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ABSTRACT

In recent years, the study of Hankel determinants for various subclasses of normalised
univalent functions f € S given by f(2) = 2+ > -, a,2" for D = {z € C : |z| < 1} has
produced many interesting results. The main focus of interest has been estimating the second
Hankel determinant of the form Hjo(f) = agay — a%. A non-sharp bound for Ho(f) when
f € K(a), a € [0,1) consisting of convex functions of order o was found by Krishna and
Ramreddy [7], and later improved by Thomas et.al [17]. In this paper, we give the sharp
result. Moreover we obtain sharp results for Hyo(f ') for the inverse functions f~' when
f € K(«), and when f € S*(«), the class of starlike functions of order a.. Thus the results in
this paper complete the set of problems for the second Hankel determinants of f and f~! for
the classes $*(a), K(«a), S and K, where S and KCg are respectively the classes of strongly
starlike, and strongly convex functions of order (.

1. INTRODUCTION

Denote by A, the class of analytic functions defined in the unit disk D = {z € C : |z] < 1},
with expansion

f2) =24 an", (1)

and let § be the subset of A, consisting of functions which are univalent in D.

For a given f € A of the form , the gth Hankel determinant H,,(f) is defined by

Qp Apy1 - - Aptq—1
Ap41 Apy+2 ... a
Hynlf) = | e e, ®
Uptq—1 OGptq -+ Gpt2¢—2

where n,q € N.

In recent years most investigations concerning Hankel determinants for various subclasses
of A have focused on finding estimates for the second Hankel determinant

H2,2(f) = Q204 — CL?,, (3)

with some recent results devoted to the third Hankel determinant Hs;(f). Most results have
been concerned with subclasses of S.
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The Koebe function k(z) = 2/(1 — 2)? serves as the extreme function for many coefficient
problems in S, but when f € S, no exact bound for Hy»(f) is known. However it is known [5],
that when f € S, |Ho2(f)| < C, where C' is an absolute constant, and that C' can be greater
than 1, [14]. Thus k(z) is not the extreme function in this case.

In finding bounds for Hss(f) and Hs;(f) for subclasses of S, most authors have used
the method developed by Janteng, Halim and Darus in [6], who found the sharp bound
|H22(f)| < 1when f € §*, the class of starlike functions, and the sharp bound |Hy»(f)| < 1/8,
when f € K the class of convex functions.

Although as mentioned above, |Hao(f)] < 1 when f € S*, the exact bound in the case of
close-to-convex functions is still unknown, the best result to date being |Hao(f)] < 1.242. ..
[14].

We next note the following well-known generalisations of §* and /.

For a € [0,1), we say that f is a starlike (respectively) convex function of order « if, and

only if, )
2f'(z
Re e > q, (4)
" /(2
Re (1 + ) ) > . (5)

We denote these classes by S*(a) and KC(«) respectively, noting that both S*(«) and K(«)
are natural subclasses of S.

Similarly for 5 € (0, 1], we say that f is a strongly starlike (respectively) strongly convex
function of order § if, and only if,

2f'(z)| o«
arg 8 <25, (6)
" /()
arg (1—1— f’(2)> < Eﬁ' (7)

We denote these classes by Sj and Ky respectively, noting again that both Sj and Kj are
natural subclasses of S.

For f € §*(a), f € S5 and f € Kg, the following sharp bounds for Hy(f) are known
(see [15], [16]).

Theorem 1. ( [3, Theorem 2.3]) Let a € [0,1). If f € S*() and is given by (1), then
[Hz2(f)] < (1—a)”.
Theorem 2. ( |2, Theorem 2.3] and [16, Theorem 4.1]) Let 5 € (0, 1].
(i) If f € Sj and is given by [@. then
[Haa2(f)| < B2
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(ii) If f € Kg and is given by , then

z 5e(0,1/3]
[Hao(f)] < . L1
BU4AUHITE)

72(3 4 B)

For f € K(a), the best bound for Hy»(f) to date is the following.

Theorem 3. ( [17, p. 77]) Let a € [0,1). If f € K(«) and is given by (1), then

(1 —)?(36 — 36a + 17%)
1442 — 2a +a2) (8)

|Hao(f)| <

The primary object of this paper is to provide the sharp bound for Hy»(f) when f € K(a).

Let P denote the class of functions p analytic in D, for which Rep(z) > 0 in D, with p given
by

p(z) =1+ Z 2" (9)

The following lemmas for functions in P are well-known.
Lemma 1. |13, p. 41] If p € P, then the sharp inequality |c,| < 2 holds for n > 1.
Lemma 2. [9, p. 228] (see also [10, p. 254]) If p € P and is given by @ with ¢; > 0, then
2ey = 3 +((4—c}), (10)
and
ey = ¢} +201(4 = )¢ — er(4 — 1) +2(4 — ) (1 — [P, (11)
for some ¢ and n such that |(| <1 and |n| < 1.

In proving our results, we use the technique developed in [6]. However this method does
not always give sharp results, and we will use the following inequalities.

Lemma 3. |12, Proposition 6] (see also [4, Theorem 3.1])

For D :={z € C: |z| <1}, and for real numbers A, B, C, let

Y(A,B,C) =max{|[A+ Bz+ Cz*| +1— |z|*: z € D}. (12)
If AC >0, then
Al + 1Bl + ¢, B = 2(1 = |CY),
Y(A,B,C) =
2 14 |A|+——— B <2(1—|C].
A+ e 1Bl <201-(C)
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If AC <0, then
2

1— Al + 5 . —4AC(C™2 —1) < B2 A|B| < 2(1—|C)),

(1-]C)
Y(A,B,C) = 2 . _ (13)
T 1+|Al+ ———+—, B? 4(1 2 4A 21
AL e B < min (L4 O] 4G - D},
R(A, B, C), otherwise,
where
|A|AvL 1B —C], |Z|(|B| +4[A]) < |Af|,
_ < _
Bamo— | CATBIEICL  WBISiOlE -t
(|C|+|A|)\/1—m7 otherwise.

2. THE SECOND HANKEL DETERMINANT FOR CONVEX FUNCTIONS OF ORDER ALPHA
We estimate the second-order Hankel determinant Hyo(f) for f € K(a).
Theorem 4. Let a € [0,1) and f € K(«) be given by (). Then

(1 - 0)’(6+ 50)
|Hao(f)| < 48(1 + )

(15)

The inequality is sharp.
Proof. Since |Hs5(f)| <1/8 when f € IC, [6], it is enough to consider the case o € (0,1).

Fix o € (0,1), and let f € K(a) be given by (). Then we can write

zf"(2)

f'(z)
where p € P, and is given by @ Equating coefficients we obtain
1

a9 — 5(1 — Oé)Cl,

1+ =a+ (1 —a)p(z),

az = é(1 —a)(c2 + (1 — a)ci),

and ] 5 ]
ay = E(l —a)(es+ 5(1 —a)ees + 5(1 —a)ic)).
Thus )
Hz,z(f) = Q204 — a% = —m(l - a)gq)’ (16)
where

d = (1—-a)c] —(1—a)dec+ 4ci — 6eics.
Since both the class K(a) and the functional |ayas — a3| are rotationally invariant, we may

assume that ¢; := ¢ € [0, 2], and so using and in Lemma 2| we have
1 1 1
o = 5@(204 —3)ct — 5(3 —a)t(4— A+ 5(4 — ) (84 )¢
—3c(4 =)L = [,

(17)

where ¢, n € D.
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Assume first that ¢ = 2. Then
|®| = 8a(3 — 2a), (18)
and so from , we have

Hya() = a(l - a3 - 20) < L= (0 50)

18 48(1 + «)
Next when ¢ = 0, since ¢ € D, we obtain
|®] = 16|¢|* < 16, (19)
and therefore ( )2< )
1 1—«a)?(6 + b
H < (1-a)i<

Now let ¢ € (0,2). Applying the triangle inequality in , we obtain
@] < 3c(4 —¢*)I(A, B, 0),

where _
I'(A,B,C)=|A+B(+CCl+1- ¢, (eD, (20)
with (2 3) 5 . g )
o200 — 3)c +c
A=——— B=_—(a-— = .
61— ) 6( 3)e, and C >

We now use Lemma , noting that AC' < 0 holds for ¢ € (0, 2).
First note that
B*> —4AC(C™%2-1), c€(0,2),

since
12(8 4 ¢*)[B* + 4AC(C™2 — 1)] = *[8(3 + 6a — 5a?) + 3(1 — a)?c?] > 0.

Next |B| > 2(1 — |C]), when ¢ € (0,2). To see this, define
p1(c) =16 — 12¢ + (5 — a)c = 6¢(| B — 2(1 — |C))),
then ¢}(c) =0 when ¢ =¢* :=6/(5 — «) € (0,2), and ¢}(¢*) > 0. Thus when ¢ € (0,2),

36
pi(c) 2 pu(cT) =16 — o —— =T >0,
which shows that |B| > 2(1 — |C|).
Also
|C|(|B| + 4|A]) > |AB|, when ¢ € (0,2). (21)

To see this, define ¢, : [0,4] — R by
@o(1) = 32(3 — @) — 4(3 — 25a + 16a%)x — (1 — a)*(3 + 2a) 2.
Then we have
©2(0) =32(3—a) >0
and
©a(4) = 16(3 + 20+ o — 2a?) > 0.
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Since @ is concave on [0, 4], we get
pa(x) = min{p2(0),2(4)} >0, x€0,4],
and therefore
36(4 — A)(C|(1B| + 4A]) — |AB]) = ¢5(c?) > 0, when ¢ € (0,2)
which gives (21)).

Next in , a computation gives

]{3264 + k?102 - k)g

AB| ~ CI(1B| ~ 414]) = =5 =,

where
ko =323 —a), k =12+ 92a — 6407,
and
ky =3 + 20 — 170” 4 203,
Let p3(1) = kox?® + kyx — ko, and

—]ﬁ—f—\/z

$= 2k

be the unique positive root of (3, where
A = 48(27 4+ 198a — 450 — 184a® + 80a*) > 0, for a € (0,1).
Then ¢ < 4. Therefore for ¢** := /€ € (0,2), it follows that |AB| = |C|(|B| — 4|A4]).

(22)

Moreover |AB| < |C|(|B| — 4]A|), when ¢ € (0,¢*], and |AB| > |C|(|B| — 4|4|), when
c €[, 2).

We now consider the following cases.

A. First suppose that ¢ € (0, ¢**]. Then |AB| < |C|(|B|—4|A]), and by Lemma 3] we obtain
] < 3e(4 = *)[=|A] + [B] + |Cl] = ¥n(c?),
where
P1(x) =16 +2(2 — a)r — (1 +a)(2 — a)z’.

We note that ¢} (z) = 0 only when z = 7 := 1/(1 + a), and it is easily seen that 7 € (0,¢),
and since the function v; has negative leading coefficient, it follows that

3(6+5
@) <un) =202 pe g,
and so
3(6+5
@] < —<1iaa), (23)

when ¢ € (0, ¢™].
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B. Next suppose that ¢ € [¢**,2). Then by Lemma |3 we have

B2
9] < 3e(4 = A)(A] + O 1 - 11
where ¢g; and ¢, are defined by
g1(z) =32 — 4z — (1 — a)(1 — 2a)2?, (24)
and ) )
ool) = 12(3 + 6 — 5a*) — 9(1 — «) x’ (25)

8+
respectively, and where

2F(2)(g2(x))"* = 26, (2)ga(2) + g1(2) 93 ().

Moreover

1

E(S + 2)?[24) (2)g2(2) + g1(2)gh(2)] = mo + myx + mex® + maa® =: g(z),
where

mo = —96(1 + o) (5 — 3a),
my = 4(—9 — 18a + 15902 — 216a° + 80at),
my = 3(1 — a)(9 — 42a + 67a* — 30a*),

and

ms = 3(1 — a)*(1 — 2a).
Therefore the inequality F/(c?) < F(£) will hold for all ¢ € [¢**,2) provided g(x) < 0 for
x € [0,4].
We now consider the following sub-cases.
B(1) When a = 1/2, we have
3
g(x) = =504 — x + Exz < g(4) =—484 <0, when z € [0,4].

B(2) When «a € (0,1/2), we have m3 > 0, and using 2 < 422 gives
g(x) < mo +myx + (mg + 4ms)a* =: hi(z), when x € [0, 4].
Note that
h1(0) = mo = —96(1 4+ ) (5 — 3a) < 0,
and
hi(4) = mg + 4my + 16my + 64ms = —16a(3 — 2a)(81 — 150a + 97a?) < 0.
Therefore since
my 4 4ms = 3(1 — a)(13 — 58a + 87a* — 38a*) > 0,
hy is convex on [0, 4], and so

g(z) < hy(z) < max{hi(0); h1(4)} <0, when x € [0,4].
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B(3) Now suppose that a € (1/2,1), then mg < 0. Thus
g(x) < mg +myx +mox® =: hy(z), when x € [0,4].
Using a similar argument to case B(2), we have hy(z) < 0 for x € [0,4], and so g(z) < 0,
when z € [0,4].

Thus when ¢ € [¢**,2), we have shown that

3(6 + 5a)

1
Ol < —————— \/ = < , 26
| |_4 05(3—204)91(5) 92(§) = 1 (§) < 1+a (26)
and is proved.
To see that is sharp, define f € A so that
£
14270 - e,
f'(z)
where ,
. 1—2z
e =155
with 7 = /7 = 1/y/1 + a. Since 7 € (0,1), p € P, and so f € K(a).
Furthermore
o — 11—« a__a(l—a)
‘To/ira 0 20 +a)
and
(1 =a)(6+1la—-T7a?)
“= 2(1+a)p?2
which implies that
< (1 — a)?(6 + 5a)
H - _
22(f) 48(1 + a)
Thus is sharp for the extreme function f. O

3. HANKEL DETERMINANTS FOR THE INVERSE FUNCTIONS

Since the classes S*(a), K(a), Sj and Kp are all subsets of S, inverse functions f~' exist
in some neighbourhood of the origin. A classical result of Lowner |11] shows that if f € S,
and f~!is given by

FHw) =w+ ) dyw, (27)
n=2

then for n > 2, |d,| < K,,, where K, are the coefficients of the inverse of the Koebe function,
and that this inequality is sharp.

Sharp bounds for the two initial coefficients of the inverse functions when f € S*(a) were
found by Krzyz, Libera and Zlotkiewicz in [8], and similar results for the initial coefficients of
the inverse coefficients when f € Sj were obtained by Ali in [1], and for f € Kg by Thomas
and Verma in [16].
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In this section we find sharp bounds for Hyo(f 1), when f € §*(a), and when [ € K(a),
thus completing the set of problems for the second Hankel determinants of f and f~! for the
classes S*(), K(a), S5 and Kj.

We first note that if f~! is the inverse function of f, and f and f~! are given by (1)) and
(27) respectively, then comparing coefficients in f(f~!(w)) = w gives
dg = —Aag, d3 = —das + 2@3, d4 = —ayq + 5@20,3 — 5(1%, (28)

so that
H272(f_1) = dady — d% = Q204 — a§ - a%ag + ag. (29)

Before stating and proving our results, we note some properties of the following functions,
which we will use in our proofs.

Let @;:(1/10,1/2) — R (i = 1,2, 3,4) be defined by

Di(z) = (1—a)?, Py(x) = 135(19 — 427 + 242°), (30)
P3(7) = %(1 —2)*(1 — 22)(9 — 10z), (31)
" 0(x) = L 256)(11/32 ;02())?1%1@) (jzgg)m7 (32)
e ¢1(x) = (9 — 102)(11 — 332 + 242%) + (52 — 3)\/p(z),
do(x) = —253 + 10922 — 154822 + 7202° 4 21/¢(2),
" () = 2 <—86 + 3392 — 43227 1 1802° — gb(m)) ,
with

d(x) = 511 — 27062 + 52922% — 45362° 4 14402,

Let ag = 0.232 -+ be a zero of the polynomial ¢ defined by ¢(z) = 100z* — 34023 + 40122 —
188x + 26. Then the following equalities, which can be verified by direct computation hold.

®y(x), when z € (1/10, o),

Ps(x), when z € [ag,1/2). (33)

max{®;(x) :1=1,2,3,4} = {

Theorem 5. Let o € [0,1), ag = 0.232... be the root of the polynomial q(z) = 100z* —
3402 + 4012% — 188z +26 = 0 in [0,1), and f~! be the inverse function of f € S*(a). Then

L(1—a)’(1 - 20)(9— 10a),  ifa € 0,00

_ 1 ‘ 2
|Hon(f1)] < 1—5(19—42a+24a2), ifa € [ozo,g], (34)

(1-a)? ifoe [%,1).
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The first inequality is sharp for the inverse function of f € S*(«), where f is given by

f(Z) = (]._sz, A ID), (35)

the second inequality is sharp for the inverse function of f € S*(«), where f, is given by
z

= eD 36
f(z) ((1 = 2)H7/2(1 4 z)1-7/2)1-a % ’ (36)
and where
2(2 — 3a)
—— 37
S a)’ (37)
and the third inequality is sharp for the inverse function of f, where f € S*(«) is given by
z
Proof. Let o € [0,1), and f € S*(a) be given by (I). Then there exists p € P given by (9)
such that 72)
z2f'(z
= 1— : 39
= o) (39)
Equating coefficients in (39)) we obtain
1
as = (1 —a)cy, az= 5(1 —a) (2 + (1 — a)cf), (40)
and . 5 .
ay = g(1 —a) <03 + 5(1 — a)eicg + 5(1 - a)%f) . (41)
Now let f~! be the inverse of f with expansion (27). Then from (29), and we obtain
1
dody — di = ﬁ(l —a)*(4cics — 3c2 — 6(1 — a)cley + 5(1 — a)’c). (42)
From Lemma 7 becomes
1 1 1
dody — &2 = — (1 — a)? (-(1 —2a)(9 — 10a)ct — (5 — 6a)3(4 — A)¢

1
~ 1024 ) = A + 24— (1~ [¢Pn),
with ¢, n € D.
Since both the class 8*(«) and the functional |Hyo(f~1)| are rotationally invariant, we can

assume that ¢; = ¢ € [0,2]. Thus the triangle inequality gives

— 12
where h : [0,2] x [0,1] — R is defined by

Haa( )] < 351 - 0 |10~ 2000 - 100l (1= Anee] . (4

1 1
h(z,y) =2z + 5\5 — 6a|r?y + 1(2 —2)(6 — 1)y°.
Moreover it can be easily seen that h(-,y) is increasing on [0, 1], and so

Hyo(f ) < =

—(1-aPK(0), (45)
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where
K(c) = kyc* + koc? + 12,

and where

k:lz}1(1(1—204)(9—10@]—2]5—604—1), and ky=2(5—6a] —1).  (46)

We note that k; < 0, and distinguish various cases.

I. When « € [2/3,1), clearly ke < 0, and so K(c) < K(0) = 12, when ¢ € [0,2]. Thus from
[5), we deduce that |Hoo(f )| < (1 — a)?

IT. When « € [0,1/10], the function K becomes
1
K(c) = (5a® — 4a — 5)04 +4(2 — 3a)c® + 12,
and since 5a% — 4o — 1/2 < 0, it follows that
K'(¢) > 8¢(1 —a)(1 —10a) >0, for c € 0,2].

Hence K(c) < K(2) for ¢ € [0,2], and so from (45)) we deduce that

Hoa(F )] < 11— ) K(2) = (1~ a)*(1 — 20)(9 ~ 10a).

ITII. When « € [1/2,2/3), the function K becomes

K(c) = —5(1 — a)*c* +4(2 — 3a)c? + 12. (47)
It is easy to see that K has a unique local maximum at ¢ = 7, where 7 is given by . Thus
4(2 — 3a)?
K(C)SK(T):12+W, fOl"CE[O,Q],
and so from , we obtain
1
|H2,2(f_1)| < B(l9 — 420 + 2407).

IV. Next suppose that a € (1/10,1/2), where we will use Lemma [3]

First note that when ¢ = 0, since ¢ € D, we have
[Hao(f7)] = (1= )l < (1 - )’ = i(a), (48)
and that when ¢ = 2,
[Ha(F7)] = (1= a)*(1 — 2)(9 — 100) = By(a),
where, ®; and ®3 are defined in and .
Now let ¢ € (0,2). Applying the triangle inequality in , we obtain

[Hoa(f )] < (1 - a)e(d — A)T(A, B,O), (19)
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where I is defined by , with
(1 —2a)(9 — 10a)c? (5 —6a)c 12 + 2
A= B=—7-—1- d C=- .
S(4—c2) 4 o 8¢
Note that AC' < 0 when « € (1/10,1/2), and ¢ € (0,2), and so we again need to check the
various cases in Lemma [3l

The inequalities |B| > 2(1 — |C]), and B* > —4A(1 — C?)/C are equivalent to
(1 —2a)(9 — 10a)(36 — c?)
12 + ¢2

respectively, which are valid when « € (1/10,1/2), and ¢ € (0,2), which shows that the first
two cases in ([13)) are false.

5—6alc® > —(2—¢)(6—c), and (5—6a)®> —

9

We next note that the first case in is not true. To see this we observe that the inequality
|AB| > |C|(|B| + 4|A|) can be written as ¢;(c*) < 0, where

©1(7) = (30a® — 57a” + 36 — 8)2® + 4(30a” — 39 + 11)z + 12(5 — 6a).
since ¢ (r) = 2(30a® — 57a? + 36 — 8) < 0 for = € [0, 4], we have
¢1(x) > min{e1(0),¢1(4)}, when z € [0,4]. (50)
Moreover since
©1(0) =12(5 — 6a) >0, and ¢1(4) = 12(1 — 2a)(1 + 2c)(9 — 10c) > 0,
implies that ¢;(z) > 0 holds when z € [0,4], and so |[AB| > |C|(|B| + 4|A|) is false.

Next note that
204 — 2[162 + lQ

l
CI1BI ~ 414) ~ |4B] = 25T,

(51)

where
lr = (30a — 17)(1 — @)%, [, = 2(30a® — 45a +16), and [y = 12(5 — 6a).
Let L(z) = lya® — 2Lz 4 Iy, and € = (I, — v/A) /I, be a zero of L, where for o € (1/10,1/2),
A =1} — lyly = 4(511 — 2706cr + 52920* — 45360° + 1440a*) > 0.

Since ¢ € (0,4), L(xz) > 0, when z € [0,&], and L(z) < 0, when z € [¢,4]. Hence from (51,
we deduce that

|C|(|B| — 4]A]) > |AB|,  when c € [0, 4],

|C|(|B] — 4]A]) < |AB|,  when c € [¢,4],

where ¢ = /€ € (0,2).
We now consider the following sub-cases.
IV(a) Suppose first that ¢ € (0, ¢]. Then by and Lemma [3] we obtain
Hoa(F7)] < (1 - el = A=A + Bl +101] = oa(e?),

where
o) = %(1 —a)?[-5(1 — a)*2?* +4(2 — 3a)x + 12].



THE SECOND HANKEL DETERMINANT 13

It is easily seen that
1
pa(x) < @o(1) = 1—5(19 — 420 + 2407),
where 7 € (0,&) is given by (37). Thus

|Hoo(f )] < 1—15(19 — 420 + 2402) = By(a) (52)

when ¢ € (0, ¢], where @, is given by (30).
IV(b) Next, let ¢ € [¢,2). Then by and Lemma [3 we have

_1 1 2 2 B2
[Haoo(F7] < G (1= a)’e(d = (Al +[CDY 1 - 5 (53)
= %(1 — &)291(02) V 92(02)7
where
g1(2) = (1 - )(2 - 5a)a® — 20 + 12,
and

2402 — 36 + 13 — (1 — a)*x
(1—-2a)(9—10a)(12 4 x)

Now define G(z) = g1(x)+/g2(z). Then
2(1 —2a)(9 — 10) (12 + 2)*/g2(2) G’ (x) = M (z) := max® + maz® + myz + mo, (54)

where

92(x) =

ms = —4(1 — a)*(2 — 5a),
my = —38 4+ 163 — 161a? — 240® + 60a?,
my = 2(647 — 3948a + 87720° — 8352a° + 2880a*),
and
mo = —12(77 — 204a + 13202).
We note that
M'(0)=my; >0

and
M'(4) = 2(303 — 2240a + 611202 — 6816a° 4 2640a*) > 0.

When « € (1/10,2/5], since mz < 0, the function M’ is concave on [0,4]. So

M'(z) > min{M'(0), M'(4)} >0, when z € 0,4]. (55)
When o € (2/5,1/2), mg > 0 and

M"(z) = 6mazx + 2mg > 2my >0, when z € [0,4].

Thus M’ is increasing on [0, 4], and M’'(xz) > M'(0) > 0 holds for = € [0,4]. Therefore when
a € (1/10,1/2), the function M is increasing on [0, 4], so that

M(x) < M(4) = 4(1 — 2a)(9 — 10)(87 — 388a + 284a?), when x € [0, 4].

Now let vy := (97 —4+/202)/142 = 0.282 - - - be the zero of the polynomial 87 — 388z + 2842
in [0, 1].



14 Y. J. SIM, D. K. THOMAS, AND P. ZAPRAWA
IV(bl) When a € [ay,1/2), M(z) < M(4) <0 for € [0,4], and so by (54)), G'(z) < 0 for
x € [0,4]. This, together with , gives
1 1
oo/ < 50— 0PG(#) < 50— 0G0 = Byfa), force ), (50
where @, is defined by . Thus from , , and we obtain
|Hoo(f7)] < max{®:(a), ®a(a), ®a(a)},
and so from (33)), we have
|Hon(f1)] < ®2(a), for c e [0,2].

IV(b2) Next assume that « € (1/10, 4. Since M(0) = mo < 0, M(4) > 0 and M is
increasing on [0, 4], there is a unique p € (0,4) such that M(u) = 0. Hence from (54)), G(x)
is the unique local minimum, and G is convex on [0, 4]. This implies that

G(r) <max{G(£),G(4)}, = €l[S4],
which gives
[Hao(f7)] < max{®y(a), P3(a)},
where ®3 and ®,4 are defined by and . Thus from , , and , we obtain
|Hoo(f )| < max{®;(a) :i =1,2,3,4}

) ®(a),  when a € (1/10, o],
| ®y(a),  when a € [ag, ai],

which gives .
We finally find the extreme functions.

On the interval o € [0, ap], consider the function f € S*(a) defined by (35). Then ay =
2(1—a),a3 =(1—a)(3—2a) and as = 2(1 — a)(2 — a)(3 — 2a) /3. Hence by (29)), we obtain
Hoo(f™1) = (1 —a)*(1 —2a)(9 — 10a)/3.

On the interval a € [ag,2/3], consider the function f € S*(a) defined by (36). Then
ag=(1—-a)r,a3=(1—a)2+ (1 —a)7r?)/2 and
1
a4:6(1—a)7'(8—6a—|—(1—04)27' ).

Again using we obtain Hyo(f™!) = —(19 — 42a + 24a?) /15, which gives equality in this
case.

Finally on the interval o € [2/3,1), consider the function f defined by . Then clearly
Hy5(f™') = —(1 — @)?. This completes the proof of Theorem [f] O
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Theorem 6. Let a € [0,1), and f’1 be the inverse of f € K(«). Then

%6 (12 — 28 + 19a2), if o €0,2/5],
ifa € [2/5,4/5], (57)

|Hon(f) <4 g1 —a)?
if o€ [4/5,1).

(1 — a)?*(19a — 8)
| 48(1 4+ a)(2a— 1)~
All the inequalities are sharp, with equality when o € [0,2/5] for the inverse function of
f € K(«a) given by

, 1
f (Z) - ((1 _ Z)1+T/2(1 4 2)177/2)1704’
when « € [2/5,4/5] for the inverse function of f € K(a) given by

z €D, (58)

1
/ — D
f'(2) —(1 — i zeD, (59)
and when o € [4/5,1) for the inverse function of f € K(a) given by
1
"(2) = D 60
PO = o 2€D. (60
where
2 —bda ba — 4
T 2(1 — «a)? ane \/(1+a)(2a—1) (61)

Proof. Let a € [0,1), and f € K(c) be given by (1)), and let f~' be the inverse of f given by
(27)-

Since zf" € S*(«), (29), (40) and ([41]) give

1
ngg(f_l) = m(l — 0z)2(60103 — 403 —5(1— OK)C%CQ +2(1— a)QC‘f). (62)

Then from Lemma [2] we obtain
Hoa(F™) = 51— a) (alda — 3)ct + (50— 3)A(4 ~ )¢
— (84 )4 = )+ bar (4 - (1= ),
with ¢, n € D.
Again we can assume that ¢; := ¢ € [0, 2], and so applying the triangle inequality, we obtain

1 4 2
[Hao(f7H)] < 2agl a)?[afda — 3|c* + (4 — *)h(e, ¢, (64)

where h : [0,2] x [0,1] — R is defined by
h(z,y) = 61 + [ba — 3|2y + (2 — ) (4 — 2)y>.
Since the function h(-,y) increases in [0, 1], we obtain

1 1 2
[Hop(f77)] < 5(1 —a)*K(c), (65)
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where
K(c) = kic* 4+ koc? +8,
and where
klzi(a|4a—3\ C5a—3|—1) and k= |50—3— 1.

We again consider various cases.

I. When a € [0,2/5], K(c) = —(1 — a)*c* + (2 — ba)c? + 8, and it can be easily seen that

K(c) < K(7), when ¢ € [0,2], where 7 is given by (61)). Hence by (65]), we obtain

1
|Hap(f71)] < o5 (12— 280+ 1902).

I1. When « € [2/5,4/5], K(c) < K(0) =8, when ¢ € [0,2], and so by

Hya(f )] < 51— a)?

ITI. When «a € (4/5,1), let
(a) = a(l — a)?*(19a — 8).
48(1+ o) (2a0 — 1)
We now show that |Hoo(f™1)] < ¥(a).

We first note that by 7
1
|Hoo(f71)| = 5(1 —a)? < ¥(a), whenc=0,
and .
|Hao(f1)] = 1—8a(1 —a)*(4a —3) < ¥(a), whenc=2.

Now let ¢ € (0,2). Then by (63)),

1
Hya(f )] < 51— aPe(d — AT(A, B.C),
where I' is defined in , with
a(4a — 3)c? (5a — 3)c 48
A= ———F7"—"F—, B=-—"— d C=- .
6(4—c2) 6 o 6e

Note that AC' < 0. Simple computations show that |B| > 2(1 —|C|), and B? > —4A(1 —
C?)/C hold for o € (4/5,1), and ¢ € (0,2). Thus the two first cases in are not possible.
Also, the first case in ((14)) is not possible. Indeed, the inequality |AB| > |C|(|B| + 4|A]) is

equivalent to ¢ (c?) < 0, where

o1(z) = (3 —200)(1 — a)?2* + 4(32a° — 29 + 3)z + 32(5a — 3),

and since ¢; is concave on the interval [0, 4],

©1(0) =32(ba—3) >0, and ¢1(4) =80a(3 — a)(4a — 3) > 0,
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it follows that
p1(z) > min{p;(0),p1(4)} >0, =z €[0,4].

Next note that
36(4 — A)[|C|(|B| — 4|A|) — |AB|] = loc* + 21,¢% + 1y, (69)
where
ly =3 —2a+11a* — 200*, 1} =2(3+19a — 3202), and Iy = 32(5a — 3).
Let L(z) = lya® + 2Lz + Iy, and € = —(I; + V/A)/l, be the greatest zero of L, where
A =1 —lgly = 12(27 — 18a + 171a” — T12a° + 608a*) > 0.
Note that Iy < 0 and £ € (0,4). Therefore L(z) > 0, when x € [0,£], and L(z) < 0, when
z € [£,4]. Thus from (69)), we obtain
{]O|(|B| —4]A|) > |AB|,  whenc€ (0,4,
|C|(|B| — 4|A]) < |AB, when ¢ € [¢,4),

where ¢ = /€ € (0,2).
ITI(a) Let ¢ € (0,¢]. Then by and Lemma [3, we obtain

[Hap(f7)] < 4—18(1 —a)’e(d = )[=|A] + |B] +|C] = ¢a(c?), (70)

where

po(1) = ﬁ(l — )} [~(1+ a)(2a — 1)2* + 2(5a — 4)x + 16]. (71)

Note that ¢)(z) = 0, when z = p?, where p is given by (61)). Since p? € (0,¢), and ¢ (z) =
(1—a)*(1+a)(1—2a)/72 <0, po(z) < pa(p?), when x € [0,£], and so from (70 we have

[Hz2(f )] < p2(i”) = (). (72)

ITII(b) Next let ¢ € [¢,2). Then by and Lemma [3 we obtain

-1 1 2 2 B
|Hao(f77)] < 4_8(1 —a)e(d =) (A +[CPy /1 - 4AC (73)
1
= 19#2(1 —a)?g1(c?) Vv 92(¢?),
where
() = ~(1 — @)(1 + da)a® — 4z + 32,
and

7602 — 72a + 12 — 3(1 — o)’z
g2(x) =
3a(da — 3)(8 + x)
It is easily seen that g;, and g, are decreasing on [€, 4], and so from ([73)) we obtain
_ 1
o) < i (1 — )16 V/€) = 22(6) < ¥(a), (74)
where @, is defined by .
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Thus from , , and , we have
|Hao(f71)] < ¥(a),

which is inequality .
We now show that the inequalities are sharp.

When a € [0,2/5], consider f € K(a) satisfying (58). Then ay = (1 — a)7/2, a3 =
(1—a)(2+ (1 —a)7r?)/6, and
1
a4:ﬁ(1—a)7'(8—604+(1—a)27 ).

Hence from we obtain Hyo(f™!) = —(12 — 28a + 19a?)/96.

When « € [2/5,4/5], consider the function f € K(a) defined by (59). Then ay = a4 = 0,
and a3 = (1 — «)/3, and so from we have Hao(f™1) = —(1 — a)?/9.

Finally when a € [4/5, 1), consider the function f satisfying (60]). Then

1 1 1
a=-(1—a)y, az=-(-14+a+-2—a)1l—a)u®),
2 3 2
and .
as = =572 = )(1=a)(6 = (3 —a)u’).
Hence from (29) we have
_ a(l —a)?(19a — 8)
Hao(f 1) = — .
22(/7) 48(1 4 a)(2a — 1)
This completes the proof of Theorem [6] O

When a = 0 we deduce the following corollaries.
Corollary 1. Let f~! be the inverse of f € S*. Then
|Hoo(f71)] < 3.
Equality holds for rotations of f(z) = z/(1 — z)2.

Corollary 2. Let f=! be the inverse of f € K. Then

Hoaf ) < o

Equality holds for rotations of f(z) =2z/(1 — z+ 1 — 22).

ACKNOWLEDGEMENTS

The first author was supported by a National Research Foundation of Korea (NRF) grant
funded by the Korean Government (MSIP; Ministry of Science, ICT and Future Planning)
(No. NRF-2017R1C1B5076778).



THE SECOND HANKEL DETERMINANT 19

REFERENCES

[1] R. M. Ali, Coefficients of the inverse of strongly starlike functions, Bull. Malaysian Math.
Soc., 26, 63-71 (2003).

[2] N. E. Cho, B. Kowalczyk, O.S. Kwon, A. Lecko and Y.J. Sim, Some coefficient inequalities
related to the Hankel determinant for strongly starlike functions of order alpha, J. Math.
Inequal., 11), no. 2, 429439 (2017).

[3] N. E. Cho, B. Kowalczyk, O. S. Kwon, A. Lecko and Y.J. Sim, The bounds of some
determinants for starlike functions of order alpha, Bull. Malays. Math. Sci. Soc. (2) 41,
no. 1, 523-535 (2018).

[4] J. H. Choi, Y. C. Kim, T. Sugawa, A general approach to the Fekete-Szegd problem, J.
Math. Soc. Jpn., 59, 707727 (2007).

[5] W. K. Hayman, On successive coefficients of univalent functions, J. London Math. Soc.,
38 (1963), 228-243.

[6] A. Janteng, S. A. Halim and M. Darus, Hankel determinant for starlike and convex func-
tions, Int. J. Math. Anal., 1, no. 13, 619-625, (2007).

[7] D. V. Krishna and T. RamReddy, Hankel determinant for starlike and convex functions
of order alpha, Thil. Math. J., 5, 65-76 (2012).

8] J. G. Krzyz, R. J. Libera and E. Zlotkiewicz, Coefficients of inverse of regular starlike
functions, Ann. Univ. Mariae Curie-Sklodowska Sect. A, 33, 103-109 (1979).

[9] R. J. Libera and E. J. Ztotkiewicz, Early coefficients of the inverse of a regular convex
function, Proc. Am. Math. Soc., 85, 225-230 (1982).

[10] R. J. Libera and E. J. Zlotkiewicz, Coefficient bounds for the inverse of a function with
derivatives in P, Proc. Am. Math. Soc., 87, 251-257 (1983).

[11] C. Lowner, Untersuchungen iiber schlichte konforme Abbildungen des Einheitskreises I,
Math. Ann., 89, 103-121 (1923).

[12] R. Ohno and T. Sugawa, Coefficient estimates of analytic endomorphisms of the unit
disk fixing a point with applications to concave functions, Kyoto J. Math. 58(2), 227-241
(2018).

[13] C. Pommerenke, Univalent functions, Vandenboeck and Ruprecht, Géttingen (1975).

[14] D. Raducanu and P. Zaprawa, Second Hankel determinant for close-to-convex functions,
C. R., Math., Acad. Sci. Paris, 355, no. 10, 10631071 (2017).

[15] D. K. Thomas, On the coefficients of strongly starlike functions, Indian J. Math., 58, no.
2, 135-146 (2016).

[16] D. K. Thomas and S. Verma, Invariance of the coefficients of strongly convex functions,
Bull. Aust. Math. Soc., 95, no. 3, 436-445 (2017).

[17] D. K. Thomas, N. Tuneski and A. Vasudevarao, Univalent Functions: A Primer, De
Gruyter Studies in Mathematics 69, De Gruyter, Berlin, Boston, (2018).

(Young Jae Sim) DEPARTMENT OF MATHEMATICS, KYUNGSUNG UNIVERSITY, BUSAN 48434, KOREA
E-mail address: yjsim@ks.ac.kr

(Derek K. Thomas) DEPARTMENT OF MATHEMATICS, SWANSEA UNIVERSITY, BAY CAMPUS, SWANSEA,
SA1 8EN, UNITED KINGDOM
E-mail address: d.k.thomas@swansea.ac.uk

(Pawel Zaprawa) DEPARTMENT OF MATHEMATICS, FACULTY OF MECHANICAL ENGINEERING, LUBLIN
UNIVERSITY OF TECHNOLOGY, NADBYSTRZYCKA 38D, 20-618 LUBLIN, POLAND
E-mail address: p.zaprawa@pollub.pl



	Abstract
	1. Introduction
	2. The Second Hankel determinant for convex functions of order alpha
	3. Hankel determinants for the inverse functions
	Acknowledgements
	References

