It is clear that if £ is a fundamental solution of P(D) then E+wu, P(D)u =0 is
a further one. In order to understand basic properties of fundamental solutions
we first note that for all u € 2'(R™) and all € R™ the convolution u * &, is
defined where ¢, is the Dirac measure at x. Moreover, if v € £'(R"), ie. v
is a distribution with compact support, then u *x v = v % u is well defined. In

particular, for a fundamental solution E to P(D) we obtain for f € &'(R")
PD)(Exf) = (P(D)E)+ f =eo* f = [,
i.e. Ex f solves the equation P(D)u = f in Z'(R") for f € &'(R").

Next we note that differential operators are local and pseudo-local, i.e. for every
u € Z'(R") we have
supp P(D)u C suppu

and

sing supp P(D)u C sing supp u.

It is well known that for two distributions ui,us € Z'(R™) such that at least

one has compact support it follows that

supp (uy * ug) C supp u; + Supp us
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and
sing supp (u; * ug) C sing supp u; + sing supp us. (4.5)

As a first result of importance to us we may state from [17]

Theorem 4.2.2. If P(D) has a fundamental solution E with the property that
sing supp E = {0} then for every u € Z'(R") we have

sing supp P(D)u = sing suppu.
Proof. Since sing supp P(D)u C sing supp w it remains to prove that

sing supp u C sing supp P(D)u. For u € &' (R") we find with u = E * P(D)u
that

sing supp u = sing supp E * P(D)u C sing supp E + sing supp P(D)u

and therefore sing supp u C {0}+ sing supp P(D)u = sing supp P(D)u. Now
for arbitrary v € 2'(R™) and ¢ € C3°(R"™), ¢
find

o = 1 where G' C R" is open, we

G’ Nsing suppP(D)u = G' Nsing suppP(D)(¢u)
= G’ Nsing supp(vu) = G’ N sing suppu

implying the general case. [l

This result implies for a fundamental solution E of P(D) such that sing suppF =
{0} that

sing supp u = sing supp P(D)u = sing supp g (4.6)
if g € &'(R™) and u = E * g is a solution to P(D)u = ¢g. The meaning of (4.6) is
that the solution u = F x g is a C*°-function in every open set where g is a C'*°-
function, i.e. (4.6) is a rather sharp regularity result for distributional solutions

of P(D)u = g. Of course, in general P(D) will not have such a property.

Definition 4.2.3. A differential operator P(D) is called hypoelliptic if for every

u e Z2'(R") the inclusion
sing suppu C sing supp P(D)u

holds.
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Corollary 4.2.4. If P(D) has a fundamental solution E such that sing suppE =
{O} then P(D) is hypoelliptic.

The following famous result due to L.Hormander gives a characterization of

hypoelliptic differential operators with constant coefficients.

Theorem 4.2.5. The differential operator P(D) is hypoelliptic if and only if

for every a € Nij we have

[P
[P(¢)]

where ¢ > 0, p > 0 and o > 0 are independent of «.

< gl g > p, (4.7)

Definition 4.2.6. A polynomial satisfying (4.7) is called a hypoelliptic polyno-

mial.

We have not discussed so far whether a fundamental solution exists. This is the

content of the Theorem of Malgrange and Ehrenpreis which is taken from [10]:

Theorem 4.2.7. Every partial differential operator with constant coefficients

has a fundamental solution.

Corollary 4.2.8. For every partial differential operator P(D) with constant
coefficients the differential equation P(D)u = g has for g € &'(R") in Z'(R") a

solution.

We need a refinement of the Malgrange-Ehrenpreis theorem. For a polynomial

P(&) we denote by P(&) the term defined by

P& = > |PD©)P

aeNg

with P (&) = 9*P(¢). Furthermore, for 1 < p < oo we introduce
B, 5(R") = {u e S'(R")|P()i € LP(R")}

hence S(R") C %, 5(R") C S'(R") and %;?%(R”) is the space

,%’;f%(R”) = {ue Z'(R")|pu € B, 5(R") for every ¢ € C°(R"}.
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Theorem 4.2.9. (L. Hérmander [18]): Every partial differential operator with

constant coefficients admits a fundamental solution in %’;"%(R").

It will be useful to state some examples of fundamental solutions.

Theorem 4.2.10. Put E(z) = (2r) log|z| if x € R*\0 and for n > 2

_‘x|2—n

Ble) = (n—2)c,

, x € R™\0,
where |x| is the Fuclidean norm and c,, the area of the unit sphere. Then
AE =) OF =¢
1

Moreover the Laplacian is an example of a hypoelliptic operator. We note in
addition that O;F is also generated by a locally integrable function, namely x —

%, but 0,0,E not.

The following example is with regard to the heat equation in R"*.

Theorem 4.2.11. Denote the variables in R" by (x,t) € R™ x R and set

2
E(x,t) = (47rt)_ge:£p( - %), t>0, E(x,t)=0, t <0,

Then E is locally integrable in R™™ | E € C*(R"\0), and

0
(E — AI)E = &p-

The heat equation operator is hypoelliptic.

We also give the fundamental solution with regard to the wave equation in R.

Theorem 4.2.12. Denote E = $H(t — x)H(t + x) where H is the Heaviside
function as defined in Example 4.1.6 and also E is supported in t > |z|. Then
FE is the fundamental solution to the wave equation where
o? 9 0? N
—  _AAE= = ¢ — | E = &y.
<at2 ¢ ) <8t2 ¢ 21: mg) <0

Moreover the wave equation operator is not hypoelliptic.
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Example 4.2.13. On R define the function x — x, where
rxy =xH(x), z € R,

sothatxy =z ifx >0 and vy =0 if x <0. Then dry = H and so
wf 2
O —— | = k=1,2,..
<(l€—1)') €0, )

()5
((k
then we have, in 2'(R"), for k =1,

If we set
Lo
-1 !

)
2, ...,

By =

(816n)kEk = &p-

The results in this chapter are all taken from L.Hérmander [17] and [18], but our
presentation is also influenced by [20]. It should be mentioned that the proof
of the Malgrange-Ehrenpreis theorem as well as proofs establishing estimates
or other results for fundamental solutions for the partial differential operator
P(D) make use of the fact that the symbol of P(D) is a polynomial P({) hence
an entire function and in addition, in order to study E % g, g € £'(R"), it is
used that § is an entire function of controlled growth. We refer to Hormander
[17] and in particular [18] for studies of solutions of partial differential equations

with constant coefficients using the fundamental solution.

Differential operators with constant coefficients are translation invariant and
hence convolution operators. This suggests to study more general convolution
equations Ku = k x u = g along the lines of the study of partial differential
equations with constant coefficients. Such a theory is well developed for k €
E'(R™) and again complex analysis of functions of several complex variables
becomes the main tool we refer to our previous considerations in this chapter. As
a standard reference we refer to Hormander [18]. As we will see soon, most of the
results on fundamental solutions for partial differential operators with constant

coefficients and/or convolution equations we cannot apply to our problems.

Consider once more the equation
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Since gy € S'(R™) and &y = (27)~2 this equation is equivalent to

(P(D)E)" = (21)7 3. (4.8)
However for £ € 2'(R")\S'(R") we cannot manipulate the left hand side of (4.8)
to obtain P(-)E = (2r)~% and try to find the Fourier inverse of £ = (QW)*%ﬁ.
Now let ¢» : R® — C be a continuous function with of at most polynomial

growth. As already discussed before (for continuous negative definite functions)

we can define on S(R™)

$(D)u(z) == (2m)% / (€ )i(€)de

n

with the obvious consequence that

(V(D)u)"(£) = P(&)a(E)

where the right hand side is at least an element in L'(R™) N Cy(R"), in fact
¥(-)u must decay faster than any polynomial. Defining a fundamental solution

to (D) as a distribution F € S§'(R"), and not as a distribution £ € 2'(R"),

satisfying

Y(E)E(E) = (2m)7% (4.9)
makes sense, and depending on the zeroes of 1) we may also use

- 1

E)=—a—~

(2m)21(8)
1 (RN — -1 }L ; /(RN )

If;5€8 (R™) then we can find E = F (%)2%)) in §'(R") and (4.9) or

Y(D)E = gy are satisfied. We do not follow this idea directly, but we want to use
more of the properties of ¥ in order to get better properties of E “automatically”
from the definition. For continuous negative definite functions such an approach

is rather satisfying.

4.3 The Spaces H"*(R") and Related Spaces

In order to study operators ¢(D), 1 being a continuous negative definite function

or a more general function such as a tempered weight function introduced by
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Hormander, [18], or an even less regular function, we need to introduce an
appropriate scale of function spaces defined with the help of 1. Although our
definition is along the line of that of classical Bessel potential spaces due to
the lack of regularity and homogeneity of continuous negative definite functions
certain new aspects enter into our considerations. The space HY*(R") had
been first introduced and studied in [19], the standard reference in [20] and
extension to an LP-theory is given in [9]. In the end of this chapter we will extend
our considerations to more general functions than continuous negative definite
functions. At the moment, in this chapter if not stated otherwise ¢ : R* — R
is always a real-valued continuous negative definite function, hence it is non-

negative and satisfies Peetre’s inequality

L4 1(€)

T+ o) <2(1+9(E—mn)

for all £,n € R™ which is a consequence of the “triangle inequality”
Y2(§+n) <P2(E) +¢2(n).

We note once more that if ¢/ : R® — R is a continuous negative definite function
such that 1(0) = 0 and that ¥(£) = 0 implies £ = 0, then w%(f — 1) defines a

metric on R™ which generates the Euclidean topology if and only if

lim (&) >0,

|§|—00

see [23] and our discussion in section 3.1. We start with

Definition 4.3.1. Let ¢ : R® — R be a continuous negative definite function

and s € R. We introduce the norm

lully,s = |1+ 0 ())2a

L2

and we introduce the space

H**(R") = {u € §'(R")[Ju],, < oo}
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Since ||(14 ¢(-))24 < oo implies (1 + ¥(-))24 € L*R") it follows that
F7Y((1 +(-))2a) € L*(R™). Moreover, since ¥(£) > 0 it follows that S(R") C
HY*(R"™) for every s € R and for u € S(R™) we have

ull?,, = / (1 + (0 [ale)Pde.

We observe that HY*(R") is isometrically isomorphic to the weighted space

L2(R™; (1 +4(-))2A™), we just need to consider the mapping u +— (1 +4(+))24
and apply a variant of Plancherel’s theorem. This also gives the density of S(R")

in H¥*(R™). Hence we have proved

Theorem 4.3.2. The space HV*(R") is a Hilbert space with dense subspace
S(R™) and the scalar product given by

(w,0)ps = (L +D())2a, (1 +9(-)20) 12 (4.10)

Note that for u,v € S(R™) we can rewrite (4.10) as

(1 0)on = [ (1 0(€) 0O

In the case where 1(£) = |£|* we have of course

lully = llull,, and H*(R") = H"*(R")
where H*(R™) is the classical Bessel potential space which for s € Ny coincides
with the Sobolev space W%2(IR"). As elementary results we state

Theorem 4.3.3. Let ¢ : R® — R be a continuous negative definite function.

The estimate
Jully < llully

holds for s > t.

Proof. The proof follows easily from the fact that for s > ¢ and for u € S(R")

we have

2, = / (14 (6)) [a(e)de
< [ (s voyla©pa

2
= [lully o
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A consequence of the previous two theorems is the following.

Corollary 4.3.4. HY*(R") C H¥*(R") if s > t, and the inclusion mapping is

continuous.

The following result is analogue to the classical Sobolev embedding theorem.

Proposition 4.3.5. Let ¢ : R™ — R be a continuous negative definite function
satisfying
(&) = colé|”
for co,po > 0 and all £ € R™, || > R. Then we have for all u € HY*(R"),
5> X,
PO
[ull oo < cpsnllully,s

and u € Coo (R™).

Proof. For u € S(R"),

u(z)] = |(F~" Fu)(z)|

For the above to hold we need

(/ <1+—i<g>>sdﬁ) <00

Firstly we split the integral into two parts.

(/(mlw > (/ Rn\BR)Hw(@)dg

= Il<S, R) + IQ(S,R).
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Clearly, I;(s, R) < oo since it is the integral of a continuous function over a

compact set. I, needs a little more work.

1 1
I, = E—— f —dE€.
? /R"\BR(O) (1+9(6)) = rRm\Br(0) ¥(§)* <

If we use the assumption,

1

e ~I€ 7 forall 1§ > R

we have

1 n [
I < — |€]7P0%dE = w_s/ rPosyEn
Co Jr™\B,.(0) ¢ JR

Therefore, we need

o
n
/ PrTITPSdr < 00 = n—1—pps < —1 = s> —.
R Po

We conclude that taking the condition that

?/J(f) Z 60‘5|p07 Co, Po > 0

for all { € R", [{| = R, if s > - then for all u € S(R")

[ullo = sup |u(z)| < (¢ +&)ull,,- (4.11)

z€R™

Since, S is dense in Co(R") and HY*(R"), implies (4.11) for all u € H¥*(R™).
[l

Moreover we have the following result.

Proposition 4.3.6. Let ¢ : R™ — R be a continuous negative definite function.

IF(1+1EP)F <c(1+9(S)), then

07 u(w)| < el 20

2|«
p

for all w € HY* %0 (R"). In particular 8°u € Coo(R") for k > o where

k= k(n7 PO)
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Proof. For u € S(R™), we have
[0%u(z)| = [F~'F(0%u)|

< (@)% [ |Fm)(©)lde

|3

= (2m)” - €% a(§)]dg

< [ leP) ¥ acie
<(2n) e [ (14 w©) R i)l

<eni( [ mdf)%( | v ® <s>12d5)1

< cllu o
< clull 2

where we have used the Cauchy-Schwarz inequality. Note we also have

(/andf)%“

for k > pﬂo which holds from the previous proposition. O

From the previous two propositions we can conclude that we have an embedding

for the intersection of all H¥*(R™) into C*(R"), i.e. (,cg H*(R") — CZ(R™).

We also know that H**(R") C S'(R"), therefore from the above results we can
conclude that we also have | J, ., H¥*(R") C §’(R™). This is summarised in the

following corollary.

Corollary 4.3.7. Given a continuous negative definite function ¢ : R* — R

which satisfies

Y(§) > colél”

for co,po > 0 and all £ € R, || > R, then the estimates in Proposition 4.3.5
and 4.3.6 hold and we can conclude that

(H" < CZ.

seR
The proof of Proposition 4.3.5 and Proposition 4.3.6 will work under the as-
sumption 1#( Tw0oF € L*(R™). In fact we essentially use the classical proof of

Sobolev’s embedding theorem combined with the following useful observation.
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Proposition 4.3.8. Let 11,95 : R® — R be two continuous negative definite
functions such that for some ko > 0 we have (14 11(£)) < k(1 4+ 12(§)) for all

¢ € R". Then we have for all s the estimate

s
[ellyy,s < Ao llully, o

and HY>*(R") is continuously embedded into H¥*(R™).

Proof. For u € S(R™) we find
Jull,. = [+ laPas
RTL
<wo [ (U4 () la©)Pds = wilul,,

s
or [lull,, o < kg llully, ., -

Finally we want to characterize the dual space of H%»*(R™). We can construct a
pairing of H¥~*(R") and H?*(R"). Let u € S(R") C S'(R") be a distribution

and ¢ € S(R™) a test function. Then, using Parseval’s identity, we obtain

_ / (L4 0(E)) F €)1+ (€))F(—E)de.

Therefore, we conclude from Cauchy-Schwarz’s inequality that

[{w &) < [lwll oo 10| s

By the density of S(R") in §'(R"), we have a pairing of H¥'~*(R") and HY*(R"),
i.e. by Theorem 4.3.2, we can extend (u, @) to a bilinear form on HY"~*(R") x
HY*(R"),

(u,v) = (21)™" / W(€)o(—€)dE, ue HY(R"), ve HU([R")  (4.12)

n
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which is continuous since

[(w, )] < flully vl (4.13)

The bilinear form above turns H¥** and H¥~* into the dual of each other which
we see in more detail in the following theorem, the proof of which follows the

ideas of the analogous result for the space H*(R™), see [10], we refer also to [9].

Theorem 4.3.9. The pairing (4.12) gives an isometric isomorphism of HY:~*(R")
and (HY*(R™))*, the dual of HY*(R").

Proof. From (4.13) we have for fixed u € HY~%(R"), that v + (u,v) is a con-

tinuous linear form on H**(R") whose norm does not exceed ||u||4,-,. Taking

v=wy=F((1+9(¢)*a) € H(R")

we obtain (u,vg) = ||u|| gs,—s. Hence the norm v +— (u,v) is equal to ||u|| gy —s-
Thus we obtain an isometry Hy _(R™) — (H**(R"))*. In order to prove that we
have an isomorphism, we need to prove that the isometry is surjective. Firstly,
we let u* € (HY*(R"))*. Then, by the Riesz representation theorem, Theorem

2.1.13, we have for some w € H¥*(R"),

u*(0) = (0, w), = / (1+ 9(6))0(€)a(E)de

where we have equipped H¥»*(R") with its inner product.

If we set u € F7L((1+(&))*w(=£)) then u € H¥~%(R") and u*(v) = (u,v) for

all v € HY*(R™). Therefore, we have proven that we have an isomorphism. [J
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We summarize the following dual pairings we have encountered so far:
2(R") = C3°(R") and 2'(R");
S(R") and S'(R");
E(R™) = C*(R™) and &'(R™);

H"*(R™) and H"*(R™).

In the case of Z(R") and 2'(R") as well as E(R™) and £'(R™) we may replace
R™ by an open set G C R"™.

Note that we can replace in the definition of H¥**(R") the continuous negative
definite function ¢ : R™ — R by a continuous, non-negative function k : R® — R
which has at most polynomial growth, i.e. k(&) < ¢(1+ [€[2)% for some o > 0

and all £ € R™. In order to get “good” results k should satisfy Peetre’s inequality,

14+k(8)

) S ko(1+ k(€ —n)) for all £,n € R™ or a similar type of estimate such

i.e.

as temperate weight functions in the sense of Hérmander, see [18]. In particular

we can include higher powers of continuous negative definite functions.

4.4 On Fundamental Solutions of Pseudo-Differential

Operators with Negative Definite Symbols

We have seen that the generator A of a L? sub-Markovian semigroup or of a Feller
semigroup induced by a convolution semigroup (u);>0 on R™ with associated

continuous negative definite function ¢ : R® — C is given on S(R") by

~Au(e) = p(DJule) = (2)F [ emEp(Eile)ds

i.e. ¥(D) is a pseudo-differential operator with symbol ¢. It is natural to study
Y (D) in its own right, say as an object in the theory of (pseudo-) differential
operators and the first and most natural question is whether we can extend (D)

from S(R™) to a larger space. Having in mind the theory of distributions, the
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first idea must be to extend (D) by duality to S’'(R"). For u,v € S(R") we
find

However for an arbitrary continuous negative definite function 1o or ¢ F~v do

not belong to S(R™). Thus, both suggested formulae, either

((D)u,v) = (u, FH () F~v))

or

(W(D)u,v) = (u, P(D)v)

in general do not make sense for u € S'(R™) and v € S(R"). Since with ¢ also
1 is a continuous negative definite function, and with ¢ also v belongs to S(R"),
we study for a moment the term v. In general v is not differentiable but just
continuous. However, since ¢ has at most quadratic growth, v decays faster

than any polynomial, hence is an element of L!(R") N Cy(R"), and the same
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holds for 0. For u € §'(R™), vu is not defined since the natural definition must
be (Yu,v) := (u,yv) for all v € S(R™) which however requires v € S(R").
Moreover, even if ¢u could be defined, for example if ¢ € C*°(R") and is a
continuous negative definite function, compare with the growth of 9% in (1.6),
the equation yYu = ¢ leads to problems for a function @ with a zero at, say
¢ = 0. It is known that for every polynomial P(§) considered as element in
S'(R™) the Fourier transform in S&’(R™) is supported at 0. Thus ¢u = 0 admits
all polynomials at zero and therefore if E = (27)7% for some E € S'(R")
all elements £ + P € §’'(R™), P a polynomial satisfy the same equation! The
main conclusion of these considerations is that it is not a good idea to search
for a fundamental solution for ¢(D) by trying to invert in S’(R") the equation
W(-)E = (2r)"%. The situation changes dramatically if we require ¥F to be
a measurable function. In this case ¢ F is only defined almost everywhere and
isolated zeroes of ¢, in fact at set of zeroes having measure zero, does not affect
the equation YE = (27)~2 to be interpreted as an equation to hold almost
everywhere (with respect to the Lebesgue measure). Now the spaces HY*(R")

come to our help. The first observation of importance is

Theorem 4.4.1. For a continuous negative definite function ¢ : R® — R, all

s € R and all w € S(R") we have the estimate

||¢(D)U||¢s < ||UH¢,S+27

and (D) extends to a bounded linear operator from HY*t2(R") to HY*(R").

Proof. For u € S(R™) we note

eyl = [ 1+ e e laPds

n

< [+ w©y i) Pag

2
= [[ullyopa-

The second part of the theorem follows from the fact that S(R") is dense in
Hz/z,s+2 (Rn) ]
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In the following we will denote by (D) the extension of the originally defined
operator ¥(D) : S(R") — S(R") to any of the space HV*T2(R").

Remark 4.4.2. [t is possible to introduce the space HY*(R™) for complex-valued
continuous negative definite functions ¥ : R — C by taking as norm the ex-

pression
Jully o= [ @+ OP) o) P

see [20]. Since our main focus will be on real-valued continuous negative definite
functions we restrict ourselves also in Theorem 4.4.1 to real-valued symbols.

However, if 1 : R* — C satisfies the sector condition

[Im(§)] < roRep(£)

for all £ € R™, || > R > 0, the operator ¥ (D) is continuous for every s € R
from HEsH2(R™) to HEs(R™) which follows from

WO = (Rep(€))* + (Imy(€))?
< (14 Kg)(Rep(§))?
mmplying

(D)l = [ (14 Rev@) PO Place) e
<) [ (4 Revl€)a©)Pds

Theorem 4.4.1 tells us in particular that for a continuous negative definite func-
tion 1 : R® — R the term ()@ belongs to L?(R") if u € H¥?(R") and that
Y(-)@ is measurable if u € H¥*T2(R"), s € R. Indeed 1 (D)u € H¥*(R™) means
that (1 + 9(+))2%(-)a(-) belongs to L?(R™), hence it is measurable and since
(141)(-))~2 is measurable it follows that (-)i(-) is measurable and ¥i = (2r)~ 2
is an equality of measurable functions. In general 1) will have zeroes, more pre-
cisely the most interesting case for us is the case where ¥(§) = 0 if and only if
¢ = 0 which means that solving ¢@ = (27)~2 and then try to find the inverse
1

Fourier transform of —%— is a problem.
(2m) 29

Since S(R™) C H¥*(R™) C &'(R™), under the additional condition (14 (-))~% €
LY(R™), we first deduce that now ¥ (-)& = (27)~2 is an equation in L*®(R™) or
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1
20)

rise to an element in S'(R™) such that its inverse Fourier transform can be used

even in L}

R™) and the question arises whether we can conclude that
loc

give

to define a “nice” fundamental solution for (D).

Example 4.4.3. For 0 < a < 2 the function § — |£|* is a continuous negative
definite function which for 0 < a <1 it is not differentiable and for 1 < a < 2
it is a C'-function but not C*. However it is a homogeneous function as €|~ is

on ]R”\{O}, and homogeneous functions give rise to homogeneous distributions

which do belong to S'(R™). Thus F~! (%), 0 < a < 2, is a well defined

element in S'(R"). Indeed F~! (%) () = cpalz|™" ™ and we may try to use
Epo = Cnal- |77 € S'(R™) as a fundamental solution to —(—A)=2. In particular
we may consider u = I, , * g for certain classes of distributions g and try
to prove that ¥(D)u = g. Note that the restriction 0 < « < 2 is not really
necessary, o > 0 will not change the argument. However properties of E,, , may

change. In particular, since

R R
/ Epo(z)de = ¢ / p " dp = ¢ / p*tdp
Br(0) 0 0

we may allow a > 0.

Let us return to the general case. The symbols we are interested in most are
real-valued continuous negative definite functions and they are even, i.e. (&) =

Y(=£). For even functions as well as for even distributions we have F?u = .

Theorem 4.4.4. Let ¢ : R® — R be a continuous negative definite function
such that for some s > 0 we have (141(-))~% € L2(R™) and suppose i{BI(O) €
L3(B1(0)) and (&) = 0 if and only if ¢ = 0. Then the distribution E € S'(R™)

defined by E = i belongs to Hw’_STO(R”).
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Proof. For v € S(R") and ¢ := sup¢cpe(o) w 5 it follows that

1 1 1
ol [ —@d§]+‘/ —@d&‘
Y Bi(0) ¥ ¢(0) ¥
1
< |3 Joll o e [ 1o(€)1dg
Ulewey O e
1 . _s0 so
<loll Wl +e [ w©) T+ vy o
(G L2(B1(0)) B£(0)
1
<\ 0l oy + e 0+ 0O F || 100
¥ L2(B1(0))

1
<(|3 I

which implies that % € HV*°(R"), hence i € §'(R") and in S§'(R") we have

e #

L2(B1(0))

_ 11 S|
Remark 4.4.5. Note that + ‘B € L*(B1(0)) implies that i‘Bl(O) € L'(B4(0)),
hence el (RY).

Now we can give

Definition 4.4.6. Let ¢ : R® — R be a continuous negative definite function
such that ¥(€) = 0 if and only if € = 0, for some sy € R we have (1+¢(-))"% €
L2(R"), and %b|Bl(0) € L? (B1(0)). Then we call the unique tempered distribution
E € HY50(R") satisfying E = i the HY*0-fundamental solution to (D).

Remark 4.4.7. Of course we obtain trivially a fundamental solution to 1 (D)
in HY 50 (R™) if all conditions of Definition 4.4.6 are satisfied but (£) = 0 if and
only if £ = 0 is replaced by infeegn (&) > ko > 0. In this case E € S'(R™) with
E = —1— belongs obviously to H?" S0 (R") since —— < —L—.

(2 )fw< (2m)2¢ (2m) 2 kg
if Y s replaced by a function k : R™ — R which is continuous, having the only

Moreover,

zero at 0 and is at most of polynomial growth, then the condition (1+k(:))™% €
L3(R™) for some sy € R implies the existence of a fundamental solution E in

H*=%0 with E = B ;%k Again the case k(§) > ko > 0 for all £ € R is trivial.

Remark 4.4.8. It is not clear whether the condition i € L}, (R™) alone is suf-

ficient to deduce that E := F_l(l) € S'(R™). However, + € LP(B1(0)),

P P |B1(0)
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1 < p < oo, allows the estimate

Lol
Bi(0) ¥ (0

with i + z% = 1. For 1 < p <2 we have further the estimate

191l L )
L9 (B1(0))

(2—p)n
2 [vll s

o]l L < (2m)~

see Theorem 3.2.20 in [20]. Now one may use the theory of 1-Bessel potential
spaces as introduced in [6] to obtain the resull of Theorem 4.4.4 under the con-
€ LP(B1(0)) with HY*(R") replaced by HY*(R™). We refer to the

dition " ‘BI(O)

forthcoming paper, [8], for details.

Since under the assumption of Theorem 4.4.4 we know that (D) admits a
fundamental solution E in H¥~*(R") C &'(R"), it follows that for g € S(R) a
solution to ¥(D)u = g is given by u := F % g. In order to increase the class of

functions ¢ as right hand sides we prove first

Proposition 4.4.9. For v € HY *(R") and u € HY*T(R") the convolution
v is defined and (14 (D)) (v *u) belongs to Cy(R™).

Proof. For u,v € S(R™) we find by Young’s inequality

t+s

)| =@+t 1+ (D) Fu

<[+ w(D) o] o [ (1 + (D) F

[SIES

|a+voy

‘ o

L2

= llolly,—sllullp o

Since S(R™) is dense in H¥~%(R") we first derive for all u € S(R") the estimate
H(1 +¢(D))%(U*U>HOO < Jolly_llully o, for v € HP=*(R") and now we use
the density of S(R") in H¥*T!(R") to get this estimate for all v € H¥~%(R")
and u € HV*TH(R™). O

Corollary 4.4.10. If g € HY*(R"™) with ¢ as in Theorem 4.4.4 then u =
E % g € HY(R") solves the equation v(D)u = g which we may interpret as an
equation in H*2(R™). In particular, for g € HV*T2(R"™) this equation admits
a solution u € H¥2(R") and (D)u = g holds in L*(R™).
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We note that the result of Corollary 4.4.10 is not the result we shall expect
in light of the results known for the Laplace operator. We want to prove that
g € HY*(R") implies u € H¥'2(R") and will return to this question later on.
Moreover, we may obtain better results than those in Proposition 4.4.9 using the

1-Bessel potential spaces in an LP- setting. We refer to the forthcoming paper
[3].

The Lévy Khinchin formula allows to represent AY = —1(D), the generator of
the semigroup (7, Zp)tzo, as an integro-differential operator. Suppose 1 is real-
valued and has no polynomial part. In this case (D) admits on S(R™) a
representation

V(D)u(z) = /H(U(w +y) —u(x))r(dy) (4.14)
with 7 being (the modified) Lévy measure corresponding to . From (4.14) it is
clear that for u € Cj°(R") the function ¢(D)u will in general have no compact

support. This causes problems to extend ¥(D) to 2’'(R™). The defining formula

would be
(W(D)u, p) = (u, ¥(D)y), ¢ € Cg°(R"), (4.15)

where we have taken into account that (D) is symmetric, for example on S(R").
In order that (4.15) makes sense for u € Z'(R") we need to have (D)p €
C°(R™), which however does not hold in general. Thus, switching from the
pseudo-differential operator representation of ¥)(D) to the Lévy operator or von
Waldenfels operator representation does not change the type of problem we face

when trying to define a fundamental solution to (D).
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Chapter 5

Transient Semigroups, Potential
Kernels and Fundamental

Solutions

For a continuous negative definite function 1 : R” — R such that (1 4+1)" 7% €
L*(R") for some sp € R and for which ; € Lj, (R") we can find a H"*-
fundamental solution E which admits to solve ¢)(D)u = g for g € H¥*0T2(R") by
Exg. The regularity assumption on g is rather strong, but we shall have in mind
that in the H¥*0 — H¥~% context our result is also a uniqueness result. Since
E € §'(R") we can form further convolutions, not just E * g for g € HY*0(R").
For example g € &'(R™) is possible since the convolution of any distribution
u € 2'(R") with a distribution of compact support is defined. However, since
u € 2'(R") need not have a Fourier transform the convolution thereom does
not apply in this situation and it is the need of the convolution theorem to
hold that requires a type of duality in the regularity of v and g when forming
u* g. We can form u * g and apply the convolution theorem for u € S'(R")
and g € S(R"), or as we have proved when working with the pairing H*»* and
HY~=%_ A natural question is whether we can obtain more mapping properties

A

(regularity) for ¢ — E x g, B = when ¢ belongs to larger classes than

L
77[}’

89
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HY5(R") or H¥*t'(R"). The aim of this chapter is to identify in certain
situations E with the kernel of the (abstract) potential operator corresponding
to the Dirichlet form associated with . This is possible in the context of the
extended Dirichlet space corresponding to ¢ which we will introduce now. Note
that when only dealing with the extended Dirichlet space associated with 1) the
1

(R™) is sufficient, but once we want to identify F~! (E) with

1
loc

condition %b cL

a fundamental solution of ¢)(D), our results require i e L} (R").

5.1 Translation Invariant Extended Dirichlet

Spaces

Let (T})¢>0 be a symmetric L? sub-Markovian semigroup on L?(R").

We define the operator
t
Syu ::/ Tsuds, t >0,
0

where the integral is defined as the Bochner integral in L*(R™). Since we have
a symmetric strongly continuous contraction semigroup in L? the semigroup
(T})+>0 extends from L*(R™)NLP(R"), to LP(R™) as a sub-Markovian semigroup,

1 < p < 00, and we have the following estimate

[Seull o < tllull Lo

In addition, S; is positivity preserving. We take the following definition from

11].

Definition 5.1.1. The potential operator G associated with (T})i>0 is defined
foru e LY(R™), u >0 a.e., by

Gu(z) := lim Syu(x) = sup Syu(x). (5.1)

N—oo NeN
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The limit in (5.1) exists a.e. but it may take the value +o00. Moreover, since

N
sup Syu(x) = sup sup/ e MTu(z)dt
0

NeN NEN A>0
N
= sup sup/ e MTyu(x)dt = sup Ryu(z),
A>0 NeN.Jo A>0

we have

Nh_r)rloo Syu(x) = /1\11)% Ryu(z) a.e.

Definition 5.1.2. If Gu < oo a.e. for all w € L*(R"), u > 0 a.e., then we
call (T})¢>0 transient. In the case that for all w € LY(R"), u > 0 a.e., we have

Gu(z) € {0,00} for almost all x € R™ we call (T})s>o recurrent.

Any strongly continuous transient sub-Markovian semigroup (7}):>¢ admits a
strictly positive bounded integrable function g such that [ ¢g-Ggdx < 1, compare
with [11]. We call g a reference function of the transient semigroup (7);>0. To
construct g we take a strictly positive bounded measurable function f € L'(R")
with [ fdx =1 and let g = f/(Gf V 1). The function g is dominated by f and
strictly positive a.e. and we have [g-Ggdx < [ f-Ggdx < [Gf-(f/Gf)dx =
[ fdz = 1. Therefore we have from [11]

Theorem 5.1.3. Let (T});>0 be a symmetric L? sub-Markovian semigroup and
(€,D(E)) the corresponding Dirichlet form. The semigroup is transient if and
only if there exists a bounded function g € L'(R™) which is strictly positive and
satisfies for all uw € D(E)

/|u|gdm < S%(u,u).

The transience of a Dirichlet form depends only on (7});>¢, which is the sym-
metric L? sub-Markovian semigroup associated with the symmetric Dirichlet
form (€™, D(E)). Therefore we will study in more detail the symmetric L*-
sub-Markovian semigroups and their corresponding Dirichlet forms, leading to

extended Dirichlet spaces.

Definition 5.1.4. Let (€, D(E)) be a symmetric Dirichlet form on L*(R"), i.e.
D(E) € L*(R"). The extended Dirichlet space Z, associated with (€, D(E)) is
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the family of all measurable functions u : R" — R, |u| < 0o a.e., such that there
exists a sequence (ug)ren, ur € D(E), which converges almost everywhere to u
and which is a Cauchy sequence with respect to &, i.e. E(up — up,up —uy) — 0

as k,l — oo.

Note that it follows from the definition that u € %, is an element in L}, .(R™).
However, in general .Z, will not belong to L*(R™). We will now look at some basic
properties of the extended Dirichlet space in the transient case. The following

is taken from [11], Theorem 1.5.3.

Theorem 5.1.5. A pair (%, &) is the extended Dirichlet space of a transient
Dirichlet spacec relative to L*(R™) if and only if the following conditions are

satisfied:

(i) Z. is a real Hilbert space with inner product &;

(11) there exists a bounded function g strictly positive such that %, C L'(R")

and
/ julgdz < €3 (u, u);

(1ii) F.N L*(R™) is dense both in L*(R™) and in (%.,E);

(iv) every normal contraction operates on (., E), i.e. if u € F,, and v is a

normal contraction of u then v € %, and E(v,v) < E(u,u).

In this case, (F.NL*(R™),E) is a Dirichlet space relative to L*(R™) and (., E)

18 its extended Dirichlet space.

Definition 5.1.6. Let (T3)i>0 be a symmetric sub-Markovian semigroup on
L3(R™) with generator (A, D(A)), resolvent (Ry)xso and potential operator
(G, D(G)) where

N
D(G) :={ue L'(R")|u >0 a.e. and A}im Tyudt exists in L'(R™)}.
—00 0

The abstract potential operator or the resolvent at zero (Ry, D(Ry)) associated

with (T})e>o s the operator Ry defined on

D(Ry) = {u € L*(R")| }\13% Ryu ezists in L*(R")}
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and we set

Rou = lim Ryu, u € D(Ry).
A—0

We want to emphasize that D(G) is not a vector space while D(Ry) is.

The following result is taken from [21].

Theorem 5.1.7. Let (1})i>0 be a symmetric transient sub-Markovian semigroup
on L*(R™) with generator (A, D(A)). In this case the corresponding potential
operator and the abstract potential operator coincide as L*-operators and we

have A = —G™' as well as G = —A™" where Au € D(Ry), given that u € D(A).

Let (11¢)¢>0 be a symmetric convolution semigroup on R" with associated negative
definite function ¥ : R™ — R. Since, we assume ¥ (§) = 0 if and only if £ = 0, it
follows that all the measures y; are probability measures. The following results

are taken from [21], Theorem 3.5.51.

Theorem 5.1.8. Let (u1)i>0 be a symmetric convolution semigroup of probability

measures on R™ with corresponding continuous negative definite function 1 :

R™ — R and symmetric Dirichlet form (E¥, D(EV)) = (€Y, HYY(R™)), where

R

Denote the operator semigroup (Ttw)zo with TY, i.e.

T u(x) =/ u(@ — y)p(dy).
The following statements are equivalent

(i) (TY)i=0 is transient;

(ii) for every compact set K C R™ we have

K(K) = /000 e (K)dt < oo;



94 Transient Semigroups, Potential Kernels and Fundamental Solutions

(i11) for all u € Co(R™), u > 0, it follows that
/ (T u, u)odt < oo;
0

(v) 3 € Lige(R™).
We will discuss the kernel defined in (i) in the next section. As a corollary to

Theorem 5.1.7 we have

Corollary 5.1.9. Let (Tf)tzo be a transient symmetric L* sub-Markovian semi-
group associated with the convolution semigroup (u¢)i>o and the corresponding
negative definite function 1. In this case the potential operator G and the ab-
stract operator Ry are both defined as L*-operators and coincide. Moreover Ry

1s densely defined.

The following examples are taken from [20].

Example 5.1.10. Let ¢ : R® — R be a continuous negative definite function
such that i € L} (R"). The symmetric Dirichlet space (€, D(E)) associated

with 1 is given by
D(E) = H*Y(R™)

and

£u,v) = | DEi(E)ale

The corresponding extended Dirichlet space is given by
F. = H'YR") = {u € 8'|u € L}, (R") and > € L2A(R™)}.

Note that iz € L2(R™) if and only if 4 belongs to the weighted L?-space
L2(R™; ) A™) with norm

s = Nl = [ 10(E) POt

In general it is not known whether we can prove H¥'(R") C LP(R") for some

p > 1, in fact we shall not expect such an inclusion in the general case.
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Example 5.1.11. Consider (&) = [£|%, 0 < a < 2, with corresponding operator

SEMIGTroUp

TYu(e) = T%u(o) = (2m)F [ et ie)ds

1 R
/ —dé = cn/ riizedr
Br(0) 1€]* 0

it follows that L e L, (R") if and only if a < n, i.e. (Tt(a))tzo is transient for

Since

allm > 2. For the potential operator G@ we find for uw > 0 that

G @y(z) = / T\ u(z)dt = (27)" 2 / / e~ M7 g (&) dedt
0 n
(2m)"2 / el / e~ K" ara(€)de

- [ e

where we are able to interchange the integrals since

/ i€~ g (&) |dédt < oo.
0 Rn

With the Riesz-kernel R\ (x) = cq., || where

we have by the convolution theorem
G = R® sy =: R%.

Note that R (z) is homogeneous of degree —n + . For HY(R™), the extended

Dirichlet space associated with (T )¢>o in the transient case, we find

HY(R") == {u € L,.(R")|u= R2g for some g € L*(R")}.

In general, we know that H*(R") is a subspace of L}, (R"). However, the home-

genity of the kernel R also allows us to prove a variant of Sobolev’s embedding

theorem to find HX(R™) C LP(R"), p = -2~ We state Sobolev’s inequality as

given in [37].
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Theorem 5.1.12. Let1<q<p<oo,0<oz<nand%:%—%>0. Then
for all u € S(R™) we have

1B ull Ly < collull Lo

The proof of this theorem can be found in both [31] and [37]. The following
results along with the proof of Corollary 5.1.14 is taken from [21].

Corollary 5.1.13. Forn > 2 and 0 < a < 2 we have HZ < LP(R™) and the

estimate

lull7y < c€(u,u)

holds for all u € He (R™).

Corollary 5.1.14. Let v : R® — R be a continuous negative definite function

such that for some co >0 and 0 < o < 2 we have for all £ € R™

col¢* < ¥(&).

Ifn > 2 then the semigroup (Ttw)tzo 18 transient and the extended Dirichlet space
HY'(R™) is continuously embedded into H*(R™), hence into LP(R™), p = 2.

Proof. We observe that

Moreover, we have

lellzy < | JePla©Pds <e | w(©la(E)Pds,

i.e.
Jull Lo < E(EY (u,u))?,

where E¥(u,v) = [p, ¥(§)u(&)0(£)dE is the scalar product in the extended

Dirichlet space H Ei ’)1 (R™). O



5.2 Transient Convolution Semigroups 97

5.2 Transient Convolution Semigroups

In this section we mainly follow [2]. We have defined the potential operator for
transient L? sub-Markovian semigroups. For a convolution semigroup (fi)¢>o we

can introduce the measure

H—/ pedt (5.2)
0

which is known as the potential kernel for (1;);~o where the above integral is
understood in terms of a convolution operator. If this measure exists, then the
convolution semigroup (f)s>o is said to be transient. If Cy(R™) is contained in
the domain of the potential operator, then (f;);~¢ is said to be integrable, and it
is shown that this is the case if and only if (p;);~0 is transient and the potential
kernel k tends to zero at infinity. We want to relate x to the resolvent. Given
that R, is a translation invariant operator, then it is a convolution operator and

therefore we may assume that the operator Ry, A > 0, admits the representation

Ryu = p)*u

/)/\:/ ei/\t,utdt
0

where for all u € Cy(R™), u > 0,

with

(oaru) = / u(x)pa(de)

[ o
_/o <Mt> u)dt.

Therefore, (T}):>0 is transient if and only if (u4):>0 is transient in the sense that

k(u) = (k,u) = lim{py, u), u € Co(R"),

A—0

exists. We call x the potential kernel associated with (1)i>o0.
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Given a continuous negative definite function on R" associated with the con-
volution semigroup (p)i=o, if ¥(0) > 0 then the potential kernel s associated
with (p)i=0 is a bounded measure with total mass k(R™) = ﬁ and its Fourier
transform is given by

x>

(&) = for £ € R™. (5.3)

1
¥(€)
The potential kernel x for a transient convolution semigroup of probability mea-
sures on R™ is an unbounded measure, therefore the above equation has no
meaning in this case. However, we are mainly interested in the case where
1(0) = 0. Therefore we need to generalise (5.3) to the case ¥(0) = 0, using the
theory of Fourier transformation of positive definite measures, i.e. distributions.

We begin by defining a positive definite measure, taken from [2].

Definition 5.2.1. A measure p on R™ is called positive definite if

(11,9 % g) >0 for all g € Co(R")

holds, where we denote by g the function g(z) = g(—x).

Similarly, we have a positive definite distribution which we take from [20].

Definition 5.2.2. A distribution v € 2'(R") is called positive definite if
(ug*3) > 0 for all g € CF(R")

holds, where we denote by g the function §(z) = g(—x).

The Bochner-Schwartz Theorem, compare [34], Theorem 9.10, states

Theorem 5.2.3. A distribution u € 2'(R™) is positive definite if and only if
u € S'(R™) and u is the Fourier transform of a positive measure of at most

polynomial growth.

We find the following proposition in [2].
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Proposition 5.2.4. Let i) be a continuous negative definite function on R™, and

suppose that i 18 integrable over some open, relatively compact neighbourhood

1

o s positive definite.

of 0. Then i 18 locally integrable, and the measure

We can now link the notion to transcience and local integrability, see Theorem

13.15 in [2].

Proposition 5.2.5. Let (11;)i>0 be a symmetric transient convolution semigroup

on R™ with associated continuous negative definite function b on R™. The func-

1

tion "

1s locally integrable on R™.

Note that the above states that

1
(f4¢)1>0 transient — E locally integrable.

The converse also holds

1
v locally integrable = ()¢~ transient.

It is shown in [2] that the following lemma holds for the potential operator.

However, it also holds for the potential kernel for the convolution semigroup

(Mt)t>0~

Lemma 5.2.6. The two conditions

(1) Co(R") € D(G),

(i) Co(R™) € D(Ry),
are equivalent.

Proof. (Compare with [2]) The zero resolvent is an extension of the potential
kernel, therefore since D(G) C D(Ry), it follows that (i) implies (ii). We can
conclude this since if we find that the potential kernel is a subset of a continuous

function with compact support, then this is also the case for the zero resolvent,
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due to the fact that the zero resolvent is a subset of the potential operator.
Suppose, conversely that Co(R™) C D(Ry) and consider u € Cy (R"). The

function Ryu belongs to C; (R™), and for every z € R"™ we have

Rou(x) = /l\lir(l) Ryu(z) = /0 peu(z)dt

by the monotone convergence theorem. Moreover we also have

S

lim [ pu(x)dt = Royu(x) for x € R™. (5.4)

§—00 0

However this implies that

s

lim pyuds = Ryu uniformly on R".
5§—00 0

In addition, for a given € > 0 there exists a compact set K C R" such that

0 < Rou(x) < e for all x ¢ K.

The convergence in (5.4) is increasing, and it follows that the convergence in

(5.4) is uniform on K, i.e. there exists a ty > 0 such that

<egfort>tyand z € K.

/0 ()t — Rou(z)

This shows that

lim / wuds — Roull =0,
s—00 0 .
and it follows that v € D(G), which implies that Co(R"™) C D(G). O

Definition 5.2.7. A convolution semigroup (ju;)i=0 on R™ is said to be integrable

if the two conditions of Lemma 5.2.6 are satisfied.

Definition 5.2.8. A Borel measure p is said to vanish at infinity if p* f €
C(R™) for all f € Cy(R™).

Now we can relate the transience of a convolution semigroup to its integrability

which is taken from [2].

Proposition 5.2.9. A convolution semigroup (1i;)i>0 on R™ is integrable if and
only if (p)i>0 s transient and the potential kernel k for (u;)so vanishes at

nfinity.
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We find the following theorem in [1] where we describe the kernel in more detail.
Theorem 5.2.10. Let (u)i~0 be a convolution semigroup on R™ with associated

1
¥

grable, then (u;)i~o is integrable and the potential kernel K for ()0 s given

= P (i) (5.5)

The kernel (5.5) is the inverse Fourier transform of a positive definite measure.

continuous negative definite function b on R™. If the function = is locally inte-

by

Therefore, due to Bochner-Schwartz Theorem, Theorem 5.2.3, we can conclude

that the integral exists and is a positive definite tempered distribution.
Given previous results we may conclude that the following corollary holds.

Corollary 5.2.11. Let (us)i=0 be a symmetric convolution semigroup on R"
with associated continuous negative definite function ¢ on R™. The following

conditions are equivalent:

(i) (w¢)eso is integrable;

(1) (1¢)e>o is transient;

(iii) %b is locally integrable on R™.

Combining these results with our considerations on the H¥>~*-fundamental so-

lutions for (D) we arrive at

Theorem 5.2.12. Let v : R™ — R be a continuous negative definite function

loc

such that i e L2 (R"). The corresponding L? sub-Markovian semigroup (T} )i>o

¥
(14+4(:)"% e LAR") for some so > 0 this kernel is the HY~*-fundamental

is transient and its potential kernel is given by k = F~! (l> . In the case where

solution of the operator (D).

Proof. The proof follows from Theorem 4.4.4 and Definition 4.4.6 along with the
fact that the potential kernel defined by (5.5) in Theorem 5.2.10 gives a positive
definite tempered distribution due to the Bochner-Schwartz Theorem. O



102 Transient Semigroups, Potential Kernels and Fundamental Solutions

The main point of Theorem 5.2.12 is that it allows us to investigate the equation
Y(D)u = f both in terms of the potential theory and the theory of distribu-
tions since the “potential theoretic inverse” of ¥(D) admits on a large class of
functions the same representation as the convolution operator induced by the
fundamental solution, the first one is a pseudo-differential operator with symbol

i, the second one is a convolution operator with kernel F~1 (i)

5.3 Fundamental Solutions as Potential Ker-

nels

Let ¢ : R — R be a continuous negative definite function with corresponding

convolution semigroup (u);>0 and operator semigroup (73);>0. We assume that

(&) = 0if and only if £ = 0 and that i € L2 (R™), i.e. (1¢)s>0 and hence (T})s>0

loc

are transient. From Theorem 5.10 the potential kernel of (p)i>o is denoted

(4
k € S'(R™), and on the other hand a measure which is in general unbounded.

by k = F~1 <l> which is on the one hand side a tempered distribution, i.e.

Indeed, since for € > 0 the function £ — e+1() is a continuous negative definite

function and therefore, see Corollary 1.2.7, £ — is positive definite, it

1
e+(§)
follows that i € L2 (R") C Z2'(R") is a positive definite distribution, hence
by the Bochner-Schwartz theorem, Theorem 5.2.3, the Fourier transform of i
is a positive measure of at most polynomial growth and can be identified with

tempered distributions, see [33].

These posteriori obtained informations allow us to refine the discussions of

Chapter 4. Since we know now that F~! <i> € §'(R™) we can form imme-

diately the convolution u = F~! (i) x g for g € S(R") and we obtain that

U= F(F1 (i) * g) = (QW)%ig and therefore the equality ()i = (27)2 § is
justified. In other words the condition (1 +4(-))~% € L2(R™) for some sy > 0
can be removed. It is of utmost importance to note that the general case with

1) being a continuous negative definite function and hence i being a positive
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definite distribution is not covered by the observations made above. Further,
it serves the clarity of the argument to see that certain notions and results are
independent of potential theoretical notions, e.g. the singular support is defined

for distributions and (4.5) is best understood within the theory of distributions.

We want to take advantage from the knowledge that we can consider x as an ele-
ment in S'(R™)NM™(R"™). First we note that by the Bochner-Schwartz theorem
% is finite on compact sets and for some M > 0 we know that x(Bg(0)) < ceRM
for R > 1. Now let u : R” — C be a continuous (measurable would be sufficient)
function such that for every N € N there exists a constant ¢y > 0 such that
lu(z)| < en(1 + |z[%)~ 2. For such a function we have for R > 1 and N € N by

Peetre’s inequality

[ e stan)| sex [l ) Eata)
=(0) B5(0)
<oV [ UHERE
B0 (1+ |y[?)=

and since « is of at most polynomial growth we can find N such that the integral
on the right hand side is finite. Thus we can form & * g for every measurable g
which decays faster than every polynomial which is of course a much larger class
than S(R™). The more challenging problem is to go a step further: given &, find
the largest class of measurable functions for which x * ¢ is defined and belongs
to some well-understood function space related to ¢ (or ¥(D)). In particular
we would like to have s * g € HY2(R"), a goal which is quite ambitious for a

general continuous negative definite function with i e L (R™).

Let us have a closer look at the Riesz potentials R(®) x g where R(®(z) =

- L
€]

F! <#> (z) = R (x). Note that R is for a > 0 locally integrable since

M M
/ ro ey =
0

«

nalz|*". By an appropriate choice of ¢, we have R (¢) and hence

However for ¥,(§) = |£|* we have

1 M 1 M
/ ¢ = c/ r= %ty = re
BarO0\B.(0) Ya(§) . n—o .
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and we have to assume o < 2 in order to have + € L7 (R"). Note that

" loc
for 2 < a < § the function |- |* is not anymore a negative definite function,
and # is not anymore the limt of positive definite functions, hence a positive
definite distribution, but of course the operator (—A)? is still well defined on
H*(R™). Thus in the case of the Riesz potentials and 0 < o < 2 we have a locally
integrable density R(® with respect to the Lebesgue measure for x := F~! (w—1a> ,
ie.

k = RN,

However, we have to accept that R(®)(0) is either not defined (when we restrict
our considerations to real-valued functions) or R(®(0) = +oco when allowing
functions with values in R. The function R : R* — R is lower semicontinuous

but R ¢ LY(R").

By the example of the Riesz potential we conclude that in some cases the funda-
mental solution to ¢)(D) we can identify with the potential kernel if i € L} (R")
and this potential kernel has a not necessarily an integrable density with respect
to the Lebesgue measure. The following easy to prove result is nonetheless a

key theorem in our investigations when starting with our original definition of a

fundamental solution.

Theorem 5.3.1. Let ¢ : R — R be a continuous negative definite function

such that i € L2 (R") and (&) > colé| for all |€] > R, po > 0 and co > 0.

loc

Then the HY*-fundamental solution E to (D) given by F~1 (i) has a density

with respect to the Lebesque measure which however need not be integrable

Proof. The condition (&) > ¢ol&| for all |{| > R implies that

pe(z) == (ZW)_"/ e e g¢

is an L'-density of y; where (j1;);>0 is the convolution semigroup associated with
Y, ie. (€)= (2r)"2e ™. Thus we have 1, = p,(-)A™. Since we are in the

(symmetric) transient case we have for the potential kernel (5.2), i.e.

K :/ et
0
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implying N
k(x) ::/0 pe(z)dt (5.6)

is a density for k. O]

Of course we may replace the condition ¥ (&) > ¢l&|? for all [{| > R by the
assumption F~!(e7*0)) € L'(R™), or more generally by the Hartman-Wintner

condition

(S
gl—o0 In(1 + |£])

see [27]. However, since the growth conditions for 1 as stated in the theorem will

= 00, (5.7)

become important later on we prefer to introduce it already in our formulation

of the theorem. Thus as a more general result we may state

Theorem 5.3.2. Let ¢ : R® — R be a continuous negative definite function

satisfying the Hartman-Wintner condition (5.7) and has the property that i €
L2

loc

solution E € §'(R™) given by E = F~! (1> and E coincides with the potential

(R™). Then the pseudo-differential operator (D) has an unique fundamental
Y

kernel k of (ut)t>o0, the convolution semigroup associated with 1. The potential

kernel k = F~! (i) has a density k given by (5.6) however in general k does

not belong to L*(R™).

Before we start to study the density of x = F~! (i) we want to discuss some
first interesting comparison results for translation invariant extended Dirichlet

spaces.

5.4 Comparison Results for Extended Dirichlet

Spaces

In Proposition 4.3.8 we have seen that if for two continuous negative definite

functions vy, 15 : R™ — R we have

Iim ()
lgl—o0 1 (€)

=0 (5.8)
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then the space H¥"*(R") is continuously embedded into the space H¥»*(R™)

and the estimate

[ully, o < esllully, o (5.9)

holds for all u € H¥+*(R™). Moreover, if for |£| > R we have with 0 < vy < 71

the estimates

_al©)
0= S

the norms ||ull,, , and ||ull,, ; are equivalent and HY25(R") = HY$(R"™). We
may interpret this on the level of the operators ¢ (D) and 15(D) as a pertur-
bation result. Suppose that (5.8) holds and lim| o 91 (§) = oo. Consider the
operator (D) = (D) + (D). The embedding result implies that (D) is
defined on H¥*3(R") and (D) is an n-perturbation of v, (D) in the sense that

for every 1 > 0 there exists ¢(n) € R such that

[2(D)ull 2 < nllor(D)ull 2 + e(n)lull

holds for all u € HY*(R"). Hence (¢1(D) + ¢o(D), HY»2(R™)) is closed and a
generator of an L? sub-Markovian semigroup. Moreover, for the corresponding

Dirichlet forms £¥ and £¥ we have
EV (u,u) < E%(u,u) for all u € HY"'(R").
If for £%1 a Nash-type inequality holds, i.e. if for some p > 2 we have

ul|?, < €% (u,u) for all u € HY"L(R™),

the same holds for £¥ and consequently bounds for Ttw1 carry over to
L

1_Jo0

| see [40] and [41] or [21] for a detailed discussion. Let us give a more
-

careful analysis of the proof of (5.9). The condition (5.8) yields that for every
n > 0 the existence of R(n) > 0 such that |[£| > R(n) implies (&) < n1(€),

and now we find
lull?, , = / (1 4+ a(€))*la(6) e
- / (1+ n(€))*[a(6)Pde + / (1+ (€))7 ()2
|€]<R(n)

1€]1>R(n)
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Only the second term is of interest since the first term is immediately estimated

against [|u||7., or with more accuracy we have

[EI<R(n)

/|€|<R( )(1 + (€))% |a(€)Pde < max (1 +(€))°|ull,

and of course we have H“Hfz)ls ~ lul3, + HquplS The handling of the second
term however requires the estimate 1 4 19(&) < n(1+11(§)) for |£] > R(n) and
this leads to

[ @ a©Ps < [ @ n© P < ol .
[€1>R(n)

1€]1>R(n)

An easy example is given by the two continuous negative definite functions

V1(&) = €% and 5(€) = [€]° with a > 3. We emphasize that we need no

condition for the behaviour of zfgg as & tends to 0, but we note that while

1€]P < |€|* for 0 < B < o and [€] > 1, for €] < 1 this inequality reverses, i.e. we
have now [£]* < |£]°. When working with the extended Dirichlet spaces of two
transient Dirichlet spaces this observation becomes important.

Let 91,19 : R" — R be two continuous negative definite functions such that their

loc

only zero is { = 0, and suppose that -, - € Lj,(R"). Denote by H/"'(R")

and HY*!(R") the corresponding extended Dirichlet spaces, i.e.
HP (R = {u € L (R")[yi € L*(R") },

and corresponding (extended) Dirichlet form by

EV(u,v) = | (€)a(§)o()de.

Rn

We now add the assumptions that for j = 1,2

¢ |€1% < ¥5(8) (5.10)

holds for all ¥ € R", which by Corollary 5.1.14 implies that

2
H;ﬂjvl(Rn) C LP(R™), p; = - _na', n>2,
J

and

lullze < &€ (u,u)
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holds for all u € ng’l(R”). In particular we find that now % (u,v) is a scalar

product on Hg I ’I(R”) and we denote the corresponding norm sometimes by
) .
205 = €% (u, ).

The estimate
Po(&) < yo1(€) for all £ € R™ (5.11)

implies immediately
%2 (u,u) < %EY (u,u) for all u € HWH(R™),

however we cannot relax (5.11) to an inequality to hold only for all || > R for
some R > 0. This is a dramatic change compared with the case of the two forms
Efbj(u, u) = E% (u,u) + (u,u)r2. A more detailed analysis shows that we need

the following two conditions

7702(5) < wm/a(f) for all |€| < P, p1 > 07 (512)

and
¥2(§) < wathi(§) for all [§] > pa, p2 > p1. (5.13)

Indeed under (5.12) and (5.13) we find
£ = [ wal@)luelde
[ w@a©Pds+ [ @l
1€1<p1

p1<|€|<p2

-+ 2 U 2d
< 1 1 % 2 2 L 2
Sw /|£|Sp1¢ (©la(€)] df‘l‘/ Ya(E)|a(§)[7dE

p1<|§<p2

o / r(6)]a(€) e
p2<[€]

On the compact set B,,(0)\B,, (0) the continuous function 1, is bounded by

HwQHmm\ By, (0) and the continuous function ¢, which has by assumption its
) 1

only zero at 0 is bounded on B,,(0)\B,, (0) from below by

My, = inf Py (€) > 0.

§€By, (0)\Bp, (0)
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Thus B,,(0)\B,,(0) we have

U1 (8)

V2(8) = Welloozsona,, o) S Welle 5008, 0 4,
1

1.e.

V2(8) <y oo ppP1(§) for & € B, (0)\B,,(0)

and we arrive at

/ Yol () PdE < con o / 6 (6)l©) 2.
p1<|€|<p2

p1<[€|<p2

Hence we have proved

Theorem 5.4.1. Suppose that the continuous negative definite functions iy, s :

R" — R satisfy our standard condition, i.e. & = 0 is their only zero, ~ €

¥j
L? (R™) and (5.10). In addition assume (5.12) and (5.13). Then we have for

all u € HYVH(R™) the estimate

£ (u, u) < 7E (u,u)

and HY1(R") is continuously embedded into HY*'(R™).

This theorem has the

Corollary 5.4.2. Under the assumptions of Theorem 5.4.1 the space HYV!(R™)
is continuously embedded into the space LP*(R™)NLP2(R") with p; = 22—, n > 2.

—os -
n—aoy

We observe that under the conditions of Theorem 5.4.1 we can obtain Nash-

type estimates and consequently diagonal estimates for the sub-Markovian semi-

groups (Ttwj)tzo, in fact we can obtain comparison results for thbj , see

L1 _J oo
[41] or [21]. We want to emphasize once more that for comparing translation

invariant Dirichlet spaces a comparison of the symbols at +o0o is needed, how-
ever in the case of translation invariant extended Dirichlet spaces (if they exist)
we need to compare the symbols at +00 and at 0. (We use the term symbol
here for the corresponding continuous negative definite functions since they are

symbols of the generators considered as pseudo-differential operators.)
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[ =Y
('D

We return to the spaces H¥*'(R™) and H¥>»'(R"). With 7(¢) := %
+p2
find that 7(D) : H¥*Y(R") — H¥»!(R") is an isometry

I7(Dyul,, s = || +va()a

L= |arwepta

2 !IU\le,p

and this isometry has a well defined inverse (D)~ : H¥2}(R") — HYL1(R")

1

2
with symbol (sz(ﬁ)) .

1+1(8)

In the situation where v, and 1, satisfy our standard assumptions for construct-

ing the extended Dirichlet spaces H¢? (R") ¢ LPi(R"), and under the condition

P (&) < o1 (§) for all £ € R (5.14)

3]

we can conclude that 0 < ¢f ( < 79 and with

)
~

%(5))5
O§“©§<m@> =V
we deduce
lo(Dyullens = o (|, = [z |, =l oo,

ie. o(D): H/VYRY) — HY»(R™) is an isometry. However we have difficulties
to form o~ 1(¢) = % since this expression might be undefined at { = 0. We
need only conisder ¥(&) = |£|* and (&) = [€]* + [£]® with a > (. Tt follows
that 19(&) < 91(€) for all £ € R™ and if £ # 0 we find

1 1
0< - <1
[l +1glf 1+ [g]Pe

Note that limye g |£ =% = 00 and therefore we can continuously extend &

|§‘£|r|§‘ﬁ at & = 0 by the value 0. On the other hand we have for £ # 0 that

£1* + 1¢)°
€|

and since limg o [£]°~® = 400 for @ > 3 this quotient is unbounded at & = 0,

0< =1+1¢"°

i.e. it cannot be extended to a well behaved symbol.

Let us observe that for u € S(R™) (or L'(R™)) we have

[ wto

w[3

a(0) = (2m)”
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which means that up to a factor (0) is the mean-value of u € S(R") (or L*(R™)).
Let us denote the mean-value of u € L'(R"™) by up. Suppose v € L'(R") has
mean-value zero and ¢ : R"\{O} — R is a non-negative continuous function
with lim¢| 00 9(§) = 400. In this case we can define ¢(&)v(&) for £ # 0 and we
may extend this to £ = 0 by setting (¢v)(0) = 0. Now let 11 and 1, satisfy our
standard conditions and in addition (5.14). For v € S(R") such that up = 0

the term ,
B0y ©)ae),  €#0
0(€) = ¥i©
0, £=0

is well defined and an element in L?(R™). Moreover we find

1
Uiu

ol = ] = lull o
Denote by H.2'(R") the closure in HY*'(R") of the space {u € H/>'(R") N
L*(R") N LY(R™)|urg = 0}. For u € HYZ'(R") we can define 0~ 1(D) by
1
o~ (Dyu = F! (¢—1u>
(1
and it follows that o~1(D) : HY3"' (R") — HYv'(R") is an isometry.

Finally we want to mention that it is possible to define higher order extended
Dirichlet spaces by

k
2

HYMR™) = {u € H*\RY)wha € L2R),
but we will not follow this idea further.
Let us return to the operator (2.11), i.e.

q(x, Do )u(z) = a(y)1(D:)u(x) + b(2)v2(Dy)u().

From the proof of Theorem 2.4.7 we deduce

[Bu,v)| < e[ (D)l

v D)

L2 L2
and moreover, from the proof of Theorem 2.4.8, i.e. (2.13), we obtain

2

B(u,u) > /in%(D)u

)

L2
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Blu,u) > & / B(E) () Pde. (5.15)

Now, if the Dirichlet form (€%, H¥}(R")) is transient we find the estimate

(B(u,u))z > (k€% (u,u))? 2/4;5/ glu|da

or
/§|u|dx < B(u,u)%
for a strictly positive and bounded function § = \/kg € L*(R"), hence (B, H¥"'(R"))

is a transient symmetric Dirichlet form too.

We may also consider the operator ¢(zg, D,) with frozen coefficients, i.e.

q(wo, Dy )u(x) = a(yo)v1(D:)u(z) + b(20)2(Dy)u(x).

This operator gives rise to a translation invariant symmetric Dirichlet form
(&alzor)  {¥-1(R™)) and again we may use (5.15) to deduce that (£90) H¥1(R™))
is previously developed, in particular those related to its fundamental solution
and potential kernel k(zg,&). Of great intereset is to which extent one can use
k(xo, ) as an approximation of a parametrix to the pseudo-differential operator

q(z, D), a topic which must be postponed to later investigations.

In Chapter 6 we will relate these comparison results to comparisons of potential

kernels, i.e. fundamental solution.



Chapter 6

Potential Kernels and Intrinsic

Metrics

6.1 Some First Properties of Potential Kernels

Throughout this chapter ¢ : R — R is a continuous negative definite function

such that

i) ¥(§) =0 if and only if £ = 0;
i) € Li(R");

loc

iii) for some ¢y > 0, 0 < 79 < 2, and Ry > 0 we have

col€ < (&) for [€] > Ro; (6.1)

iv) for some ¢; > 0,0 <y, <2, and Ry > 0 we have

(&) < g™ for [§] > Ry (6.2)

Note that (6.2) is equivalent to

(L+(€)2 < a1+ €))7 for all € € R™.

113
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We know that k := F (i) e S'(R") N M, (R") and
k= k()A™
but in general k ¢ L'(R").

Note that once we want to interpret F'~! i as a fundamental solution we need

to add the assumptlon 1L e L2 (R").

Corollary 6.1.1. Under the assumptions stated above k is an even function and

if W is rotational invariant then k is rotational invariant too.

Moreover we have
Lemma 6.1.2. Under the assumptions stated above we have for v, < n that

1
© rooo B.(0) V(&) ¢ =too

Proof. For r > Ry we have

1 1 1
——d ——dE > — ——d
/BT(O) Y(§) <2 B (0)\Bg, (0) Y(§) <2 C1 /13,(0)\331(0) €| :

T

Wn

_ n—1—y1
=— /| p dp
C1 JRr
L T s
. Wn, n—’Yl RV’ 1
C1 T
Inp|,, n=m

and therefore for v; < n it follows that

1
lim ——d§ = 400.
70 JB,.(0) P(§)

We want to investigate the additional condition k € L? R"\{O} From (6.1) it

follows that e* € L*(R")NC,(R™) and therefore j1; has the density p; € Ci (R)

loc

where

plo) = (2m) " [ e
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and (¢ )s>o is the convolution semigroup associated with ¢ by the relation

fi(€) = (2m) "2 e,

It follows that
k(x) = / pe(x)dt.
0

For p > 0 we find further by Tonelli’s theorem that

/Bp(o)k(:v)d:v: /R ) Xw(m)( /0 h pt(x)dt) dx
= /0 N ( /R ) pt(as)xm(x)dx)dt
_ /0 N (TtXB(O)> (0)dt.

From (6.1) it follows that

Jull?, < cE(u,u) for all u € H (R (6.3)

2n
n—=y’

where p = compare with Corollary 5.1.13. A well known result, see [41] or

[21], states that (6.3) is equivalent to
Ty oo < G2, t>0,

where N = p% > 2, i.e. under the assumption (6.1) we have

2
N = il provided n > E.
Yo 2

Here || T3]/ ;1_;~ denotes the L' — L>-operator norm of the extension of the L?
sub-Markovian semigroup associated with ()¢ or equivalently 1. Therefore

we can conclude

e}

/OOO(TtXBP(m)(O)dtZ/O (TtXBp(o))(O)dtJrfl (Texg,) (0)dt

1 0o
< [ 10l e+ [ 1T

< A" (B,(0))2 +6/ % dtA™ (B,(0))
)

dt

Ll

XBp(O)’

1

- - Yo—2n
=AM (B 0)2 + ex® (B (0 Jo
(B,(0))2 +eA™(B,(0)) po LU

OB ONE L N (B 0))—T0
AM(B,(0))7 + e (Bp(()))%_%
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provided 7y < 2n. In this calculation we also used that 7} is an L?-contraction,

i.e. ||T;|| ;22 < 1. Thus we have proved

Theorem 6.1.3. Under the assumptions i)-iv) and the additional conditions
Yo < 2n and v, < n the potential kernel k = F~1 (i) has the following proper-

ties

i) k(0) = oo;

loc

it) ke L}, (R"\{0}).
Moreover, k is an even function and rotational symmetric if ¥ 1s.

Before we continue to study k further, we want to discuss several examples.
We want to provide some examples of continuous negative definite functions

satisfying the conditions of Theorem 4.4.4.

6.2 Examples

Examples 6.2.1-6.2.8 are taken from [20] or are obtained by subordination using

the discussion in [35]. We begin with those examples involving one variable.

Example 6.2.1. Consider the continuous negative definite function (&) = [£|*,

0<a<?2. Forn=1 we obtain

1 1
—x _ —Q _ 1 11—«
[ s =2 [ erie = =

Therefore # € L, (R") if and only if 1 — a > 0, i.e. a < 1 which implies

=€ L2 (R") if and only if a < % Moreover for n = 2 we obtain

HRR
1 1
/ |€]7*d¢ = 27r/ r~%rdr = 27r/ ri=edr
B (0) 0 0

1 1

1

0

=27




6.2 Examples 117

Therefore in this case we require 2 — o > 0, i.e. a < 2, for local integrability
and # € L2 (R™) if and only if o < 1. Moreover, for higher dimensions, i.e.

n > 3, we have

1 1
/ |E|7dE = cn/ " ldr = cn/ Py
B1(0) 0 0

1
1
n
n—au

n—«x

r

=C

;
Hence given that n —a > 0, i.e. o < n we can conclude that # € L, (R").
Moreover @ € L (R") if and only if a < 2 and therefore the conditions in

2
Theorem 4.4.6 are satisfied.

Example 6.2.2. Consider the continuous negative definite function ¥ (§) =

1f||§|°" Firstly we state that in general
s s

> — <1 6.4

33527 for s (6.4)

Therefore we can estimate

€l )‘ld <y oy
/Bl(o) (1 + [&]* = /Bl(o) 677 de.

-1
Hence (lf—;a) € L}, (R™) given the following situations:

n=1:a<1;

n=2:a<2;

n>3:a<n.

loc

-1
Moreover ( €2 ) € L2 (R™) given the following situations:

1
=1l:a< =
n « 5

n=2:a<l;

n>3:a<—.
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Example 6.2.3. Consider the continuous negative definite function ¥ (§) =
|2 arctan|€|2. In general we have for 0 < s <1

1 1

s2 §2
1 1 1 1 1 1
s2 arctans? = 52/ de > 32/ dx
0o 14w o l+s (6.5)
s s
— > 2
1+s ™ 2

Therefore we have

1
Y [y dé- S 2/ g _adg‘
/31(0) €|z arctan|§|2 Bl(0)| |

Hence ————~= € L}, (R") given that

|f\%arctan|§|% loc

n=1:a<1l;

n=2:a<2;
n>3:a<n.

Moreover —————— € L2 (R") given that

€| arctan)¢| 2 loc

=1l:ra<<;
n a<gy

n=2:a<l;

n
>3:a< —.
n>3:« 5

We will now look at similar examples with regard to two variables. In order to

discuss this we need to introduce a new notation
B (0) = {(z.y) € R™ x R™[[a]* + |y[* < 1}

for the unit ball in R = R™*2. Let a > 3, 0 < a < 1. For |{> + |n|*> < 1 the

following inequality also holds:

€1 + [0l > [€]* + [n]*

) (6.6)
> (1P + Inl*)>.
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Example 6.2.4. Consider the continuous negative definite function (&, n) =
€]+ n|® for @ > B and 0 < o < 1. Therefore given (6.6) we can write

1 «
L ey < / (€ + [nf?)~ % dedy
/BYH”Q)(O) €] + [n]? B{"1"2)(0)

1
= Cnytny / o dy
0
1
ni+ns—a

1
r

= Cny4n .
T e — o 0

1 1 n ; ) ) ) N S—
Therefore @ € L, .(R™) given that o < ny + ng which implies edm? <

L7 (R™) if and only if o < 52 However, for 0 < < o < 2 requires cases.

Example 6.2.5. Consider the continuous negative definite function ¥ (§,n) =

—1E||§|j‘+’7||5|ﬁ fora>p and 0 < a < 1. Then we can write using (6.4) and (6.6)

€l + |n)? )_1 / 1
) dédnp <2 5 d&dn
‘éﬁwmm(1+KP+MW 51 o) [E]° + [

<2 (g lnP) Ededn
Blnl ;N9 (0)

1
_ —a,.n1+n2—1
= 20n1+n2/ r%r dr

0

1 1

. nit+nz2—a
= 2Cp, 4ng—q——— "1 .

ny+ne —« 0

-1
Therefore (%) € L} (R™) if and only if & < ny + ng which implies

THEe+ loc

-1
(M) € L2 (R™) if and only if a < mtn2.

Example 6.2.6. Consider the continuous negative definite function 1 (§,n) =
(€]~ + ]nyﬁ)%arcmnﬂf\a + Wﬁ)% fora> B and 0 < a <1. Then we can write

using (6.5) and (6.6)

1 1
/ . - < 2/ T3 Bdfdn
B (o) (€1 + [nl®)zarctan([g]e + nlP)z ~ S ) €1+ Il
<2 (P lnP) tdgdn
Blnl,ng (O)

1
:2Cm+n2/ Tﬁarn1+n271dr
0

1 1

. ni+ngs—o
=2Ch, 4n,———T .
Ny +ne — « 0
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Therefore ! e L; (R"™) if and only if o« < ny + ny which
f (|§\°‘+|n|6)%1arctan(|§\a+|n\ﬁ)% ZOC( ) f Y f 1 2
implies c 1 R™) if and only if o < n1+n2
P (€@ +1n|B) 2 arctan(|€]+|n|#) 2 loc( ) if y if

We will now discuss examples involving general Bernstein functions.

Example 6.2.7. Consider a Bernstein function f, and the continuous nega-
tive definite function (&) = [€]*. The function f(¢(€)) = f(|£|?) is again a

continuous negative definite function. If we assume that
f(s) = 8™, s <1, py>0 (6.7)

then we have for n=1

1

2p0 J¢ = 2p0 4
[ T s /'5' ¢ = 2/5 ¢

1
— 2 1-2po

1 =2po

0

Therefore € L (R™) if and only if 1 — 2pg > 0, i.e. py < % which implies

1
F(GER)
€ L (R™) if and only if po < %. Moreover for n =2 we obtain

1 / -2 -
— < |E| =P dE = 27r/ r=Pordr
/31(0) FUER) ™ Jpio) 0

1
= 27r/ ri=200dr = 21
0

f(\&l )

1
2—-2po

r

2- 2p0 0'
Therefore in this case we require 2 — 2py > 0, i.e. py < 1, for local integrability.

€ L2 (R") if and only if py < L. Moreover, for higher dimensions, i.e.

(\él ) 2

n > 3, we have

1 / —2 R
< |€|“PodE = cn/ r 2P0t dr
/Bl(o) fUER) ~ JBio 0

! 1
= cn/ rriT20dr = ¢, rn200
0 n — 2po

Hence given that n—2py > 0, i.e. pg < 5§ we can conclude that f(léP) € L (R™)

1

K
which implies f(lél2) € Ly (R™) if and only if po < 2.

Example 6.2.8. Consider a Bernstein function f, and the continuous negative

definite function ¥(&,n) = |€|* + |n|?, and the subordinate continuous negative
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definite function f(y(&,n)) = f(|€]> + |n|?). Using (6.6) and (6.7) we obtain

1 1
< [ e
/BY”’"Q)(O) FUEl™ + |nl?) B2 () ([€]% + [n]?)ee

_@pPo
< [ o 6+ 1) % dedy
B;y"1(0)

1
:cn1+n2/ prapopmitn2=l g,
0

1 1
_ ni+na—apg
- C'rz1+n2 r .
ny + Ng — aPg 0
Hence < Llloc(Rn) Zf and OTLly Zf ny +ng — & pPo > 0; i.e. £o < nl;i[-ng

€ Li (R™) if and only if py < ™52,

S S
fUgl>+nl?)

which implies HGEEEE)

For the following example we will discuss a continuous negative definite function

introduced in [24].

Example 6.2.9. Consider a continuous negative definite function Ygr : R —
R
Yer(€,n) = (€1 + ™)™ + ([ + [n]7)

Jor 1 <apas <2, 1<f,02<2,0<7,% <1, a1y = Baye, azye = B,
a1y > aoye and oy, > 1, By > 1 for i =1,2. Then for all (§,n) € R"

(&)

Rol[€ + [nf*) ™=

for some ko > 0. Therefore we obtain

/ 11 1 ded
— <= n
B2 o) Ver(§:m) T Ko S ) (62 + [n?) 72

1
_ Cn1+n2/ r—al'ylrnl—&-ng—ldr
0

Ko
1 1
_ Cmtne pratne—aim |
Ko N1+ N2 —aoaqm 0
Hence o ( 5 € L} (R™) if and only if ny +ny —ayy1 > 0, i.e. 11 < "1+”2 For
local mtegmbzlzty in L? we need ny +ngs — 20qy1 > 0. Therefore we can conclude
that ;— € L, (R™) if and only if v < ™52

All the examples discussed satisfy the condition of local integrability and there-

1is a

fore by Theorem 4.4.4 the tempered distribution E defined by E = m

HY*_fundamental solution.
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Example 6.2.10. In R? we consider the two convolution semigroups (ugl))tzo

and (pgz))tzo associated with the continuous negative definite functions ™M (&,n)

(I€12+ [n]2)z and w@(€,n) = |£| + |n|, respectively. The corresponding densities

are
(1) 1 t
b\, Y) = —
S o)
and
(2. 9) 1 t?
T, Y) = — .
T e )
We note the estimates
1

V2

as well as the different asymptotic behaviour of pgl) and p£2), namely for y =0

and x — oo we have

PV (2,0) ~ |23, pP(x,0) ~ |z| 2,

compare with [23], p.1112. Thus, although the symbols ") and ¥ are compa-
rable in the sense that (6.8) holds, the transition densities are not. We now want
to study the corresponding potential kernels. Of course ) is the symbol of the
two-dimensional Cauchy process, the corresponding semigroup (Tt(l))tzo 18 tran-
sient, hence by (6.8) the semigroup (7—;5(2))1520 corresponding to ¥® is transient

too, and the potential kernel associated with (Tt(l))tzo is given by

kD (z,y) = / P (2, y)dt
0
1 [ ¢ 11

2m o (22 + ) + 12)2 2m a2 + 2

Note that in this case we have

Now we calculate k' (z,y):

£ — / (2) dt = — dt.
=, WG ) e )
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We will use 2.161.3 on p.67 of [12] which gives

/ (/] Ve VI e
a + bt? 4 t* Vch NV Vf

where for b* — 4ac > 0

In our case we have
2y’ + (2 + )+t = a+ bt + ot
ie. c=1,b=212%4+y? and a = 2%y* which implies
(@® +y*)? — 4oy’ = («® —y°) > 0 for a® # ¢

and for x # y we have

h=la* =y’
= 2? +y* = |2* =y N
2
2,2 2 _ .2
_ Tty + |z y|:x2\/y2.
2
It follows that for x* # 1
I t?
k@ :—/ dt
N3 ), TR )
1
“ V9V
2\/ _ 2/\
27r|o:2 Ws v2 = Va2 Ay?)
B 1 \/xQ\/y — V22 AR (V22 V y 4+ a2 A y2)
2m|x? — y?| (22N % + /22 A 2
a2 =7 1 1 1
2m|z? —y?| 22V 22 AyE T[22 VR 4 2 A2
11
2 || + [yl

and we find eventually

(6.10)
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provided x* # y?. However, for x* = y? we have

i det:i(— t + ! arctani)oo
w2 Jo (2?2 +12)? 2 2(x2 +12) 2| lz| ) |,
1111
= Ll = e el

and therefore (6.10) holds for all x,y € R. Note that

K0 = 77 (555 ) )

and since n = 2 and both Y and ¥ are homogeneous of degree 1 we expect
kU) to be homogeneous of degree —1. This example shows that in general the
smoothness of 1 gives a limitation of the smoothness of k in the sense that the

singular support of k will in general depend on the singular support of 1. In the

case of Y2 (&,n) = [¢] + [n| we have
sing suppp'? = ({0} x R)U (R x {0})

and
sing supp k® = {(O, 0)} U sing supp v,

recall that k® = E® s the unique fundamental solution as considered before

and the local C'*°-regularity of solutions of the equation

W& (D= f
18 given by the condition
sing suppu C sing Supp E® 4 sing supp f
= ({0} x R) U (R x {0}) + sing supp f,

provided v = E® x f.

The formulae (6.9) and (6.10) are in some sense accidental, but not quite. When
considering the continuous negative definite function v, ,(§) = [£]*, 0 < a < 2
in R™ and restrict ourselves to the transient cases, i.e. n > «, then we have

always

kno(x) = cpalz/*"
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and forn =2, a =1 we have a — n = —1, i.e.
ko1(x) = ¢ 1;, n =2,

’ " g ()
but also for n =3, a = % we find with o« — n = % that
kg s () :c3§;, n=3.

2 ’2@/)3,%@)

We know that the potential kernel corresponding to

o(&m,Q) = 617 +Inl* + |¢]2

must be homogeneous of degree —% since it is given by F~! (%p), however we
could not find an explicit formula. In light of these observations it might be
more insightful to write for k)

S
(Jel)at " (Gnale))st

Note that for n = 4 and a = 2, i.e. the Gaussian semigroup in R*, this formula

kn,a (l') = Cp,a

gives again
e 1 1
xr)=-c =c .
4,2 4’2|a:]2 4’21/14’2(9[;)

These observations lead to two problems:

Problem 1 Find all continuous real-valued negative definite functions v corre-

sponding to a transient convolution semigroup with the property that

1 1
£ (—) = Ccy—. 6.11
o) =% (6.11)
The reader should note that although (6.11) admits the interpretation of an

eigenvalue problem, it must be considered in &'(R™) N L}, .(R") and it cannot be

reduced to the one in L*(R™).

Problem 2 Find all continuous real-valued negative definite functions v corre-

sponding to a transient convolution semigroup with the properties

dzﬂ(fﬂ?) = @/J%(S - 77) is a metric

and for the corresponding potential kernel we find

k“):g(¢éo>
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with a strictly increasing continuous function g such that ¢g(0) = 0.

Note that for continuous negative definite functions solving Problem 2 we can
study the local regularity of solutions to the equation ¥(D)u = f by imposing

regularity conditions on f in terms of dy.

In the moment we cannot resolve either of these problems, but some first partial

results are available.

We first want to study rotational invariant continuous negative definite functions

¥ : R — R. Each such a function can be written as

v(&) = f(IE]*)

where f is a Bernstein function, see [35]. For the corresponding potential kernel

(in the case that i € L, .(R")) we have

k(z) = F! (%) (z).

Note that given the subordination v/-o f = f > which is also a Bernstein function,

we have the potential kernel in the case that i € L7 (R") for ¢(&) = f%(|£|2).

loc

As Fourier transform of a rotational invariant distribution the kernel k& must be

rotational invariant too, i.e.
k(z) = g(|z]?)

for a suitable function g : [0, 00) = RU{ +00}. Assuming that f has an inverse

we can write
k() = (go f)(f(|21*) = ((go fH)¥) ().

Under suitable assumptions on f, see [23], we know that

dy(§;m) =/ f(I§ —nl?)
defines a metric on R™ and it follows that
k(z —y) = (go f)Nd(z,y) = (g0 f 1 )(lz—y]?),

i.e. k() is a function of dj(z,0) = |z[>. Moreover, potentials, i.e. functions or

distributions of type k % h are given by

(%) () = / (g0 F V) (2, y))uly)dy
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and their properties, given u, depend on dy. Note that we can deduce more

properties of k(x) = g(|x|?) by using the representation

Kz) = / " b (@ydt

where p¥(-) is the density corresponding to the convolution semigroup (u! )io,

2

which we assume to exist, e.g. we may assume e /(") € L1(R"). In our case p’

is given by
o 1 E
w _
T) = ——e 4 7(ds
pt ( ) /0‘ (477'5)5 nt( )

where (7;);>0 is the convolution semigroup supported on [0, 00) corresponding

to f. Since the Gauss kernel is strictly positive, p}f’ is strictly positive on R™ and

this implies already that (7)), is irreducible. Furthermore we have for ¢t > 0

o)l = [ cmentan = o)

Clearly p(z) is rotational invariant and if we assume that r — p¢ (r) = p¥ (x),
r = |z, is strictly decreasing in r for ¢ fixed it follows that r — g(r?) is strictly
decreasing, hence go f~! is strictly decreasing. In summary, this example shows
that interpreting ¢ as a square of a metric gives the possibility to interpret both,
p; and k, as a function of this metric, i.e. it allows a geometric interpretation of

p: and k.

Let f be a Bernstein function such that f(0) = 0 and (£,n) — m is

L .(R?). Hence the corresponding semigroup is transient and

an element in L,

F-1 <m> (x,y) is the potential kernel, thus fundamental solution to (D),

V(&) = f(|€] + |n|). We have to find the integral

-1 ; T _ eixgeiyn;
it (f(|€!+|77\))( 9) /R2 f(ngw)d(g”?)- (6.12)

First we consider with R, = (0, c0)

ix€ iyn 1 d
/Me TR

and introduce the new coordinates

S:§+T/7 7“25_77
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or
S+r s—r

E=2,n:2

The set (R4)? is mapped onto the set {(r, s) € R?|s > 0and |r| < s} and by the

transformation theorem we find

izé iyn 1 d — 1€ iyn 1 d
/@we TR /<> TGl

We note that

$ rx—y s - 1 -
/_Sel(a)rdr:/_scos (x 5 y>7’dr: (%;y) sin <x 5 y)s

which yields

N 1 1 ey, 1. (T —y
e e ——d(¢,m) = —/ e(2)s sin ( )Sds.
/(11@)2 f&+mn) (&) e J f(s) 2

Since ¢("2")% sin (x—;y> s = +(sinas — sinys) + (cosys — cos xs) it follows that

/(R+)2 eixfeiynm (&,m) = 2(17) /Ooo(sinxs—sinys+i(cosys—cosxs))f(ls)d&

Now we return to (6.12) and note that the integral on the right hand side is

given by

(273 Zyn;
[ e e+ e

(Lot Lo Lot Lo e e

=h+L+13+1

with
1
— / sinxs — sinys + i(cos ys — cos xs)) ——ds, (6.13)
T f(s)
1
= / sinzs + sinys + i(cos ys — cos xs)) ——ds, (6.14)
T f(s)
1
— / —sinxs — sinys + i(cos ys — cos :Us))mds (6.15)
s
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and
I ! /00( si + si + i(cos CoS IS)) ! d (6.16)
= —— —sinzs + sinys + i(cosys — cos xs)) ——ds. .
ta(=l) £(s)
Adding (6.13)-(6.16) we arrive at
/ eixﬁeiyn;d(g’ n)
R2 SN+ Inl)
_ 2 /Oo(sin xs — sinys) ! ds + 2 /Oo(sin rs +sin ys)ids
T =Y Jo f(s) T+yJo f(s) 7

or

A V=t [Tsines - ysings)
2 F (f(|§!+|n|))(x’y>_$2—y2/0 (rsinzs —ys ys)f(s>ds. (6.17)

Thus, in order to find the potential kernel associated with f(|¢| 4+ |n]) we need

to evaluate the integral

wds, a > 0.
0 (s)
Note that it is sometimes helpful to write the right hand side of (6.17) as
s [ el sinlals — ol sinluls) 1 d (6.18)
—_— x|sin |z|s — |y| sin |y|s) ——ds. :
> = ly[* Jo f(s)

We want to apply (6.18) to f(s) = s*, 0 < o < 1. For this we note, compare
[12], 3.7614, p.420, that

* gj 1-— 1
/ Smasds =T(1 — «)sin ( aﬁ) )
0o S 2 al—e

Now we obtain

Example 6.2.11. The potential kernel k corresponding to ¥(£,n) = (€| + |n])®,

0<a<1, is given by

kx,yzF—1<—> x,yz——/ x|sin |z|s — |y|sin |y|s)—ds
oy GEEIDA T ), Elsinlels =lylsinlyls) 2

)
—a\ 1 2] WI>
= —I'(1 — o) sin T —
=) ( 2 )uP—WPQﬂka e
2 1—« 1
:—Fl_ ] Cll_ (%
2001 - apsin (15 %% ) el — o)
1—a\ 1 [l =yl
=—H1—®$n( w) ( el # Iyl
7T 2 lz| + |y \ |z] — |y
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We note that k is homogeneous of degree —2 4+ « and since i 1s homoge-

1
€]+
neous of degree —a, this is exactly what we expect. Moreover, |x| > |y| implies
|z|* > |y|* and therefore k(x,y) > 0, in fact k(x,y) > 0 for |x| # |y|. Since for

t > 0 we have
d e — 8@
—t* = at®* ! = lim
dt s=>t t— 8

we find for |z|, |y| > 0 that

1 2| — [y[* O =1a—1 Y a2
( = L ol = Lo

im
wl=lal |z 4+ [y| \ |z = [y

and therefore we define

k(z,2) == 20(1 = a) sin (1 - O‘W) !

T |x|2—a'

For general 0 < a < 1 we do not see a simple way to relate k(z,y) in Example
6.2.11 to ¥ (&, m) = (/€] +|n|)*. However, there are some interesting special cases

worth discussing:

1. For a = % we have ¥(&,n) = (|¢] + |77])% and

2 /1 1 3 — |y
k’é(a?,y):—I‘( )sm(W) (’le |y[2)
2]+ lyl \ [2] =y
1
:f 2|7 — Jy|2
2] + [yl ( |$|2 —Jyl2) (2|2 + |y|7)

- \[w:d + |y|><rx|§ VY

Thus we have the exact formula
2 1
k%(:c,y) = \/j T I\
T (Jx] + [yD)([=]2 + |y|2)

I, 1 1 1 1
2l + [yl)* < 2l + |yl < (jo]2 + [y]?)* (6.19)

Since

or
1 1 2

1 1 S S 1 1
(2 + [y2)2 ~ e[+ 1yl = (Jz]z +|y|2)?
we find also the two estimates

2 1 22 1
1 1.4 S k xZ, -~
\[r<|x|2+,y|2)3 ) < el + o)

(ST
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and

1 1 <k )<\/§ 1
S RUT,Y) > _——.
V27 (|2] + [y])? : (|2 + [y)?

The latter estimates we can write however as

L;<k (a: )<\/§;
Vo bl = 2 =N T )

or with dy((z1,11), (x2,y2)) = W2 (21 — 29,1 — y2) we obtain

! ! < ki(zy — 29 yl_y2)<\/§ ! :
ﬁdﬁb((xlvyl% (37273/2)) 2 ’ N de;<<x17y1)7 (332,y2))
(6.20)
2. For a =}, ie. (&) = (|¢| + [n|)7, we find

1 !
(x,y)—zl“<§ sin§7r L Kl V]S
T \4 8 |zl + 1yl |zl =yl
¢2+¢§F(§) 1 2] — Iyl
4/ 1l + 1yl (Jl2 + y]2) (2|5 + ylT) (2] — [y])
2+\/§F(§) 1
(J] + [yD) (]2 + [yl2) (j| 5 — |yl F)’

4
and now we look at a = Q%n, m € N. We note that

2] — Jy] = (H<|x|%l " |y|%l>)<|xr%m b

=1

which follows by induction and therefore we get
o= — Jyo™ 1

el =Tyl T (3 + Jy]2)

and

kl(x,y)ng(l—i) sin(<i>ﬂ)< . ) m 11 1
7 T om 2 2l + 1yl ) TLZ, (]! + [y]2*)

or
2 1 1—-2=" 1
k;n(x,y):—F<1——m) sin(( )7?) — " T
’ m 2 2 [LZo (2" + Jy[27)

With the help of (6.19) we deduce the existence of two constants 0 < Al(l) < Al@)

such that

) 1 1 2 1
AP 5 <A
(lz[2" +[yl2") — (|| + |y])2 (Jz]2" + |y|27)
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implying
m m m 1
HA(Dl— H g < [[AY——
=0 (el ) T g (el + Iyl )2t (2l fylE)
and with
1 1
fui= ) =25
1=0
D HA(l) _ HA(Q)
m 1 > m l
1=0 1=0
we have
- 1 - 1
< — < T || ¢
oo L e < we < U gy
Eventually we arrive at
1 1
Om o < k1 (2,y) < T
(lz| + lyl)rm = 2 (el + Ty )rem
le.
1 1
O < k1 (2,y) <Th s
Yz, y)>em T Y(z,y)?"em
or
. L <k (ny) < ! (6.21)
Om 2(2m+1l_1 — 1 Y 2(2m+1_1 .
di” (), (0,0)) " ET T (0,), 0,0)
which are for m = 1 the estimates (6.20). Moreover L is homo-

d?p(2m+171)(

(z,9),(0,0))
geneous of degree (—2m1 + 1)2%” =—-2+ 2%”, as we expect.

So far we do not have a similar result for the case of a general « € (0,1).

6.3 Interpretations and Generalization

In section 6.1 we have outlined some properties of the potential kernel (of a
transient convolution semigroup). The examples in section 6.2 indicate that if
the continuous negative definite function ¢ : R — R gives rise to a metric,
the potential kernel is either a function of this metric, or it admits (two-sided)

controls by this metric. We have formulated this observation in two problems,
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Problem 1 and Problem 2, in section 6.2. In the moment we are far away to
provide for these problems a general solution. However, the positive examples
are motivation enough to explore corresponding ideas and this section is devoted

to some consequences in cases where the problems admit a solution as desired.
First let us assume that the potential kernel k is given

Kz —y) =g(m> :h<m)

where h(r) = g(r?). Assuming that k gives a fundamental solution to ¥ (D), a

solution to ¢ (D)u = v is given by
u=FExv=Fkx*v, (6.22)
or (at least formally)

u(z) = /Rnh<m)v(y)dy - /Rnh<m>v($ — gy (6.23)

We expect h to have a singularity at 0, in fact by Lemma 6.1.2 we must have

h(0) = +o0. From (6.23) we deduce for n € R" that

u(x) —u(zx+n) = /Rn h(dw(i‘, 2)) (v(z) —v(z+n))d-=. (6.24)

So far we have not stated proper assumptions on v, we only implicitly have
assumed that (6.22) or (6.23) makes sense. Starting with (6.24) we now can try
to derive conditions on v and on h in order to deduce regularity properties of
(6.24). For this we make the standard classical approach and split the integral
in (6.24):

/Rn h<dw(; 2)) (v(z) = v(z +1n))dz
- Lw(w,z)<r " <ﬁ) (v(z) — vz +n))dz (6.25)
i /dw(x,z>>r h(dw(; z)> (v(2) = v(z +n))dz.

Let us consider the first integral in (6.25), i.e.

/dw,z)@ h(dw(;lc, Z)> (v(2) — v(z +n))dz.
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Suppose we can find a non-negative continuous function w : R — R such that

w(0) =0, w(t) > 0 for t # 0, and for some a > 0

w(5)° / e h( i (; 0))dz < M(r) < % (6.26)

for all § < r. We now consider bounded functions v : R® — R such that

[v(2) = v(y)] < (w(dy(2,))", o <p. (6.27)

Let 0 <y < f—aand 0 <d <r. It follows with the help of (6.26) that

w(dlﬁ(l'?lirn))” /;<dw(xz)<7" ( w(i, z))( (2) —v(z +n))dz

—;/ ! v(r —2z) —v(x —2+n))dz
w(d¢<n70))’y g< (z0)<7” 270)
1
< v(x —z) —v(r — 2z +n)ldz
AL O Jicaeorer e )‘ )
1
< — (dy(n,0))’dz
w(dy(n,0))" Js<a,(z0< ( ) v
1

- (/ggdw(z,omh dw(z,o))d'z(W(dw(n,O)))”‘) (w(dy(n, 0)))F.

The continuity of w implies that for € > 0 there exists § > 0 such that dy(n,0) <

§ implies w(dy(n,0)) < e7 = which implies

(r,x+1n))) /g<dw(w)<r h<dw(; 2)) (v(2) = v(z +n))dz

(ol
< or | s<dwwmh(dw<i,o>)dz)<w<dww>>>ﬁa”
M(r

IN

IN

provided |v(z) — v(z + n)| < (w(dy(n,0)))? < (w(d))?, which we can achieve if

we add to w the condition to be increasing on [0, R| for some R > 0.
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Now we turn to the second integral in (6.25), i.e. to

Lot = ot e
/dwz rh<dw(1 ))U<Z)dz_/dw(x,z)>rh(d¢(i,z)>“(z+77)dz
/d(yo h(dw(l 0))U<$_y)dy_/dw(y,o)zrh<dw(;,0)>v(m+n_y)dy'

(6.28)

If v e Cy(R") and y +— h( ( ) belongs to Ll(R”\Bd’“’( 0)) then

(y,0) X]R”\B Y (0
the first integral in (6.28) is a continuous functlon with respect to x and the sec-

ond integral in (6.28) is a continuous function with respect to = and 7n, compare

with Theorem 8.1 in [22].

Thus we have proved

Theorem 6.3.1. Let k(x) = h(d = 0)> be the potential kernel corresponding

to the transient semigroup (T;;p)tz() such that k is also a fundamental solution to
Y(D). Assume for some increasing continuous function w : [0,00) — R such
that w(0) = 0 and w(s) > 0 for s > 0 that (6.26) holds and that for r > 0 the

n d n
m X]R"\ng((])(y) belongs to L*(R™\B;*(0)). If v € Cy(R")
satisfies (6.27) then the function u : R" — R, u(z) := (k *v)(z) is continuous

function y — h

on R" and for x in a compact set K C R™ we have for every 0 < v < f — «

w(z) —u(z +n)
(w(dy(n,0)))
Remark 6.3.2. A. Note that (6.29) is a type of local Holder continuity of u

— 0 as w(dy(n,0)) — 0. (6.29)

with respect to dy

B. Our deriwation of Theorem 6.53.1 follows of course the ideas of the standard

proof given in classical potential theory for the Riesz potentials, see [28].

To verify the conditions of Theorem 6.3.1 requires some knowledge of k(-). For
rotational invariant symbols ¢(£) we can check these conditions in the following

way. In this case the metric dy, is given by

dw(:v,y) = d¢(x — y7()) - (f(|$ . y|2))%
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for some Bernstein function f and we have

k(z) = h(m) N h(|_i“|>

for a suitable function k. Once we know that h satisfies the two estimates

-1
crp "< h(—), 0<k<l1l 0<p<R, (6.30)
p
and
-1
h(—) <Crp ", p>R, >0, (6.31)
P

we can apply Theorem 6.3.1.

However, if we replace in (6.30) and (6.31) the function & by & <m> ,p =z,

we still can apply Theorem 6.3.1. This is possible in the case of Example 6.2.11

for ki1, i.e.
2

2 1
k’; Z, = — 19
1 9) \ﬁ<|xr+|y|><rx\2+|y\2>z

which is the potential kernel associated with ¢ : R2 — R, ¥(€,1) = (|¢| + |n])2.

We have now the estimates (6.20) and with n = 2, k = 1 and € = 5 we obtain

(6.30) and (6.31).

Similarly, we can state the same for k%m, ie.

2 1 1—-2=m 1
k}n(x’y):_]?‘(l__m) sin(( )W) m 1 1y
2 s 2 2 Hl:(](’q;|2 + ‘y|2 )

where we have the estimates (6.21) and with n =2, kK = —5~ + 1 and ¢ = 5

we obtain (6.30) and (6.31).
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