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Abstract

In this paper, we establish an averaging principle for neutral stochastic fractional differential equations with
non-Lipschitz coefficients and with variable delays, driven by Lévy noise. Our result shows that the solutions of
the equations concerned can be approximated by the solutions of averaged neutral stochastic fractional differential
equations in the sense of convergence in mean square. As an application, we present an example with numerical

simulations to explore the established averaging principle.
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1. INTRODUCTION

Stochastic differential equations driven by Brownian motion play an important role in many branches of
science and industry, such as biology, physics, economics, engineering and financial markets, cf. e.g., [16],
[15]. While, it is worthwhile pointing out that Brownian motion is a stochastic process with continuous
paths and it can not be used to describe certain discontinuous systems whose structures are subject to
stochastic abrupt changes, which may result from abrupt phenomena such as stochastic failures, repairs of
the components, changes in the interconnections and sudden environment changes. For such discontinuous
systems, stochastic differential equations driven by Lévy noise are recognised to cope with the feature of
discontinuity. Many excellent investigations have been done, see e.g., [S[], [26], [11]], [13] and references
therein. On the other hand, fractional calculus becomes more and more interested in link with stochastic
calculus, creating hot topics such as fractional Brownian motion, stochastic fractional differential equations,
fractional Laplacian as Markov generators, and so on, just mention a few. Stochastic differential equations
combining with fractional calculus provide suitable models for many systems and evolutionary processes,
such as viscoelastic system (see [[6], [17]). Since then, it becomes an active research topic in the study
of stochastic dynamic systems (see [1], (2], [3]], [12], [24]).

The averaging principle, initiated by Khasminskii in [10]], is a very efficient and important tool in study
of stochastic fractional differential equations for modelling problems arising in many practical research
ares. It in fact provides a powerful tool for simplifying dynamical systems, and obtains approximate
solutions to differential equations. The averaging principle enables us to study complex equations with
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related averaging equations, which paves a convenient and easy way to study many important properties
(see, e.g., [20], [21], [22], [7], 2], [23]], [18]).

Inspired by the aforementioned works, in this paper, we are concerned with an averaging principle for
neutral stochastic fractional differential equation driven by Lévy process with variable delay, that is, on a
given complete filtered probability space (€2, F, {F; }i>0, P), for 0 < a < 1, we consider the following

d(X(t) = D(X(t = 6(t))))

= w(X(t=-), X(t — 6(t)), )dt + b(X (t—), X (t — 5(t)), )dB(t) (L1)

+o(X(t—), X(t —46(t)),t)(dt)* + / X (t=), X(t — (), y,t)N(dt,dy),t € [0,T]
ly|<c

with initial condition £(0) € R™ and initial value X (0) = £ = {£(0) : —7 < 6 < 0} being an Fy-
measurable C'([—7, 0]; R")-valued random variable such that E||£||? < oo, where 7 > 0 and C([—7, 0]; R")
is the totality of continuous R"-valued function ¢ defined on [—7, 0] with norm ||| := sup_, <y [¢(6)],0 :
[0,7] — [0, 7] and the mappings D : R* — R", u,0 : R" x R" x [0,7] — R™, b : R" x R" x [0,T] —
R™™, b : R" x R" x R™\ {0} x [0, T] — R™ are continuous functions, B(t) = (By(t), Ba(t), - , Bn(t))"
is an m-dimensional {F;};>o-Brownian motion, N(dt,dy) := N(dt,dy) — v(dy)dt is the compensated
martingale measure associated with the {F; }-adapted Poisson random measure N : R™ x (R™\ {0}) with
density measure dtv determined by a given Lévy measure v on (R"\ {0}, B(R\ {0})), i.e., satisfying
fRn\ {0}(|y|2 A 1ll/(dy) < 00, and the constant c is the maximum allowable jump size,. We suppose that
N(dt,dy) and N(dt,dy) are independent of the Brownian motion B(t).

For simplicity throughout this paper, let C' stand for positive constants and their value may be different
in different appearances.

The paper is organised as follows. In Section 2, we present some preliminaries and our assumptions
for this paper. In Section 3, we will prove an approximation theorem as an averaging principle for the
solutions of the considered stochastic fractional differential equations with Lévy noise. We end up our
study by providing an example with numerical simulations to explicate our obtained theory in Section 4.

2. PRELIMINARIES
In this section, we briefly recall the definitions of Riemann-Liouville fractional integrals and derivatives.
Definition 2.1. (Riemann-Liouville fractional integrals [19]) For any « € (0,1), and a function f €

L*([a, b]; R™), the left sided and right sided Riemann-Liouville fractional integrals of order « are defined
for almost all a < t < b respectively by

(12, F)(t) = ﬁ / (t— s f(s)ds,  t>a,
and . )
5D = 5 / (t— 9 f(s)ds,  t<b,

where I'(a) = [;° s* 'e"*ds stands for the Gamma function and L'[a,b] is the space of all Lebesgue
integrable functions on a finite interval [a, b] of the R.



Definition 2.2. (Riemann-Liouville fractional derivatives [[19]) For any o € (0,1) and any well-defined
absolutely continuous function f on an interval [a,b], the left sided and right sided Riemann-Liouville
fractional derivatives defined respectively by

(DD = =g s

o+ / (= sy f/(s)ds),

and )
N0 = el — [ =077

Lemma 2.3. ( [9]) Let o(t) be a continuous function, then its integration with respect to (dt)*, 0 < o < 1,
is defined by

t t
/ o(s)(ds)* = a/ (t —5)* o (s)ds. (2.1)
0 0
Lemma 2.4. ( [|/4]) Let p > 2,r > 0 and a,b € R, then

L e
la +bP < [1+7’p—1} la|P + — ).
T

Definition 2.5. An R"-valued stochastic process { X (¢)}_,<;<7 is called a solution to equation (L)) if it
has the following properties:

(i) {X(t)} is right continuous with a left limit and {F; }-adapted and FE( fi | X (t)|?dt) < oo;
(i) X(0) =¢& and for all ¢ € [0, 7], the equation

X(t) =£(0) + D(X(t —d(t))) — D(&(=6(2))) + /D u(X(s—), X(s —0(s)), s)ds
—i—/o b(X(s—),X(s—4d(s)),s)dB(s) + a/o o(X(s—), X(s—6(s)),8)(t —s)* ds

+/0 /|y<ch(X(s—),X(s —4(s)),y,s)N(ds, dy),

holds with probability 1.
(iii) ~ for any other solution X (¢), we have

P{X(t) = X(t), for any —17<t<T}=1.

In what follows, we impose some conditions on the coefficients of the equation (I.1)) to get the existence

and uniqueness of solutions.
Assumption 2.6. For any fixed t > 0 and 1, x2, 11, Y2 € R", the following inequalities hold
|U(I‘1, Y1, t) - U(J}27 Y2, t)|2 + |b($17 Y1, t) - b(l‘g, Y2, t>|2 + |0'(ZU17 Y1, t) - O-(x27 Y2, t)‘Q

2.2)
+/ \h(z1,y1,t,y) — (22, yo, t, y)|Pv(dy) < d(t)k(|z1 — za|* + g1 — wo),
ly|<c

[w(@s, @2, ) + [b(wr, 22, 8)° + o (1, 22, )" + / [A(@1, 22,5, 1) PV(dy) < AB) (1) + (22)%),

lyl<c
(2.3)



where ¢, \ are bounded functions, r(z) : Rt — R be a continuous, concave, nondecreasing function.
Moreover, r(0) = 0,k(z) > 0 for 2> 0, [, % = oco.

r(2)

Assumption 2.7. For all x1,x5 € R", there exists a constant L3 € (0,1) such that
|D(z1) — D(22)| < Ls|lzy — x|, and D(0) = 0.

Under the Assumptions [2.6{2.7, one can show that there exists a unique solution X (¢) to equation (I.1)
and E(supy<,<, | X (t)]?) is bounded by positive constant C. The proof is pretty similar to the proof of
[3] and we omitted it here.

Remark 2.8. Let 0 € (0, 1) be sufficiently small, we can define the concrete examples for x(z).
ki(z) = Kz,z > 0.

n(2) = zlog(z71), 0<z<6;
dlog(671) + K5(0—) (2 —0), z>4.

(2) = zlog(z71) loglog(z71), 0<z<9;
dlog(671) loglog(6—1) + K'3(6—)(2 — 4), 2> 4.

where «’ denotes the derivative of the function x. They are all concave nondecreasing functions satisfying

dz
0t ki(z)
condition.

= oo. Furthermore, we observe that the Lipschitz condition is a special case of our proposed

3. AVERAGING PRINCIPLE

In this section, we will prove that the solution of the considered equations (I.1)) can be approximated
by solutions of averaged neutral stochastic fractional differential equations in the sense of convergence in
mean square under non-Lipschitz coefficients.

For arbitrarily fixed 7' > 0, we investigate the following standard integral formulation of equation (I.1)

Xe(t) = €(0) + D(Xc(t = 6(1))) = D(E(=0(1))) + E/Otu(Xe(s—),Xe(S —9(s)), 5)ds
-I—\/_/ Xc(s—0(s)),s8)dB(s) + ex /Ot (X (s—), X (s — (s)),8)(t — 5)* 'ds
+\£/0 /| WM X(s—), Xc(s — 0(s)),y, s)N(ds, dy) (3.1)
yl<e
where € € (0, €] is a positive small parameter with €, € (0, %) that is a fixed number and initial valued
X(t) =& ={€0) : —7 < 0 < 0} € C(]—7,0];R"™), the coefficients have the same conditions as in

equation (I.1)). Hence the equation (3.I)) also has a unique solution X,(¢), we will examine whether the
solution process X.(t) can be approximated by the solution process Z.(t) of the averaged equation

Z(t) = &£(0)+ D(Zc(t = 6(t))) — D(E(=0(1))) + 6/0 U(Ze(5=), Ze(s = 0(s)))ds
—l—\/_/ (s —d(s)))dB(s) + ea/o 5(Z(5—), Ze(s — 0(s)))(t — 5)* ds
Ve / /| (), 205 = 0(6) )N s ) (32)

We assume that the following inequalities hold.



Assumption 3.1. (Averaging condition) For any T) € [0, T, then we have
2
@ & [y ul@ywe,s) — Az, 2)ds| < @ (T)R(|2a[? + |22f?),
() & [ [b(@1, 72, 5) — b(x1, 22)[2ds < o TR (|21 |2 + |2af?),
(i) 7 fOTl |0 (21, %2, 8) — T (w1, 22)[Pds < @3(T1)E(|71[* + |22]%),
@) A fo (@, 22y, 8) — Blay, 22, 9) Pr(dy)ds < a(T)RE(|2]? + |22]?),

where p;(11) are bounded positive functions with limp, o ¢;(T1) =0, 7 = 1,2, 3,4 and R(-) is continuous

nondecreasing concave function. Moreover, ©(0) = 0,%(z) > 0 for z >0, [, % = 0.

Remark 3.2. This condition
lim ¢;(T) =0,i=1,2,3,4,
T—o0

is to ensure the existence and uniqueness of the solution to the averaged equation (3.2). For example, for

every xi,To, Y1, y2 € R", we have

T

1 T
+3T/ |b(I17y178) _b($279273)|2d3
0

< 3po(T)R (|1 [* + [11]?) + 32 (T)R(|2a]* + |y2])
+ 30K<|LL’1 — $2’2 + \yl - y2|2).

_ 1 (T _ 1 (T _
|b($17y1) - b($2792>|2 S 3?/ |b(x17yl) - b<xlay17$)|2d8 + 3_/ |b(372792> - b(l‘g,yg, S)|2d8
0 0

By taking 7' tending to infinity, we see b satisfies (2.2). Similarity, one can prove that b satisfies (2.3).
Using the same method, we have @, 7, h satisfy the Assumption Hence, there is a unique solution

Z(t) to the averaged equation (3.2).

Theorem 3.3. Assume that the original and averaged equation (3.1) and (3.2) satisfy the Assumptions
and [3.1} Then for any small number &, > 0, there exist L > 0, 3 € (0,1) and €, € (0, €] such

that for all € € (0, €],

E( swp lo(t)— Z0]) < 6.
t€[0,Le=B(1—L3)?]

Proof. By equations (3.1) and (3.2), we obtain
Xe(t) = Z(t) = D(Xc(t = 6(1))) = D(Z(t = 3(1))) + A(2),
with
A(t) =e /Ot[U(Xe(S—% Xe(s = 0(s)),8) —u(Ze(s=), Ze(s — 0(s)))]ds
+ \/E/Ot[b(Xe(s—), Xe(s = 0(s)),8) = b(Ze(5), Ze(s — (s)))]dB(s)

+ ae/ (t — ) o (X (s—), Xe(s — 0(5)), 8) — 0(Zc(s—), Z(s — 6(5)))]ds

e, /| X)Xl = 0(8)).18) = R(Z (5=, Zi(s = 8(5)). )] (ds. ).

(3.3)

3.4)



By Lemma [2.4] we have

Xe(t) — Z(BP < (147) <|A(t)\2 L DXt = 8(6)) = D(Zi(t - 6<t>>>|2) |

r
Letting r = L2

-1, and using Assumption one can obtain

e ( su %00 - Z0F)

1
< L3E < sup | X (t) — Ze(t)|2) + E < sup |A(t)|2) :
0<t<v 1—Ls \o<i<ov
That is
1
(1 L)E (s 1600~ Z0F ) < 2B ((sw [A0P)).
0<t<v 1—Ls \o<t<o
Therefore

0<t<v

(s X0~ Z00F) < 8 (s AOF)

Using the simple inequality

fra b7t < a4 b ),

3.5
we have
2, Mo
< 4é Oiggv(/o [u(Xe(s=), Xe(s = 6(s)), 8) = U(Zc(5—), Ze(s — d(s)))]ds)?
e sup ([ BOX(5), Xuls = 6(5)),5) = BZu(5), Zis = 8(s))dB(s)?
+ 4e%a? os<lt1£u(/g (t — ) o (X (s—), Xc(s = 0(5)),s8) — 0(Z(5—), Z(s — 6(s)))]ds)?
e sp ([ [ X5, Xl = 8(9),009) = BZ.(5). Zis = (). )}V (ds. ) .
0<t<v Jo J|yl<e
So,
B s [X.(0) — Z(0)P)
=0 feLg)gEoiggv(/o [u(Xe(5=), Xe(s = 0(s)), 5) = WU Ze(s=), Zels = 8(5)))]ds)”
g s ([ BUX(5), X5 = 8(6).8) = B2 (s, Zils = BB
4e%a?

i L3>2Eoi‘15v(/o (t = )" o (X(s=), Xe(s = 8(5)), 5) = T(Ze(s=), Ze(s = 6(s)))ds)?



Tt E Sup / / 6(5 o 5(‘9))7 Y, 3) - E<Ze(5_)7 Ze:(S - 6(8))7 y)]ﬁ(dsa dy))2
(1-— L3 0<t<wv lyl<c
4
= Y I, (3.6)
i=1
where v € [0,7]. Now we present some useful estimates for I;, ¢ = 1,2, 3,4. First, we use inequality
(3.5) to obtain
4€? t _ 2
I = ——<E sup ([ [w(Xc(s—), Xc(s —0(5)),5) —u(Ze(5—), Ze(s — 0(s)))]ds)
(1= Ls)* o<t<v Jo
2 t
< 5 Eosup | [ [u(Xe(s—), Xols — 6(5)). 8) — ul(Ze(s—), Zu(s — 8(s)), s))ds]?
(1—Ls)* o<t<v Jo
8 2 t
+ ;QE sup ’ [U(Ze(s_)a Ze(s - 5(‘9))7 5) - ﬂ(Z€<S)7 Ze(s - 5(5)))]6[8’2
(1—Ls)* o<i<v Jo
=: Iy + Ls.

For the term I;, by Holder inequality and Assumption [2.6] we get
I < 8¢ ( sup t/ lu(X Xe(s—=0(5)),8) —u(Zc(s—), Z(s — 6(5)),s)|2ds>
(1 - L3 0<t<v
8C've? 9 9
S B | R(X(s—) = Ze(s—)[" + [ Xe(s = 6(s)) — Ze(s — 6(s))[")ds
(1=1Ls)* Jo

< SO [ R s [X.(s1) — Zu (o) s

0<s1<s

< %/0 K2E( sup |X.(s1) — Z.(s1)[2)dv.

0<s1<w

For the term I;5, by Assumption [3.1] (i), we get

2 t 2
Iy = —C & sup # 1/ W(Z.(5=), Z(5 — 6(5)). 8) — T(Z.(5—), Ze(s — 6(5)))]ds
(1—1Ls)? o<t<v |t Jo
Su2e2 _ 9 2
< ——— sup pi(t)F{ sup [E( sup [Z(s1)]") + E|Z(s — 0(s))[7]}
(1 - L3) 0<t<v 0<s<t 0<s1<s
< b (o (OREE]E)? +20))
~ (11— Ly)? ogtgu 71 ’
since
E(sup |X(s—4d(s))]?) <E( sup \X( )?) < E[E|P + E(sup |X(s)]?).
0<s<t —7<s< 0<s<t
So we get
2 v
EI, < SCL/ K(2E( sup |X.(s1) = Z.(s1)[2)dv
(1= Ls)? Jo 0<s1<v
Sv?e? S

+ = L2 e {801( )R(2E[|E]|* + 20)}.



For the term I, by (3.5)), we get

=75 fELg)onggv (/0 [B(Xc(s=), Xe(s = 8(s)), 8) = b(Ze(s—), Ze(s — 5(3)))]dB(s))
< (1?—23)21%3035” (/0 [b(Xc(s—), Xc(s — (s)), s) — b(Xc(s—), Xc(s — 6(5)),3)]dB(s)>
T _8L3) Eosgtlgy (/0 B(X (s=), Xc(s = 8(5)),8) — b(Z(s—), Zc(s —(5(3)))]dB(s))
=: Io1 + I9.

For the term I5;, by Doob’s martingale inequalitiy, It6 isometry and Assumption 2.6 we get

[21 =

;E sup / (s Ze(s=)I* + [Xe(s = 0(s)) — Ze(s — 3(s))[*)ds)

1 — L3 0<t<v

< LCG)/:K(QE( sup [ Xo(s1) — Zo(s1)[2)ds

(1 - L3 2 0<s1<s
32Ce v
<o /0 (2 sup [Xes1) = Z(s0) o

For the term I5, by Assumption [3.1] (i), we get

Bl = B sup (3 [ (2 = 6(5))s5) = B(Zu(s). Zuls = 3(s)) )
32ve

S AL e, e R sup [E( sup |Ze(s0)) +EIZc(s = 0(s)F)

32
< W sup {ia(R B¢ +20)}-

So,

32Ce v
L < 2 X, -7 d
2= _L3)2/0 A(2E( sup [Xe(s1) = Zels) F)dv

32ve B )
T L S (ea(REEIE] + 20}

For the term I3, by (3.3), we get

(3.8)

B T s ([ (0= ) (X)X = 8(0)).) = 02, (s=). Zuls = 8(s) s

(1 —L3)? o<t<o

~ (lgi 33)2EOS<EEU(/O (t - S)a_l[U(Xe(S_)a Xe(s - (5(3))7 3) - 0<Z€(S_)’ ZG(S B 5(8))’ 8)]d$)2
8c2a?

Tz L3)2E sup (/0 (t—5)* o (Ze(s=), Ze(s = 6(5)),5) — T(Zc(5—), Ze(s — 6(s)))]ds)?

0<t<wv

=: I3 + I3.



For the term I3, by Holder’s inequality, Itd-isometry and Assumption [2.6] we get

I3 = (18i I 2(1 — 1]E sup / lo( X, X.(s—68(5)),8) —0(Z(s—), Z(s — 6(s)), 5)|*ds

0<t<wv

—<18_CL€Z>2<22;_11>E012£2/0 T = AT o) = A = s

8O0 2p20—1 ” 2
>~ (1 — L3) (204 — 1) /0 KJ( (02151125| 5(81) 6(51)| ) s

80620527}2&_1 v
2E X — Z, Hdv.
S LT Jy ", )~ e Py

For the term I35, by Assumption [3.1] (iii), we get

8e?a? w2l ! _ 9
o € o E s | lo(Zisn). Zi(s - 8(9).5) ~ 7{Z(s-). Zuls - 8(5))ds
< B s 17 [ lo(Zs-). Zis = 5(6).9) ~ (2 (s). Zuls — B

2202
ey

< A= Lor@a 1) e, PO e Bl sup 124o)l) + EIZLs = 0T}

< T T 2 L (ORCEER +20)).

So,
2 2 200—1 v
I, < S0 / R2E( sup |Xo(s1) — Zo(s1)P)dv
(1= L3)?(2a—1) Jg 0<s1<v
Re2a 22 3.9)
+ sup {o3(REE] +2)).

(1—L3)?(2a—1) o<
For the term I, by (3.5)), we get

e (1—L3 Eoili%/ /|y.<ch (Xe(s=), X5 = 8(5)), 9, 8) = B Zel(s=), Zels = 8(5)), y)IN (ds, dy))?
<(1—L3 Ep/ /| X5 = 0(5)),9,8) = M(Ze(5=), Zels = 8(5)), v, 5)| N (ds, dy))?
+<1—L3 Ep/ /.| 25 = 0(5)),y,8) = M(Ze(5=), Zels = 6(s)) )N (ds, dy))*

=: Iy + Iy.
For the term I;, by Doob’s martingale inequalitiy, It6-isometry and Assumption [2.6] we get

In < oy [ RIX(5m) = )+ (s = 6(s) = Zu(s = 0(s) P

0<t<wv

32Ce v )
S Lo M o) = 2P

32Ce v )
< o | B s X (s0) = Zis) )
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For the term I, by Assumption [3.1] (iv), we get
32¢ _
T < 2% _F sup (2 / / Zu(s — 8(5)),9,5) — B(Zu(s—), Ze(s — (), ) Pv(dy)ds)
(1= Ls)? Iyl <e

S2ve 5 Sup @4(15)%{ sup [E( sup |Ze(s1)*) + E|Z(s — 6(s))[*]}

~ (1= L3)? o<i<w 0<s<t 0<s1<s

32
= ﬁ Oiggv{w(t)ﬁ(mllﬂﬁ +20)}.

So,

32Ce Y
L <— E X _7 2
ST, S k) = 2 )P

32ve
4 — HREE|E]? + 20)}.
1= L2 S e (RCE]E] )}

(3.10)

Taking (3.7)-(3.10) and Jensen inequality into account, we obtain
E( sup |Xc(t) — Z(t)]?)

) é:ﬁ 2 9 32ve 9
S AL o, {e1(ORCE[E]" +2C)} + Ll {e2()R(E|[]" + 2C)}
8202 2 , 2 e - )
T L) ORI+ 200) 2 s (Bl 20)
" (<18fUL€3)2 " (13—26;)2 L L) ), O, )~ Zs P

Because r(z) is concave, there exist a > 0, b > 0 such that (see Mao [[15]])

k(z) <a+bz, z>0. (3.11)
Then,
E( sup [a.(t) - Z(1)f)
B G OREEIER + 200+~ (R +20))
= 0= Ly oty (1= L)? il 12
862 2 2a ) 32UE )
T ATy, {os(t)R(E[ <] +2o)}+m sup {oa(R(2E||E]12 + 2C)}
( 8Cve? . 3206 n 8Ce2a2p?e1 n 32Ce )
(1—L3)?  (1-Ly?  (1-Ly22a—1)  (Q1—L52""
Sue2 32¢ Re2a 2yl 32¢ v
Ch | 2E (1) = Z(t)P)d
T T rp G me D (o rP O, 2 e = 20
< LQ[veRl + 4Ry + €R3R5 + 4Ry + (ve + 8 + €R5)alC] + RG/ E( sup |z.(t) — Z.(t)[*)dv,
(1 — L) 0 0<t<w

where constants

Ry = sup {o1(H)R2E|]]* +20)}, Ry := sup {ps(t)R(2E|[£]|* + 20)},
0<t<u 0<t<u
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Ry = sup {ps(DRCEEI? + 200}, Ri:= sup {pu(®)RCE[E]? +20)},
0<t<v 0<t<v

a2v20¢—1
Ry = ——
> 20— 1"
Sve? 64e 8e?R;
Rg = 2( + + )C,

(1—-1L3)%2 (1—-1L3)?% (1-—Ly)?
here we have used the concavity of the function %(+).
In terms of Gronwall’s inequality, we obtain

E( sup [Xc(t) — Z(t)]*)

0<t<v
< 8ve {
~ (1 —Ly)?

Choose 3 € (0,1) and L > 0 such that for every ¢ € [0, Le ?(1 — L3)? C [0, T], we have

veRy + 4Ry + €R3Rs + 4Ry + (ve + 8 4 €R5)aC| exp(vRg).

E( sup |X(t) = Z(t)]*) < RsLe' ™7,
t€[0,Le=B(1—L3)?]
where
Rg = 8[Le P(1—L3)%€R+4Ry+€eR3Rs+4Ry+ (Le P (1— L3)*e+8+€R;5)aC] exp(Le P (1— L3)?Rg).
Consequently, for any number §; > 0, we can choose ¢; € (0, €] such that for every € € (0, ¢;| and
t € [0, Le #(1 — L3)?], the inequality

E( sup ’Xe(t) - Ze(t)|2) < 517
t€[0,Le=B(1—Lg3)?]

holds. This completes the proof.

Remark 3.4. Let 6(t) = 7, T a positive constant, then equation (I.1]) will reduce to the fractional neutral
stochastic equation with poisson jumps ( [24]). Noting that our results generalize and improve those of
[24].

Remark 3.5. Let §(t) = 7, and ignore the Lévy noise and neutral term, then equation will reduce
to the fractional stochastic differential equation with time delays( [[12]). On the other hand, let 6(t) = 7,
and ignore the fractional and neutral term, then equation (l.1I) will reduce to the stochastic differential
equation with Lévy noise ( [20]). Hence our results also generalize and improve those of [12], [20]].

Remark 3.6. Let 6(t) = 0, and ignore the Lévy noise and neutral term, then equation (I.I)) will reduce to
the fractional stochastic differential equation without time delays( [25]). Hence our results also generalize
and improve those of [25].

Remark 3.7. Theorem means the convergence in probability of the original solution X (¢) and the
averaged solution Z.(t).
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4. EXAMPLE

Example 4.1. Consider the following one-dimensional neutral stochastic fractional differential equation
driven by Lévy process with variable delay

dIX. (1) — %sin(XE(t S )] =X () + %Xe(t 1) cos(t)]dt
+ VeEXdB(t) + e(dt)™ + /e y?v(dy)dt,
lyl<1

with initial value X(t) =t + 1, t € [~1,0], Lévy measure v satisfies v(dy) = 17,>dy and X € R, here

1
u(z, z,t) = —x + 7% cos(t), b(z,z,t) =X\, o(x,zt)=1, hz, zy,t) =y

Let
1 [ _ _
u(z,z) = —/ u(z, z,t)dt = —x, b(z,2) =\, o(x,2) =1, h(x,z,9) = y°.
0

(e

Hence, we have the corresponding averaged neutral stochastic fractional differential equation driven by
Lévy process with variable delay as follows

d[Z(t) — %sin(Ze(t —1))] =—€Z(t)dt + /eAdB(t)

+ e(dt)™ + Ve y*v(dy)dt.

lyl<1

When ¢ € [0, 1], we have
d[Z(t) — = sin(t)] = —eZ(t)dt + /eAdB(t)

+ e(dt)™ + Ve y*v(dy)dt

lyl<1

= —eZ (t)dt + \/eNdB(t) + e(dt)* + mdt.

2

Obviously, Z.(t) is nothing but the following well-known mean-reverting Ornstein-Uhlenbeck process
4— ! I
Z(t) = Z(0)e " + (TWE/ e~ (=9 ds 4 5/ e =9 sin(s)ds
0 0

t t
+ \/E)\/ e—e(t—S)dB(S) + ae/ (t _ s)a—le—s(t—s)d&
0 0

Repeating this procedure over the intervals [1,2], [2, 3], etc, we obtain the solution on the entire interval
[0, T']. Noting that

1T Loy 11 )7
’T/o u(x, z,t) — u(z, 2)dt| = ‘T/o cos(t)dt 14
and . ) ,
1 sin“(T") 1
‘?/o COS(t)dt‘ =~ < T2

It is easy to see that Assumptions and [3.1] are satisfied, so Theorem [3.3] holds. Let Er =
[|X(t)—Z.(t)|?)2. Figure 1 and 2 demonstrate a good agreement between solutions of the original equation
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and the averaged equation, hence, the averaging principle for the considered equation is successfully
established.

p ertor & )
12 X0

o Z 18 error
— X
08 08 o Z0

0.6 06

0.4 0.4

0.2 02

~02 L L L L L L L 02

Figure 1: Comparison of the original solution X (¢) Figure 2: Comparison of the original solution X.(?)

with the averaged solution Z(¢) with with the averaged solution Z(t) with
e =0.0001, A =15,aa=2/3 e=0.001,\ = -2, =0.7
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