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Abstract.We analyze the propagation of high-frequency gravitational waves (GW) in scalar-
tensor theories of gravity, with the aim of examining properties of cosmological distances as
inferred from GW measurements. By using symmetry principles, we first determine the most
general structure of the GW linearized equations and of the GW energy momentum tensor,
assuming that GW move with the speed of light. Modified gravity effects are encoded in
a small number of parameters, and we study the conditions for ensuring graviton number
conservation in our covariant set-up. We then apply our general findings to the case of
GW propagating through a perturbed cosmological space-time, deriving the expressions for
the GW luminosity distance d(GW)

L and the GW angular distance d(GW)
A . We prove for the

first time the validity of Etherington reciprocity law d
(GW)
L = (1 + z)2 d

(GW)
A for a perturbed

universe within a scalar-tensor framework. We find that besides the GW luminosity distance,
also the GW angular distance can be modified with respect to General Relativity. We discuss
implications of this result for gravitational lensing, focussing on time-delays of lensed GW and
lensed photons emitted simultaneously during a multimessenger event. We explicitly show
how modified gravity effects compensate between different coefficients in the GW time-delay
formula: lensed GW arrive at the same time as their lensed electromagnetic counterparts, in
agreement with causality constraints.
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1 Introduction

The propagation of gravitational waves (GW) through cosmological distances offer promising
new avenues for testing cosmology. For example, information on the GW luminosity distance
as extracted standard siren events can be used to probe the distance-redshift relation [1–6],
leading to measurements of the present-day Hubble parameter using GW observations [7].
Also, gravitational wave measurements allow us to test deviations from General Relativ-
ity (GR): in fact, GW results have been recently applied for excluding modified gravity
models predicting a speed of gravitational waves different than light [8–11], as earlier sug-
gested in [12, 13]. Measurements of the GW luminosity distance can also be used to probe
modified gravity friction effects for GW travelling through cosmological backgrounds, see
e.g. [14–36, 45]. In the future, precision GW measurements at high redshift, provided by
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LISA [37–40] and the Einstein Telescope [41] will offer new possibilities for testing our un-
derstanding of gravity and cosmology. With this aim in mind, it is imperative to further
theoretically characterize the propagation of GW in alternative theories of gravity, also tak-
ing into account the implications of cosmological inhomogeneities [42–44] that might influence
or be degenerate with modified gravity effects. This is the scope of this work, concentrating
on high-frequency scalar-tensor theories of gravity in the limit of geometric optics. We focus
our analysis on propagation effects only, assuming that at emission the properties of GW is
identical to General Relativity.

In section 2 we use of symmetry principles based on coordinate invariance for charac-
terizing our scalar-tensor system and the behaviour of propagating degrees of freedom. We
make use of a fully covariant formulation, spelling out in detail symmetry properties un-
der coordinate transformations for each of the sectors involved. This allows us to carry on
a general, model independent analysis of scalar-tensor systems, also identifying physically
reasonable conditions for decoupling the evolution equations of different sectors.

Basing our considerations on symmetry principles based on coordinate transformations,
we then derive in section 3 the most general structure of the high-frequency GW evolution
equations and energy-momentum tensor, for a scalar-tensor set-up in the limit of geometric
optics. We also define a covariant condition to express graviton number conservation in
our framework (see also [45]). Modified gravity effects factorize in front of our expressions,
and the overall factor has a simple physical explanation in terms of the modifications of the
linearized evolution equations.

We obtain a set of covariant equations that can be used in a variety of situations.
In section 4 we apply them to the study of GW propagating through a perturbed cosmo-
logical space-time. In fact, distinguishing implications of modified gravity from effects of
cosmological perturbations will be a crucial step for extracting physical information from
future GW detections. Building and extending the classic results by Sasaki [46] (developed
for studying propagation of photons in a perturbed cosmological universe within General
Relativity) we derive the expressions for the GW luminosity distance d(GW)

L and the GW
angular distance d(GW)

A . We prove for the first time the validity of Etherington reciprocity
law d

(GW)
L = (1 + z)2 d

(GW)
A for a perturbed universe within a scalar-tensor framework, for

scenarios where graviton number is conserved. Since this relation is at the basis for relat-
ing angular and luminosity distances in GW measurements, it is of crucial importance to
prove its validity in a general theory of gravity for GW propagation on a general space-time.
(See [47] for a recent work discussing probes of Etherington reciprocity law using GW mea-
surements.) Given that GW luminosity distances can be modified with respect to GR, also
angular distances can receive corrections.

Values of angular distances d(GW)
A are important in phenomena involving strong lensing

of GW, for example for the time delay of lensed GW. Strong lensing of GW can be important
in the future for providing alternative ways for determining cosmological parameters (see
e.g. [48]). When focussing on the limit of geometric optics for studying the propagation of
GW and electromagnetic waves, since they both follow null-like geodesics we expect that
GW and light arrive at the same time at the detector, if they are emitted at the same
time [49, 50]. In section 4.3 we explicitly show how to express the GW time-delay formula in
terms of combinations of d(GW)

A , in such a way that all effects of modified gravity compensate
and one finds identical time-delays for GW and electromagnetic signals, if they are emitted
simultaneously during a multimessenger event.

Our conclusions can be found in section 5, and are followed by six technical appendices.

– 2 –



J
C
A
P
0
6
(
2
0
2
1
)
0
5
0

2 Our set-up

We develop a covariant approach for investigating the dynamics of high-frequency modes in
scalar-tensor theories of dark energy. Symmetry arguments based on coordinate invariance
allow us to determine general formulas describing the evolution of high frequency gravita-
tional waves.

Our set-up is described by a covariant action

S =
∫
d4x
√
−g

[
M2
P

2 R− L(gµν , φ,matter)
]
, (2.1)

coupling gravity with a scalar field φ — the dark energy (DE) field — and with additional
matter fields, schematically indicated with matter in action (2.1). We make the hypothesis
that this action is invariant under diffeomorphism transformations, i.e. coordinate reparam-
eterization invariance: xµ → xµ + ξµ(x) for arbitrary infinitesimal vector ξµ. We do not
need to further specify the structure of the Lagrangian L for our arguments, but in what
follows we assume that matter fields are minimally coupled with the metric gµν (possibly
after performing appropriate conformal transformations to select a Jordan frame). The dark
energy field φ, on the other hand, can have non-minimal kinetic couplings with the metric,
that generally influence the propagation of GW. See e.g. [51] for a comprehensive review
on modified gravity models including scenarios with non-minimal couplings of scalars with
the metric.

One of the delicate issues in studying GW propagation in modified gravity is to dis-
tinguish tensor from scalar fluctuations, and correctly identify their roles in the evolution
equations of high-frequency fields. This topic started with the classic papers [52, 53], and
has been recently reconsidered in [54–58] using a variety of methods. The issue can be
subtle in theories where scalar and metric fluctuations propagate with different speed, a
phenomenon associated with spontaneous breaking of global Lorentz invariance by means of
a non-vanishing time-like gradient for the dark energy field. Here we develop a covariant
approach to address the problem, more similar in spirit to the original works of Isaacson
and to the effective field theory of inflation [59] and dark energy [60] (see e.g. [61] for a
comprehensive review). Our framework is distinct from ones based on decomposing graviton
helicities in terms of their rotational properties with respect to the GW axis of propagation.

The perturbative expansion in high-frequency fields

We base our considerations on a double perturbative expansion for the metric and the scalar
field around quantities solving the background equations, as [62, 63]. Schematically, we
expand metric and scalar fields as

gµν(t,x) = ḡµν(t,x) + hµν(t,x) , (2.2)
φ(t,x) = φ̄(t,x) + ϕ(t,x) , (2.3)

and we are interested to study the dynamics of the metric and scalar perturbations hµν and
ϕ. In the previous expression fluctuations are distinguished from the background both for
their absolute size — we call it expansion in the amplitude, controlled by a parameter α
— and for the size of their gradients — we call it expansion in gradients, controlled by a
parameter ε. More specifically:

– 3 –
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- The α-expansion in the amplitude is used to define the so-called linear (first order) and
quadratic (second order) approximations, and is common in cosmology. The parameter
α is a book-keeping device to denote the order of amplitude expansion.

- The ε−expansion in gradients is controlled by the physical quantity

ε = λ

LB
, (2.4)

controlling the ratio among the typical (small) wavelength λ of the high-frequency fields
versus the (large) scale LB of spatial variation of slowly-varying background quantities.
Among the latter, we include a dark energy scalar φ̄(x) whose time-like profile varies
on scales of order LB.

The fluctuations hµν and ϕ are thought as high-frequency fluctuations whose gradients are
enhanced by a factor of 1/ε with respect to the background; moreover, they are small per-
turbations whose amplitude is suppressed by a factor of order O(α) with respect to the
background.

The possibility to use ε as small parameter to organize a perturbative expansion is
one of the key observations of Isaacson: his approach is reviewed and expanded in the
textbooks [64, 65]. We adopt it here, extending the discussion of [55]. This framework
allow us to implement a geometric optics limit where a generic small fluctuation σ(x) (scalar
or metric) is decomposed into a slowly-varying amplitude, and a rapidly-varying phase (we
understand the ‘real part’ symbol in what follows)

σ(x) = Aσ(x) exp
(
iψσ(x)
ε

)
. (2.5)

ε is the small parameter of eq. (2.4) controlling the rapid phase variations. The evolution
equations contain up to second order derivatives in the fields: hence, substituting Ansatz (2.5)
in such equations, we expect contributions scaling as 1/ε2, 1/ε, plus positive (or null) powers
of ε. The geometric optics framework focusses on the leading (1/ε2) and next-to-leading
(1/ε) orders in expansion in the small parameter ε — controlling respectively the evolution
of phase and amplitude — and neglects the higher-order terms.

The symmetry transformations
We consider coordinate transformations acting on the quantities hµν and ϕ. We denote the
gradient of the low-frequency scalar mode profile as

∇µ φ̄ = vµ , (2.6)

spontaneously breaking global coordinate reparametrization along the direction of the time-
like vector vµ. The vector vµ can be thought as being associated with cosmological accel-
eration, analogously to the approaches of the effective field theory for inflation and dark
energy [59, 60], and plays a special role in our discussion. From now on, all covariant deriva-
tives are taken with respect to the low-frequency metric field ḡµν of eq. (2.2), used also to
raise and lower indexes. The non-vanishing gradient (2.6) has important implications for
diffeomorphism transformations. Under a change of coordinates the linearized fluctuations
transform as

hµν → hµν −∇µξν −∇νξµ , (2.7)
ϕ → ϕ− vµ ξµ , (2.8)

– 4 –
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for infinitesimal vector ξµ. The scalar symmetry transformation (2.8) corresponds to a non-
linearly realized diffeomorphism transformation, after the spontaneous space-time symmetry
breaking associated with the scalar gradient vµ.

We assume from now on that the amplitude of hµν is of order O(ε0) in a gradient
expansion, and we neglect in what follows possible contributions of order O(ε1) and higher
in the ε-parameter. (We checked that, even including those contributions, the arguments we
develop are all still valid.) In order to actively apply the transformation on the fast moving
modes hµν we assume that the size of ξµ is reduced by a factor of ε with respect to hµν . i.e.

O (ξµ) ∼ εO (hµν) . (2.9)
The gradients of ξµ in eq. (2.7) enhance its contributions by a factor O(1/ε), so that the
result is of order O(1/ε) × O(ε) = O(ε0), i.e. of the same order of hµν in an ε-expansion.
Again, for simplicity we assume that ∇µξν does not receive contaminations at order O(ε1),
since as mentioned above we neglect contributions of order O(ε1) and higher to the metric
fluctuations hµν .

What can we say about the size of ϕ? We start noticing that the symmetry trans-
formation (2.8) ‘turns on’ high-frequency scalar excitations even if they are initially absent.
The dynamics of the two sectors, metric and DE perturbations, is inevitably coupled in their
path from emission to detection. Even if DE fluctuations are not produced at the source (for
example thanks to some screening mechanism), they can be generated by metric fluctuations
that are travelling from source to detection. We then expect that propagation effects are
able to excite scalar modes with an amplitude suppressed by a factor of O(ε) with respect to
metric fluctuations:

O(ϕ) ∼ εO(hµν) . (2.10)
Then, scalar modes transform non-trivially under the non-linearly realized diffeomorphism
transformations controlled by the quantity vµ ξµ (which is of order O(ε1)).

Our expectation encoded in the hierarchy (2.10) is also supported by interpreting scalar
fluctuations ϕ as ‘Goldstone bosons’ of global space-time symmetries broken by the scalar
profile vµ [59, 60]. The size of the background gradient is of order ∇µφ̄ ∼ L−1

B . Keeping
a fixed high-frequency wavelength λ for the metric fluctuations hµν , in the limit ∇µφ̄ → 0
(or equivalently LB → ∞) we expect the scalar Goldstone modes ϕ to be absent, since
the symmetry is restored, and Goldstone bosons do not propagate. The size of the scalar
excitation ϕ can be then expected to be suppressed by a factor λ/LB ∼ ε with respect to
metric fluctuations, in agreement with eq. (2.10). Motivated by these arguments, we impose
the hierarchy (2.10) for linearized fluctuations.

Under these hypothesis, in the technical appendix A we build combinations of scalar
and metric fluctuations that transform conveniently under coordinate transformations. After
appropriate gauge fixings, we single out a transverse-traceless dynamical fluctuation h(TT )

µν of
order O(ε0), orthogonal to the vector vµ, that we identify with the high-frequency GW. Its
dynamics is invariant under the residual transformation

h(TT )
µν → h(TT )

µν −∇µξ(T )
ν −∇νξ(T )

µ , (2.11)

where ξ(T )
µ is a vector orthogonal to vµ, which satisfies additional gauge conditions we spell

out in appendix A. The remaining high-frequency degrees of freedom are scalar modes. We
develop arguments to show that, under the condition that scalar and GW propagate with
different velocities along different geodesics, such scalar perturbations decouple from GW

– 5 –
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modes at linear order in perturbations. From now on, for definiteness, we then concentrate
on studying the dynamics of the transverse-traceless GW modes h(TT )

µν , leaving the study of
the independent scalar sector, when propagating,1 to a separate work.

3 GW evolution equations and energy momentum tensor

Symmetry considerations provide a powerful tool for constraining the dynamics of our system.
In fact, we can use symmetry arguments to determine the structure of the linearized GW
equations of motion and energy-momentum tensor, with no need to rely on specific models.
This is the aim of this section.

3.1 The linearized evolution equations

Isaacson, working in the context of the geometric optics limit of General Relativity (GR),
shown that the original diffeomorphism invariance is preserved order-by-order in the gra-
dient expansion, and at each order in ε the system is invariant under coordinate transfor-
mations [62, 63]. This property further demonstrates the utility of the perturbative scheme
based on gradients, which can be made compatible with the symmetries of the original the-
ory, at least within the limits of geometric optics. We now make use of this fact in the
scalar-tensor framework we are interested in. We change perspective and impose the sym-
metry invariance of the evolution equations at each order in the ε-expansion. As we will see,
this viewpoint allows us to write the most general structure for the equations governing the
GW dynamics, and to encode the effects of modified gravity in few physically transparent
parameters.

Our starting point are the Einstein equations for high-frequency GW fluctuations, ex-
panded at first order O(α1) in the amplitude. Calling Gµν the Einstein tensor, and with the
suffix (n) the order of the amplitude α-expansion, the system of equations can be written as

G(1)
µν

[
h(TT )
ρσ

]
|ε−2, ε−1 = T (1)

µν

[
h(TT )
ρσ

]
|ε−2, ε−1 , at order O(α1) , (3.1)

where h(TT )
µν are the transverse-traceless fluctuations, orthogonal to the vector vµ, that we

identify with GW — see the discussion around eq. (2.11). We focus our attention to the
leading and next-to-leading orders ε−2 and ε−1 in the ε gradient expansion, which define the
geometric optics framework as discussed after eq. (2.5). Such contributions are obtained by
singling out terms containing respectively second and first derivatives on the fields involved.
As stated at the end of the previous section, we focus on the evolution of the GW tensor h(TT )

µν

only, and postpone an analysis of dynamically independent high-frequency scalar modes to
a separate work.

In the usual geometric optics Ansatz of GW propagation in GR, it is costumary to
assume that matter fields are slowly-varying, and one considers the evolution equations at
order 1/ε2 and 1/ε as free equations (Tµν = 0). Here we go beyond this hypothesis. In fact,
a dark energy scalar field plays an important role in determining the behaviour of gravity at
large cosmological distances. Kinetic couplings between scalar and metric lead to derivatives
acting on the high-frequency modes, contributing to the effective linearized EMT T

(1)
µν . Non-

minimal couplings between the dark-energy scalar and the metric are in fact common and
well-motivated in theories of dark energy and modified gravity.

1Proposals exist for building scalar-tensor theories that do not propagate scalar modes — see e.g. [66].
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Nevertheless, symmetry considerations allow us to determine the general structure of
T

(1)
µν , without relying on specific models. We demand that GW propagate with the speed of

light. Since h(TT )
µν satisfies a transverse-traceless gauge, as well as the orthogonality require-

ment vρh(TT )
ρσ = 0, one finds that the left-hand-side of (3.1) reads

G(1)
µν

[
h(TT )
ρσ

]
|ε−2, ε−1 = −1

2 �h(TT )
µν |ε−2, ε−1 . (3.2)

We can now discuss the allowed structure for the linearized energy-momentum tensor T (T )
µν

contributing to the GW evolution equation at orders ε−2 and ε−1. It should be transverse-
traceless, and orthogonal to vµ at orders ε−2 and ε−1; moreover, it should be conserved at
order ε−2:

[
∇µ T (T )

µν

]
ε−2

= 0, and it should be invariant under the transformation of eq. (2.11).
Finally, we demand that it ensures that GW propagate with light speed, to be consistent
with GW170817 constraints [67], and have then a standard dispersion relation.

The only allowed structure of the linearized T (T )
µν (hρσ) that satisfies these requirements

at orders ε−2, ε−1 is

T (T )
µν = τA�h(TT )

µν + τB v
ρ∇ρh(TT )

µν , (3.3)

where τA,B depend only on slowly varying fields. In fact, at order ε−2, T (T )
µν contains second

derivatives, but the unit-speed condition only allows for the combination proportional to τA
in the formula above. At order ε−1 it contains first derivatives, but the gauge conditions we
impose allow only for the contribution proportional to τB in eq. (3.3). Calling the combination

T = − 2 τB
1 + 2τA

, (3.4)

which depends on slowly-varying fields only, we rewrite the linearized evolution equation for
GW fluctuations in terms of a single parameter characterizing deviations from GR:(

�h(TT )
µν

)
|ε−2, ε−1 = T ×

(
vρ∇ρ h(TT )

µν

)
|ε−1 . (3.5)

The deviations from GR on the propagation of high-frequency GW only appear as a first-order
gradient of the GW high-frequency fluctuation, proportional to the parameter T depending
on slowly-varying fields. Such contribution can be thought as a ‘friction term’ for the GW, and
is common to find it in scalar-tensor systems with non-minimal kinetic couplings between
scalar and metric degrees of freedom. In the context of gravitational wave cosmology in
modified gravity several groups explored the consequences of such friction term in specific
cosmological models, see e.g. [14, 16–24, 26–30, 45]. (see also [68] for a review), finding it is
related with the parameter called αM in the effective field theory approach to dark energy.
Also, this friction term arises in cosmological models with time-varying Planck mass: see
appendix B for the analysis of a representative model.2 It is interesting to find that the fully
covariant ‘beyond-GR’ friction term in eq. (3.5) is the only one allowed by our symmetry
principles and our physical considerations. In what follows, we consider the quantity T as
an effective parameter controlling deviations from General Relativity.

2It would be interesting to extend our arguments to set-up with space-time dimensions different than
four [69–71], which can not be directly expressed in terms of a covariant four dimensional action.
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3.2 Evolution equations in the limit of geometric optics
We now discuss how our covariant equations at leading and next-to-leading orders in an
ε-gradient expansion allow us to derive the evolution equations for the physical degrees of
freedom in the limit of geometric optics. As stated above, we focus only on the GW sector
controlled by the transverse-traceless tensor h(T )

µν .
The eikonal Ansatz for the GW reads

h(TT )
µν = AT eµν exp

[
i ψ(T )/ε

]
, (3.6)

with AT the amplitude, ψ(T ) the phase, ε the small parameter of eq. (2.4), and eµν a polar-
ization tensor normalized such that eµν eµν = 1. The gradient of the phase defines the GW
4-momentum:3

kµ = ∇µψ(T ) . (3.7)

We now apply Ansatz (3.6) to the covariant evolution equation (3.5), and separate the geo-
metric optics analysis of the orders 1/ε2 and 1/ε in our gradient expansion. The transverse-
traceless condition, and the condition of orthogonality with respect to vµ impose the following
requirements on the polarization tensor:

e µ
µ = kµ eµν = vµ eµν = 0 , (3.8)

where notice that there is a degeneracy among the last two conditions, so the previous
equations provide 8 instead of 9 independent conditions. The order 1/ε2 of the equations,
obtained from singling out second derivatives on the fields, control the evolution of the GW
phase and the GW dispersion relations, leading to

kµkµ = kρ∇ρkµ = 0 . (3.9)

I.e. the GW 4-momentum is a null vector, propagating along a null geodesics. It is convenient
to define the affine parameter λ controlling the evolution along the GW geodesics: for any
function f , the derivative along the affine parameter is defined by

df

dλ
≡ kρ∇ρf . (3.10)

The integral curves of the vectors kµ define the GW-rays:

dxµ

dλ
= kµ , (3.11)

an important quantity for what follows.
While so far nothing changes with respect to General Relativity, at order 1/ε— obtained

from first derivative contributions — the effects of modified gravity become manifest. The
evolution equation for the amplitude is

[2 kρ∇ρAT + (∇ρkρ)AT ] = T kρvρAT , (3.12)

where the quantity T , given in eq. (3.4), depends on slowly-varying fields only. Recalling
that vµ = ∇µφ̄, the previous equation can be ‘integrated’ to

∇ρ
(
e−
∫
T kρA2

T

)
= 0 . (3.13)

3We choose the same conventions of [46] for the overall sign in the definition of the wave vector.
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The schematic expression
∫
T denotes the following integral∫

T ≡
∫ λ

λs
T dφ̄

dλ′
dλ′ , (3.14)

with λs corresponding to the value of the affine parameter at the source position. The
quantity (3.14) represents a cumulative integration of modified gravity effects (the friction
term in eq. (3.5)) over the GW geodesic’s affine parameter. In integrating eq. (3.12) we have
chosen boundary conditions so that modified gravity contributions vanish at the location
λ = λs of the source, as expected since near emission modified propagation effects do not
have time to develop. Modified gravity effects get exponentiated and appear as an overall
factor inside the parenthesis in equation (3.13): importantly, we do not need to demand
that T is ‘small’ for writing the equation. The exponential structure above will have several
interesting consequences for our discussion.

3.3 The energy momentum of GW at second order in perturbations

Isaacson [63] proved that GW can be associated with their own energy-momentum-tensor
(EMT), defined at second order in the α-expansion, which can influence the background
dynamics. Schematically, we can write

G(0)
µν = ε2 T (2)

µν |ε−2 , up to order O(α2) , (3.15)

where T (2)
µν denotes the EMT associated with GW. As stated above, we focus on the contri-

butions associated with the transverse-traceless tensor fluctuations h(TT )
µν only, and do not

discuss scalar contributions in this work since, under our hypothesis, the two sectors evolve
independently. The quadratic terms in the GW energy-momentum-tensor have equal-size
momenta in opposite directions which compensate each other, hence contributing at zeroth
order in the ε-expansion. Using only symmetry arguments we are able to determine the struc-
ture of the GW contribution to the tensor T (2)

µν in a general class of scalar-tensor systems.
When focussing on transverse-traceless excitations, Isaacson’s result for the EMT is

T (2),GR
µν = ε2

1
32π 〈∇µh

(TT )
ρσ ∇νh(TT ), ρσ〉 . (3.16)

The symbol 〈. . . 〉 denotes the so-called Brill-Hartle spatial average, see [63, 64]. Among
other things, this average procedure ensures that the EMT is diffeomorphism-invariant, and
conserved.

Interestingly, the condition of coordinate invariance fixes the structure of T (2)
µν associated

with GW. In fact, recall the EMT is quadratic in h(TT )
µν , and contains two derivatives in total

acting on the transverse-traceless GW excitations (by ‘integration by parts’, we can place
one derivative per field). The structure in the combination (3.16) within the average is the
only one with these properties, and that is compatible with the condition of invariance under
symmetry (2.11). See the discussion in appendix C.

The only freedom we are left with is in the overall factor in front of the Brill-Hartle
average appearing in eq. (3.16). In fact we can change perspective, and use the condition
of invariance under symmetry for determining the structure of T (2)

µν in the scalar-tensor set-
up we are interested in. In other words, we do not compute the EMT using a ‘top-down’
approach starting from a given theory, but instead we deduce its structure from the symmetry
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conditions imposed in the theory. In the scalar-tensor framework we are focussing on, the
previous considerations allow for the following structure for the EMT in modified gravity

T (2), ST
µν = ε2

#
32π 〈∇µh

(TT )
ρσ ∇νh(TT ) ρσ〉 , (3.17)

where # is a function (to be determined) of the slowly-varying fields, metric and scalar.
We now proceed to determine this quantity, making use of the condition that the energy-
momentum tensor T (2),MG

µν should be conserved by virtue of the Bianchi identity, and of the
geometric optics evolution equations of section 3.2. We substitute the geometric Ansatz of
section 3.2 to the previous formula, and get

T (2), ST
µν = #

32π A
2
T kµkν . (3.18)

Using the evolution equation (3.13), as well as the condition (3.9) that GW follow null-like
geodesics, the condition of conservation of the EMT

∇µT (2), ST
µν = 0 ,

fixes # to the value e−
∫
T as defined4 in eqs. (3.13), (3.14):

e−
∫
T = e

−
∫ λ
λs
T dφ̄
dλ′ dλ

′
. (3.19)

Hence we find that the second order GW energy-momentum tensor in our scalar-tensor
framework, in the geometric optics limit, reads

T (2), ST
µν = e−

∫
T

32π A
2
T kµkν . (3.20)

These general considerations then allow us to single out transparently the effects of modified
gravity in the overall factor depending on the quantity

∫
T of eq. (3.14), a cumulative integral

of modified gravity contributions along the GW geodesics from source to detection. As we will
learn in what follows, phenomenological implications of our results, as well as the explicit
example discussed in section B, further support the structure (3.20) for the EMT in the
scalar-tensor systems under consideration.

3.4 Conservation of graviton number

We can do some further steps following [72], and relate the properties of the quantities above
with graviton number conservation. we expect graviton number to be conserved within a
GW ray bundle, and we are going to prove this fact in our setting within geometric optics.
We express T (2),ST

µν in terms of quantities kµ — interpreted as graviton 4-momentum —
and N µ, as:

T (2),MG
µν = 1

32π kν Nµ , (3.21)

where Nµ is interpreted as the graviton number density, and is defined as

Nµ ≡ kµA2
T e
−
∫
T ⇒ ∇µN µ = 0 . (3.22)

4As commented after eq. (3.14), the boundary conditions on the integral are chosen such to ensure that at
the position of the source the effects of modified gravity vanish.
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Figure 1. Geometric optics representation of graviton number conservation. The flux of a stream of
gravitons crossing the S-areas is conserved along the GW affine parameter. See eq. (3.24).

Graviton-number conservation ∇µN µ = 0 is ensured by relation (3.13).5 See also [14] for a
perspective on graviton number conservation in a cosmological setting in a modified gravity
framework.

Moreover, by making use of well-known geometric relations (see figure 3), we can express
this condition in a geometrically more direct way, which further supports our identification of
N µ with graviton number density. We call S(λ) the cross-sectional area of a GW bundle, and
λ the affine parameter along each GW ray (the graviton trajectory) with four-momentum
kµ. A geometric optics theorem (see [64], exercise 22.13) states that

dS(λ)
dλ

−∇µkµ S(λ) = 0 , (3.23)

with λ the affine parameter associated with the GW 4-momentum kµ. Together with (3.22),
relation (3.23) implies the important identity

d

dλ

{
e−
∫
T A2

T S
}

= 0 , (3.24)

that makes more manifest the required flux conservation for a stream of gravitons crossing
the S-areas along the GW evolution parameterized with λ. Notice the presence of the overall
exponential factor e−

∫
T due to modified gravity — see the discussion after eq. (3.14) —

that changes the flux of gravitons through a given surface. Such coefficient plays the role of
‘damping term’ in the GW amplitude during propagation in a modified gravity set-up, as
expected given that we interpret T as friction in the evolution equations. The result (3.24)
will be important for cosmological applications in what follows.

4 Cosmological distances and GWs

We now apply the general findings of the previous sections to GW propagating through a
perturbed Friedmann-Robertson-Walker (FRW) space-time. We prove the validity of Ether-
ington reciprocity law between GW luminosity and angular distances in the scalar-tensor

5Graviton number conservation is a consequence of the fact that GW and scalar excitations are decoupled
in our framework, since they travel along different geodesics in the limit of geometric optics. It would be
interesting to understand the corresponding conditions in scenarios with direct couplings among the two
sectors, in models where scalar and GW high-frequency modes move with the same speed [55–58].
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framework developed in the previous sections, and we discuss the implications of our findings
for GW lensing.

Cosmologists use various different definitions of distance depending on the context, and
the observables they are interested in (see e.g. [73, 74] for enlightening reviews). While
usually definitions make use of light detected from distant sources, GW offer new tools for
measuring cosmological distances. We consider here two distinct GW distance probes:

1. The GW luminosity distance d(GW)
L is defined in terms of the ratio of GW power emitted

at source position (intrinsic GW luminosity), versus the GW flux at detector location
— see section 4.1. The luminosity distance depends on the universe expansion rate,
and enters into the GW waveforms and can be directly measurable by detecting GW
from distant sources. Following early important works [1–6], d(GW)

L is being recognized
as a key observable to independently measure cosmological parameters by means of
GW, as well as testing theories of modified gravity (see e.g. the review [68]).

2. The GW angular distance d(GW)
A is formally defined in terms of the ratio between the

source angular diameter at emission, versus the source angular size at detector location
— see section 4.2. Presently the angular resolution of GW detectors is not very accurate,
although in the future it can increase, if more sophisticated instruments become avail-
able (see e.g. [75]). The quantity d(GW)

A is important in the context ofGW lensing, a sub-
ject with interesting possibilities for GW physics — see e.g. [49, 50, 58, 76–92, 92–105]
for papers discussing the topic from a variety of perspectives.

The angular diameter distance dA is usually understood as being related with the lumi-
nosity distance dL through the so-called duality-distance relation, or Etherington reciprocity
law dL = (1 + z)2 dA. On the other hand, the theoretical validity of this relation should be
explicitly proved, and this is of the aims of this section, together with applications to GW
lensing. In fact, since we learned in the previous section that GW evolution is affected by
the friction term proportional to T in eq. (3.12), we expect that both luminosity and angu-
lar distances are influenced by modified gravity. We show that, thanks to graviton number
conservation (see section 3), these quantities are related by Etherington reciprocity law (see
e.g. [72, 106] for the case of photon propagation)

d
(GW)
L = (1 + z)2 d

(GW)
A , (4.1)

for GW propagating through perturbed FRW space-times in the scalar-tensor scenarios we
are focussing on.

Our treatment in this section follows very closely the discussion of the classic paper by
Sasaki [46] that for the first time discussed the concept of luminosity and angular distances
for photons propagating in a perturbed FRW universe. Sasaki’s early work was followed by
many articles that further generalized it extending the analysis of luminosity distance for
photons in a perturbed background — see e.g. [42–44, 107–110]. Nevertheless, as we are
going to discuss, the formalism developed in [46] is sufficiently flexible to be applied to GW
propagation on our scalar-tensor systems, with little adaptations needed along the way.

We start by introducing some geometric tools we need for our arguments. The space-
time metric we are interested in is written as a conformally flat FRW universe, and reads

ds2 = a2(η) gµνdxµdxν = ĝµν dx
µdxν , (4.2)
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where from now on in this section we denote with a hat ĝµν the physical space-time metric,
while gµν is the ‘comoving’ part of the metric tensor. Analogously to eq. (2.2), we can write

gµν = ḡµν + hµν , (4.3)

and hµν the high-frequency field. In this cosmological context, the comoving metric com-
ponents ḡµν corresponds to Minkowski space-time, plus the long wavelength perturbations.
Gravitational waves correspond to transverse-traceless metric fluctuations, whose null-like
4-momentum propagates along null geodesics. The physical GW energy momentum tensor
is given by eq. (3.20):

T̂µν = e−
∫
T

32π A
2
T k̂

µk̂ν , (4.4)

where the overall factor depending on T controls the modified gravity contribution, and the
GW physical 4-momentum is

k̂µ = dxµ

dλ̂
, (4.5)

with λ̂ the physical affine parameter along the GW ray, as associated with the vector k̂µ.
Following the procedure developed in section 3.2, we conveniently express the evolution eq
for the GW amplitude AT as

d (e−
1
2

∫
TAT )

dλ̂
+ 1

2 (e−
1
2

∫
TAT ) θ̂ = 0 with ∇̂µk̂µ = θ̂ , (4.6)

where θ̂ is the expansion parameter along the GW geodesics.
It is convenient to pass from physical (hat) to comoving (no hat) quantities. A conformal

transformation maps a null GW geodesics in ĝµν into null geodesics in gµν [111]. The GW
affine parameter scales as

dλ̂→ dλ = a−2 dλ̂ ,

with a the scale factor. The evolution equation in the comoving frame then results

d (e−
1
2

∫
TAT a)

dλ
+ 1

2 (e−
1
2

∫
TAT a) θ = 0 with ∇µkµ = θ . (4.7)

The evolution equation for the comoving expansion parameter θ can be easily deter-
mined [46], finding

d θ

d λ
= −Rµνkµkν −

θ2

2 − 2σ2 , (4.8)

where σ is the shear along the GW geodesics:

σ2 = 1
2k(α;β) k

(α;β) − θ2

4 , (4.9)

and Rµν the space-time Ricci tensor. The graviton number conservation (3.24) remains
unchanged and reads

d

dλ

{
e−
∫
T A2

T S
}

= 0 (4.10)

in this comoving frame (λ referring to the comoving affine parameter). These are the geo-
metric ingredients we need for the physical considerations we develop next.
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4.1 The GW luminosity distance

To determine the GW luminosity distance we proceed step-by-step as [46]. We introduce an
observer whose physical four-velocity we denote with ûµ. The measured GW energy flux by
such observer reads

F̂α = −T̂µν hαµ ûν , (4.11)
= F n̂α , (4.12)

where T̂µν is the GW energy momentum tensor (4.4), and

hαµ = δαµ + ûα ûµ , (4.13)

n̂α = 1
ω

(
k̂α − ωûα

)
, (4.14)

while the GW flux amplitude and GW frequency measured by the observer are

F = e−
∫
T

32π A
2
T ω

2 , (4.15)

ω = −k̂µûµ . (4.16)

The notion of GW frequency allows us to define the GW redshift z at the value λ of the
comoving GW geodesics affine parameter λ

1 + z(λ) = ω(λ)
ω(0) . (4.17)

For computing the luminosity distance, we assume that GW are emitted by an ap-
proximately spherically symmetric system, with characteristic radius Rs (this assumption is
nevertheless not important since we send Rs → 0 at the end of the calculation). The flux
amplitude F measured at the source position is related with the intrinsic source luminosity
by the relation

F(λs) = LGW4π R2
s

, (4.18)

with λs the conformal affine parameter at the source. See figure 2, left panel. The luminosity
distance to the source as measured by an observer located at λ = 0 is defined as

d
(GW)
L ≡

[ LGW
4πF(0)

] 1
2

=
√
F(λs)
F(0) Rs . (4.19)

Substituting relation (4.15), we find the following expression

d
(GW)
L =

(
e−

1
2

∫ λs
0 T

) AT (λs)
AT (0) [1 + z(λs)] Rs . (4.20)

Notice the role of the modified gravity friction term in the overall exponential factor, con-
taining the cumulative integral of the friction parameter T along the GW geodesics path
(see the discussion after eq. (3.14)). Before proceeding, to make contact with the literature,
it is interesting to consider the ratio between the GW luminosity distance (4.20) versus the

– 14 –



J
C
A
P
0
6
(
2
0
2
1
)
0
5
0

Figure 2. Representative plot of the GW rays from source to detector position. The path of the GW
bundle in blue is parameterized by the affine parameter λ. Left panel: quantities entering the GW
luminosity distance, associated with a GW bundle diverging from source to detector. Right panel:
quantities entering the GW angular distance, associated with a GW bundle converging from source
to detector. See text for definitions.

electromagnetic luminosity distance. This ratio provides an interesting observable in case of
multimessenger events. We find

d
(GW)
L

d
(EM)
L

= exp
[
−1

2

∫ λS

0
T dφ̄

dλ′
dλ′
]
, (4.21)

singling out the modified gravity contribution as an integral from λ = 0 (the position of the
observer) to the source at λ = λS . Once substituting in the integrand of (4.21) the explicit
form of friction terms used for parameterizing deviations from GR in cosmological models of
dark energy, one finds exactly the same formulas used in the literature — see appendix D for
a discussion of such comparison.

We now proceed expressing the GW luminosity distance (4.20) in an alternative way,
that is more useful for explicitly including effects of cosmological perturbations, and for then
comparing with the angular distance in section 4.2. From now on, we denote a perturbed
quantity with a tilde, and unperturbed without tilde. For example, we write for the comoving
metric

g̃µν = ηµν + δgµν , (4.22)

meaning that δgµν are long-wavelength perturbations. We now introduce a null vector K̃µ

proportional to k̃µ, and use it to define a corresponding affine parameterization:

K̃µ ≡ − k̃µ

ω̃(λs)a(η̃(λs))
, (4.23)

where λ from now on is the affine parameter associated with K̃µ. This vector is normalized
in such a way that, once evaluated at the source λ = λs, we find(

g̃µνK̃
µũν

)
λs

= 1 , (4.24)

where ũµ is the perturbed comoving observer 4-velocity.
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The introduction of the vector K̃µ. is technically convenient to easily relate the physical
size of the source with the affine parameter along the GW geodesics. In fact, as shown in [46],
the characteristic size Rs of the source can be expressed as

Rs = a(η̃(λs)) ∆λs , (4.25)

with ∆λs the infinitesimal affine parameter associated with the source size. See figure 2,
left panel.

If the unperturbed case, it is straightforward to integrate (4.8) (recalling that we have
no shear for a spherically symmetric source): we get

θL = 2
λ− λs −∆λs

, (4.26)

where the suffix L is included to associate the expansion parameter θ with the luminosity
distance. The deviation for the expression of θL at first order in cosmological inhomogeneities
can be expressed as

δθL(λ) = θ̃L [xµ(λ) + δxµ(λ)]− θL [xµ(λ)] . (4.27)

The evolution equation for the first order perturbation δθL(λ) can be obtained from (4.8).
It reads

d δθL
dλ

= −θL δθL − δ(RµνKµKν)λ (4.28)

where Rµν is the perturbed space-time Ricci tensor at the position λ along the GW geodesics.
Integrating eq. (4.28) along the affine parameter, imposing the boundary condition δθL(λs) =
0, we get

δθL(λ) = 1
(λ− λs −∆λs)2

∫ λs

λ
dλ′

(
λ′ − λs −∆λs

)2
δ(RµνKµKν)λ′ . (4.29)

Collecting all the results so far, we can integrate eq. (4.7), and get the relation

exp
[
−1

2

∫ λs

0
T
]
× AT (λs) a(η̃(λs))
AT (0) a(η̃(0)) = λs + ∆λs

∆λs
exp

[
−1

2

∫ λs

0
dλ δθL(λ)

]
. (4.30)

This result can be inserted into eq. (4.20): taking ∆λs → 0 (i.e. considering a source of
negligible size) we end with the compact expression

d̃
(GW)
L (λs) = λs a[η̃(0)] [1 + z̃(λs)] × exp

[
−1

2

∫ λs

0
dλ δθL(λ)

]
. (4.31)

Notice that all the effects of modified gravity friction term are implicitly included in the
expression (4.30), which relates the affine parameter λs with the remaining quantities.

The compact expression (4.31) (accompanied by relation (4.30)) is exact and include the
effects of cosmological fluctuations — on the other hand is implicitly expressed in terms of
λs, and is not easy from it to extract in a physically transparent way the implications of cos-
mological fluctuations and of modified gravity. Such implications are more easily studied by
using the cosmic ruler formalism — see [55]. This approach explicitly identifies contributions
from peculiar velocities, weak lensing, Sachs-Wolfe effects, volume effects, and Shapiro time
delay, and allows to appreciate the contributions due to modified gravity. We refer the reader
to [55] for more details: for our purposes to prove the validity of Etherington reciprocity law
— our aim for the next section — formula (4.31) will be sufficient.
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4.2 The GW angular distance, and Etherington reciprocity law
We now prove the validity of Etherington reciprocity law connecting luminosity and angular
GW distances. This relation is expected to hold in scenarios where graviton number is
conserved, as our scalar-tensor set-up (see section 3.4).

The GW angular distance dGW
A is formally defined in terms of the ratio between the

angular diameter ds of the source located at conformal affine parameter λs, and the source
apparent angular size ∆φ as measured by an observer at λ = 0. In formulas:

d
(GW)
A = ds

∆φ . (4.32)

Following [46], it is convenient to re-express d(GW)
A as

d
(GW)
A =

(
S(λs)
S(∆λ)

)1/2 d(∆λ)
∆φ , (4.33)

with S(λ) the cross-section area of GW rays at λ, and its diameter by d(λ). ∆λ is the affine
parameter in proximity of the observer. Ref. [46] proved the relation

d(∆λ)
∆φ = a2[η̃(0)] ∆λ

(1 + z̃(λs)) a[η̃(λs)]
, (4.34)

connecting the ratio d(∆λ)/∆φ with ∆λ. See figure 2, right panel.
Figure 2 shows that in evaluating the angular distance one considers GW bundles ex-

panding from the observer position (while, on the contrary, the luminosity distance considers
bundles expanding from the source). Hence, the expansion parameter θA associated with an-
gular distance reads, when neglecting effects of cosmological inhomogenities, can be obtained
integrating eq. (4.8):

θA = 2
λ
. (4.35)

When including the contributions of perturbations, we find the formal solution

δθA = − 1
λ2

∫ λ

0
dλ′ λ′2 δ(RµνKµKν)′λ , (4.36)

for the first order perturbation δθA to the angular expansion parameter.
Integrating eq. (4.10) along the GW geodesics, and comparing with the definition (4.33),

we get the relation

d
(GW)
A = exp

[
1
2

∫ λs

0
T
]
×
( AT (0)
AT (λs)

)
× d(∆λ)

∆φ . (4.37)

Moreover, integrating eq. (4.7) using the result (4.35), we now obtain

exp
[
−1

2

∫ λs

0
T
]
× AT (λs) a(η̃(λs))
AT (0) a(η̃(0)) = ∆λ

λs
exp

[
−1

2

∫ λs

∆λ
dλ δθA(λ)

]
(4.38)

as the relation between affine parameter and angular expansion parameter. Substituting the
results of eqs. (4.38) and (4.34) into eq. (4.37), we obtain the expression

d̃
(GW)
A = a[η̃(0)]

1 + z̃(λs)
λs exp

[
1
2

∫ λs

0
δθA(λ)dλ

]
. (4.39)
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Comparing with the expression for the luminosity distance, we get

d̃
(GW)
A = d̃

(GW)
L

(1 + z̃)2 exp
[

1
2

∫ λs

0
(δθA(λ) + δθL(λ)) dλ

]
, (4.40)

= d̃
(GW)
L

(1 + z̃)2 . (4.41)

The second line, eq. (4.41), is the desired Etherington relation, valid including first order
perturbations. (The step between eq. (4.40) and (4.41) requires technical calculations that
we defer to appendix E.)

Hence we proved that in the scalar-tensor framework discussed in this work, with con-
servation of graviton number, luminosity and angular distances for GW are connected by
the classic Etherington law (4.41). We have seen that GW and electromagnetic luminosity
distances can differ — see eq. (4.21) — and this fact is important in case of multimessenger
events. Then eq. (4.41) tells us that the same is true for angular distances, and we can
schematically write a relation analog to eq. (4.21):

d
(GW)
A

d
(EM)
A

= exp
[
−1

2

∫ λS

0
T dφ̄

dλ
dλ

]
. (4.42)

In what comes next we briefly discuss some applications of these results to GW lensing.

4.3 Implications for GW lensing

Strong GW lensing from large-scale structures between GW source and detector is an im-
portant phenomenon that — although not yet observed — is likely to offer new ways to
probe cosmological parameters with future gravitational wave detections. For example LISA,
by observing sources from high-redshift sources, will likely detect lensed events [92]. See
e.g. [49, 50, 58, 76–92, 92–105, 119] for works discussing this topic.

We consider strong GW lensing from point-like lenses in the geometric optics limit,
valid when the GW wavelength is well shorter than the Schwarzschild radius of the lens.
In this limit, we do not need to discuss interference effects that, although very interesting,
go beyond the scope of this work. We focus on the specific observable associated with the
time-delay that the presence of the lens induces on the propagation time of the GW from
source to detector. We compare the GW time-delay induced by the presence of the lens with
the electromagnetic (EM) time delay of lensed light received in a multimessenger detection.

The works [49, 50] shown conclusively that GW and EM lensed signals arrive at the
same time at the detector, if both waves propagate at the same speed and are emitted at
the same time. In the geometric optics limit this is expected when photons and GW travel
through null geodesics, since by definition both sectors cover the minimal possible distance
from source to detector. Causality arguments based on Fermat principle allow one to prove
this statement in full generality. Ref. [49] also argues that the same result should be valid in
any theory of gravity, to respect causality.

Said this, it is interesting to analyze the topic in an explicit modified gravity set-up,
for understanding how effects of modified gravity balance so to ensure the same time delay
for GW and light. This is the scope of this section. We find this topic interesting since the
expression for the time-delay commonly used in the literature (see e.g. [72], as well as the
recent [103] in the context of gravitational waves) explicitly contains factors depending on
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the angular distance d(GW)
A , which can be modified with respect to the standard case (see

eq. (4.42)). In fact, the GW time delay ∆t(GW) has a geometrical contribution, and a Shapiro
contribution t

(GW)
Φ due to the presence of inhomogeneities in the background cosmological

space-time crossed by GW in their path from source to detection. We express it in the
following form

∆t(GW) = (1 + z) d
(GW)
OL d

(GW)
SO

2 d(GW)
SL

|θ − θS |2 + t
(GW)
Φ . (4.43)

In the previous expression, z is the redshift, d(GW)
OL the GW angular distance as measured

from the observer to the lens, d(GW)
SO the same quantity measured from source to the observer,

and d
(GW)
SL from source to lens. t

(GW)
Φ is the aforementioned Shapiro contribution due to

inhomogeneities. θ is the observed angular position of the source, θS the would-be angular
position of the source in absence of the lens. In the electromagnetic case, the corresponding
time-delay ∆t(EM) has exactly the same structure, changing the suffixes from GW to EM.
See appendix F for a derivation of the geometric part (the first term) of the previous formula.

In [55] we shown explicitly that the Shapiro time-delay tΦ is exactly the same for GW
and EM observations in a scalar-tensor framework, t(GW)

Φ = t
(EM)
Φ : we refer the reader to this

work for full details. However, eq. (4.43) also contains explicitly angular distances in the first
geometric term, which we dub ∆tgeo. Using eq. (4.42) we can in fact understand how the
effects of modified gravity in the geometrical time-delay ∆tgeo compensate. We can write:

∆t(GW)
geo = (1 + z) d

(GW)
OL d

(GW)
SO

2 d(GW)
SL

|θ − θS |2 ,

=
(
d

(GW)
OL

d
(EM)
OL

)(
d

(GW)
SO

d
(EM)
SO

)(
d

(EM)
SL

d
(GW)
SL

)
∆t(EM)

geo ,

=
(

exp
[
−1

2

∫ λL

λO

T dφ̄

dλ
dλ− 1

2

∫ λO

λS

T dφ̄

dλ
dλ+ 1

2

∫ λL

λS

T dφ̄

dλ
dλ

])
∆t(EM)

geo ,

= ∆t(EM)
geo . (4.44)

To pass from the second to third line we used relation (4.42), while the fourth line is a simple
consequence of summing the integrals in the exponent. So we find that modified gravity
contributions carefully compensate, leading to the equality ∆t(GW)

geo = ∆t(EM)
geo . Together with

the fact that the Shapiro time delay coincides in the GW and EM sector, we find that by
using the expression eq. (4.43) we are ensured that GW and EM experience the same time-
delay from strong lensing in a scalar-tensor theory of gravity, as we wish to demonstrate.
In particular, even if formula (4.43) is expressed in terms of angular distances that, when
taken individually, can be different with respect to General Relativity, one finds cancelations
between modified gravity coefficients that lead to the result (4.44).

5 Conclusions

In this work we studied the propagation of high-frequency gravitational waves (GW) in scalar-
tensor theories of gravity, with the aim of examining properties of cosmological distances
as inferred from GW measurements. We first developed a covariant set-up for our scalar-
tensor systems, which by hypothesis are characterized by symmetry properties based on
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coordinate invariance. Symmetry considerations allowed us to extract transverse-traceless
components of the high-frequency scalar-tensor fluctuations, identified with GW. In scenarios
where scalar and tensor components propagate with different speeds the two sectors decouple
at the linearized level around an arbitrary background, and the evolution of high-frequency
GW and scalar modes can be studied independently.

We then determined the most general structure of the GW linearized equations and of
the GW energy momentum tensor, assuming that GW move with the speed of light. Modified
gravity effects are encoded in a small number of parameters, and we studied the conditions for
ensuring graviton number conservation in our set-up. We then applied our general findings
to the case of GW propagating through a perturbed cosmological space-time, deriving the
expressions for the GW luminosity distance d(GW)

L and the GW angular distance d(GW)
A . Both

luminosity and angular distances can be modified with respect to General Relativity. We
proved for the first time the validity of Etherington reciprocity law d

(GW)
L = (1 + z)2 d

(GW)
A

in a perturbed universe within a scalar-tensor framework. We discussed implications of this
result for gravitational lensing, focussing on time-delays of lensed GW and lensed photons
emitted simultaneously in a multimessenger event. We explicitly wrote an expression for
the time-delay formula, showing how modified gravity effects carefully compensate between
different contributions. As a result, lensed GW arrive at the same time as their lensed
electromagnetic counterpart, in agreement with causality constraints.

It would be interesting to consider scenarios where graviton number is not conserved,
as done in alternative theories of cosmology where the photon number is not conserved (see
e.g. [112]). Another avenue for future research is to extend our arguments to scenarios with
non-standard dispersion relations where the speed of tensor modes is not equal to one, at
least in some frequency ranges. More in general, it would be interesting to explore in more
details how observables depending on the GW angular distance and GW lensing can be used
to probe alternative theories of gravity. We plan to study these topics in future works.
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A A covariant approach to high-frequency fluctuations

In the main text we derived the covariant evolution equations and the energy-momentum-
tensor for transverse-traceless GW excitations. In this appendix we spell out the technical
arguments used for identifying the GW sector, and for distinguishing it from the scalar sector.
We work within the covariant approach of section 2.
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A.1 Decomposing the gauge transformations

Assuming a time-like6 direction vµ for the scalar gradient of eq. (2.6), we introduce the vector

Xµ ≡
vµ√
2X

such that XµXµ = −1 (A.1)

where
X ≡ −(vµvµ)/2 . (A.2)

We decompose the gauge vector ξµ in eqs. (2.7), (2.8) in a part orthogonal, and a part parallel
to vµ:

ξµ = ξ(T )
µ +Xµ ξ

(S) , Xµ ξ(T )
µ = 0 . (A.3)

This decomposition defines what we call a T -gauge transformation, proportional to the vector
ξ

(T )
µ orthogonal to vµ, and an a S-gauge transformation, depending on the scalar ξ(S). The
metric and scalar field perturbations transform under a gauge transformation as

h′µν = hµν −
(
∇µξν +∇νξµ

)
, (A.4)

ϕ′ = ϕ− vµ
(
ξ(T )
µ +Xµξ

(S)) = ϕ+
√

2X ξ(S) . (A.5)

Hence, ϕ transform only under an S-gauge transformations, while hµν both S and T -gauge
transformations. We now show how to use the decomposition (A.3) to consistently distinguish
GW from scalar excitations in model-independent framework.

We introduce the quantity

h̃µν ≡ hµν +∇µHν +∇νHµ . with Hµ ≡
Xµ√
2X

ϕ . (A.6)

Each of the contributions to h̃µν are of the same order in the gradient expansion ε, since we
are assuming O(ϕ) ∼ εO(h). The field combination in eq. (A.6) is S-gauge invariant:

h̃′µν = h̃µν −∇µ ξ(T )
ν −∇ν ξ(T )

µ . (A.7)

We define the orthogonal projection operator relative to the vector Xµ

Λµν = ḡµν +XµXν , (A.8)

such that XµΛµν = 0, and we apply it to h̃µν . We find

h̃µν = XµXν h
(S) −

(
Xµh

(V )
ν +Xνh

(V )
µ

)
+ h(T )

µν . (A.9)

The quantities

h(S) ≡ XρXσ h̃ρσ , h(V )
µ ≡ Xρ Λσµ h̃ρσ , h(T )

µν ≡ Λρµ Λσν h̃ρσ , (A.10)

are S-gauge invariant since h̃µν is so. On the other hand, they can transform under T -type
transformations. Under the gauge transformation (A.7), the quantities h(S, V, T )

... can develop
contributions at order O(ε0) and O(ε1) because O(ξ(T )

µ ) ∼ εO(hµν). Since we are interested
in characterizing metric fluctuations up to orderO(ε0) — see discussion around eq. (2.9) — we

6The case of space-like direction can be studied with little changes by the same approach. We assume
nevertheless that vµ never becomes null-like.
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neglect contributions at order O(ε1). Moreover, by construction, we have the orthogonality
property

Xµ h(V )
µ = Xµh(T )

µν = 0 . (A.11)
Therefore, using eq. (A.7), we find that, under a T -gauge transformation and up to

O(ε0), the quantities h(S, V, T )
... transform as

h
′(S) = h(S) , (A.12)

h
′(V )
µ = h(V )

µ −Xρ∇ρ ξ(T )
µ , (A.13)

h
′(T )
µν = h(T )

µν −
(
∇µξ(T )

ν +∇νξ(T )
µ

)
−Xρ

(
Xµ∇ρ ξ(T )

ν +Xν ∇ρ ξ(T )
µ

)
, (A.14)

thus, h(S) is also T -gauge invariant at order O(ε0).

A.2 Gauge fixing
Since we demand that the linearized equations are invariant under coordinate transformations
— i.e. separately S and T -gauge invariant — we can assume they can be organized in terms of
the S-gauge invariant combinations h(S, V, T )

... . After identifying the gauge-invariant quantities,
we can now make use of the T -gauge freedom of eqs. (A.13) and (A.14) for fixing convenient
gauge conditions to study the physics of the system.

The first gauge fixing condition we impose is

h
′(V )
µ = 0 , (A.15)

by choosing ξ(T )
µ such that h(V )

µ = Xρ∇ρ ξ(T )
µ in eq. (A.13). This condition is compatible, at

order O(ε0), with the orthogonality requirement Xµh
(V )
µ = 0 since we have

XµXρ∇ρ ξ(T )
µ = Xρ∇ρ

(
Xµ ξ(T )

µ

)
+O(ε1) = O(ε1) . (A.16)

Eq. (A.15) leaves the residual T -gauge freedom xµ → xµ + ξ
(T )
µ , such that

Xρ∇ρ ξ(T )
µ = 0 . (A.17)

We separate h(T )
µν into a traceless plus trace components. Since Xµh

(T )
µν = 0 we select the

trace in the subspace orthogonal to Xµ,

h(T )
µν = γµν + 1

3 Λµν h(tr) (A.18)

with

h(tr) ≡ ḡµν h(T )
µν = Λµν h(T )

µν . (A.19)

The quantity γµν satisfies
Λµνγµν = ḡµνγµν = 0 (A.20)

since Xµγµν = Xµ
(
h

(T )
µν − 1

3 Λµν h(tr)
)

= 0. Starting from eq. (A.14), we can find how γµν

and h(tr) transform under a gauge transformation. For those vector fields ξ(T )
µ that satisfy

eq. (A.17) we have

h
′(tr) = h(tr) − 2∇µ ξ(T )

µ , (A.21)

γ′µν = γµν −∇µξ(T )
ν −∇νξ(T )

µ + 2
3 Λµν ∇ρ ξ(T )

ρ . (A.22)
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We now use eq. (A.22) to impose the transversality condition ∇̄µγ′µν = 0:

∇̄µγ′µν = ∇̄µγµν − �̄ ξ(T )
ν − 1

3∇ν
(
∇̄µξ(T )

µ

)
. (A.23)

This gauge transformation is valid up to orderO(ε−1). We retain only contributions up to this
order in ε: this is consistent with keeping only terms up to O(ε0) in the gauge transformation
of γµν , since we are gauge fixing its gradient. After such gauge choices, the quantity γ′µν is
transverse and traceless. We dub it

γ′µν ≡ h(TT )
µν , (A.24)

and we identify it as the high-frequency GW discussed in the main text. At this stage,
we point out that is not possible to choose h(tr) = 0, within the residual gauge freedom
given by (A.17), if h(tr) depends on the coordinate in the direction of Xµ. For simplicity,
we can exhaust the gauge freedom imposing ∇µξ(T )

µ = 0, such that the trace h(tr) is gauge-
invariant, while the transverse-traceless GW excitations h(TT )

µν are invariant under the residual
transformation that can be read from eq. (A.22):

h(TT )
µν → h(TT )

µν − ∇̄µξ(T )
ν − ∇̄νξ(T )

µ . (A.25)

To sum up, after imposing the gauge conditions above, the S-gauge invariant metric
perturbations (A.6) we started with read

h̃µν = XµXν h
(S) + 1

3 Λµν h(tr) + h(TT )
µν . (A.26)

We can also use the S-gauge for setting the unitary gauge ϕ = 0: then, after these gauge
fixings, h̃µν coincides with the original metric fluctuations hµν .

Some words on the number of propagating degrees of freedom (dof). The quantity h̃µν ,
before we make any gauge choice, has 10 non-vanishing components, each of them a potential
dof. Making gauge fixings as explained above we imposed 6 conditions, since both h(V )

µ and
h

(TT )
µν are by construction orthogonal to the vector Xµ. Hence, we are left with 4 potential

dof. In section A.3 we show that only 3 out of these 4 are independent propagating dof,
while h(S) is a constrained field. The evolution equations of the 3 propagating dof will be
decoupled under physically reasonable assumptions on the velocities of the fields involved.

A.3 Separating the evolution equations

We now discuss the evolution equations for the metric perturbation of eq. (A.26), as obtained
from the linearized Einstein equations. We build arguments to show that at the linearized
level, under physically reasonable conditions, different sectors evolve independently one from
the other.

Since by hypothesis our system is invariant under gauge diffeomorphisms, i.e. under co-
ordinate transformations, Einstein equations can be expressed in terms of the fields discussed
above, obtained after gauge-fixing appropriate gauge-invariant quantities. Therefore, in an
unitary gauge with ϕ = 0, we write the linearized Einstein equations as

G(1)
µν

[
h̃ρσ

]
= T (1)

µν

[
h̃ρσ

]
, (A.27)
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with h̃ρσ the S-gauge invariant combination given in eq. (A.26). Taking the trace of the pre-
vious linear equation we eliminate from the left-hand-side the dependence on the transverse-
traceless fluctuation h(TT )

µν . In fact, the linearized Ricci scalar reads

R(1) = −�h(tr) + Λαβ∇α∇β
(
h(S) + 1

3h
(tr)
)
, (A.28)

where Λµν is the projector introduced in eq. (A.8). We notice that while the trace scalar h(tr)

receives a kinetic contribution controlled by the d’Alembertian operator �, second derivatives
acting on the scalar h(S) are always weighted by the projector operator Λµν , hence they are
directed on the space orthogonal to the vector vµ. Let us now use the time-like vector vµ for
slicing the space-time into a family of space-like surfaces, as in the ADM approach to General
Relativity (see e.g. [64]). As a result, one finds that Ricci-scalar derivative contributions to
the evolution equations for h(S) are not sufficient for propagating this field: its dynamics is
in fact constrained to live on the hypersurfaces orthogonal to vµ, with no components on the
direction of the system evolution. Indeed, h(S) plays a role analogous to the lapse function N
in the ADM formalism. This can also be deduced by the definition of h(S) in eq. (A.10): this
quantity collects the contribution to hµν from the components along the vector vµ, exactly
as the lapse constraint in ADM. (We also discuss in appendix B an explicit, simple example
where h(S) is manifestly non-dynamical.)

Can the energy-momentum tensor in the right-hand-side of eq. (A.27), or the Ricci
tensor in its left-hand-side qualitatively change these considerations? Not if it is derived
from a covariant action as (2.1), where non-minimal couplings of dark energy scalar to the
metric are expressed in a covariant form in terms of the metric, Riemann, and Ricci tensors.
This is always possible in manifestly covariant and diffeomorphism invariant formulations
of scalar-tensor systems. They contribute to the scalar kinetic terms with a structure as
the one we obtained from the Ricci scalar (A.28): the second derivatives acting on h(S)

appear in combinations weighted by the projector Λµν as the parenthesis in the last term of
eq. (A.28). Hence the same considerations as above apply. Since for such space-time slicing
it is a constrained field, h(S) does not propagate, and its role is to impose conditions on the
slow-frequency part of the system, or on the remaining high-frequency modes.

Let us then assume to solve the equations of motion for the non-dynamical field h(S),
and substitute its solution on the original action. We are left with an action containing h(TT )

µν

and h(tr) as potentially propagating high-frequency degrees of freedom. Thanks to linearity,
the linearized Einstein equations for the propagating modes can be decomposed as

G(1)
µν

[
h(TT )
ρσ

]
+G(1)

µν

[
h(tr)

]
= T (T )

µν

[
h(TT )
ρσ

]
+ T (tr)

µν

[
h(tr)

]
, (A.29)

We expect that second derivatives contributions on the scalar sector have a rich structure,
with different coefficients in front of contributions orthogonal or parallel to the vector vµ,
associated with spontaneous breaking of Lorentz invariance associated with the vector vµ. As
a consequence, tensor and scalar fluctuations normally propagate with different velocities.7
Given the strong experimental bounds on the GW velocity associated with the GW170817
event, we set the speed of GW to the one of light.

7Recently, various scenarios have been analyzed [55–58] where, at the price of tunings, tensor and scalar
propagate with the same speed. We do not consider this case in this work.
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Within this hypothesis, we implement a geometric optic Ansatz to both the h(TT )
µν and

h(tr) sectors, using the geometric optic approach explained in the main text. We write:

h(TT )
µν = A(T )

µν exp
[
i ψ(TT )/ε

]
, (A.30)

h(tr) = A(tr) exp
[
i ψ(tr)/ε

]
. (A.31)

The amplitudes of both modes are slowly varying, while the phases are rapidly varying
thanks to the factors of 1/ε in the exponent. When plugging Ansatz (A.30) and (A.31)
into eq. (A.29), one gets a linear combination of terms with rapidly oscillating phases and
slowly varying overall coefficients. Schematically, we expect that the geometric optics limit
of Einstein equations has a structure as(

. . . |ε−2, ε−1

)
exp

[
i ψ(TT )/ε

]
+
(
. . . |ε−2, ε−1

)
exp

[
i ψ(tr)/ε

]
= 0 (A.32)

where within the parenthesis we collect slowly varying contributions at order ε−2 and ε−1 in
a gradient expansion. The ε−2 contributions depend on derivative of the phases ψ(TT ) and
ψ(tr): they control the dispersion relations for the two species of excitations, scalar and GW
(see section 3.2 for a geometric optics analysis of the GW sector). Since in general h(TT )

µν and
h(tr) propagate with different speed, they are characterized by distinct dispersion relations,
hence the phases ψ(TT ) and ψ(tr) are different. Equation (A.32) is a linear combination of
two contributions weighted by two distinct phases which rapidly oscillate over space and
time: in order to satisfy it, we need to impose that the coefficients of each of these two terms
separately vanish. Within the geometric optics limit, this procedure effectively separates the
evolution of scalar modes (characterized by the phase ψ(tr)) and GW modes (characterized
by the phase ψ(TT )).

Given these considerations, in dark energy scenarios where the scalar and GW modes
have different phases due to different dispersion relations, we can effectively separate the
high-frequency GW and scalar sectors in eq. (A.29), and write

G(1)
µν

[
h(tr)

]
= T (tr)

µν

[
h(tr)

]
, (A.33)

G(1)
µν

[
h(TT )
ρσ

]
= T (T )

µν

[
h(TT )
ρσ

]
. (A.34)

Within our hypothesis, GW sector is decoupled from the scalar sector at the linearized level,
and we can study its dynamics as done in the main text. The arguments discussed above
might be made more rigorous with a more systematic and detailed analysis of perturbations
evolution equations, for example using the approach of the recent work [44]. We leave this
analysis to separate investigations.

B A simple example: F (φ)R

Let us make a specific, simple example of the friction-term contributions found in our general
formula of eq. (3.5), which arises in models characterized by a time-varying Planck mass
controlled by the dark energy scalar field φ. We consider the following non-minimal kinetic
coupling between scalar φ and metric

L = F (φ)R , (B.1)
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which can be considered a part of the classic Brans-Dicke action [113]. We are not interested
to study in detail the system, but only apply to its corresponding GW evolution equations
the approach explained in appendix A.

We decomponse the linearized Einstein equations in terms of the high-energy fluctua-
tions, and focus on orders 1/ε2 and 1/ε in a gradient expansion, as described in the previous
section A. We find that GW modes obey the equation

�h(TT )
µν = 2F,φ

F
vλ∇λh(TT )

µν . (B.2)

An evolution equation governing scalar modes can be determined by taking the trace of the
Einstein equations

�h(tr) − Λαβ∇α∇β
(
h(S) + 1

3h
(tr)
)

= − 3
√

2XF,φ
F

Xλ∇λ
(
h(S) + h(tr)

)
, (B.3)

where the vector Xµ is defined in eq. (A.1), and the projector Λµν in eq. (A.8).
These equations have the structure expected from our considerations in the main text

and in appendix A. In fact, comparing the GW evolution equation (B.2) with the general
expression in eq. (3.5), we notice that the former has a friction term T controlled by the
derivative of F along the dark energy field: T = 2F,φ/F . Using the results of section 3.3, we
find that the energy-momentum-tensor at second order in the transverse-traceless fluctuations
reads (we choose the extreme of integration φin such that F (φin) = 1)

T (2), ST
µν = ε2

e−
∫
T

32π 〈∇µh
(TT )
ρσ ∇νh(TT ) ρσ〉

= ε2
e

∫ φ
φin

d lnF
dφ̃

dφ̃

32π 〈∇µh(TT )
ρσ ∇νh(TT ) ρσ〉

= ε2
F (φ)
32π 〈∇µh

(TT )
ρσ ∇νh(TT ) ρσ〉 , (B.4)

which is the expected structure associated with the Lagrangian of eq. (B.1). The scalar
modes have a kinetic structure depending on the Lorentz violating vector vµ. The kinetic
term for h(S) in eq. (B.3) is projected by the tensor Λµν in the direction orthogonal to vµ, as
discussed in appendix A, hence it does not contribute to the dynamical degrees of freedom.

We can apply these findings to cosmology, and consider the case of GW propagating
through a conformally flat Friedmann-Robertson-Walker (FRW) universe, with metric ds2 =
a2(η) ηµν dxµdxν , and for a homogeneous scalar field φ̄ = φ̄(η). Eq. (B.2) results then (H =
a′/a, with prime denoting derivative along time)

h(TT )′′
µν + 2H

(
1− F,φ

F

φ̄′

H

)
h(TT )′
µν −∇2h(TT )

µν = 0 . (B.5)

The effect of the friction term due to the non-minimal scalar-tensor couplings has the expected
structure and is manifest within the parenthesis of the previous expression.

It would be interesting to further apply our covariant approach to fluctuations to more
complex scenarios, from Horndeski [114] to beyond Horndeski [115] and DHOST [116–118].
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C Gauge invariance of the GW energy-momentum tensor

We show that the structure of eq. (3.17) is fixed by the gauge invariance. The most gen-
eral structure for the energy momentum tensor quadratic in the high-frequency transverse-
traceless (TT) modes h(TT )

µν is

T (2),MG
µν = ε2

1
32π 〈∇µh

(TT )
αβ ∇νh(TT )

γδ 〉 C
αβγδ , (C.1)

where Cαβγδ depends on slowly-varying fields. This is the most general structure for T (2),MG
µν

compatible with the TT gauge imposed on h
(TT )
µν . After fixing the TT gauge as discussed

in section A, we are left with invariance under the transformation in eq. (2.11), as derived
around eq. (A.25). We need to ensure that T (2),MG

µν is invariant as well. Notice that the tensor
Cαβγδ has to be invariant under an interchange of α and β. Under such gauge transformation,
at the linearized level we get a contribution

δT (2),MG
µν = −ε2 1

16π 〈∇µ∇αξ
(T )
β ∇νh(TT )

γδ 〉 C
αβγδ , (C.2)

= ε2
1

16π 〈∇µξ
(T )
β ∇ν∇αh(TT )

γδ 〉 C
αβγδ , (C.3)

which must vanish for any ξ(T )
β , and for any choice of µ, ν. The only way to ensure this is

to use the transverse gauge condition, and require that the contraction with Cαβγδ forces the
condition α = γ (or alternatively α = δ). This implies

Cαβγδ = C δαγ Cβδ (C.4)

for some constant C. Plugging this result in eq. (C.1) we get

T (2),MG
µν = ε2

C

32π 〈∇µh
(TT ), α
β ∇νh(TT )

αδ 〉 C
βδ . (C.5)

Since the EMT is symmetric in the indexes, the quantity Cβδ is symmetric. Applying the
transformation (2.11), we find the only non-vanishing contribution

δT (2),MG
µν = −ε2 C

16π 〈∇µ∇βξ
(T )
α ∇νh(TT ), α

δ 〉 Cβδ , (C.6)

= ε2
C

16π 〈∇µξ
(T )
α ∇ν∇βh

(TT ), α
δ 〉 Cβδ , (C.7)

and the only way to make it always vanishing is to have Cβδ ∝ δβδ. Symmetry arguments
force the EMT to be proportional to Isaacson’s form (3.17), up to the overall constant, as
we wish to prove.

D Comparison with the literature

We now that our expression (4.21) for the ratio among GW and electromagnetic luminosity
distances:

d
(GW)
L

d
(EM)
L

= exp
[
−1

2

∫ λS

0
T dφ̄

dλ
dλ

]
, (D.1)
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coincides with analog expressions found in the literature, once we specialize to a cosmological
setting.

Let us then analyze GW travelling through an unperturbed, conformally flat Friedmann-
Robertson-Walker (FRW) universe with metric ds2 = a2(η)

(
−dη2 + d~x2). The dark-energy

background scalar is time-dependent only, φ̄ = φ(η), and we have vµ = (φ̄′, 0, 0, 0). Let us
use, for definiteness, the notation of [39]. We understand tensorial indexes and call h(TT )

µν =
h(η, ~x). The evolution equation for the GW modes is expressed as (H = a′/a)

h′′ + 2H (1− δ(η)) h′ −∇2h = 0 , (D.2)

where modified gravity friction contributions are contained in the time-dependent parameter
δ(η). The expression for the ratio between GW and electromagnetic luminosity distances is
found to be (see [39])

d
(GW)
L

d
(EM)
L

= exp
[
−
∫ z

0

δ(z′)
1 + z′

dz′
]
. (D.3)

We now apply our formula (4.21) to this cosmological example. Equation (3.5) reads

h′′ + 2H
(

1− T φ̄
′

2H

)
h′ −∇2h = 0 . (D.4)

Comparing with eq. (D.2), we can then identify δ = T φ̄′/(2H). Using also the fact that
dη/dt = 1/a, H = H/a, 1 + z = a(0)/a(t), we can write eq. (D.3) as (the suffix 0 indicate
present-day observers)

d
(GW)
L

d
(EM)
L

= exp
[
−
∫ zs

0

δ(z)
1 + z

dz

]
= exp

[
−
∫ ts

t0
δ(t)H dt

]
= exp

[
−
∫ ηs

η0
δ(η)H dη

]
,

= exp
[
−
∫ ηs

η0

T φ̄′

2H H dη
]

= exp
[
− 1

2

∫ ηs

η0
T φ̄′ dη

]
,

= exp
[
− 1

2

∫ λs

0
T dφ̄

dλ
dλ

]
, (D.5)

which coincides with eq. (D.1).

E Proof of the step between eq. (4.40) and eq. (4.41)

We prove the validity of the step between eq. (4.40) and eq. (4.41), using results from [46].
For shortening the notation, we call

q(λ) = δ(RµνKµKν)λ (E.1)

the geometrical combination depending on the background geometry, which implicitly ap-
pears in both formulas (4.40) and eq. (4.41).

We call

IA =
∫ λs

0
δθA dλ = −

∫ λs

0

dλ

λ2

∫ λ

0
dλ′ λ′2 q(λ′) , (E.2)

IL =
∫ λs

0
δθL dλ =

∫ λs

0

dλ

(λ− λs)2

∫ λs

λ
dλ′ (λ′ − λs)2 q(λ′) . (E.3)
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Figure 3. The configuration we consider.

We wish to prove
IL + IA = 0 . (E.4)

First we re-express IL more conveniently. We change variable λ = λs−σ, λ′ = λs−σ′. Then

IL =
∫ λs

0

dσ

σ2

∫ σ

0
dσ′ σ′2 q(λs − σ′) (E.5)

Then by an integration by parts we can re-write IA as a single integral as

IA =
∫ λs

0
dλ

(
λ2

λS
− λ

)
q(λ) . (E.6)

Moreover, simple steps lead to

IL = −
∫ λs

0
dλ

(
λ2

λs
− λ

)
q(λs − λ) , (E.7)

= −
∫ λs

0
dλ

[
(λs − λ)2

λs
− (λs − λ)

]
q(λ) , (E.8)

= −IA , (E.9)

as desired.

F The geometric time-delay

We derive the expression for the geometric time delay of waves whose trajectory is bended
by a point-like lens, in the limit of geometric optics and of Euclidean geometry. The GW
moves with the speed of light, and we consider figure 3 are reference. In figure 3 the angle
θ − θs represented the difference between the lensed and unlensed angular quantities. We
denote with ` the length of the lines: for example `AL is the length of the line that joins
point A with point L. Angular distances are defined as ratios between lengths and angles
they subtend with respect to who observes them. For example

DOL = `AL/θs , DSL = `LB/γ , DSO = `OC/γ , (F.1)
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(we should take care at the position of the indexes in the angular distances). We work in the
limit of infinitesimal angles, so we can expand trigonometric functions. Hence

`OL sin θs = `AL ⇒ `OL = DOL . (F.2)

Similarly, one has `OB = DOL. We compute step by step the GW time delay, corresponding
to the quantity (recall that GW travel at the speed of light, set to one)

∆t = `SB + `OB − `SO . (F.3)

Since the triangles LSB and OSB are similar, we can write the equality

`LS
`OS

= `LB
`OC

= DSL

DSO
. (F.4)

Hence
`OS = `OL + `LS = `OL + `OS

DSL

DSO
. (F.5)

This fact implies that

`OS = DOL

(
1− DSL

DSO

)−1
= DOLDSO

DSO −DSL
. (F.6)

Moreover, the law of cosines ensures that

`2SB = `2OB + `2OS − 2 `OB`OS cos(θ − θs) . (F.7)

Expanding the cosine for small angles, we can reassemble the previous formula as

`SB ' (`OS − `OB)
√

1 + `OB`OS
(`OB − `OS)2 |θ − θs|

2 , (F.8)

' (`OS − `OB)
(

1 + `OB`OS
2(`OB − `OS)2 |θ − θs|

2
)
. (F.9)

Then the quantity we are after is

∆t = `OB`OS
2(`OS − `OB) |θ − θs|

2 = DOL

2
DOLDSO

DSO −DSL

1
DOLDSO
DSO−DSL −DOL

|θ − θs|2 , (F.10)

= DOLDSO

2DSL
|θ − θs|2 , (F.11)

which is the formula used in eq. (4.43) of the main text.
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