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Abstract
We characterise the link of derivatives in measure, which are introduced in [2, 3, 8]
respectively by different means, for functions on the space M of finite measures over a
Riemannian manifold M. For a reasonable class of functions f, the extrinsic derivative
DF f coincides with the linear functional derivative DY f, the intrinsic derivative D!f
equals to the L-derivative D f, and

D' Fn)(w) = D" () (&) = lim <V -+ 58)(@) = V{DFF)} &), () € M x ML

where V is the gradient on M, §, is the Dirac measure at z, and

— piy L1 H50) = F(n)
DF f(n)(x) '_1;\{8 . , veM

is the extrinsic derivative of f at n € M. This gives a simple way to calculate the intrinsic
or L-derivative, and is extended to functions of probability measures.

AMS subject Classification: 60B05, 60B10, 58C35.

Keywords: Intrinsic derivative, extrinsic derivative, Lions derivative, linear functional deriva-
tive.

1 Introduction

To develop analysis on the space of measures, some derivatives in measure have been introduced
by different means, where the intrinsic and extrinsic derivatives defined in [2, 8] have been used
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to investigate measure-valued diffusion processes over Riemannian manifolds (see [7, 10, 11,
13, 14] and references therein), and the L- and linear functional derivatives were investigated
in [3, 4] on the Wasserstein space Z5(R?) (the the set of all probability measures on R? with
finite second-order moments). See [1] and references therein for calculus and optimal transport
on the space of probability measures, and see [9, 12] for the the Bismut formula and estimates
on the L-derivative of distribution dependent SDEs.

In this paper, we aim to clarify the link of these derivatives, and present formulas for
calculations. For a broad range of applications, we will work on the space of finite/probability
measures over a Riemannian manifold, which includes &, (R?) as a special example.

Let (M, (-,-)) be a complete Riemannian manifold, i.e. M is a differentiable manifold
equipped with the Riemannian metric (-, ), which is a positive definite smooth bilinear form
on the tangent bundle TM := U,y T, M (T, M is the tangent space at point x), such that M
is a Polish space under the corresponding Riemannian distance p. Let M denote the class of
all nonnegative finite measures on M equipped with the weak topology induced by bounded
continuous funtions.

For a fixed point 0o € M, let p, = p(o,-) be the Riemannian distance function to o. Denote
n(f) = [,, fdn for a measure n and a function f € L'(n). For any p € [0,00), consider the
spaces

M, :={neM:n(ph) <o}, Z,:={neM,:n(M)=1}, pel0,00).

We will study the above mentioned derivatives on M, and &,.
For every p € [0,00), M, is equipped with the topology that n, — n in M, as n — oo if
and only if the convergence holds under the weak topology and

lim sup Un(ﬂﬁl{pozm}) = 0.
1

m—ro0 n>

When p = 0, this is nothing but the weak topology. When p > 0, the topology is induced by
the p-Wasserstein metric

W,(7,m) = W1+ ) = (1 + &)+ inf {m(p")}77,

meE (v.m)
where m € €'(y,n) means that 7 is a finite measure on M x M such that
m(M x ) =y(M)n, 7(-x M) =n(M)y.

It is well known that (M, W,) is a Polish space for any p € [0, 00).

We first recall the extrinsic derivative defined as partial derivative in the direction of Dirac
measures, see [8, Definition 1.2].

Definition 1.1 (Extrinsic derivative). Let p € [0,00) and f be a real function on M,,.

(1) f is called extrinsically differentiable on M, with derivative D f | if

DF f(n) @) =ty L0 00

el 12
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exists for all (z,n) € M x M,



(2) If DF f(n)(x) exists and is continuous in (z,n) € M x M, we denote f € CF!(M,).

(3) We denote f € Cp' (M), if f € CP(M,) and for any compact set .# C M, there exists
a constant C' > 0 such that

sup IDFf(n)(x)] < C(1+ ph(x)), =€ M.

(4) We denote f € CELY(M,), if f € CFY(M,) such that DF f(n)(z) is differentiable in z,
V{DF f(n)(-)}(x) is continuous in (x,n) € M x M, and |V{DFf(n)}| € L*(n) for any
n € M,

(5) We write f € Cp'(M,), if f € CPLY(M,) and for any constant L > 0 there exists
Cr, > 0 such that

sup [V{D"f(n)}|(z) < CL(1 + ph(x)), =€ M.

n(pb)<L

Since for a probability measure p and s > 0, u + sd, is no longer a probability measure, for
functions of probability measures we modify the definition of the extrinsic derivative with the
convex combination (1 — s)u + sd, replacing p + s9,.

Definition 1.2 (Convexity extrinsic derivative). Let p € [0,00) and f be a real function

fon &,

(1) f is called extrinsically differentiable on &7, if the centered extrinsic derivative

50 S

eR

exists for all (z,u) € M x 2,
(2) We write f € CF1(2,), if DP f(u)(x) exists and is continuous in (z,u) € M x 2,

(3) We denote f € CR'(2,), if f € CPYP,) and for any compact set # C 2, there
exists a constant C' > 0 such that

sup [DP f(1)(2)] < C(1+ (), =€ M.

nex

(4) We write f € CPMY(P), if f € CP'(F,) such that f)Ef(u)(x) is differentiable in
x € M, V{D¥ f(u)}(z) is continuous in (z,u) € M x 2, and |V{DF¥ f(u)}| € L*(n) for
any 1 € P,

(5) We write f € C2"'(2,), if f € CPLY(2,) and for any constant L > 0 there exists
C > 0 such that

sup [V{DP f(u)}(x) < C(1+ pi()), = € M.

w(pe)<L



By Lemma 3.2 below with v = §, and » = 0, we have

iy (= 8)n+50,) = f(n)
sl0 S

= DPf(n)(x) —n(DPf(n)), feCy (M), ze M.

So, the convexity extrinsic derivative is indeed the centralised extrinsic derivative.

To introduce the intrinsic derivative, for any v € I'o(T'M), the class of smooth vector fields
on M with compact support, consider the flow (¢?)s>¢ generated by wv:

d v v v
%gﬁs = U(¢s)7 (bO = Id7 s 2 07

where Id is the identity map. Let Z(T'M) be the set of all measurable vector fields on M.
Then for any n € M,

L*(B(TM);n) = {ve B(TM):n(jv]) < oo}

is a Hilbert space, where |v| := 1/(v,v). Then T'o(TM) is dense in L*(Z(TM);n). When
M =R? we have To(TM) = C*(RY — R?) and B(T'M) = B(R? — R?).

By the Riesz representation theorem, for any bounded linear functional U : T'y(TM) — R,
there exists a unique element U* € L*(%(T'M);n) such that

Uv) = (v, U") 20 = /M(U,U*>dn, velg(TM).

In this case, U(v) := [,,(v,U*)dn for v € L*(B(TM);n) is the unique continuous extension of
Uon L*(B(TM);n).

Definition 1.3 (Intrinsic derivative). Let p € [0,00) and f be a real function on M,,.

(1) f is called intrinsically differentiable on M, if for any n € M, and v € I'o(T'M),

D 1) o tim 2012607 = £
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exists and is a bounded linear functional of v € T'o(TM) C L*(#A(TM);n). In this case,
the unique element D! f(n) € L*(%(TM);n) such that

DIf(n) = (D' F (). o)1) = /M (D' f(n), v)dn, v € To(TM)

is called the intrinsic derivative of f at n € M,

(2) We denote f € CTY(M,), if f is intrinsically differentiable on M, such that D!f has a
version D! f(n)(z) continuous in (z,n) € M x M,



We now introduce the L- and linear functional derivatives following [3, 4] where 2, (R?) is
considered. Comparing with the definition of intrinsic derivative, to define the L-derivative one
replaces the flow ¢? by the geodesic flow

Gso(T) = exp,[sv(x)], s>0,2€ M,

where
exp, : IuM — M

is the exponential map, so that for each v € T, M,
[0,00) 2 s 7(s) := exp,[su] € M

is the unique geodesic starting from z with initial tangent vector £-7(s)|s—o = u. When M = R,
we have ¢, (z) = = + sv(x). By the triangle inequality, we have

(L1)  po(@s0(@)) := pl0, dsu(x)) < plo, ) + p(, expy[sv(@)]) < po(z) + [v(z)], s €[0,1].
So, when p <2, n € M, implies
no¢, €M,, ve L*(B(TM);n).

Thus, in the following definition of L-derivative, we assume that p < 2. See also [5] for a
different characterization on the L-derivative and applications to the Hamilton-Jacobi equations
on Z,(RY).

Definition 1.4 (L-derivative). Let p € [0,2] and f be a real function on M,

(1) f is called weakly L-differentiable on M, if for any n € M, and v € L*(ZB(TM);n),

fo(n) — lsiﬁ)l f(no Qbs_v;) — f(n) cR

exits and is a bounded linear functional of v € L*(%(TM);n). In this case, the unique
element D* f(n) € L*(%B(TM);n) such that

(1.2) Dy f(n) = (D" f(n),v)r2m), v € L*(B(TM);n)
is called the weak L-derivative of f at 7.
(2) f is called L-differentiable on M, if f is weakly L-differentiable with

i 1060 = f(n) = DEF ()]

o]l 2,40 0] L2y

=0, 0#ncM,.

In this case, we call D”f the L-derivative of f.

(3) We denote f € CHY(M,), if f is L-differentiable on M, such that D’ f has a version
DY f(n)(x) continuous in (z,n) € M x M,,.



Definition 1.5 (Linear functional derivative). Let p € [0,00) and f be a real function on
M,,. A measurable function

M >y~ D" f(n)(y)

is called the linear functional derivative of f at n € M, if for any constant L > 0 there exists
a constant C' > 0 such that

(1.3) sup
n(ps)<L

DF f(m)(w)| < COL+ph(w)). ye M.

and for any 7,y € M,

(1.4) () — £) = / ar /M D f(ry + (1 — ) () (7 — n)(dy).

Since (1 — s)u+ sv € P, for s € [0,1] and p,v € &2, the definition of D also applies to
functions on &7,.

The remainder of the paper is organized as follows. In Section 2, we state the main results
of the paper. Section 3, we present some lemmas which will be used in Sections 4 to prove the
main results. The main results of the paper have been reported in the survey [15].

2 Main results

Theorem 2.1. Let p € [0, 00).
(1) If f is L-differentiable on ML, then it is intrinsic differentiable and D' f = D* f.
(2) If f € CRY(M,), then f has linear functional derivative DF f = DF f.
(3) Let f € CPLYM,). Then f € CTH(M,) with

(2.1) D'f(n)(x) = V{D"f(n)(-)} (@), (z,1) € M x M.
When p € [0,2] and f € C5' (M), we have f € CHY(M,) and
(2.2) D" f(n)(x) = V{D"f(n)(-)} (), (z,n) € M x M.

(4) If f € CEY(M,), then for any s >0, f(n+ sd.) € CY(M) with
(2.3) Vf(n+s8)(x) =sDVf(n+s8,)(x), € M,s>0.

Consequently,

24)  DM)() =l VI s0)(w), € CHIML), (o) € M x M,



Remark 1.1. (a) Theorem 2.1(3) implies C5'"'(M,) ¢ C%'(M,),p € [0,2]. However, a
function f € C™'(M,) is not necessarily extrinsically differentiable. For instance, let ¢ €
C(]0,00)) but not differentiable, and let f(n) = ¥ (n(M)). Then f(n+ sé,) = v (n(M) + s)
which is not differentiable in s, so that f is not extrinsically differentiable. But it is easy to
see that f € CLY(M,) with DL f(n) = 0. Off course, this counter-example does not work for
functions on the space of probability measures

(b) According to [4, Proposition 5.48], if f is a function on &, (R?) having linear functional
derivative D f(u) € C*(M) for any p € P5(R?), then f is L-differentiable and

(2.5) D" f(n) = V{D" f(n)}.

By Theorem 2.1(1)-(3), this formula (2.5) is extended to (2.2) for the present general framework.
Since the definition of DF is more straightforward than that of DY (2.2) is more explicit than
(2.5). Note that in [4] the weak L-derivative is named by intrinsic derivative, where the latter
was however introduced much earlier by [2] as in Definition 1.3.

(c) To illustrate the link between derivatives presented in Theorem 2.1, let us consider the
class of cylindrical functions .#C}, which consists of functions of type

F(0) o= g(n(h), -~ n(h)), ns) == /M hadn, 7€M,

where n > 1,g € C}(R") and h; € C}(M),1 < i < n. Then f is extrinsically and L-
differentiable, and has linear functional derivative:

n n

D f(n) =Y (3ig)(n(ha), -+ .n(ha))Vhi, DPf(n) =D f(n) => (ig)(n(ha), -+ ,1(hn))hi,

i=1 i=1

where V is the gradient operator on M. Therefore, we have

D*f(n)(x) = VID"f(n)()}x), (w,n) € M x M, p € [0,00)
as indicated in (2.2).

Next, we consider derivatives on the space &, := M, N & for p € [0,00). Since for any
p € P, and any v € T'o(TM), we have po ¢!, o (¢?)~r € P, for ¢ > 0. So, the definitions
of D! and D¥ work also for functions on &2, and we define the classes C*'(2,) and CL1(2,)
as in Definitions 1.2 and 1.3 for &2, replacing M,.

By extending a function on &, to M,,, we may apply Theorem 2.1 to establish the corre-
sponding link for functions on ;. As an application, we will present derivative formula for
the distribution of random variables. For sy > 0 and a family of M-valued random variables
{&:}seo,50) On & probability space (€2, .7, P), we say that £ = d%ﬁs‘szo exists in LY(Q2 — TM;P)
for some q > 1, if & € T, M with E|&|? < oo such that

D |
(2.6) limE| - expg[6.] — | = 0.

Since & — & as s — 0, note that the inverse of the exponential map expg)1 (5] is well-defined
for small s > 0, see the proof of Theorem 2.1(1) below for details. In particular, for M = R?
we have engol [fs] = gs - 60-



Corollary 2.2. Let p € [0,00).
(1) If f is L-differentiable on 2, then it is intrinsic differentiable and D' f = D*f.
(2) If f € CEY(P,), then f has linear functional derivative on P, and D¥ f = DEF.
(3) Let f € CPLYYP,). Then f € C1YP,) and
(2.7) D' f(u)(x) = VD" f(1)()}(x), (2,n) € M X P,
When p < 2 and f € C5'(2,), we have f € CLY(P,) with
DY f =V{D®f(u)()}, ne Py feCy ().
() If f € CPN(DP,), then f((1— s)u+ s8) € CL(M) with
(2.8) V(1= s)u+s0)(x) = sDPf((1 = s)u+ 50,)(x), =€ M.

Consequently,

(29) D f(u)(a) = lim V(1 - s)u+56)(x), f € C(D,), (x,m) € M x M.

sl0 S

(5) Let {&s}scppse) be random wvariables on M with £, € &P, continuous in s, such that
& = (f—sﬁs‘szo exists in LY(Q2 — TM;P) for some ¢ > 1. Then

(2.10) () — ()

sJ0 S

= E(D" (L)} (), o)

holds for any f € CPYY(P,) such that for any compact set # C P,

(2.11) sup [V{DEf(u)}|(z) < C(1+p) "7, zeM
=y 4

holds for some constant C' > 0.

Let us compare (2.10) with the corresponding formula presented in [3] for M = R?, p(x,y) =
|z —y| and p = 2. In this case, the formula (2.10) is established for the probability space being
Polish and f € CL1( P (R%)) with bounded D” f, see also [6, Proposition A.2] and [14, Lemma
2.3] for this formula with more general functions f on 25(R%). Theorem 2.2 establishes (2.10)
to M, on Riemannian manifolds and p > 0.

3 Some lemmas

We first consider the variation of f(hn) in the density function 0 < h € L'(n). Recall that for
a nonnegative measurable function A on M, the measure hn is defined by

(hn)(A) ::/Ahdn, Ae B(M),

where (M) is the Borel o-field of M. In the proof of Theorem 2.1, we will formulate f(nog¢_!)
by f((14 he)n) for some h € £, where h € £, means that h € C([0,g0] x M;|[0,00)) and

8



(1) ho = 0, SupP.gp . [lhellw < 00, supph. C K for some compact set K C M and all
e € [0,&0);

(2) h. := lim, w +s—he o Cy(M) exists and is uniformly bounded for ¢ € [0, &).

So, to calculate DLf(,u), we first present the following lemma which links f((1 + ho)n) — f(n)
to the extrinsic derivative.

Lemma 3.1. Let p € [0,00). For any h € 7, and any f € CEH(M,),

(31)  F((1+hm) — f(n) = /d /M DEF((1+ h)m) (@) (2)n(dz), 7€ M,,e € [0, ).

Proof. (1) We first consider

N € My;se 1= {Zaiéxi:nz l,a; >0,2;, € M, 1 Sign}.

=1

In this case, for any € € [0,p) and s € (0,&9 — €), by the definition of D¥ we have

F((L 4 heys)n) = F((1+ he)n) = f((l + ho)n + i{hm - hs}(xi)ai%) — f((1+ ho)n)
- Z {f((l +hon + fj{hg+s — heY(@)aidy, ) = F((1+h)n+ i{hg+s — ho}(w)aid, ) }
B Zak /ak{h5+5

where Z?:1 =0, a” := max{a,0} and a~ := (—a)* for a € R. Multiplying by s~! and letting
s 1 0, we deduce from this and the continuity of D¥ f that

P hesn) — F( )
sJ0 S

{DEf«1+J%M#—§iU%H——m}mﬁm&H+r&%>}@0dn

ag{hets—he}™

Zak{h )" = he(2)"}DF (L + o)) (an)

/zﬁf 1+ hom) (@) he(2)n(da), = € [0,20),n € Mee.

(2) In general, for any n € M, let {n,}n>1 C My such that n, — n in M,,. By (3.2), for
any € € (0,&9) and s € (0,9 — €), we have

(33)  F(1+ ) — Fn) = / dr /M DEF((L+ b)) @)y (2)a(da), > 1.

Next, since D¥ f € C(M x M,) and h,, h, € Cy(M) for r € [0, g9] with compact support C K,
and 7, — n in M,, we obtain

(3.4) lim [ DPF((1+ b)) (@) (2),(de) = /M DF f((L + hy)n) ()b (2)n(de).

n—o0 M

9



Moreover, n,, = n in M, and h € %, imply that the set
H = {1+ h)n, (L + he)n, n > 1}

is compact in M, for any r € [0,&0]. Combining this with D f € C(M x M,,), we see that the
function

X M 3 (v, 2) = D f(y)(w)hy(x)

is uniformly continuous and has compact support C %, x K, so that (3.4) implies

liiris;}p /M DP f((1 4 he)nn) (@) ()75 (da) — /M D" f((1 + hy)n)(x)h. (x)n(dz)
- 1i£nﬁs;}p /MDEf((l + o)) (2) By (), (d) — /MDEf((l + he)n) (@) Ry (), (dw)

< timmsup {1, () sup [ D F(1+ R ) () () = DEF((1+ ) (@) ()]}

n—o0 zeK

=0.

Combining this with

wp  DEI()(@)h ()] < oo,
(v,x) €A x K,r€[0,e0]

we deduce from the dominated convergence theorem that

n—o0

_ / dr /M [DP FY(1+ hy ) (@) (2)n(da).

tim [ ar [ {DEFH+ hom) @) (@) (da)
W ol

Therefore, by letting n — oo in (3.3) and using the continuity of f, we prove (3.1). O]
To calculate the convexity extrinsic derivative, we present the following result.

Lemma 3.2. Let p € [0,00). Then for any f € Cf;’l(Mp) and n,vy € M,

%f((l _7”)77-1-7“’)/) = lglﬁ)l f((l -r —8)7]+ (7’—1-88)’)/) — f((l —7”)77—}—7‘7)

- /M {DPH(1 = r)n+ry)(@)}(y = m)(de), 7€ [0,1).

Consequently, for any f € Cg’l(Mp),

= DEf(n)(x) —n(D¥f(n)), (x,n) € M x M,

The assertions also hold for &, replacing M,,.

10



Proof. As in the proof of Lemma 3.1, we take

n n
— E Oén,ifsxmm Yn = E : ﬁ”ﬂzaxn,i
i=1 i=1

for some z,,; € M and a,,;, 8,; > 0, such that
N =N, Yn— 7 inM,asn— oo.

For any r € [0,1) and € € (0,1 — ), let

i—1
Afm’ = (1 =)0 + 1y, + Zg(ﬁk - Oék)(sxn,k eM,, 1<i<n,
k=1

where by convention Z?:1 := 0. Then by the definition of D¥ f, we have
f((A=r =)+ (r+e)vn) — F((1 = 7)1 +77)

= {4 e(Bui — ani)de, ) — F(A5)}
=1

n (/Bn,i*an,i)-‘—
::E:/“ DFF(AS, + 565, )(wai)ds, €€ (0,1 7).

i=1 e(Bn,i—n,i)~

1

Multiplying by £! and letting € | 0, due to the continuity of D¥ f we derive

n

S F =0+ 790 = DB = @) DEF((L =+ 7))

=1

= [ ADE (= 1)@ Yo~ (@), € [0.1), n2 1
Consequently, for any r € [0, 1),

f(L=r =)+ (r+e)vm) — F((1 = 7)nn + 770)
r+e
= / ds/M {DPf((1 = )0 + s7) (@) } (Y — M) (dz), €€ (0,1 —7),n> 1.

Noting that the set {n,,y, : n > 1} is relatively compact in M, by this and the condition on
f, we may let n — oo to derive

f((l=r—em+(r+e)y) — f((L=rn+ry)
/ (/{DE F((L = s)n+sy)(2)}(y —n)(dz), €€ (0,1-7).

1

Multiplying by £~ and letting € | 0, we finish the proof. ]

11



The following is a consequence of Lemma 3.2 for functions on &2,.

Lemma 3.3. Let p € [0,00). Then for any f € Cﬁ’l(@p) and p1,v € P,

o S = s)p+sv) —
510 S

fp s
W [ (D@ — (o)
Proof. To apply Lemma 3.2, we extend a function f on &, to f on M, by letting

fn) = h(n(M)) f(n/n(M)), n €M,

where h € C§°(R) with support contained by [§,2] and h(r) =1 for r € [3, 3]. It is easy to see
that

f(A=s)p+sv)=f(1—s)u+sv), se€0,1],pve P,
and f € CP'(2,) implies that f € Cp' (M) and
DPf(u) = DPf(p), pe 2.
Then the desired formula is implied by Lemma 3.2 with r = 0. O]
Finally, we prove a derivative formula for the distribution of random variables.

Lemma 3.4. Let {&}scpo.50) be M-valued random variables such that limy_,o Lz, = Z¢, in &,
and &y = %55{8:0 exists in L9(Q2 — T'M;P) for some ¢ > 1. Then

(3.6) lim f(‘i’ﬂﬁs) - f(%o)

sJ0 S

= E(V{D" /(Z)}(€0). &)

holds for functions f € CELY(P,) satisfying (2.11) for any compact X C P, and some
constant C = C(#") > 0.

Proof. By Lemma 3.3, we have
Lea
1) = 1) = [ {30020+ (1 =1 Za) far
(3.7) ::Achﬁfﬂﬂn%;+ﬂ—ﬂ£&H®X2@—i&wh)
~ [ BP0+ (1= )} &)~ {DP 02 + (1= )2 b

For each s > 0, let v,. : [0,1] = M be the minimal geodesic such that v, = & and 7,1 = &;.
Then limgjpvs0 = &o, and by (2.6),

B[ /o0 Lrns — 6| =0
;ﬁ)l . 9—>0d9%,9 ol =Y,

12



where //g_0 : Ty, ,M — T¢; M is the parallel displacement along the geodesic ;.. : [0,6] — M.
Combining these with (3.7) and (2.11) with " := {%,, %, :n > 1} for a sequence sy > s, |
0, we may apply the dominated convergence theorem to derive

Ne,) — [(Ze)

b .

= gﬂ%si /0 E[{DEf(rse,, + (=)L) &) = {DES (L, + (1= 1) %2)} (&) |
' 1 1 ~ 1d

~tim [ ar [CE[(V{DE 02, + (1= )22} ). ) 00

= E(V{D" (L)} (&), ).

4 Proofs of Theorem 2.1 and Corollary 2.2

Obviously, assertion (2) follows from Lemma 3.2. Below we prove assertions (1), (3), (4) in
Theorem 2.1 as well as Corollary 2.2 respectively.

Proof of Theorem 2.1(1). Although the flows ¢? and ¢, are different, their derivative at s = 0
are all equal to v, so that both D! and DL are directional derivatives along v. Thus, it is
reasonable that for a large class of functions we have D'f = D*f. To see this, we need the
inverse exponential map exp,'. For any z € M, let u € T, M such that

[0,1] s+ exp,[su] € M

is the minimal geodesic from z to z, and we denote u = exp,'[z]. If 2 is not in the cut-locus
of x, the minimal geodesic from x to z is unique, and exp'[z] is smooth in z. In case that z
belongs to the cut-locus of x, such a vector u € T, M may be not unique. For any compact set
J C M, there exists a constant R > 0 such that for any x € J#, the distance between x and
its cut-locus is larger than R. So, for any x € ¢,

exp, : {u € LM : |u| < R} — By(R) :={y € M : p(z,y) < R}
is a diffeomorphism, such that
exp, ' : B,(R) = T,M

is smooth. Thus, for any v € To(TM) and small enough £ > 0, we have v. := e ' exp™[¢?] €
[o(T'M). Moreover,
ve = €v + 0(e),

where e !{|o(¢)|lc — 0 as € | 0. Hence, for any L-differentiable function f and n € M, when &
is small enough we have

i sup | £012 607 = ()

€l0 £

- fo@)\ — limsup 0

el0

‘f(noczﬁ;j) — f(n)
19
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o 1) — — DE
S limsup f(n ¢U5 ) f(77) Ve (77) + ‘DU — 1U5f(77)|} — O
el0 £
Therefore, D! f = D* f holds for L-differentiable f. O]

Proof of Theorem 2.1(3). It suffices to prove the formulas (2.1) and (2.2) for f € CEL1(M,)
and f € CPL1 (M) respectively.

(a) For (2.1). Since any n € M, can be approximated by those having smooth and strictly
positive density functions with respect to the volume measure dx, by the argument leading to
(3.5), it suffices to show that for any n € M, satisfying

(4.1) n(dz) = p(x)dx for some p € Cy°(M), inf p > 0,

there exists a constant £y > 0 such that

42 flre@) - o) = [ [ (VIDEImos b oo s <€ 0.z
Firstly, there exists a constant ¢y > 0 such that
v)—1 v v
15) = d(77 ° (¢5) )’ pg -— lim 105+s Pe
dn 510 s

exist in Cy(M) and are uniformly bounded and continuous in ¢ € [0,&]. Next, by Lemma 3.1,
we have

43) fwo @) == [ ar [ {DErmo ) ) idn, <€ el
To calculate p¥, by f—sgb”; = v(¢Y), for any g € C§°(M) we have

%{9 o ¢y} = (Vg(@)),v(4))) = (Vg,v)(¢]), =0,

which is smooth and bounded in (r,z) € [0,50] x M. So,

/ gptdn = / glim 24—y = g - [ gafno (o) =ne @)}

sl0 S

d
it [ {gocms—90¢1’}d77=/M$(90¢1’)d77
_ / (Vg,v) 0 ¢dn = / (Vg.v)d(no () )

/ {g dlvn0(¢>“ }d 7']0 ) 1) - _/AMg{diVnoﬁbg)l (U)p:f}d?’], g € O(())O(M)7

where div,(g0)-1(v) = div(v) + (v, V1og(pyp)). This implies py = —div,o(gv)-1(v)pr, so that the
integration by parts formula and p’n = no (¢¥)~! lead to

/M {DFf(no(er)™") }prdn = — /M {DEf(no (7)) bdivie(p-1(v) d(n o (¢7)7)
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= [ (VD= 1o (60t (60) )

Combining this with (4.3) we prove (4.2).
(b) For (2.2). Let p € [0,2]. For any n € M|, and v € L*(#(TM);n) with n(|v]*) < 1, by
(1.1) we have
sup (10 ¢, )(p5) = N(po(¢s0)") < 20(ph + [v]") < o0

s€[0,1]

Then there exists a constant K > 0 such that

(4.4) sup  (no¢y, +n)(ph) < K

s€[0,1],n(|v?)<1

So, by Lemma 3.2, we obtain

fwoor) — 1= [ {astmosit+ (- rm}ar

/Oldr/M(DEf)(mogﬁml—i_(l_7")77)(1(770¢v1—77)
[ar ] {

(DEf)(m o ¢py + (1= 1)) (¢u(2)) — (DESf)(rno ¢y, + (1 - T)n)(fv)}ﬁ(dl“)

/ ar [ ) / U omterse VDm0 67+ (1= 1)0) }(Bun @), o) s,

where //4. )5z * Tp@yM — Ty M is the parallel displacement along the geodesic [0,1] 3 6 —
gb(s 9) ( ) Thus

[f(no¢yh) = f(n) = [y, (V{D"f ()}, v)dnl®
n([v]?)

= /[01]2XM /] 600 (@)= V{(DEf)(rn o ¢y + (1= 1)) Hso(x)) — V{DEf(n)}(:c)Fdrdsn(dx).

I, =

By (4.4), as [[v]|z2¢) — 0 we have ¢y, (x) — x n-a.e. and o ¢, — nin M, for any s > 0.
Combining these with (4.4) we may apply the dominated convergence theorem to derive I, — 0
as ||v||r2gy — 0. Therefore, f is L-differentiable such that (2.2) holds.

[

Proof of Theorem 2.1(4). Tt suffices to prove (2.3). Let f € C11(M). We first prove the formula
for n € M, and z € M with n({z}) = 0, then extend to the general situation.
(a) Let n({x}) = 0. In this case, for any vy € T, M, let v = 1;;3v. Then

b (2) 2, if 2 # x,
ro\%) =

exp,[rvo], if z =x.
By n({z}) = 0, we have
(4.5) (1 + 502) © Gry = 1+ SOexp, ruo)-
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Since v can be approximated in L?(n + sd,) by elements in T'o(T M), the L-differentiability of
f and g({x}) = 0 imply

iy £ 7+ 802) © &) = f (1 + 0z)
rl0 r

- /M (D F(n+ s6,),0)d(n + 55,)) = s(D"F(5 + 56.)(x), vo).

Combining this with (4.5), we obtain

lim f(TI + Séexpz[rvo]) - f(TI + 5(590)

iy . = S{D* £+ 6. (). v0).

This implies that f(n + sd.) is differentiable at point x and (2.3) holds.

(b) In general, for any vy € T, M, there exists ry > 0 such that vy extends to a smooth
vector field v on B(z,1q) by parallel displacement; i.e. v(x) is the parallel displacement along
the minimal geodesic from z to z. Since n({exp,[0vo]}) = 0 for a.e. § > 0, by the continuity of
f and the formula (2.3) for n({z}) = 0 proved above, we obtain

+ 6expz rvol) T + 63; 1 ' d
f(+ SOexp, | ;) fln+s )_—/O @f(nJrséexpz[evo})d@
— %/ <Vf(n—|—sd)(expx[evo]),U(expm[evo])>d9
0
S

_ 3 /07" (D" f(n+ s0.)(exp,[0vo)), v( exp,[0uvo]))db, r € (0,r0).

,
By the continuity of D f, with r | 0 this implies (2.3). ]

Proof of Corollary 2.2. To apply Theorem 2.1, we extend a function f on &, to fon M, as in
the proof of Lemma 3.3, i.e. by letting

f(m) = h(n(M))f(n/n(M)), neM,,

where h € C§°(R) with support contained in [1,2] and h(r) = 1 for r € [, 3]. It is easy to see

4 )
that

f((l_s)lu’_'_sy) :f((1_5>ﬂ+5’/)> s € [0,1],M,V€ gzlh
and f € CPLY(2,) implies that f € CPL(ML,) and

DPf(n)=DPf(n), D"f(u)=D"f(n), D'f(u)=D"f(n), ne 2.

Then Corollary 2.2(1)-(4) follow from the corresponding assertions in Theorem 2.1 with f
replacing f.

Finally, since V{DF f(u)} = V{DF f}(u) = D*f(p) for p € &, and f € CPL1(2,), (2.10)
follows from Lemma 3.4. O
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