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Abstract: In this paper, we study the stability of quasilinear parabolic stochastic partial dif-
ferential equations with multiplicative noise, which are neither monotone nor locally monotone.
The exponential mean square stability and pathwise exponential stability of the solutions are estab-
lished. Moreover, under certain hypothesis on the stochastic perturbations, pathwise exponential
stability can be derived, without utilzing the mean square stability.
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1 Introduction

We are concerned with the following quasilinear stochastic partial differential equation

{ du + div(B(u))dt = div(A(u)Vu)dt + o(u)dW (t), =€ Tt e [0,T], (1.1)
u(0) = uo, .

where W (t),t > 0 is a Q-Wiener process. The coefficients B : R — R? and A : R — R are
appropriate coefficients specified later. This type of deterministic partial differential equations
(i.e., when o = 0) model the phenomenon of convection-diffusion of ideal fluids and arise in a
diverse variety of areas with significant applications, including, for instance, two or three phase
flows in porous media or sedimentation-consolidation processes, for more details, we refer to [9] and
the references therein. Recently, the stochastic perturbation of this type equations has attracted
many attentions on the well posedness problem. The existence and uniqueness of pathwise weak
solution of the above stochastic equation was firstly studied in Debussche et al. [7] by utilizing
a Yamada-Watanabe type argument and kinetic formulation. Then, based on a new method of
applying It6’s formula for the Li-norm, Hofmanova and Zhang [11] developed a direct approach
to establish the existence and uniqueness of the solution. Recently, Dong et al. [6] established the
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large deviation principles and Zhang [17] established a small time large deviation principles for the
solution of the equation (1.1).

As is well known, the long-time behaviour of flows is a very interesting and important problem
in the theory of fluid dynamics and has been a very well studied topic, see, e.g. [10,12-14] and
the references. It would be very interesting and important to analyse the stochastic effects on a
deterministic system. There were some studies for such stochastic equations in fluid mechanics.
Caraballo et al. [3] proved that the weak solutions converge exponentially in the mean square and
almost surely exponentially to the stationary solutions under some conditions. Moreover, they
studied the stabilization of an stationary solution by the appearance of a random disturbance. In
[4], the authors generalized the results of [3] to a class of dissipative nonlinear systems that include
the 3D LANS-av model. Anh and Da [1] studied the exponential behaviour and stabilizability
of a class of abstract nonlinear stochastic evolution equations, which include 2D Navier-Stokes
equations. For more literatures, we refer the reader to [2,5,8,15,16] and the references.

Inspired by the above investigations, in this paper, we analyse the stability and stabilization of
solutions of the equation (1.1). We first study the existence, uniqueness and the stability properties
of a stationary solution to the corresponding deterministic equation, including both mean square
exponential stability and path-wise exponential stability. Then we consider the stabilization of an
unstable stationary solution by using a multiplicative It6 noise of sufficient intensity.

The rest of the paper is organized as follows. In Section 2, we present some necessary pre-
liminaries. In Section 3, we show the existence and the uniqueness of the stationary solution. In
Section 4, we derive results on the exponential mean square stability and the path-wise exponential
stability of the stationary solution. Finally, in Section 5, we analyse the stabilization problem for
the stationary solution.

2 Preliminaries

We consider periodic boundary conditions, that is 2 € T¢ where T¢ = [0,1]¢ denotes the d-
dimensional torus. Let C} be the space of continuously differentiable functions with bounded fist
order derivative. For r € [1,4+o0], (L",|| - ||z-) are the Lebesgue spaces. In particular, we write H
for L?(T%). Moreover, we also denote the inner product and the normal of H by (+,-)g and | - |z .
Let H' := H"?(T?) be the usual Sobolev space of order 1 with the normal ||ul|%, = |Jul|r2+||Vul| 12
and H~! is the topological dual of H!. We denote the duality between H' and H~! by (-,-). For
any u,v € H', defining ((u,v)) := (Vu, Vv)g. Then using Poincdre inequality, we know that there
exists a constant A; > 0, such that ||ul|* := ((u,u)) > Ai|ul}; and thus ||ul|3; = ||ull®.

Let (Q2,.%,.%,,P) be a stochastic basis with a complete, right-continuous filtration. Defining
Q € L(H, H) be the operator by Qe,, = \,e,, where X, > 0, n = 1,2, ... satisfies 3727 X/, < 400
and e,,n = 1,2, ... is a complete orthonormal basis in H. For simplicity, we assume () is positive-
definite. Let 5,(t),n = 1,2, ... be a sequence of real-valued one-dimensional standard Brownian
motions independent on (2, .7 ,.%;,P). Now we define a )-Wiener process:

+oo
W(t) =V Nbult)en, t>0.



Let Lo(Hy, H) be the space of Hilbert-Schmidt operator from Hy to H, where Hy = Q'/2H is a
Hilbert space with the inner product

(u,v)o == (Q~Y?u, Q" Y?v), u,v € Hy.
Defining the norm on the space Lg(Hy, H) by ]<I>|2LQ = Tr(®QP*). For an Lg(Hy, H) valued

predictable process ®(t,w), 0 <t < T, the stochastic integral fOT O (t,w)dW (t) is well-defined if

T
|P|% = E/ Tr(®QP*)dt < +oo0.
0

We introduce the following hypotheses.

Hypotheses A. The diffusion matrix A, the flux function B, and the noise in (1.1) satisfy:

(1) A = (Ay)f,_; : R = R™ is of class C, uniformly positive definite and bounded, i.e.

0l < A < C1. Moreover, there exists a constant L4 > 0, such that
|A(u) = A(v)| < Lafu —vl.
(2) B= (By,..., Bq) : R — R% s of class C}, and there exists a constant Lp > 0, such that
[B(u) = B(v)| < Lplu—wv|, |B(u)] < Lp(1+ [ul).
(3) 0 € C([0,4+00) x H'; Lo(Ho, H)), and there exists a constant L, > 0, such that
ot w)li, < Lo(1+[ulh), lo(tu) —o(t,v)[i, < Lolu— vl
Now, we recall the definition of a solution to (1.1) from [11].

Definition 2.1 An %;-adapted, H-valued continuous process (u(t),t > 0) is called a solution to
equation (1.1), if

(1) w e L*(Q,C([0,T], H)) N L3, L*([0,T], HY)) for any T > 0;

(2) for any ¢ € C>=(T?),t > 0 the following holds almost surely

(ult), &) — {uo, @) — / (B(u(s)), Vo)ds
_ / (A(u(s))Vuls), Vé)ds + / (o (u(s)) AV (s), 6).

According to [6], we have

Theorem 2.1 Let ug € LP(Q, %y, LP(T?)) for all p € [1,00). Under the hypotheses A, there exists
a unique solution to equation (1.1) that satisfies the following enery inequality

T
E( sup |u|12q) +/ E|lu®dt < +oo.
0

0<t<T



3 Existence and uniqueness of the stationary solutions

Considering the deterministic version of equation (1.1):

{ du + div(B(u))dt = div(A(u)Vu)dt, =€ T? tel0,T], (3.2)

u(0) = up.

In this section, we aim to study existence and uniqueness of stationary solution to equation (3.2).
We recall a stationary solution to equation (3.2) is an element u,, € H' such that

div(B(teo)) — div(A(tee ) Vius) = 0, in H L. (3.3)
The main result of this section is

Theorem 3.1 Under hypotheses A. If 5/ \1 — L > 0, then equation (3.2) has at least a stationary
solution us € H' satisfying
VAiLp

Jusll < 5=

: L LuL . -
Moreover, if further 6 — \/—% — 5\/%—*125 > 0, then the stationary solution is unique.

(3.4)

Proof. We will divide the proof into two steps.

Step 1: Fxistence. Let vy, v, ..., Uy, ... be an orthonormal basis of H'. For every m > 1, consider
the finite dimensional Hilbert space V,,, = span{vy, ..., v,,} with scalar product [-,:]. We define an
approximate stationary solution of equation (3.2) in the following form:

Um = Z Cmi Vs,
i=1
which satifies
(divB (), v;) — (div(A(tum) Vi), v;) = 0. (3.5)
We define a mapping R,, : V,,, = Vi, by
[Rnu,v] = ((Rpu,v)) = (div(B(u)),v) — (div(A(u)Vu),v), u,v € V.
For any u € V,,,, we easily obtain that

[Rynu,u] = (div(B(u)),u) — (div(A(u)Vu), u)
= —(B(u), Vu) + (A(u)Vu, Vu)

> —|B(u)|u|Vulg + 6|ul?
> —Lp(1+ IU|H)HUH + O |ul?
> —Lp(l+ —||uH>||u|| + 6[ul?

\/_
:(5_7)\1 ull> = L.
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If we choose
VAL
5\/_ Lg’
then [R,u,u] > 0 for all u € V,,, such that ||u|| = k. Then, by [13, Lemma 1.4], for every m > 1,
there exists u,, € Vp, ||um|| < k such that R,,u,, = 0. Replacing v; in (3.5) by u,,, we have

VAL
Junl < 52

Therefore, there exists a subsequence of {u,,,m > 1} (also denoted by {u,,, m > 1}), such that

k>

u,, converges weakly in H! and strongly in H to some limit u.,. Next, we will show that u., is a
stationary solution to equation (3.2). Observe that, for any v € H!, when m tends to infinity,

[{(divB(uy,),v) — (divB (s ), v)|
= [(B(um) — B(uc), V)| < Lp|tm — tiss|u[v]] = 0,
and
(div(A(tn) Vit — Ate) Vit ), V)|
= [{A(tm) Vi, — A(to) Vi, V)]
< [{A(um) (Vum = Vo), Vo) | + [(A(um) — A(uco)) Vs, Vo)
< CUVp — Vo, VU 4+ La|thy, — tso| ]| tso||]|v]| — 0.

In other words,
(divB (o), v;) — (div(A(teo) Ve ), v) =0, i = 1,2, (3.6)

In particular, (3.6) is also true for any v € Vj,,. A continuity argument shows that u., is a solution
of (3.3).
Step 2: Unique. Let u; and uy be two solutions of equation (3.3). Then for any v € H*,

div(B(u;)) — div(A(u;)Vu;) =0, i =1,2.
Let v = u; — ug, then
0 = (div(B(u1) — B(uz)),u; — ug) — (div(A(u1)Vuy — A(ug)Vug), u; — usg)
= —(V(u1 — ug), B(u1) — B(ug)) + (V(u1 — u2), A(u1)Vur — Aug)Vug)

> —Lp|ui — uall|ur — wa|m + (V(ur — u2), A(wr)(Vur — Vo))
+ (V(ug — ua), (A(uy) — A(Vug))Vug)

— to||* + 0f|ur — ual* — Lalluz|llur — ualalur — us

> — _||U1

> = ,—HU1 — up)* + 0l|uy — usl|* — r|\u2|H|U1 — uy)?
LB LsLp

><——+5——>u—u .

=\ VX 5v/A— Lp I = wall

Since 6 — 5—% — ﬁ > 0, we get u; = uy. The proof is completed.
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4 The exponential stability of the solutions

In this section, we discuss the exponential stability in the mean square and almost sure exponential
stability of weak solutions to the stochastic equation (1.1).

Theorem 4.1 Assuming that the conditions of Theorem 3.1 hold and o(t,us) =0, VYt > 0. If

Lgp LaLg L,

5 — — _ =7
VA WA =L 2M

> 0. (4.7)

Then
Elu(t) — uso|? < Elu(0) — ugo|3e™, ¥t > 0.

That is, the stationary solution u., to (1.1) is exponentially stable in mean square.

Remark 1. The condition o(t,us) = 0, V¢ > 0 implies that the stationary solution u, of
(3.2) is also a solution of the stochastic perturbed equation (1.1).

Proof of Theorem 4.1. Let A be sufficiently small such that

L A+ L, L,L
_B_5_|_+ ALp

+ <
o 2\ 0V —Lp

0.
Observe that
W(t) = s = 1 — 10 — /0 (div(B(u(s))) — div(B(uw))ds
n /0 (v A(u(s))Vu(s)) — div(A(us) Vu)ds
+ [ (ouls) — ol (),
Then by Tto formula, we get
M Eu(t) — tso|? = Elug — tso|% + A /Ot e Elu(s) — uso|3ds
9 /0 " Biv(B(u(s)) — div(Blu), uls) — w)ds
+2 /0 t M E(div(A(u(s))Vu(s)) — div(A(tse ) Vs ), u(8) — teg)ds
[ Blots.u(s) s
Let w(t) = u(t) — tee, it is easy to see that

. LB 2
—(div(B(u) = B(uc)), w) = (B(u) = B(us), Vw) < Lpu — tioo|u|lw]| < \/—A—leH (4.8)



and
(div(A(u)Vu — A(teo) Vi), w)
= —(A(u)Vu — A(tso ) Vs, VW)
= —(A(u)(Vu — Vi), Vw) — ((A(u) — A(tao)) Vo, V)

) (4.9)
< =6lwl]” + Lafwla||luco|[]w]
LsLp 9
< (co+ ke Ve
e | L
Consequently, we have
t
MEu(t) — uso|? < Elug — uso|? + /\/ e Elu(s) — uso|3ds
0
Lgp LuLp Ly 2
+2<——5+—)/ e Ellu(s) — us||°ds
o s L) . [[u(s) I
t
As 2
+/D e Elo(s, u(s))|7,ds
t
2 As 2
< Bluo—unfy+ | e Blo(s,u(s))yds
Lp A 2L4Lg "y 2
+<2——25—|——+—>/ e Ellu(s) — usl||*ds
T el I ORI
< Elug — UOO‘J%I
Lp A+ L, 2L4Lp " 5
+(2——25—|— + )/esEus—uoo ds
Lo o ) [ BluGs) -
S E|U0 — U'OO@I
The proof is completed.
Remark 2. Let 0 = 0, then according to Theorem 4.1, if § — L& — _Lals _ ~ () holds, we can

. : : : VAL 0VAi—Lp
get that the stationary solution wu, to (3.2) is exponentially stable in mean square, i.e.

[u(t) — uso |3y < e Mu(0) — us|%, for some X > 0.

Theorem 4.2 Under the conditions of Theorem 4.1, the stationary solution us, to (1.1) is almost
surely exponentially stable. That is, there exists a constant v > 0, such that

1
lim sup n log |[u(t) — uso|3y < —7, almost surely.
t—o0

Proof. Let N be a natural number. For any ¢ > N, using the [t6 formula, we get

t

[u(t) — toolfy = lun — usolty — 2/ (div(B(u(s))), u(s) = uco)ds

N

49 / (div(A(u(s))Vu(s)), uls) — un)ds (4.10)

N

+ /N |J(s,u(s))|%st+ 2/ (u(8) = oo, o (s, u(s))dW (s)).

N

7



For the stochastic term, it follows from Burkholder-Davis-Gundy inequalities that

28 vafi%l /Nt (u(s) —um,a(s,u(s))dW(s)}
ScﬁaL/N+Wuuv>—umﬁﬂa@nA@N%¢k}é

N

(4.11)

=

N+1 2
<cF [ sup |u(s) — uooﬁq/ ‘U(Sau(s))’%QdS]
N

N<s<N+1

1 ) C% N+1 )
< 5Bl sw fuls) —usfh] + SB[ ol u(s)f ds,

N<s<N+1 2 N

where ¢; > 0. Combining (4.11) with (4.10), one gets
B s 1)~ usli | <Bluy - usl

N<t<N+1
Ly LaLg /N+1 )
+2(—= -6+ —~r—"— E — Uso||?d
( A 5 Tl—LB> . |u(s) — tool|"ds

1 ) C% 4 2 N+1 5
+ —E[ sup |u(s) — uoo!H} + E o (s, u(s))]7,,ds.
2 In<s<ng1 2 N ©

. L LaL
Since § — =& — —A=B
VAT 0/hi—Lg

> 0, it follows form Theorem 4.1 that

N+1
E| sup |u(t)— uooﬁq] < 2F|un — Uso|?y + cfE/ lo(s,u(s))|? ds
N<t<N+1 N N
N+1
< 2E|uN—uoo|§{+c%LUE/ Elu(s) — too|%ds
N
N+1
< 2E|up — Use| 5™ + E Ly Elu(0) — uooﬁIE/ e Mds
N
> v, CGlo 2 —A\,—AN
< 2Fug — Uoo|7s€ +TE\U(O)—UOO|H(1—6 Je

= Me MV,

Let exy = e~ 1MV , then Chebyshev inequality implies that

1
g < p ) — sl > GN) <zt { sup [u(t) — ualfr| < Me %
N<t<N+1 €2 Net=N41

Then Borel-Cantelli lemma implies that

1
lim sup i log [u(t) — uso|3; < —7, almost surely
t—00

holds for v = %. We thus complete the proof.



5 Stabilization of the solutions

In the previous section, we studied the exponentially stable in mean square of equation (1.1).

However, for a giving stochastic ordinary differential equation, it may be path-wise exponentially

stable but not exponential stable in the mean square. Consequently, in this section, we want to

obtain path-wise exponential stability results by avoiding the method of using the mean square

stability. To this end, we also need some additional hypotheses on the stochastic perturbation.
Hypotheses B. Assuming that

Qu(t,u) = Tr[((u) ® u(w)(o(t, u) Qo (t,u)*)] = o(t)*|ult) — unlf,

where ¥(u) = |u — us|% and p(t) is a nonnegative continuous function such that there exists
00 > 2L, satisfying

t—o00

1 t
lim inf;/ o(s)ds > po.
0

Theorem 5.1 Under Hypotheses A and B. Let us, be the the stationary solution of (3.2), if ueo

Then us, 1s almost surely e:z:ponentwlly stable.

Proof. By using the Ito formula to the function log |u(t) — uw|%, we get

/t (div(B(u(s))) — div(B(ue)), u(s) — uOO)d

0 u(t) — ool
P{div(A(u(s))Vu(s)) — div(A(tee) Viis ), U(S) — oo )

vz ult) — *
oo, 1 [ Qo)

o= el 2y T
+2 / o () — s )W (5)
Lp
VA1
' Buul) [ 40) oD )

o |u(s) = vl [u(t) = usolf

log |u(t) — uooﬁ{ = log |u(0) — uooﬁq -2 S

ds

L,
< log u(0) — usclfy +2( = —6+f||uoo||+ )M

Let

)

Y RUCET ST L]
0 u(t) — sl
then the exponential martingale inequality implies that for any positive T" > 0, 0 < ¢ < 1 and
integer £ > 1, we have

. e [ Quls,uls) 2logk | _ 1
P{w.[SO?YI%[M(t) A |u(8)—uoo|j${d8] > . }ng
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According to Borel-Cantelli lemma, there exists an integer ko(w) > 0 for almost all w € Q such
that

[u(t) = uoolf e 2o Juls) —usly

2/t (u(s) — Uso, o (s, u(s))dW (s)) < 2logk & [t Qu(s,u(s)) s

for all 0 <t < k, k > ko(w). Consequently,

L L,
_ 2 < — 2 =B _
g (1) = iy < o u(0) =ty + 22 = 6+ + 5 o
21 l—e [t Q
€ 2 o lu(s) _UJOO‘H

By using Hypotheses B, we get

1 1r2logk
Slog [u(t) — uxfy < 7| =2

1—¢ [
+1og|u<o>—uoo|%f}— | es
0

Lp

+2( -0 fu ol + 5

)M,k§t§k+L

Therefore,

B La L, 1—¢
——= =+ —=||uco|| + —)A —~ .
oW N (Y| VAL 5 0

By taking v = 2(5)\1 — LV A1 — Lav/Ai|Juso|| — &2 + %) and letting € — 0, one gets

1
lim sup ;log [u(t) — too|fy < 2(

t——+o00

1
lim sup — log |u(t) — use|? < —7.
t—4o0 t

This completes the proof of the theorem.
Remark 3. According to (3.4), a sufficient condition ensuring (5.12) is

L LaL L,
5 AR +2 50

VAL VA — Ly 2M 4N

Let’s consider a special case. When o(t,u) = o(u — us) and W is a one-dimensional Brownian

o —

motion. Then a basic calculus implies that L, = 02, 0y = 402, the above condition becomes

5— LB _ LALB >_U2
VAL WA =L 200

This condition is weaker than the condition in Remak 2. So we do not know whether the stationary

solution u, to (3.2) is exponentially stable or not. Therefore, a multiplicative It6 noise of sufficient
intensity will improve the stability condition in the deterministic sense.
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