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Abstract

The present paper aims to develop governing equation of motion for in-plane dynamics of
Micropolar-Cosserat composite models with damping. Constitutive model of linear elastic damp-
ing system is formulated for an anisotropic domain fiber-reinforced composite panels (FRCP);
undergoing large macro as well as micro geometric deformations. The air damping and Kelv-
inVoigt strain linear rate damping have been considered into the governing equations of model,
while mathematical modelling and simulation of composite panel is restricted to the free-
vibration and in-plane static response. The composite panel has been modeled as a Micropolar-
Cosserat continuum assuming second-order micro-length of the fiber deformation; by embedding
an additional equation of kinematics through the micro-rotation degree of freedom in the clas-
sical continuum model. This account for the in-plane curvature bending effects of composite
panels during the loss of ellipticity of the governing equations. A transformation matrix based
on Rodrigues rotational formula for transversely isotropic Micropolar-Cosserat lamina has been
introduced; which reduces it to the well-known non-classical (classical and couple-stress) elastic
formulation. The equivalent single layer (ESL) resultant stresses of FRCP in global coordi-
nates is introduced to calculate in-plane damped and undamped response. The geometric and
material linear elastic model for FRCP is derived using the spectral element method within
state-space approach, and the corresponding plane-stress finite element model is validate with
the undamped responses. Analytical response of damped composite panel is proposed based on
available undamped simulation results.

Keywords: Constitutive modelling; Transformation matrix; Size-dependent behavior;
Micropolar-Cosserat laminate; Spectral element method; Eigenvalue problems; internal
damped response.
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S.N.  Symbols Description
1 L Length
2 w Width
3 t Thickness
4 A Cross-section area
5 1 Second moment of area
6 p Density
7 v Poisson ratio
8 E Young modulus
9 G Shear modulus
10 G, Cosserat modulus
11 k Shear coeflicient
12 l Characteristics length
13 Uy Longitudinal deflection
14 Uy Transverse deflection
15 10) Rotation of cross-section
16 Y, Rigid micro-rotation
17 Y Independent micro-rotation
18 €z, €y Normal strains
19 €xy Eyz Transverse strains
20 Vs Symmetric shear strain
21 Ya Asymmetric shear strain
22 K., Ky, Plane-stress curvatures
23 Oz, 0y Normal stresses
24 Try, Tyz Shear stresses
25 Mgz, My, Curvature moments
26 M, Moment force
27 Quzy, Quz Shear Force
28 P, Curvature force
29 ¢ Eigenvector
30 Q Eigenvalue
31 w Forcing frequency
32 wn, Natural frequency
33 SDC [s4] Damping coefficient of shear stress
34  BDC [bg] Damping coefficient of bending stress

1. Introduction

In the field of mechanical and structural engineering, vibrational analysis plays important
role to characterize the dynamics behavior of composites [1]. The influence of damping en-
hancement and dissipation mechanisms have been so far investigated; and successfully adopted
in characterization and control of fiber reinforced composite panels (FRCP) vibration [2]. The
effects of internal and external dissipation sources have been conducted on vibration characteris-
tics and control of damping systems [3]. Most of the damping models that have been proposed for
composite materials stem from viscoelastic material models. In these cases, the major damping
dissipation comes from the polymeric matrix. One of the the simplest way to represent damp-
ing dissipation is the use of linear viscoelastic KelvinVoigt model [4, 5]. The main advantage
of the KelvinVoigt model is the requirement of less number of parameters to characterize the
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viscoelastic behavior of the material. This model is simple however, it fails to fully represent
the physics underlying the mechanisms of energy dissipation. In view of that, it is important to
accurately determine the vibrational characteristics of the damping model [6, 7]. Various studies
have proposed the use of viscoelastic material (with respect to fiber-matrix) to induce higher
damping dissipation. By increasing the matrix volume fraction, the damping dissipation will
increase at the expense of stiffness and strength [8, 9]. The sandwich structures are emerging
as noise and vibration control solution for lightweight structures [8, 10]. The damping can also
be tuned by properly choosing composites constitutive parameters such as fiber aspect ratio,
stacking sequence, and constituents properties [5, 11]. The present research of FRCP is limited
to the analytical description of the dynamics of a damped composite structure.

The application of FRCP in the field of engineering (e.g. construction, aerospace, marine,
automobile, etc.) has significantly increased during the past decade [12] because of their tai-
lorable properties like high specific strength and stiffness. Moreover, the viscoelastic character of
composites (fiber and/or matrix) render them suitable for the high performance. The viscoelas-
tic composite layer undergoes a periodic shear deformation which dissipates energy [5, 8, 13-15].
In general, composites pertaining to transversely isotropic fibers are surrounded by an isotropic
polymer based matrix [16, 17]. The interaction of these constituents exhibit complex mechanical
behavior at macro and nano-scale [18-20]. The analysis of these composites have often relied on
modeling them as equivalent material; by explicitly considering fiber and matrix constituents
of the composite using the micromechanics of lamina [21, 22]. The KelvinVoigt principle state
that the linear elastostatic analysis can be converted into the dynamic linear viscoelastic one; by
replacing static stresses and strains with analogous dynamic stresses and strains, respectively.
This is a suitable method for micromechanical models to predict damping in aligned fiber-
reinforced composites [23, 24]. The primary and secondary structural components of composite
call for a deeper understanding of their static and dynamic characteristics. The use of static
stiffness for the prediction of natural frequencies is acceptable; by assuming negligible damping
dissipative factor for fiber-matrix material [5, 8]. In the micromechanics approach, the stiffness
of the matrix orientation (bond matrix) along the direction perpendicular to the fiber orienta-
tion (fiber bonds) is accommodated to the elastic modulus of the lamina in the same direction
[25-27]. The effective stresses of fiber and matrix are predominantly transmitted through the
fibers because of the high stiffness and strength in comparison to the properties of the matrix
material [28]. However, the load-carrying capacity of fibers is severely affected by the stiffness
of the surrounding matrix phase. Normal stresses are transmitted by the fibres only; however,
the transverse shear stresses are transmitted through matrix and fibers both [29]. The damping
dissipation of unidirectional lamina is found to have a maximum value at approximately 35°
in flexure and at 45° in torsion. The peak capacity for flexure and torsion both appear in the
angle-ply between 40° and 50°, and in case of cross-ply it depends on cross-ply ratio that defines
the relative number of 0° and 90° plies. Among all the orientations, square diagonal (angle-ply
of 45°) packing of fibers provided the best damping in cantilever configuration [5, 8, 11, 30].

Most of the research on damping of micro-structure in composite is limited to 2-D state
of stress. The micro-structure of composite give rise to high stiffness combined with high vis-
coelastic loss. For mathematical modeling, the individual lamina is considered to be orthotropic
or transversely isotropic, however assembly of lamina is lie in the anisotropic domain through
out the thickness. Further, a large difference in the elastic properties of constituents fiber and
matrix lead to a high ratio of in-plane Young’s modulus to transverse shear modulus of lamina
[5, 8, 18, 31, 32]. The classical laminate theory which neglects the effect of micro-structure,
is inadequate for analysis of multi layer composite. Thus for the reliable analysis more accu-
rate theories like First order shear deformation theories and refined higher order theories have



74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
9
97
98
99
100
101
102
103
104
105

106

107
108
109

110

111

112

113

114

115

116

117

118

been used especially in thick laminates [5, 8, 11]. A Micropolar-Cosserat continuum is proposed
to capture the curvature of edges, and study the response of FRCP at micro and nano-scale
[33, 34]. This computation has been geared towards the modeling of composites by assuming
as an ESL continuum concept [35, 36]. So, the two-dimensional Micropolar-Cosserat composite
plate and shells can be reduced into one-dimensional by treating them as ESL of composite
structures [37, 38]. This assumption leads to the development of shear deformation theory so
that the stiffness properties inside the studied ESL material can be assumed to be constant
[39-41]. The localization of constant width of shear stiffness (or shear band) has been achieved
by introducing the independent micro-rotation of small scale particles of solids [42, 43]. The
resulting phenomenon predicts the loss of ellipticity of the governing partial differential equa-
tions of FRCP [18]. The asymmetric curvature of edge appears due to unbalanced orientation
[45°/0°/45°] of lamina of FRCP [44]. The shape of the edge is saddle due to positive poission
ratio [45].

The limitation of the classical and non-classical continuum except Micropolar-Cosserat the-
ory is that the constitutive models are local due to the absence of the skew-symmetric part
of the shear stress at the energy density and do not possess characteristics length [36, 46, 47].
This leads to excessive mesh dependency due to the ill-posedness of the problem at the onset of
localization [19]. Micropolar-Cosserat continuum introduces characteristics length into consti-
tutive equations, which increases the order of the differential in the governing equations, which
in-turn prevents the ill-posedness associated with the localization [48]. In this theory, the main
assumption is that each point of the continuum can rotate independently [43, 49, 50]. Using this
main assumption, the kinematic formulation yields the higher-order stresses and strains, such
as curvature strains and couple stresses. Their presence results in asymmetric shear stresses
and strains [38]. The modeling of FRCP using Micropolar-Cosserat continuum has ability to
quantify the local fiber rotation, curvature, bending and twisting moments at the micro-scale
[16, 18]. Some of the notable works in this area include the study of fiber by considering the
finite Micropolar-Cosserat continuum. This helps to avoid the issues presented with the geomet-
rically and materially exact equations under the assumption of linear curvature strains. [18, 51].
In addition, a continuum model for fiber-reinforced composites with fiber bending and twisting
effects were discussed by Steigmann [52]. In the present paper, a 1-D Micropolar-Cosserat FRCP
based on the linear law of variation of displacement has been considered. Spectral element for-
mulation within state-space approach is implemented for the evaluation of in-plane damped and
undamped transversely isotropic layered composite panels[43, 53, 54].

2. Constitutive modeling of a Micropolar-Cosserat undamped lamina

The global constitutive behavior of the Micropolar-Cosserat composite panel is derived using
the Rodrigues rotational based formula of transfer matrix for transversely isotropic lamina [16,
18]. The constitutive model of the unidirectional-lamina comprises of following assumptions:

1. Plane-stress condition is considered as the theoretical basis for modelling the constitutive
behavior of each lamina [55, 56].

2. The rule of mixture is used to calculate the elastic moduli of the lamina from the properties
of fiber and matrix in proportion to the volume ratio [57].

3. The stress-strain response of laminae vary non-linearly. However, linear elasticity in stress-
strain space is assumed to hold, if the damage state does not change [29].

4. The transversely isotropic nature of the lamina is considered as homogenized continuum
throughout the modelling process [18, 58].
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5. The orientation of stresses are in tangential and normal to the fiber direction, and the
symmetry of the lamina remains the same for all states of damage [59, 60].

Three different set of equations are needed to characterize the free vibration of a composite
panel [61], namely

1. The equilibrium equation

(L] {o} +p{g} =0, (1)
{e} = [V]{U}, (2)
{o} = [D]{e}, (3)

where o = stress vector, p = density, g = gravity vector, U = displacement vector, ¢ =
strain vector, D = constitutive matrix and V = Laplace operator. A 2-D classical continuum
plane-stress condition for stress, strain and displacement are

2. Kinematics equation

3. Constitutive equation

o=loz 0y Txy]Ta (4)
€= [z € ezy]T, (5)
U= lug Uy]Ta (6)
and the V matrix attains the following format
) o717
o oy
oy Oz

respectively. The constitutive matrix D for the lamina into the local directions is identical with
the elastic stiffness of anisotropic material [62, 63]

of Cii1 Crize 0 €]
o5 ¢ = |Criz2 Ca22 0 €5 - (8)
Tio 0 0 2C1212 €5y

D

The salient characteristic of the Micropolar-Cosserat continuum is the introduction of an
extra independent micro-rotational degrees of freedom to the translational degrees of freedom
of classical continuum [61, 64]. So, for a 2-D Micropolar-Cosserat continuum the normal and
relatives asymmetric strain [65] components are

Ouy Ouy
€x = 81; and €, = 8 (9)
or= (B2 —0) = (0= 0) ana eyx—@ v) = (1, +). (10)

The symmetric and skew-symmetric shear strains are

Vs = €xy + €yz, ANd Yy = €yp — €qy- (11)
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Where, ¢ is the independent micro-rotation of structure around the z-axis. The micro-curvature
strains due to in-plane bending [43, 47]. are introduced which do not appear in the classical
continuum

oY oY

K, = I and K, = a—y, (12)
The formulation of displacement vector [64] is defined as
U = [uz uy ¢]7. (13)
Similarly, the conjugate stress and couple stress vector
0= 00 0y Tay Tye Maz my] ", (14)
and strain vector
€= [ex €y €xy €yz Kaz KyZ}T, (15)

can be defined from the other research article [61, 64, 65]. Then, the equilibrium conditions (1)
and the kinematic relations (2) are still satisfied provided that the Laplace operator is further
redefined as

ro 0 1T
SRR
_ 9 9 1
\Y 0 9y on 0 g g , (16)
-1 - =
_O 0 or Oyl

The elastic operator (or constitutive matrix) [16, 18] for transversely isotropic (anisotropic do-
main) Micropolar-Cosserat lamina into the local directions is defined as

oy [C1i1 Criizz O 0 0 0 7 ( € )
0'5 01122 02222 0 0 0 0 ES
Tl _| O 0  Ci2iz Ci221 0 0 €55 (17)
TS5 0 0 Ci21 Coi21 0 0 €5,
m&)’ 0 0 o 0 D1313 0 K-fg
\m§3 L 0 0 o 0 0 D2323_ K§3

D

In the above relation, there are eight independent material constants. In contrast to an isotropic
micropolar constitutive relation, the bending modulus (Di313 # Da3a3) are not equal. The
additional feature is the inequality of the constants, which differentiates the shear response
(Ci212 # Ca121) of a fibrous volume element when loaded parallel versus transverse to the fiber
direction [16, 18].

3. Formulation of damped Micropolar-Cosserat damped lamina

A Kelvin-Voigt model is assumed to introduce dissipative forces arising from damping effects
during the vibration and motion. The adopted method is most suitable for modeling the damping
of a structure vibrating in the viscous air [66]. The viscous model with damping dissipative force
is directly proportional to the transverse velocity u,(z,t) of the vibrating system, through the
external linear viscous damping coefficient 7,. As the beam vibrates it must displace air causing
the force, nyiy(x,t) = £yuy to be applied to the structural system [66]. This theory of internal
damping is analogous of strain rate damping, sometimes also called velocity damping; where
additional shear, bending, and couple stresses are TldQ, a? and mcll3, respectively. The damping
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stresses are linearly proportional to the strain velocity through damping coefficients s4, by and
cq, respectively [1, 66]. The introduction of this concept into the undamped relationship for
two-dimensional lamina gives

o1 = 0§ + o = {Cr111€§ + Cr122€5 + by (€5 +¢5) }
= (1 —iwmp) {Cr111€] + Clri22€5},

o2 = 05 + 0§ = {C1122€5 + Ca22€§ + by (€5 + ¢5) }
= (1 —dwnp) {Cr122€] + Cao226€5},

e d
T12 = T2 + Tio

e d
T21 = T91 + To1

= {Cha12¢75 + Crani €5y + sa (€55 +€5;) }

= (1 — iwns) {012126% + 01221651} )

= {Chaz1€7y + Cara1€5; + sa (€15 +é51) }

= (1 —dwns) {Cr1221€75 + C2121€5; },

d .
mi3 = mffg + mig = D1313Kf3 + Cdng
= (1 —iwne) D1313K7s,

J )
mi3 = M5y + mog = Dasas K53 + cq K53

= (1 —iwne) D233 K33,

The equations (18) to (23) for 2-D lamina can be written in matrix form as

(0.1

g2
T12
721
mi3

ma3 )

[6oC11i11 &6Ch122 0 0 0 0
§oCr122 62222 0 0 0 0
_ 0 0 & Cr212 & Cro21 0 0
B 0 0 §&-Cr221 & Co121 0 0
0 0 o 0 EmD1313 0
L0 0 o 0 0 EmDa3a3 ]
D

€]
€
e
€12
€
€21
e

e
KQS/

where by = nyf (01111,01122,02222), Sd = ﬁsf(012127c1221702121), cqg = nsf (D1313,D2323),
£ = —iwny, & = (1 —idwmy), and & = (1 —iwns) = &,. The asymmetric stress and strain

tensors can be decomposed into their symmetric and skew-symmetric components as

where

Ti2 = S12 — T2

(4
€19 = €12 — A12

1
S12 = 3 (112 + T21) = Sa21

1
Tip = 3 (121 — T12) = —1T>1

(25)

(26)

Si2 is the symmetric component and Ti9 is the skew-symmetric component of of,. Similarly,
e12 and Ajp are the symmetric and the skew symmetric components of €5, respectively. Where,
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2 (27)

1
A= (€51 — €19) = — A2

181 The constitutive relationship (17) based on above decomposition relation (25), (26) and (27) of
182 Micropolar-Cosserat lamina is

S1 [6eC11 &Cr2 0 0 0 0 1 ( e
So §:C12 §5Co2 0 0 0 0 €2
Sl _| 0 0  &C33 &C3y 0 0 2e19 (28)
T2 0 0  &C3 &Cuy 0 0 2419 (7
mi3 0 0 0 0 &nCss 0 K3
mas L 0 0 o 0 0 5m066_ \ K23 Y,
D
183 It can be further written for the 1-D damped transversely isotropic lamina as
S1 &:C11 0 0 0 e1
Sz _ | 0 &Cs &Cx 0 2e12 (29)
T2 0  &C3 &Cu 0 2419
mi3 0 0 0 &nCss] | Kis
D

184 The transformation of lamina stress and strain from local to global axis can be done using the
matrix [18], described as

Laminate 4

> X
=45 O=p- =45 /
%

185

2 cs 0 0
—2¢cs (2—=s%) 0 0

[T]4><4 = O ( 0 ) 1 0 ) (30)
0 0 0 c

186 where c and s represents cos f and sin 6, respectively. Hence, the lamina stress-strain relationship
187 in the global directions are derived as

Oy €z
Sy -1 2e,
S b= (1) o 1) 25 @
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The arrangement of global constitutive matrix is as follows

Anne Az, Anze 0
A, A2z, Az, 0
D], = ¢ ¢ ¢ , 32
Dol 1sa Aot Aonz, A2i21, 0 (32)
0 0 0 D,

From equations (11), (31) and (32) it can be written

Oy Anne Az, An2e 0 €z

Say | _ [Aw211e Aw2ize Az 0 Vs (33)
Ty Ao, Aoz, A2z, 0 Ya [
My 0 0 0 DH& sz

The equation (33) gives symmetric and skew-symmetric shear-stresses as

Szy = Ar211.€2 + A1212,7s + A1221.7a
Tyy = Aoinie€x + A2112,7s + A2121.7a
So, asymmetric shear-stresses are
Tey = Say — Toy = { (A1211, — A2111,) € + (A1212, — A2112,) Vs + (A1221, — Ad121,) Va}
Tye = Say + Toy = { (A1211, + A2111,) € + (A1212, + A2112,) Vs + (A1221, + Ad121,) Va }

These asymmetric shear stresses are responsible for curvature moment/force of composite
panel. On setting 7, = 7y, it will convert into the Timoshenko theory.

(35)

4. Balanced and governing equations of motion

Let us consider the stress and displacement field which do not vary across the width. The
elastic constants are functions of x-coordinate. The stress-strain and couple stress components
are independent from out of plane direction signifying that plane-stress element can be con-
sidered. The applied load is so that, no torsion occurs in the beam [38, 43]. The governing
equations are considered together with boundary conditions on traction free faces (oy= Ty,=
Ky, =0,at £y).

4.1. Balanced equations of motion for the FRCP

A harmonic distributed external load, f(t) = ¢e!®!, deals with the steady-state dynamic
response of the system; however a time-independent function has been introduced to simplify the
solution. The time-dependent balanced equations for 1-D Micropolar-Cosserat ESL composite
panel are expressed as

OM, 9*U,
gr ~ Qw P =0 (36)
0Q 2y Ouy 82uy B
OP,. 0%,

+ (Qy;v - Q:cy) - pAJ - 07 (38)

Oz ot?

where U, = [ 4 UzydA, A= cross-section area, I = moment of inertia, and J= micro-inertia
of panel [64]. The stress resultants to reduce the 2-D equilibrium equations into 1-D balanced



o equations are as follows

M, = / NoydA, Quy = / TpydA, Quz = / T,»dA and P,, = / M,,dA. (39)
A A A A

From the anisotropic stress-strain relationship Eqgs. (33), (35) and stress resultants Eq. (39),
following can be expressed for composite panel

k
N, = E Oy
i=1

2

211

k
M, =" AnngLi¢ (40)

=1

k
Txy = E Txy,
=1

212

k
Quy = Z [(311& + Bua,,) Aiuy + (Buyg, — Buag,) Aid + 2B1a, At . (41)
i=1

k
Tya: = E Tyx,
=1

213
k
=1
k
M,, = Z Mzz,
=1
214

k
Py, = Z Dy, An). (43)
i=1

215 P, represents the curvature force due to couple stresses on the basis of constitutive localization
6 (at energy density level) [38, 43].

2

217 4.2. Governing equations of motion for the FRCP

218 4.2.1. Dynamic model of composite

219 e Damped system: The time-independent governing equations of motion for 1-D Micropolar-
220 Cosserat panel are derived by substituting the value of stress and force resultant (40) to
221 (43) into balance equations of motion (36) to (38) are as follows

Z [AZ{ (BII& + BlQ&i) u; + (Blléi - BlQ&i) ‘b/ + 2312£iwl + (pin + gf) “y}] =49 (44)
i=1

Z |:A1111§¢Ii¢” — (B21§z’ + BQQ&) Alu;j =+ ...

=1

. = {(Ba1g, — Baag,) Ai — piliw®} ¢ — 2322@-141'14 =0, (45)



Z [Ai{Dllgin + (Barg, — Eng) “;/ T

=1

e+ (E22€i — Engi) o+ (2322& — 2312& + piJZ’OJQ) 1/}}:| = 0. (46)

222 e Undamped system: If {; = & = &, = 1 and {; = 0, then damped system will be convert
223 into undamped equation

k

Z |:A7,{ (B, + Bi2,) uy + (Bi1, — Bi2,) ¢ +2Bi2,0) + pinuyH =q, (47)
i=1

M-

|:A1111,-Ii¢// — (Ba1, + Bay,) Aiu; — {(Bo1, — Baz,) Ai — piliw®} ¢ + ...

=1

. QBQQZ.AW} =0, (48)

M-

s
Il
R

|:Ai{D11iﬂ)” + (E21¢ — Elli) u; =+ ...

o+ (Ea2;, — E12,) ¢ + (2BQQi — 2819, + piJ,’w2) w}:| =0. (49)

224 4.2.2. Static model of composite

225 On setting the forcing frequency equal to zero into the damped system of Eqgs. (47) to (49),
226 the derived equations are as follows
k
> [Ai{ (Buy, + Bz, w, + (Bu, — Biz,) ¢ + 23124&/}] =0, (50)
=1
227 ‘
[Alllliliéf)u — (Ba1, + Baa,) Ajuy — (Boy, — Bas,) Aip — 2BZ2Z~Ai¢:| =0, (51)
i=1

Z |:Ai{D11iﬂ)” + (E21¢ — Elli) u; =+ ...

i=1

e + (Ezgi — E12i) ¢+ 2 (ngi — Bl2¢) ¢H =0. (52)

228 5. Analysis of Micropolar-Cosserat composite panels
20 5.1. In-plane static response
The analysis of In-plane static system can be done via the substitution method [38]. But
state-space method [43] is preferred for decoupling the system of partial differential equation
with in transfer matrix frame-work. The linear differential equation (50) to (52) of the system



can be written as

[0 0 0 1 0 0
( u; ) 0 0 0 0 1 0 Uy
¢ 0 0 0 0 0 1 b
/ Eno, 2B
v _ 0 0 0 0 e
S Z Elli Elli u’ )
[Z =1 |, Ea9, A; 2B, A; Es1,A; 0 0 (b%/
(b// A1, Aq111, 1 Ar111, 1 /
(G 12, — Boo,  Biz, — Baa, FEn1, — Eo, L
N—— 0 2 0 0 S——
X’ - Dy, Dy, Dy, 1 X
Z;
230
(i), =X {0
U 6x1 ; 66 u 6x1
The solution of the static system of linear differential equations [67-69] can be summarised as
k
U } Q.
§ =gy
{U 6x1 ;%/_/ 6x1
Si(z)
231
U k
{U/} - Z [Si(@)] g6 {C 1 - (54)
6x1 i=1
Where, (; and w; are eigenvector and eigenvalue of [Zi], respectively.
Uy 1 0 0 0 0 0 7 (uy
10) 0 1 0 0 0 0 o)
v | Z 0 0 1 0 0 0 v
M, (|0 0 0 0 A, i 0 u, (
Qzy 0 (Ba21, — Ba,) Ai 2B, A;  (Ba1, + Baa,) Ai 0 0 ¢
P, 0 0 0 0 0 Dy, Ai] W
~—— ——
1% R; X
232
d U
{V}6><1 - Z [Ri]6><6 {U’} (55)
i=1

233 From the Eqgs. (54) and (55), the state vector is represented as
k

{V(x>}6><1 = Z [Ri]axg [Si(x)]GXG {C} (56)

i=1
234 On substituting = 0, and z = L in Egs. (56); the matrix relation between the state-vector
235 and coefficient of two boundaries can be expressed as

k
{C}le = Z [Si(o)]G_xlfs [Ri] 6_x16 {V(O)}le ’ (57)
i=1
236 and i
{C}le = Z [Si(L)]gxlts [RZ] c:x16 {V(L)}le : (58)

=1
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From the coefficient of Eq. (57), the state vector for boundary values can be written as

k
{V(L)}le - Z [Ri](ixﬁ [Si<L)]6x6 [Si(())]ﬁ_iﬁ [Ri}(;xle {V(O)}le' (59)

i=1

Ts,

7

Let us assume, the transfer matrix of a static system as
k
T,,] _ Z [Tni Tm}
Silexe :
X0 Ty Tzl
From the Eq. (59), it can written

Dz} {Tnv le-] {Dl}

= : : , (60)
{FQ ox1 ot T2 UE1 [ g
where {D;} T = {uy,, ¢; ¥;}, {Fj}'={Ms; Quy; Pez} and j=1, 2. From the Eq. (60),
the relationship between displacement, force, and transfer matrix is expressed as

Quy, k I R k . Uy,
My, » = Z [T12i]3X3 G2 ¢ — Z [lei]?)xg, [T11i]3x3 o1y, (61)
rz1 =1 2 i=1 1
Qays k Uy,
M, ¢ = Z [TQli - TQQiTl_QjTlli]g)X:g o1 p + ...
P, i=1 o
i _1 Uy,
-+ Z [T22i]3x3 [lei]SXS ¢2 ¢, (62)
i=1 P2

By assembling Eqs (61) and (62), the relation between damping force and displacement can be
expressed as

R K ~Ti, Thn, T b
v 1 1 : (63)
F i=1 [T, — T, 115 T, Tao,Th,

D2 6x1

6x1 6x6

The composite panel is solved as a 1-D cantilever elastic panel. Hence, for fixed end, {D1} =0
and for free end, M,, = 0 but Quy, # 0 and P,,, # 0. It can be derived from Eqgs. (61) and
(62)

asUy, k ) 0
2 - Z [T12i]3><3 [TQQJ3><3 Quys ¢ (64)
(4> i=1 P,.,
where flexibility and stiffness matrix of cantilever panel are, [1F] 3x3 = Zle [T12J3X3 [T22i];x13
and [K], , = [F] ;3 , respectively. The value of {DQ}T = —[F],, 4 which helps to calculate

L
the curvature moment, P,,, = 2GK,,,[2. From the Eq. (58) and (64) the value of coefficient is

derived as

k 0
{C}le = Z [Ri](;xls [Si(L)]:;xls [T12}3><3 [Tﬂ];xl?) Quys ’ (65)
=1 22 J 3x1

The value of the Eq. (65) is used with Eq. (56) to find out macro and micro-displacements,



251 yield stress and force resultants of cantilever FRCP. The finite element analysis of plane-stress
252 element to validate the in-plane static response is shown in Fig. 2. The volume and surface
253 area of panel are LWT and 2(LW + LT + WT), respectively. The salient features of the finite
254 element model are given as

255 Geometry: 3-D deformable shell planar element
Section: Homogeneous solid
Mesh size: 0.025m

Mesh controls: Quad-dominated

256
257
258
Element shape: Quad
Element type: S4R

259

AN i

260

U, Magnitude

+1.369%e-08
+1.255e-08
+1.141e-08
+1.027e-08
+9,129%e-09
+7.988e-09
+6.847e-09
+5.706e-09
+4.565e-09
+3.423e-09
+2.282e-09
+1.141e-09
+0.000e+00

Fig. 2: In-plane static response (m) of undamped FRCP caused by the transeverse shear traction; for dimension
1m x Im x 0.15m.

1 5.2. Dynamic response of composite panel
The dynamic system of coupled Eqgs. (44) to (46) have no classical representation. So, it
is necessary to represent the coupled system as a two-scale matrix via sufficient and necessary



decoupling conditions [54]. The separation variable matrix of coupled equations is expressed as

k (Bllgi + Bl?gi) Az 0 0 u;
0 AHH&L' 0 (b +
=1 0 0 DH&,AZ' w//
~ SN——
My; U’
0 (Biig; — Biag,) Ai 2B1a,, A uy
Z — (321&. + BQQ&) A; 0 0 +
i=1 (Engi — Ellgi) Al 0 0 ’(/J
——
De¢i v’
ko[ piAiw? 0 0 Uy
Z 0 {piliw* — (Ba1,, — Baa,,) A} —2B,; Ai ¢ =0,
i=1 0 (Ea,, — E1a,,) Ai (2B, — 2Bia,, + piJiw?) Ai| (@
~~ SN——
Ke; U
k
> [M&U + DU + K&U} =0
i=1
262
k
S U+ M DU +M§;1K@U] =0, (66)
=

1
The generalized formulation of Eq. (66) via the graphical representation of state-space method

are as follows B}
{U} _ Z [—MalDfi —MéilK&-] {U}
U 6x1 i=1 I?’ 0 6X6 u 6x1
———— N——

X/ ZE'L X
263
k

(X} =3 [2a) {X}. (67)

i=1

The solution of the above dynamic system of linear differential equations [67-69] is summarised

as )
Ul _ Qe
()., Sesen

=1 Sei(z)
264
U k
{U }6 . - Z [Sfi(x)]GXG {C}le‘ (68)
X i=1

Where, (¢; and wg; are eigenvector and eigenvalue of [Z@-], respectively. The state vector (or V
matrix) by using displacement u,, ¥ , ¢ and resultants force Eqgs. (40) to (43) can be expressed
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266

267
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270

271

272

273

uy 0 0 0 1 0 0
10) 0 0 0 0 1 0
v _ 3 0 0 0 0 0 1 U
M, — 0 A1111£i[i 0 0 0 0 Ul’
Quy | (B2, + Bazg,) A 0 0 0 (Baig — Bao)Ai 2Ba, A,
Py i 0 0 DugA; 0 0 0|
——
v Re;

However, the formulation can be generalized as

k ,
{V}6><1 = Z [Réi]ﬁxﬁ {([]] }le ) (69)

i=1
From the Egs. (68) and (69), the relation between state vector and coefficient is expressed as
k

{V(‘r)}6><1 = Z [Rfi]6><6 {S&(m)}ﬁxﬁ {C}le ’ (70)

i=1
Using end conditions z = 0 and z = L, the relation between state vector V(0) and V(L) is
expressed as
k

{V(L)}le = Z [Rfi]ﬁxﬁ {Sfi(L)}axﬁ [S&'(O)]gxl6 {Rfi}a_xlb‘ {V(O)}6><1 : (71)

=1

T{i

Let us assume, the transfer matrix of a dynamic system as
k
Tl =3 |1 7|
66 ; T Toz, 6x6

So, Eq. (71) can be written as

k
Dz} [Tng- T125-] {D1}
— [ 7 , (72)
{F2 6x1 ; Dore Toogi gy L1 ) 65y
By using spectral element method, the Eq (72) can be described as

{F} = Z [Tu&i];xl:; {D2} - Z [Tw&];xl?, [Tllﬁz‘]sxs {D1}, (73)

i=1 i=1

Similarly,

k k
_ -1
{F2} = Z [TQI& - T22£iT122iT11€i}3X3 {Dl} + Z [T22§i]3><3 [ngi]gxg {DQ} ) (74)
i=1 i=1
By assembling Eqs. (73) and (74), we can get relation between force based damping and dis-
placement

-1 ~1
Fy Zk: Ty, Thng, T, Dy
_ . (75)

— 1 —1
=1 | T, — Too T, Ting Tozg, Ty Dy

Fy
26 | 6x6

6x1 6x1
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where {Dj} T — {uyj ¥ zp]} {F }T {MZ] mej ij} and j=1, 2. For a cantilever
panel, the relation between displacement and force is

Uy, k 0
2 Z Tl?sz 3><3 T225J3i3 Qays ¢ (76)
o i=1 P,
The value of coefficient is
k 0
{C}ﬁxl - 21 [Ril}ﬁxs [Sei(L )]3><3 [T12£z]3x3 [T22£1]3x13 Qays : (77)

rz2 J 3x1

The analytical relation between stiffness parameter and damped frequency can be evaluated
from the Eq. (75) for any type of boundary conditions.

5.8. Natural frequency of composite panel
The necessary and sufficient conditions to convert a damped system into an undamped one
are; & = & = &, = 1 and { = 0. The undamped relation between state vector V(0) and V(L)
for boundary conditions, x = 0 and x = L is expressed as
k

{V(L)}6><1 - Z [Ri}GXG {Si(L)}6x6 [5:(0 ]6><6 {R: }6><6 {v }6><1' (78)

=1

Tyi

Let us assume, the transfer matrix of an undamped dynamic system as
k
h o]
66 ; o1, Toz, |6
Eq. (78) can be written as

k
CIES D R L )

So within spectral element framework, new relation of static stiffness with force and displacement
using state-space approach is

a2 k T T, T3 Dy
=2 , (80

: 1 1
Fy i=1 [T, — T, 115 T, 1oz, 17,

6x1 Do 6x1

6x6

For the forcing frequencies (or w); when the values of transfer matrix coefficient, [TQQZ.T 1}}] 3v3
will be equal to zero; those values will be natural frequencies (or wy,). The finite element analysis
of Plane-stress element to validate the free-vibration response is shown in Fig. 3. The volume
and surface area of panel are LWT and 2(LW + LT + WT), respectively. The salient features

of finite element model for evaluating natural frequencies of the cantilever panel are given as

1. Geometry: 3-D deformable shell planer element.
Section: Homogeneous solid.

Mesh size: 0.025m.

Mesh controls: Quad-dominated

Element shape: Quad.

Element type: S4R.

A i
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Fig. 3: FE undamped model based static stiffness for the natural frequency of first mode is 34.22 Hz; for dimension
1m x Im x 0.15m.

6. Results discussion of anisotropic domain FRCP

Consider a composite cantilever panel with following geometric and material properties
to compare the in-plane static and natural frequency response: Modulus of elasticity, E; =
72.40 GPa and E, = 3.45 GPa. Poisson ratio, vy = 0.22 and v, = 0.35. Mass density,
ps = 2600 kg/m* and p,, = 1200 kg/m>. Volume fraction, Vy = 0.70 and V,;, = 0.30. Length,
L =1 to 3 m, Width, W = 0.15 to 2.75 m, Thickness of lamina, ¢ = 0.05 m and Thickness of
laminate, 7' = 0.15 m. The effective elastic properties and orientation of composite lamina are
described in the table

E Ey = FE33  Gi2 = Gi3 Gas Vg =113 193 p 0
(GPa) (GPa) (GPa) (GPa) (Kg/m?) (deg)
51.72 10.35 6.91 3.89 0.26 0.33 2180 45/0/45

E
Note: Relation between poission ratio and young modulus is vo3 < {1 — 21/f3 (E_H) }
33

6.1. Displacement of composite panel
Micropolar-Cosserat analysis with respect to FE analysis for 1 N/m? surface traction at free
end with the varying dimensions are summarised in the sections given below:

e The lateral deflection and corresponding stiffness of cantilever panels are found directly
from FE analysis. Typical graphs for comparative analysis of lateral deflection and stiffness
are shown in Fig. 4.

e The rotation of cross-section is derived with the help of longitudinal and lateral deflections
of a panel which are found from FE analysis. Typical sketch, formulation of macro and
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micro-rotation [65], and graphical comparison of rotation of cross-section is shown in Fig.
4. The rotation of cross-section about the neutral axis is expressed as

w. /ABZ+AB2
p=|-——++——|, (81)
Yy Yy

0
where, AB, = —g sinf, AB, = g (1 —cosf), 6= %, and y = %

e The relative rotation of micro-structure [65] based on the displacement field are shown in
Fig. 4. The average rotations of micro-structure is

-3 %)

Using the Eq. (81) and (82), micro-rotation is based on lateral and longitudinal displace-

ment as described by
1 [ Uy AB; + ABj B 8uy] (83)

Y Y Or

The finite element solutions for in-plane static responses predicted by ABAQUS are in excel-
lent agreement with Micropolar-Cosserat analytical solutions using the spectral element method
within state-space framework. This theory provides curvature moment to capture the curva-
ture of edges; and as the size of panel increases the corresponding best response comes out
for in-plane undamped layered composite panel [38, 43]. The macro and micro-displacement of
fiber-matrix composite into Micropolar-Cosserat framework is based on the second-order scale
length parameters [18]. The constitutive matrix (or energy density), and characteristics length
(or strain softening) based curvature moment is the function of localization of mesh sensitivity
of composite panel [70]. The localization associated with strain softening is neither necessary
nor sufficient in setting the constant width of the shear band and energy dissipation during the
time of computation [48, 64].

6.2. Natural frequency

2

The numerical value of P has been multiplied with natural frequency and plotted against
12

the reduced scale natural frequency for CRFP cantilever panel; and compared graph is shown
in shown in Fig. 4. The natural frequency response of Micropolar-Cosserat composite panel
matches closely to numerical analysis of plane-stress element. Another important feature of
the composite materials is the bond behaviour; the matrix damage in laminated composites
accounting for the in-homogeneous distinct properties of the fiber and matrix, i.e. the elastic
constants, are continuous functions of the bond orientation in the principal axes [71]. So,
macro-mechanics of composite laminates and corresponding stiffness of off-axis modulus changes
continuously with respect to the delamination of fiber orientation in a unidirectional lamina
[26, 72, 73]. The continuous change into the off-axis modulus leads to wave mode conversion
[74]. The propagation of waves having high frequencies or short wave lengths [75], in particular,
when the wave length is of the same order of magnitude as the average dimension of the micro-
elements, the intrinsic motion of the micro-elements with respect to the center of mass affects
the outcome appreciably [76].
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Fig. 4: In-plane static and dynamic response of undamped transversely isotropic layered composite panel. Natural
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frequency is scaled by a proper factor, g—
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6.3. Damping response of the panel

The response of a FRCP for 1 N/m? as a surface traction at free end with internal damping
only, and with zero external damping are plotted in Fig. 5. In-plane static response and natural
frequency of composite panel is matching with undamped response of Fig. 5. The macro and
micro-displacement has been normalized with respect to its static value of damped response;
where size of panel considered is 1m x 1m x 0.15m. Macro and micro-displacement, as well
as forcing frequency is gradually decreasing due to damping dissipation [77]. The individual
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Fig. 5: Variation of coefficient of bending stress, by and shear stress, sq for the composite panel; size of panel

Im x 1m x 0.15m.

behaviour of diagonal stiffness element and corresponding phase angle are shown in Fig. 6 and
Fig. 7, respectively. The diagonal stiffness elements have been normalized by the corresponding
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static values of damped response. The phase angle is described by

1

real value of stiffness

phase angle = cos™

{real value of stiffness}? + {imaginary value of stiffness}?

(84)
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The normalized value of forcing frequency is plotted by multiplying the constant value of { | —=——
12

rad/ sec. The amplitude and phase angle of the response of a viscoelastic damped system at
resonance is dependent on the damping coefficient of the system [1]. In a viscoelastic damped
system, resonance occurs when damped forcing frequency is equal to undamped natural fre-
quency [78]. So, for ratio of damped forcing frequency to undamped natural frequency much
lesser than 1 , resonance is very close to undamped natural frequency and hence the phase differ-
ence angle is, —m/2. Also, it is noteworthy that the phase before resonance is very close to zero
and after resonance is, —m [79]. Similarly, the amplitude is very low expect near the resonant
frequency. When the phase angle reaches close to zero degree, then the amplitude reaches close
to 1, i.e. very less amplification is observed [80]. So, to summarize, as damping increases in the
system, both the phase angle and amplitude at resonance decreases. Also, the rate of change
near the neighborhood decreases which means that the transition near the resonance is smoother
[81]. Phase response at resonance frequency for stiffness element, [K33] and [Kgg] of FRCP is
changing from one phase to another phase. The phase propagation through the composite panel
has negative and positive slope at the left and right side of the resonance frequency, respectively.
So, the medium has a band-gap region of zero wave propagation at resonance, which results in
constant phase across the medium [82]. In other words, the propagation of the wave is backward
at the resonance which results in negative phase slope across the medium [83].

7. Summary of the results

One-dimensional Micropolar-Cosserat anisotropic elastic beam theory is used to evaluate
the in-plane damped and undamped response of the composite panel. The conclusion from the
study of static and dynamic systems are listed below.

7.1. Damped systems
e The analytical expression is derived for the external as well as internal damping system.
The dynamic response shown in the plots is limited to the internal damping.

e The analytical response of internal damping is evaluated by spectral element method within
state space framework.

e Mathematical response and significance of damped FRCP; displacement, diagonal stiffness
and phase angle are presented.

e In-plane static response and natural frequency shows good agreement for undamped re-
sponse, as depicted in Fig. 5

7.2. Undamped systems
7.2.1. Static systems
e This system is able to predict the presence of curvature or micro-rotational displacement
field of fiber deformation.

e Spectral element method within state-space framework is used for the snapshot of macro
and micro displacements of composite panels.

e Finite element model of panel is validated with Micropolar-Cosserat analysis.
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e The comparative study shows that difference in macro and micro-deflection, and stiffness
are less than 3%; when the width of infill walls is limited up to 0.75L.

7.2.2. Dynamic systems
e The Micropolar-Cosserat FRCP is able to predict the presence of the dispersive phe-
nomenon of flexural waves.

e Spectral element method is used for evaluating the natural frequencies of panels.

e Finite element simulations of panel walls and Micropolar-Cosserat theory shows good
agreement.

e The comparative study shows that difference in natural frequencies are less than 5% when
the width of infill walls is limited up to 0.75L.

8. Conclusions

The micromechanics of lamina’s approach for homogenised fiber-matrix structure is very ad-
vantageous in predicting the behavior of the composites, accurately. But, asymmetric curvature
pattern is observed in the FRCP due to structurally unbalanced and asymmetrical orientation
of lamina about the mid-plane. The ESL theory into Micropolar-Cosserat continuum provides
a good agreement to macro and micro-deformation, and natural frequency using the spectral
element method; when compared with plane stress FE model. The contribution of the paper
and novelty of this work includes:

e The micro-mechanical conversion of local to global lamina based on Rodrigues rotational
formula for damped composite panel is the unique features of this study.

e The proposed analytical approach using spectral element method with in state-space frame-
work can be used to evaluate the damped response of composite panel for any type of
boundary conditions.

e In the present paper, the curvature force has been considered due to asymmetric shear at
free end to find the exact undamped and damped response of FRCP.

e The validation of theoretical independent micro-rotation of panel with the help of un-
damped static response of the plane-stress element has not been presented before else-
where.

e The analytical results evidenced a good agreement with finite element analysis due to
incorporation of proposed exact boundary condition at free end.

On the basis of the study of transversely isotropic Micropolar-Cosserat layered composite panels
conducted here, future works will consider damping evaluation of composite panels with auxetic
core material. This will help to customise overall damping in composite materials.
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Appendix A. Elastic stiffeness composite panel
Appendiz A.1. Fiber properties of lamina
Enw=EV; +E,.2Vp, Fro= 57—, G = 77—, Gpy = 77,
W= BV B B2 = p e v L T 3T o) T T 2 o)
GiGm v12FEo
—_— =iV Vin, =
G Vi 1 GV Vig = VgVy 4+ Um Vi, Va1 o
where vy, Up, Ef, En, Gf, G, pf, pm, and [(= 0.02 x L) [49] are Poisson ratio, young
modulus, shear modulus, density and characteristics length, for the unidirectional fiber and

matrix of anisotropic domain lamina, respectively.

and p = psVi + pi V.

Appendiz A.2. Constant of local constitutive matriz

E? (vo3 — 1) Ess (E22V%2 - En) E11E91v19
Cpp = 22 2 0y = , Clg =Co = ——2= A\ =2E513
11 A , Cog AL+ v23) 12 = (21 = A ) 20V +
G G
Ei1(vo3 — 1), C33 = Gia, C34 = 2172 Cy = 79127 Cs5 = 2G120%, C1111 = Ch1, Cazza = Caa,

1 1 1
Cii22 = Ci2, Ci212 = Cs3 + ZC‘M + 20734, Ci221 = C33 — 1044, Co121 = Cs3 + 1044 — 2C34,
D313 = Css, and Dazaz = Cgg [18, 49].

Appendiz A.3. Global constitutive matrix constant
Appendix A.3.1. Damped system

M &, 2¢, sM.s& sM & s&r
A, = Cn ;f + 2C53 Pi Az, = 0121 c;:f —Cs3 ;:f Ana; = —Cs ;CS
cséy csér € Mcsér O34+
Ao, = 2Cn P 2033 —— P Ar212,;, = 2Cny . + Cs3 . A1221€i = Pics Ao, =

2
—2¢s&:Csa, Aonrz,; = C3aMes&r, Anan,, = &Cua, D1y, = €mC'55, s = — 5% and P, =
2, 2 ' '

c” + 5%

Appendix A.3.2. Undamped system

M. 52 sM, SM.s
Ann = Cii—— P + 2033PCS An;z = Ch PCC: — C33—— D Ar121 = —Csp—— Pcs A211 =

cs M, C
2011Pcs - 2033PCS Ar212 = 2C11—— Pcs + C33—— Pcs A1201 = P34 Aoi11 = —2¢5C34, Azi12 =

2
C34Mes, Aoio1 = Cua, D11 = Cs5, Mg = c* — s , and Py = c? + s

Appendiz A.4. Stiffness parameter of ESL
Appendiz A.4.1. Damped system

Bii,, = (Ai212,, — Aon12g, ), Bz, = (Aroz1g, — Aniz1g, ), Boig, = (Aiaizg, + Aoi12,, ), Boag, =
&i (Ao, + A212151), Ey, = (Bug, + 312&) Erg,, = (311& — 312&), Ean, = (321& + 322@),
E,, = (53215, 32251-).

Appendiz A.4.2. Undamped system

B, = (Ai212, — A2112,), Bi2, = (Ai221, — A2121,), Bo1, = (Ai212, + A2112,), B2z, = (A1221, + A2121,),

E1, = (B, + Bia,), Eig, = (B11, — Bia,), Eo1, = (Ba1; + Bay,), Eoa, = (B2, — Bay,).



635 where ¢ =number of transversely isotropic lamina of having either the same or differing
e3s properties and i = 1, 2,...k. The maximum value of & is 3.
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